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Closed G;-eigenforms and exact G;-structures

Marco Freibert and Simon Salamon

Abstract. A study is made of left-invariant G-structures with an exact 3-form on
a Lie group G whose Lie algebra g admits a codimension-one nilpotent ideal b. It
is shown that such a Lie group G cannot admit a left-invariant closed G-eigenform
for the Laplacian and that any compact solvmanifold I'\G arising from G does not
admit an (invariant) exact Gp-structure. We also classify the seven-dimensional Lie
algebras g with codimension-one ideal equal to the complex Heisenberg Lie algebra
which admit exact Ga-structures with or without special torsion. To achieve these
goals, we first determine the six-dimensional nilpotent Lie algebras §) admitting an
exact SL(3, C)-structure p or a half-flat SU(3)-structure (w, p) with exact p, respect-
ively.

1. Introduction

The group G, is one of the exceptional cases in Berger’s celebrated list [4] of restricted
holonomy groups of non-locally symmetric irreducible Riemannian manifolds and only
occurs in dimension seven. For over 30 years, it was unknown whether such manifolds
exist at all until Bryant found local examples [6], Bryant and the second author found
complete ones [8], and Joyce [25] constructed compact manifolds with G, holonomy.

The construction of these examples relies on the fact that the metric is encoded in
a certain type of three-form, which we shall refer to as a G,-structure. More exactly, a
G,-structure on a seven-dimensional manifold M is a three-form ¢ € Q3M on M with
pointwise stabilizer conjugate to G, € SO(7) € GL(7,R). The form ¢ induces a Rieman-
nian metric g,, an orientation and a Hodge star operator x, on M. The holonomy group
of g, is contained in G if the structure is torsion-free, meaning that ¢ is parallel for the
Levi-Civita connection, which is the case if and only if ¢ is closed and coclosed [15].

The G,-structures that are closed but not coclosed constitute a basic intrinsic torsion
class in the Ferndndez—Gray classification, and play a natural role in the construction of
compact manifolds with holonomy equal to G,. Joyce’s examples were found by first
constructing closed G;-structures on smooth manifolds with sufficiently small intrinsic
torsion and then proving analytically that such closed G;-structures may be deformed to
torsion-free ones.
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Closed Gj-structures are the initial values for the Laplacian flow ¢; = Ay, ¢, for
one-parameter families of closed G;-structures (¢;)sey introduced by Bryant in [7]. The
critical points of this flow are precisely the torsion-free G,-structures [29], and the hope is
to use the Laplacian flow to deform a closed G,-structure (without any smallness assump-
tion on the intrinsic torsion) to a torsion-free one for t — oo.

Short-time existence and uniqueness of the Laplacian flow were established in [9], and
other foundational properties were proven in a series of papers by Lotay and Wei [29-31].
However, a lot is still unknown about the long-time behaviour of the flow, and it is import-
ant to characterise finite-time singularities. One expects that, like for the Ricci flow, these
singularities are modeled by self-similar solutions of the Laplacian flow. The initial val-
ues @g of these self-similar solutions are called Laplacian solitons, and a special class of
them is given by closed G;-eigenforms characterised by

Apyo = Lo

for some p € R\ {0}. Although this equation looks quite easy, no examples of these struc-
tures are known. Moreover, compact manifolds cannot admit a closed G,-eigenform [29].

Closed G;-eigenforms are also of interest from another point of view: they constitute a
special class of the so-called A-quadratic closed G,-structures, A € R, namely those with
A = 0. In general, quadratic closed G,-structures are exactly the closed G;-structures for
which the exterior derivative dt of the associated torsion two-form t depends quadrat-
ically on 7. These structures have been studied by Ball [2, 3] and include many other
interesting closed Gj-structures. For example, the case A = 1/6 corresponds to the so-
called extremally Ricci-pinched (ERP) closed Gj-structures, and the case A = 1/2 is
equivalent to the induced metric being Einstein.

By Lauret’s work [26], homogeneous A-quadratically closed G,-structures on homo-
geneous manifolds can only exist for A € {0, 1/6, 1/2}. The homogeneous ERP closed
G,-structures were classified in [3] using the classification of left-invariant such struc-
tures on Lie groups in [27]. Moreover, [13] shows that no solvable Lie group can admit
a left-invariant closed Einstein G,-structure. Since the strong Alekseevsky conjecture is
true in dimension seven (i.e., any simply-connected homogeneous 7-Einstein manifold
of negative scalar curvature is isometric to a left-invariant metric on a simply-connected
solvable Lie group) [1], there are no closed homogeneous Einstein G,-structures. So the
homogeneous case is settled for A € {1/6, 1/2}, leaving open the case A = 0. Concerning
the latter case, almost nothing was before this article, although [33] had shown that there
are no closed G;-eigenforms in a very specific family of closed G,-structures on very
special types of solvable Lie algebras, including a few almost nilpotent ones.

We shall fill this gap as follows. Let G be a 7-dimensional Lie group with Lie algebra g.
We prove that G cannot admit a left-invariant closed G,-eigenform if g is almost nilpo-
tent, i.e., if it admits a codimension-one nilpotent ideal. We are led to focus on ideals of
two types, g and n,g, with the former of step 4, and the latter of step 2 and isomorphic
to the real Lie algebra underlying the complex Heisenberg group. It is striking that our
non-existence proof is at the limit of, but just within, the realm of computations that can
be checked by hand. This fact has enabled us to complement our conclusions with more
positive ones relating to 11,5, mentioned below.

We are naturally led to the class of almost nilpotent Lie algebras by the following
facts.
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Lauret and Nicolini [28] showed that any Lie algebra g that possesses a closed G-
structure has a codimension-one unimodular ideal ). Hence, it is quite natural to start with
those for which J is nilpotent.

Motivation is also provided by the results of Podesta and Raffero [36] on closed G;-
structures on seven-manifolds with a transtive reductive group of symmetries.

Moreover, a closed G,-eigenform ¢ is always (cohomologically) exact, and the exist-
ence problem of exact Gy-structures on a restricted class of almost nilpotent Lie algebras
has been studied in [14]: there are no exact G,-structures on strongly unimodular Lie
algebras g with b,(g) = b3(g) = 0. The latter implies that g is almost nilpotent [32],
whereas ‘strongly unimodular’ is a technical condition, necessary for the existence of a
cocompact lattice in the associated simply-connected Lie group G.

We also answer negatively the existence problem for exact G,-structures on strongly
unimodular almost nilpotent Lie algebras, and so on compact almost nilpotent (completely
solvable) solvmanifolds, thereby generalising the result of [14]'. It is not known if there
exists any compact manifold with an exact G,-structure, though it is known that (in con-
trast to other situations) nilmanifolds cannot serve as examples.

We do succeed in classifying all almost nilpotent Lie algebras admitting an exact
G, -structure for which the codimension-one nilpotent ideal is isomorphic to 115g. For such
almost nilpotent Lie algebras, we also classify those that admit exact G,-structures with
special torsion of positive or negative type, a notion introduced by Ball in [3].

To prove our results, we split our almost nilpotent Lie algebra g as a vector space into
g = b @ Re, with ) being the codimension-one nilpotent ideal and e; € h= of norm one.
Then the equations determining a closed G,-eigenform or an exact G,-structure can be
encoded into conditions on the induced SU(3)-structure (w, p) on b. In particular, for an
exact Gp-structure, the SL(3, C)-structure p has to be exact and for a closed G,-eigenform,
(w, p) has to be half-flat with p being the exterior derivative of a primitive (1, 1)-form v.
The extra equation v A @? = 0 turns out to be of crucial importance in enabling us to rule
out solutions to the eigenform equations.

We show that exactly five out of 34 six-dimensional nilpotent Lie algebras admit an
exact SL(3, C)-structure and that exactly two of them admit a half-flat SU(3)-structure
(w, p) with p exact, namely 19 and n,g. Both results have independent interest because
special kinds of closed and exact SL(3, C)-structures on six-dimensional nilpotent Lie
algebras have been studied in [19], and the six-dimensional nilpotent Lie algebras admit-
ting a half-flat SU(3)-structure (@, p) with dw = p were determined in [18]. Moreover,
the result on exact SL(3, C)-structures implies that if an almost nilpotent Lie algebra g
admits an exact Gp-structure, then the codimension-one nilpotent ideal §) has to be one of
the five Lie algebras. We provide examples of exact G,-structures on almost nilpotent Lie
algebras with codimension-one nilpotent ideal ) for all possible nilpotent Lie algebras [
except when ) equals the nilpotent Lie algebra called ny.

This leaves open the question to be studied in future work: is there an almost nilpotent
Lie algebra with codimension-one nilpotent ideal isomorphic to 14 that admits an exact
G,-structure?

! After the submission of this paper, A. Fino, L. Martin-Merchan and F. Salvatore generalised our result
further to any compact quotient I'\ G of a Lie group G by a cocompact lattice T, [17].
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The paper is organised as follows.

In Section 2, we summarise basic facts about SL(3, C)-, SU(3)- and G,-structures that
are relevant to our investigation. In Section 3, we show how one can reduce the existence
problem of a closed G;-eigenform or an exact G;-structure on a seven-dimensional Lie
algebra g to the existence problem of SL(3, C)- or SU(3)-structures satisfying certain
equations on a six-dimensional ideal b in g. Next, in Section 4, we prove our results
on exact SL(3, C)-structures and on half-flat SU(3)-structures (w, p) with exact p. We
use these results to prove in Section 5 that no strongly unimodular almost nilpotent Lie
algebra, and so also no compact almost nilpotent (completely solvable) solvmanifold, can
admit an exact G,-structure. Finally, in Section 6, we carry out a detailed analysis of the
respective cases 19 and njg in order to show that no almost nilpotent Lie algebra can
admit a closed G,-eigenform. Moreover, we prove the mentioned classification results of
almost nilpotent Lie algebras with a codimension ideal isomorphic to 11,g admitting exact
G, -structures.

2. Preliminaries

2.1. G-structures in six and seven-dimensions

In this subsection, we define three different types of G-structures in six and seven dimen-
sions, and recall some of their basic properties. Proofs of the relevant facts and more
information may be found, for example, in [6,7,23].

In all cases, the G -structure is defined by one or two differential forms which are point-
wise isomorphic to one or two ‘model’ forms on R”, n = 6 or n = 7, whose GL(n, R)-
stabiliser is G. Here, pointwise isomorphic means that for each p € M there is a vector
space isomorphism u: T, M — R” that identifies the differential forms at the point p € M
with the model forms on R”.

Definition 2.1. (1) An SL(3, C)-structure on an oriented six-dimensional manifold is a
three-form p € 3 M which is pointwise isomorphic to

o 1= €135 _ o146 _ ;236 _ ;245 ¢ A 3(ROY*.

(2) An SU(3)-structure on a six-dimensional manifold is a pair (w, p) of a two-form
w € Q2M and a three-form p € Q3 M which is pointwise isomorphic to (w, pg) With

wo = e'? 4 3% 4 56 ¢ AZ(RO)*.

(3) A Gj-structure on a seven-dimensional manifold M is a three-form ¢ € Q3M
which is pointwise isomorphic to

©o 1= wo A e’ + po € A3(R7)*.

In all cases, if u: T,M — R" is one of the pointwise isomorphisms, then the basis
(u=(e1),...,u"(ey)) of T, M is called an adapted basis for the G-structure in question.
Sometimes, we will also call the dual basis of (u~!(e1),...,u"'(e,)) an adapted basis
for the G-structure in question.
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Since SL(3, C) € GL(3, C) and GL(3, C)-structures are almost complex structures,
an SL(3, C)-structure p has to induce an almost complex structure J,. Explicitly, J, is
obtained as follows.

Definition 2.2. Let p be an SL(3, C)-structure on an oriented six-dimensional mani-
fold M. Then p induces an almost complex structure J = J, on M defined in p € M
to be the unique endomorphism Jj, of T, M satisfying

Jpfoic1 = —fai and  Jp, fo; = faicn

for one, and so for any, adapted oriented basis (fi...., f¢) of T, M.
Moreover, set p := J*p € Q3M . Then

A 246 235 145 136
Pp =" ===

where (f1,..., ) is the dual basis of the adapted basis (f1,..., f¢) at p € M. Further-
more, ¥ := p +ip € Q3(M, C) is a non-zero (3, 0)-form.

We give now an equivalent characterisation of an SL(3, C)-structure, and for this we
have to introduce a quartic invariant A of a three-form on a vector space.

