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Carleson embedding on the tri-tree and on the tri-disc

Pavel Mozolyako, Georgios Psaromiligkos, Alexander Volberg and
Pavel Zorin-Kranich

Abstract. We prove a multi-parameter dyadic embedding theorem for the Hardy
operator on the multi-tree. We also show that for a large class of Dirichlet spaces
in the bi-disc and the tri-disc, this proves the embedding theorem of those Dirichlet
spaces of holomorphic functions on the bi- and tri-disc. We completely describe the
Carleson measures for such embeddings. The result below generalizes the embedding
result of Arcozzi et al. from the bi-tree to the tri-tree and from the Carleson—Chang
condition to the Carleson box condition. One of our embedding descriptions is sim-
ilar to the Carleson—Chang—Fefferman condition, and involves dyadic open sets. On
the other hand, the unusual feature is that the embedding on the bi-tree and the tri-
tree turns out to be equivalent to the one box Carleson condition. This is in striking
difference to works of Chang—Fefferman and the well-known Carleson quilt counter-
example. Finally, we explain the obstacle that prevents us from proving our results
on poly-discs of dimension four and higher.

To Antonio Cérdoba, who was an inspiration for multi-parameter research of ours,
including this paper.

1. Introduction and the main result

The present article treats a two weight problem on multi-parameter paraproduct operators.
Singular bi-parameter and multi-parameter operators enjoyed and continue to enjoy much
attention, see [0, 12-14, 19,20, 31]. They are notoriously difficult. Two weight problems
for singular integrals were studied in a series of papers by Nazarov, Treil, and Volberg for
dyadic singular operators, and in a series of papers by Lacey, Shen, Sawyer, and Uriarte-
Tuero for the Hilbert transform, see [22, 23,29, 30], and the references therein. Another
example is a recent paper by losevich, Krause, Sawyer, Taylor, and Uriarte-Tuero [18]
on the two weight problem for the spherical maximal operator motivated by Falconer’s
distance set problem.

Classically, an estimate of paraproduct tri-linear forms [16] is based on the 7’1 the-
orem of David and Journé. The theory of Carleson measures (or classical BMO theory)
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is involved. It is well known [9, 10, 19, 20] that in the multi-parameter setting all these
results and concepts of Carleson measure, BMO, John—Nirenberg inequality, Calderén—
Zygmund decomposition are much more delicate. The paper [27] develops a completely
new approach to prove natural tri-linear bi-parameter estimates on bi-parameter para-
products, especially outside of the Banach range. In [27], Journé’s lemma [19] was used,
but the approach did not generalize to multi-parameter paraproduct forms. This issue was
resolved in [28], where a simplified method was used to address the multi-parameter
paraproducts.

We consider here bi-parameter and tri-parameter paraproducts and reveal the obstacle
to treat the dimension 4 objects. Our paraproducts are only dyadic ones, and we estim-
ate them only in L2. But we consider a two weight problem. One weight is arbitrary
and the other one is dictated by the problem from complex analysis in the poly-disc (our
original motivation). This other weight has the product structure because of this original
motivation. We are able to give the necessary and sufficient condition for the two weight
boundedness of such multi-parameter paraproducts in the two and three parameter cases
(and of course in the one parameter case).

Three remarks are in order: a) the general two weight problem even for two parameter
paraproducts seems to not having a simple necessary and sufficient criterion at all (unlike
a one parameter case of dyadic paraproducts, whose solution is basically due to Eric Saw-
yer); so it is a “miracle” that the full solution exists when one measure is arbitrary, and
another one has a product structure; b) this solution continues to amaze us because it seem-
ingly goes against a famous Carleson counterexample in the theory of Chang—Fefferman
product BMO; c¢) it is also amazing that the problem about holomorphic functions in the
poly-disc can be reduced to dyadic problems having nothing to do with complex analysis;
the information —in many cases — is not getting lost.

1.1. Background. A geometric problem and two weight estimates

To wet the appetite, consider first the following very simple geometric problem. We are
given a collection of non-negative numbers {@7 }7ep(z,) enumerated by the family O of
dyadic subintervals of unit interval Iy = [0, 1]. We wish to find an assignment / — Ej,
I € O, of measurable sets in such a way that

(1) the sets Ej are pairwise disjoint;
(2) m(Er) = ay.

There is an obvious necessary condition:

(1.1) VI eDo). Y, ar<m(J).
1€D(J)

A simple and very well-known elementary construction shows that (1.1) is not only neces-
sary but also sufficient. Moreover, such a condition (called the Carleson packing condition
with constant C = 1) is necessary and sufficient if Iy is a unit cube in R¢ rather than a
unit interval, and when £ means the collection of all dyadic sub-cubes of the unit cube.
The Lebesgue measure m can be replaced here by any finite Borel measure without point
masses.
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Now let us make the problem harder. We just mentioned that replacing dyadic inter-
vals dyadic cubes D represents a simple problem. But what if we augment the collection
of sets? It is very natural and useful, see e.g. [6], to consider the collection of dyadic rect-
angles DF=Dx---xD (k times), k > 2. It is much harder to prove that the condition

(1.2) vsc D Y ana < u(Upeses x J)
IxJes

for a finite Borel measure without point masses, is sufficient for the existence of the assign-
ment [ x J — Ejxy, for all dyadic rectangles I x J of measurable sets, in such a way
that

(1) the sets Eyxy are pairwise disjoint;
(2) W(Erxy) = arxy.

Obviously, (1.2) is necessary for the existence of such a measurable assignment. How-
ever, several non-trivial proofs exist. The methods range from geometric ones (see Barron—
Pipher [6]), to convex analysis/functional analysis (see Hianninen [17], using a result of
Dor [11]). Here k = 2, but this is not essential, the same result holds for dyadic rectangles
in all dimensions.

Moreover, Hanninen [17] proved that dyadic rectangles can be replaced by arbitrary
collections of Borel sets.

Definition 1.1. (Carleson coefficients in the generality of a collection of Borel sets). Let u
be a locally finite Borel measure on R?. Let § be a countable collection of Borel sets.
A family {os}ses of non-negative reals is Carleson (with constant C = 1) if we have

Z as < u(2)

Ses,SCQ
for every union 2 of sets of the collection §.

Hinninen proved that the disjoint measurable assignment exists if and only if the
sequence {os }ses satisfies this general Carleson packing condition, that can be also writ-

ten as
vs'cs. > as < p(Uses S)-
Ses’

Now we would like to indicate the connection of the above mentioned “combinatorial”
problems to two-weight embedding theorems that have another (equivalent) disguise: two
weight paraproduct estimates.

We start again with the simple 1-dimensional dyadic case. We fix the canonical bijec-
tion between intervals of D (/p) and a dyadic tree T, whose vertices we will still call 7,
and where Iy = [0, 1] is the root of T'. We fix a measure p on /y; it will be one of our two
weights. The second weight lives on 7 and it is just a sequence of non-negative numbers
enumerated by vertices (= dyadic intervals): w := {wy }rer.

The two-weighted problem is to find necessary and sufficient conditions on (w, i) to
have

(1.3) sz'(/lfdu)sz/fzd/«c.

I1eT



P. Mozolyako, G. Psaromiligkos, A. Volberg and P. Zorin-Kranich 2072

Let us show what this has in common with the previously considered geometric ques-
tion. There is an obvious necessary condition for (1.3) to hold: just plug f =1, J € D,
to obtain

(1.4) VieD. > wr-up(l)?=Cul).
1€D(J)

We can now use the assignment mentioned above for a7 := wyu(1)?/C. We will get
a disjoint family {Es};ep. As a next step, one can use that the dyadic maximal func-
tion with respect to any p is bounded in L?(Ig, t). This will finish the proof that (1.4)
is also sufficient for the embedding (1.3). The fact that (1.4) is necessary and sufficient
for the embedding (1.3) is called the Carleson—Sawyer theorem. Carleson proved it in
the 60’s, and used it in his interpolation and famous corona results. Sawyer’s generaliz-
ation appeared in the 80’s. Both results are fundamental in the dyadic approach to the
theory of Calderén—Zygmund operators.

Two (or multi) parameter paraproducts require a solution of a much more involved
two-weight problem. We fix a measure y on [0, 1]?; it will be one of our two weights. The
second weight lives on 72 and it is just a sequence of non-negative numbers enumerated
by vertices (=dyadic rectangles): w := {Wrx7}1,7eT-

The two-weighted problem is to find necessary and sufficient conditions on (w, i) to
have

(1.5) Z WrxJ - (/1 , fdu)2 <C fdu.

1JeT [0.12

A bi-tree T2 is a rooted graph with vertices being dyadic rectangles, and the root being
Iy x Iy = [0, 1]%. It is a much more complicated graph than the simple 7', in particular, it
has cycles. However, again there are simple necessary conditions for (1.5). We get one by
plugging f = 17,xs,, 11, J1 € D. But Carleson gave an example of weight w on 72 such
that even with u = m», the Lebesgue measure on the plane, this necessary condition is not
sufficient. But there is a stronger necessary condition. Choose now f = lu,‘f’:l ILixJ- In
other words, choose a subset S’ C D(Ip) X D(lp), consider 2 = Upres’ R’, and choose
f = 1g to plug into (1.5). Then we immediately and trivially get the following necessary
condition for the embedding (1.5) (called the Carleson—Chang packing condition):

(1.6)  VS' C D(Iy) x D(Ip). > wr- (u(R)? = Cu(UpesR)-
RCUprcs' R’

Again, the assignment of disjoint Er, R € D(Ily) x D(lp), is the first step, but the
second step breaks down: the strong maximal (even dyadic strong maximal) operator with
respect to  is rarely bounded in L2 (). But maybe one does not need maximal operators
to prove the embedding as above?

This is what we know about (1.5) and its analogs for the tri-tree and higher multi-trees.

(1) A.S.-Y.Chang proved thatif y = m, (or © = mg ) then the necessary condition (1.6)
is sufficient, and this holds for any w on 7' (and correspondingly 7%).
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(2) For any p such that the strong dyadic maximal function is bounded in L? (i), (1.6)
is sufficient, and this holds for any w on 72 (and correspondingly 7¢ if we consider
the measure 1 on [0, 1]9).

(3) Moreover, if (1.6) is sufficient for the embedding (1.5) with arbitrary w (maybe
with a different constant), then p is such that the strong dyadic maximal function is
bounded in L2(p). This holds in any dimension d.

(4) There exists w such that (1.6) does not hold, but the following simplified version
does hold:

VI xJy € D(Io) x D(Tp). Y wr-(u(R)* < Cu(ly x Jy).
RCIxJ;
(5) Such an example exists even with & = m, (Carleson [7], Tao [32]).

(6) There exists (w, 1) such that (1.6) does hold, but the following more complicated
(but obviously necessary for the embedding (1.5), just plug f = 1p into (1.5))
condition does not hold:

VFE C[0,1]?, VS’ C D(Iy) x D(Ip), Z wg - (W(RN F))? <Cu(F).
RCUpgicg/ R

(7) The latter example has w having only values 1 and 0, and moreover the support of w
is a connected subgraph of 72.

(8) In general, the necessary and sufficient conditions for (1.5) are unknown.

(9) The case w = 1 is interesting and has interesting applications to complex analysis.

(10) Whatever is u, for the case w = 1 for 72 and T3, we can give simple necessary and
sufficient conditions for the embedding (1.5) to hold

(11) We conjecture that the same answer holds for T4 , d > 4, but we cannot prove this.

(12) Our answer for the case w = 1 for T2 and T3 is counterintuitive. At the first glance,
it seems to contradict Carleson’s example. Of course it does not. The answer is that

the embedding (1.5) holds if an only if (we give it for d = 2, the same answer with
obvious changes holds for d = 3, and this is the main result of the current article):

(L7)  YIixJi € Do) x Do), Y (u(R)* = Coplli x )h).
RCI xJ;

Of course, the constant C in (1.5) can be calculated by Cy in (1.7), but it is a non-
linear relationship.

