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On secant defectiveness and identifiability of
Segre—Veronese varieties

Antonio Laface, Alex Massarenti and Rick Rischter

Abstract. We give an almost asymptotically sharp bound for the non-secant defec-
tiveness and identifiability of Segre—Veronese varieties. We also provide new exam-
ples of defective Segre—Veronese varieties, and implement our methods in Magma.
Finally, we give two applications of our techniques: we classify possibly singular
2-secant defective toric surfaces and we study secant defectiveness of Losev—Manin

spaces.
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1. Introduction

The h-secant variety Secy,(X) of a non-degenerate n-dimensional variety X € P¥ is the
Zariski closure of the union of all linear spaces spanned by collections of 4 points of X.
The expected dimension of Secy(X) is expdim(Secy (X)) := min{nh + h — 1, N}. In
general, the actual dimension of Secy(X) may be smaller than the expected one. In this
case, following Section 2 of [17], we say that X is h-defective. The problem of determin-
ing the actual dimension of secant varieties, and its relation with the dimension of certain
linear systems of hypersurfaces with double points, has a very long history in algebraic
geometry [44,45,49]. Since then the geometry of secant varieties has been studied and
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used by many authors in various contexts [17,43], and the problem of secant defective-
ness has been widely studied for Segre—Veronese varieties, Grassmannians, Lagrangian
Grassmannians, spinor varieties and flag varieties [4,5,7-9,11,15,16,26,27,34,41,50].

An important concept related to the theory of secant varieties is that of identifiability.
We say that a point p € PV is h-identifiable, with respect to a non-degenerated variety
X C PV, if it lies on a unique (4 — 1)-plane in PV that is h-secant to X. Especially
when PV can be interpreted as a tensor space, identifiability and tensor decomposition
algorithms are central in applications, for instance, in biology, blind signal separation,
data compression algorithms, analysis of mixture models psycho-metrics, chemometrics,
signal processing, numerical linear algebra, computer vision, numerical analysis, neuro-
science and graph analysis [18,21-23,32,33,37,40,46].

Let SVE’::’Z: be the Segre—Veronese variety given as the image, in PV with

! n; +d;
N lljl( d; ) b
of P™ x ... x P"r via the embedding induced by |Opn1 x...xprr (dy, ..., d;)|.

For Segre—Veronese varieties, the problem of secant defectiveness has been solved in
some very special cases, mostly for products of few factors [1-4, 9, 11, 28, 50]. Secant
defectiveness for Segre—Veronese products P! x --. x P!, with arbitrary number of fac-
tors and degrees, was completely settled in [34]. Furthermore, h-defectiveness of Segre
products P! x ... x P" € P¥ is classified only for 1 < 6, see [5].

In this paper we go in a somehow orthogonal direction and give a general bound
on h for the non-defectiveness of SV""_”’"’ in term of the d; and the n;. In general,
h-defectiveness is classified only for sm’alf values of %, see Proposition 3.2 of [50] and
Theorem 4.8 of [8].

Our main results on non-secant defectiveness and identifiability of Segre—Veronese
varieties in Theorem 3.1 and Corollary 3.6 can be summarized as follows.

Theorem 1.1. The Segre—Veronese variety SV'”’ ’n’ nC PN is not h-defective for

.....

< dj lr l_[(ni+di),
nj+dj 1+Zi=1ni i1 d;

where nj/d; = maxi<;<,{n;/d;}. Furthermore, if in addition

1 4 n; +d;
2 9
an n,+d 1+Zl_1n,i1:[( d; )

under the bound above, SV3'""%" € PN is (h — 1)-identifiable.

.....

Note that Theorem 1.1 gives a polynomial bound of degree ), n; in the d;, while in
the n; we have a polynomial bound of degree >, d; — 2. For Segre—Veronese varieties,
the expected generic rank is given by a polynomial of degree ) ", n; in the d; and of degree
> ; di — 1 in the n;. At the best of our knowledge, the bound in Theorem 1.1 is the best
general bound so far for non-secant defectiveness and identifiability of Segre—Veronese
varieties. In order to help the reader grasp the difference among the general bounds of this
kind available in the literature, we work out explicitly some cases in Table 1.
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niy =np Theorem 4.8  Proposition 3.2
— s di dp dj Theorem 1.1 of [8] of [50]
2 3 3 3 h <85 h <19 h<3
2 3 4 4 h <193 h <21 h<3
2 3 5 5 h <378 h <25 h<3
3 5 5 5 h <10976 h <64 h<4
10 5 6 6 h <2070715873 h < 13311 h<11
30 5 5 7  h <1703293480928730 h < 893731 h <31

Table 1. General bounds for % in the literature.

The proof of Theorem 1.1 passes through the bound for non-secant defectiveness of a
toric variety in Theorem 2.12. The toric approach we present in Section 2 has been imple-
mented as a Magma algorithm to check non-defectiveness of a projective toric variety.

Organization of the paper

The paper is organized as follows. In Section 2 we introduce a technique to study secant
defectiveness based on polytope triangulations. In Section 3 we prove Theorem 1.1, and
in Proposition 3.3 we recover, with our techniques, a previously known classification of
some special secant defective two factors Segre—Veronese varieties. In Section 4 we give
new examples of defective Segre—Veronese varieties. In Section 5 we discuss a Magma
(see [12]) implementation of our techniques. Finally, in Section 6 we give two applications
of our techniques: we classify possibly singular 2-secant defective toric surfaces and we
study secant defectiveness of Losev—Manin spaces.

2. A convex geometry translation of Terracini’s lemma

Let N be arank n free abelian group, M := Hom(N, Z) its dual and Mg := M ®z Q the
corresponding rational vector space. Let P C Mg be a full-dimensional lattice polytope,
that is the convex hull of finitely many points in M which do not lie on a hyperplane. The
polytope P defines a polarized pair (Xp, H) consisting of the toric variety Xp together
with a very ample Cartier divisor H of Xp. More precisely, Xp is the Zariski closure of
the image of the monomial map

$p: (C*" = PIPOMIZL s [ () :m € P N M],

where x"(u) denotes the Laurent monomial in the variables (u1, ..., u,) defined by the
point m, and H is a hyperplane section of Xp. The defining fan ¥ := X(X) € Ng of the
normalization Xp of Xp is the normal fan of P and H = —X ex(1) mingep (m, p)D,,

where each p denotes the primitive generator of a 1-dimensional cone of X and D, is the
corresponding torus invariant divisor. Each element v € N defines a 1-parameter subgroup
of (C*)" via the homomorphism 7,: C* — (C*)" defined by ¢ +— ¢. We denote by
I'y € X the Zariski closure of the curve (¢p o n,)(C*).
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Given a € C*, denote by I'y (a) the point ¢p (ny(a)), and by my, ..., m, the integer
points of P N M.

Lemma 2.1. Given a point a € C*, the tangent space of X at I'y(a) is the projectivization
of the vector subspace of C'PM| generated by the rows of the following matrix:

a(ml’v) a(mr,v)
(my,e1)a™=eiv) . (m, e;)almr—eiv)
My(a) :=
(my,ep)alm=env) . (m,,ey)almrenv)

Proof. The point I'y(a) is in the image of ¢p, so that we can use this parametrization to
compute the tangent space. Observe that since P is full-dimensional, the map ¢p is finite;
moreover, it is étale being equivariant with respect to the torus action. It follows that ¢p
is smooth and thus the tangent space of X at ', (a) is spanned by the partial derivatives of
order less than or equal to one of the monomials y™!(u), ..., x™ (u) evaluated ata’. m

Remark 2.2. Given a subset A := {m;,,...,m;, } of cardinality n + 1 of P N M, the
corresponding (n 4+ 1) x (n + 1) minor of the matrix M, (a), whenever a # 0, is

1 1
5 amigt-tmipv) |(my,,e1) ... (mj,,e1)
val@) = — e
(Mg, en) ... (mj,,en)

Observe that 8, A (a) is non-zero exactly when the points of A do not lie on a hyperplane.

Our strategy now is to consider vectors vy, ..., vy € N, not necessarily primitive,
and study when the linear span A,, . ., (a) of the tangent spaces of X at the points
I'y,(a), ..., Ty, (a) has the expected dimension. By Lemma 2.1, the space Ay, .. 4, (@)
is the linear span of the vertical join My, ..y, (@) of the matrices My, (a), ..., My, (a).
Given a set A of cardinality n + 1, we denote by

1

meA

its barycenter.