Definition 2.3. Let V' be a six-dimensional vector space. Let k: A°V* — V ® A°V* be
the natural GL(}')-equivariant isomorphism, i.e., k ~! (v ® v) = vav. Next, let p € A3V*
and define K, € End(V) ® A®V* by

Ky (v) = k((vap) A p),
and finally set
Alp) = étr(Kg) € (ASV*)®2,

It makes sense to say that A(p) > 0, meaning that A(p) is the square of some element
in A®V*. Thus, one may also speak of A(p) < 0. Using this notation, Hitchin [23] gives
the following characterisation of an SL(3, C)-structure.

Lemma 2.4. Let p € Q3M be a three-form on an oriented six-dimensional manifold M .
Then p is an SL(3, C)-structure if and only if A(pp) <0 forall p € M.

We will also need the following technical statements in the sequel.
Lemma 2.5. Let p € Q3M be an SL(3, C)-structure on a seven-dimensional manifold.
Letpe M andv,w € T,M, and set J := J,. Then:
(@) pp(v,w,-) = 0ifand only if v and w are C-linearly dependent.
(b) If v # 0, then the two-forms w1 := pp(v,-,-) € A>T M and w; := pp(Jpv.-,-) €
Asz* M satisfy

ker(w;) = span(v, Jpv), w; Aw; = Sija)lz foralli,j =1,2.

Proof. (a) First, let v and w be C-linearly dependent. Without loss of generality, we may
assume that w = ¢ J v for some ¢ € R. Since W is a (3, 0)-form, we do have W (v, Jv,u) =
—W(Jv,J2v,u) =V (Jv,v,u) ==V, Jv,u),ie., ¥(v, Jv,u) =0 for anyu € T,M.
As p = Re(V), this implies p(v, w, ) = cp(v, Jv,-) = 0.
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Next, assume that v and w are C-linearly independent. Then we may extend v and w
to a C-basis of (T, M, J) by anelementu € T,M. Thenvc :=v—iJv,wec :=w—iJw
and uc := u — iJu form a basis of (T, M)"? and so 0 # ¥ (vc, wc, uc), since ¥ is a
(3, 0)-form. This property of W also shows

V(iz—iJz,.,)=W(z,)—iV(Jz,-,) =V(z,-,-) —i?W(z,-,-) = 2¥(z,",")

for any z € T, M and so W(vc, we, uc) = 8¥(v, w, u). Consequently, ¥ (v, w,u) # 0.
Thus, p(v, w,u) # 0 or p(v, w,u) # 0. In the latter case, we do have

o, w, Ju) +ipv,w, Ju) = W, w, Ju) = iV, w,u) = i2p(v, w,u)
= —ﬁ(l), w,u) # O’

ie., p(v,w,Ju) # 0.

(b) Since all equations are invariant under non-zero rescalings, we may assume that v
has norm one. Now SU(3) acts transitively on the six-sphere S°. Consequently, there is
an adapted basis (fi,..., fe) of pat p € M with f; = v,andso f, = J, fi = J,v. But
SO

w1 =vipp = fl_l(fl35 _ f146 _ f236 _ f245) — f35 _ f46,
Wy = (JPU)JPP — f2—' (f135 _ f146 _ f236 _ f245) — _f36 _ f45~

Then a straightforward computation shows that w; and w, have the desired properties. =

Similarly, one knows that SU(3) € SO(6), and therefore an SU(3)-structure induces a
Riemannian metric g as follows:

Definition 2.6. Let (w, p) be an SU(3)-structure on a six-dimensional manifold M . Define
g = &(w.p) to be the Riemannian metric on M for which any adapted basis (fi, ..., f¢)
at any point p € M is orthonormal. Now @3 is a volume form on M and so w induces an
orientation on M. We get an induced almost complex structure J,, which relates g to @
by the equation
g =w(Jp,).
Hence, (g, J, w) is an almost Hermitian structure on M. Moreover, ¥ = p + ip is of
constant length.

Next, we turn to the special class of SU(3)-structures defined in [10].

Definition 2.7. An SU(3)-structure (w, p) on a six-dimensional manifold M is called
half-flat if dw® = 0 and dp = 0.

Finally, we turn to G;-structures and use that G, € SO(7) € GL* (7,R).
Definition 2.8. Let ¢ € Q3 M be a G,-structure on a seven-dimensional manifold. Define
g = g, to be the Riemannian metric on M for which any adapted basis (f1,..., f7) at
any point p € M is orthonormal. Similarly, define an orientation on M by requiring that

any adapted basis ( f1,..., f7) at any point p € M is oriented. We get an induced Hodge
star operator x, and

(*(p(p)p — f1234 +f1256 + f3456 +f1367 + fl457 + f2357_f2467
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for any p € M and any adapted basis (f1,..., f7) at p with dual basis (f!,..., f7).
Moreover, x,¢ is pointwise isomorphic to

*oo00 = 02 + " A fo € A*R)",

A Gy-structure on a seven-dimensional vector space V is simply a constant G;-struc-
ture on the manifold V, or said more directly, a three-form ¢ € A3V* for which there
exists an vector space isomorphism u: V — R7 with u*@y = ¢. So G,-structures ¢ €
3 M on seven-dimensional manifolds M are those for which ¢, is a G,-structure on the
seven-dimensional vector space T, M forall p € M.

Similarly, we define an SU(3)-structure on a six-dimensional vector space V and get
the following result.

Lemma 2.9. Let ¢ € A3V* be a Gy-structure on a seven-dimensional vector space V.
Moreover, let v € V be of norm one with respect to g, and let W := viee. Then there is
a unigue SU(3)-structure (w, p) € A2W* x A3SW* on W such that

p=wAa+p and *wg0=%a)2+0l/\,5,

with o € V* uniquely defined by (W) = 0 and a(v) = 1, and W* identified with the

annihilator of v.

Proof. The group G acts transitively on the unit sphere in R”. Hence, we may assume
that ¢ has an adapted basis (f1,..., f7) withv = fy andsoa = f”. Since (fi,..., f7)
is an orthonormal basis of V', we have W = span(f1, ..., f¢) and the statements follow
from the relations go = wo A €7 + po and x4, @0 = 2 wZ + €’ A po between the model
forms of a G,- and an SU(3)-structure. |

Now note that G, also acts transitively on the Grassmanian of oriented 2-planes in R,
which appears again on the next page as the quadric Qs. Since @g(ey,es,-) = e’ # 0, we
have the following.

Lemma 2.10. Ler ¢ € A3V* be a Gy-structure on a seven-dimensional vector space V,
and let v, w € V be linearly independent. Then (v, w,-) # 0.

Next, we consider some representation theory of G,. Consider the G,-representation
A*(R7)* for k € {0, ...,7}. We decompose this representation into its irreducible com-
ponents, which are by now well known. Since the Hodge star operator *, is an iso-
morphism of G,-representations between A% (R7)* and A7~%(R7)*, it suffices to do this
for k € {0,...,3}. Obviously, A°(R7)* is trivial, and A'(R”7)* = R is also irreducible.
For k = 2,3, we have

A*RNY* =A@ A7, and APR)* =Rgo® A3 ® A3,
with

A% = {vago|v e R7}, A2, = e AN RT)*|vApy = — g, v},
A3 ={va xg @olv €RTL A3y ={y € ART)*[y Ago = 0.y Axgypo = O},
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The subscript denotes the dimension of the irreducible representation. For example, A%,
is isomorphic to the adjoint representation g, as can be seen by using the metric gy,
to identify a two-form v € A%, with an endomorphism of R”. The decompositions of
AF(R7)* into irreducible G,-representations give rise to corresponding decompositions
of QK(M). In particular, 2, (M) = {v € Q2(M)|v A ¢ = x,v} is a C®°(M )-submodule
of Q2(M).

2.2. Closed G-structures
In this subsection, we consider the following situation.

Definition 2.11. A G,-structure ¢ € Q3M on a seven-dimensional manifold M is called
closed if dp = 0.1f ¢ is a closed G,-structure, then

dxpp=TAQ

for a unique two-form t € Q2,(M). The two-form 7 is called the torsion two-form of ¢
and encodes the intrinsic torsion of ¢.

The notion of a closed G,-structure with special torsion of positive or negative type
was introduced by Ball in [3] in an attempt to study so-called quadratic closed G-struc-
tures, as explained in the next subsection.

To motivate the definition of closed G,-structure with special torsion, let ¢ € Q3M
be a closed G;-structure with associated torsion two-form 7. Then t pointwise lies in the
adjoint representation g,. The adjoint action of G, on g5 has three different types of orbits,
distinguished by the conjugacy classes of the G;-stabiliser at some point in the orbit:

There is the ‘generic’ case, where the stabiliser is a maximal torus 72 inside of G,.

Then there are two exceptional orbits, where the stabiliser is some copy of U(2), but
the two copies U(2)* and U(2)™ are not conjugate to each other. The first orbit G, /U(2)*+
is the twistor space of the Wolf space G,/ SO(4), whereas G, /U(2)~ can be regarded as a
twistor space of S 2 G, /SU(3) and as such is biholomorphic to the complex quadric Qs,
see [5].

We say that ¢ has special torsion of positive type or negative type, respectively, if the
pointwise stabiliser of 7 is in each point conjugate to U(2)™ or U(2)~, respectively. As
shown in [3], these conditions can be characterised by properties of 73:

Definition 2.12. Let ¢ € Q3M be a closed G,-structure on a seven-dimensional mani-
fold M with associated torsion two-form T € Q2M . Then ¢ has special torsion of positive
type if T3 = 0, and ¢ has special torsion of negative type if |r3|é = %|t|g.

2.3. Closed G;-eigenforms for the Laplacian

In this subsection, we discuss properties of closed G,-eigenforms (from now on, we shall
omit the words ‘for the Laplacian’), and their relation to other structures. We repeat the
definition.

Definition 2.13. A G,-structure ¢ on a seven-dimensional manifold M is called a closed
Gj-eigenform if dgp = 0 and there exists some p € R \ {0} such that

App = 1.
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Remark 2.14. (1) Any closed G,-structure ¢ (on a connected manifold) with A, = f¢
for some f € C*®(M), f # 0, is a closed G,-eigenform. For, differentiation gives

df Ao =d(fe) =dAyp = d*S,9 =0,

and so df = 0 since wedging with ¢ injects Q! M into Q*M. Hence, f is constant.
(2) A closed G»-eigenform ¢ is an exact G,-structure since

(p:l%Awqo:d(a%(p).

(3) A closed G;-eigenform ¢ is an example of a Laplacian soliton, i.e., a soliton for
the Laplacian flow (of closed G,-structures) given by

(bl = A(p,(/)t-

More generally, a Laplacian soliton ¢ is a closed G,-structure satisfying

App = po + L£x¢

for some X € X(M), u € R.

(4) Lotay and Wei showed in [29] that a compact seven-dimensional manifold cannot
support any Laplacian soliton ¢ with X = 0 unless ¢ is torsion-free. In particular, there
do not exist any closed G,-eigenforms on compact manifolds.

(5) In [29] it is also shown that for a closed G,-eigenform ¢ € Q3>M with Ayp = g
we must have p > 0.

Let ¢ be a closed G;-eigenform on a seven-dimensional manifold M. By the last
remark, we then have A,¢ = e for some p > 0. Hence, by scaling ¢ by an appropriate
non-zero factor, we may and will assume for the rest of the article (unless stated otherwise)
that u = 1, i.e., that

@.1) App =

In the last subsection, we introduced the torsion 2-form t € 2,(M ) uniquely defined by

dxe @ =TANQ.
Since T € Q2,(M), we do have T A ¢ = — %, T and s0
T=skphkgT=—4g (TAQ)=—%pd %y @ = 5,0,
which yields
(2.2) App =dbyp =dt

Remark 2.15. Let ¢ be a closed G,-eigenform. Then dv = A, = g for some u > 0,
which we do not assume to be equal to 1 in this remark. Since wedging with *,¢ is
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pointwise G,-equivariant from Q2(M) to QéM, and QM is pointwise isomorphic to
the G,-representation R7, we must have T A *o¢ = 0. Thus,

— _ 1 _ 1 _ 1.2
7vol(p—(p/\*¢,g0—ﬁth*(p(p——ﬁr/\d*wgp——ﬁr A@
2
T
=ﬁr/\*¢,r=%volw,

ie., u = 1|7]2, and so
dt = %Itﬁ,(p.

In particular, |t], is constant. Moreover, closed G,-eigenforms are special kinds of so-
called A-quadratic closed G,-structures, which are closed G,-structures ¢ € Q3M ful-
filling

dt = % |r|é<p + A (% |r|é<p + *o(T A r))

for A € R, namely those for A = 0.

Note that /\(% ITlp® + *o (T A 7)) lies in Q23,(M), so the above decomposition can
be seen as one of dt € 23M into the three components Q3 (M) := C®(M) - ¢, Q3(M)
and ©3,(M) of Q3>M, with the Q3 (M )-component being zero.