1.2. Background. Embedding from L2(m3) to £2(T2, {ﬂfe})’ where {R} are dyadic
rectangles

Everywhere below, the angular brackets (-) s mean the average over the set S. The meas-
ure, if not indicated otherwise, is the Lebesgue measure.

Lennart Carleson showed in [7] that the natural generalization, using a “box” condi-
tion, from the one parameter case (disc) to the bi-parameter case (bi-disc) of his embed-
ding theorem does not work. Sun-Yang A. Chang in [8] found the necessary and sufficient
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condition for the validity of the Carleson embedding for bi-harmonic extensions into the
bi-disc.

The discrete versions of these results can be motivated by considering a bi-parameter
dyadic paraproduct. For a dyadic rectangle R = I x J C [0, 1]2, denote by hg(x,y) =
hy(x)hy(y) an associated L? normalized Haar function. The simplest example of a bi-
parameter dyadic paraproduct is the operator

Mpp =Y (p)r(b.hr) hR .
R

The paraproduct IT is a bounded operator on L? with respect to the Lebesgue measure m
on [0, 1]? if and only if we have

(1.8) D (@rBr=C /cpzdmz,

R

where B := (b, hr) are the Haar coefficients of the function b. In analogy to the one-
parameter Carleson embedding, one could ask whether (1.8) is equivalent to the “box”
condition

(1.9) > Bk = C'ma(Ro)

RCRy

for every dyadic rectangle Ry < [0, 1]2. A counterexample showing that (1.9) does not
imply (1.8) was constructed by Carleson [7,32].

It was observed by Chang [8] (in a continuous setting) that (1.8) is equivalent to the
bi-parameter Carleson (or Carleson—Chang) condition

Y BR < C'maQ).

RCQ

where the constant C’ is uniform for all subsets  C [0, 1]? that are finite unions of
dyadic rectangles. This necessary and sufficient condition was later used by Chang and
Fefferman [9] to characterize the dual of the Hardy space on the bi-disc H!(D?). The
same embedding result holds in dimension d > 2, from L2(m) to £2(T%, {B%}).

1.3. Terminology and notation
We begin with order-theoretic conventions.

Definition 1.2. A finite tree T is a finite partially ordered set such that, for every w € T,
the set {a € T:« > w} is totally ordered (we allow trees to have several maximal elements).
An d-tree T? is a Cartesian product of d (possibly different) finite trees with the
product order.
A subset U (respectively, D) of a partially ordered set T is called an up-set (respect-
ively, down-set) if, for every @« € U and B € T with o < B (respectively, 8 < ), we also
have B € U (respectively, B € D).
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The Hardy operator on an d-tree T¢ is defined by
Iop(y) := Z ¢(y") forany¢:T? —R.
y'zy

In the one-parameter case d = 1, we denote it by 7, and in the two-parameter case d = 2,
by I. The adjoint I* of the Hardy operator I is given by the formula

Py () =Y v
y'<y

Definition 1.3. Let 1 and w be positive functions on 7% . The box constant is the smallest
number [w, it]pox such that

Eplul =) w@) T u(@)* < [w.plpox Y ule). VpeT?.
a<p a<pB

The Carleson constant is the smallest number [w, i]c such that

Z w(e)T* u(@))? < [w, wle u(D), VD c T down-set.
aeD

The hereditary Carleson constant (or restricted energy condition constant, or REC con-
stant) is the smallest constant [w, i]gc such that

1100 Elptsl = Y w@@ @1p)@)? < [w, gluc p(E), VE C T,
aeTd

The Carleson embedding constant is the smallest constant [w, u]cg such that the adjoint
embedding

> w@ W@ < [w.plee Y V(@) nw)

aeTd weTd

holds for all functions ¥ on T¢.

For positive numbers 4, B, we write A < B if A < CB with an absolute constant C,
that in particular does not depend on the tree or multi-tree or the weights w, p.

1.4. Main result

The inequalities

(1.11) [w, ulpox < [w, ulc < [w, ulnc < [w, ulce

are obvious. The converse inequalities for 1-trees were proved in [29]. For 2-trees, in the
case w = 1, the converse inequality

[1, ulce S (1, plc
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was proved in [3]. In [4], it was proved that, more generally,

[w, lce < [w, 1]Box

for weights w of tensor product form on 2-trees. In this article, we extend this result to
3-trees.

Theorem 1.4. Let u: T3 — [0, 00). Let w: T3 — [0, 00) be of tensor product form. Then
the converses of the inequalities in (1.11) also hold:

[ws /*’L]CE S [wv I‘L]HC S [w9 M]C 5 [ws /’L]BOX'

Theorem 1.4 will follow from conditional results on d -trees, namely Theorem 6.3 and
Theorem 7.3.

1.5. The methods

The methods of proving this main result of ours are mostly by potential theory and some
combinatorics. But this potential theory is very far from the classical one. It is a potential
theory on graphs with cycles, in particular, there will be no maximum principle for the
potentials considered below. This is the main difficulty and the main attraction of what
follows.

2. Holomorphic function spaces in the poly-disc

Another way to interpret the Hardy inequality (or more precisely, its weighted version, see
below) is to consider its connection to certain problems in the theory of Hilbert spaces of
analytic functions on the (poly-)disc. It was actually this connections that motivated the
study of this inequality in [5] and [3].

We start with some additional notation. Given an integer d > 1 and s = (s1,...,54) €
R?, we consider a Hilbert space #;(D?) of analytic functions on the poly-disc D¢ with
the norm

1 iy = D 1f O ond)P ( + 1) (ng + 1),

where

f@= > Fou..ondZd 2= (.., z0) €D

Observe that, clearly,

d
H; D) = ) Hy, (D).
j=1

In particular, the choice s = (0, ..., 0) gives a classical Hardy space on the poly-disc; on
the other hand, s = (1, ..., 1) corresponds to the Dirichlet space.
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2.1. Embedding (Carleson) measures on the poly-disc

A measure v on D is called a Carleson measure for J, if there is a constant C,, such that

[D @R dvE) = Ly

or, in other words, the embedding Id: #;(D¢) — L2(D?, dv) is bounded.

For brevity, we concentrate below on the case d = 2, indicating the changes necessary
for other d. Consider first the case of s = (1, 1).

Given a holomorphic function

f(ZlyzZ) = Z amnzinzlzl

m,n>0

on D2, we let

”f”ir)(]])z) = Z |amn|2(m + 1D+ 1).

m,n>0

This norm can also be written as follows:

1
11 = / ey for )P dzr s 5 / / (02, /(1. ) dzy d

27-[2//|322f(e” ’S)Izdsdzz+—//|f(e” e ds dt

= ||f||i + other terms,

where || f||« is a semi-norm which is invariant under biholomorphisms of the bidisc.
In what follows, however, we use an equivalent norm, arising from the representation
D(D?) = D(D) ® D(D) (this particular choice will be justified in a few lines). For
f € Hol(D), let

@ 11 =5 [17P@dz+ Gl FOP.

where Cy > 0 is a constant to be chosen shortly. It is a classical fact that the Dirichlet space
on the unit disc is a reproducing kernel Hilbert space ([5]), and, consequently, D (D?) is
one as well. The reproducing kernel K, z € D? (generated by || - | ), is

é)(cl + log z,w e D?

K:(w) = (C1 + log
l—lel

)
1—2211)2 ’

(soitis a product of reproducing kernels for (D) in the respective variables), and C; > 0
is a constant depending on Cy.

The definition of norm in (2.1) implies that K, enjoys the following important prop-
erty:

RK, (w) ~ | K, (w)|, z,weD?

if we take C; (respectively, Cyp) to be large enough.
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Let u, w: T¢ — R. We define a weighted Hardy operator to be

Ly f(@) ==Y f(B)w(B).

Bza

We call (u, w) a trace pair for the weighted Hardy inequality if
(2.2) / Ly /) dp 5 / fPdw
Td Td

forany f:T% — Ry, i.e., the operator I,: L2(T4, dw) — L*(T?, du) is bounded. The
dual version is

23) / (I (p))? dw < / o du
Td Td

for any ¢: T¢ — R, where
Fo(B) == ) _ ¢().
a<p

It turns out that trace pairs for the weighted Hardy inequality and Carleson measures
for H#s are closely related. Below we give a brief overview of this relationship. We gloss
over most of the technical parts of this short exposition, for more details see [5] and
Section 2 of [3], where it was presented ford =1, s =s; € (0,1]andd =2, 5 =1,
respectively.

We start by assuming that s € (0, 1]¢ (so that #;(D?) is a weighted Dirichlet space
on the poly-disc), and that supp v C rD? for some r < 1 (the latter is just a convenience
assumption that allows us to make the corresponding graphs to be finite; no estimate below
will depend on r, or on the depth of the graph).

It is well known that ¥, (D), 1 < j < d, is a reproducing kernel Hilbert space
(RKHS) with kernel Kj; satisfying (possibly after a suitable change of norm)

|Ks; 1z, ) < 1=z 597", 0<s; <1,
Ky l(z).4j) < log [l =z ;7. 5 = 1.
Moreover, it is not hard to verify that
NKs < |Ks[,0<s<1.
However, the case s = 0 is a special case, as
(2.4) the Poisson kernel is not equivalent to the absolute value of the Cauchy kernel.
It follows immediately that #; (D) is a reproducing kernel Hilbert space as well, and

d
K3(z,0) = H Ks;(zj,8), z,0 € De.

j=1
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Going back to the Carleson embedding, we see that Id: #; (D4) — L2(D?,dv) is bounded
if and only if its adjoint ® is bounded as well. Let us compute its action on a function
g e L2(D?, dv):

(©g)(2) = (Og. K5(z.)) s;0) = (8- K5(2.)) 2D av) = /Dd () Kz(z, ) dv(9).
Hence, for ® to be bounded, it must satisfy
(2.5) ”g”iZ(Dd,dv) 2 10gll g, ey = (¢ OL) L2 av)
= [, @D Ktz dv) dv@),

If inequality (2.5) holds, then trivially the following holds:

0O lelipran 2 [, £ 80 KD D@, g =0.

If we would know that the real part of the coordinate reproducing kernel is comparable
to its absolute value, we would deduce that ® is bounded if and only if

@) | #02© |Ks( 01 v ) % el

for any positive g on D¥.
In fact, (2.5) implies (2.6), and we can take the real part of both sides of (2.6), putting
the real part on the kernel. Now if we would know that

d d
@8) NK:(z.0) =[] Ky (5.6 = | [T Ky 1.6 = 1Kz . 0L, 2.8 e DY,
j=1 j=1

we would deduce (2.5) = (2.7). The only thing we need for this implication is the above
pointwise equivalence (2.8). On the other hand, the implication (2.7) = (2.5) obviously
always holds.

We conclude that, in the presence of the pointwise equivalence (2.8), we have that
2.5=2.7).

However, the equivalence (2.8) —ultimately important for us to prove the equivalence
of dyadic and analytic embeddings (see below)— has limitations. First of all, it is false
even for the 1D case d = 1if s = 0, see (2.4). That makes the case s = 0 quite special. It
is well known that for the 1D case, the embedding measures for the Poisson and Cauchy
kernels on L2(T) are the same. This is rather simple, but should be considered as a “mir-
acle”. Already in the 2D situation, the fact that the embedding measures for the Poisson
P;, P, and the Cauchy Kj(z,¢) = (1 —z1¢1) ™' (1 — 2242) ! kernels on L?(T?) are the
same is a subtle fact that will be considered in [25] separately.

Another interesting distinction of the case s = 0 is again about (2.4). The reader
will see that for s > 0, we will characterize the embedding in terms of a simple box
(rectangular) test. As it is well known from the works of Chang, Fefferman and Car-
leson [7,8,13,32], such a characterization is not possible for the Poisson embedding
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of L2(T?) if d > 2. We would wish to attribute this phenomena to the fact that the Poisson
kernel has a special shape.