We will need the following result [31]. Given K, L C [n] ={1,2,...,n}andann x n
matrix A, we denote by Ak ; the determinant of the submatrix obtained from 4 whose
rows and columns are indexed by the set K and L, respectively.

Proposition 2.3 (Laplace’s generalized expansion for the determinant). Let A beann xn
matrix, m < n a positive integer and fix a set of rows J = {j1 < --- < jm}. Then

det(A) _ Z (—l)i1+"'+i'"+jl+"'+jmA_],]A‘]/’[’,

I={ir<-<im)<ln]

where I' = [n]\ I and J' = [n] \ J.
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The following is the main technical tool in our strategy.

Proposition 2.4. Let S be a subset of P N M and assume the following.

(1) There are disjoint subsets S1, ..., Sk of S of cardinality n + 1 each of which is
not contained in a hyperplane.

(2) There are vy, ...,vr € N such that for each 1 <i < k and each subset A not
contained in a hyperplane of cardinalityn + 1 of S \ S; U --- U S;_1, the value
(b(A), v;) attains its maximum exactly at A = S;.

Then, up to a rescaling of the v; if needed, the matrix My,
(n + Dk for any a big enough.

Moreover, if in addition S = P N M and P " M \ S1 U ---U Sk is affinely indepen-
dent, then the matrix M, (a) has maximal rank |P N M| for any a big enough
and any vector Vi1 # 0.

v (@) has maximal rank

.....

,,,,, VsV 41

Proof. First of all observe that the rank of M, . ., (a) does not change if we multiply one
of its rows by a non-zero constant. We apply this modification to the matrix by multiplying
the (i + 1)-th row of M,(a) by a‘¢? for i = 1,...,n. In this way, for each subset

A :={mj,,...,m;,} € S of cardinality n + 1, the minor 8, A (a) becomes
1 .. 1
Su.a(a) := a D@L <mi0.’ e e

(miy,en) ... (mj,,en)

Let 1\71,1 ,,,,, v (@) be the modified matrix and let M be the (n + 1) x k square submatrix
whose columns correspond to the points of the set S

We denote by & (n + 1, k) the set of partitions of S into k disjoint subsets of cardi-
nality n + 1. The determinant of M is a Laurent polynomial in C[a*'] with exponents
given by sums of k terms of the form (n + 1)(b(A), v;). Applying the Laplace expansion
in Proposition 2.3 several times we can write this determinant as follows:

det(M) = > sign(l1..... I) My, My, -+ Mj,.
1,0 I)EP (n+1,k)

where

Sign(h N [k) — (_1)1+2+~-~+(k—1)(n+1)+Zj€11UMU1k71 J

and M, is the determinant of the (n + 1) x (n + 1) submatrix of M whose columns and
rows are labeled, respectively, by /; and {(j — D(n + 1) +1,..., j(n + 1)}.
By the first assumption in the hypothesis, one of its terms is the non-zero product

v1,S1 (a) vk,Sk (a)

Moreover, observe that each term of the determinant has the above form for some partition
of S into k disjoint subsets of cardinality n + 1. We will show that, up to rescaling the
vectors vy, ..., Vg, the above product is the leading term of the determinant and thus
the matrix has maximal rank. By the second assumption in the hypothesis, the degree



A. Laface, A. Massarenti and R. Rischter 1610

of gvl,sl (a) is bigger than the degree of gvl,A(a) for any A # S;. Multiplying v; by a
positive integer, we can also assume that the degree of §,, s, (a) is bigger than the degree

of gvj, A(a) forany j > 1 and any A C S of cardinality n + 1. In a similar way one proves
inductively that, up to re-scaling v;, the following inequalities hold:

deg gvi,A(a) forany A € S\ S; U---U S;_; (by hypothesis (2)),

deg8y,.s5,(@) > § = . . .
degdy;,a(a) forany j >iandany A C § (taking a multiple of v;).

Note that we can choose the v; all distinct. The claim follows by comparing the degree of
gvl,Sl (a)--- gvk,Sk (a) with the degree of any other term of the determinant coming from
a different partition of S.

Finally, if in addition S = PN M and P N M \ S1 U---U Sy is affinely independent,
the matrix My, ... v v, (@) has rank at most r for any a # 0 and any vector vg 41 # 0,
since this is the dimension of the subspace spanned by its rows. Now, consider S :=
PNMN\S U---USk ={mj,,....mj}ands =r — (n + 1)k. Since Sk, is affinely

independent, there are k1, ..., kg—; such that the s x s matrix
1 .. 1
N — (mjlje]ﬂ) (mjs?e/ﬂ)
(mj . ex_,) ... {(mj, ex,_,)

has rank s. Consider the submatrix

atmip»v) o almis»v)

. _p* . ¥
(mj, ekl’v) )a<mjs ekl’v)

(mj,, ex,)a (mj,, ek,

Nypp (@) =
) (mj;—ep _ -v) ) (mjs—eg )
(mj,,ex,_,)a s oo (my,,ex,_,)a s

of My, (a) obtained from M,,_, (a) taking only the rows 1,k +1,...,ks—1 + 1. Now,
we repeat this construction using Ny, , (@) instead of My, (a) and obtain a r X r matrix
with non-zero determinant. Since it is a submatrix of My, ... v, v, (@), we conclude that
vg.vp (@) has rank r. L]

.....

The following is inspired by Proposition 2.4.

Definition 2.5. We say that A € M is a simplex if A contains n + 1 integer points and
it is not contained in an affine hyperplane. For any vector v € N, consider the linear form
@y: M — R given by ¢, (p) = (p, v). We will write

1
Pu(A) = _1 Z‘Pv(p)~

n+ PEA
We say that v separates the simplex A in a subset S € M if
max{g,(T); T < S| T is asimplex} = ¢, (A)

and the maximum is attained only at A.
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Remark 2.6. Let P € Mg be a full-dimensional lattice polytope, Ay, ..., Ag disjoint

simplexes contained in P N M and vy, ..., vx vectors in N. Assume that v; separates A;
inA; U---UAg foranyi = 1...k. Since the maximum in Definition 2.5 is attained just
once, if we take vectors wy, ..., wg in N close enough to the v;, then w; separates A; in

A;U---UAy forany i = 1...k. Therefore, we may assume without loss of generality
that the v; are distinct. Observe that if v; separates A; in A; U---U Ay foranyi =1...k,
then any multiple of the v; will do so as well.

As a consequence of Proposition 2.4, we get the following criterion for non-secant
defectiveness of toric varieties.

Theorem 2.7. Let P C Mg be a full-dimensional lattice polytope, Xp the corresponding
toric variety, A1, ..., Ay disjoint simplexes contained in P N M and vy, ..., vg vectors
in N. If v; separates Aj in A; U---U Ay foranyi = 1...k, then Xp is not k-defective.
Moreover, if (P N M)\ Ay, ..., A is affinely independent, then Xp is not defective. In
particular, if P "M = A U---U Ag, then Xp is not defective.

Proof. Without loss of generality we can assume that P is contained in the positive quad-
rant and contains the origin. Applying Proposition 2.4 with § = A; U --- U Ay, we get
that My, .., (@) has maximal rank for any a big enough and the v; are distinct, tak-
ing multiples if necessary. Take any a big enough, then the tangent spaces of Xp at the

points I'y, (@), ..., 'y, (a) are in general position. By Terracini’s lemma [49], we con-
clude that Xp is not k-defective. For the second statement just use the second part of
Proposition 2.4. u

Since Theorem 2.7 in principle can be applied to any toric variety, in particular, to
Segre—Veronese varieties, one just need to describe the vectors vy, . . ., vg. Due to its recur-
sive nature Theorem 2.7 can be algorithmically implemented.! The algorithm is quickly
explained in Algorithm 1. In what follows M ~ Z" and N := Hom(M, Z) is its dual.
Denote by Mg the corresponding rational vector space. Giving a subset S € Mg we say
that S is independent if it is affinely independent and we say that it is full-dimensional if
its affine span is the whole space.

Algorithm | can show that a toric variety is not defective but can not determine
whether it is defective. Furthermore, some details must be considered. That is if the output
is false, then all the secant varieties of the toric variety X g are not defective. On the other
hand there is no guarantee that if the output is true, then Xg admits a defective r-secant
variety for some r. Due to this we sometimes apply Algorithm | several times to improve
the possibility of getting a correct result in case the output is true.

We where able to use an implementation of this algorithm in MAGMA [12] in order
to find several non-defective Segre—Veronese varieties, see Section 5.

