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Locally finitely presented and coherent hearts

Carlos E. Parra, Manuel Saorin and Simone Virili

Abstract. Starting with a Grothendieck category ¥ and a torsion pair t = (77, ¥)
in §, we study the local finite presentability and local coherence of the heart ; of
the associated Happel-Reiten—Smalg ¢-structure in the derived category D(§). We
start by showing that, in this general setting, the torsion pair t is of finite type, if and
only if it is quasi-cotilting, if and only if it is cosilting. We then proceed to study
those t for which J; is locally finitely presented, obtaining a complete answer under
some additional assumptions on the ground category §, which are general enough
to include all locally coherent Grothendieck categories, all categories of modules
and several categories of quasi-coherent sheaves over schemes. The third problem
that we tackle is that of local coherence. In this direction, we characterize those
torsion pairs t = (77, ) in a locally finitely presented ¥ for which #; is locally
coherent in two cases: when the tilted ¢-structure in J¢ is assumed to restrict to
finitely presented objects, and when ¥ is cogenerating. In the last part of the paper,
we concentrate on the case when ¥ is a category of modules over a small preadditive
category, giving several examples and obtaining very neat (new) characterizations in
this more classical setting, underlying connections with the notion of an elementary

cogenerator.
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1. Introduction

t-Structures were introduced by Beilinson, Bernstein and Deligne [6] in their study of
perverse sheaves over an algebraic or analytic variety. A ¢-structure in an ambient triangu-
lated category D is a pair t = (U, ‘W) of full subcategories satisfying some axioms (see
Definition 4.1). The key point is that the intersection # = U N ‘W, called the heart of the
t-structure, is an Abelian category whose short exact sequences are the triangles in D with
the three vertices in . Moreover, such an Abelian category comes with a cohomological
functor H?: D — J, allowing for the development of an intrinsic cohomology theory
in O, with cohomologies in # C £. Under suitable non-degeneracy and boundedness
hypotheses on 7, one can even recover the structure of { out of <.

Once a new Abelian category is at hand, it is natural to ask if, with reasonable hypo-
theses, this category acquires stronger properties. For example, in the classical hierarchy
of Abelian categories introduced by Grothendieck [23], the so-called Grothendieck cat-
egories are high up in the list. In order to understand when the heart # of a ¢-structure t
is a Grothendieck category, it is almost unavoidable to require that the ambient triangu-
lated category D has (arbitrary, set-indexed) coproducts. The problem of characterizing
those T whose heart is Grothendieck has deserved a lot of attention in recent years (see, for
example, [7, 16, 17,30, 34,38-40]). Out of this deep work and the conclusive papers [7]
and [51], we now know that the hearts of all the compactly generated z-structures are
Grothendieck categories, even locally finitely presented. The unique task still to be com-
pleted in this direction is to identify all the smashing ¢-structures, for which the heart is
a Grothendieck category. The class of smashing ¢-structures strictly contains that of the
compactly generated ones and, in the middle of them, two other classes of ¢-structures
have received attention. When D is compactly generated, one considers the ¢-structures
with definable co-aisle (see [28] for the definition of definable subcategory). Alternat-
ively, if O is not necessarily compactly generated, but admits some enhancement that
allows one to meaningfully define homotopy colimits (e.g., this is the case when D is the
base of a strong and stable derivator, see [22], or when it is the homotopy category of a
stable co-category, see [34]), a ¢-structure t is called homotopically smashing when its
co-aisle is closed under directed homotopy colimits. Both the 7-structures with definable
co-aisle and the homotopically smashing z-structures have a heart that is a Grothendieck
category (see [52] for the former case and [51] for the latter), and actually both types of
t-structures coincide when D is the compactly generated base of a strong and stable deriv-
ator (see [30]). Out of these two subclasses, an identification of the remaining smashing
t-structures whose heart is a Grothendieck category is still missing.

The next natural problem to tackle is the following: suppose that we are given a ¢-struc-
ture T with a heart # which is a Grothendieck category. Under which conditions does
satisfy some nice finiteness conditions? E.g., when is it locally finite, locally noetherian,
locally coherent or, at least, locally finitely presented? The study of this general prob-
lem is only at its beginnings and few references have considered the problem so far (see,
e.g., [50], [30] and the recent preprint [S1], where it is proved that the heart of any com-
pactly generated 7-structure in a triangulated category with coproducts is locally finitely
presented). In this paper we tackle the problem for the Happel-Reiten—Smalg ¢-structure
in the derived category D(¥) of a Grothendieck category § associated with a torsion pair
t = (7,%) in §. Concretely, we study when the associated heart is a locally finitely
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presented or a locally coherent Grothendieck category. Since, by the main results of [38]
and [39], the heart is a Grothendieck category if and only if t is of finite type (i.e., F is
closed under taking direct limits in §), the problem translates into that of characterizing
the torsion pairs of finite type whose associated heart is locally finitely presented or locally
coherent.

Let us now describe (some of) the main results of the paper. The first one (see The-
orem 5.1) extends to Grothendieck categories a result recently proved for categories of
modules (see Remark 5.3).

Theorem A. (1) t is of finite type;
(2) t is quasi-cotilting;;
(3) t is the torsion pair associated with a cosilting (pure-injective) object of '§.
The second main result (see Theorem 7.1 for the precise statement) identifies the tor-
sion pairs of finite type whose associated heart is locally finitely presented, for a wide

class of ambient categories (see Corollary C for a neater, though weaker, formulation of
the result, which is often enough in practice).

Theorem B. Let G be a locally finitely presented Grothendieck category, let t = (7, %)
be a torsion pair in §, and let Hy be the heart of the associated Happel-Reiten—Smalg
t-structure in D(§). Suppose also that either of the following two conditions is satisfied.:

(Tn) Exté(T, =) : F — Ab preserves direct limits for all T € T N {p(§) and, more-
over, T N1p(9) C fp,(9);

(®) G has a set of finitely presented generators which are compact in D(§).
Then, the following assertions are equivalent:
(1) Hy is a locally finitely presented Grothendieck category;
(@) T = lim(T N fp($));
(3) t is generated by a set of finitely presented objects, i.e., ¥ = S~ for aset § C fp(§).

As an immediate consequence, one gets the following.

Corollary C. Let S be a Grothendieck category satisfying one of the following conditions:
(1) ¢ is locally coherent;
(2) 9 is a category of modules over a ring or, more generally, over a small pre-additive
category;
(3) ¥ = Qcoh(X) is the category of quasi-coherent sheaves over a quasi-compact quasi-
separated coherent regular scheme X.

Given a torsion pairt = (T, F) in §, the heart #y of the associated t-structure in D(§)
is a locally finitely presented Grothendieck category if and only if t is generated by finitely
presented objects.

We proceed with the characterization of the local coherence of ;. One would nat-
urally expect J¢ to be locally coherent when § is locally coherent and t is a finite type
torsion pair that restricts to the subcategory fp(¥) of finitely presented objects. This was
established in [50]. Here we tackle the problem assuming only that § is locally finitely
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presented and t is of finite type. No complete answer is given, but there are two interesting
partial answers. The first one (see Theorem 8.1) gives necessary and sufficient conditions
for J to be locally coherent when the Happel-Reiten—Smalg tilt £ = (F[1], T[0]) is a
torsion pair in J; that restricts to fp(#y). As the statement is fairly technical, we do not
include it in this introduction, but it has several useful consequences, as, for instance,
a neat characterization of the local coherence of J; when t is hereditary and § locally
coherent (see Proposition 9.4).

We then give a complete answer to the problem when the torsionfree class ¥ is gen-
erating (see Theorem 8.2 for the precise statement, of which the following result is a
shortened version).

Theorem D. Let § be a locally finitely presented Grothendieck category, and let t =
(T, F) be a torsion pair of finite type such that ¥ is generating in '§. Then, the following
assertions are equivalent:

(1) Hy is locally coherent;
(2) trestricts to fp(§) and F N fp(F) C fpy, (§).

When these conditions hold, t := (¥ [1], T[0]) restricts to fp(Hy) if and only if € is locally
coherent.

As a consequence (see Corollary 9.10 and Corollary 6.3), one gets the following.

Corollary E. Let A be a small preadditive category, let § := Mod-+4 be the category
of right A-modules, and let t = (T, F) be a torsion pair of finite type in G, with ¥
generating in '§. The following are equivalent:
(1) H is locally coherent;
(2) for all X € mod-4 := fp(Mod-#), (1 :1)(X) := X/t(X) admits a resolution by
finitely generated projective modules;
(3) trestricts to mod-A := fp(Mod-#4) and ¥ N mod-A C fp, (Mod-4).

Let us also remark that there is a way of linking the general problem of the local coher-
ence of the heart J; associated with a torsion pair of finite type t = (77, ), to the situation
considered in Theorem D. In fact, the subcategory ¥ of § consisting of the epimorphic
images of the objects in ¥ is a Grothendieck category on which the “restricted” torsion
pairt' = (7 N F, F) is of finite type with ¥ generating. Moreover, it follows from the
local coherence of J; that ¥ is locally finitely presented and #y is locally coherent (see
Corollary 9.3). It is then natural to ask for the conditions to add to the local coherence
of #, in order to force the local coherence of . This is done in the final section of the
paper, and the following result, which is part of Proposition 9.4, is a sample:

Proposition F. Let § be a locally finitely presented Grothendieck category, t = (T, %) a
torsion pair of finite type in §, and t' = (T N ¥, F). Consider the following assertions:
(1) Hy is locally coherent.
(2) The following conditions hold true:
(2.1) t is generated by finitely presented objects;
(2.2) the restricted heart Hy is locally coherent;
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(2.3) for some (respectively, each) set of finitely presented generators S of '§, the
functor §((1:1)(S),—): & — Ab preserves direct limits of objects in T, for all
Ses.

The implication “(1)=(2)” holds, and the assertions are equivalent for § locally coher-
ent.

In the particular case of module categories, linking this result with the study of torsion
pairs associated to cosilting modules which are elementary cogenerators, we emphasize
the following consequence (see Proposition 9.32).

