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The large sieve with prime moduli

Henryk Iwaniec

Abstract. The large sieve type estimates of true order of magnitude for character
sums to prime moduli are established. The main result holds for coefficients sup-
ported on numbers which have no small prime divisors.

Dedicated to Professor Antonio Cordoba Barba, with admiration and friendship.

1. Introduction

The classical large sieve deals with general exponential sums

F(a) = Zane(an), e(x) = e2mix,

at real points & (mod 1) in various sets which are well-spaced, but not necessarily regularly
spaced. In 1966, H. Davenport and H. Halberstam proved that if ||, — o5 > &, with
0 <6 < 1forr # s, then

Z‘ Z cz,,e(ozrn)‘2 LB THN) Z lan)?
r ns<N n<N

for any complex numbers a,,, where the implied constant is absolute. This covers the case
of all the rational points « = a/q with 1 < g < Q, a (mod q), (a,q) = 1, giving

(1) DD ane(%)‘z < (Q*+N) Y lanl
g<Qa (mod q) n<N n<N

Expanding the primitive Dirichlet characters y (mod ¢) into the additive charac-
ters e(an/q) by means of Gauss sums, one derives from (1.1) the following inequality
(see [2]):

(1.2) 4 Z‘ 3 a,,x(n))2<<(Q2+N) > aal

q<0 (ﬂ(CI) x (mod g) M<ns<M+N M<ns<M+N

Here and thereafter, the Y_* denotes restricted summation over primitive characters.
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The large sieve inequality (1.2) is powerful enough to produce results of the Riemann
hypothesis quality. Actually, LSI is robust not only due to arbitrary coefficients a, but
also that it holds true for character sums over short segments. A great panorama and nice
refined large sieve inequalities were presented at the Harish—-Chandra Research Institute
in February 2005 by Olivier Ramaré [3]. Dieter Wolke (1969-1971) established a few
significant large sieve type estimates with fractions a/¢g of prime denominators. His best
results in [4] and [5] show the following.

Theorem 1 (D. Wolke). For any complex numbers a,, 1 <n < N, with N < Q?*(log )78,
we have

(13) > Y [T <1Q0g(1°Qg/lj‘%_Q) S Janl?,

g<@Q a (mod g) nsN n<N
g prime

Our goal is to remove the factor log log Q in (1.3) subject to some usable restrictions
for the coefficients a,. We do not know if the bound (1.3) holds true without the factor
loglog Q for general coefficients. Throughout we assume

(1.4) L=1logQ, N<Q>L® and D=0Q/VN.

Theorem 2. For any complex numbers a,, 1 <n < N, we have

19 X T ¥ al@)f « G5 T lar

q<Q a (mod q) n<N ns<N
g prime (n,P)=1 (n,P)=1

where P is any positive integer and

6 § = 5/2 _ 4y
(1.6) (loglog 0)°2 [ (1 p)

p|P
p<D

The implied constant in (1.5) is absolute.

Note that one needs a few small prime divisors of P to kill the factor (loglog 0)%/2
in (1.6). For example, if P = P(z) is the product of all primes p <z and N < Q%272
with z = exp(loglog Q)>, then (1.5) holds with § = 1.

Remarks. Some sequences a, are naturally supported on numbers free of prime divisors
in a set & of positive density k. For example, the numbers of type n = u? + v? with
(u,v) = 1 have no prime divisors p = 3 (mod 4), so k = 1/2. Letting P be the product

of pe P, p <z, weget
1
1_[ (1 — —) = (logz)™*,
p|P P

which kills (loglog 0)%/2 in (1.6) if z = exp(log log Q)°/%. Therefore (1.5) holds for
N < Q22_2 with § = 1, and the restriction (n, P) = 1 for these numbers a;, is redundant.
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Note that for every complex numbers a, we have the formula
> ane ( )\ @+ 0NN Y lanl,
a (mod g) n<N n<N

which yields more precise estimates than (1.3) and (1.5)if N < Q.
In our applications (a work in progress), the coefficients a, satisfy

1
(1.7) an<<[1°gp, ifpln, 1<n<N.
Hence q .
ogz
Yoo lalP <) = ( ) Yo-< :
! ol 2 log N = n log N
(n,P(z))#1 (n,P(p))=1
We do not need (1.7), but only the following weaker condition:
logz
1.8 2<A—=
(1.8) Y lanl e N’
n<N
(n,P(2))#1

where A is a positive constant. Now applying (1.5) twice with P = 1 and P = P(z), we
derive the following.