Definition 2.8. Given a finite subset S € M, the barycentric polytope of S, denoted by
B(S) € Mg, is the convex hull of all the points b(A), where A varies among all the
subsets of S of cardinality n + 1 which are not contained in a hyperplane and b(A) is as
in (2.1).

'A Magma library which implements an algorithm based on Theorem 2.7 can be downloaded from the
following link: https://github.com/alaface/secant-algorithm
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Input : a finite, full-dimensional subset S C M

while S is full-dimensional do

choose v € Ng such that ¢, is injective on S;

reorder S increasingly according to ¢y;

define A := {max(S)};

repeat
x :=max{u € S\ A: AU {u}isindependent};
A= AU{x};

until A is full-dimensional,

S:=8\A;

end
if S is independent then return false ;
else return true ;
Algorithm 1: Algorithm to check non-defectiveness based on Theorem 2.7.

Example 2.9. Consider
S={4=(0,0),B=(1,0),C=2,0,D=(,1),E=(2,1)}

as in the picture below. We have nine possible ways to form simplexes A C S and the
barycentric polytope B(S) is a trapezoid. In the picture we draw circles in the barycenters
of simplexes A with D, E € A, we draw 4 on barycenters of simplexes with £ € A but
D ¢ A, and finally we draw X in barycenters of simplexes with D € A but E ¢ A.

De °F
o o o
X ok ok 4+
Ae Be o(C

There are exactly two shared barycenters, corresponding to the pairs of simplexes
A={A,D,C} and A':={A B, E},
A={B,C,D} and A':={A,C,E}.

Note that neither of these shared barycenters are vertexes of B(S). The next lemma shows
that this is always the case.

Now, we prove two technical lemmas in order to get a general bound for non-secant
defectiveness of toric varieties from Theorem 2.7. In Section 3 we will specialize this
bound to Segre—Veronese varieties.

Lemma 2.10. Let A, A’ be two simplexes in S € M. If b(A) = b(A'), then b(A) is not
a vertex of B(S).

Proof. Let A ={p1,..., pnt1} and A" ={pj,..., p,,}. We say that the pair (p;, p})
is good if '

Aij == (A\{piH) U{pj} and A} :=(A"\{p;}) U{pi}
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are simplexes. Observe that it is enough to show that there exists a good pair with A;; # A,
since in this case b(A) = b(A’) is the mid point of the segment with vertexes b(A;;) and
b(A; j). To show the existence of a good pair let us denote by A; the hyperplane spanned
by A\ {pi}, and by A} the hyperplane spanned by A"\ {p}}.

Note that if either p; € A} or p; € A; then the pair (p;, p}) is not good and vice versa.
Assume p; ¢ A’. We now show that at least one pair (p1, p;) is good. Indeed, assuming
the contrary, we can partition the set {1, ...,n + 1} into a disjoint union / U J of two
subsets such that p; € A} forany j € I and p; € A; forany i € I. Then we would get

pre (A =(p:iel)<S Ay,
jeJ

a contradiction. [

Lemma 2.11. Let S € P N M be a subset not contained in a hyperplane. Then there
exists a vector in N, with non-negative entries, separating a simplex in S.

Proof. Without loss of generality we can assume that P is contained in the positive quad-
rant. First, assume that there is a vertex »(A) of b(S) whose i-th coordinate is strictly
bigger than those of the other vertexes of b(S). In this case we may simply take v = e".
Now, if there are several vertexes with the same 7 -th coordinate, say for i = 1, then among
these we check if there is only one maximizing the 2-th coordinate. If so, we choose
v = aef + e; with a > 0. If not, among the vertexes maximizing also the 2-coordinate,
we consider those maximizing the 3-th coordinate. As before we have two cases. In the
first, we take v = ae] + be; + e3 with a > b > 0, while in the second case, among
these vertexes, we consider those maximizing the 4-th coordinate. Proceeding recursively
in this way and noting that a vertex of b(S) corresponds to a, unique by Lemma 2.10,
barycenter of a simplex in S, we get the claim. ]

We provide a bound for non-secant defectiveness of the projective toric variety X asso-
ciated to a polytope P by counting the maximum number of integer points on a hyperplane
section of P.

Theorem 2.12. Let P C Mg be a full-dimensional lattice polytope, Xp < PIPNMI=1 4,
corresponding n-dimensional toric variety, and m the maximum number of integer points
in a hyperplane section of P. If

h<|PﬂM|—m
- n—+1

’

then Xp is not h-defective.

Proof. Set S := P N M.By Lemma 2.11, there is a vector v; € N separating a simplex
A1 in P. Now, consider S \ A;.If |[S \ A{| > m, then S is not contained in a hyperplane
and we may apply again Lemma 2.11 to get a second vector v, € N separating a simplex
A, in S \ A;. Proceeding recursively in this way, as long as |S \ (A U---U Ag)| > m,
we get the statement by Theorem 2.7. ]
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In order to apply Theorem 2.12 in specific cases we will make use of the following
result asserting that the maximum number of integer points of P lying on a hyperplane is
attained on a facet.

Proposition 2.13. Let P C Mg be full-dimensional lattice polytope such that there exist
linearly independent vy, ...,v, € N and facets I\, ..., F, such that for any i, we have
vi(F; N M) =v;(PNM)forany j #i. Then, given a hyperplane H C Mg, there exists
afacet Fi, with 1 <i <n, suchthat | HN P NM|<|FNM|.

Proof. Consider the map
miiMg — Q"L x> (v1(x), .. Vs (X), Vi1 (X), ..., R (X)).

Note that, by hypothesis, 7; (F; N M) = m; (P N M). Observe that there exists an index i
such that the restriction of 7r; to H isinjective. Then ([ HN P NM|=|m(HNPNM)| <
|mi (Fi N M)| < |Fi N M|. u

2.1. An alternative proof of Theorem 2.12

The bound in Theorem 2.12 is, to the best of our knowledge, the first general bound for
non-secant defectiveness of toric varieties appearing in the literature.

A machinery based on tropical geometry was introduced to study secant defectiveness
by J. Draisma in [24]. In order to use this tropical technique, one has to produce a regular
partition of the polytope P that is a subdivision into polyhedral cones such that none of
the integer points of P lies on the boundaries.

We thank J. Draisma for explaining this to us. In this section we give another proof of
Theorem 2.12 based on Draisma’s tropical approach.

Lemma 2.14. Let P C R” be a convex lattice polytope. There exist a lattice simplex
A C P and an affine hyperplane H C R" separating A from the convex hull of the integer
points of P\ A.

This is equivalent to say that there exists a degree one polynomial h: R" — R that is
positive on all the integer points of A and negative on all the integer points of P\ A.

Proof. We proceed by induction on n. Assume that the statement holds for all the poly-
topes of dimension at most n — 1.

Let v € P be a vertex, and denote by vy, ..., v, the end-points of the edges of P start-
ing at v. Let P’ be the convex hull of v, v1,..., v, and P” the convex hull of the integer
points of P’ except v. Note that v ¢ P”. Consider a facet of P” that can be connected
with v by a segment that does not intersect the interior of P”. If P” has dimensionn — 1,
then we can take the whole P” as such a facet. Let H be the hyperplane containing this
face. Then H intersects only the edges of P that are adjacent to v.

Now, cut P along H and denote by Q the part that contains v, and by F the face of Q
that lies in H. By construction, the integer points of Q are the integer points of F and v.
By the induction hypothesis, we can cut out a simplex A’ in F by a hyperplane H' of
dimension n — 2 contained in H . Finally, consider a hyperplane obtained by performing
an infinitesimal rotation of H around H’. Such a hyperplane separates the simplex A
generated by A’ and v from the convex hull of the integer points of P \ A. ]
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Before stating the next result, we recall the definition of regular subdivision of a lattice
polytope Definition 2.2.10 of [20]. Let P € R” be a lattice polytope, J the set of indexes
of the lattice points of P and w: J — R a function. Let P¥ C R”*1 be the convex hull
of the points p} := (p;, w(p;)) foreachi € J.

The regular subdivision of P produced by w is the set of projected lower faces of P%.
This regular subdivision is denoted by S(P, w).

Theorem 2.15. Let P C Mg be a full-dimensional lattice polytope and Xp the corre-
sponding n-dimensional toric variety. Consider a regular subdivision of P into k open
simplexes such that no integer point of P lies on the boundaries. Assume that among
these simplexes exactly k; are i -dimensional. Then

dim(Seci(Xp)) = > ki(i +1) — 1.
i=0

In particular, if in the regular subdivision of P there are k full-dimensional simplexes,
then Xp is not k-defective.