More generally, for any closed Gy-structure ¢, the Q3 (M )-part of dt equals %|t|§,go
and the Q3(M)-part of dt vanishes, i.e., we always have dt = %Irléq) + y for some
y € Q3,(M).

One can show that A-quadratic closed Gy-structure are exactly those closed G-struc-
tures for which y € 3. (M), and so the entire three-form dt depends quadratically on t,
explaining the naming of these structures.

We restrict now to left-invariant G,-structures on seven-dimensional Lie groups G.
These will from now on be identified with the corresponding structures on the associated
seven-dimensional Lie algebra g.

As stated already, it is well known that a seven-dimensional nilpotent Lie algebra
cannot admit an exact G,-structure, see e.g. [12], and so we have to look for exact G-
structures on the more general class of solvable Lie algebras. We will give now a new
proof of this fact, and in the process prove a slightly stronger result. Fist, we recall the
following.

Definition 2.16. Let ¥ be a Lie algebra.

The descending central series £°,¥!, ... of £ is defined by ¥0 := ¢, ¥! := [f, ¥] and
inductively by ¥¥ := [, £¥~1] for all k € N.

The ascending central series ¥y, £y, ... of £ is defined by £y := {0}, £; := 3(¥) and
inductively by ¥ := {X e f|[X,£] C Pk_l} forall k € N.

Note that ¥ is nilpotent if and only if " = {0} for some r € N or, equivalently, if and
only if ¥; = ¥ for some s € N (and then r = ).

This allows us to prove the following.

Proposition 2.17. Let ¥ be a seven-dimensional Lie algebra. If ¥ admits an exact G,-
structure, then dim(3(£)) < 1 and ¥, = 3(£). In particular, if ¥ is nilpotent, or, more
generally, if £ = a @ b is a direct sum of Lie algebras a and b, with b nilpotent and
dim(b) > 2, then it cannot admit any exact G,-structure.



Closed G-eigenforms and exact G -structures 1837

Proof. Assume that ¢ € A?£* is an exact G,-structure on ¥, i.e., that dy = ¢ for some
x € A%f*. Let X, Y € 3(F). Then

0=dy(X,Y,Z2)=9(X,Y,Z2)

for any Z € . Hence, by Lemma 2.10, the vectors X and Y have to be linearly dependent.
Thus, dim(3(¥)) < 1.

If dim(3(f)) = 0, then trivially £, = 3(¥). So let us assume that dim(3(f)) = 1 and
take X € 3(¥) \ {0}. If £, £ 3(¥), then there exists Y € £, linearly independent of X and
we get [Y, Z] € span(X) and so

0=—yx(Y,Z],X)=dy(X,Y,Z) = o(X,Y, Z)

for any Z € £, which contradicts Lemma 2.10. Thus, £, = 3(¥).
So ¥ certainly cannot be nilpotent nor can it be of the form ¥ = a @& b with b being
nilpotent and dim(b) > 2. ]

3. Reduction to six dimensions

In this section, we reduce the existence problem of closed G,-eigenforms or exact G-
structures on a seven-dimensional Lie algebra g to the existence of SU(3)-structures of a
certain type on a codimension-one ideal j satisfying specific equations. By Proposition 3.2
in [28], such an ideal [) always exists:

Proposition 3.1. Let g be a seven-dimensional Lie algebra admitting a closed G-struc-
ture ¢ € A3q*. Then g admits a unimodular codimension-one ideal Y).

To obtain the reduction from seven to six dimensions, we need to recall what a deriv-
ation of a Lie algebra }) is and how an endomorphism of §) acts on A*H*:

Definition 3.2. Let ) be a Lie algebra, let / € End(h) be an (vector space) endomorphism
of b and let @ € A¥H* be a k-form on §. Then the k-form f.oo € AKH* is defined by

(f.OC)(X],...,Xk) = _(a(f(X1)7X27”'7Xk) +"‘+(X(X1,...,Xk_1,f(Xk))).

A derivation of '} is a (vector space) endomorphism f € End(§) of §j such that f([X,Y]) =
[f(X), Y]+ [X, f(Y)]forall X,Y €.
Remark 3.3. Let ) be a Lie algebra, « € A¥h*, B € A'h* and f, g € End(b). Then:

¢ Due to the global minus sign in the definition of f.«, we have [f, gl.a = f.(g.a) —
g.(fa), ie., End(h) > f — f € End(A¥H*) is a representation of the Lie algebra
End(h) on A¥p*.

¢ Moreover, we have
flanp)=fanB+anfp
and so f.(x Aa) =20 A faif kiseven.

e f is a derivation if and only if f.dy = d(f.y) for all one-forms y € §* on §) and
then the same formula holds for forms of arbitrary degree on ). Moreover, the vector
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space Der(h) of all derivations of § is a subalgebra of the Lie algebra End(}) of all
(vector space) endomorphisms of §) and it is the Lie algebra of the Lie group Aut(})
of all Lie algebra automorphisms of §, i.e., of

Aut(h) :={F e GL(Y)|F([X,Y]) = [F(x), F(Y)] forall X,Y € bh} € GL(b).

Let us begin with the reduction to six dimensions.

For this, let ¢ be a closed G,-eigenform on a seven-dimensional Lie algebra g and
let h be a codimension-one ideal. Choose e7 € g of norm one in the orthogonal comple-
ment hree of § in g. Split now g = § @ span(e;) and, similarly, g* = h* & span(e”’),
where e” is the unique element in the annihilator of § with e”(e7) = 1 and bh* is identified
with the annihilator of e;. Set f := ad(e7)|y and note that f is a derivation of f). Then

do = dya + e’ A fa, d(a /\67) = dya Ael, de’ =0
for any a € A¥h*, where dy is the differential of f). Next, decompose ¢ according to the
splitting, i.e., write
3.D p=wne +p

with w € A%h*, p € A3h*. Then (w, p) is an SU(3)-structure on b by Lemma 2.9 and one
has

*op = s> + e’ Ap.
We do the same for the torsion-two form t € Aﬁg* of ¢, i.e., we write
3.2) T=v4+ane’
with v € A%h* and & € h*. Now the G,-representation AZ,g* splits as SU(3)-represen-
tations into A2,g* = h* A e’ @ [Ay'H*] as A2,g* is the adjoint representation of Gy
and [A(l)’lb*] is the adjoint representation of SU(3). Thus, v € [A(l)’lf)*] andsov A p=0.

Consequently,

%db(w2)+e7/\(a)/\f.a)—db,6):d*q,(p:r/\go wr+are)yA(wne +p)

=e' A @AV —aAp),

ie.,

dy(@?) =0, WA fo—dyp=0Av—anp.
Moreover,

d5v+e7/\(f.v—df,oz):dr:<p:a)/\e7+p,
ie.,

dyv =p, fv—dyo =o,

Hence, dyp = 0 and dy(w?) = 0 and so the SU(3)-structure (w, p) on b is half-flat with
exact p. Moreover, we necessarily have o« = 0. For this, note that t € Q%4M ={B €
QZM| *x, B = —B A ¢} and so

t:*ér:—*w(r/\go)z—*q, (€’ AwAv—aAp) e APh*

since e’ is perpendicular to h* by assumption. Consequently, 7 = v € A3h* and @ = 0.

Summarizing, we have arrived at:
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Theorem 3.4. Let g be a seven-dimensional Lie algebra, let ¢ € A3g* be a G,-structure
on g, let ) be a codimension-one unimodular ideal in g, let e7 € E)J‘gw be of norm one,
e’ € Ann(h) with ¢’ (e7) = 1, and set f := ad(e7)|y. Write p = w A e’ + pwith (v, p) €
A2h* x A3h*. Then ¢ is a closed Gy-eigenform with Ay,¢ = ¢ if and only if (v, p) is
half-flat and there exists a primitive (1, 1)-form v € [A(l)’lf)*] on b such that p = dyv and

(3.3) fv=o,
(3.4) oA fw—dyp=wAv.

If we only look for exact G,-structures ¢ € A3q*, the same calculations as above
show:

Theorem 3.5. Let g be a seven-dimensional Lie algebra, let ¢ € A3g* be a G,-structure
on g, let Y be a codimension-one unimodular ideal in g, let e7 € blg‘/’ of norm one,
e’ € Ann(h) with ¢’ (e7) = 1, and set f := ad(e7)|y. Write p = w A e’ + pwith (v, p) €
A2H* x A3h*. Then ¢ is an exact Gy-structure if and only if there exist a two-form v €
A%h* on by and a one-form o € §* with p = dyv and

(3.5) Jv—dyo = .

4. Results in dimension six

From now on, we restrict to ourselves to a special class of Lie algebras:

Definition 4.1. A Lie algebra g is called almost nilpotent if it admits a codimension-one
nilpotent ideal h. Note that then g = §) x¢ R for a derivation f € Der(h), where ) xr R
denotes the semi-direct product of R with §) and Lie algebra representation p : R — Der(}))
of R on fj given by p(¢) = tf forallt € R.

In order to investigate the existence of exact G,-structures and closed G,-eigenforms
on seven-dimensional almost nilpotent Lie algebras g, we first have to determine which
six-dimensional nilpotent Lie algebras admit exact SL(3, C)-structures or half-flat SU(3)-
structures (w, p) for which there exists a primitive (1, 1)-form v with p = dv.

4.1. Exact SL(3, C)-structures on nilpotent Lie algebras

We start by determining the six-dimensional nilpotent Lie algebras §) admitting an exact
SL(3, C)-structure p € A3h*. To this aim, we rephrase the condition of being exact in the
following way:

Proposition 4.2. Let ) be a six-dimensional nilpotent Lie algebra. Then Yy admits an
exact SL(3, C)-structure p € A3Y* if and only if there exist linear independent one-forms
a1, 0, € b* and two-forms wy, ws € A2H* with w; A w; = Sija)lz fori,j €{1,2} such
that ker(w1) = ker(w,) is a complement of ker(ay) N ker(ap) in by and such that either
(a) dim(3(h)) = 1, dim(hy) = 2, ker(wy) = ker(w,) = b, and there exists a closed
non-zero one-form y € §* \ {0} with y(%,) = {0} such that

doy = w1, doy =wr+y Aoy,
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(b) or dim(3()) = 2, ker(w;) = ker(w;) = 3(b) and
dOll = wq, dOtz = wy.

In the first case, b, is J-invariant, and in the second case 3(Y) is J-invariant for the
almost complex structure J induced by p.

Proof. The forward implication. Assume that §) admits an exact SL(3, C)-structure p, i.e.,
p = dv for some v € A%h*. Let X, Y € 3(h). Then

p(X,Y,Z) =dv(X.Y,Z) =0

for any Z € 1), which implies that X and Y are C-linearly dependent by Lemma 2.5 (a).
So dim(3(h)) € {1,2}.
If dim(3(h)) = 2, 3(h) is J-invariant, so we may choose a basis X, JX of 3(§). By

Lemma 2.5 (b), w1 := p(X, -, ) and w; := p(JX, -, ) have two-dimensional common
kernel 3(5) and fulfill w; A w; = §;;0? fori, j € {1,2}.
Moreover, setting o1 := —v(X,:) € h* and ap := —v(JX,-) € §*, we have

da1(Y,Z) = —a1([Y, Z]) = —v([Y, Z]. X) = dv(X,Y, Z) = p(X,Y,Z) = w1 (Y, Z)

forall Y, Z € b, i.e., da; = w;. In the same way, one obtains doy = w,, which then also
shows that oy and o are linearly independent. Now choose Y € ), linearly independent
of X and JX. By Lemma 2.5 (a), there exists Z € f with p(X, Y, Z) # 0 and so

0+ p(X.Y,Z) = v(X,[Y., Z)).

Since [Y, Z] € 3(h) = span(X, JX), this shows a1 (JX) = —az(X) = v(X,JX) # 0.
Thus ker(a;) N ker(az) is complementary to ker(w;) = ker(w;) = 3(h).

Next, consider the case dim(3(5)) = 1 and choose X € 3(§) and Y € b, linearly inde-
pendent. Then we have

o(X,Y,Z)=dv(X.Y,Z) = v(X,[Y.Z]) =0

for any Z € b, that is, X and Y are C-linearly dependent by Lemma 2.5 (a). Hence
dim(},) = 2 and b, is J-invariant.

Choose a basis X, J X of b, such that X € 3(§) and set again w; := p(X, -, ), Wz :=
p(JX, -, ), a1 := —v(X,-) and oy := —v(J X, ). As in the case dim(3(})) = 2, we get
ker(w;) = ker(wz) = span(X, JX) = b, w; Aw; =§;w? fori,j =1,2and da; = w;.