Corollary G. Let R be a right coherent ring, and let t = (7, ¥) be a torsion pair in
Mod-R. Then, the following assertions are equivalent:

(1) Hy is a locally coherent Grothendieck category.
(2) The following conditions hold true:
(2.1) t is generated by finitely presented modules;

(2.2) t= (+Q,Cogen(Q)), for a cosilting module Q that is an elementary cogen-
erator in Mod-R;

(2.3) ann()?(R):Mod-R — Mod-R preserves direct limits of modules in T .
(3) The following conditions hold true:

(3.1) t is generated by finitely presented modules;

(3.2) the restricted heart #y is locally coherent;

(3.3) ann(—)?(R):Mod-R — Mod-R preserves direct limits of modules in T .

As a complement to the results about the local coherence of F, we give in Section 9
several examples of categories of modules for which there are torsion pairs t such that
is locally coherent, but either Mod-+ is not locally coherent or Mod-+ is locally coherent
and t does not restrict to mod- 4.

The organization of the paper goes as follows. Section 2 serves to recall some facts
(most of which are, at least partially, known) about Grothendieck categories, especially
about the properties of the finitely (n-)presented objects. In Section 3, we collect the
needed background about torsion pairs of finite type in Grothendieck categories. Then,
Section 4 contains the basic definitions about triangulated categories, derived categories,
general ¢-structures and some constructions related to the Happel-Reiten—Smalg tilts of a
t-structure. Section 5 is devoted to the proof of Theorem A, following a route different to
that followed in the literature when the ambient category is a category of modules. In Sec-
tion 6, for a given torsion pair of finite type t in a Grothendieck category, we characterize
the objects of the heart J¢; which are finitely presented and finitely 2-presented, giving
special emphasis to the identification of the stalk complexes in fp(H}). In Section 7, we
study conditions on t for J to be locally finitely presented, proving, in particular, The-
orem B and Corollary C. In Section 8, we study those torsion pairs t for which # is locally
coherent; the main results in this direction are Theorem 8.1 and (a more precise version
of) Theorem D. In the final Section 9, we specify our main results to the case when §
is a category of modules, we prove Corollary E and, inspired by the work of Rosanna
Laking [30] and highly motivated by her suggestions, we try to understand the relations
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between the local coherence of the heart and the property of the associated cosilting mod-
ule being an elementary cogenerator. In particular, we prove the general Proposition 9.32
and a version of Corollary G that applies to categories of modules over small preadditive
categories.

List of most commonly used symbols
We collect here some of the standard symbols that are more frequently used throughout
the paper, so that they are easily available to the reader at any time.

e € denotes a category, and €(C, C’) := Home (C, C’) forall C, C' in €,

e ], J and A usually denote small categories or sets (i.e., discrete small categories);

* Set denotes the category of sets;

* Ab denotes the category of Abelian groups;

¢ § denotes a Grothendieck category;

* Inj-9 denotes the class of injective objects in §.

All the subcategories that we consider throughout the paper are meant to be full, so we
generally treat “subclass” (of objects) of a given category and “subcategory” as synonyms.
Let now / be a small category, X € € an object, and (X;); € Func(/, €) an [-shaped
diagram in a category €. We use the following notations to denote different types of
(co)limits (whenever they exist):

o if I'isaset, [[; X; (1]; Xi) denotes the (co)product of (X;)r;

o if I isaset, X! (X)) denotes the (co)product of |7 |-many copies of X;

e lim; X; (colimy X;) denotes the (co)limit of an /-shaped diagram (X;)y;

e if I is directed, 1_ir_>n1 X; denotes the direct limit of (X;)r;

* if I is directed, and all the transitions X; j: X; — X; are monomorphisms, the direct
limit of (X;)y is said to be a direct union and it is denoted by J; X;.

When we want to emphasize that a (co)product, (co)limit, direct limit or direct union
is taken in a specific category €, we use the following notation:

©x,. MOx. 1im® X, colim®Xx;, lim @ x;, U x;.

Given a subcategory S of an Abelian category €, supposing the needed (co)limits exist
in each case,

¢ Prod(S) (Coprod(S)) is the class of all direct summands of the (co)products of families
of the form (S;)7, with S; € § forall i € I, with I a set;

* Gen(S) (Cogen(S)) is the class of quotients (subobjects) of objects in Coprod(sS)
(Prod($));

* Cogen($) is the class of quotients of objects in Cogen($);

¢ Pres($) is the class of cokernels of maps X — Y, with X, ¥ € Coprod(S);

e Copres($) is the class of kernels of maps X — Y, with X, Y € Prod($);

. h_n; § is the class of direct limits of direct systems (S; )7, with S; € § foralli € I;
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L]

add($) is the class of direct summands of finite coproducts of objects in §;
e sum($) is the class of finite coproducts of objects in §;
* pres,(S), forn > 0, is the class of those N € € that admit an exact sequence

Xp— - — X1 — Xo— N —0, with X esum(S), forallk =0,...,n.
* copres,(S), forn > 0, is the class of those N € € that admit an exact sequence
0—N—Xo—X| — - — X,, with X esum(S), forallk =0,...,n.

e gen(S) := presy(S) and pres(S) := pres,(S).

If we want to make clear that the products defining Prod(S) are taken in a specific
category €, we then write Prode(S), and we adopt similar notations for the rest of the
classes defined above. More specific symbols and conventions will be introduced in the
body of the paper.

2. Preliminaries on Grothendieck categories

In this first section we give the necessary definitions and preliminaries about Grothendieck
categories and finitely (n-)presented objects. Moreover, we introduce locally finitely gen-
erated, locally finitely presented, and locally coherent categories. Some of our results,
although probably known to experts, are stated in a generality that is not available in the
literature; in those cases we include a proof.

2.1. Finitely generated and finitely presented objects

An Abelian category € is
¢ (AD. 3) (respectively, (Ab. 3*)) when it is cocomplete (respectively, complete);
* (Ab.5) when it is cocomplete and direct limits are exact;
* a Grothendieck category if it is (Ab. 5) and it has a generator.

Recall that a Grothendieck category is automatically (Ab. 3*) and it has enough injectives.
Let § be a Grothendieck category. Then an object X in § is said to be

* finitely generated if §(X,—): ¥ — Ab commutes with direct unions;
e finitely presented if §(X,—): ¥ — Ab commutes with direct limits.

These definitions coincide with the usual ones if § is a category of modules. In what
follows, we let

fg(¥) := {finitely generated objects in ¥},
fp(¥) := {finitely presented objects in §}.

Finitely presented objects are, in particular, finitely generated, i.e., fp(¥) C fg(¥). The
following result gives alternative characterizations of the objects in fg(§):

Proposition 2.1. Let § be a Grothendieck category. The following are equivalent for
Xe§:
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(1) X is finitely generated,
(2) for any directed family (X;); of subobjects such that \ J; X; = X, there is j € I
such that X; = X ;

(3) for any direct system (X;)1 in'§G, the following canonical map is a monomorphism:
h_n)llﬁ(X, X)) — §(X, h_n)lIXi).
As a consequence, £2(§) is closed under taking extensions and quotients in '§.

Proof. (1)< (2) is Proposition V.3.2 in [53], and (1, 2)=>(3) is included in the proof of
Proposition V.3.4 in [53] since, with the notation of [53], the proof that ¢ is monic only
uses that C € fg(9).

(3)=(2). Let (X;); be an upward directed system of subobjects of X such that X =
\J; Xi. This induces the following direct system of short exact sequences in §:

0— X; — X 25 X/X; — 0);,

from which we get that li_r)n(X/X,-) = 0. By (3), we deduce that li_r)nl 9(X,X/X;)=0.
Take now an arbitrary i € I, and consider the canonical projection p;: X — X/X;. Then,
pi is mapped to zero by the canonical map u;: (X, X/X;) — lir_r)ll 9(X, X/X;) to the
direct limit in Ab. This means that there exists an index j > i such that the composition
pij o pi: X — X/X; — X/X; is zero. But this composition is precisely the projection
pj: X — X/X;, and so we get that X = X;.

Finally, it follows by (3) that fg(¥) is closed under taking extensions and quotients. m

2.2. Finitely n-presented objects

Apart from the subcategories fg(¥) and fp(¥), we consider the following ones, already
appeared in [8] when § is locally finitely presented. Concretely, Lemma 2.7, Corollary 2.8
and Proposition 2.6 below appear in [8] in that more restrictive environment. However, our
treatment is different in that we can find a much shorter proof of Proposition 2.6, which
holds in any Grothendieck category, and allows us to work in this more general setting.

Definition 2.2 ([8]). Let § be a Grothendieck category, and let n > 0 be a positive integer.
An object X in § is finitely n-presented when the functors

ExtS (X, —):¢ — Ab
preserve direct limits for 0 < k < n. We then define the following classes:

* fpo(9) = f2(9);
o fp, () is the class of the finitely n-presented objects in &, for all n > 0;

* oo (9) 1= ys0 fP1(9).
Let us remark that fp, (§) = fp(§). Furthermore, there is a chain of inclusions
fpo(§) 21p1(§) 2 --- 21p,(§) 2 1p,41(G) 2 -+ 2 1P (§).

In the following two examples we specialize the above definition to the particular setting
of categories of modules and to that of categories of quasi-coherent sheaves:
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Example 2.3. In case § = Mod-R is a category of modules over a ring R or, more gen-
erally, over a small preadditive category, the finitely n-presented modules are those X that
admit a resolution

i PR P L PO X s,

where all P~ are finitely generated projective modules, for k = 0,1,...,n.

Example 2.4. Let (X, Ox) be a quasi-compact quasi-separated scheme, in which case
the category ¥x := Qcoh(X) of quasi-coherent sheaves is locally finitely presented (see
Proposition 7 in [21]). As mentioned in [8], p. 6 (using arguments of [20]), a given ¥ € §x
belongs in fp, (¥x) if and only if ¥ (U) € fp,,(Mod-Ox (U)), for each affine open U in X.