Proof. In the terminology of Section 2 of [24], the integer points of P lying in a sim-
plex are a set of winning directions. Therefore, the statement follows from Corollary 2.3
of [24]. |

Lemma 2.16. Let P C R” be a lattice polytope and let A C P be a lattice simplex which
can be separated from the convex hull Py of the lattice points of P \ A by a hyperplane H .
Then, given a regular subdivision S$(Py, wo) of Po, there exists a regular subdivision
8(P,w) of P which contains all the polytopes in 8( Py, wo) and such that A € S(P, w).

Proof. We denote by Jo and J the indexes for the set of lattice points of Py and P,
respectively. By definition, we have Jo C J. We define w: J — R as w)y, := wp and
extend it to J \ Jo as follows.

Let i: R” — R be the function which defines H. After possibly perturbing &, we
can assume that it takes distinct values on the set of vertexes {p; : i € J \ Jo} of A.
As a consequence this set is totally ordered. After possibly relabeling J, we can assume
J\Jo=1{0,...,n}and h(p;) < h(p;)if i < j, and both indexes are in J \ Jo.

Define w(pp) in such a way that it is bigger than w(p;) for any i € Jo. In this way
the convex hull of {p{’} U Py’ contains all the lower facets of P;’. Now, assume that w
has been defined on p; for 0 <i < r and define w(p,) > w(p,—1) so that for each point
(p, ) in the convex hull of {p¢’, ..., p}’} and each point (p, B) in the convex hull of
{py, ..., pY 1} U P, the inequality & > B holds.

By construction, the convex hull of {py, ..., p,} is in the latter regular subdivision.
Moreover, due to the fact that all the points p{’, ..., p,’ have last coordinate bigger than
those of the remaining lifted lattice points of Py, it follows that any lower face of Py is in
the latter regular subdivision. The statement follows by induction on r. ]

Remark 2.17. While applying the inductive procedure to produce the new regular sub-
division in Lemma 2.16 several new regular subdivisions can be created and destroyed
along the way as shown in Figure 1. Note that at each step the regular subdivision of Py
is left unaltered.
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Po Po

H H

Figure 1. Regular subdivisions of a polytope in the proof of Lemma 2.16.

Alternative proof of Theorem 2.12. Set S := P N M. By Lemma 2.14, there is a hyper-
plane H; separating a simplex A; in P. Now, consider S \ A;. If |S \ Ay| > m, then S
is not contained in a hyperplane and we may apply again Lemma 2.14 to get a second
hyperplane H, separating a simplex A in S \ A;. Proceeding recursively in this way, as
long as |S \ (A1 U---U Ag)| > m, and applying Lemma 2.16, we get the statement by
Theorem 2.15. ]

Remark 2.18. The main difference between our method for checking non-defectiveness
and the tropical one described in Theorem 2.12 is the following. In both methods one has
to separate a lattice simplex A from the convex hull of the set S of lattice points. In our
case this means that one has to separate a vertex of the barycentric polytope, while in the
tropical case one has to separate the lattice points in A from the remaining ones by means
of a hyperplane. It is clear that the latter separation implies the former but the converse is
not true in general as shown by the following example. Let

Sl = {P17P29P3}v SZ = {le QZv Q3}7

where
Pl = (070)! P2 = (37 1)7 P3 = (490)1 Ql = (_17_2)7 Q2 = (1’3)7 Q3 = (2’2)

Then v = (1, 0) separates S; in S7 U S,. However, the convex hulls of S; and S, overlap
as shown in Figure 2. In particular, the convex hulls of the simplexes in Proposition 2.4
may overlap. Our method thus starts from determining a general linear form ¢ on the
linear span (S) and then separating the simplex whose barycenter has the biggest value
with respect to ¢. In the tropical approach one has to check whether the n + 1 lattice points
corresponding to the biggest n 4 1 values of ¢ span a simplex. Otherwise, another ¢ has to
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01

Figure 2. The convex hulls of S1 and S>.

be chosen. In the above example, the form corresponding to (1, 0) does not work with the
tropical method, while the form corresponding to (—1, 1) gives a hyperplane separating

{P1, Q2, O3} from { P, P3, 01}

3. Bounds for Segre—Veronese varieties

ni +d;
N:H( 4 )—1
i=1

of P! x ... x P" under the embedding induced by |Opni x..xprr (dy, ..., d;)|. In the
following, we prove our main result.

Theorem 3.1. The Segre—Veronese variety SV dyo Z’ C PV is not h-defective for

< 'dj . 1r l—[(nifdi)’
nj+dp 1+ 35 ni | d;

=1

where nj/dj = maxlfisr{ni/d,-}.
Proof. Let A} C Q"1 be the standard simplex. The polytope P = Al X x A
has
,
T di +n;
, d;
i=1

integer points, and each facet is given by the Cartesian product of a facet of one of the A "
and the remaining A for i # j.Therefore, each facet contains

di +nj—1 di + n;
a= (")
/ i#j !
points for some j. Now, we compare the number of integer points on each facet:

i < feo
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dk+nk—1)lL[

(A
dj i#] i#k di
(dj +nj—1)(dk+nk) - (dk+nk—1)(dj +nj)
dj N di )
di + ny - d,—}-l’l]
ng -
@<£
ng -~ nj

Therefore, the facet with maximum number of integer points is the one which minimizes
d;/n; and so maximizes n; /d;. Assume that n; /d; = max;<;<,{n;/d;}.

Since P satisfies the conditions in Proposition 2.13 the maximum number of integer
points in a hyperplane section of P is attained on a facet and in this case it is given by

dj+n,-—l ! d; + n;
( dj )H( d; )

i#j

Finally, to conclude it is enough to note that

e ()= nem)

i#j
_ 1 (dj-l—nj—l)ﬁ(di—i-ni)
1+ Zi n; dj —1 ik d;
_ 1 d; ll[(di+n,»)= 1 1 ll[(di+n,~)
L+ 2ini dj+nj - 1\ di Vtng/dy 1+ 3 ni 5 S\ di
and to apply Theorem 2.12. |

Remark 3.2. According to Theorem 3.1, we have a polynomial bound of degree ) ; n;
in the d;, while in the #; we have a polynomial bound of degree Y, d; — 2.

A bound for non-secant defectiveness of Segre varieties was given in Theorem 1.1
of [29] using the inductive machinery developed in [5]. When the numbers n; + 1 are
powers of two Corollary 5.1 of [29] gives a sharp asymptotic bound for non-secant defec-
tiveness of Segre varieties. However, for general values of the n; the bound in Theorem
1.1 of [29] tends to zero when r goes to infinity.

Proposition 3.3. The Segre—Veronese variety SV;;Cn_i_l,2 is not defective. Furthermore,

SV;}:E is not h-defective for h < k(n + 1).

Proof. Let us begin with SV;}CnH’z. The corresponding polytope is P = Aék+1 x A%,
where

Ay =10.1,....2k+ 1} and A} ={(x1,....Xn) € Zz0: Y xj <2}
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We view P as a union of 2k + 2 floors labeled by A;k 41+ We will triangulate each pair of
floors. Note that it is enough to do this in the case k = 0, where we have just two floors.
Consider the following disjoint subsets of P:

Si={er+ejUler+ex+e;j=2...n4+1}U{e +e3},
Sy ={er+esjU{er+es+e;j=3...n+1}U{es+¢;;j =23}

Sp={e1 +enpr1tUfer +enyp1 +enp1Ufent1 +ej5j =2,...,n+ 1},
Sn+1 ={(O,...,0)}U{€j;j = 1I’l+1}

Note that each set S; has cardinality n + 2, and since |P| = 2("+2) (n+ D@ +2),
we have P = | J/Z! S;. Moreover, each S; is an (n + 1)-simplex in Q"1
Now, consider integers

b1 > by >» - > byy1 >0
and vectors

vl = (b1$b2707"'70)7
Vy = (bl,b3,b2,0,...,0),
V3 = (bl,b4,b3,b2,0, .. .,0),

Vp = (b1, but1,....b2),
st = (1L 1,....1).

We will show that these vectors and simplexes make Theorem 2.7 work. In the first
step, in order to maximize (b(A), v1), we need that A has the maximum possible number
of points on the top floor, corresponding to e;. Furthermore, since e, appears in all the
vectors of Sy and by > b3 > --- > b,41 among the simplexes having n + 1 points on
the top floor, the one maximizing (b(A), v1) is S1. Therefore, v; separates S;.