Next, let Y € b3 be linearly independent of X and JX. By Lemma 2.5 (a), we again
have some Z € h with 0 # p(X,Y, Z) = v(X,[Y, Z]) and from [Y, Z] € h, = span(X, J X)
we get again that oy (JX) = —ax(X) = v(X, JX) # 0, i.e., that ker(a;) N ker(ay) is
complementary to ker(w;) = ker(w,) = 3(h). So we finally have to prove the equation
for day in this case. Thereto, let y € h* \ {0} be the one-form uniquely defined by
[JX,Y] = —y(X)X for all Z € §. Obviously, y(X) = y(JX) =0, i.e., y(h2) = {0}.
Moreover, dy = 0 as

dy(Z. W)X = —y(Z.WDX = [JX.[Z. W] = [Z.[W.JX]] + [W.[J X, Z]]
= —yMIZ, X]+y(Z)W. X] =0
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for all Z, W € §. Furthermore,

doary (Y. Z) = —ax([Y, Z]) = —v([Y. Z]. JX)
=dv(JX.Y.Z) +v(JX.Y].Z) = v([JX.Z].Y)
=p(JX.Y.Z) —v(y(Y)X.Z) + v(y(Z)X.Y)
= oY, Z) + y(Y) a1 (2) = y(Z) a1 (Y)
= oY, Z) + (y )Y, 2),

as claimed.

The backwards implication. Assume that there exist linear independent one-forms
a1, 0, € h* and two-forms wq, w, € AZh* as in the statement. Note that dim(ker(o;) N
ker(oz)) = 4 since o1, &, are linearly independent. Consequently, we have dim(ker(w;))=
dim(ker(w;)) = 2 and so w1, w; are non-degenerate two-forms on V := ker(oy) N ker(oz)
satisfying w; A wj = 8,-1-(1)% fori,j = 1,2 and a)l2 # 0. Then it is well known that there is

a basis (v1, .. ., v4) such that, with respect to the dual basis (v, ..., v%), we have
w; =02 40, @, =13 -0,
see, e.g., the proof of Lemma 2.2 in [16]. Consider (vl, R v4) as one-forms on fj by

identifying V* with the annihilator of ker(w;) = ker(w,) and set
pi=or Awy—oy Aws = —at AV +al AvH 4 a? AvtZ a2 A3

The three-form p is an SL(3, C)-structure on §*, since an adapted basis is given by (o1, a2,
v3,v2,v!, —v*). Moreover, p is exact since v := a'2 € A2h* satisfies dv = da' A a? —
al Ada? = as Aw; —a; A wy = pinboth cases. n

There are 34 (isomorphism classes of) real six-dimensional nilpotent Lie algebras. Of
these, exactly those five that admit an exact SL(3, C)-structures are listed in Table 1. The
notation for these Lie algebras is obtained by numbering the 34 six-dimensional nilpotent
Lie algebras from 11; to n34 in the order in which they occur in Table A.1 in [37].

Corollary 4.3. Let §) be a six-dimensional nilpotent Lie algebra. Then Yy admits an exact
SL(3, C)-structure if and only if Y is one of the five Lie algebras listed in Table 1.

g differentials

ny (0,0,12, 13,14 + 23,34 — 25)
ng (00,12, 13,14 4 23,24 + 15)
no  (0,0,0,12,14 — 23,15 + 34)
nig (0,0,0,12, 13 + 42, 14 4 23)
n2g  (0,0,0,0,13 + 42,14 + 23)

Table 1. Six-dimensional nilpotent Lie algebras admitting an exact SL(3, C)-structure.

Proof. By Proposition 4.2, we either have dim(3(5)) =2 or dim(3(h)) =1 and dim(h,) =2.
Let us first assume that dim(3(§))) = 2. By Proposition 4.2, there are closed two-forms
w1, w2 € A?h* with common kernel ker(w;) = ker(w,) = 3(h) such that w; A w; =
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3ij a)f Moreover, there are linearly independent one-forms a1, ap € §* such that do; =
w; for i = 1,2 and such that ker(c;) N ker(oz) is complementary to 3(5). Now b/3(h)
is a four-dimensional nilpotent Lie algebra and w;, @, descend to closed two-forms on
§/3(H), again called wy, w,. It is well known, see e.g. [35], that there are exactly three
four-dimensional nilpotent Lie algebras, namely (0, 0, 0, 0), (0,0, 12,0) and (0,0, 12, 13).
One easily checks that only (0,0, 0,0) and (0, 0, 12, 0) admit closed two-forms w;, w;
with w; A wj = §;;0?.

If§/3(h) = (0,0,0,0), then one may choose (cf. the proof of Proposition 4.2) a basis
el,...,e* of the dual space of (0,0, 0,0) such that w; = e!3 — e?* and w, = e'* + 23,
We may extend this basis to a basis e!,...,e® of h* by e := ! and e® := «? and so
b2 (0,0,0,0,13 + 42, 14 + 23) = npg.

If5/3(H) = (0,0, 12,0), then w; is a symplectic form on (0,0, 12, 0) and so symplec-
tomorphic to e!* 4 ¢23 by [35], i.e., we may assume that w; = e'* + e23. Then, since
w, is closed, w1 A wp = 0 and w3 = w?, one checks that w, = a(e'* — e?3) + bre!? —
bye?* + cel? for certain a, by, by, ¢ € R with b1h, —a? = 1. But so

1 £ 0 0

1
0 1 0 0
=1y 0 1 -£
e

is an automorphism of (0,0, 12, 0) with f*w; = w; and f*w, = bye'® — b—11€24. Next,

g :=diag (b7 >"%, 6], b3, 5})
fulfills g* f*w; = w; and g* f *w, = e'3 — 24 Extending e!,...,e* toabasise!, ..., e®
by setting e® := oy and €° := oy, we do get h =~ (0,0,12,0, 14 4+ 23,13 + 42) =~
(0,0,0,12,13 + 42,14 4+ 23) = n;g, where the latter isomorphism F is, e.g., given by
the one with F(e1) = —es, F(ez) = e1, F(e3) = eq, F(ey) = —e3, F(es) = eg and
F(€6) = €s5.

Next, let dim(3(§)) = 1 and dim(},) = 2. By Proposition 4.2, there are two-forms
w1, wr € AZh* with common kernel ker(w;) = ker(w,) = b5 such that w; A wj = 8,-_,-w12.
Moreover, there are linearly independent one-forms a1, a, € §* and y € §h* \ {0} closed
with y(§2) = {0} such that da; = w1, day = w; + y A «q and such that ker(oq) N ker(op)
is complementary to 3(§)). Note that then w; is closed and

dwy, =y ANwy.

Hence, §r1dw, = 0 and so wy, ws, y descend to forms on a := §/bh, with dw; = 0
and dw, = y A wy. Since dw, # 0 on a, a cannot be Abelian and we must either have
a=x=(0,0,12,0) ora = (0,0, 12, 13).

Let us first assume that a = (0, 0, 12, 0). By the results in [35], all symplectic forms
on a are symplectomorphic to each other. Hence, we may assume that w; = e!3 — e24.
Then wy = aje'? +are3* +b(e'3+e?*)+cre'* +c,e?? for certain a;, a», b, c1, co €R
with ayas + cyc; —b? = 1. We must have a, # 0 as otherwise dw, = 0, a contradiction.
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But so the automorphism

-L 0 0 0
2

0 a% 0 0

2—1% —baz —dy 0

—= ¢ay 0 alz

2 2
of (0,0,12,0) is well-defined. This automorphism fixes w1 and transforms w, into —e!? —
e3*. Hence, we may assume that w; = e13 — ¢2* and that w, = —e'? — ¢3*. Then dw, =
—el? = ¢l Awy,ie, y = el. Thus, extending el,...,e*toabasisel,..., e of h* by

e’ :=oayande® :=a, + €3, wehave h = (0,0,12,0,13 — 24,15 —34) = (0,0,0,12, 14 —
23,15 4 34) = ng, where the latter isomorphism fixes e’ fori ¢ {3,4} and interchanges e3
and e*.

Next, let us consider the case a = (0, 0, 12, 13). By [35], all symplectic two-forms
on a are symplectomorphic. Thus, we may assume that w; = e'* + ¢23. Then w, =
are'? + ae3* + bie'® — bye?* + c(e'* — e?3) for certain a1, a», b1, br, ¢ € R with
aias + b1by — 2 =1.

Let us first assume that a, # 0. Then

1 0 0 0
—2 1 0 0
_axe+b: b, 1 0
a2 as
axby +2bzc _ ¢ by 1
a3 az 2

is an automorphism of (0, 0, 12, 13) which fixes w; and maps w5 to %elz + aze3t, ie.,

124 — _ 4,62 A wy, ie., y =

we may assume that v = %elz + aye?*. Then dw, = aze
—ae?. Hence, extending el,...,e*toabasisel,..., e® of h* by e® = oy and € :=
2 (@z — Le?), wehave h = (0,0,12,13, 14 + 23,34 — 25) = u;.

Finally, we consider the case a; = 0. Then b1 b, — ¢? = 1 and so, in particular, b, # 0.
Thus,

1 0 0 0

C

by 1 0 0

C
0 ~% 0
—a1b§+c 2 _c

b3 2 b
is a well-defined automorphism of (0, 0, 12, 13) which fixes @; and maps w, to %613 -
bye?*. Hence, we may assume that w, = %613 — bye?* and then y = —bsel as dw, =
—bye'?® = —bye! Aw,. Thus, extending e, ..., e*toabasise!,... e®of h* by e’ :=

and e := —b—lz(az — blze“), we have h = (0,0, 12,13, 14 + 23,24 + 15) = ny.
Conversely, the existence of forms as in Proposition 4.2 follows from the discussion
above on any of the Lie algebras 1y, 114, g, 1178 and 1,s3. [

4.2. Half-flat SU(3)-structures (@, p) with exact p

Here, we determine the six-dimensional nilpotent Lie algebras which admit a half-flat
SU(3)-structure (w, p) for which p = dv for a primitive (1, 1)-form v. In fact, we will
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determine all nilpotent Lie algebras which admit a half-flat SU(3)-structure (w, p) with
exact p and show that these are the same for which p = dv with a primitive (1, 1)-form v.

For this, note that by Corollary 4.3, only 1y, 14, ng, 1118, 1iog may admit a half-flat
SU(3)-structure (w, p) with exact p. Now Conti determined the six-dimensional nilpotent
Lie algebras admitting a half-flat SU(3)-structures in [11] and his results reduce the pos-
sible cases to 14, ng, 12g. We will show that 4 cannot admit a half-flat SU(3)-structure
(w, p) with exact p, and for the proof we use the following obstruction by Schulte-
Hengesbach and the first author [20] adapted to our setting. Note that this obstruction
is a refinement of one used by Conti in [11].

Lemma 4.4. Let Y) be a six-dimensional Lie algebra and let v € A°H* \ {0}. If there is a
non-zero one-form o € §H* satisfying

4.1) aANJra Ao =0

for all exact three-forms t € A3H* and all closed four-forms o € A*H*, where J;*oz is
defined for X € §* by

4.2) Jrfa(X)v=an(Xi0) AT,
then g does not admit a half-flat SU(3)-structure (w, p) € A?h* x A3H* with exact p.
This allows us now to prove:

Theorem 4.5. Let §) be a six-dimensional nilpotent Lie algebra. Then Yy admits a half-flat
SU(3)-structure (w, p) € A2H* x A3h* with exact p if and only if b is isomorphic to ng
or nipg. In these cases, b also admits a half-flat SU(3)-structure (@, p) € A?H* x A3p*,
with p = dv for some primitive (1, 1)-form v € [A(l)’lf)*].

Proof. As explained above, by the results of [11] and Corollary 4.3, only 114, 119 Or 1128
may admit a half-flat (w, p) € A2H* x A3h* with exact p

Now a direct computation, efficiently carried out with a computer algebra system like
MAPLE, shows that one may use the obstruction in Lemma 4.4 with, e.g., @ = elora =e2,
to exclude the existence of a half-flat SU(3)-structure (w, p) € A2H* x A3H* with exact p
on 1y.

For the other two cases, we provide a half-flat SU(3)-structure (@, p) € A2hH* x A3h*
and some v € [A(l)’lf)*] with p = dv.

Case ng. Here, we may take the SU(3)-structure defined by the adapted basis (e!, e3,
e?,e* e, —e%), ie.,

w=el3 f o2 o560 = o125 | o146 _ ;236 _ 345

)

Then one checks that d(w?) = 0. Moreover, set v := '3 + 12 + 1¢%5 4 ¢%. Then

dv = pand pisa (1, 1)-form. Since v A w? = 0, v is primitive as well, i.e., v € [A(l)’lb*].
Case 1,3. Take the SU(3)-structure defined by the adapted basis (e!,e?,e3,e*, e, ),

e 0= e 4 o3 ¢55, = 136 _ 145 _ ;235 _ 246

Then d(w?) = 0. Setting now v := e'2 + €%, we get dv = p and that p is a (1, 1)-form.