Let g(«) be the Whitney rectangle described at the beginning of Section 2.4 below.
Let

P(a,B) = sup P(z,0).
z€q(@),5€q(B)

See the definition of wg below in (2.13).

In the language of the tree T¢, the fact that the Poisson kernel has a special shape
means that the following inequality is false in general:

Ly, 1(a v B) < P(a. B),

This finishes the discussion of 5§ = 6, which corresponds to the Hardy space in the
poly-disc. Now let s = (s;) and 0 < 5; < 1.

2.2. Unweighted Dirichlet space in the poly-disc

We first consider the case when all s; = 1. For brevity, we assume d = 2. For the un-
weighted Dirichlet space, this is not a restriction of generality, as we will see soon. The
reproducing kernel is K3(z, §) = log(1 — z1 1) log(l — z282) = Ki1(z1, §1) K1(22, §2).
The first idea is to see that our inequality (2.5) (equivalent to the embedding)

29) [D 8O K. dv(@) dv(©) = AlgE e .an)

implies that for every C > 0 we have

(2.10) /D ) Z@O(CHEKI(1.6)) (C+K1 (22.8)) dv(2) dv(©) < BO) 812 22,40y

To deduce this inequality from (2.9), one should open the brackets and consider four terms
in the left-hand side. The term with Ky(z1, {1))K;1(22,82) is < ||g||22(D2 ) by (2.9).

The term with C? 2 g(2) g(&)dv(z) dv(?) is obviously < ||g||iz(]D)2 ) by the Holder
inequality. Consider one of mixed terms (they are treated symmetrically):

C/ ¢(2) 8@ Ky (21, &) dv(z) dv(t) =: C - I,
]D)Z

skip C, and, using the disintegration theorem and the pushing forward of v to the first
coordinate (we call that push forward vy), we write I as follows:

I= /D G(z1) G Ki(z1. £0)) dvi (21) dvi (61),

where

G(w) :=/g(w,u)de(u)

and dv,, (1) are slicing measures: V(E) = [ vy, (E)dvy(w).
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The push forward measure v; on ID is obviously a Carleson measure for 1D Dirichlet
space if v is a Carleson measure for the Dirichlet space in 2D. Therefore,

/ G(z1) G(&1) Ki(z21. 1) dvi(z1) dvi(§1) =< B/ Gz dvi(z1)
D D
2
=5 [ ([ 1sGrzldv ) dnG < B [ gz v Gadn )
D D D2
=5 [ lgGrzPave).
D2
We deduced (2.10) from (2.9) by the use of the disintegration theorem and slicing

measures. Notice that the nature of the kernel did not play any role. We could have done
this with any dimension d and any kernel Kj instead of Kj.

The fact that we worked with precisely K7 is crucial. In fact, the values of 1 — ZE , for

z,¢ € D, are obviously in the right half-plane. Hence, as J K is the argument of log 1+zf’
we have
(2.11) |SK1(z,0)] = /2.

Hence, by adding a sufficiently large constant C > 0 to K;(z, ) we achieve a) |R(C +
K1)| > [S(C + Ky)l, and b) [R(C? + K;(z,8))| = ¢RI, (C + Ki)(z;, ¢;))) for
any dimension d; it is enough to choose C = C(d) a large positive number. The latter
inequality implies that

RI_ (C + Ki(z.8)) = [T, (C + Ki(z7. ).

Therefore, for 5§ = 1, by modifying the kernel we can achieve (2.8) without changing
the class of Carleson measures. This is shown by (2.10). This means that without changing
the set of embedding measures, we can equivalently replace the inequality (2.5) by (2.7).
This reasoning works for 5§ = 1 and any dimension d.

2.3. Weighted Dirichlet space in the poly-disc

Now let s = (sj)J‘.Izl, 0<s; <1, buts # 1. We are unable to repeat the trick that was

successful in the previous section. In fact, for Ky = (1 — z E)S_l, with0 <s < 1, (2.11)
does not hold, the imaginary part will not be bounded, and so the previous reasoning with
adding a large constant to each kernel of each variable does not work.

However, to reduce the analytic embedding (2.5) to the dyadic embedding on multi-
trees, we seem to really need to show that (2.5) implies (2.7) (the converse implication
being always trivial).

Here we have only partial results, namely for the case when

l—e(d)<s; <1

for e(d) sufficiently close to 0.
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We just notice that 1 — z¢ lies in the right half-plane if z, ¢ € D, and so (1 — z )¢ lies
in the cone C; = {u +iv,u > 0, |v| < u - tan we}. Therefore, for every s; € (1 —¢, 1),

[SKs; (25, 8)| < tanwe - NK; (2, 85)

This implies that if ¢ is sufficiently small (depending on the dimension d), then (2.8)
holds, which, as we have already explained, gives us the equivalence of (2.5) and (2.7).

From (2.7), we will now proceed to conclude that the dyadic embedding holds. Then
we will explain why the dyadic embedding implies (2.7), thus closing the circular argu-
ment.

2.4. From the embedding of analytic functions in the poly-disc to the dyadic
multi-parameter embedding

Consider a fixed dyadic lattice D on T. By this, we mean the following. For any dyadic
arc [ on T, the symbol Q (/) denotes a Carleson box:

O):={z=reeD:0el 1—|I|<r<1}.
By ¢ (1) we understand its top half:
gy:={z=ré?eD:0ecl,1-|I|<r<1-|1|/2}.

Sets g(1) form a classical Whitney decomposition of D into dyadic Carleson half-boxes.

This Whitney decomposition corresponds to a chosen dyadic lattice. Clearly there is a
one-to-one correspondence between these half boxes and the vertices of a dyadic tree T
just because vertices of T and dyadic intervals of £ are in one-to-one correspondence. So
each half box has an address «, which is a vertex of 7', so we can write

q(a) =q(I).

We can choose a fixed dyadic lattice for each coordinate tori T. Consequently, the Whit-
ney decomposition of D¢ generated by Cartesian products of the respective coordinate
decompositions can be encoded by vertices of 79, i.e., each (multi-)half box ¢ corres-
ponds to a point o, € T4, and vice-versa, each o € T¢ has a unique counterpart ¢(c),
where now « is a multi-index corresponding to the vertex of T¢.

The reader should keep it in mind when we will consider boxes constructed by ran-
dom choices of dyadic lattices w := (Dy, ..., Dy). Notice that the collections w :=
(D1, ..., Dy) of dyadic lattices form a natural measure space provided with a probab-
ility measure: (2, ). For future purposes, notice that given a point z in the poly-disc D¢,
and a random multi-lattice @, we will denote the address of the box that contains z by
the symbol a®(z) (any fixed z is contained in an open box almost surely, and, thus, the
address is uniquely defined by z and w). The box should be called ¢(«¢®(z)); often we
will skip w.

As a result, we can define a family A=A%: Meast (D¢)—Meas™ (T¢) of canonical
maps given by

(2.12) Av() = v(g(a)).
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Similarly, given a function g € L2(D9, dv), we write

1
Ag(a) = / g(z)dv(z).
v(q(a)) q(a)
A vertex o € T'? corresponds to a rectangle R(or) = I X -+ x Ig. Let§ = (sq,....54),
0<s; <1,i=1,...,d.Put
(2.13) ws(e) = L7 LT

This is the weight on 7¢ that is associated to the embedding theorem on T¢. This
theorem corresponds to the embedding theorem of the class #; on D4,

Define a random kernel as follows. Fix @ € Q and (z,¢) € D?“. In the dyadic multi-
lattice w, find «® and B¢ such that z € g(a®) and ¢ € g(B®). Up to measure zero of w,
z and ¢ lie in corresponding open boxes, hence the boxes are uniquely defined, and so «®
and B® are well-defined. Then consider

k?(z.8) == (Tu;D(@?(z) v 2(2)) .

where o Vv f is the least common ancestor of & and 8 in the geometry of 7'¢. In particular,
for § = 1, the multi-tree kernel Ly, 1(« Vv B) is the number of ancestors that are common

fora and B.If 5§ # T, the kernel counts the weighted number of ancestors.
An elementary computation gives that, independently of w, the following inequality
holdsifs; #0,i =1,...,d:

(2.14) k$(z.0) < 1K;5l(z, 0.
The implied constant depends only on d and s; # 0,i = 1,...,d.

Remark 2.1. If some s; vanish, we have “a phase transition” in the kernel, and (2.14)
stops to be true in general. This explains the special role of Hardy spaces on the poly-disc.
If the reader thinks that the Chang—Fefferman theory gives the embedding theorem for the
Hardy space H2(D?) (the case s; = 0,i = 1,...,d), we should upset the reader by saying
that this is not so. The Chang—Fefferman theory gives the characterization of embedding
measures in the d-harmonic space h2(D?). As, obviously, the Hardy space of holo-
morphic functions in the poly-disc is such that H2(D?) c h2(D?), the Chang—Fefferman
theory gives the sufficient condition for a measure to be an embedding measure for the
Hardy class, but whether it is a necessary condition (we believe it is) is not known outside
the classical case d = 1. If the influential paper [15] were correct, then its proof could be
modified to give this necessity, but unfortunately the note [34] indicated a counterexample
to the reasoning (but not to the result) of [15].

The inverse inequality to (2.14) is generally not true due to the difference between
hyperbolic geometry on the unit disc and that of a dyadic tree. However, one can verify
that if one considers the family of dyadic lattices Q w = (D, ..., Dy) on T4 with a
natural probability measure on this family, then the following holds:

(2.15) V(z,¢) e D?*¢,3Q(z,0) C Q:
a) P(Q(z,0) >cg >0, and b) Yo € Q(z,0), |K;|(z,) < Cy4 k;"(z,é’).

where ¢z and C; depend only on dimension d.
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Now (2.14) and (2.15) give us
(2.16) K;(z,0) =< Ewk?(z,é‘).

By Tonelli’s theorem, we have

Q@17) Y Y Ag@)Ag(B) Ly l(@ v ) Av(a) Av(B) = /T (I (AgAv))* dus,

aeTd BeTd

For fixed w, and for z € D?, ¢ € D9, we use that k5 (z, ¢) is constant on each pair
of boxes from the multi-lattice w detected by the pair (z, {) to write

/ / ¢(2)g@)k? dv(2)dv(©)
D4 JDd

= Y Y Ag(g(@”) Ag(g@®)) Lu; 1@ v B°) Av(g(a®)) Av((g(B*))
q(a®) g(B*)

(2.18) =< ||Ag||zz(Av) = ”g”iZ(V)’

where the constants of equivalence depend only on the dimension. Here we used (2.17)
and the boundedness of the operator with kernel I, 1(« v ) on the graph T4,

Now let us hit (2.18) by expectation in w and use (2.16). Therefore (2.7) follows
from (2.3) for ¢ = Av and w = wys.

Assume now that (2.7) holds. Fix a measure i on T¢ . Fix any w. Let v be any measure
on D? such that Av = . Then

/Dd /Dd g(2)g(Q)k? dv(z)dv(¢) < ||g||iz(u)

just because of (2.14). Apply this inequality to the special non-negative g that assumes
constant values on each given box g («®). We can choose those constants arbitrarily with
the only condition that ||g||i2(v) = ||g||i2(Av) < o0o. Then we get (2.3) for u = Av and
w = Wg.

2.5. Verifying (2.15)

It is enough to verify it for d = 1, because then we can use the product structure of the
kernel | K;| and the independence of the lattices Dy, ..., Dy. Put D(z,{) := |z — | +
1 —|z| + 1 —|¢] (it is a sort of distance). Then

Ki(z,0) =1 —z¢ ' ~ D(z. 0.