Let now € be an Abelian category and suppose that the needed products and cop-
roducts exist in €. Given two objects X and Y in €, we define two functors,

2.1 Oy : € —€ and Yy:€ — €,

each defined by the composition of three functors: ®x is given by the covariant Hom-
functor € (X, —): € — Ab, followed by the forgetful functor | — |: Ab — Set, and finally
the functor X ): Set — €, mapping a set S to the coproduct X ). Similarly, Wy is the
Hom-functor €(—, Y): €% — Ab, followed by the forgetful functor | — |: Ab — Set, and
finally the functor ¥ ~: Set®® — €, mapping a set S to the product Y. So, given C € €,
we get

Oy (C) = XCEED and Wy (C) = YEED),

These functors come with natural transformations p: ®x = ide and t:ide = Wy, where p
is epimorphic if X is a generator, and ¢ is monomorphic if Y is a cogenerator. In fact, given
two sets of objects X and ¥ in €, one defines

Oy :€ — € suchthat Dx(C) :=][yex Px(C),

Uy : € — € suchthat Wy(D) := [[yey Yy (D).

These functors come with natural transformations p: ®x = ide and ¢:ide = Wy, with p
epimorphic if X is a set of generators, and ¢ monomorphic if ¥ is a set of cogenerators.

Lemma 2.5. Let § be a Grothendieck category and fix an injective cogenerator E in'§.
Forn > 1, an object X is in tp, (§) if and only if X € fp(§) and Extg (X, —) vanishes on
direct limits of objects in Prod(E) = Inj-§, forallk = 1,...,n — 1.

Proof. The “only if” part is clear. For the “if”” part, we use induction on n > 2. Forn = 2,
consider the functor Wg described above and note that Im(Wg) C Prod(E). Now the
vanishing of the functor Extlg (X, —) on direct limits of objects in Prod(E), for X € fp(¥§),
implies that X € fp,(¥) by Theorem B.1 in [10]. Suppose now that n > 2. The inductive
hypothesis says that X € fp,_;(¥) and, by assumption, Ext%_1 (X, —) vanishes on direct
limits of objects in Prod(E), so that X € fp, (§), by a second application of Theorem B.1
in [10]. [
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Proposition 2.6. Let § be a Grothendieck category, let X € fp, (§) for some n > 0, and
let (Y;)1 be a direct system in'§. Then, the following canonical map is a monomorphism:

I li_r)nl Extg (X, Y;) —>Ext§(X,li_n)11Y,-).

Proof. The case n = 0 follows by Proposition 2.1. For n > 0, choose an injective cogen-
erator E in §, so that (:idg = Wg is monomorphic. One obtains the following exact
sequences in §:

(0 —— Y; ——— Wg(Y;) — Coker(t;) — 0);,

from which one gets the following commutative diagram with exact rows and obvious
vertical maps:

li_r)nl Extgf1 (X, Ve (Yi) — li_r()lIExt;*1 (X, Coker(t;)) — li_r)n] Extg(X.Y;)) ———— 0
| | L
v vt . .
Exty ™ (X, ll_r)nl Vg (Y;)) — Extg (X, h_n)ﬁICoker(t,-)) — Extg (X, ll_r)n[ Y;) — Exty (X, ]l_n)ﬁl Vg (Y:)).
The two leftmost vertical arrows are isomorphisms, forcing f to be a monomorphism. m

In what follows, we give some results about closure properties of the classes fp,, (§).

Lemma 2.7. Let § be a Grothendieck category and take a short exact sequence in':
2.2) 0—X—Y —>Z7—0.

Then, the following assertions hold true for alln > 0:
(1) if Xefp,(§)and Y € fp, (§), then Z € fp,, ,(9);
(2) if Zefp,,(§)and Y € fp, (), then X € fp,(§);
(3) ifboth X and Z € 1p, (§), then Y € p, (9).

Proof. We first introduce two diagrams we will use in proving all the assertions. The first
one is a fragment of the long exact sequence of functors § — Ab associated with the exact
sequence (2.2):

(2.3) Extl (¥, —) — Ext8 (X, —) — Exti™1(Z, —) — ExET (v, -)
forall k > 0.
The second is the following commutative diagram with exact rows, associated with
any given direct system (M;); in §:
24 0——1lim §(Z, M;) — lim (Y, M;) — lim §(X, M;) — lim Extl(Z, M;)
—1 —1 —1 —>1

[

0 ——9(Z.,lim M;) — §(Y,lim M;) — §(X,lim M;) — Exty(Z,lim M;).
—>1 —>1 —>1 —>1
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(1) Suppose first that n = 0, in which case X € fg(¥) and Y € fp(¥) by hypothesis.
Take a direct system (M;); in g and consider the diagram in (2.4), then f is an isomorph-
ism since Y € fp(¥) and f3 is a monomorphism by Proposition 2.1. By the five lemma,
f1 is an isomorphism, and so Z € fp(§).

Suppose now 1 > 0, so that X € fp, (§) and Y € fp,,,  (§). In particular, X, Y € fp(§)
and, by the case n = 0, also Z € fp(¥). Consider the long exact sequence in (2.3): the
second and fourth functors in the sequence vanish on direct limits of objects in Inj-§, for
k=1,...,n—1,by Lemma 2.5. In particular, the functor Ext’; (Z,—) vanishes on direct
limits of objects in Inj-§, for k = 2,...,n. The fact that Ext}? (Z,—) also vanishes on
those direct limits follows by the diagram in (2.4), with (M;); in Inj-§. In such case, the
two right most horizontal arrows are epimorphisms as ¥ € fp, , ; (§) < fp,(¥), and hence
li_n)lExtlg Y, M;))=0= Exté (Y, h_r)nM,) Moreover, fi, f>, f3 are isomorphisms, which
implies that so is f4 and hence Extg (Y, 1_11_>n M;) =0.Finally, Z € fp, ,;(§) by Lemma 2.5.

(2) Assume first that n = 0. Given any direct system (M;)y in §, consider the diagram
in (2.4): the map fj is an isomorphism, while f; and f4 are monomorphisms by Propos-
ition 2.6. It follows that f3 is a monomorphism, which, by Proposition 2.1, means that
X € py(8) = fa(9).

Suppose now that n > 0, so that Z € fp,,, ;(§) C fp,(¥) and Y € fp,(§) C fp(F).
In particular, X € fp(¥) by a similar argument to the case n = 0. On the other hand, by
Lemma 2.5, the first and third functors in (2.3) vanish on direct limits of objects in Inj-§,
fork =1,...,n— 1. Hence, also Ext’é (X, —) vanishes on direct limits of objects in Inj-§,
fork =1,...,n—1andso X € fp,(¥), by Lemma 2.5.

(3) For n = 0, this follows by Proposition 2.1.

For n = 1, consider the diagram in (2.4) for a direct system (M;); in &: by assumption,
f1 and f3 are isomorphisms and, by Proposition 2.6, f4 is a monomorphism. By the five
lemma, f, is an isomorphism, so Y € fp(§).

Finally, if n > 1, fp,(¥) is closed under extensions by Lemma 2.5 and the already
proved case n = 1. ]

Corollary 2.8. Let § be a Grothendieck category. Then

(1) fpy(¥) and fp,(¥) are closed under extensions and cokernels of arbitrary maps.
Furthermore, the following statements hold true, forn > 1:

(2) fp, (9) is closed under extensions and cokernels of monomorphisms;

() if 1p,,(§) = 1p,1(§), then p, (§) is also closed under kernels of epimorphisms;

(4) fpoo (§) is closed under extensions, kernels of epimorphisms and cokernels of mono-
morphisms.

Proof. (1) The statements about fp,(¥) follow by Proposition 2.1, while closure under
extensions of fp; (&) is proved in Lemma 2.7. Take now a map ¢ in fp;(§) C fp,(§). As
fpo(¥) is closed under quotients, Im(¢) efp, (), so Coker(¢) efp, (§) by Lemma 2.7 (1).

The statements (2), (3) and (4) are immediate consequences of Lemma 2.7. [

Recall that a subcategory X of an Abelian category € is an Abelian exact subcat-
egory when it is Abelian and the inclusion functor X < € is exact. Equivalently, one can
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ask that X is closed under finite coproducts and, given any morphism ¢: X — X’ with
X, X’ € X, both the kernel and the cokernel of ¢, as computed in €, do belong in X.

Corollary 2.9. Let § be a Grothendieck category. If n € {0, 1} and fp,,(§) = fp, 1 (9),
then fp, (§) is an Abelian exact subcategory of §.

Proof. By Corollary 2.8, fp, (§) is closed under extensions (so also under finite cop-
roducts) and arbitrary cokernels. Furthermore, as fp,(§) = fp, . (§), it is also closed
under kernels of epimorphisms. Now, given ¢: X — Y in fp, (¥), we have that Coker(¢) €
fp, (§), so Im(¢) € fp,, (¥) (as this is the kernel of the epimorphism ¥ — Coker(¢)). Thus,
Ker(¢) = Ker(X — Im(¢)) € fp,(¥), so fp, (&) is also closed under kernels. |

2.3. Locally finitely presented and locally coherent Grothendieck categories

Recall that an (Ab.3) Abelian category § is said to be
e locally finitely generated if fg(§) is skeletally small and it generates §;
e locally finitely presented if fp(§) is skeletally small and it generates .

In fact, this is equivalent to say that in § there is a set of finitely generated (respectively,
finitely presented) generators. An (Ab.3) locally finitely presented Abelian category is
automatically a Grothendieck category (see Section (2.4) in [19]); furthermore, in a locally
finitely presented Grothendieck category, an object is finitely generated if and only if it is
a quotient of a finitely presented object.

Lemma 2.10. The following are equivalent for a Grothendieck category G :
(1) § is locally finitely generated,
(2) foreach X € G, there is (X;); C fg(§) directed, such that X = l_ir_)nl Xi;

(3) foreach X € §, there is (X;); C fg(§) directed of subobjects of X, such that X =
U; Xi.