Again v A w? = 0 and so v is primitive, i.e., v € [A(l)’lf)*]. |
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Remark 4.6. Fino and Raffero determined in [18] all six-dimensional nilpotent Lie algeb-
ras admitting a so-called coupled half-flat SU(3)-structure, i.e., a half-flat SU(3)-structure
(w, p) € A?h* x A3h* with dw = p. Interestingly, the six-dimensional nilpotent Lie
algebras admitting a coupled half-flat SU(3)-structure are also ng and ti5g.

Our proof of Theorem 4.5 is independent of the coupled approach, and in some sense
more direct. Fino and Raffero compute with a computer algebra system, for all 24 six-
dimensional nilpotent Lie algebras admitting a half-flat SU(3)-structure, the most general
exact three-form p and check if the quartic invariant A of p can be negative. This way
they obtain that, of the six-dimensional nilpotent Lie algebras admitting a half-flat SU(3)-
structure, those which admit a maybe non half-flat SU(3)-structure with exact three-form
part are precisely 14, ng and ng. Then they show by different methods that 114 cannot
admit a coupled SU(3)-structure.

5. Exact G,-structures on compact almost nilpotent solvmanifolds

Here, we prove that a compact almost nilpotent solvmanifold cannot admit an invariant
exact G;-structure. For this, note first that Corollary 4.3 implies the following.

Corollary 5.1. Let g be a seven-dimensional almost nilpotent Lie algebra with codimen-
sion-one nilpotent ideal V. If g admits an exact Gy-structure, then Yy is isomorphic to 1y,
14, Mg, NM1g OF N3g.

‘We show now that four of the five cases of a codimension-one nilpotent ideal, namely
uy, g, N33 and 1,8, may occur in Corollary 5.1, leaving open if there is an almost nilpo-
tent Lie algebra with codimension one ideal 14 which admits an exact G,-structure.

For this, note that Theorem 6.9 below even classifies all the almost nilpotent Lie
algebra with codimension-one nilpotent ideal isomorphic to 11,3 which admit an exact G,-
structure. For ) € {ny, ngnyg}, we provide now one example of an exact G,-structure on
a seven-dimensional almost nilpotent Lie algebra with codimension-one nilpotent ideal §:

Example 5.2. For the six-dimensional nilpotent Lie algebras §) € {u;, ng, 1115}, we give
an SU(3)-structure (w, p) € A2h* x A3h*, a two-form v € A2hH*, a one-form € h* and
a derivation f € Der(h) such that p = dv and such that (3.5) is valid.

Case n;. Take the SU(3)-structure (w, p) € A?n} x A®n} defined by the adapted
basis (—el + ae’,e3 + ae®, €2, e*, e, e%) witha := 3 + \/5)/2 ie.,

125

w=—eB—ae'®+e* —ae® + (1 +a%e, p=—e'?® !4

4 0236 _ 4345,

Setting

2 1 2 1
vi= (2 -3 a)e15 - el (2 -3 a)e24 -5+,
one gets dv = p. Moreover,

-£20 o0 0 0 0
0-4 o 0 0 0
fo=f oo N I
0 0 0 —-a 0 0
0 0 0 0 —-3a 0
-1 0 0 0 0 -Ia
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4

is a derivation of n; and one computes f.v = w + e'3. Hence, choosing « := e*, we have

da = e13 and so fv—da = w,ie., (3.5)is fulfilled.

Case no. In this case, we choose the SU(3)-structure (v, p) € A?ud x A3ng defined

by the adapted basis (e!,e3, e2,e*, e5, —e%), ie.,

w=el3 o2 _ 56 = 125 | o146 _ ;236 _ ;345

Setting

2 1 1
- _5613+€24+5626+§€45+856’

one obtains dv = p. Moreover,

1 3 113
= d <_,__,17__7_5_)
fi=diag(Z -0 L= 10 g
is a derivation of ng and fiv = el3 4 24 — %6 = . Thus, for « := 0, (3.5) is satisfied.

Case n;g. Here, we look at the SU(3)-structure (w, p) € A%n}g x A3ujy defined by

the adapted basis (el,e?,e3 e, e% ¢e°),ie.,

W= el2 L3 56 =136 _ 145 235 _ 246

Taking

we get dv = p. Now one checks that

Looooo
0 Loooo
] ootooo
f= oooloo
-100010
000007
is a derivation of n;g and that f.v = 3% — ¢°°. Thus, for « := —e*, we have do = —e!?

and so fiv —da = e'? + e3* — ¢°° = w, i.e., (3.5) is valid for our choices.

Next, we look at compact almost nilpotent solvmanifolds, i.e., manifolds of the form
I'\G, where G is a simply-connected almost nilpotent Lie group and I" a cocompact
lattice in G. A necessary condition for the existence of such a lattice is that the associated
Lie algebra g is strongly unimodular, cf. [21].

Definition 5.3. Let g be a solvable Lie algebra, let n be its nilradical, and let % unl, ...
be the descending central series of 1. One checks that ady preserves n’ for all X € g and
all i € N. The Lie algebra g is called strongly unimodular if tr(ady |yijqi+1) = 0 for all
i eNandall X € q.

Remark 5.4. Since the commutator ideal [g, g] of a solvable Lie algebra g is nilpotent,
the nilradical n contains the commutator ideal [g, g]. Hence, if g is strongly unimodular,
one has tr(ady) = 0 for all X € g, i.e., g is unimodular.

Theorem 5.5. Let g be a seven-dimensional strongly unimodular almost nilpotent Lie
algebra. Then g does not admit an exact Gy-structure.
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Proof. Assume the contrary. By Corollary 5.1, the Lie algebra g then admits a codimen-
sion-one nilpotent ideal §) which is isomorphic to 111, 14, 119, 1113 Or 1125. Moreover, | is the
nilradical as the entire Lie algebra cannot be nilpotent according to Proposition 2.17. Fur-
thermore, we have an induced SU(3)-structure (w, p) € A2h* x A3h* on §) with exact p,
i.e., there is some v € A2h* with dv = p which has to fulfill

fv—dya =w

for some one-form o € h* by Theorem 3.5. Now we know that in the cases 1y, n4 and no,
we have dim(3(5)) = 1 and dim(§),) = 2, with §; being J -invariant by Proposition 4.2 for
the almost complex structure J induced by p. Moreover, in all theses cases, one checks
that b, is the sum of quotient spaces of the form h? /hi*1, i.e., the trace of each ady,
X € g, has to be trace-free on lj,. In these cases, we set a := h,.

In the cases njg and nyg, we have dim(3(h)) = 2 and 3(b) is J-invariant by Pro-
position 4.2. Moreover, 3(h) equals in both cases the last non-zero b, so is of the form
b’ /hi+1. Hence, each ady, X € g, has to be trace-free when restricted to 3(f). Here, we

set a := 3(h).
Now coming back to general case, we choose some 0 # X € 3(h) € a. Then we get

0 =—tr(fla) v(X. JX) = (fv — dya)(X. JX) = o(X. JX) = — | X|* # 0.

since f has to preserve a = span(X, JX). This yields the desired contradiction and so g
cannot admit an exact G,-structure. [

In general, if G is a simply-connected solvable Lie group which admits a cocompact
lattice I, then any left-invariant differential form f induces a differential form 8 on the
compact quotient I'\G. We then call 8 invariant. By Theorem 3.2.10 in [34], the assign-
ment B — B induces an injection H*(g) — Hj,(I'\G).

Hence, Theorem 5.5 implies that no compact almost nilpotent solvmanifold can admit
an invariant exact Gy-structure. If G is completely solvable, i.e., if ady has only real

*

eigenvalues for all X € g, then H*(g) — HJ,(I'"\G) is an isomorphism by [22] and so
one may skip the word ‘invariant’ in the following statement.

Corollary 5.6. Let M = T'\G be an almost nilpotent solvmanifold, i.e., G is a simply-
connected almost nilpotent Lie group and T is a cocompact lattice in G. Then M does
not admit an invariant exact Gy-structure. If G is completely solvable, then M does not
admit any exact G-structure at all.

6. Closed G;-eigenforms on almost nilpotent Lie algebras

In this section, we establish:

Theorem 6.1. Let g be a seven-dimensional almost nilpotent Lie algebra. Then g does
not admit a closed Gy-eigenform.

To start the proof, note that by Theorem 3.4 and Theorem 4.5, the codimension-one
nilpotent ideal § of an almost nilpotent Lie algebra admitting a closed G,-eigenform has
to be isomorphic to 19 or to 1,3.
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In Subsection 6.1, we will show in Theorem 6.6 that no almost nilpotent Lie algebra
with codimension-one nilpotent ideal isomorphic to 119 can admit a closed G,-eigenform
and in Subsection 6.2, we will show in Theorem 6.12 that no almost nilpotent Lie algebra
with codimension-one nilpotent ideal isomorphic to ng can admit a closed G, -eigenform.
This work completes the proof of Theorem 6.1.

In Subsection 6.2, we also give a classification of all almost nilpotent Lie algebras with
codimension-one nilpotent ideal isomorphic to 11,g that admit an exact G,-structure, and
we distinguish those with special torsion of positive type or of negative type, respectively.

6.1. The case ng

Note first that the Lie algebra Der(tg) of all derivations of g is given by

Jfs5—fa.4 0 0 0 0 0
Ja3  —f55+2fa4 0 0 0 0
0 0 2 -2 0 0 0
(6.1) Der(n) = f5.3 f5.4 f5,;4’3f4,4 faa O 0 fij R
5,1 Jo,4 5,3 f54 fs5 0
fe,1 62 fe,3 fe.a fs,4 2f55—fau

with respect to the basis (eq, ..., eg) of 119. This can be checked by a lengthy but straight-
forward calculation done efficiently with a computer algebra system like MAPLE. Expo-
nentials of these derivations are then (inner) automorphisms of the Lie algebra ng. Using
these automorphisms, one obtains:

Lemma 6.2. Let (w, p) € A*n§ x A*u} be an SU(3)-structure on ng with exact p, i.e.,
there exists some v € Azn; with dv = p. Then w, p and v are given, up to automorphism,
by

p = e(el25 4 o146 _ 236 _ p345) . o

w = alel3 +a2€24 +[l3€56 +a4(€12 _I_e34) +a5(e15—e36) +a6(€25—€46)
6.2) +az(e®® + "),

v =bre'? + bye'® 4 bie' + by(e!® +e3*) + bs(e'®+e>°) + bge?® + bye?*

+ £(e*° +e*) + e,

forcertaine € {1,—1}, ay,...,a7 € Rwithaja, >0, ajaz <0and certainby,...,b; €R.
If (w, p) is half-flat and v is of type (1, 1), then we may assume that ay = as = 0, by =
b4 = 0and b6 = b3 in (62)

Proof. First of all, observe that the most general exact three-form p is given by

p=cre'? el fese!5 fege'2 4 esel3 4ege!S feget®S fepetS g cge?3
— (76236 _ ()35
for certain ¢; € R,i = 1,..., 8. The quartic invariant A(p) of p computes to be equal to

Ap) = —4c2 (c3c7 — cF) (e1234567)®2,
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As A(p) has to be negative, we surely must have ¢; # 0. Now exponentials of matrices as
in (6.1) give automorphisms of ng. We consider first the automorphism F; := exp(A4;) for
the matrix A; asin (6.1) with f43 =0, f44 =0, f55 =0, f6,1 =0, f62:=0, f6,3 =0
and f51 = — f5,3 f5,4/2. For notational simplicity, we seta := f53,b 1= f5.4,5 := foa
and so have

0 00000
0 00000
0 00000
Ay = a b0000O
—%lsabOO
0 00s5b0
The exponential of this matrix is easily computed to be

P}IZ

RO OO~

withA=%as—ﬁab2,3=bs+%,C=%andS=s+%b2.Then

(Fy'p)(e1,e2,e6) = ca+bcy, (Fyp)ler,es,es) =ce+acy,

(F1*P)(€2, e3,e4) = cg—25¢7

1 — _C6 — __C4 — €8
So, setting a := o and b := = and s 1= 3050 We get

(Fi'p)(er,es,e5) = (Fyp)(er.ez,e6) =0, (Fyp)(er ez, es) =0,
(F{'p)(ez,e3,e4) =0,

i.e., we have
* ~ 123 | ~ 124 | ~ 125 | ~ 134 | ~ 146 236 345
Fip=cie ™ +cre ™ +C3e 7 +cCae " +05(e 7 —e” —e™™),

for certain ¢; € R,i = 1,...,5, now with ¢5 # 0 (in fact, ¢5 = c¢7). Next, we consider
the automorphism F, := exp(A4,) with the matrix A, as in (6.1) with f43:=0, fa4 =0,
f5’5 = O, f5,3 = O, f5,4 = O, f5,1 = 0 and f6,4 = 0, i.e., we have

A2 =

N ooooo
Q ococococo
S~ ooooo
cococococo
cococooco
cococococo

where we set p 1= f6,1, ¢ := fep and r 1= fe,3. With F» := exp(42) = Is + Az, we
obtain

(Fy Fip)(er,ez,e3) =C1—Csp,  (Fy Fyp)(er, ez eq) = G2 —Csq,
(F5 F'p)(e1,e3,e4) =G4 —Csr.