Now we define the analogous dyadic distance that depends on a dyadic lattice, say lat-
tice L. We define D% (z, ¢) as the smallest length of the dyadic arcs from L that are larger
than max(1 — |z|, 1 — |¢|) and contain the shorter arc that has end-points z and .

Then right-hand side of (2.15) (for d = 1) is ~ (DX (z,¢))*"! and D’ is always
> ¢ D, where ¢ is an absolute constant. Of course we have

(disti (2, 0) ! A~ Iy, 1(a v B).
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To prove (2.15) (for d = 1), it is enough to prove that
dist"(z,8) < C D(z.9)

for a set of dyadic lattices of a fixed probability. Let the full family of dyadic lattices be
just the rotation of one fixed lattice provided with the natural probability measure d6/27.

Let 7 be a dyadic arc of length 277 - 27", Given z and ¢, let us calculate the probability
of being a bad dyadic lattice, where bad means that the inequality displayed above is false
with constant C = 8. Each dyadic lattice has two end-points of the first division, four
end-points of the second division, etc.

Then the probability for the first division points to be inside / is ﬁ =2.27" (as
we have two such points). The probability for the second division points to be inside /
is 4 - 27 We continue until we find the (m — 4)-th division points, for which the probabil-
ity such a point is in 7 is almost 2% . 27 These are all bad scenarios. Their probability
is at most 1/8.

Hence, the probability none of these points are in / (which we can call a “good” event)
is at least 7/8. But if none of these division points are inside /, we have

Dp(z,8) =10D(z.0).

Inequality (2.15) is proved.
Let us formulate the reduction from the d-disc to the d-tree by a theorem.

Theorem 2.2. Lets = (s1,...,54), 5i € (0,1],i = 1,...,d, where all s; are sufficiently
closeto 1: 1 —s; <eg, for a certain positive absolute constant eg andi = 1,...,d. Let v
be a measure in D?. Then the embedding operator id: ,}’65(]1])”1) — L%2(D?,v) is bounded
if and only if for any dyadic multi-lattice @ on T?, the measure n = Av on T? obtained
by formula (2.12) and the weight ws on T4 from (2.13) give us the embedding pair on T¢
in the sense that

S (Y (@) wie) < /T .

aeTd
Notice that the weight wz (o) here has a tensor product form:
a=(ar,....,0q) = wilo) =ug (a1): - us, (og) .

Remark 2.3. Notice that for 5§ = 1 (Dirichlet space case), integration in (2.17) with
respect to dwz means just summation over all vertices of T4. For other §, a natural weight
appears (it weights the vertices), and the summation has to be with respect to this weight.
In our situation of the scale #; (of various spaces of analytic functions in the poly-disc
described at the beginning of this section), the weight that appears is always the product
of weights in each coordinate. This emphasizes why we especially care about the results
with product weights.

To summarize, the problem of characterizing Carleson measures for the weighted
Dirichlet space #; can be often moved to a discrete medium (for § = 1 can be always
done, for any dimension d), and after that this problem interpreted (without any loss of
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information) as the problem of characterizing a trace pair (1, wy). For instance, we will
see that (2.3) is equivalent to a single box condition (since w; has a product structure)

> (@A)’ (B) w3 (B) S T*Av(B)

B<a

for any B € T¢. On the poly-disc, this condition transforms to

> VAT(R) wi(R) S v(T(Q)), forany Q,

RCQ

where Q and R are dyadic rectangles on the (poly-)torus T¢, and T'(Q) is the usual tent
area above Q. One can also check that this condition is necessary by testing Carleson
embedding on appropriate functions.

The argument above fails, for a number of reasons, if even one of the parameters s;
becomes zero. However, for the classical Hardy space on the poly-disc one can still make
a connection between the Carleson embedding and the Hardy inequality, but now using
the direct embedding (2.2) instead of the dual (2.3), and the roles of i and w are reversed.
It is done in Section 3.

3. The end-point case s = 0

We repeat ourselves: the equivalence (2.8) —ultimately important for us to prove equival-
ence of dyadic and analytic embeddings — has limitations. First of all (2.8), is false even
for the case d = 1if s = 0, see (2.4). That makes the case s = 0 quite special. It is well
known that for the d = 1 case, the embedding measures for the Poisson and the Cauchy
kernels on L2(T) are the same. This is rather classical, but should be considered as a “mir-
acle”, exactly because (2.8) fails. Already in the 2D situation, the fact that the embedding
measures for the Poisson Pz, Pz, and the Cauchy Kj(z,{) = (1 —z3 LM —z28)7t
kernels on L2(T?) are the same is a subtle fact that will be considered in [25] separately.
It is based on Ferguson—Lacey’s characterization of symbols of “little” Hankel operat-
ors [15,21].

Another interesting distinction of the case s = 0 is about (2.4). The reader will see
that for s > 0 we characterize the embedding in terms of a simple box (rectangular) test.
As it is well known from the works of Chang, Fefferman and Carleson [7, 8, 13, 32], such
characterization is not possible for the Poisson embedding of L2(T¢) if d > 2. We would
wish to attribute this phenomena to the fact that the Poisson kernel has a special shape. In
our language, this means that unlike (2.14) above, that holds for s # 0, the same type of
inequality for the Poisson kernel,

Ly 1(a vV B) < P(a, B).

is false, where P is a multi-parameter Poisson kernel, P(a, B) := Sup, ¢4 (q).ceq(8) P (2, 0)-

For s = 0, the space #s(D?) =: H?>(D?) is the Hardy space on the poly-disc. The
embedding 1d: H2(D?) — L2(D?, dv) can be still equivalently described as inequal-
ity (2.5), but cannot be described any longer as inequality (2.7). The reason is that the
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reproducing kernel K¢(z,¢) = (1 —z E )~1 does not satisfy anymore the property that its
real part is equivalent to its absolute value.

Still, we want to deduce the embedding theorem Id: H2(D¢) — L2(D%, dv) from
the dyadic statement of the type (2.3). Notice that the embedding of the Hardy space of
analytic functions in the poly-disc follows from the Poisson embedding. Also notice that
for dimension d = 1, these two embeddings are equivalent, in the sense that the classes
of embedding measures in the disc are the same.

This is absolutely not obvious for d > 1. So below we consider only the embedding
of L?(T%) by the means of the multi-Poisson kernel. We do not touch upon the question
of equivalence of this Poisson embedding of L2(T%) and the (Poisson) embedding of
H?(T?). The relation between the two embeddings (that of L2(T?) and that of H2(T%))
for d > 1 will be addressed in [25]. It is a really subtle question, that requires the extension
of [15]. To our utmost consternation, this question has not been addressed in the literature.

To this end, we stop to consider the adjoint operator to the embedding Id: H2(D¢) —
L2(D?, dv). Instead we consider this embedding directly, namely, if P¥ denotes the
Poisson extension in the k-th variable, we write down our embedding as the following
inequality:

(3.1) / [Pl...Pdf]2du§/ | f12dmg |
D4 Td

where T¢ is the torus and m 4 its Lebesgue measure. We emphasize again that this should
hold for any f € L*(T%,my). Let {g(@)},era be the Whitney decomposition of D4
generated by Cartesian products of the respective coordinate decompositions. By [8], we
know that the inequality (3.1) is equivalent to the Carleson—Chang condition:

(3.2) > v(g(a)) < Cmg() Vopen Q C TY.
a:q(a) NTent(Q)F#D

So we wish to deduce the implication (3.2) = (3.1) by using only the dyadic multi-tree
statement that we will formulate now.

Let f:T¢ — [0, 00) and let m4 be the Lebesgue measure on dT¢ := (3T)¢ given by
mg(w) = 27N4_ Now let Q be an arbitrary union of elementary cubes ’s of size 27V,
Call such sets dyadic open sets. For any o € T%, we denote by R, the dyadic d-subrec-
tangle of the unit cube that corresponds to «. Let v: T¢ — [0, o0) be such that

(3.3) > (ma(Ra))?v(@) < Cmg(Q) VY dyadic open @ C 9T .
a:RyCQ

We consider the inequality on the multi-tree 79 :

(3.4) / (" (fdma))* dv < C, / F2dmy .
T4 T4

Suppose we know that (3.3) = (3.4) (with different constants, but without dependence
on N). We want to use this implication as the only tool to prove implication (3.2) = (3.1).

This requires some work even for the case d = 1. Below is the way to do this reduction
for d = 1, 2. General d follows the same steps.
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For an interval I of R, Oy denotes a Carleson box, and 77 denotes its upper half.
Similarly, for arectangle R =1 x J in R2, we have Or:=0rxQjandTr:=T; xTj.
If I runs over a certain dyadic lattice of intervals, then the 77 tile the upper half-plane.
Similarly, if R runs over dyadic system of rectangles, the Tr tile (Ci. In the next two
subsections, /g always denotes [—1, 1], and we let Q¢ be always Q1 1].

3.1. The one dimensional case

Let Pf mean the Poisson extension of f. We first consider the 1D case. Let v be a
measure that lies in the upper half plane, and that satisfies the following box Carleson
condition:

(3.5 v(Qr) =G|, VI.

Let f be a nonnegative test function on the real line with support in [—1/2, 1/2], We want
to give a new proof of the Carleson embedding

(3.6) [PfPPdv < C, / f2dx,
Qo

where C, depends only on Cj.

As we have Harnack’s inequality for P f, we always may assume that v is a doubling
measure in the Poincaré metric of C ..

We wish to prove the implication (3.5) = (3.6) by allowing ourselves to use only the
implication (3.7) = (3.8), where given a dyadic lattice £, we have

3.7) v(Qr) < Cilll, YIeD,
3.8 2 w(T. C 2dx.
(38) S (T < /Rf x

JeD

Here are several notations: as always, for a given I, AI means the interval with the
same center, but with length A|I|. If I is an interval of a dyadic lattice D, then I/ is its
ancestor such that |7/ | = 2/|I|. We denote by ¢; = x; + iy; the center of T7, and by Py,
the Poisson kernel with pole at c;. As Py f is bounded by an absolute constant times
the convex combination of the averages (f ).« ;, Kk = 0,...,log(1/|7]), and the average
(f)1,, we can choose kj that gives the maximum to ( /)« ;, k = 0,...,log(1/|I]), and
then

Pf(CI) = PIf =< Al(f)zkI.] +A2<f)10'

Our goal is to give a new way to prove (3.6). Traditionally it is deduced from (3.5) by
a interpolation argument. We wish to deduce it using only the dyadic L? estimate. The
second term is trivial to estimate.

To estimate the first term, we will do the following. We consider the probabilistic space
of dyadic lattices built as follows. Divide R into equal intervals of size 27V, where N is
very large. We do it to have [—1/2, 1/2] tiled. Now we can toss the coin and choose
which pair is united to one dyadic interval of size 2~¥*1. These are the fathers. Toss the
coin again to choose who are grandfathers. Now for a given interval of size 27" we have
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already 4 different grandfathers, each with probability 1/4. We continue this tossing for
a total number of N + 4 tossings. For any interval of size 27" inside [—1/2, 1/2], the
most senior ancestor will contain Q¢ = [—1/2, 1/2] with probability 15/16. We call the
collection of such dyadic lattices €2 (it is a finite family of lattices). All dyadic lattices
in € have equal probability, and we just renormalize the probability to have P(2) = 1.

The thus obtained random dyadic lattices will be called D (w), their probability space
will be called (2, P). Now fix w € Q (meaning fix one of those lattices), and consider
some small / € D(w) of size 2~ . We consider ¢; and find k; as above. Consider 2% [ .
It may not be dyadic, but it has the same center x; as the dyadic I, so consider I*
and 71719 and check whether 7¥7 is inside 3 7%7+1°, Suppose it is. Then obviously, as
x7 € I¥1, we will have that

okip — [ki+10

It is very easy to see that
P{I*" isinside 3757 F10) > 1/2.