Theorem 3. Let N < Q%272 with z = exp(loglog Q)°. Suppose (1.8) holds with some
A > 0. Then

19X X [l (5 a0,

q<Q a (mod g) n<N
g prime

where £(Q) = (loglog Q)%/log Q and the implied constant is absolute.

Remarks. A typical sequence, but not the only one, which satisfies (1.8) consists of the
coefficients of a mollified L-function. For example, one can apply Theorem 3 to show that
the mollified Dirichlet L-functions

£(s.1) = Lis. 0 Y pm)(1-

m<M

logm ) x(m)
logM/ mS

with M = Q'/8 and Res = 1/2, satisfy

DY |x(sx)|6<<"Q

g<@Q x (mod q)
g prime

where the implied constant is absolute.

In our applications, we can reduce the coefficient a, by the slowly vanishing crop
factor 1 —logn/log N for 1 <n < N = Q2. We take advantage of this factor to replace
log D by log Q. Precisely, we deduce from Theorem 2 the following.
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Theorem 4. Let a, be complex numbers for 1 <n < N = Q2 which satisfy (1.8) with
z = exp(loglog Q)3. Then

10 5 3 [T (- ) < g Xl 44@).

g<Q a (mod q) n<N n<N
g prime

a3 Y [ Y aw(i- k’g") ()‘ < —(Z|an|2+As(Q))

g<Q x (mod g) n<N
g prime

where £(Q) = (loglog 0)3/log O and the implied constant is absolute.

Proof. The contribution of terms a, (1 —logn/log N) in (1.10) with M <n < N, M =
0?z72and N = Q2 is bounded by

( 11c§)gg;) Z' al’

ns<N

onusing (1.1). For 1 < n < M, we write

N N du
log — = —_—
n n U

so the corresponding part of (1.10) is estimated as follows:

wen 2 XY 1Y ()5

n<min(u,M)
< og ([ (r0g )Y
1
X/N(log_)”zzz S ()l
1 n<min(u,M) 4 u
el " (e X L (St + a50)

- = (Z|an|2 +4£(0))

on using (1.9) for sums of length min(u, M). Adding the above estimates, we get (1.10).
Then (1.11) follows from (1.10) by means of Gauss sums. [ ]

Remarks. For technical simplifications, we replace the range of moduli 1 < ¢ < Q in
every statement above by the dyadic segment Q < g < 2Q. It is clear that the results so
modified are sufficient for deriving the primary ones.
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2. First estimation of S(Q, N) and of S°(Q, N)

For the proof of Theorem | and Theorem 2, we need to estimate
an
@.1) se.M=3 3 (Zan ‘ .
q a(modg) n

Here and thereafter, ¢ runs over primes in the segment Q < g < 2Q, a, are complex
numbers supported onn < N, (n, P) = 1, with

Q<N<Q’L8 L=1logQ.
Recall that D = Q/+/N,so L* < D < /O. By the duality principle it suffices to estimate
S*(Q.N) = Zf(n)\z 3 @ a)e( ol
q a (mod q)

for any complex numbers A(q, a) with ¢ prime, Q < ¢ < 2Q and a (mod g¢), (a,q) = 1.
Here f(x) is the majorizing function given by (A.3). Squaring out, we write

s*O.N=Y 37 Y 37 igaia. al)Zf(n)e((——a—l)n)

q a (mod g) 91 a; (mod q;1) 91

<X X ol YT X sme((S-o)n):

q a (mod q) q1 aj (mod q1) »

where (see (A.2) and (A.3))

Zf(n)e(om) = 6N max(1 — 2||«||N, 0).