Thus, setting p := ¢1/Cs5,q := C2/Cs5 and r := ¢4/C5, we get that

F}Frp= Ae'5 4 B(e6 — 0236 — ¢3%5),
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Then A(F, F}p) = —4AB3,i.e., we musthave A - B > 0. It is now fairly easy to see that
the exponential F3 := exp(A43) of a diagonal matrix A3 as in (6.1) allows to normalise
A = B € {—1,1},1i.e., we have

(F3*F2*F1*p) — 8(6125 4 6146 —8236 —6345) = ¢po

for some ¢ € {—1, 1}.

From now on, we will use again p for F} F; F p, so that p = epg. Notice that
eley, —es, ex, —ey, €5, €6) oOr £(ey, e3, €2, €4, €5, —e€g) is an oriented adapted basis for
p = &pg, depending on the orientation induced by w3. Hence, the induced almost complex
structure J = J,, is either given by Joe; = —e3, Jopeo = —e4 and Joes = eg or by —Jj.
A straightforward computation shows that a two-form v € A?n} with dv = p has to be
as claimed and v is of type (1, 1) precisely when by = b4 = 0 and bg = b3.

Next, we are interested in bringing @ into a canonical form. To this aim, note first
that w has to be a (1, 1)-form with respect to Jy and so

w=are® +are® +aze’ + aq (e + €3 + as (e + e23) + ag ('S — %)

+a; (616 4 635) + ag (€25 —646) + ao (626 + 645)

for certain ay,...,a9 € R. Observe that a; = w(ey, e3) = w(ey, FJe1) = +g(e1,e1),
ar =w(ez,eq) = tg(eaz,ex) and as = w(es,e6) = Fgl(es,es5), andsoajas > 0,a1a3 <0
as claimed.

In order to bring @ into a form with less parameters without changing p, we need to
look at those matrices A in (6.1) that are in the Lie algebra a of the stabiliser group of pg.
Such an A has to commute with Jy, which is the case if and only if f55 = fa 4, f5,3 =0,
f54=0, f61 =0, f6,3 = —f5,1, f6,2 = 0, f6,4 = 0. Moreover, the complex =+ Jy-trace
of A must be equal to zero, which additionally gives us f4 4 = 0. So A is given by

A=

o oOoRO
[eR=l=l=lte}

(=R N =YY=
oS ocoocoo
S ooOooO
S ocoooo

|
~<

forx := fy3andy := f5,1. Then F := exp(A) = Is + A and
(F*w)(e1,e4) = as + xa — yas, (F*w)(ey,e¢) = a7+ xaos + yas.

Now g(es,e2)= *as, g(es,es)= F as, as we observed above, and g(ez, e5) =w(ea, Jes)
= Fw(e;z, e6) = tag. Since any minor of g has to be non-zero, we then get that 0 #
—(g(e2,e2)g(es, e5) — gle2, e5)?) = azas + aj. Thus, setting

_asds + azaq

X =———— and y:=
aas + a3

dzd7 —dsdg
arasz + a3

yields (F*w)(ez, e3) = (F*w)(e1,e4) = 0 and (F*w)(es3, e5) = (F*w)(e1, es) = 0.
Hence, renaming F*w by w and using again coefficients labeled ay, . . ., a7, we have

13 24 56 12 34 15 _ 36
w=aje” +ae” +aze’ +as(e“+e’”)+as(e>—e”)

+ ag(€?® — e*®) + a; (%6 + *).
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Then

12356

123435 4 (asa7 —azaa)e ,

1
d(za)z) = (azas +aga; + (asa; —asay))e

i.e., (w, p) is half-flat if and only if

aras +asa; =0, asaj;—aszas = 0.

The first equation gives us as = —42

%7 and inserting this into the second equation yields
2

2 2

asa; aasds as(azas + as)

O=a5a7—a3a4=— — = — .
as as az

Since a7 plays the role of the former a9, we showed above that a,as; + a% # 0. Thus,
aq = 0and so as = 0. The equations asas + aqsa7 =0, asa; — azas = 0 are now fulfilled,
so this finishes the proof. ]

For the rest of this subsection, we assume that (w, p, v) is as in (6.2) with (w, p)
being half-flat and v being a primitive form of type (1, 1). Moreover, we assume that (3.3)
and (3.4) are valid. We show that these assumptions give rise to a contradiction. First note
the following:

(i) We may assume that w3 € R, - e1234%¢ ie., @ induces the orientation in which the

ordered basis (eq, ..., eg) is oriented. This follows from the observation that with
(w, p,v, ) also (—w, p, v, — f) satisfies (3.3) and (3.4).

(i1) Moreover, we may assume that ¢ = 1 as with (w, p, v, f) also (@, —p, —v, — f)
fulfills (3.3) and (3.4)

Using these simplifications, we obtain:

Lemma 6.3. We have

fs3=Jfea1=fea=0, fez=—fs1, Joo2=2f54,

Jaat Jss

az = fas—3fs5, ac= fs4. a7 = >

a}’ldb3 = b5 =0or f5,4 = 0,

Proof. First of all,
0=(0— fv)es.es) = fs3. 0= (w— fv)(es.eq) = bsfsg— 332,
0= (w— fv)(er,es) =bsfs4— fo,1 + %

ie., fs3 = fe,1 = 0and bs f5 4 = 0. Moreover, we get

0= (0— fv)(es,es) = fv = —fos + L2 + bs(fss — 2fa4),
0= (0— fv)er,es) = fv = fs1+ L2 +bs(3fss —2f14),
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which yields fs 3 = — f5,1. Furthermore,

0= (o— fv)(ez,e6) = a7 + % + fo.4
0= (w— fv)(es,es) = a7 + % — Je.4,

which gives fo 4 = 0 as well as a; = —(f4,4 + f5,5)/2. Next, we have

0= (w— fv)(ez,es) =as— foo+ f5.4. 0= (0w — fiv)(es,e6) = —a¢ + f5.4.

ie., feo =2fs54 and ag = f5.4. Moreover, we get

0= (w— fv)(es.es) =az—(faa—3fs55). 0= (w— fv)(er,e2) = f5.4(bs + 2bs),
ie., a3 = fa4—3fs5,and, since also b5 fs4 = 0, fs4 = 0or b3 = bs = 0. n
Lemma 6.4. In Lemma 6.3, we must have fs54 = 0.

Proof. Assume that f5 4 # 0. Then b3 = b5 = 0 by Lemma 6.3 and so

0= (0— fv)eres) = L2+ f51, 0= (0— fv)(er,es) = a1 +3b2(fs5 — faa),
0= (w— fv)(ez,es) =az +b73fs,4a — f55),

ie.,a; = 3b2(f4,4 - f5,5), ar = b7(f5,5 - 3f4,4) and f5,1 = —f4,3/2. Imposing these
identities, we get

0= (@ fo)e,eq) = L2,

and so either f4 3 = 0 or b7 = —1/4 holds.
We show that f4 3 = 0 and argue by contradiction, i.e., we assume that f3 3 # 0 and
so b; = —1/4. Then (3.4) gives us

0= (forw—orv—dp)er eses e6) =—fs3((faa— f55)7 + fi4),

so that f55 = fa4 and f54 = 0 due to f4 3 # 0. But then one checks that w3 =0,a
contradiction. Hence, we must have f4 3 = 0.
Assuming f4 3 = 0, one computes
(6.3) 0=(forw—wnv—dp)er e e3,e5)
= —eby f5,4 (12 /74 — 36 fas fs5 + 24 35— 1),
0=(forw—wAv—dp)e,es, es,es)
=2by(3ff4 — 12 faafss +9/3s — 1)(2fa4 —3fs5).
One checks that b, = 0 implies @* = 0, and so we must have b, # 0. Since fs 4 # 0 by
assumption, (6.3) yields
0=12f74 —36fsafss5+24f3s—1,
0=03f2s—12fsa f55+9/55s — 1) (2 fa,4a —3f55).
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So either 3f42,4 —12f44f55 + 9]‘52’5 —1=0o0r2f44—3fs55 = 0. However, both cases
give us a contradiction.
Namely, if 3/, —12f4.4 f55 + 9f5s — 1 = 0, then

3f42,4 —12fa4 f55 + 9f52,5 =1= 12f42,4 —36fa,4 f55 + 24f52,5’

and so
0= 9f42,4 —24fa4f55 + 15f52,5 = (3fa,a— 4f5,5)2 - fsz,s’

i.e.,
3faa—4fss==%fs55.

So either fa4 — f55 =0o0r f55 = % fa.4. However, in the first case, one checks that
w? = 0, a contradiction. Thus, we must have f55 = %f4,4. But then

1 =3f24—12faa fs5+ 95 =3fla— S fla+ 5 fia =55 124 =0,

again a contradiction.
Consider now the case 2f4 4 — 3f5,5 = 0. Then f55 = §f4,4 and so

1= 12f2, =36 fua fo5 + 242 = —4 f2, <0,

which is a also a contradiction.
Thus, we must have f5 4 = 0. |

To simplify the notation, we set from now on

X = faa, V= f55 2= fags.

With this new notation, one gets:
Lemma 6.5. We have ay = (y —3x)bs, fs1=(2x —3y)bs— 5, x +y #0,4b7 +1#0,
by #0and ay = %.
Proof. Firstly

0= (w— fv)(ez,e4) = az + b7(3x — y),

0= (w— fv)(es,es) = By —2x)bs + 5 + f5.1,
ie.,ax = (y —3x)by, f5,1 = (2x —3y)bs — z/2. Next, set

A= (12b7 — 1) x* — (40b7 + 2) xy + (12b7 — 1) y2.

Then
0+ w3 = %a1A8123456’

which implies a; # 0 and A # 0. Since

0=vAw?= (Asz +a1(4by + 1) (x + y))6123456,
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we either have b, = 0, and then (4b7 + 1)(x + y) =0as well,or b, #0,andso x + y # 0,
4b7+1#0,and A = _%Zl)(xﬂl). Moreover, we have

64) O0=(foro—dp—vAw)(er.es es.e6) =(x+y)(A+4bs+1).

Assume now first that b, = 0. Then we must have x + y = 0, as otherwise 4b7 + 1 = 0
and so (x + y)A = 0, a contradiction to x + y # 0 and A # 0. But then

O0=(fornw—dp—vAw)(er.ez e3,e6) =—1+ 3,
0= (foAw—dp—vAw)(e, es es, es) = a(40x> —1),
from which we obtain a; = 2 and x = §+/1/40 for some § € {—1, 1}. But then
0=(fornw—dp—vAw)(e,er, e3,e4) = %b7—3,
i.e., b; = 5/4. Hence,
O0=(forw—dp—vAw)(ereq,e5,) =3 —SJTTOb3,
0=(foro—dp—vAo)(ees eses) = —3(3V/10bs — 28z),

58 268
and so b3 = z,bs = z. However.
37T 2710775 T 310 ’

0= (w— fv)(er,es) = 3222,

i.e., z = 0, and so
0= (w— fv)(ey,e3) =2,
a contradiction.
Hence, we must have b, # 0, x +y #0,4b; +1 # 0and A = —%W.
But then (6.4) gives us A = —(4b7 + 1). Thus,

2a1(4b7+1)(x+y) — 4 = 4b7 +1

by
and so, since 4b7 + 1 # 0,

by

a1 = 3G

This allows us now to prove:

Theorem 6.6. Let g be a seven-dimensional almost nilpotent Lie algebra with codimen-
sion-one nilpotent ideal isomorphic to ng. Then g does not admit a closed G,-eigenform.