Thus
Pk c 1ki*10y > 172,

If the event 2K ] < %1110 happens, then we call 77 good, we color it red, and we color
T51+10 4150 red; but we take the measure v on 77, color it blue and move this blue mass to
Tyk;+10. No measure then is left in 77. All measure movements are “up”. It never happens
that the measure is moved into a square Q s, J € D(w), from outside of Q y. Therefore,
the new measure satisfies the same Carleson condition (3.5) for all boxes Q j, where J is
in this D(w).

Otherwise, we call 77 bad, and we color it white. We do nothing else.

Then we look at intervals of size 2~V +1 and repeat all that. We do this for every D ().
Obviously the same 77 can be good for some @ and bad for others. We established above
that the probability to be good is at least 1/2.

It may happen that a certain 7'y has blue mass (moved from below) and original mass.
If we need to move mass from 7; we color blue and move only original mass, the “new”
mass; the blue mass, which came from below, rests unmoved.

When we finish the procedure we have a new measure, and we color it all blue (many
parts of it are already colored blue), and we call it vy (w) (it is random, and it also depends
on f). But it is dyadic Carleson like (3.5) for all boxes Q7,1 € D(w).

After this procedure, it may very well happen that for a given D (w) and J € D(w),
Ty is colored white, but J is colored red and 7'y contains blue mass particles.

For every w we also have subdomains R (colored red) and W (colored white) of Q,
W = W(w) consisting of bad 77, I € D(w), and R = R(w), consisting of good Ty, €
D(w). Now

/R PIPdvS Y (Vo (Tyio0) + ()3 V]

1€D(w),TT good

= X (mwmn=c [ fax

JeD(w),J red
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This is because we always preserve the dyadic box Carleson (3.5) property for vy ()
in the corresponding O (w). On the other hand, let us denote by ¥ the union of all /’s in
all dyadic lattices D (w), ® € Q, such that 27V < |I| < 2*. Then

2 . 1 2
/Q /R I avar@ =5 [ prpas

because each Ty, for I € ¥, will be red at least half of the time (meaning that P{77 isred}
> 1/2).

3.2. The multi-dimensional case

Now the measure v is in Q7. We will consider for brevity only the case n = 2. The
measure v satisfies the Chang—Carleson condition. For any open set G C Qy, consider its
tent: T¢ = ({z,w) € C4+ : R(z,w) C G}, where

R(z,w) := [Nz — Iz, Nz + Jz] x [Rw — Jw, Rw + Jw].
The Chang—Carleson condition is
(3.9 v(Tg) < C1|G],

where |G| denotes the plane Lebesgue measure of G.

As we have Harnack’s inequality, we always may assume that v is a doubling measure
in the natural metric of C7.

This allows us to notice the following. Consider any system of dyadic rectangles.
Choose any finite family of dyadic rectangles R = I x J of this system, we call their
union O “a dyadic open set”. It has a dyadic tent Tg . Now, by definition, it is the union
of all T for all dyadic Q (of the same system) such that 0 C O.

The doubling property above (which we assume without loss of generality because
of Harnack’s principle) allows us to conclude that if v has property (3.9) it also has the
following dyadic Chang—Carleson property:

(3.10) w(T§) < ClO|.

Now let # = P! P2 be the bi-Poisson extension. Fix a test function f > 0 supported
in [-1/2, 1/2]?. Consider two dyadic lattices of one variable as before D(wy), D(wy),
and consider the system of dyadic rectangles R = I x J, I € D(wy), J € D(wy). Call
this system D (w), w := (wx,wy). Let cg = (¢, cy), where c; is the center of 77 and ¢
is the center of 7.

Let P,1 be the Poisson kernel with pole at ¢y, and let PJ2 be the Poisson kernel
with pole at c¢y. The bi-Poisson extension PI1 PJ2 is bounded by an absolute constant
times the convex combination of the averages (f ),k yxom y, K = 0,...,log(1/|I]), m =
0,...,log(1/]|J|), and the average ( ) g,. We can choose k;,m  that gives the maximum
t0 (f )k 1xom y- kK =0,...,log(1/]I]),m = 0,...,log(1/]J|), and then we have

Prlercr) =P Pif = Aok pxams y + A2(f) 0 -
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Again we can ensure that
(3.11) P{2ki ] c [*F10 omi ¢ gmitIo > /g

Then we just repeat the coloring scheme from subsection 3.1. This time we color the 4D
rectangles Tgr, R € D (w), white if Tg is bad, namely, if the event in (3.11) does not
happen, and we color it red and call it good if that event does happen. From red Tr
we scoop all the measure v, color its particles blue and move to Ty for the ancestor

Ri=TFH10 5 gmit106f R = [ x J.
Again we will have that the random blue measure v(w) satisfies (3.10) as the original
measure v does. Then we repeat the calculation of subsection 3.1. We should prove the

embedding
// [P1P2f]2dv§C// f2dm,.
QoxQo IoxIy

We just repeat the averaging over the probability calculation of subsection 3.1.

4. Surrogate maximum principle
From now on, our paper is devoted only to the multi-tree case (the dyadic n-rectangles
case). We will need to overcome a major difficulty: the potential theory on multi-trees

does not allow a maximum principle.
Let 1 be a positive function on an d-tree T¢. Its energy is defined as

&l = f w(I* )2,

We view the weight w: T¢ — [0, 00) as fixed, and keep it implicit in the notation. The
energy can be written in terms of the potential

VA = T(wI*p),

as €[u] = [ra V*dp. Consider the truncated potential and the partial energy:

Vi =IyucswI*pn) and &s[u] := /Td Vi du :/ w(I* )2,

{vi<é}
On a 1-tree, we have the maximum principle
4.1) Vi <.
It follows that, for any positive function p on 7', we have
@2 [ Vidp= [ wrturp < minGlol. €126 051"
T {vi<§)

< (8|pD* (&[] &p)) />
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Id :=/ p-
T

A similar estimate on 2-trees, with a specific «, was obtained in [4]. In this section, we
give a streamlined proof of such an estimate on 2-trees and extend it to 3-trees.

We do not know how to deal with d-trees with d > 4.

If T = Ty x --- x Ty is an d-tree, then we denote by I, . .., I, the Hardy operators
acting in the respective coordinates, so thatI = /; - - - [,,. We use a similar index convention
for the operators Ay, ..., A,.

for every « € (0, 1], where

4.1. 1-trees

Lemma 4.1. Let T be a tree, and let f,g: T — [0, 00) be any functions. Then

UNHUg) =I1Uf-g+ f-1g).
Proof. We have

If(@)Ig(a) < If(@)Ig(@) + I(fg)(@)
Yo f@)g@)+ > fle)g@)

o'>a, > a'>a

Yo f@hge@y+ Y fle)g@)

o'>a">a a'>a'>a

Yo If@)g@) + Y fe)g@)

=1Uf )+ I(f - Ig)(). u

Definition 4.2. Given a finite tree T, the set of children of a vertex B € T consists of the
maximal elements of T that are strictly smaller than j:

chB:=max{p e T:B < B}
A function g: T — R is called superadditive if for every B € T we have
g = Y g
B’ech(B)
The difference operator is defined by
AgB):=gB)— D gB).
B'€ch(B)

Lemma 4.3 (Partial summation). Let T be a finite tree. For any functions f,g: T — R,
we have

(4.3) o fl@gla) =Y Af@)Ig@).

aeT o’'eT
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Proof. By induction on the size of the tree, one can show

fla)y= Y Af).

o' <a

It follows that

Yo f@g = Y Af@)gl@) =) Af@@) ) gl@) =) Af@)Ig@).

a0 <a a0 <a a’eT

Lemma 4.4. Let T be a tree, and let f,g: T — R. Then

I*(fg) =1"(Af -Ig)— f(Ig —g).

Proof. For B € T, write | := {« € T | « < B}. This is again a sub-tree, on which we
can apply the partial summation identity (4.3). Hence,

1*(fg)(ﬂ)=fw fg=/w Af - I(glyp)

For each o € | B, we have

Iglp@= Y gn=Y gw)— Y gy)+gB)=1Ig(@)—Ig(B)+g(Pp).

ya<y<p yiesy y:B<y

Therefore,

I*(fo)(B) = L JAF U= T8 +5(P) = f¢ AT Tg= () ~5(6) L Ry
= I°(Af - 19)(B) — (Ig(B) — s (BN S (B). .

Corollary 4.5 (cf. Lemma 2.2 in [4]). Let T be a tree, and let f,g:T — [0,00) . Then

I*(fg) <I*(Af-Ig).

4.2. 2-trees

In this section we prove a version of (4.2) on 2-trees that refines Lemma 4.1 in [4]. Recall
that I = 11 1.

Lemma 4.6. Let T? be a bi-tree, and let f,g: T?> — [0, 00). Then
AfH)Ag) =Ilf-g+hLf -hg+Lf -Lig+ f-1g).

Proof. The linear operators /; and I, commute and I = I, /,. To each of I and I, we
can apply Lemma 4.1. Hence,

I /)1g) = (L f)U11xg) < (I f)(128) + (12 f)(I1128)).
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By Lemma 4.1, the sum in the bracket is

= (1211 f)(128) + (I f)(2118)
< L((LL)(g) + (I1 /)(128) + L((I2 f)(118) + (f)(I2118)).

Hence,

AN Ag) < Li(I((I211 f)(g) + (11 f)(128)) + I((I2 f)(11g) + (f)U2118)))
=Idf-g+nLf -hg+Lf -Lg+ f-1g). "

The following result will not be used in our current treatment of bi-trees. We include
it to illustrate the relation of Lemma 4.6 with the argument in [4].

Corollary 4.7 (cf. Theorem 3.1 in [4]). Let 0 < § < A/4. Let f:T?* — [0, 00) with
supp f C{l f < 8}. Then

A )l fsp <UL f - I ).

Proof. Substituting f = g, Lemma 4.6 implies that
(A <2l f-Iof + f-1f).

Using the support condition, this implies

AN ipzn SA7HAS pza AT2MS - o f +8) Misza
SRS L f) + 2807 D f I g

Since 26171 < 1/2, this implies

A ipzp <4 IS - L2 f) n
4.2.1. Energy bound.

Lemma4.8. Let T? be a2-tree, and let f:T? — [0,00) be a function that is superadditive
in each parameter separately. Let w: T? — [0, 00) be of tensor product form. Suppose that
supp /' S {I(wf) < 8}. Then
[ wf ) ) 1) <8 [
Proof. By the hypothesis, the left-hand side of the conclusion is
ah =of wronwi) bwan) =5 [ wf )b
=5 [l ff ) =8 [ wr o n),
By Corollary 4.5, we have
I7(f - L(wf) < I{ (A f - i (wf).
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Since {I[(wf) < &} is an up-set, Ay f is supported on this set. Since f is superadditive,
A1 f = 0. Hence,

4.5) IF(f - Lwf) < I (AL f - T(wf) S If (AL f - 8) = 8f.
Inserting (4.5) into (4.4), we obtain the claim. [

Lemma4.9. Let T? be a2-tree, and let f:T? — [0,00) be a function that is superadditive
in each parameter separately. Let w: T? — [0, 00) be of tensor product form. Suppose that
supp f S {l(wf) < 8}. Then

/ w(liws £)2 (Iaws f)? < 482 / w f2.
T2 T2

Proof. By Lemma 4.1 and the commutativity of operations in different coordinates,
/T whn V(b )P < 4 /T wh(wif Ty /) Fawa f - Ta(wa )
_ 4/T2 Ly f - Iiwf)) - Lws f - L(wf))
= 4/T2 Ly (wy f - Li(wf)) - If (wa f - I(wf))
- 4/T2 wIF(f - L)) - IF(f - L(wf)).

Using (4.5), we obtain the claim. [

The next results improve Lemma 4.1 in [4].