Hence

2.2) S*Q.N)<6NY. 3 Mg )P v(g.a),

4 a (mod q)

where v(q, @) is the number of fractions a; /¢, (mod 1) such that

2:3) HZ, g H 2N

To estimate v(q, a), we approximate a/q by a fraction b/c with 1 < ¢ < C, (b,c) = 1,
such that

b
= —-+4+6(mod1) with|f] < —
¢

Q|9

where C is at our disposal, C < Q. Then (2.3) becomes

2.4) [2-2+6] <
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Take h = bqy — cay (mod cqy), |h| < cq1/2 so (2.4) becomes
(2.5) — 40

Notethat 0 = £/cq, with1 < [£| <q/C,({,c)=1.Ifh=0,theng; |c,c | gy and g1 =
¢ < C < Q, contradiction. If (h, ¢) # 1, then (h, ¢) = g1 < ¢, contradiction. Therefore
we have

(2.6) (h,c)y=1, 1<|h|<H=(1+2]#|N)cQN™!

by (2.5). Given h as above, the prime number ¢; lies in the intersection of the segments

‘q1+£(<%, 0 <q1 <20,
80 g1 is in a segment of length
Y =50/(1+2|6|N)
and in the residue class ¢; = hb (mod c). Now we choose
C=+N

so that ¥ = 50(1 4+ 2¢/~/N)™' = ¢Q/~/N = ¢D. By the Brun-Titchmarsh theorem
(see (A.9)), we find that the number of primes ¢; is < Y/¢(c)log D. Multiplying this
by 2H, we get

Q2 < Q%loglog O

¢
2-7 ki
@7 v(g.a) < ¢(c) NlogD N logD

Finally, introducing (2.7) into (2.2), we obtain

S*O.N) <A S )l

q a (mod q)

with A < QZ?(loglog Q)(log D)~!. This completes the proof of Theorem 1 by duality.

Remarks. We lost the factor loglog Q in (2.7) after applying the maximum bound for
¢/¢(c). Although the average value of ¢ /¢(c) is bounded, it does not apply here. However,
we have not exploited fully the properties (2.6). If H is relatively large, we can save the
factor ¢(c)/c from the condition (&, ¢) = 1, see Lemma A.3. Unfortunately, if H is small,
then this coprimality condition does not help to recover ¢(c)/c. This case occurs when
many rationals a /g are very close to the same point b/c. Recall that

(2.3) ———=— withl <|{| <

Hence
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Ifc > LNQ 'or|f|>L,then H > L, and Lemma A3 is applicable saving the factor
¢(c)/c. Accordingly, we split (2.1) into two sums,

S(Q.N) = S"(Q.N) + S¥(Q.N).

The first partial sum S°(Q, N) runs over the fractions a /¢ which admit the approxima-
tions (2.8) with either ¢ = LNQ ™! or |£| = L. We just proved by duality that

b % 2
(2.9) S*(Q.N) < oD Z |an|

lo

for any complex numbers a,, 1 <n < N < Q2L~%. We have not used the restriction
(n, P) = 1to get (2.9).
It remains to estimate the second partial sum S ii( Q, N), which runs over the frac-
tions a /g very close to b/c such that
a b L
———=—(mod1), (b,c)=1,(,c)=1,
q c cq
with
1<|(|<L and 1<c<LNQ '=Cy, say.

Recall our choice (1.4) and note that Cy = CLD~! < CL™!. Hence

(2.10) SHQ.N)=2 )" Su(Q.N),

1<¢<L
@.11) o= % ‘ 3 a,,e(n(é—i—é))r,
1<c¢<Cp 0<g<2Q n<N

(c,{)=1 gqprime (n,P)=1

where b (mod ¢) is determined by bg = —¢ (mod c).

3. Applying sieve to S, (Q, N)
First we attach to g an upper-bound sieve of level D, that is, the factor

0(g) = Y _A(m).

mlq

which is non-negative for every positive integer ¢, see (A.5). Here A(m) are sieve weights
supported on squarefree numbers m < D, (m,c) = 1. 1If g is prime, ¢ > D, these factors
are redundant; 6(g) = 1 because m = 1 is the only possible divisor of g.

Next we extend the summation (2.11) to all integers g weighted by a smooth function
@(g/Q) with0 < ¢p(x) < 1,¢(x) =1if 1/2 < x < 1, and ¢(x) = 0 if x is not in the
segment 1/3 < x < 3. We also assume the symmetry ¢ (x) = ¢(1/x) for elegant writing.
We get the upper bound

Se(Q,N) < ST(Q, N),
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where b
stem =Y ¥ s(=)
1<c¢<Cp b (mod ¢)
(c,bl)=1
and

2

v @) X ()| X a2 5]
g=—{b (mod ¢) (n'flff\,: .