Now, note that the remaining points on the top floor are exactly the ones in the hyper-
plane x, = 0. Then, among the simplexes with points in S \ S, the ones maximizing
(b(A), v2) must have n points on the top floor and two on the bottom floor. Since b, > b3,
the points on the top floor must have the third coordinate non-zero, and since there are
exactly n of these, we have to take all of them. By the same argument on the bottom floor,
we have to take (0,1,1,0,...,0) and (0,0, 2,0, ...,0). Hence, v, separates S>.

Now, the remaining points on the top floor are in the linear space x, = x3 = 0. Arguing
similarly, we see that vy, ..., v, separate Sy, ..., S,. In the last step there are just n + 2
points left and these form a simplex. Setting S,4+1 = A \ [, S; any vector v, will do.

Therefore, for each pair of floors, we construct n 4+ 1 simplexes and since we have
k + 1 pairs of floors, Theorem 2.7 yields that SV;;Cn_i_l,2 C PV is not h-defective for
h < (k +1)(n + 1). Then

dim Seck+ 1) (SVaiy12) = k+ D+ D>+ (k+ D+ ) —1=N

and SV2k+1 , € P¥ is not defective.
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Now, consider SV2k ,- In this case we have 2k + 1 floors. Con51der1ng just the first
2k of them and arguing as in the previous case, we get that SV k.2 is not h-defective for
h<k(m+1). |

Remark 3.4. The non-secant defectiveness of SV2k 41,2 Was proven, by different meth-
ods, in Proposition 3.1 of [6]. Furthermore, by Proposmon 3.2 of [6], SVzk 518 h-defective
forkm+1)+1<h<k(n+1)+n.

3.1. Identifiability

Let X € P be an irreducible non-degenerated variety. A point p € PV is said to be
h-identifiable, with respect to X, if it lies on a unique (2 — 1)-plane h-secant to X. We
say that X is h-identifiable if the general point of Secy (X)) is A-identifiable.

Corollary 3.5. Let P € Mg be a full-dimensional lattice polytope, X p the corresponding
n-dimensional toric variety, and m the maximum number of points on a hyperplane section
of P N M. Assume that 2n < %. Then Xp is (h — 1)-identifiable for
b < |[PNM|—m
- n+1

Proof. Tt is enough to apply Theorem 2.12 and Theorem 3 of [14]. ]

Corollary 3.6. Consider the Segre~Veronese variety SV "7 C PN, set

.....

n; {n,}
— = max | —
dj 1<i<r \d;
AP B W y Y L
and assume that2) ; _, n; < A T [Tz ( ). Then, for

< dj lr l_[(ni+di),
nj+di 14+ _,n; el d;

SV"" o e PV is (h — 1)-identifiable.

.....

Proof. Tt is enough to apply Theorem 3.1 and Theorem 3 of [14]. ]

Results on the identifiability of Segre—Veronese varieties have been recently given
in [25], and in [10] under hypotheses on non-secant defectiveness.

4. New examples of defective Segre—Veronese varieties

In this section we give examples of defective Segre—Veronese varieties using three differ-
ent methods. Namely, by the general theory of flattenigs in Section 4.1, by constructing
low degree rational normal curves in Segre—Veronese varieties in Section 4.2, and by pro-
ducing special Cremona transformations of product of projective lines in Section 4.3. As
noticed in Remarks 4.8 and 4.9, the defective Segre—Veronese varieties in Sections 4.2
and 4.3 were already well known even though the methods we present are new.
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4.1. Flattenings

Let Vi,..., V), be vector spaces of finite dimension, and consider the tensor product V; ®
RV, =Va, ® - Q V) ®(Vp, @+ ® pr_s)z Vi® Vg withAUB={1,...,p},
B = A€. Then we may interpret a tensor

TeN®@ - @V,=V4Vp

as a linear map T: V; — Vye. Clearly, if the rank of 7" is at most r, then the rank of T
is at most r as well. Indeed, a decomposition of 7" as a linear combination of r rank one
tensors yields a linear subspace of Ve, generated by the corresponding rank one tensors,
containing T(V*) C V4e. The matrix associated to the linear map T is called an (A, B)-
flattening of T.

In the case of mixed tensors, we can consider the embedding

Sym V; ® - ® Sym% V, < V4 ® V3,

where V4 = Sym® V; ® --- ® Sym® V,, and Vg = Sym® V; ® --- ® Sym® V,,, with
di = a; + b; forany i = 1, ..., p. In particular, if n = 1, we may interpret a tensor
Fe Symd1 V1 as a degree d; homogeneous polynomial on IP(V*). In this case, the matrix
associated to the linear map F: V) — Vp is nothing but the a,-th catalecticant matrix
of F, that is, the matrix whose rows are the coefficient of the partial derivatives of order a
of F.

Remark 4.1. Consider a tensor 7 € Sym?! C"1*! @ Sym® C"2+! @ Sym? C"3+! and
the flattening

Sym? C"*! @ Sym? K €™+ 5 Symk €2+ @ Sym® ¢t
Fix coordinates xo, ..., X5, on Cr2t1 and vy, .. ., Up, ON C™+1 Then the matrix of the
above flattening has the following form:

993 ok

d k
31}03 0xg

943 9k
61133 3xrlfz

393 9k

3vn3 on

ads ak

3vn3 axnz
Note that 7 has ("2n+k ) partial derivatives of order k with respect to xo, ..., X,, and
each of these derlvatlves has in turn ( :d ) partial derivatives of order d3; with respect to
Vo, - - . Un,. Therefore, this is a matrix of size (" 32'3‘13) ("ank) X (”2+n“;2_k) (" lr::dl).

In general the (h + 1) x (h + 1) minors of the above matrix yield equations for the
secant variety Secy, (SV(Zi ’Zi’x)) However, in practice it is hard to compute the codimen-

sion of the variety cut out by these minors. In a Magma script, that can be found as an
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ancillary file in the arXiv version of the paper, we manage to simplify the computations.
The script reduces the equations given by the minors to positive characteristic. The variety
cut out by these reduced equations has dimension greater or equal than our original vari-

ety. So if this dimension is strictly less that the expected dimension of Secy, (SV% 2223)’

we get that SVEZ‘ Zz 23) is h-defective.

Proposition 4.2. The Segre—Veronese variety SV } ;az-)m 1 s (6a + 5)-defective for all
a > 0, and the Segre—Veronese variety SVE}:;;?_FS,]) is (6a + 7)-defective for all a > 0.

Proof. We begin with SVS:;;ZJ)&I) CP3%4+23 The (6a + 5)-secant variety of SVE}:;;ZJ)FS’I)
is expected to fill the ambient projective space. On the other hand, we may consider the
following flattening:

(CZ ® Sym3a+2 (C2 s Sym2a+l (CZ ® C?"

By Remark 4.1, the matrix associated to this linear map is a (6a + 6) x (6a + 6) block

matrix where the blocks are catalecticant matrices. So the determinant of this matrix yields

a non-trivial equation for Sec6a+5(SV(} éf}d py) C P30a+23,

Now, consider SV(},éa%)kS,l) C P3%a+35 Tn this case Sec6a+7(SV8:;fJ)r3,l)) is expec-

ted to be a hypersurface in P3%¢+35_Consider the following flattening:
C2 @ Sym3+3 C2 = Sym2* 2 C2 @ CP,

Note that the source and the target vector spaces have dimension 6a + 8 and 6a + 9,
respectively. By Remark 4.1, if we take the minors of size 6a + 8 of the correspond-
ing (6a + 9) x (6a + 8) matrix, then we get at least two independent equations for

1,1,2
SeCGa+7(SVEI,5a3—5,1)) C P30a+35. |

Proposition 4.3. Letn,d > 2 and assume that there exist dy,d, > 1 such that 2(d; + 1) =
(da + 1)(n + 1). Then SV{y 'y is (2dy + 1)-defective.
Proof. Proceeding as in the first part of the proof of Proposition 4.2, we consider the
flattening

C? ® Sym? C? — Sym? C? @ C".
Note that Sec(a (4, +1)—1) (SVE}:‘IZ’,'{))) is expected to fill the ambient projective space. How-
ever, the above flattening yields at least one non-trivial equation for this variety. ]

Corollary 4.4. The Segre—Veronese variety SV(1 a(n+3) —o.1y s (2a(n + 1) — 1)-defective
for all a > 0. Moreover; if n is odd then the Segre—VeronESf variety SV(1 a(n)+3)/2 2,1) I8
a(n + 1) — 1)-defective for all a > 0. In particular, SV( 3 is 11-defective.
1,7,1)

Proof. Takedy = a(n+1)—1and d; = M — 1 in Proposition 4.3. |

Proposition 4.5. Forn =3 andd € {3 6,9, n=4andd €{4,7},n =5andd € {4,5},
the Segre—Veronese variety SV(} ;'i) is h-defective with h =5 h =9, h=13, h =7,
h=11,h =7and h =9, respectively.