Lemma 4.10 (Small energy majorization on bi-tree). Let T? be a 2-tree, and let f:T? —
[0, 00) be a function that is superadditive in each parameter separately. Let w: T? —
[0, 00) be of tensor product form. Suppose that supp f C {I(wf) < 8}. Let A > 46. Then
there exists ¢: T? — [0, 00) such that

2
a) Twe > Twf, where Twf € [A,2A], b)/ w<p2§C5—/ wf?,
T2 A2 T2

where C is an absolute constant.
Proof. Since 264! < 1/2, we have
A ) fop <AL f - I f)
And thus
AN zrr<on 4ATTULf - L) st feon < AT - L2 f - 11p<2n)-

Put
=4V f - Iof 11f<0n)

Then ¢ does already satisfy condition a) of the statement of the lemma. Now apply
Lemma 4.9 to see that condition b) of the statement of the lemma is satisfied as well. m
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4.2.2. The lack of maximum principle and the capacity of bad sets. In [4] we proved
the analogous small energy majorization statement on the bi-tree 72 but with §/A in the
right-hand side of b).

Let us see why we care. Let & be a measure on 972 and let its potential V# < 1
on supp p. In the “usual” potential theory, the maximum principle would imply that the
potential V# < 1 everywhere (or at least that V# < C with absolute constant C, see [1]).

This is not true for potential theory on multi-trees. The reader can find the counter-
examples in [4].

The natural question arises: given A > 1, what is the size of the set {V# > A}? Let us
introduce the usual notion of capacity on T2. Given a set E, we consider all ¢ such that
I¢ > 1on E and

cap(E) := inf/ 9%,
T2
where the infimum is taken over such ¢. So one would like to estimate the capacity
cap({V# > A}) of the bad set in terms of A, if V# < 1 on supp u.
Theorem 4.11. Let us be on T?, and suppose V* < 1 on supp u. Then

Celu]

cap((V" > A = =3

for A > 1, where C is an absolute constant.

Proof. Consider f =1*u,§ = 1. If f(«) # 0, then there is § < « such that 8 € supp u.
But then, by assumption, I f(8) = II*u(B8) = V#(B) < 1. By the monotonicity of I, we
have that I f(«) < 1. Hence

supp f CH{lf <d =1},

and we are in the assumptions of the small energy majorization Lemma 4.10 on the bi-
tree. We apply it with data (f,6 = 1, A := 2™Q) to get functions ¢,,, m = 0, 1,..., such
that

Ig, >1f =VH*, where V¥ e [2m),2"H1}],

which means that
27" A g, > 1, where V# € 21,27 H1}],
On the other hand, putting ¢ := Y, 271 ¢, we get firstly
I > 1, where V¥ €A, 00),

and secondly,
- 21 1/2)2
[ =Gz ™)
( ZA 122m([ f)l/z <C'At f2.
T2

As [ =T, wehave [, f2 = [ I*ul*pn = [ IT*pdp = [, VA dp = E[u],
which proves the theorem. u
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Remark 4.12. We do not know how precise is the rate A~ in Theorem 4.11. We do not
even know whether the sharp rate should be polynomial or exponential. What we do know
(see [4]) is that for any large A there exists a measure p, such that V# < 1 on supp u but
such that, with an absolute positive constant ¢, the following holds:

(4.6) cap({V# > 1}) > ce™*,

4.2.3. Continuation of energy estimates.

Lemma 4.13. Let ju and p be positive measures on T?, and let § > 0. Let w: T? — [0, 00)
be of tensor product form. Then

(/de)4 <28 8% &[] lp] ol

Proof. Let f := 1lyu<gl*u. Then
1/2
[ vtao= [1arrap < 161>( [@arn?ep)

Lemgafl.() |p|1/2(2/]1(11(wf)-12(wf) + (wf)-]l(wf))dp)l/z

= 21/2)p|2( / Wl /) IoGwa )+ 1w )rp)

/
<2210 2 €l ([ wtiwnf) - atwas) + £ - Tf?)

and expanding the square and using Lemma 4.8 and Lemma 4.9,

1/4
< 21212 g o] V4 (75> / ws?)

= 2814 |p|V/2 g[p]/* §1/2 &5 ()4, =

4.3. 3-trees
Similarly to Lemma 4.6, we obtain the following result for 3-trees.

Lemma 4.14. Let T3 be a 3-tree, and let f, g: T> — [0, 00). Then

AN <1( Y IafLaeg),

AC{1,2,3}
where I4 = [[;jc4 1i-
Corollary 4.15. Let0 < § < A/4. Let f: T3 — [0, 00) with supp f € {If < §). Then

I <af<on < 41_11( Z Iif'f(i)f'llfsu),

i€{1,2,3}

where I;y = ]_[j# I;.
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Proof. Substituting f = g, Lemma 4.14 implies that
P =1(2 Y Lf-lof+2f-1f).
i€{1,2,3}
Using the support condition, this implies
AN azrf<on < A7 A Licrpan < A7 I<2 Yo LfIgnf+ 28f)
i€{1,2,3}
< A_II<2 S nf- I(i)f) +28270 S
i€{1,2,3}
Since 264! < 1/2, this implies
(If) Liciy<on < 227" 1(2 Y Lf- I(i)f) Li<if<2a
i€{1,2,3}

521_11(2 Z Iif'l(i)f'llf§2)L>~ "
ie{1,2,3}

4.3.1. Energy bound.

Lemma 4.16. Let f: T3 — [0, 00) be superadditive. Let w: T3 — [0, 00) be a tensor
product. Suppose that supp f C {I(wf) < §}. Then

/ Wy (w1 f) - I Is(waws ) Ligwyy<s < 264 / wf2.

Proof. By Lemma 4.1, we have

@n [ wn ) i )Y e
=2 [ whf -1 ) - (TaaGwaws ) b
=2 [ G f ) - (Uala(waws ) - (2 120) oy
s / w1 f - wf) - 17 (T Tswaws £)) - (I3 (w))) i py<2)-

By Corollary 4.5, we have
I¥((I2I3(waws f)) - (I 13(wf ) liws)<a)
< IT (A1(hwpy<a - 2 Iz(waws f)) - I (I I3 (wf)).

Since {I(wf) < A} is an up-set and f is superadditive in the first coordinate, we have
A1y ry<a - I213(waws f)) = 0, and 11 (I2/3wf) = Iwf < A on the support of the
former function. Hence,
I (I I3 (waws ) - (I I3(wf) Liwry<a) < 5 (A1 (i ry<a - L2 I3(waws f)) - A)
= A Liwsy<a - L2 l3(waws f).
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Using this bound, we obtain
@47 < 22 / w1 f - L) - LT3 (waws f) = 22 / £ Liwf)- LIws)
- / wf I3 (f - LIwf)).

Asin (4.5), we see that
IF(f - LIz(wf)) <6 .

This implies the conclusion of the lemma. ]
Compare the next result with Lemma 4.10.

Lemma 4.17 (Small energy majorization on the tri-tree). Let T3 be a 3-tree, and let
f:T3 — [0, 00) be a function that is superadditive in each parameter separately. Let
w: T3 — [0, 00) be of tensor product form. Suppose that supp f C {I(wf) < §}. Let
A > 44. Then there exists ¢: T3 > [0, 00) such that

1]
a) l(we) > I(wf), where I(wf) € [A,2A], b) / w(p2 < CX/ wfz,
T3 T3
where C is an absolute constant.

Proof. Since 26 17! < 1/2, we have

(Iwf) Licif<on <2271 1(2 > Lwif- I(i)w(i)f) Li<ir<2a

ie{1,2,3}
=272 Y hwif dewe /- lir=n).
ie{1,2,3}
Put
Q= 2/\_1(2 Y Lwif - Igwe f - llfszx)-
ie{1,2,3}
Then we have just seen that a) is satisfied. To prove b), just apply Lemma 4.16. ]

4.3.2. The lack of maximum principle and the capacity of bad sets. The reader can
compare this subsection with Subsection 4.2.2.

Let u be a measure on 973 and let its potential V# < 1 on supp . As we already men-
tioned, in the “usual” potential theory, the maximum principle would imply that potential
V# < 1 everywhere (or at least that V#* < C with absolute constant C, see [1]).

As we also already mentioned, see Subsection 4.2.2, this is not true for potential theory
on multi-trees.

A natural question arises: given A > 1, what is the size of the set {V¥* > A}? Let us
introduce the usual notion of capacity on T>. Given a set E, we consider all ¢ such that
I¢p > 1on E and

cap(E) := inf[ 02,
T3

where the infimum is taken over such ¢. So one would like to estimate the capacity of the
bad set cap({V# > A}) in terms of A, if V# < 1 on supp u.
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Theorem 4.18. Let us be on T3, and let V* < 1 on supp . Then

€]

cap(V" > 1)) = <o

for A > 1, where C is an absolute constant.

Proof. Consider f =T1*u, § = 1. If f(«) # 0, then there is 8 < « such that 8 € supp .
But then, by assumption,

If(B) =1"(B) = V*(B) = 1.

By the monotonicity of I, we have that I f(«) < 1. Hence

supp f CH{Lf <8 =1},

and we are in the assumptions of the small energy majorization Lemma 4.17 on the tri-
tree. We apply it with data (f,6 = 1, A := 2™1) to finish the proof in exactly the same
manner as this has been done in Theorem 4.11. ]

Remark 4.19. We do not know how precise is the rate A3 in Theorem 4.18. The lower
bound (4.6) still applies, since the Cartesian product of a 2-tree and a singleton is a 3-tree,
but there is a lot of room between the upper and the lower bound.

4.3.3. Continuation of energy estimates. The next result is a version of (4.2) for 3-trees.
The proof closely follows that of Lemma 4.1 in [4].

Lemma 4.20. Let ju and p be positive measures on T3, and let § > 0. Let w: T3 — [0, 00)
be of tensor product form. Then

(48) ([ vian) < sestaelpliol

Proof. Without loss of generality, &[] 7% 0 and p # 0. Let A > 0, to be chosen later.
Let f :=I* - 1yr<g(cr). This function is superadditive. Also, I(wf) = ng <VH <4

onsupp f,and Es[u] = [wf.
Form =0,1,...let

m = 4(2’")L)_1< > Liwif)- Iay(wey f) - 1I(wf)§2m+1l>'
i€{1,2,3}

Then, by Corollary 4.15 with w f in place of f, we have

Lwf) - Lompcpwry<omtin < Hwdm),

/w¢fn5%/wf2.

and, by Lemma 4.16, we have
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Hence,

o0
V”dp:/ Vidp + / V& dp
/ § {v§ <A} 8 ,;) {2m A<V <am+i)} 8
o0 o0
<Al + Y [ Mg do=2lpl+ > [wonl” ap
m=0 m=0

<aipl+ 3 ( [wei) 6162 < alol + 3 COo/@mAN sl )
m=0 m=0

< Alpl + C(S/1)2 &[] /* €[] /2.
Substituting A = (8 E5[1] €[p])/?|p|~2/3, we obtain (4.8). |

Corollary 4.21. Let i and p be positive measures on T3, and let § > 0. Then
[ Vidp < UG8 e e o] ol
Proof. By Lemma 4.20 and Theorem 4.23, we have

3
( / Vidp)" = Cun 8651 Elpl o] < Ciasy 8 (Cusy €M nl) > Elpllo]  m

4.4. d-trees

We say that a weight w satisfies the surrogate maximum principle if, for some « > 0,
C < 00, and every positive functions j, p: T¢ — [0, 00) and § > 0, we have

@9 /Vf; dp = € (81l)“ (Eslul €LD) ™.

When d € {1, 2, 3}, every weight w of tensor product form satisfies the surrogate
maximum principle with « = 1/d and C independent of w. For d = 1, this follows from
the maximum principle (4.1). For d = 2, this holds by Lemma 4.13, and for d = 3, by
Lemma 4.20. This leads us to the following conjecture.