We dropped the subscript £ in the notation of ST(Q, N) and S(b/c) for simplicity. We
open the square and change the order of summation to write (3.1) in the bilinear form

(3.2) S(g) = Z;\] anlﬁnzA(nl—nz)e((nl—n2)§>,
(nnlleZ,ZP\)=1
with
q In
(3.3) A= ¥ o@e(g)e()= X dmaomm.
g=—Lb (mod c) (m,c)=1

B34 Ammy= Y ¢(%)e(cf:u)

u=—{bm (mod c)
We evaluate A(m,n) by the Euler—-Maclaurin formula (see (A.1)), giving

A(m,n) = A%®(m,n) + A’ (m,n),

with
(3.5) A®(m,n) = é/¢(%)e(cfn—nx> dx,
co o= [o(Z) (o))

Accordingly, we split

A(n) = A% (n) + A’ (n),

S(2) - 5(2) 5 ).

ST(Q.N) = S®(Q.N) + S'(Q. N).

4. Estimation of S'(Q, N)

We treat S’(Q, N) first because it is simpler than S*°(Q, N). A crude bound for S’(Q, N)
will be good enough. The restriction (1, P) = 1 on the coefficients a, is still not needed.
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We change x in (3.6) into y = £/cmx, getting
o= [y ) ol )

) (g ) + 2 ) o

where y is in the segment £/3c¢Q < y < 3¢/cQ due to the support of ¢(x). Hence

34/cQ

S <o [ L Sanelo(t )
S )| [ S )

where D is the trivial bound for Y |A(m)|. Note that 3¢ /c Q < 1/c(c + Cp), where Cy =
LNQ™!, so we are in the range of Lemma A.1, giving

COKQ n N) > lanl? <2DLN'Y fan /.
n n

S'(0,N) < D(

Summing over 1 < £ < L = log Q, we see that S'(Q, N) contributes to S¥(Q, N) at
most DL?N Y |a,|? and DL?N < Q?L72, which is stronger than the desired bound

0?%/logD.

5. Estimation of S*°(Q, N)

Finally, we come to the main part of this work:

b
s2e.N= Y ¥ s=(2).
1<c¢<Cp b (mod ¢)
(c,bl)=1

Changing x into y = £/cmx, we write (3.5) as (by the property ¢ (x) = ¢(1/x))
A®(m,n) = —/ CyQ )etn )_

for n = n; — n,. Inserting this into (3.3) and then into (3.2), we get

s*(0)=ave [o(FE)F (o)

where

(5.1) Viey= Y Amm™! < -5 _(og D)1,
(m,c)=1 ( )
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(see (A.6), (A.7)), and
F(a) = Z aye(an).

n<N
(n,P)=1

We lost the factor ¢ /¢(c) in (5.1), which will be compensated with saving from the restric-
tion of the coefficients a, by (n, P) = 1. We get

S°°(]§> <90207'V(¢) e ‘F(é + y)‘2 dy.
£/3cQ c
Hence
Q2
(5.2) S2(QN) € o5 TN,
with

= 3 o 3 R

1<c<Cy ¢(c) b (mod ¢) Y ¢/3¢Q
Remarks. We have 3¢/cQ < 1/c(c + Cp) and ¢/¢(c) < loglog Q, so Lemma A.l
implies

T(N) < (loglog Q) Y lanl*,

ns<N
(n,P)=1
but for the proof of Theorem 2 we need
1\1/2
(5.3) T(N) < (loglog 0)* [ (1 - —) 3l
plP p n<N
p<D (n,P)=1

To this end, we establish a suitable hybrid large sieve estimate in Theorem 5.

6. A hybrid large sieve

Let P be a positive integer and let (a,) be a sequence of complex numbers supported on
1<n<N,n, P)=1

Theorem 5. Let C =3, D >4, DC?> < N. Then

6n > 3 [ Za,, (n<§+y))‘2dy <« AXn]a,,lz,

c<C b (mod c) 1/9¢CD

where

2 = (loglog C) 1_[ (1 — %)

pIP
p<D

and the implied constant is absolute.
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Proof. Let
F(a) = Zan e(an).

We write the left side of (6.1) in the following fashion (the first step of the duality opera-
tion):

LT e s
- ;an;zb*/e(n(g F3))F(2+) a.