Proof. The proof follows from an application of the Magma script described in the last
part of Remark 4.1. ]
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4.2. Rational normal curves and defectiveness

In some particular cases defectiveness can be proved by producing low degree rational
curves through a certain number of general points on a Segre—Veronese variety.

Lemma 4.6. Consider the product X = P"! x --- x P withn; <np <--- <n,. There
exists a rational curve in X of multi-degree (n1, ...,n;) through ny + 3 general points

Pls---s Pni+3 e X.

Proof. Let us begin with the case ny = -+ = n, =n; + 1. We view P"! as a linear
subspace of P"2 C ... C P, and write p; = (p},..., pl), where p] € P"/. Without
loss of generality, we may assume that pj, ..., p,ll1 4o € P! are the projections from
J J J ;
Pny+30f Py, py yoforallj =2,
Let C; € P™ be the unique rational normal curve of degree n; through p1,. .., 1’;1 +3

This is the image of a morphism y;: P! — C; C P™ of degree n; such that y; (x;) =
fork =1,...,n1 + 3, where x1, ..., X, +3 € PL.

Now, con51der a projective space P with i > 1. The rational normal curves in P"i
through pl, cee pn 4 form a family of dimension greater than or equal to n; — 1, and
the equality holds if and only if n; = n; + 1. Among these curves there is one y;: P! —

C; € P™ whose tangent direction at péi+3 is given by the line (pél_m, p,11+3) and such
curve is unique if and only if n; = n; + 1. Hence, we have the following commutative
diagram:

Vi

p! Ci

Ci,

where r;: C; — Cj is the morphism induced by the projection from pf“ 13- Consider the
points y; = yfl(pj) for j = 1,...,n1 + 3. The automorphism y; ! o 7; o y; € PGL(2)
maps y; to x;j, and we may use it to reparametrize y; to a curve ni’l oy Pl - C; C P™
such that (77, ' o y1)(x;) = p} for j = 1,...,n1 +3.

Finally, the map

yiPl > C TP x-..x Pt (yi(t),....yr (1)),

yields a curve of multi-degree (n1,...,n,) in P"! x ... x P" such that y(x;) = p; =
(p}.....pHfori =1,....,n1 + 3.

When n; > n; + 1 first we project C; from a certain number of general points in order
to reach a projective space of dimension 71 + 1 and then we apply the argument above. =

Proposition 4.7. The Segre—Veronese varieties Snglz)) and SVE1 f 1) are, respectively,
4-defective and 5-defective.

Proof. Let us begin with SVE1 f 3 Let p € Secs(SV(1 1 1)) be a general point lying on

the span of general points py,..., ps € SVE1 f 3 By Lemma 4.6 there is a rational curve
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in P2 x P3 x P3 of multi-degree (2, 3, 3) through 5 general points and via the Segre—

Veronese embedding we get a rational normal curve C C SV%??; of degree eight through

Pi,..., Ps.

Now, C spans a linear space IT = P® passing through p. Any 4-dimensional linear
subspace of IT passing through p that is 5-secant to C is 5-secant to SVE??‘B as well.
Hence, if this family of 4-dimensional linear spaces has positive dimension, we get that
SV%??; is 5-defective. To conclude it is enough to observe that by Theorem 3.1 of [39]
such family has dimension one.

Now, consider Sngf)) We may move four general points of SVE?%IZ)) on the diag-

onal. This a Veronese variety V32 spanning a linear subspace IT = P°. Arguing as in the
first part of the proof, we have that if the family of 3-dimensional linear subspaces of I1
through a §eneral point of IT and 4-secant to V? form a family of positive dimension,
then SVgllz)) is 4-defective. To conclude it is enough to observe that, by Proposition 1.2
of [39], such family is 2-dimensional. ]

Remark 4.8. The 4-defectiveness of svﬁff)’ was already well known thanks to an

explicit equation for Sec4(SVg’i’12)) ) originally worked out by V. Strassen [48] and then
generalized by J. M. Landsberg, L. Manivel and G. Ottaviani [13, 35, 36, 42]. The 5-
defectiveness of SV%??; was already known Proposition 4.10 of [5].

s (13131)
4.3. On secant defectiveness of SV( dy.dads)

Let P := P! x P! x P!, let H; be the pull-back of a hyperplane on the i-th factor of P,
and let p;, p» € P be general points. Denote by £(a, b, ¢; 2") the non-complete linear
system |aHy + bHy + ¢cH3 — Y ;_; 2p;| on P, and let X — PP be the blow-up of P at
P1, p2 with exceptional divisors £, E>. Without loss of generality, we may take p; =
([0:1],[0:1],[0:1]), p2 = ([1:0],[1:0],[1 : 0]). Consider the rational map

¢:P -—> P, ([xo: x1],[vo : y1], [z0 : z1]) = ([x1y0 : Xoy1], [vo : y1], [Voz1 : y12o)).
Note that ¢>([xo : x1]. [yo : y1].[20 : z1]) = ¢ ([x1¥0 : Xoy1]. [vo : ¥1]. [Voz1 : y120]) =

([xoy1y0 : x1¥0¥1], [yo : ¥ 11l [Yoy1zo : y1¥0zol) = ([x0 : x1], [vo : ¥1].[Z0 : z1]). So ¢
is an involution.

Then the exceptional locus of ¢ is the inverse image via ¢ of the indeterminacy locus
of ¢~ = ¢. Such indeterminacy locus is given by

(X130 =x0y1 =0} ={[0: 1] x[0: 1] x PYYU{[1:0] x[1:0] x P},
{(yoz1 = y1zo =0y = {P x [0: 1] x [0: 1]} U{P! x [1:0] x [1:0]}.

Hence, the exceptional locus of ¢ is given by
(P x[0:1]x P U{P! x[1:0] x P}

In particular, ¢ lifts to a birational, but not biregular, involution &5: X --> X, mapping
{P!x[0:1] xP'} to E; and {P! x [1 : 0] x P!} to E,, which is an isomorphism in
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codimension one. The action of 5 on Pic(X) = Z[H,, Ha, H3, E1, E;] is given by the
following matrix:

1 0 0 0 O
1 1 1 1 1
0 0 1 0o 01,
-1 0 -1 -1 O

-1 0 -1 0 -1

where we keep denoting by H;, H,, H3 their pull-backs on X. Therefore, 5 maps the
linear system £(d1, d, d3; my, my) to the linear system £(dy,dy + da + d3s — mq —
my,ds;dy + d3y —my,dy + d3 —my).

Now, consider a linear system of the form £(d1, d», d3;2%") that is with 2r double
base points. Applying the map ¢ centered at two of the double points, we get £(d;,d; +
dy +d3 —4,ds;dy + d3 —2,dy + dsz — 2,227 72). Now, applying again the map ¢ cen-
tered at two of the remaining double points to this new linear system, we get £(d,
2dy +dr +2d3—8,d3;dy +dz —2,dy +ds —2,dy +d3s —2,d1 + ds _2,22r—4)'
Proceeding in this way, after r steps, we get the linear system £(dy,rd; + dy + rdz —
4r,ds; (dy + d3 — 2)?"). Summing up applying  maps of type ¢, we have

4.1)  £(di.dy.d3:2°") > £(dy.rdy + dy + rds — 4r,d3; (dy + ds —2)).

Similarly, applying » maps of type ¢ to a linear system with an odd number of double
base points, we get

(42)  £(dy,da, d3;2°" V) > L(dy, rd) + da + rd3 — 41, d3; (dy + d3 —2)%",2).

For instance, (4.1) yields that £(1, d, 1; 227) goes to £(1,d — 2r, 1) and this last
linear system has the expected dimension. So, by Terracini’s lemma [49], SVS;II)) is not
2r-defective for any r. Note that since SVE};II)) C P#@+D~1 when d is odd we get that
SVSLII)) is not h-defective for any 4 while when d = 2a is even we miss the last secant
variety, namely the (2a + 1)-secant variety, which is indeed defective. To see this note
that the linear system £(1, 2a, 1; 22441y jg equivalent to £(1,0, 1;2), the (2a + 1)-secant

variety of SVS:;;I,)I) is expected to fill the ambient space P3¢*3 but by considering the

tangent plane to the quadric surface given by the first and the third copies of P!, we see
that £(1,0, 1;2) has one non-trivial section.