Proof. We claim that fg(¥) is skeletally small, whenever § is a Grothendieck category.
Indeed, let G be a generator of §. Using the fact that each object in § is a directed union
of those of its subobjects which are isomorphic to quotients of G" (see below), where n
is a natural number, we deduce that there is an injective map from (a skeleton of) fg(§) to
{G"/X :n > 0and X is a subobject of G"}, so that our claim follows. Hence the implic-
ations “(3)=(2)=(1)” are clear, so let us concentrate on the implication “(1)=>(3)”.
Indeed, given X € §, there exists a set /, a finitely generated object G;, for eachi € I,
and an epimorphism p: [ [; G; — X . Givena finite subset J C I, let¢y:[[; G; — [[; G:
be the inclusion, and Xy := Im(p o ¢y). Then, X =~ ( J{X; : J C I finite}. [

As for the case of locally finitely generated categories, when § is locally finitely
presented, any object of § can be written as a direct limit (though not as a direct union
in general) of finitely presented objects. We want to give a more detailed statement than
Lemma 2.10 (see Proposition 2.12), for which we first need to isolate the following trick
due to Lazard [32], that is useful in a variety of situations.
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Lemma 2.11 (Lazard’s trick). Let § be a Grothendieck category, consider two classes
S C K C fg(9) of finitely generated objects of G, and suppose that the following prop-
erties hold:

(1) both § and K are closed under finite coproducts;
(2) K is closed under cokernels;
(3) given S € 8, K € K and an arbitrary epimorphism S — K, we have that K € §.

Consider now an arbitrary exact sequence of the form

. x 0,

U Ko —L— 11, 8
with (K))a € K, (Si);1 € S,and X € §. Then, X € h_r)n S.
Proof. Given finite subsets A’ C A and I’ C I, denote, respectively, by
tiav: Ha Ky — La Ka and ep: [ Si — 1 S
the inclusions into the coproduct, and define the following set:
Y :={(A",I'): A C A, I' C [ finite, such that f o+ factors through g;:}.

In other words, (A’, I’) € Y if and only if we have a commutative diagram like the fol-
lowing one:
foupr

\—> I_[ Y /
f(A’,I’) 1

ey

]—[A’ KA

L, Si-

Note that, if it exists, the map f(a 1) is uniquely determined by f. Endow Y with the
product order, i.e., (A’, I’y < (A”,I"”) if and only if A’ € A” and I’ C I". Since, for
each finite subset I’ C I, the map &;/ is a monomorphism, one sees that the poset Y is
directed and, due to the fact that X C fg(¥), we get that l_iI_>T1T S oy = f. Therefore,
by the right exactness of 1_ir_)nT, we have that X == Coker(f) = 1_ir_r)1TC0ker(f(A/,p)), with

Coker( f(ar,1) € S, forall (A’, 1) € T, by hypotheses (1-3). L]

Proposition 2.12. Let § be a locally finitely presented Grothendieck category, let S C
fp(§) be a set of finitely presented generators of '§, and let X be an object of §. Then,
the following statements hold true:

(1) X is a direct limit of objects in § := {quotients of objects in sum(S)} N fp(¥);
(2) actually, fp(§) = § = pres,(S).

Proof. (1) We have two classes § C fp(€) that satisfy the three hypotheses of Lazard’s
trick. Furthermore, as § is a set of finitely presented generators, there is an exact sequence
of the form

q

s Ky —L 11, 80 X 0.

with (Ky)a €8 € fp(9), (Si); €8 € S.Then, X € lim S.
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(2) Let X € fp(¥) so, by (1), we can write X = 1_ir_)n1 S;,with S; € § foralli € I. Since
X € p(¥), the identity idy: X — X factors through the map ¢;: S; — li_n>11 S; = X, for
some j € I.Hence, X € add(S). Therefore, fp(§) = §, as § = add(S). Takenow Y € §
and consider a short exact sequence 0 > K — § — Y — 0, where S € sum($) and so
K €fg(§). Since Gen(S) = ¢, there is an epimorphism p: [ [, Ta — K, with T € § for
all A € A. For each finite subset J € A, letey:]] g — 11 A T be the inclusion. Then,
K = | jcA finite Im(p o 1) is a direct union and, since K € fg(§), there is a finite J C A
such that K = Im(p o ¢y), showing that Y € pres,(S§), as desired. |

A locally finitely presented Grothendieck category § is said to be

* locally coherent if finitely generated subobjects of finitely presented objects are finitely
presented. Equivalently, one may ask that fp(¥) is an exact Abelian subcategory of §.

Note that to ask that fp(&) is an exact Abelian subcategory of § is the same as asking
that fp(¥) is closed under taking kernels in §. In the following proposition we collect
some equivalent characterizations of locally coherent Grothendieck categories.

Proposition 2.13. The following assertions are equivalent for a Grothendieck category §,
where E is an injective cogenerator of G :
(1) § is locally coherent;
(2) 6 is locally finitely presented and fp(§) = fp,, (§) (respectively, fp(§) = fp,(9));
(3) 9 is locally finitely presented, and Extlj (X, —) vanishes on li_n)l(Prod(E)) for all
X € fp(9).

Proof. Tt follows from Lemma 2.5, Corollary 2.9 and Proposition 3.5 (2) in [50]. [

3. Preliminaries on torsion pairs

In this section, we give the necessary definitions and results about torsion pairs in Grothen-
dieck categories, with special emphasis on those torsion pairs that are of finite type and/or
restrict to fp(¥). Some of these results are already known; in those cases we omit the
proofs.

3.1. Generalities on torsion pairs in Grothendieck categories

Let § be an Abelian category. For a class of objects X in &, we use the following notation:
Xt :={Ce§:6(X,C)=0, forall X € X},
LX:={Ce¥:8(C,X)=0, forall X € X}.

A torsion pair in § is a pair t = (7, ¥) of subcategories satisfying the following two
conditions:
(Torsion1) T =1F and ¥ =71,
(Torsion 2) for each object X of &, there are objects Ty € 7 and Fx € ¥, and an exact
sequence

0 Tx X Fx 0.
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When § is a Grothendieck category condition (Torsion 2) is actually a consequence of
(Torsion 1) (see Lemma 3.1 below). We say that 7 is a torsion class and ¥ is a torsionfree
class. In the above sequence, Ty and Fy depend functorially on X, and the corresponding
functors:

t:§—7 and (1:1t):9 — F

are called, respectively, the forsion radical and the torsion coradical. In fact, t is the right
adjoint of the inclusion 7 — &, while (1 : ¢) is the left adjoint to the inclusion ¥ — §. In
what follows we often abuse notation and consider ¢ and (1 : ¢) as endofunctors § — §.

Lemma 3.1 ([53], Proposition VI.2.1). Let § be a Grothendieck category. A class T C °§
is torsion if and only if it is closed under taking quotients, extensions and coproducts.
Dually, a class ¥ C § is torsionfree if and only if it is closed under subobjects, extensions
and products.

A torsion class T is a TTF (=torsion and torsionfree) class if it is closed under taking
subobjects and products. For such a 7, one calls (€ :=+ 7,7, % = T1) a TTF triple
where, by Lemma 3.1, both (€, 7) and (7, ¥) are torsion pairs called, respectively, the
left and right constituent of the TTF triple.

3.2. Torsion pairs of finite type
Consider a Grothendieck category § and lett = (7, ¥) be a torsion pair in &, with torsion
radical t: € — §. Then, t is said to be

e hereditary if t:§ — § is a left-exact functor. Equivalently, one may ask that T is
closed under subobjects or that ¥ is closed under taking injective envelopes (see Pro-
position VI.3.2 in [53]);

* of finite type if ¥ is closed under taking direct limits, in symbols, ¥ = lg_)n F.

In the following lemma, we give some equivalent characterizations of torsion pairs of
finite type; we omit the proof as the argument is analogous to the one commonly used in
categories of modules.

Lemma 3.2. The following are equivalent for a torsion pair t = (7, ) in a Grothendieck
category §:

(1) t is of finite type;

(2) the torsion radical t: § — § preserves direct limits;

(3) the torsion coradical (1 : t):§ — & preserves direct limits.

Given a torsion pair of finite type, we have the following criterion for an object to be
finitely presented:

Proposition 3.3. Let § be a Grothendieck category, and let t = (T, ) be a torsion pair
of finite type in §. The following assertions are equivalent for an object M € §:
(1) M is finitely presented.
(2) M satisfies the following three conditions:
(2.1) §(M,—): ¥ — Ab preserves direct limits of objects in T ;
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22) §M, )7 = F((1:1)(M),—): F — Ab preserves direct limits;
(2.3) the canonical map li_I)nI Ext}j M, T;) — Extgg (M, h_rr)lITi) is monic, for all
(Ty)); € T directed.

Proof. Almost by definition, condition (1) implies conditions (2.1) and (2.2), while con-
dition (2.3) follows by Proposition 2.6. Conversely, let us assume that M satisfies condi-
tion (2) and let us check that it is finitely presented. Take a direct system (N;); in § and
the following exact sequences:

0 —t(N;)) > N; > (1:t)(N;)) > 0);, 0— h_r)nlt(Ni) — h_r)nINi — li_r)nl(l :1)(N;) — 0.

Applying the functor § (M, —), we obtain the following commutative diagram with exact
TOWS:

0 — lim §(M.1(N;)) — lim §(M.N;) — lim §(M. (1 : 1)(N;)) — lim Extg (M. 1(N;))

lfl lfz st lﬁ:

0— &(M.lim t(N;)) — §(M.lim N;) —§(M.lim (1 : 1)(N;)) — Extg (M. lim, £(N;)).

with f1, ..., fs induced by universality of colimits. Observe that f; and f3 are iso-
morphisms by (2.1) and (2.2), respectively, and f4 is monic by (2.3). Hence, f, is an
isomorphism by the five lemma. ]

In the following lemma, we give a criterion for a torsion object to be finitely presented.

Lemma 3.4. Let § be a Grothendieck category, and let t = (T, ) be a torsion pair of
finite type in §. Given T € T such that §(T, —)5: T — Ab preserves direct limits, we
have that T € fp(§).