We introduce here the redundant factors of type (A.11) where p(d) are supported on
squarefree divisors of P,

p() =1, lpd) <1, pd)=0ifd>z.
Actually, we choose (A.10) with z = /D /2. We get
* b —/b
A:Za”Z( Z p(d))z /e(n(;+y))F<;+y> dy.
n c d|n b
(d,c0)=1

Note that the condition (d, ¢) = 1 is redundant because d = 1 is the only possible divi-
sor of n and P. After that, we apply Cauchy’s inequality (the second step of the duality
operation), getting

(6:2) A2 <BY anl,
n

where

S S [ (e ))F(E ) o]
¢ din b

(c,d)=1

B=>"f(n)

and f'(x) is given by (A.3). Squaring out, we get the sum
b b
e= > se(n(p- gy on)
c C1
n=0 (mod [d,d1])
with 1/9 < y¢eCD < 1and 1/9 < y1¢;CD < 1. By Poisson’s formula (A.2), we get

_ 1 Ak b b
6.3) 6_[d,d1]2k:f([d,d1]+c e yl).

Since [d,d;] < D/4 < N, all terms in (6.3) vanish except for at most one integer k such

that
b b

C C1

[d.di]
2N

)k+[d,d1]( +y—y1>‘<
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Take g = [d, d1](bc1 — bic) (mod ccy), |g| < cc1/2 and move k so that

d
e+ L ato-m| < S

Here we have

[d,d:] D 1 1 11 1

— < -— < — d [d,d — - —) < ]

2N 8N 8cey and [ dly =nl< 4C max(c cl) 4eeq

Hencek =0,g =0,C = f(y —y)/ld, d1],
(6.4) [d,dq](bcy — bic) =0 (mod ccy)

and

@)l
B2l g an

d

m)xzzzzf

(C bd) ((,‘1 bldl) 1
[d,d1]1(bc1—b1¢)=0 (mod ccy)

Recall that f(y — y1) = 6N(1 — 2|y — y1|N) if

1/¢cCD /1/01CD .

f(y—yl)F(g )T’(b +y1) dydy;.

1/9¢CD J1/9¢1CD

1
6.6
(6.6) ly —yil < N

and f(y — y1) = 0 otherwise. Now we solve the congruence (6.4). Let y = (c, ¢1), s0O
¢ =vys,c; = ysy with (s,s1) = 1. We have (b, ys) = (b1, ys1) =1,(d,s) = (d1,51) =1
and (ddy,y) = 1. Then (6.4) becomes
[d,d1](bsy —bys) =0 (mod yssy).

This is equivalent to s | dq, 51 | d and
6.7) bsy —bys =0 (mod y).
Putting

d =es; and d; =eys,

we have (ee1ss1,y) = 1, (e,s) = (e1,51) = 1 and [d, d1] = ss1[e, e1]. Since d and d;
are squarefree, we have the extra property (ee;, ss1) = 1. By the periodicity of F ()
in @ (mod 1), we can change b (mod*ys) and b; (mod*ys;) into b = as + By and
by = asy + By with @ (mod*y), B (mod*s), 81 (mod*s;). Note that we have the same
o in both b, by due to (6.7). Hence

;;F(g +y)7<l:—i +y1>
= (TG B (X F(E )

a(mody) B B1

=utss) Y F(C+0)F(S 4+ ).

a (mod y)
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because the sum over 8 (mod*s) of F(«/y + B/s + y) results in twisting the coefficients

by the Ramanujan sums
> enl) =nto
B (mod s) §

This sum is the Mobius function because (n, P) = 1 and [d, d1] = ss1[e, e1] divides P.
Now (6.5) becomes

©9 =3 3 Fy e

Y «a (mod y) (ss1,y)=1

% ZZ P(€S1)P(61S)//f(y yl)F —i—y) ( +y1)dde1,

(ee1,yss1)=1 [e. e1]

where 1 < y < C and the integrals are over the segments
1
- < yysCD <1, 3 < y1y51CD <1