Similarly, £(1,d,2; 227) goesto £(1,d —r,2; 127), which has the expected dimen-
sion. In this case, we get that SVE{;,IZ)) - IP’i(d“)_l is not h-defective for any h < h,
where / is the biggest even number such that 7 < %(d +1).

Furthermore, (4.2) yields that £(1, d, 1; 22r+1) goes to £(1,d — 2r, 1;2), which is

empty for 2r > d. So Secg 4, (SVStlill))) fills the ambient space P4@+D~1 However, as

we have seen Secy 41 (SVgitljll))) does not fill the ambient space when d is even.

Finally, £(1,d,2;2%"*1) goes to £(1,d — r,2; 12", 2), which is empty for r > d.
Hence, Secag13(SV{;'y ) fills the ambient space PO@+D-1,
Remark 4.9. We believe that it should be possible to produce rational maps, in the same

spirit of what we did in Section 4.3 for the case of P! x P! x P!, in order to explain most
of the possible new defective cases in the tables in Section 5.
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known possible new
(n1.n2)  (d1,dz) #(1.1) defective cases defective cases
(1,2) di +dy <40 (1,3), (2k,2),1 <k <19 none
(1,3) di +dy <20 2k,2),1 <k <9 none
(1,4) di +dy <10 (2k,2), 1<k <4 none
(1,5 di+dy<9 (2k,2),1 <k <3 none
(1,6) di+dy <5 (2,2) none
(1,7) di+dy <3 none none
: (1,n2)
Table 2. Script results for SV(dl,dz)'
known possible new
(n1.n2)  (dr.d2) # (1.1) defective cases defective cases
(2,2) d1+dp <23 (2,2) none
2,3) dy+dy <10 (1,2),(2,2) none
2,4) di+dy<6 2,2) none
2,5) di +dy <4 (1,2),(2,1),(2,2) none
(2,6) dy+dy <3 2,1) none

Table 3. Script results for SVEZ "fi))

Finally, we would like to stress that the defectiveness of the Segre—Veronese varieties
considered in Section 4.3 was already well known Theorem 2.1 of [34].

5. Segre—Veronese varieties with two or three factors

We look at Segre—Veronese varieties with two factors SV(Z1 23 We assume that n; < n»
and n, > 1 since, by Theorem 2.2 of [34], SV( ) is defective if and only if d; = 2 and
d, is even. We also assume that (d;, d») # (1 1) since Segre varieties with two factors
are almost always defective.

If either n; = 1 or n; = 2, we get the results listed in Tables 2 and 3. The only cases
where the script was unable to prove the non-defectiveness are the already known ones,
Conjecture 5.5 (b), (d) of [4] and Conjecture 5.5 (a), (c), (e) of [4], respectively.

For3 <n; <4,n; <n, <5, we found six cases, listed in Table 4, where the computer
was unable to check whether the corresponding Segre—Veronese variety is defective or not.
Again these cases already appeared in the literature, Conjecture 5.5 (c), (e) of [4].

Now, we proceed with Segre—Veronese varieties with three factors SV(E Z; Z;g We
assume that n7; < n, < n3 and n3 > 1, since Theorem 2.2 of [34] classifies defective
products of P!. If ny = n,, we assume that d; < d, and, similarly, for n, = ns3, we
assume that d, < d3. By [50], the following Segre—Veronese varieties are defective:

(1,1,2) (1,1,3) (1,1,4) (1,1,5) (1,1,6) (1,1,2) (1,1,3) (1,1,2)
SV(I,I,Z)’ SV(I,I,Z)’ SV(I,I,Z)’ SV(I 1,2)° SV(1,1,2)’ SV(2,2,2)’ SV(2,2,2)’ SV(1,3,1)’

(1,1,3) (1,1,4) (1,2,2) (1,2,3) (1,2,4) (1,3,3) (2,2,2) (2,3,3)
SVay: SVsny: SVak iy SV SVern: SVaki SVai: SVai):
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known possible new
defective cases  defective cases

(n1,n2) (di1.d2) #(1,1)

3,3) dy+dy <8 2,2) none
(3.4 di +dy <5 2,1),(2,2) none
3.5 dy+dy <4 (2,2),(3,1) none
4,4) di+dy <5 2,2) none
4,5) dy+dy <3 none none
Table 4. Script results for SVEZLZS, 3<ny<4,n <np <5
(n1.112.13) (d1,d2,d3), known possible new new
1,712,113 di <d> defective cases defective cases defective cases
(1,1,2), (1,5, 1),
(L1 ditdatds =13 30 022 " @81),0.101)
(1,1,1),(1,1,2) (1,3,1),(1,6,1)
L3 ditdtds =1L (40 02 ™ (L7.1).(1.9. 1)
(1, 1,1,
L4 ditdtds=9 505 none (1,4,1), (1,7, 1)
(1,1,1),
1,1,5) di+dp+d3<7 (1.1.2).(1.2.1) none (1,4,1),(1,5,1)
(1,1,6) dy+dr+d3<4 (111, none none

(1,1,2),(1,2,1)

: (1,1,n3)
Table S. Script results for SV( d1.dsds)"

The following ones are also defective by Theorem 2.4 of [15] since they are unbal-
anced:

SV(1’1’3) SV(1’1’4) SV(LI,S) SV(l’l’s) SV(1’2’4) SV(LI,G) SV(LI,G) SV(LZ,S)

1,1,1) 1,1,1) (1,1,1)° 1,2,1)° 1,1,1)° 1,1,1)° (1,2,1)° 1,1,1)"
The variety SV{2>? is defective by Theorem 3.1 of [35] and SVZ33) i defective
YoV, y (1,1,1)

by Proposition 4.10 of [5]. In Tables 5, 6 and 7 we present the results found for Segre—
Veronese of three factors. We were unable to check, using our script, whether the following
Segre—Veronese varieties are defective or not:

SV(I,I,Z) SV(1,1,2) SV(1,1,2) SV(1,1,3) SV(1,1,3) SV(I,],S)

(1,5,1)° (1,8,1)° (1,10,1)° (1,3,1)° (1,6,1)° (1,7,1)°
(113) eyl qulld)  culls) qu(lLLs) y(1.23)
SV(1,9,1)’ SV(1,4,1)’ SV(1,7,1)’ SV(1,4,1)’ SV(l,S,l)’ SV(2,1,1)’
(1,2,3) (1,2,3) (1,2,4) (1,2,4) (1,3,4)
SVaiy: SVEiy: SVaiy SVea: SVern:

The defectiveness of the cases in the last column of Table 5 is proved in Proposi-
tions 4.2, 4.5 and Corollary 4.4. We did not manage to prove that the cases in the last
column of Table 6 are indeed defective.

The following Magma script shows how to check the results listed in the above tables.
In the specific case we are listing the defective Segre—Veronese varieties with [n1,n,] =
[1,2] and 1 < dq,d, < 10.
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known possible new
(n1,n2,n3) (d1,d3.d3) defective cases defective cases
2,1,1),(4,1,1),
(1,2,2) di +dy+dsz <11 6,1,1),(8,1,1) none
2.1,1),
(17253) d1+d2+d3 59 (551»1) (3’1’1)7(7’171)
(1,2,4) di+dy+ds <7 (1,1, 1) 3.1,1),(5.1,1)
(1,2,5) di+dy+dsz <4 1,1,1) none
(1,3,3) di+dy+d3 <7 (2,1,1),(4,1,1) none
(1,3,4) di +dy+d3 <4 none 2,1,1)
. (1,2,n3) (1,3,n3)
Table 6. Script results for SV ¢~ d23, dy) ad SV~ d23, )"

known possible new

(n1,72,13) (d1,d2, d3) defective cases defective cases
2,2,2) di+dy+ds <9 (1,1,1),(1,1,2) none
2,2,3) di+dy+d3 <6 none none
(2,2,4) di+dy+ds <4 none none
(2,3,3) di+dy+ds <4 (1,1,1),2,1,1) none

: (2,n2,n3)
Table 7. Script results for SV( d1.ds.d)"

> load "library.m";
> dd := [[d1,d2] : d1,d2 in [1..10]];
> for d in dd do
if IsSVDef([1,2],d,5) then d; end if;

end for;
[1, 31
[2, 2]
[4, 2]
[6, 2]
[8, 1]
[8, 2]
[ 10, 2]

J

Observe that the case [dy, d2] = [8, 1] has been recognized by the program as a defec-
tive one. Anyway if one runs the function IsSVDef ([1,2], [8,1],5) enough times, then

at some point the output will be false.