Proof. Given (M;); C § directed,
lim ¢(M;) = ¢(lim, M;),
by Lemma 3.2. We now conclude as follows:
h_n)l] 9(T,M;) = h_n)l] (T, t(M;))
zﬁ(T,l'i)nIt(Mi)) ;ﬁ(T,t(li_r)nI M;)) gﬁ(T,li_r)nI M;). |
In the following subsection, we give a series of characterizations of (hereditary) tor-
sion pairs of finite type in a locally finitely presented category ¥ (see Lemma 3.6). An
important piece of this is the following criterion, that holds in a general Grothendieck cat-

egory, for an extension of two objects in 1111)1 S to belong in Gen($), where §$ is a class of
finitely presented objects.

Lemma 3.5. Let § be a Grothendieck category, and let § C fp(§) be a subcategory closed
under extensions. If Extg (S,—): 9 — Ab preserves direct limits of objects in S, for all
S € 8, then an extension in '§ of two objects in 11_11)1 S belongs in Gen(S).
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Proof. Let (S;)r and () be direct systems in §, and let

p

(3.1 0——lim S; ——— X lim 7} ———0
—>1I —J

be an exact sequence in §. For each k € J, the pullback of the canonical map T — l_ir_>nJ T;

with p yields an exact sequence 0 — lir_)nl S; = Xy — Ty — 0. When k varies in J, we

obtain a direct system of exact sequences in § whose direct limit is the sequence in (3.1).

In particular, l_ir_)nJ X; = X. Hence, we are reduced to check that ¥ € 1ir_>n S if there is an

exact sequence like the following, with 7" € §:

(3.2) €: 0——lim S; LA T 0,
—1

Let [¢] € Extlg (T, li_I’I)lI S;) be the equivalence class of the extension € in (3.2). By assump-

tion, the canonical map W: l_ir_)nl Extjg(T, S;) — Extgg (T, lir_lgl S;) is an isomorphism, so

thereisk € I and [¢] € Ext; (T, Sk) such that [e] = W o 7 ([ex]), where LZ:Extlg (T, S) —
1 . . . . . .

Exty (.T, lir_)'nl S;) is 1.nduced by the canonical map tx: Sy — llr_>n1 S;. We then get a com-

mutative diagram with exact rows

Uk

3.3) €k : 0 Sk Yi T 0
e |
€: 0———1lim S; Y T 0,
—>1

where the square on the left is a pushout. The subset /> :={i € [ :i > k} C I is cofinal.
For each /i € I, take the pushout of tx 5: Sy — Sy with the map uy: Sy — Yi defined

in (3.3); we obtain a direct system of exact sequences (0 — Sy, LN Y > T —0) Ly C
fp(¥) N S. Taking colimits, we get

0———lim S, ———lim_ Y, T 0
—>1 —> 1>k

o] H
Y T 0,

0—lim_S;
—T

(direct limits are left adjoints, so they preserve pushouts). By cofinality, the leftmost ver-
tical map is an isomorphism, so ¥ = l'i)nl Yy e h_r)n S, by the five lemma. ]
>k

3.3. Torsion pairs of finite type in locally finitely presented categories

In this subsection we start with a locally finitely presented Grothendieck category ¥ and
characterize its torsion pairs of finite type. An important step is the observation that, by
Lemma 3.5, and given a subclass § C fp(§) satisfying the hypotheses of the lemma, if
1_ir_)n S = Gen(S), then this class is closed under extensions.
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Observe that, for a direct system (S;); € §, letting S¢;;) := Sj forall j <i € I, there
is a presentation:

Wj<ier Sy — Lier Si — lim §; — 0.

Hence, h_r)nS C Pres(S) € Gen($) and so, ifli_r)nS = Gen(S), then Pres(S) = Gen(S).

Lemma 3.6. Let § be a locally finitely presented Grothendieck category, and suppose
that there is S C fp(§), closed under extensions and quotients in fp(§), such that

Extg(S,—):9 — Ab

preserves direct limits of objects in S, for all S € §. Then, li)n S = Gen(S) and this is a
torsion class.

Proof. Itis enough to verify that lim § = Gen(§) as, in that case, this class is closed under
extensions (by Lemma 3.5), coprﬁucts and quotients. Consider a short exact sequence

7 0. with T; € S, foralli e 1.

0 K——1I; Ti

As § is locally finitely presented, there is an epimorphism p: | [, Kix — K, for suitable
K, € fp(¥) (A € A). To conclude that T € h_n)l S, apply Lazard’s trick (with X = fp(¥))
to the following exact sequence:

[ Ko —2 1, T T 0. .

Definition 3.7. A torsion pair t = (7, ) is said to be
* generated by finitely presented objects when ¥ = S+ foraset § C fp(§);
o strongly generated by finitely presented objects when T = h_r)n(’f N fp(§)).

We can now prove our main characterization of torsion pairs of finite type.

Proposition 3.8. Let § be a locally finitely presented Grothendieck category, and let t =
(T, F) be a torsion pair in §. Consider the following assertions:

(1) t is strongly generated by finitely presented objects;

(2) thereis aset S C fp(§) such that T = Gen(S) (or, equivalently, T = Pres(S));
(3) t is generated by finitely presented objects;

(4) t is of finite type.

Then, the implications “(1) < (2)= (3) = (4)” hold and, if t is hereditary, the assertions
are all equivalent.

Proof. (1)=(2) Take a skeleton § of 7 N fp(§). Then
T = h_r)nS C Pres($) C Gen(S) C 7.

2)=(1)Given T € T = Gen(S), with § C fp(9), take a short exact sequence

0—K-5]],8 5 T—0. withS; €8, foralli €1,
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and pick a direct system (K ) A € fp(¥) such that li_ngA K, = K. Apply now Lazard’s trick
to the inclusion of classes 7 N fp(¥) < fp(¥), to conclude that T € h_H)l (T N fp(¥)).
(2)=(3)= (4) are clear implications.
(4) = (2) provided t is hereditary. This follows by Proposition 11.1.14 in [46]. ]

Remark 3.9. When § = Mod-R is a category of modules, we will prove in Theorem 7.1
(see also Question 7.2) that conditions (1), (2) and (3) of the above proposition are all
equivalent in this case. On the other hand, even in categories of modules, one can pro-
duce examples of torsion pairs that satisfy (4) but not (3), e.g., see Corollary 4.2 and
Example 4.3 in [9] for a torsion pair t = (€, T5) (Which is the left constituent of a TTF
triple, so it is necessarily of finite type) such that €, N fp(§) = 0.

3.4. Torsion pairs that restrict to fp(§)
Consider a locally finitely presented Grothendieck category § and a torsion pair t =
(T, F) in &, with torsion radical : § — §. Then t is said to

e restrict to fp(§) if the torsion radical 7: § — § preserves finitely presented objects.
Torsion pairs of finite type that restrict to fp(§) give a useful criterion for local coherence:
Proposition 3.10. A locally finitely presented Grothendieck category § with a torsion

pair of finite type t = (T, F) that restricts to fp(§) is locally coherent if and only if the
following conditions hold:

(1) kernels of morphisms in T 0 fp(§) are finitely presented,;
(2) kernels of morphisms in ¥ N {p(§) are finitely presented,

(3) kernels of morphisms with source in ¥ N fp(§) and target in T N fp(§) are finitely
presented.

Proof. The “only if” part is clear. Conversely, let f: M — N be a morphism in fp(%).
Since t restricts to fp(¥), we have a commutative diagram in fp(§), with exact rows:

0 t(M) M (1:)(M) ——0
t(f)l lf l(llt)(f)
0 t(N) N (1:1)(N) ——0.

The snake lemma gives the following long exact sequence:

0 — Ker(¢(f)) — Ker(f) — Ker[(1: £)(f)] = Coker(¢(f)) —
— Coker(f) — Coker[(1:1)(f)] — 0,

where all cokernels are finitely presented, by Corollary 2.8, Ker(¢( f)) € fp(§) by hypo-
thesis (1), and Ker[(1: ¢)(f)] € fp(¥) by hypothesis (2). Furthermore, Ker[(1:1)(f)] € ¥
and Coker(¢(f)) € T, so Ker(w) € fp(¥) by hypothesis (3). Hence, Ker( ) € fp(§), by
Corollary 2.8. Therefore, fp(¥) is closed under taking kernels in &, as desired. |
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4. Preliminaries on derived categories and 7-structures

In this section, we recall some definitions and basic facts about derived categories and
t-structures. This serves mostly to introduce notation, fix conventions and recall known
results that help the paper to be more self-contained. For this reason, most proofs are
omitted.

4.1. Triangulated and derived categories

Given a triangulated category O (for the definition, see [36]), we denote by [1]: D — D
the suspension functor and [n] := [1]" for all n € Z. Furthermore, we denote (distin-
guished) trianglesin Dby X — Y — Z — X[l1].

Given a set X of objects in & and a subset / C Z, we let

X ={YeD: DX, Y[i])=0,forall Xe X andi € I},
L. ={ZeD:D(Z, X[i]) =0,forall Xe X andi € I}.

If I = {i} for some i € Z, then Xti = XLrand L X =X Ifi =0, X1 = x1lo
and - X 1= 10X, Aset § C D is called a set of generators (respectively, cogenerators)
of D if §+2 = 0 (respectively, +2§ = 0).

If D has coproducts, we say that an object X is compact when the functor D (X, —):
D — Ab preserves coproducts. D is compactly generated when it has a set of compact
generators.

Given an Abelian category €, a subcategory €’ C €, and an integer n € 7,

¢ C(©) is the category of the (cohomological) cochain complexes of objects of €;

* C(€¢) is the subcategory of C(€) of the complexes that are, degree-wise, in €’;

e C="(€’) C C(¥’) is the subcategory of complexes concentrated in degrees < n;

e C2"(€’) C C(¥') is the subcategory of complexes concentrated in degrees > n;

o C(€) = U,ez C="(€) (respectively, CT(€') = |, ez CZ"(€"));

¢ K(©) is the homotopy category of €,

* K(€') € K(©) is the subcategory of complexes isomorphic in K(€) to some X €
C(€);

o K="(€’) (respectively, K=" (€), K= (€’), KT (€")) is the category of all Y € K(€’)
that are isomorphic in K(€) to some X € C="(€’) (respectively, C="(€’), C~(€’),
Cct(e).