Hence y = 1/9N, y1 = 1/9N, y < y; by (6.6), and s < s1. Before handling the integrals,
we are going to estimate the above double sum over e, e;. For p(d) given by (A.10), we
have

plest) plers) = u(ss1) pu(e) pu(er) (log z/esy) (log z /ers) (log z) 2,
with es; < z and e;s < z, or else the terms vanish. Hence the sum over e, e; in (6.8)
agrees with (A.17) for z replaced by z/s, z; replaced by z/s1, and P having its prime
divisors of g = yss; removed, up to the factor u(ss1)(log z)~2. Therefore (A.17) gives

the bound 1
Y881 1—[ (1 B _)

o(yss1) 5, p
pIP

Inserting this bound into (6.8), we obtain (note that f = 0)

/yCD p1/yCD
B<<L[Z<l—%) <c¢’<y> 3 /” /ly Fo=y
p|P

o (mod y)
o o 1
X ‘F(; + y)F(; + yl)‘(sx1§/CD m)(ﬁxl%;yCD e )) dydy;
. 1/yCD
<<L[Z( ) \Cﬁa(%;dy)/o ‘F(%+y)‘2dy
p|P

by [f(y — y1) dy1 = f(0) = 3. Finally, by (A.8) and (A 4), we get

B K l_[ (1 - $> (loglogC)Z lan|?.
p<z n

p|P

Then by (6.2) we complete the proof of Theorem 5. ]
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To get (5.3), we use (6.1) with C replaced by Co = LNQ~! and D = Q?/3L?N
(note that Co D = Q/3L). Introducing this into (5.2) and summing 1/ over 1 <{ < L =
log O (see (2.10)), we get a contribution bounded by (1.5). This completes the proof of
Theorem 2.

A. Appendix

We list results with some comments and some proofs which are known in the literature in
different forms.
The Euler—Maclaurin and Poisson summation formulas assert that

1 x—ay .,
a X so=g s [y e
(A.2) Z fm)e(an) = 1 Z f(ﬁ + a) e(%)
n=a (mod q) q k q q

where Y (x) = x — [x] — 1/2, f'(x) is the derivative of f(x) and f (y) is the Fourier
transform of f(x) provided f(x) and f (y) satisfy suitable growth and smoothness con-
ditions. R

There are Fourier pairs f(x), f (y) such that

0< f(x) <3, f(x)=1if|x| <N,
0< f(y) <6N, f(y)=0if|y|> 1/2N.
For example,
sintx/2N
wx/2N

The Farey points of order C > 1 are the fractions a/c with 1 < ¢ < C, (a,c) = 1. If

(A3) fx) = 3( )2, () = 6N max(1 — 2|y|N, 0).

i "
a /

)
c//

a a
—<-<
¢’ c
are consecutive points,then C <c +c¢' <c+ C,C < c + ¢” < ¢ + C and their Farey
mediants are

a+a a 1 a+ad a 1

—_—= — and —=—-—+ —«—
c+c ¢ clc+c) c+c¢” ¢ clc+c")
Hence, given C > 1, every real o can be written as

oz:c—l+0 withl <¢c<C,(a,c)=1,10| < —-
c cC

The unit segment @ (mod 1) is covered exactly by the segments with end-points being the
Farey mediants. Hence, the Parseval formula

/1 ‘Zane(an)‘z do = Z'an|2
0 n n

implies the following hybrid large sieve inequality.
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Lemma A.1. For any complex numbers a,, we have

1/c(c+C)

(A.4) Z Z /1/c(c+C) an e(n(% + a))‘z do < Zn: lan .

1<¢<C a (mod c)

Next we show some elementary estimates related to sieve theory. We use an upper-
bound sieve (14) of level D = 2. This is a sequence supported on squarefree numbers
d < DwithA; =1,—1 < A; <1, such that

(A.5) Z Aq = 0 for every positive n.
d|n

Applying this property for numbers n coprime with P, it follows that the sequence (A4)
restricted by (d, P) = 1 is also an upper-bound sieve. The sieve methods (see the Funda-
mental Lemma in [1]) yield

(A.6) 0< Z “ <11 ( - —) = (log D)™".
p<D
If P > 1 is fixed, then
<P(P) Ad
M) ~¥ (X )
> (X I
n<X  din d,P)=1
(n,P)=1
as X — oo. Hence we get the clear inequalities
Ad P Ad
A7 0< M (X5
A L G2
(d,P)=1 d
Using (A.7), one can generalize (A.6) as follows:

0<Z—<< I1 (1——)

d|c ple
p<D

where the implied constant is absolute. To see this, apply (A.7) with P being the product
of primes p < D, p } c. Then (A.6) yields

%(Z?) <« ]:[ (1+%)(logD)_1 =T1 (1—%).

pte plc
p<D p<D

Lemma A.2. Forevery c = 1, we have

(A.8) ﬂ < loglog(3c).