Proof. We assume that the parameters fulfill all the conditions that we derived in all the
previous lemmas. Then we first get

0 — (C!) _ fv)(€2,63) — _(4)6—6)/)1)5—43;b3—(4b7+l)Z7

i.e.,
_ (4x—6y)bs—4yb;

z 4b7+1
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since 4b7 4+ 1 # 0 by Lemma 6.5. Then one computes

by (6xy+6y2—1)+4(x+y)
4(x+y) ’

O0=(forw—dp—v Aw)(e, e, e3,e5) = —

i.e., by(6xy + 6y% —1) = —4(x + y). Since x + y # 0, also 6xy + 6y% — 1 # 0, and so

_ 4Gty
by = 6xy+6y2—1

Moreover,

0=(forw—dp—vAw)(e,eq,es5,¢6)
= XY (h;(12x% — 40xy + 12y% +4) + 1 — (x + ¥)?),

0=(forw—dp—vAw)(e,es e5,e6) = —m(2x2—14xy+24y2—1),

that is,
2x% — 14xy + 24y —1 =0, bs(12x%> —40xy + 12y2 +4) = (x + y)*> — 1,

since by # 0, x + y 7# 0 by Lemma 6.5.

We show now that 12x% — 40xy + 12y2 4+ 4 # 0.

If this is not the true, then (x 4+ y)? = 1,i.e., y = § — x for some § € {—1, 1}. But then
0= 12x2 —40xy + 12y2 + 4 = 16 2x — §)*,i.e., x = §/2 = y and so 2x2 — 14xy +
24y2 — 1 = 2 # 0, a contradiction.

Thus, 12x2 — 40xy + 12y% 4+ 4 # 0 and we have

by — (x+y)*—1 .
7 = 12x2—40xy+12y2+4

One then computes

0= (forAw—dp—vArw)(e,es es e5) = w-

Hence, b5 = —2b3 or x = 4y. However, x = 4y is impossible since then

0=(foro—dp—vAw)(e,es es e) = ﬁ,

a contradiction. Thus b5 = —2b3 and one gets

2b3(x—y)?(x+2y)

0=(forw—dp—vAw)(er,er, eq,65) = 10015011

and Gey?
3 _ 12(x—y 123456
0#w” = 63y +67°—1)-3x°—10xy+3,2+1) € .
Thus, x — y # 0 and so b3(x + 2y) = 0. We show that b3 # 0 and, consequently, x = —2y.
If b3 = 0, then b5 = 0 as well and we do get

12x2-12y%2-2
0=(0— fv)(er,e3) = S Te
—4x2428xy—48y%42

O0=(forw—dp—v Aw)(e,es, es5,e5) = Siy 1571




M. Freibert and S. Salamon 1856

One easily checks that all solutions of
—12x% +12y242=0, —4x>+28xy—48y24+2=0

are given by
) =82 (3 1), () =861

for 81,6, € {—1, 1}. However, in the first case, one computes

O0=(forw—dp—vAw)(e, ez, e3,eq4) = —%
and in the second case one obtains
0=(forw—dp—vAw)(e,er ez, eq) = —%,
and so a contradiction in both cases.
Hence, b3 # 0 and so x = —2y. But then
0=(forw—dp—vAw)(e,es es e5) = légfi_lz,
ie,y = SM for some 6§ € {—1, 1} and we finally obtain
O=(forw—dp—v Aw)(er, e, e3,e4) = —%,
a contradiction.
Hence, g does not admit a closed G;-eigenform. ]

6.2. The case nyg

In this subsection, we are considering exact G,-structures and closed G,-eigenforms on
seven-dimensional almost nilpotent Lie algebras with codimension-one nilpotent ideal
isomorphic to npg. We will determine all such Lie algebras which admit an exact G,-struc-
ture and we will show that no such Lie algebra can admit a closed G,-eigenform.

First of all, note that n,g is a well-known real six-dimensional nilpotent Lie algebra,
namely the one underlying the complex three-dimensional Heisenberg Lie algebra, and the
Iwasawa manifold, see e.g. [24]. Moreover, for this subsection, denote by Jy the almost
complex structure on 11, uniquely defined by Jyes;—1 = ep; fori = 1,2 and Jyes = —eg.

The Lie algebra of all derivations of 11,3 is given by

A 0 2%2 2x4
(6.5) Der(tiag) = { ‘A € C?2 BeR }
(B tr(CA>
with respect to the basis (e1, ..., eg), where we consider A € C?*? as a real 4 x 4-matrix

and tro 4 € C as a real 2 x 2-matrix. The Lie group Inn(ng) of inner automorphism
of 1,5 is given by the Lie group generated by the exponentials of elements in Der(1n,g),
and so equals

(6.6) Inn(itag) = {(g detco( C)) ‘ C €eGLQ2,C), D e RZX“}.
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Now splitti,g = V @ W with V := span(ey, e, €3, e4) and W := span(es, eg) and do the
same for the dual space n}g = V* @ W*. Let an SU(3)-structure (v, p) € A%u}g x Aulkg
with exact p be given, i.e., there exists v € A2n§8 with dv = p. Write

w=ae’+e Ao +e® Ao+ @
fora € R, oy, 05 € V* and @ € A?V* and, similarly,
v=>be S+ AP+ AP+ D

forb € R, B1.B2 € V* and i € A2V *. Moreover, let 05 := de® and 03 := de®, and note
that 0, 03 € [[A%°V*]] with respect to the almost complex structure Jo on V. Set

pPo = 66/\02—6’5/\03.

Then pg induces the complex structure Jy (if one chooses the right orientation on 1,3)
and we have
,0=d\) =bp0+02/\,31 +O’3/\,32.

This shows that b # 0 as otherwise p(es, -, ) = 0, contradicting Lemma 2.5 (a). Moreover,
ples,eq,-) = 0,1i.e., es and eg are J := J,-linearly dependent by Lemma 2.5 (a). But so

0 # gles,es) = w(Jes,es) = ae®(Jes, es),

implies ¢ # 0 and we may apply an inner automorphism F as in (6.6) with C = I, and
suitable D € R?** to get rid of 1 and @, in w, i.e., we may assume that = ae>® + @
with ® # 0 due to the non-degeneracy of . Now we must have

O=a)/\p=ae56A(02/\,81+o3Aﬂ2)+be6A02Acb—beSAa3Ad)

Thus, 0, A B1 + 03 A B2 =0, and so p = bpy, and 0; A @ = 0 fori = 2,3. Now o7, 02
span [[A%%V*]] and so the latter identity shows @ € [A11V*]. A straightforward compu-
tation shows that 03 A B2 = —02 A By implies B> = Jij B1.

Next, (01, Jo|v), 01 := e'? + ¢34, defines an almost Hermitian structure on V and
SU(2) preserves o7 and acts as SO(3) on [A(l,’l V*]. Since matrices of the block-diagonal
form diag(4, I») with A € SU(2) are in Inn(n»5) and preserve pg, we may thus assume
that @ = a,e'? + ae3*. Moreover, an element of the form diag(by, b1, b3, bs,b1by,b1by)
is in Inn(ng) and only scales pg, and so we may even assume that |a;| = |a,| = |a|, i.e.,
there are e1, &5 € {—1, 1} such that @ = &1 (aeze'? + e34). Since J = +Jy, we do get

g2a% = w(e1, e2) w(e3, e4) = w(Jez, e2) w(Jes, es) = glea, e2) g(ea, es) > 0,
andso &5 = 1,i.e., w = ae(e'? + e3*) + ae>°. Moreover,
g1a® = w(ey,er) w(es,eq) = —w(Jes, er) w(Jeg, e6) = —g(ea,er)g(es, e6) <0,

i.e., &1 = —1 and, consequently, w = a(—e'? + €3%) + %) =: awy. Noting that fora > 0,
the ordered basis (ey, —es, €3, —e4, €5, —eg) is oriented and so J = Jy, and otherwise
J = —Jy, the normalisation condition reads |a|> = h2. Hence, we may write a = ¢A? and
b = A3 forsome A € R\ {0} and some ¢ € {—1,1}.
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Finally, we may use block-diagonal matrices diag(4, I5) with A € SU(2) to bring v
into a canonical form. For this, note that diag(A4, I,) is in Inn(1,g) and preserves (w, p)
and so we may assume that U = ¢y e'? + coe3* 4 c30, + 403 for certain ¢y, ¢, ¢3, c4 €R.
Thus,

v =233 L S AB+ S AT B+ cre!? + e + e300 + ca03

forf:=peV*Ifve [Aé’lnzg], then c3 = ¢4 = 0 and ¢; = A3 — ¢;. Summarizing,
we have arrived at:

Lemma 6.7. Let (w, p) € A®nlg x A3n3g be an SU(3)-structure for which there exists
v € A?ulg with p = dv. Then (», p,v), are, up to automorphism, given by

w = eAwy = eA?(—e'? — 3t 4 %),
6.7) p = 23py = A3(e136 _ 246 _ o145 _ ;235
v =233 L S AB+ S AT B+ cre!? + e + e300 + c403,
for certain c1,c2,¢c3,c4 € RA € R\ {0}, e € {—1,1}and € V*.
Ifve [A(l)’lnzs], then, up to an automorphism, (w, p) take the form as in (6.7) and
(6.8) V=A%t el AB+ e NS+ e+ (AP —c)e
for some c € Rand B € ng.

Next, we determine those seven-dimensional almost nilpotent Lie algebras g with
codimension-one nilpotent ideal 11,5 which admit an exact G,-structure. First of all, we
get some restriction on f if g admits an exact G,-structure, i.e., if (3.5) is valid:

Lemma 6.8. Let (v, p) € A*njg X A3nsg be as in (6.7) and assume that v € A*njg
satisfies dv = p. Then a € n}g and f € Der(nag) fulfill (3.5) if and only if

fo = o, [0 =da, [fdo] =0,

where vUU is the (1, 1)-part and v*° is the (2,0) + (0, 2)-part of v. If this is the case,
then no eigenvalue of f is purely imaginary.

Proof. We decompose f = fi + f> into its Jp-invariant part f; and its Jo-anti-invariant
part f>. Then f; preserves the splitting A2njg = [A1In3g] @ [[A%%n,]], while f; inter-
changes the two summands. As do is of type (2,0) + (0, 2), (3.5) is equivalent to

Aot £ =0, A2+ HLoab! =da.

if we decompose v = vl 4+ 129 as in the statement. Note that f, is a strictly lower
triangular block matrix with respect to the splitting nyg = V @ W, while f; is a lower
triangular block matrix with respect to the same splitting. Moreover, v2°, da € A2V*
and v!°! has a non-trivial A2W *-part. Thus, f1.v>% € A2V* and Lol e W* AV* @
A2V* with non-trivial W* A V*-part if f, # 0. Hence, f, = 0, i.e., f = f1, and so
[f. Jo] = 0, and the above equations simplify to

foltl =, f1?20 =da

as stated.
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Finally, assume that there is an eigenvector X € ng \ {0} of f with purely imaginary
eigenvalue ic,c € R. Then f(X)=cJoX,andso f(JoX) = Jo f(X)=—cX, and we get

0#£g(X,. X)=0(JoX,X)= fo"' (JoX, X)= —v ! (f(JoX). X) —v ! (JoX. f(X))
=X, X) — v (X, JoX) =0

a contradiction. Hence, no eigenvalue of f can be purely imaginary. |

We are now in the position to give a classification of those almost nilpotent Lie
algebras with codimension-one nilpotent ideal isomorphic to g which admit an exact
G, -structure:

Theorem 6.9. Let g be a seven-dimensional almost nilpotent Lie algebra with codimen-
sion-one nilpotent ideal nyg, that is, § = nzg Xy R for some [ € Der(nzg). Then g
admits an exact Gy-structure if and only if f has no purely imaginary eigenvalues. Equi-
valently, g admits an exact Gy-structure if and only if @ = 118 X fa,bl,bzR for certain
a €[~1/4,00)\ {0}, by, by € R or g = nzg %y, R for some b € R, where

a+ib; —%-'rib 1
1 A
Ja,py by = —zatib . , hp = —3+ib
—z+i(bi+b2) ~1r2ip
Proof. We note that the forward implication in the first statement is incorporated in
Lemma 6.8.

So let g = 123 X¢ R for some f € Der(ng) which has no purely imaginary eigen-

values. By (6.5), we know that
A 0
7=(5 wea)
B trCA

for some A € C?*2 and B € R?*4. If we conjugate f with an automorphism F of 1,g
as in (6.6) with C = I, we surely get a Lie algebra nizg X rp-1 R which is isomorphic
to g, where

_ 4 0
FIFT = (B—l—D(A—(tr(CA)Iz) trCA)'

Thus, FfF —lis block-diagonal if A — (tr(C A) I, is invertible, i.e., if tre A is not a complex
eigenvalue of the complex matrix A. However, if tro A would be an eigenvalue of the
complex matrix A, then the other complex eigenvalue would have to be zero and so the
real matrix f would have one eigenvalue equal to zero, which is excluded since f has no
purely imaginary eigenvalues.