Our second Magma example compares the running times for checking non-speciality
of the Segre—Veronese varieties [r1, n2] = [1, 2] embedded with multidegrees [d1, d2] =
[13,13], and [n1, 13, n3] = [2, 2, 2] embedded with multidegrees [d;, d2, d3] = [2, 2, 6].
The first function IsSVDef is based on our algorithm. The second function makes use of
the classical Terracini’s lemma, which reduces the defectiveness checking to the calcula-
tion of the dimension of a linear system of affine hypersurfaces through double points in

general position.
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> load "library.m";
> time IsSVDef([1,2],[13,13],5);

false

Time: 4.480

> time IsSpecial(ProjSpaces([1,2],[13,13]1));
false

Time: 198.190

> time IsSVDef([2,2,2],[2,2,6],10);

false

Time: 3.510

> time IsSpecial(ProjSpaces([2,2,2],[2,2,6]1));
false

Time: 30.110

According to our tests we found that the difference between the computational times
of the above two functions increases according to the number of points of the Riemann—
Roch polytope of the toric variety.

6. Applications

In this section we provide two applications of our methods to secant varieties of toric sur-
faces and Losev—Manin spaces. We would like to mention that 2-secant defective smooth
toric varieties were classified in [19].

Proposition 6.1. Let P € Mg be a 2-dimensional lattice polytope and Xp the corre-
sponding 2-dimensional toric variety. Then X p is 2-defective if and only if either Xp is a
cone or P is contained in V22.

Proof. Clearly, if Xp is a cone or P is contained in the polytope of V.2, then Xp is 2-
defective. Assume that neither Xp is a cone nor P is contained in the polytope of V2. We
may assume that M = Z2, P has at least 6 points, A = (0,0), B=(0,1),C =(1,0) € P,
and P is contained in the first quadrant.

To simplify the notation, let us write D =(2,0), E=(1,1), F =(0,2), A¢g={A, B,C}.
We distinguish three cases depending on how many points there are in P N {D, E, F}.

First assume that there are two points p,q in {D, E, F} N P. Then there is at least
one pointr € (P N M)\ A%. Hence, using Ay = Ag, v; = (—1,—-1), Ay ={p,q,r} and
any v,, we see that Xp is not 2-defective by Theorem 2.7.

Now, assume that {p} = {D, E, F} N P has exactly one point. Then there are at least
two points ¢, r € (P N M)\ A3. If there are such two points making A, = {p,q.,r} a
simplex, we are done as in the previous case. We therefore can assume that all points in
(P N M)\ Ay are collinear. We will prove that p = E. Indeed, the points of P \ Ag can
not all lie in the segment {(x,0), x > 2} since Xp is not a cone, and similarly they can
not all lie on the segment {(0, y), y > 2}. Therefore, there is a point G = (x, y) € P with
x >1land y > 1.Since E € BCG and P is convex, we conclude that £ € (P N M).

Now, either the points in (P N M) \ Ay are contained in the vertical line {(1,y),y > 1}
orqg = (xg,¥4), 7 = (xy,yr) forsome 2 < x; < x, and 1 < y; < y,. In the first case we
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may use
Al = {A’ 37 E}? v = (17_1)! AZ = {(173)9(1’2)’C}9

with v, arbitrary, and in the second case we may use
Ay ={B.q,r}, vi=(a,1), A, ={A,C,E}, witha > 0,

again with v, arbitrary.

Finally, assume that {D, E, F} N (P N M) = @. Then none of the points of P N M
lies on the segments {(x,0), x > 2} and {(0, y), y > 2} and, as in the second case, we can
prove that E € (P N M). [

Remark 6.2. In higher dimensions, the analogue of Proposition 6.1 does not hold. Con-
sider the polytope P € Q3 with vertexes (0,0, 1), (1,0,2),(0,2,1),(2,2,1),(1,1,0). The
lattice points of P are

(0,0,1), (1,0,2), (0,2,1), (2,2,1), (1,1,0), (1,1,1), (1,2,1), (0,1,1),
and hence the corresponding map to a projective space is given by
(6.1) (C*? > P, (x,y.2) > (xyz.x?y?z,z,x22, y?z,xy, xy%z, yz).

Note that P contains (1, 1, 1) as an interior point, and hence it is not equivalent, mod-
ulo GL(3, Z) and translations, to a polytope contained in the polytope of the degree two
Veronese embedding of P3. Furthermore, Xp is 2-defective by Terracini’s lemma. Now,
the singular locus of Xp is the union of seven invariant curves, which correspond to the
singular 2-dimensional cones of the normal fan, and it is stabilized by the action of the
torus. Hence, it corresponds via (6.1) to the locus stabilized by the action of the torus
on C3. Computing the differential of (6.1), we get that the line L corresponding to the
plane {z = 0} C C3 is in the singular locus of Xp. Hence, if Xp is a cone, this line must
be contained in its vertex. However, a line going through a general point of L and the
point (1,...,1) € Xp is not entirely contained in Xp, and hence Xp cannot be a cone.
The variety Xp is a Gorenstein canonical toric Fano 3-fold of degree 10. Its entry in the
Graded Ring Database is 523456.”

6.0.1. An application to Losev—Manin spaces. Let LM, be the blown-up of P” at all
the linear spaces of codimension at least two spanned by subsets of the n + 1 torus fixed
points of P”. The variety LM, is the Losev—Manin’s moduli space introduced in [38].
This moduli space parametrizes (n + 1)-pointed chains of projective lines (C, x¢, Xo0, X1,
..., Xp+1), where:

* C is a chain of smooth rational curves with two fixed points x¢, X on the extremal
components,

* X1,...,Xp4+1 are smooth marked points different from x¢, X, but non-necessarily
distinct,

* there is at least one marked point on each component.

The n-dimensional permutohedron P,, is the n-dimensional polytope in R”*1 given as the
convex hull of all the points obtained by permuting the coordinates of (1,2,...,n + 1).

2See http://www.grdb.co.uk/forms/toricf3c.
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F(n) Proposition 6.3

n

3 38 h<5
4 291 h<33
5 2932 h <272
6
7

36961 h <2879
561948 h < 37475

Table 8. The bound in Proposition 6.3 for small values of .

Note that P, is contained in the hyperplane {z; + -+ + zy4+1 = (n + 1)(n + 2)/2}. The
Losev—Manin moduli space L M,, is the toric variety associated to the permutohedron P,,.

By Theorem 1.3 of [30], the permutohedron P, has the Integer Decomposition Prop-
erty. This means that forall» > 1 and m € P, N M, there are my,...,m, € P, N M such
that m = my + --- + m,. In particular, P, is very ample, and then the sections associated
to its integer points yield an embedding

LM, < PIPa0MI-1

Proposition 6.3. Let LM, C PPn"MI=1 the n_dimensional Losev—Manin moduli space
in the embedding induced by the permutohedron Py,. Then LM, is not h-defective for

n—1
o P @t
- n+1

’

where F(n) = | P, N M| is the number of forests of trees on n + 1 labeled nodes.

Proof. By Section 3 of [47], the number of integer points of P, is the number of forests
of trees on n + 1 labeled nodes. Our aim is to estimate the maximum number of integer
points of P, lying on a hyperplane. Note that P, C H,, where H, C R” is the hypercube
definedby 1 <z; <nm 4 1fori =1,...,n. Hence, if mp, and mpy, are the maximum
number of integer points of P, and H,, respectively, lying on a hyperplane, then we have
that mp, < mg,.

Note that H,, is the polytope associated to the Segre—Veronese embedding of (P1)”
with multi-degree (n, ..., n), and H, satisfies the conditions of Proposition 2.13. There-
fore, the maximum number of points of H, lying on a hyperplane is attained on a facet
of Hy. Sompy, = (n + 1)"~!. Finally, to get the bound in the statement, it is enough to
apply Theorem 2.12. ]

In Table 8 we work out the bound in Proposition 6.3 for small values of n. The values
of F(n) are given by the OEIS sequence A001858.

Remark 6.4. Furthermore, thanks to the Magma script, we got that LM,, C PIPnNMI-1 jg
never defective for n < 5. Here we are applying our algorithm, based on Theorem 2.7, to
the case n = 2. The output consists of a boolean, which in this case implies that the variety
LM, C P is not defective, and a subdivision of the set of points into two simplexes plus
a residue point.
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load "library.m";
P2 := Permutohedron(2);
TestDef (Points (P2),2);
false <<[
(1, 2),
1, 3),
(2, 1)
1, [
2, 2),
(2, 3),
3, 1
1>, {
3, 2)
>
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