We denote by D(€) the (unbounded) derived category of €, defined as the localization
obtained inverting the quasi-isomorphisms in K(€). In general, the category D(€) may
not exist, in the sense that D(€)(X, Y') may be a proper class for some X, Y € D(€); this
is never the case when € is a Grothendieck category. When it exists, D(€) is canonically
a triangulated category. As for the homotopy category, D="(€) and D="(€) are defined
as the subcategories of D(€) of those complexes that are isomorphic in D(€) to some
complex in C="(€) and C="(€), respectively.



Locally finitely presented and coherent hearts 221

4.2. t-Structures

An additive functor H?: D — € from a triangulated category D to an Abelian category €
is said to be cohomological if, given a triangle X — Y — Z — X|[1] in D, the sequence
H%X) > H°Y) - H%(Z) is exactin €. Letting H"(—) := H°((—)[n]) foralln € Z,
one can then attach to a triangle the following long exact sequence in €:

oo — H"Y(Z) — H"(X) — H"(Y) — H"(Z) — H""'(X) — --- .

Definition 4.1. A ¢-structure in D is a pair of classes T = (U, W) satisfying the following
axioms:

(t-S.1) DU, W[-1]) =0,forallU € Uand W € W;

(t-S.2) W[—1] € ‘W (or, equivalently, U[1] € U);

(t-S.3) foreach X € D, there are Uy € U, Vx € W[—1] and a t-truncation triangle:

@.1) Uy — X — Vy — Ux[l].

Remark 4.2. In the definition of a t-structure, one can often find in the literature the
extra assumption that U and ‘W are closed under direct summands. In fact, this follows
by the other axioms. Indeed, let T = (U, W) be a ¢-structure (let us just assume the first
half of (¢-S.2), the part not in parenthesis), and suppose that A @ B = U € U. Then,
W[—1] € U+ € UL € AL, so the map g4 in the following truncation triangle of A is
trivial:

h
Ug 2 a2y, L Uy[1], with Uy € U and Vg € W=1].

But then, U > Uy = A @ V4[—1] and, using the above argument, W[—1] € (V4[—1])+. On
the other hand, V4[—1] € W[-2] € W[—1], so thatidy,[—;] = 0, showing that V4 = 0, and
so A =~ Uy € U. Hence, U is closed under summands, U = l"W[—l], so that the second
half of (¢-S.2) follows from the first one. The same argument now shows that also W is
closed under summands.

For a t-structure T = (U, W), we have W = U~+[1] and U = L W[—1] = L(UL),
by Remark 4.2. For this reason, we write z-structures as t = (U, V[1]), meaning that
V := UL. We call U and 'V the aisle and the co-aisle of T, respectively. The objects Uy
and Vy in (4.1) are uniquely determined by X, up to a unique isomorphism, and define
the so-called left and right t-truncation functors

D — U and IV:SO—>"V,

which are right and left adjoints, respectively, to the corresponding inclusions.

The subcategory # := U N V[1] = U N UL[1] of D is called the heart of T and it is
an Abelian category, where short exact sequences “are” the triangles of O with the three
vertices in J. Moreover, the assignments X — 1o o 7 VIH(X) and X — vV o 194(X)
define two naturally isomorphic cohomological functors (see Section 1.3 in [6]) denoted
indifferently by

HY: D — X.
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Suppose that D has coproducts. Since (‘L’v[l])|‘u = (HTO)W: U — H is a left adjoint (see

Lemma 3.1 in [38]), it preserve coproducts, so | [ H; = fV[l](]_[@ H;), for each family

(Hj)ier of objects of . Dually, when D has products, we have [[ 5 H; = tu([[p Hi)-
Consider now a morphism ¢: H; — H» in # and complete it to a triangle in D:

K — H, - H, — K]1].

By closure properties of U and V, one gets K € U[—1] N V[1], so K[1] € U[0] N V[2].
In particular, 7o;(K), tVI(K[1]) € H, showing that the compositions t9;(K) — H,
and H, — tVIU(K[1]) represent a kernel and a cokernel, respectively, of ¢ in # (see
Section 1.3 in [6]).

Example 4.3. Given a Grothendieck category &, there is a canonical ¢-structure in D(§)
defined by T = (D=°(§),D=°(%)). The heart D=°(¢) N D=°(§) = §[0] = ¢ of this 7 is
equivalent to §.

A t-structure T = (U, V[1]) is said to be generated by a class § € D if V = §+=0.
Furthermore, we say that t is compactly generated if it is generated by a set of compact
objects.

4.3. Happel-Reiten—Smalg 7 -structures and their hearts

Let D be a triangulated category. Given two classes X, ¥ € D, we define a new class:
e X*x¥Y :={Ze D thereisatriangle X - Z — Y — X[1] with X € X and Y € ¥}.

Similarly, given a Grothendieck category ¥ and two subcategories B8 and € of &, we let
B * € C § be the class of extensions of objects of € by objects in B (i.e., (B * €)[0] =
B[0] = €[0] in D(¥)).

Definition 4.4. Consider a ¢-structure t = (U, V[1]) in D, with heart # := U N V[1],
and a torsion pair t = (7, ) in J. We can define a new ¢-structure 7y = (U, Vi[1])
on P, called the Happel-Reiten—Smalp (HRS) tilt of T with respect to t (see Section 1.2
in [24]), where

Uy :=U[1*T and Vy:=F xV.

Almost by construction, (¥[1], 7[0]) is a torsion pair in the Abelian category J; :=
U N V[1]. We mostly consider HRS tilts in the following situation: we take a Grothen-
dieck category &, we consider a torsion pair t = (7, ¥) and we let t = (D=°(¢),D=°(¥))
be the natural -structure in D(§) described in Example 4.3. Then we let ty = (U, Vi[1])
be the tilt of 7 with respect to t, and we denote its heart by #. In particular,

U := D=1 (G) x T[0], Vi:= F[0]*DZ'(§) and H = F[1]* T[0)].

In this setting, D(¥) has coproducts and products and, since # is the heart of a ¢-structure
in D(¥), it is bicomplete (see Proposition 3.2 in [38]). We can also describe some partic-
ular direct limits in J;:

Lemma 4.5 (Proposition 4.2 in [38]). Let § be a Grothendieck category, t = (T, F)
a torsion pair in g, and J; the heart of the associated t-structure. Then, the following
statements hold true:
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(1) given a direct system (Ty)p in T, we have that l_ir_)ni\‘%‘)(T,x [0]) =~ (l_ignf)TA)[O];
(2) if t is of finite type and (Fy)p € F is a direct system, then

im0 (£ [1]) = (tim® F[1].

Similarly to Lemma 4.5, one can describe the kernels of maps between stalk com-
plexes in Hy:

Lemma 4.6. Let § be a Grothendieck category, t = (T, F) a torsion pair, and H; the
heart of the associated t-structure. Take a short exact sequence 0 - F — K — T — 0,
with F € ¥ and T € T, and consider the associated triangle in D(§):

F[0] — K[0] — T[0] — FI[1].
Then, T[0], F[1] € H#, and the kernel of the map T [0] — F[1] in J; is exactly t (K)[0].

Proof. As we mentioned at the end of Subsection 4.2, Kerg, (T [0] — F[1]) = tq4,(K[0]).
Consider now the following approximation sequence in §:

0—t(K)— K— (1:1)(K)—0,

and the associated triangle 7 (K)[0] — K[0] — (1 :¢)(K)[0] — ¢(K)[1] in D(¥). Clearly,
t(K)[0]eT[0] S D="1(8) x T[0] = Uy and (1:¢)(K)[0]€ F[0] € F[0] * D=1 (§)="V,.
Therefore, the triangle above is just the truncation of K[0] with respect to ¢, that is,
t(K)[0] = 1, (K[0]) = Kerg, (T'[0] — F[1]), as desired. L]

Let us conclude this subsection recalling the following important result that character-
izes when the heart of an HRS tilt is a Grothendieck category:

Proposition 4.7 (Theorem 1.2 in [39]). Let § be a Grothendieck category, t = (7, %) a
torsion pair, and Hy the associated heart. Then, Hy is Grothendieck if and only if t is of

finite type.

5. Torsion pairs of finite type, quasi-cotilting and cosilting objects

In this section, we clarify the relation between torsion pairs of finite type, quasi-cotilting
torsion pairs and cosilting torsion pairs. The connections between these concepts are
scattered in the literature and just partially known in the particular case where the ambient
category is a category of modules (see Remark 5.3). After recalling the main definitions
and some basic facts about pure injective objects (in Subsection 5.1), cosilting objects (in
Subsection 5.2), and quasi-cotilting objects (in Subsection 5.3) we are going to prove the
following main result of this section:

Theorem 5.1. Let § be a Grothendieck category, and let t = (T, ¥) be a torsion pair
in'§. The following assertions are equivalent:

(1) t is of finite type;

(2) t is quasi-cotilting;;

(3) t is the torsion pair associated with a cosilting (pure-injective) object of §.
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Furthermore, the following corollary is a byproduct of the methods used in the proof
of Theorem 5.1.

Corollary 5.2. Let § be a Grothendieck category. An object Q is quasi-cotilting if and
only if there is a cosilting object Q' such that Prod(Q) = Prod(Q’). Such an object is
always pure-injective. In particular, all cosilting objects are pure-injective.

Remark 5.3. When § = Mod-R is the category of modules over a ring R, Theorem 5.1
follows from a combination of several results existing in the literature (see Section 3
in [2]). Concretely, in independent work, Breaz and Pop [11] and Zhang and Wei [54]
proved that every cosilting module is pure-injective and, as a consequence, the implic-
ation “(3)=(1)” holds in that case. Zhang and Wei [54] also proved the equivalence
“(2)<>(3)”. They, and independently Breaz and Zemlicka [12], proved that the cosilt-
ing (= quasi-cotilting) torsion pairs in Mod-R are exactly those t = (77, ) for which ¥
is covering. On the other hand, Bazzoni [5] had proved earlier that if ¥ is definable (equi-
valently, if t is of finite type), then F is covering. A version of Theorem 5.1 for cotilting
objects is proved in Theorem 3.10 of [18].