Thus, calling FfF~! again f, we may assume that f = diag(A4, tro A). But then we
may use an automorphism of 1,3 as in (6.6) to bring A into complex Jordan normal form.
Hence, we may assume that either A = diag(wy, w,) for wy, w, € C with Re(w;) # 0,
Re(wsz) # 0, Re(w + wp) = trs 4 # O or

(1)
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for some w € C with Re(w) # 0. We provide now in both cases an example of an SU(3)-
structure (w, p) € AZH;8 X A3n§8, atwo-formv € Aznzs, and a one-form « € njg such
that p = dv and such that (3.5) is fullfilled, where the latter equation is valid by Lemma 6.8
if and only if fv1'! = w, £v>0 = doa. We will always choose @ = 0 and a (1, 1)-form v,
so that the second equation is automatically fulfilled and we only have to deal with the
first one.

In the first case, one checks by a straightforward computation that

)L2 12 /\2

34 3,56
= — e A
2Re(w;) et 2Re(wy) et Ae

w =N wy, p=»~Apy, v

with A := fulfills all necessary equations, whereas in the second case

1
T 2Re(w; +wy)
w=22wy, p=A3po, v=-2A%12_ (1615 +223)e3* — 424 (14 — ¢23) 4 1356

with A := —m does the job.

The second statement in the assertion follows immediately from the considerations
above by noting that rescaling f by a non-zero scalar gives an isomorphic Lie algebra and
by noting that we may order the real parts of the eigenvalues of A in such a way that the

first one is greater or equal to the second one. ]

Remark 6.10. Note that f, 5, 5, and /15 in Theorem 6.9 both fix €% and so one easily sees
that (w, p) as in Lemma 6.7 with A = 1,i.e., w = —el2 — 034 4 56, p= o136 _ o246 _
el4d — 235 give rise to an exact G-structure on 1i,g X by by R and nzg xp, R, respect-
ively. This explains the strange ‘normalisation’ of the endomorphisms in Theorem 6.9.

Looking for exact G,-structures of special torsion, we obtain:

Theorem 6.11. Let g be a seven-dimensional almost nilpotent Lie algebra with codimen-
sion-one nilpotent ideal isomorphic to ng which admits an exact G,-structure. Then

(a) g admits an exact Gy-structure with special torsion of negative type,

(b) g admits an exact Gy-structure with special torsion of positive type if and only if
g #Emg Xy, ,,, R forallb € R.

Proof. By Theorem 6.9, we may assume that g = 1,8 Xy R with either f = f, p, », for
certain a € [—1/4,00), b1,b, € R or f = hy for some b € R. We divide the proof into
four different parts.

Part (I). We first show that g = 1tpg %z, , , Rfora,by, by € ([=1/4.1/2]1\ {0}) x R?
with a # —1/4, or by # b, and nzg x5, R for b € R admits an exact G,-structure with
special torsion of positive type.

For this, note that under the assumptions on a, by, b,, the Lie algebra 11,5 % Fusby b R
is isomorphic to 12g Xz R with
a+iby c

~1—a+tib

8 = 8a,by,br,c = .
L i1+

I

If a = —1/4 and by = by =: b, then, for any ¢ € R \ {0}, we have nag xg_ ,,, R
128 ><Ihb R.
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So we are looking for exact Gy-structures with special torsion of positive type on
123 g R. For this, note that a # 0 and 2a + 1 # 0 by assumption. Thus,

I 4 2¢2% — 4a(b; — b2)2 +1) o34 4,56 2(by — by)c

13, 24
V= —e¢ — e +e
2a a(d(by —b2)2+1)2a + 1) a(4(by — by)? + 1)( )
¢ 14 _ 23 2%
+ e " —e’)e An
a@l—b? D¢ )N
is well-defined and one checks that dv = pg = e3¢ — 246 — 145 _ 235 gnd g.v =
wo = —e'? — e3* 4 €%, Thus, the pair (w, p) gives rise to an exact G,-structure @. As
p = 135 _ o146 _ 236 _ 245 e oct

dxp @ = d(%w2+e7/\,6) =e7/\g.(%w2)—e7/\dn28,6
— o A (—3e1234 + (2a — 1)e1256 _ (2 4 2a)e3*56 (1456 _62356))
due to d(w?) = 0. Hence, the torsion two-form 7 is given by
T=—%pd*xpo0 =02+ 2a)e'? — (2a — 1) e3* + c(e'* — e?3) + 3e°°.

Now the exact G,-structure ¢ has special torsion of positive type if and only if 3 = 0,
which is equivalent to ((2 + 2a)e'? — (2a — 1)e3* + c(e'* — e23))? = 0, and so to
0=Q2+2a)Q2a—1)+c*>=4a*>+2a -2+ >
Here, a is fixed and we are searching for a solution of this equation for ¢, which is possible
if4a® +2a —2 <0, i.e., ifa € [-1/4,1/2]. Note that fora = —1/4, we have ¢ = +3/2
# 0, and so 128 X, R admits an exact G,-structure with special torsion of positive type
for any b € R.
Part (IT). We show that (wo, po) defines also an exact G,-structure on 18 Xg_, Jabbe
R 2= n2g x5, R with special torsion of negative type for a suitable chosen ¢ € R \ {0}.
The computations in (I) show that T = 2 (e!? + €3*) + c(e'* — ¢2%) + 3¢°°. Hence, ¢
has special torsion of negative type if and only if 2|7|§ = |¢3|2, which here is equivalent to

2(Z 42 = (18(2 =) = (et —216¢% +2187) =0,
ie,toc =0orc = £9/2. Thus, for c = 9/2, we get an exact G,-structure with special
torsion of negative type on 1i,g Ng_ 1 1apbo) R == 138 %, R.

Part (III). Next, we show that n1,g % Fuby b R admits an exact G,-structure with special

torsion of positive type if (a, b1, by) € (1/2,00) x R? and that it admits an exact G,-
structure with special torsion of negative type for any possible values of (a, by, b>), i.e.,
for any (a, b1, bs) € ([1/4,00) \ {0}) x R2.

For this, we note that n,g X b1 b R is isomorphic to 1,8 X R with

a —bl
by a
L,
h = hap, pr = by —%—a
1
r —5 —(b1+b2)
—r bi+b, -1

2
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for any r € R. The minus sign occurring before one of the rs is due to (e;, —e5, 3, —ey,
eg, —€5) being a complex basis, i.e., due to the shift in the order of e5 and eg.
We have dv = pg and h.v = wy for

1, (b1 +2b2)2+Q2r2+a+Da+1) 3 s
V= —e “— e +e
2a (2a + 1)((a + 1)2 + (by + 2b2)?)
r(by + 2by) (€35 — %) r(l1+a)
(@4 12+ (b1 +2by)? (@ 4+ 12+ (by + 2bp)?
Hence, the pair (g, pg) defines an exact G,-structure ¢ on 1,8 Xz R for any value of
r € R. Moreover, we have

dxgp=e" A (h(30%) = duyp)
= 7 A (—3e'23 4+ 2a — 1€ — (2 4 2a) €456 + 1 (¢1236  ¢1245))

(€36 4 %),

—e

and so the torsion two-form t is given by
T=—%pd*p0=242a)e'? — (2a—1)e>* —r (e 4 *) 4 3¢%.

Hence,

2 = —12(1 + a)(6a — 3 — r?)e!234%6
and t3 = 0, i.e., ¢ has special torsion of positive type, if and only if 72 = 6a — 3. But
we assumed a > 1/2 and so have 6a — 3 > 0 and, consequently, ¢ has special torsion of

positive type for r = +/6a — 3 € R.
Moreover, ¢ has special torsion of negative type if and only if

2(2+2a)* + (2a— 1) +2r2 + 9)° = [¢[S = |22 = (12(1 + a)(6a — 3 — %))
Bringing both terms on one side and factorising gives
B(a—22+r?)-(8a*>+22a+5-r**=0.

So one may find some r € R such that ¢ has special torsion of negative type if (2a + 5)
(4a + 1) = 8a% + 22a + 5 > 0. But this is the case if a > —1/4 and so nyg X by by R
admits an exact G,-structure with special torsion of negative type for any possible values
of (a, bl, bz)

Part (IV). Finally, we need to show that for any b € R, the Lie algebra nog 3z, ., , R
does not admit an exact G,-structure with special torsion of positive type.

For this, let (w, p) be a half-flat SU(3)-structure which determines an exact G-struc-
ture ¢ on Mog Xf_ ., R and let v € Azn;8 and o € n,g be such that (3.5) holds. By
Lemma 6.7, we may assume that

w = 602wy = eA2(—e'2 — &3 £ &56)  p = A3py = A3(e136 — o246 _ o145 _ ;235)

for some A € R \ {0}, up to an automorphism F of nyg, i.e., (w, p) are of this form on
Nog XEf ol R. Now one computes that f := Ff_y/45F " is of the form

(-3 +ib)I
f‘( Y —3 +2ib
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for some B € R?*4. By Lemma 6.8, we have [f. Jo] = 0, which amounts to B being of

the form
a a a a
B — ( 1 2 3 4 )
ay —da; a4 —das
for certain ay,as,as,as € R. Moreover, by Lemma 6.8, we have f.v!'! = @ and
VIl = 23656 L 05 A B4 eS A J* B+ cre'? + cpe
for certain 8 € span(el, e2,e3 e*)andci,cr € R by Lemma 6.7. Thus,

2,12 _ 34 56\ _  _ ¢ 1,1 _ 13,56 | 5 6 * e ,12 | c2,34
gL (—e et tel)=w=fv =1+ Ay+e’ AJTy + Fe T+ Fe

for some y € span(el, e2,e3, e4), which implies, in particular, A = ¢, i.e., ® = ewy and
p = €pg. Since for ¢ = —1, the induced orientation is the opposite of that for ¢ = 1, we
always have p = e!35 — 146 — 236 _ £245 Thus, one computes

dxyp = e’ A (f (%wz) —dnzs,é)

TA(- 301234 _ %emss 363456 1 g (2345 4 o1346) 4, (£2346 _ 1345
+ a3 (245 4+ 1236) 4 g, (e1246 — £1235))

2

independently of ¢. Hence,
T=—%pd %, ¢
8(%(612 4 e34) + 3656 —611(816 4 825) +612(815 —626) —613(636 + e45)

+ Cl4(€35 _ 646)),

and so
2 =9 (3 +4aj + a3 +a3 +a3) e #£0,

i.e., ¢ does not have special torsion of positive type. ]

Finally, we show that a Lie algebra of the form g = 128 Xy R cannot admit a closed
G,-eigenform:

Theorem 6.12. Let g be a seven-dimensional almost nilpotent Lie algebra with codimen-
sion-one nilpotent ideal isomorphic to n8. Then g does not admit a closed G,-eigenform.

Proof. We assume the contrary. Then, by Lemma 6.7, there exist A € R \ {0}, ¢ € {—1, 1}
such that @ = eAwg, p = A3pg and v € [Ay ' n3g] is as in (6.8), i.e.,

v=ce2+ AP —c)eM A3 LS AB AP
for certain ¢ € R and 8 € V*. Moreover, we may assume that
fv=w, oA(fw-v)=dp

for some f € Der(n,g). Since then also (—w, p, v, — f) fulfills all necessary equations,
and so defines a closed G;-eigenform, we may assume that ¢ = 1.
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But then one computes

d,ﬁ — A3d,6() — 4A361234 — AZ(_eIZ _e34 +€56) A —2A(€12 +€34 +€56)

=wA=2X('? +e3* +¢°9).
Since wedging with o is an isomorphism from A2H* to A*h*, the latter equation implies

fw—v=-21('2+e3* + %)

=5 wea)

for some A = (a;j);,; € C?*? and some B € R>**. Thus, inserting (e1, e) into the equal-
ity f.w —v = —2A(e'? 4 e3* + ¢°%) yields

By (6.5), we know that

2Re(a11)A* — ¢ = —2Re(ary) w(er. e2) — v(er, e2) = (fiw — v)(e1,e2) = —2A.
Similarly, we obtain
2Re(an)A? — (A2 —¢) = (fw —v)(es, eq) = —2A.
by inserting (e3, e4). Adding these two equations yields
(6.9) 2Re(trpA)A> — 1% = —4A.
Moreover, inserting (es, eg), we do get
—2Re(trg A)A* = 13 = (f.o — v)(es, e6) = —2A.

Adding (6.9) to this equation, we obtain —2A3 = —6A, and so, since A # 0, that A2 = 3.
However, we also get

—2Re(trCA))L3 = —2Re(trc A)v(es, eq) = fv(es,e6) = w(es,e6) = A2,

ie., 2Re(tr(C A)A? = A, which, together with (6.9), yields A — A3 =—4),ie, A2 =5,a
contradiction.
Thus, g does not admit a closed G,-eigenform. [

Funding. The first author was supported by a Forschungsstipendium (FR 3473/2-1) from
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