Conjecture 4.22 (Surrogate maximum principle). Let w: T¢ — [0, 00) be of tensor pro-
duct form. Then w satisfies the surrogate maximum principle withk = 1/n and C = C(n)
independent of w.

In what follows, we will work conditionally on the surrogate maximum principle. All
implicit constants are allowed to depend on «, C in (4.9), but not otherwise on w. In
particular, our results hold unconditionally for w of tensor product form if n € {1, 2, 3}.

Taking p = p in (4.9), we obtain Lemma 4.23 below.

Lemma 4.23. Let w: T¢ — [0, 00) be such that the surrogate maximum principle (4.9)
holds. Let  be a positive measure on T¢, and let § > 0. Then

(4.10) [ Vi = G (8l 100 g4,
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When using Lemma 4.23, we can also denote 2« /(1 + «) by the letter « again, which
proves (4.9) ford = 1,2, 3.

Conjecture 4.24. For all positive integers d,
/Vf; dp < Cg (§|pu)?/@+D glu)@—D/E+D,

Notice that for d = 1 we have the best possible estimate, it is linear in §. For d = 2,
we proved above the estimate with §2/3. To our big surprise, we managed to improve this
result: in [24] we have proved the estimate < C;(§|w|)'"*&[u]* for any 7 > 0. And we
can prove that the estimate with T = 0 is false for d = 2, see [26].

5. Carleson condition implies hereditary Carleson condition

For an arbitrary set £ C Td, let
A /E w(I*p)?.

Lemma 5.1. Let w: T¢ — [0, 00) be such that the surrogate maximum principle (4.9)
holds. Let v: T? — [0, 00) and define

&
E = (v > C Sy e e,
]

Then

Eelv] =) w@)*v(@)? = %8[1)].

acE
Proof. Put§ := (2C.10)) "/ &[v]/|v|. By Lemma 4.23, we have
€p[v] = E[v] - &[v] = €[] — Curo) BV €' = €[v]/2,
and the claim follows. ]

Theorem 5.2. Let w: T — [0, 00) be such that the surrogate maximum principle (4.9)
holds. Then, for every u: T4 — [0, 00), we have

[w’ /“L]HC 5 [wv /L]Car-

Proof. Without loss of generality, [w, t]ca = 1. Let

Elul
5.1) A=[w.puluc=  sup 1E]
EcTd w(Eyz0 H(E)

Since T¢ is finite, the constant A is finite, and there exists a maximizer E for (5.1). Let
v := pulg and set

D :={V' > cA}
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with a small constant c. Then, by Lemma 5.1, we have
1
Enlv] = 5 EDv].

Hence, 0 < &[v] < 28p[v] <289p[u] < 2u(D). In particular, u(D) # 0.
By definition, we have V¥ > ¢ A on D, and therefore

CAu(D) < /@ V¥ dp < E]V2 E[uln]2 < u(D)2(Ap(D) V2.

It follows that A < 1. [

6. Hereditary Carleson condition implies Carleson embedding

Theorem 6.1. Ler w: T? — [0, 00) be such that the surrogate maximum principle (4.9)
holds. Let pu and p be positive measures on T with

(6.1) [w, uluc =1 and  [w, pluc < 1.

Then, for some k' > 0, we have
/ Vitdp 5 [uf'27 |l VR
Remark 6.2. This improves upon the estimate
[ v ap < €0l < 2 12

that is immediate by Cauchy—Schwarz and the Carleson condition.

Proof. Let § > 0, to be chosen later. By (4.9) and (6.1), we obtain
/Vg‘ dp < 8¢ |72 p|(1H0/2,

Consider the down-set E := {V* > §}  T?. By the Cauchy—Schwarz inequality and
the Carleson condition, we have

[ vy ap= [ wrurp < €cii' 2 eslel < u(e) € 1a)"
Note that
Su(E) < / Vi du < €[u]" 2 8 [ul 5] < €[ W(E)
E

by definition (1.10) of the hereditary Carleson constant. Hence,

p(E)Y? < 571e[u]' 2,
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and it follows that
[ o= viy dp <5 e 2

Hence,
/Vu dp < C8 || 1=972 |p| A+ 4 g1 | p1/2 |12,
Optimizing in §, we obtain

1/2+k

/V“dp < i ol B .

Exactly as in Theorem 6.3 of [4], we can now prove the following result.

Theorem 6.3. Ler w: T? — [0, 00) be such that the surrogate maximum principle (4.9)
holds. Then, for every u: T¢ — [0, 00), we have

[w, u]lce S [w, uluc.

Alternatively, we can argue as follows. Let u, /i be measures on 7% with [w, t]uc < 1
and [w, fti]luc < 1. By Theorem 6.1 and the definition of the hereditary Carleson con-
stant (1.10), the positive bilinear map

62) i) > [ w @i
is bounded on L?'(u) x L?"'(ji) and on L?>'(u) x L?'(ft), where 1/p = 1/2 — «’.

By restricted type interpolation, it follows that the map (6.2) is also bounded on L%(p) x
L?(j1). Theorem 6.3 arises in the case i = i, ¥ = .

7. Box condition implies hereditary Carleson condition

7.1. Main estimate

Define
(7.1) p@) =Y w@Tv(Q),
Q:w<Q<P
VEod@) = > (I*u)(P).

P>w:Vp(w)>¢'

Lemma 7.1. Letn > 2 and ju: T? — [0, 00). Let w: T¢ — [0, 00) be such that the sur-
rogate maximum principle (4.9) holds. Assume that &[] < || and that

(7.2) V*# >1/3 on supp u.

Then, if €' is small enough, we have

/Vﬁ,gmd dp 2 |l
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Proof of Lemma 7.1. 1t suffices to show that, for some ¢" and ¢,,_1, we have
plw € TdV’;,,good(a)) > ep-1) = |1l/2.
Let ¢ > 0, to be chosen later, and define
/K 1/k

1
e1i=¢, ¢&:=¢g8"", e3:=¢e8",...

By Lemma 4.23, we have

[ Ve an s s iur s <o [an

for some k > 0. By Chebyshov’s inequality, it follows that

(13) VE (@) < (5/£)/10
for a proportion > (1 — C&*) of w’s. So we only consider @’s for which (7.3) holds for
all j =1,...,n — 1. Similarly, we may restrict to those w’s for which V#(w) < 1.

Let

g i=¢c-g1gy_1.
For a fixed w, let
(7.4) U:={0>w|Vo(w) > ¢}
and
Wi={0=w|VXQ) =g} 1=j=n-1
For p € Td, write

tp={eeT’lax>p}

For p € 1w, let
lp={eeT!o<ax<p)

If U € W,_1, then this means that there exists p ¢ W,_; with 1 p € U. Hence,

Vi sooa@) 2 Y wi(p') = VH(p) = en-a.
pr'etp
Assume now that U € W, . In this case, we will cover T \ ‘W, by boundedly many

sets of the form | g with ¢ € Pw \ U. This will lead to a contradiction with (7.2), since,
by (7.3) and (7.4), the integral of

fi=wl*u
is small on ‘W; and on each such set | g.
For a set of coordinates J C {I,...,n} and a point p € T¢, let

typi={qeT?|q;=pjforjel, q=pjforjdlJ}
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Given J C {1,...,n} with J # @ and p € T¢, we define a set Q;(p) C T? as
follows. If | J| = 1, then @ (p) consists of the (unique) maximal element of 1 ; p \ U, if
the latter set is nonempty, and is empty otherwise. If |J | > 2, then @ y (p) is a maximal set
of maximal elements of 1 ; p \ ‘W,_|7|+1 such that the sets 1 ;¢ \ 'W,_| 7|42 are pairwise
disjoint for ¢ € @y (p).

Then, recursively, let Rg(p) := {p},

Ry(p):=Uycy Up/eczj(p) Ry (p),

where the first union runs over all subsets of J with cardinality |J'| = |J| — 1.
We claim that, for every p € Tw and every J C {1,...,n} with J # @, we have

(7.5) U 12210\ Warisiaa,
DP'ERy(P)

where we set ‘W, := U to simplify notation. We prove (7.5) by induction on |J|. For
|J| = 1, the claim (7.5) obviously holds. Let now J with |J| > 2 be given, and suppose
that (7.5) is known for all proper subsets of J. Let

D= |J o 2:=10\Wasps1-
P'ER (D)

By the inductive hypothesis,

(7.6) D21, '\ Waris142
forevery p’ € Qs(p) and every J' < J. Suppose that
(1.7) D 2P

Choose a maximal g € £ \ D. Since D is a down-set, g is also a maximal element of &.
We claim that

(7.8) Pra Nt )\ Wajgj42 =9 forall p’ € @Q;(p).

Indeed, suppose for a contradiction that there exists ¢’ € (1 ;9 N 17 p") \ Wn—|7|+2, and
let ¢’ be minimal with this property. Since W,_|s|+2 is an up-set, ¢ is also a minimal
element of 1 ;¢ N 1, p’. Since g, p’ € 1 p, ¢’ is in fact the coordinate-wise maximum
of ¢, p’. Since g and p’ are distinct maximal elements of &, in fact ¢’ coincides with p’
in at least one coordinate, so ¢’ € 1 5, p’ for some J' < J. Now, (7.6) implies that ¢’ € D,
and, since D is a down-set and ¢’ > ¢, also ¢ € D, a contradiction.

Therefore, (7.8) holds. But this contradicts the maximality of @ ;(p). So the assump-
tion (7.7) is false, and we obtain (7.5).

Let p > w. For 2 < |J| < n, we have

12 Vi@ = Vi) = Y f F= Y @) -1(f 1y, ) @)

qe@; (p) ! 11\ Wn-is142 7@, (p)
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and, by definition of ¢ € W,,_| 7|41 and by (7.3), this is
> Y Enisier — Enms142/6)V2/10) 2 1Q (P)len—1s141-
q€@;(p)

It follows that
€1 Ep—1 |R{1,...,n}(w)| < L

Hence, by (7.5),
Vi -Vio=[ ys ¥ [ 1= ¥ Vi

T\ Wi P'ER,...ny (@) vp P'ER(,.. (@)

=€ |Ru.m@)] 5 —— ==

Therefore, by (7.3),
1/3 < VA (w) = (V¥ (w) — VE¥(w)) + VE(w) < Ce + 1/10.

This inequality is false if ¢ is sufficiently small, contradicting the assumption U € W,,_;.
(]

7.2. Box condition implies hereditary Carleson condition
We refer to Lemma 3.1 in [2] or Lemma 7.1 in [4] for the following lemma.

Lemma 7.2 (Balancing lemma). Let v: T — [0, c0) with
&v] = [V” dv > Av|.

Then there exists a down-set E C T? such that for the measure v = v1 5 we have

A - 1
V”>§ on E and 8[17]258[1)].

The next result contains the last missing inequality in Theorem 1.4.

Theorem 7.3. Let n > 2. Let w: T? — [0, 00) be such that the surrogate maximum prin-
ciple (4.9) holds. Then, for every v: T4 — [0, 00), we have

[w, v]uc < [w, V]Box.

Proof. By scaling, we may assume [w, v]gox = 1 without loss of generality. Let A :=
[w, v]uc. Let E C T? be a subset such that u = v1g # 0 and &[] = A|u| (such a subset
exists because we assume that 7% is finite). By Lemma 7.2, there exists a further subset
E C T? such that ji := plj satisfies

\Z > on E

W

and ft # 0. Thus, replacing u by fi, we may assume V# > A /3 on supp u.
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By Lemma 7.1 applied with p/ A in place of u, for sufficiently small €, 6 > 0, we have

/VfA,gmd du > 208[u].