5.1. Pure-injective objects

Let +A be an additive category (in what follows, 4 will usually be —a subcategory of —
either a Grothendieck or a triangulated category). Given a set / and an object ¥ € 4,
suppose that the coproduct ¥ /) exists in »4, and let ¢ Y — YD be the j-th inclusion,
for all j € I. The (I-)summation map

sp: YD —y

is the unique morphism such that s; o ¢; = idy, for each j € I;its uniqueness and exist-
ence are ensured by the universal property of the coproduct.

Definition 5.4. Let 4 be an additive category and let Y € 4. We say that Y is pure-
injective when, for any given set I, the coproduct ¥ (/) and the product Y/ exist in #, and
the summation map s7: ¥ /) — Y extends through the canonical map puy: Y — Y 1.

y D SI—% )
yI o3

that is, there exists a morphism §7: Y/ — ¥ such that s; = §7 o u;.

The above definition of pure-injectivity is not the usual one, but it is equivalent to
its more common counterpart in all the situations we are interested in, as the following
remark points out:

Remark 5.5. (1) In the setting of Definition 5.4, if 8 is a subcategory of 4 which con-
tains Y, Y, and Y, for every set I, then Y is pure-injective in B if and only if it is
pure-injective in .

(2) By the famous Jensen—Lenzing characterization of pure-injective modules (see
Proposition 7.2 in [26]), later adapted to locally finitely presented Grothendieck categories
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(Theorem 3.5.1 in [19]), and even to compactly generated triangulated categories (The-
orem 1.8 in [27]), we know that, when o+ is either locally finitely presented Grothendieck
or compactly generated triangulated, the notion of pure-injectivity introduced in Defini-
tion 5.4 coincides with the classical one.

5.2. Cosilting objects and cosilting torsion pairs

Let us start introducing cosilting objects in the context of triangulated categories with
products:

Proposition-Definition 5.6. Let D be a triangulated category with products. The follow-
ing assertions are equivalent for E € D
(1) the pair (+<0E,1>0E) is a t-structure in O (which implies that E € +>°E).
(2) E is a cogenerator of D that satisfies the following two conditions:
(2.1) the pair (Ug, Vg[1]) := (F<°E, (*=°E)%Y) is a t-structure;
(2.2) the functor D(—, E) : D — Ab vanishes on Vg.

In this situation, the t-structures of (1) and (2.1) coincide, and E is called a cosilting
object in D.

Proof. The assertions (1) and (2) are the duals of the definitions of silting objects in trian-
gulated categories with coproducts given in [47] and [37], respectively, and it is known that
they are equivalent (see Remark 4.3 and Theorem 4.1 in [37]). Finally, the two ¢-structures
coincide as they share the aisle. ]

In the derived category of a given Grothendieck category, there is a special class of
well-studied cosilting objects, called 2-term cosilting complexes:

Definition 5.7. Let § be a Grothendieck category. An object E of D(¥) is a 2-term cosilt-
ing complex when it is a cosilting object of D(¥) which is quasi-isomorphic to a complex
of injectives

im0 —E VS E" 50— ...,

concentrated in degrees —1 and 0. An object Q of § is said to be a cosilting object when
0 =~ H~!(E), for some 2-term cosilting complex E of D(¥).

It is important to underline that, although the terminology may suggest the contrary,
a cosilting object Q in a Grothendieck category & is not necessarily a cosilting object of
D(¥), when considered as a complex Q[0] concentrated in degree zero. In the following
lemma we give a more explicit characterization of the 2-term cosilting complexes.

Lemma 5.8. Let § be a Grothendieck category and consider a complex of injectives
E: ——50—E'" S E' 50— ..

concentrated in degrees —1 and 0, viewed as an object of D(§). Then, the following are
equivalent:

(1) E is a (2-term) cosilting complex;
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Q) F:={Feg:DE)(F[0l,E)=0={Fe€§ st 0x:9(F.E~")—§(F,E) is epic}
is a torsionfree class in'§ and ¥ = Cogen(Q), for Q := H™'(E).
Furthermore, under these conditions, Exté(F, Q)=0forall F € ¥.

Proof. Part of the arguments in this proof are dual to those used in [25]; we sketch them
here, leaving some of the details to the reader. First of all, let Ug := +<°E and Vg :=
120 £ Then it is easy to verify that D="1(€) € Ug and D>°(¢) C V.

(1)=(2). By Lemma 1.1.2 in [44], Ug =D="1(§) * 7'[0] and Vg = F'[0] xD~°(9),
for a certain torsion pair (7', ) in §. By definition, an object F' € § is in ¥ if and only
if F[0] € Vg = 12°E, if and only if D(€)(F[0], E[i]) = 0, for all i > 0. Since E is a
complex of injectives concentrated in degrees —1 and 0, D(¥)(M[0], E[i]) = 0, for all
Me g andi > 1. Hence, F € ' if and only if D(§)(F[0], E) =0,s0 F = F'isa
torsionfree class.

We next prove that O € ¥, which implies that Cogen(Q) € ¥ . Indeed, apply the
functor D(9)(—, E[1]) to the following triangle:

5.1 H°(E)[-1] — Q1] — E — H°(E)|[0]

and bear in mind that D(§)(H°(E)[k], E[1]) = 0, for k = —1, 0. We get an isomorph-
ism D(&)(Q[1], E[1]) = D($)(E, E[1]), so 0 = D($)(E, E[l]) = D($)(Q[0]. E), as
E € *>0E.Then, Q € ¥, as desired. Conversely, if F € %, apply D(£)(F[0], —) to the
triangle (5.1), to get the exact sequence

(52) 0=D(G)(F[0], H*(E)[-1]) — DH)(F[0], Q[1]) — D(E)(F[0]. E) = 0,

SO Exté (F, Q) =2 D(9)(FI0], Q[1]) = 0. Knowing this, to prove that ¥ < Cogen(Q) it
is enough to check that §(F, Q) # 0, for all F € ¥ \ {0}. Take then F € ¥ and assume
that 0 = 9(F, Q) = D(§)(F[1], Q[1]). Apply the functor D(§)(F[1], —) to the triangle
in (5.1) to obtain that D(§)(F[1], E) = 0, which implies that D(§)(F[i], E) = 0, for all
i € Z since, by definition of ¥, we know that D(§)(F[0], E) = 0. It follows that F = 0
since E cogenerates D(§).

(2)=(1). Consider the following triangle in D(¥):
—1r1 29 o -1
(5.3) E7'[0] — E°[0] — E — E"'[1].
Given X € D(9), apply D(9)(X, —) to the triangle (5.3) to get the following long exact
sequence:
D()(X, E7'[-1]) = D(9)(X, E°[-1]) - D($)(X, E[-1]) - D(&)(X, E~'[0]) —

™ D5)(x. E°0]) - D(§)(X. E) - D&)X, E'[1])

T D) (X, E°[1) — DE)(X. E[1]) = -

Hence, X € +<0E if and only if o'[0]« is a monomorphism and &[]« is an isomorphism
forall j < 0, while X € +>0E if and only if o[1]4 is an epimorphism and o[ ]« is an iso-
morphism, for all j > 1. Given j € Z, there is a natural isomorphism D(§)(X, E'[j]) =
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§(H 7 (X),E") (fori = 0,—1)s0 c[j]« is an epimorphism if and only if H~/(X) € ¥
(by definition of %), and it is a monomorphism if and only if 0 = §(H ~/ (X),Ker(0)) =
g(H/(X), Q). Since ¥ = Cogen(Q), we conclude that o[ j ]« is a monomorphism if and
only if H=/(X) € 7. As a conclusion, X € +<0E (respectively, X € +>0E) if and only
if H9X) e T and H/(X) e T NF =0, for all j <0 (respectively, H }(X) € ¥
and H=/(X) = 0, for all j > 0). Therefore, (*<0E, >0 E) = (U, Vi[1]) is the HRS
t-structure associated with t. Furthermore, E € >0F, since “>0E = V[1] = F[1] *
D=0(¢), while E e D=1 (§)and H-Y(E) = Q € F.

Finally, the last statement follows by (5.2). [

Definition 5.9. Let § be a Grothendieck category. A cosilting torsion pair in § is a torsion
pairt = (7, ) such that ¥ = Cogen(Q), for some cosilting object Q of §.

5.3. Quasi-cotilting objects and quasi-cotilting torsion pairs

Let ¥ be a Grothendieck category and Q € §. Recall that, Cogen(Q) is the class of
quotients of objects in Cogen(Q). Clearly, one always has the inclusions

Prod(Q) < Copres(Q) S Cogen(Q) < Cogen(Q).

Recall also that 11Q 1= {X € ¢ : Ext;(X, Q) =0}.
Remark 5.10. Let § be a Grothendieck category and Q € §. Note that

if Prod(Q) € 110 N Cogen(Q) C Cogen(Q), then Cogen(Q) = Copres(Q).

For X € Cogen(Q), take the exact sequence 0 - X — Wp(X) = C — 0, with Wp(X) €
Prod(Q). Applying §(—, Q), we obtain an exact sequence

FWo(X), 0) 22 4(X, 0) > Extl(C. 0) — Extl, (Wo(X), Q) =0,

where the last term is trivial since Prod(Q) € 1 Q. Furthermore, the map () is surjective
by construction, so Exté (C, Q) = 0, showing that C € +1Q N Cogen(Q) C Cogen(Q).
Hence, X € Copres(Q).

Finally, recall that a subcategory X of § is called generating when each object of § is
the epimorphic image of an object in X. Cogenerating subcategories are defined dually.
Definition 5.11. An object Q in a Grothendieck category § is said to be

* (1-)cotilting when Cogen(Q) = 1 Q and this is a generating subcategory of §;
e quasi-cotilting when Cogen(Q) = 110 N Cogen(Q).
In both cases, Cogen(Q) = Copres(Q) (see Remark 5.10) and this is a torsionfree

class in €. A torsion pair of the form (+Q, Cogen(Q)), for Q (quasi-)cotilting, is called
a (quasi-)cotilting torsion pair.