Proof. If the number of distinct prime divisors of ¢ is r, then the rth prime number is
pr < log(3c). Hence c¢/¢(c) is bounded by the product of (1 —1/p)~! over p < p,,
which is < log p, < loglog(3c). |
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Lemma A.3. Let A > 1and H* > log(3¢). Then the number of integers h with (h,c) = 1
in every interval of length H is bounded by AH ¢(c)/c up to an absolute constant factor.

Proof. By an upper-bound sieve of level D = H ¢(c)/c, the number in question is bound-
ed by

ple ple
p<D p=D

and the last product is bounded by

A l_[ ( - —)_1 <« Aexp(H 4 loge) < 3A. |

ple
p>HA4

Lemma A.4 (Brun-Titchmarsh theorem). Let g = 1 and (a,q) = 1. The number of primes
p = a (mod q) in an interval of length y = 4q is

(A.9) 7(x + y:q,a) —n(x;q,a) K %(l gy)_l,

where the implied constant is absolute.

The particular sequence of numbers

(A.10) o(d) = ju(d) max (1 — llogd , o)

ogz

is often used for mollification of L-functions. This sequence is not an upper-bound sieve,
because it fails (A.5). Nevertheless, we built

(A.11) > o)
din

as redundant factors into our architecture of dual forms. We come up with the sequence of
numbers

nd)y= > pld)p(dy).

[d1,d2]=d

which satisfies (A.5); it is an upper-bound Selberg sieve. We need estimates for various
sums involving p(d) and n(d). First we give two easy lemmas.

Lemma A.5. For M = 1, we have
M
(A.12) > M
m<M
Proof. This can be seen between the following elementary lines:

- DA 5 o)

{m<M m<M

1= Z u(m) = Z /L(m)(% + 0(1)). m

I{m<M m<M
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Lemma A.6. Foranyd =1 and M = 1, we have

M(m) M d
2y e <oy

(m,d)=1

(A.13)

Proof. Let § run over numbers with prime divisors in d. We have

T ) = {u(m), if (m.d) = 1.

0, otherwise.
Sn=m

Hence (A.13) follows from (A.12) and the fact that Y §~' = d /o (d).

If (pg) and (&) are finite sequences of real numbers, let

Go(p.§) =D ) pake/ld. k],
(dk,q)=1
and let G(p, £) be the case of ¢ = 1. By the asymptotic formula
¢(q)
Y (Xra)(Xa)~ = Gatp o)
n<X dln kln
(n,q9)=1

as X — oo, it follows by Cauchy’s inequality that

(‘P(‘I) Gylp. g)) < G(p,p) G(E,§).

In particular,

Gy(p,p) < () G(p, p).

In general, we have the expression (see the lines between (7.12)—(7.13) of [1] for g(p) =

p~Lh(p)=(p-D7hH
G0 =Y e ( ¥ pmm)
d m=0 (mod d)

For our choice (A.10), one derives from (A.13) with M = z/d that

2(d
(A.14) G(p.p) < (logz) )" ‘;(—;))

From the above observations, one derives the following.

<« (logz)™!.

d<z

Lemma A.7. Letz > 1, z; > 1 and

(A.15) Vozzy = 3% “(d)“(dl)(mg i)(logz_l .

[d,di] d d,

d<z,di<z;
ddy,q)=1
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For any q = 1, we have

(A.16) Vy(z,21) <€ % (logz)l/2 (logzl)l/z,

where the implied constant is absolute.

LemmaA.8. Let 1 <zy <zand P = 1. Then

(A17) Wp(z,z1) = ZZ M({ﬂa’,)'ljiic]il) (log 2)(10g 2—11) < (logz)? H(l—%),

d<z,di1<z; p<z
d|P, di|P pIP

where the implied constant is absolute.

Proof. Apply (A.16) for g being the product of primes p < z, p + P. Then (A.17) is equal
to (A.15), so it is bounded by

(logz) l_[ (1 + %) = (log z)? l_[ (1 - %) |

p<z p<z
ptP p|P
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