We claim that, with these values of € and 6, we have

0
(79 EM=r—p ) w@@u@).
a:0eAT* (o) <8y 1]

Indeed, suppose that « is such that
OeAT (@) > Elu) = Y p(@) Vi), Vi) = Y w@T*w(@).
w<a B:w<B<a
where the latter definition is from (7.1). Then we have

Y k@ =T Y u) =@ - Y Vi)

w<a:Vh (w)<eA w<a:Vh(w)>eA o=
> (1-0)I" ().
It follows that

Y wEeITp@)? = Y w@ @) . K@)

a:0eAT* u()>8q 1] o w=<a:Vh(w)<ed

Y)Y w@ru@

a>w:Vh(w)<eA

2 el

1
= m ;M(a)) (VM - good SA)(CU) - 1=

This implies the claim (7.9).

By Lemma 4.23 again, and since V# > A /4 on supp p, we also have
(7.10) Eeraln] < (A |ul“ E[ul' ™ < (N Ell.
Taking ¢’ sufficiently small and combining (7.10) with (7.9), we obtain

Elul S Y w@@*pu(@)®. R:={eeT?|0eAl*u(a) < E4[u]. V¥ (@) = ¢'A}.
aER

For each ¢ € R, we have
0e AT (o) < E4[p] < Ea[v] < [w. v]px I'v(a) = "o (a),
where 0 := vlp,and F :={f € T4 | do € R, > B}. It follows that
(7.11) A%&[u] < &lo).
On the other hand, using the definition of A, the fact that V¥ > A on supp o, and the
Cauchy—Schwarz inequality, we obtain

(7.12) €lo] < Alo| < /V“ do < &[u]"/? €[0]"/2.

From (7.12), we obtain &[o] < &[u], and inserting this into (7.11) gives A < 1. |



Carleson embedding on the tri-tree and on the tri-disc 2109

8. What we cannot prove

The main problem with pushing the results to d-trees, d > 4, lies with Lemma 4.10 and
Lemma 4.17. Let us start with majorization on a simple dyadic tree. All trees below are
big but finite. Let f and g be two non-negative functions on a simple dyadic tree 7. As
always, I f(v) means summing f(u) “up” from v to root o.

Here is the analog of Lemma 4.10 and Lemma 4.17. The big difference of the lemma
below is that it involves two functions: f and g. This is not the case for Lemma 4.10 and
Lemma 4.17, that involve one function.

Lemma 8.1. Let supp [ C {Ig < 6}. Let g be a superadditive function. There exists
¢: T — R such that

(8.1) a) lo(w) > If(w), VYwedT:Ig(w) € [A,24],
(8.2) b) /wzscﬁffz-

T AlJr
Proof. Put

o=A""Uf g 1gcan.

and see [4]. [

Now let us see what happens on the bi-tree 72. As before, I f(v) means summing f (1)
“up” over all ancestors of v from v to root 0. Notice that now a vertex may have two
parents.

Conjecture 8.2. Let supp f C {Ig < 8}. Let g be a function superadditive in its both
variables separately. There exists ¢: T?> — R such that

2) Ip() > [f(©). Yo €dT?Ig) e 124 b) /Tz ¢ < C(%) L

for some positive T.

By analogy with the previous section, one may think that given £, g on T2 such that
supp f C {Ig < &}
and having g (super)additive on T2, one constructs ¢ as in Lemma 8.1 by the formula
9p=A""1f g lig<ar.

However, this is false.
What is true is the following: let supp f C {Ig < §} and let A > 104 and

o =A""If Lg+hLg Lf+g-Lf).
Then

(8.3) I(lgg<zr-@) =1 f, where Ig € [1,24].
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So a) from the previous lemma can be generalized to the bi-tree with the following
formula for ¢:

(8.4) o=A""I1f hg+hg Lf+g 1f) lig<n.

The main difficulty in generalizing Lemma 8.1 to bi-trees is that we cannot prove b)
of this lemma for the case of the bi-tree. This is because we have not a good estimate of
J72(Lf)?g? via [, f? for g that is separately superadditive in both variables.

Notice that this hurdle is removed if /' = g because then

) 1
Il ) =17 f1f) < T I =1
and we have another ¢ for majorization: ¢ := cA~1 (21, f - I f), where ¢ = 10/9. In
fact, from (8.3) it now follows that

H(I]If§2)1 -Q) > ]If, where I[f S [A,ZA] .

The analog of inequality b) of Lemma 8.1 = (8.2) on the bi-tree now follows from
Lemma 4.9.

For the tri-tree we do not have the analog of Lemma 8.1 with two functions f, g, as
we do not have it even on the bi-tree.

But similarly to (8.4), we can put

8.5) ¢ =2""(If Toag+ Lof -Tiag + Is f -Tiag
+hgf losf + g -Tisf + I3g-Tiaf +glLf).

Again this function @ satisfies

(8.6) I(11<25 - @) > 1f, where Ig € [A,24],

which is the analog of a) of Lemma 8.1 (and the analog of (8.3)). However, we cannot
prove the analog of b) of Lemma 8.1 for this function.

The main difficulty in generalizing Lemma 8.1 to tri-trees is that we cannot prove b)
of this lemma on tri-tree. This misfortune happens by the same reason it happens on the
bi-tree: we have not a good estimate of [,.5(If)?g? via [; f2 for g that is separately
superadditive in both variables.

Notice that this hurdle is removed if f = g because then

)
107 g1f) =107 f1f) < S 1f = 1,

and in place of ¢ from (8.5), we have another ¢ for majorization:
G:=cA'QLf Toaf + 2L f -Lisf + 213 f -T1ia f).
where ¢ = 10/9. In fact, from (8.6) it now follows that
I(lyr<2s-¢) = 1f, where If €[A,2A].

The analog of inequality b) of Lemma 8.1 = (8.2) on the tri-tree now follows from
Lemma 4.16.
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8.1. What goes wrong on 4-tree

The reader has the right to ask: you do not know how to estimate [,,(I f)?g? via [, f2,
or [73(I1f)?*g? via [, f?2, but you know how to remove this hurdle in the case f = g?
Perhaps one could also remove this hurdle for f = g on the d-tree, d > 4.

Unfortunately, we can see now that the trick does not work for d > 4. Let us notice
that by the analogy with (8.4), (8.5), we can construct ¢ for the 4-tree:

=21 f lazag + I f -Tizag + Isf -Tioag + Lo f -T123g + 118 - Laza f
+ g -liaaf +13g-Tioaf +14g -Tio3 f +112g - Iaaf + Ia3g - 114 f
+laag -Linf +inf I3ag + 1o f - Tiag + L3a f - L12g + g1 f).

Here I means summation in all four variables, the Hardy operator on T#. Let us consider
what happens for the case g = f. We again can absorb the last term g1 f = f1f < §f
into the left-hand side because supp f C {If < §}.

But to prove the analog of b) of Lemma 8.1, we would need to know how to estimate,

e.g.,
/(lef-ﬂuf)sz/ .
T4 T4

We do not know how to achieve such an estimate.
To feel this difficulty better, let us prove Lemma 8.1, where the main point is the
following “weighted” estimate:

(8.7) supp f C{lg <4} = / (If)*g? < C8||Ig||oo/ f?  for superadditive g .
T T

8.1.1. The proof of Lemma 8.1 and the explanation where the proof breaks down on
the bi-tree. We just repeat the proof from [4], but we emphasize why the proof does not
work for very similar estimate of sz (I £)?g2. We are in the assumptions of Lemma 8.1.
That is, we are given two functions f, g on the tree 7', and

1) supp f C {Ig <48}, 2) g is asuperadditive function.

We need to see why the key estimate (8.7) works on 7" and will not work on 72 if one
replaces I by I and T by T2 everywhere.
We start with a lemma that holds regardless of operators and measures.

Lemma 8.3. Let K be an integral operator with a positive kernel and let f and g be
positive functions. Then

[krre < (s k&) [ £

supp &

Proof. Without loss of generality, f is positive. By duality, we have

f (Kf)g = / FKAKS - g) < 1 f 12 |K*(KS - 9)]la.
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We call the operator and its kernel by the same letter K. By the hypothesis,
Kh() = [ Ko ho).
with a positive kernel K. Hence
IK*(Kf -9 = [ KK -0 K*(Kf -9)
= [ K@ EH00) KO3 (KA dl. )
< [ SEFW? + KF DD ) EEDKE (e ')

: / K (Kf)*- ) K*(g) + / K*(9) K*(Kf)? - )

/ (KK*g)-(Kf)-g < sup KK*g) / (Kf) g

supp g
Substituting the second displayed estimate into the first we obtain
[krie <171 sw kK76)( [ (&2 g
supp g

The conclusion follows. [

In the preceding lemma, the operator K could have been either / on T or I on T?;
this did not matter. But in the next lemma, it matters whether we are on T or T2.

Lemma 8.4. Let T be a finite tree, and let g, h: T — [0, 00). Assume that g is superad-
ditive and A = || I h| poo(supp g)- Then for every B € T, we have

I(gh)(B) = Y gl@)h(@) < Ag(B).
a<p

Proof. Without loss of generality, we may consider the case when f is the unique maximal
element of 7 and T = supp g. We induct on the depth of the tree. Let T be given and
suppose that the claim is known for all its branches. Then by the inductive hypothesis and
the superadditivity of g, we have

o g@h@) =gBhB)+ Y. > g@hi)

a<p B’ech(B) a<p’
<gBhB)+ > gB)sup > h(@)
B'ech(B) *=P g <a'<p’

<gBhB)+ Y, gB)sup Y h()
B’ech(B) <P y<o'<p

< g(B)h(B) + g(B)sup Y h(@)=gB)sup Y h@). =

a<p a<a’'<p as<p a<a'<f
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Remark 8.5. It seems that this claim fails to be true on 7'2. At least, the reasoning fails.
In Conjecture 8.2 we had to assume that g is superadditive in its both variables separately.
This assumption is indispensable for us, because in our applications of such a lemma
on T2, the function g on T2 always comes from some function (measure) f additive
on T3 in each of its three variables. The function g is always defined by a simple rule g =
I f -11r<;,i =1 or 2 or 3. But such a function g is automatically separately superadditive
in each of its two variables.

But if g is separately superadditive in its both variables, then the key estimate in the
above lemma does not work. In fact, instead of having Zﬂ,ech(ﬂ) g(B) < g(B), we will
have to write

> 8B =2(p).
B’ech(B)

This seemingly innocuous change leads to accumulation of constants in the above proof.
The above proof breaks down if it cannot keep constant 1 at every stage of the induction.

Now we present the proof of Lemma 8.1 by means of Lemma 8.3 and Lemma 8.4. Let
@ =217 f - g-114<4;. Let @ be such that /g(w) > A. Then f(w) = 0and f(y) =0
for all ancestors of w up to the first y” such that /g(y’) < §. Hence, on such w,

A
DA g gz =) 1) g =1f(@)(A—8) =1/ ().
yzw y>w

We checked (8.1) of Lemma 8.1.
To check (8.2), we first apply Lemma 8.3 with

K:=1o0l,-s,

which a composition of multiplication operator and /. Then

4 4 .
/ ¢* = 2 (If)2(811g54/1)2 = 2 sup KK (g211g54/1)/ 2.
T T T

supp g

To understand supy,,, , KK* (g%17¢<42), we use Lemma 8.4. By this lemma, for any
node «,

K*(g%11g<an)(@) < I*(8%1152an) (@) < 41g(a).
Now we are left to estimate Kg = I(174<5g). But just by the definition of /, we have
(8.8) I(1g<58) < 6.
So

sup KK*(g%115<42) < 461,
supp g

168
2 _ 100 2
/T<p§k/f.

and we get
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Remark 8.6. We already observed one obstacle to prove Conjecture 8.2. We did this in
Remark 8.5. Now let us observe, that even if we could manage to overcome this first
difficulty, we still have another very serious one: the analog of inequality (8.8) is blatantly
false on T'2. The following inequality is generically false on the bi-tree:

I(1g<s8) < 6.

Remark 8.7. Unfortunately, Conjecture 8.2 on T? turned out to be false. The counter-
example is built in [26].
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