In Definition 2.6 of [15], the author only required the equality Cogen(Q) = +' Q for
an object Q to be (1-)cotilting but, in the setting of that paper, § is assumed to have
enough projectives, in which case it is automatic that 11 Q is generating.
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5.4. Proofs of the main results

In this subsection we prove the results announced at the beginning of this section and
we deduce some consequences that will be useful later on. We start with the following
technical lemma, but let us first recall that, given M € § and n € Z, the n-th disk complex
of M is the following object of C(§):

idps

D*(M): .- 0 M M 0

concentrated in degrees n and n + 1. Any such complex is contractible, and hence it is
trivial when considered as an object in K(§).

Lemma 5.12. Let § be a Grothendieck category, and let Y € CT (Inj-§) be a bounded-
below complex of injectives. If, for a given k € 7, D(§)(—, Y [k]) vanishes on §[0], then
we have an isomorphism

Y=Y @Y inK(nj-9),

where Y~ e C<*(Inj-§), Y+ € C™*(Inj-§), and such that (Y ~)*~" is a direct summand
of YL, In particular, if D(8)(~. Y[j]) vanishes on §[0, for all j = k, then ¥ €
K <k (Inj-9).

Proof. In what follows, foralln € Z, d": Y* — Y"*! denotes the n-th differential of Y,
while
Z" := Z"(Y) = Ker(d") and B":= B"(Y)=Im(d" ")

are the objects of n-cocycles and coboundaries of Y, respectively, so that H"(Y) =
Z"/B". We know by Lemma 5.9 in [37] that H*(Y) = 0. The inclusion Z¥ — Y*
induces a map Z¥[0] — Y [k] in C(&), which is null-homotopic since

K(9)(Z*[0], Y [K]) = D(9)(Z*[0]. Y[K]) = 0

(in fact, being Y a bounded below complex of injectives, it is homotopically injective). It
follows that the induced epimorphism Y*~1 — B¥ = Z* is a retraction. In particular, Z*
is injective in & and we have decompositions Y ¥~! =~ Z*¥=1 @ Z* and Y* =~ B¥*1 @ Z*.
Hence, also B¥*! is injective, giving us a decomposition Y¥+1 =~ Bk*+1 g y*+1_ The
differentials *¥~! and d¥ can then be written in matricial form as follows:

dk_lz[g idoki|:Zk_1€BZk—>Bk+1®Zk and
zZ

dk _ [ 1ng+1 8 i|:Bk+1 ® Zk N Bk+1 @ Yk+,
This shows that ¥ =~ Y~ @ D¥~1(Z¥) @ D¥(B¥*') @ Y+ in C(Inj-9), with Y~ €
C<k(Inj-g) and Y+ € C>*(Inj-§). The first part of the statement is then proved, as disk
complexes are contractible.

As a consequence, given Z € K=*(Inj-§) such that D(€)(—, Z[k]) vanishes on §[0],
there is a some Z’ € CZ¥ (Inj-¢) such that Z =~ Z' in K(Inj-$), and (Z')~ € K=¥ (Inj-¢) N
K<k (Inj-¢) = 0. Hence, Z € K> (Inj-%).
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On the other hand, if ¥ € C*(Inj-g) and D(§)(—, Y [j]) vanishes on §[0], for all
j > k, we apply inductively the conclusion of the last paragraph to Z = Y T to get that
Z € K>/ (Inj-§), for all j > k, and so Z = 0 in K(Inj-§). Hence, Y is isomorphic to ¥ ~
in K(Inj-%), so that ¥ € K<¥(Inj-$). |

We are now ready for the proof of the main result of this section:

Proof of Theorem 5.1. (1)=(2). By Proposition 4.7, we know that assertion (1) holds if
and only if the heart J¢; of the associated HRS ¢-structure in D(¥) is Grothendieck. By
Proposition 3.8 in [41], if Y is an injective cogenerator of #;, then Q := H~1(Y) is
quasi-cotilting in ¥ and ¥ = Cogen(Q) = Copres(Q).

(2)=(1). Fix a quasi-cotilting object Q such that ¥ = Cogen(Q) and let ¥ :=
Cogen(Q). In the proof of Theorem 4.18 in [41], it is shown that ¥ is coreflective in &,
that ¥ is a Grothendieck category, and that Q is a (1-)cotilting object in ¥ . Although our
hypotheses are not exactly the same, the arguments of [41] also apply here. Then, The-
orem 3.9 in [18] says that ¥ is closed under direct limits in ¥, which are computed as
in g, therefore t is a torsion pair of finite type in §.

(1,2)= (3). The associated HRS ¢-structure 7y = (U, V¢[1]) in D(§) is smashing,
(left and right) non-degenerate and its heart is a Grothendieck category. Moreover, due to
Proposition 5.1 in [1] and Theorem 7.2 in [45], we know that D(¥) is a well-generated
triangulated category, which implies that it satisfies Brown’s Representability Theorem
(see Section 9 in [36]). It follows from [51] that there is a cosilting pure-injective object
E € D(9) such that 7y = (1<0 E, 1>0 E) is the associated ¢-structure. Let us show that E
is a 2-term cosilting complex. Indeed, we have that E € V[1] € D="1(¢) and so E is
quasi-isomorphic to a complex in C=~!(Inj-§), with H~!(E) € ¥. On the other hand,
9[-i] S D=°(9) € W[1] = 1°E, 500 = D(9)(F[~i]. E[j]) = D(&)(F[0], E[i + j]),
for all integers i > 0 and j > 0. By Lemma 5.12, E is isomorphic in K(Inj-§) to a complex
of injectives concentrated in degrees —1 and 0, so E is a 2-term cosilting complex. For

simplicity, in the rest of the proof we assume that E = (---—0—> E~1 5 E0 50— ...),
with E? injective for i = —1, 0. Hence, Q := H~!(E) is a cosilting object of & such
that ¥ = Cogen(Q). Moreover, since E is pure-injective in D(¥), there is commutative
diagram as follows (see Definition 5.4):

(5.4) EW{ ﬁ E.
i

EIsI

As products are left exact in €, we have that H ' (E!) = Ker(o!) =~ Ker(o)! @ H~(E)".
Similarly, being coproducts exact in &, also H ' (ED) = H~1(E)®). Hence, H™ 1(/JLI )
gets identified with the canonical map Q) — Q7 and H™1(s f ) identifies with the sum-
mation map Q) — Q. The decomposition H’l(sf) = H71(§f) oH™ 1(#[ ) tells us
that Q is pure-injective in §.

(3)=(2). Let E be a 2-term cosilting complex

E: «—50—E'" S E 0—..
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such that Q = H~1(E) and Cogen(Q) = ¥ = {F € § : D(§)(F[0], E) = 0}. Now, by
Lemma 5.8, ¥ C11Qandso ¥ €110 NCogen(Q) =10 N F. We just need to prove
the converse inclusion: take M € 11Q N ¥ and fix a short exact sequence 0 — F’ B
F — M — 0,with F € ¥. Applying D(§)(—, E) to the corresponding triangle in D(§),
we get an exact sequence

D) (F[11, E) X D(&)(F/[1], E) — D#)(M[0], E) —> D(E)(F[0], E) = 0.

The natural isomorphism D(§)(—[1], E)g = §(—, Q) of functors §°° — Ab gives us an
exact sequence

£(F,0) -5 §(F, 0) — D(E)(M[0], E) — 0,

where u™* is surjective since Extg (M, Q) =0. Thus, D(§)(M[0], E) =0,andso M € .
[

Now the proof of Corollary 5.2 consists in a closer analysis of the methods used in the
above proof. Before proceeding, let us just recall that, given a Grothendieck category §,
two objects X, Y € § are said to be Prod-equivalent if and only if Prod(X) = Prod(Y).
Clearly, if X and Y are Prod-equivalent, then the former is quasi-cotilting if and only if
so is the latter.

Proof of Corollary 5.2. In the proof of the implication “(3)=>(2)” in Theorem 5.1 we
have verified the “if” part of the assertion, since any object which is Prod-equivalent to a
quasi-cotilting object is also quasi-cotilting. On the other hand, the proof of the implication
“(1,2) = (3)” shows that, if Q is a quasi-cotilting object and t = (77, ¥) is the associ-
ated torsion pair, then it is also the cosilting torsion pair associated with a pure-injective
cosilting object Q’. Hence,

110" N F = Cogen(Q’) = Copres(Q’) = F = Cogen(Q) = Copres(Q) =10 NF.

Thus, Q € Prod(Q) = Prod(Q’). Moreover, by Proposition 3.4 in [18], the class of pure-
injective objects is closed under products in §, and it is clearly closed under direct sum-
mands, so Q is pure-injective. ]

We end the section with two results that will be useful later on.
Proposition 5.13. Let § be a Grothendieck category, take a 2-term cosilting complex E,
E: i 00— EV L EY 50— .
lett = (T, %) be the associated (finite type) torsion pair in '§, and consider the canonical
epimorphism p: E — (1 : t)(H°(E))[0] in C(§). Then, W := Ker(p) is an injective

cogenerator of the heart # and, furthermore,

H'W)~ H YE) and H°(W) = t(H°(E)).
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Proof. Consider the triangle in D(¥) associated with the following exact sequence of
complexes:

0— W — E -2 (1:0)(H°(E))[0] —> 0.
By analyzing the associated long exact sequence in cohomology, we get H™1(W) =
H~Y(E), H(W) = t(H°(E)) and H*(W) = 0, for all integers k # —1, 0. It then fol-
lows that W € J#;.

For proving the injectivity of W in J#, we need to check that 0 = Ext},&(F [1], W) =~
D(§)(F[0], W) and 0 = Extbﬁ(T[O], W) = D(g)(T[0], W[1]), for all F € ¥ and all
T € 7. This follows immediately from the following induced exact sequences of Abelian
groups (see Lemma 5.8):

0 =D(G)(F[0]. (1 : )(H(E))[-1]) — DE)(F[0]. W) — D(#)(F[0]. E) = 0.
0 =DE)(T0]. (1 : t)(H (E)[0])) — DE)(T[0], W[1]) — D(&)(T[0]. E[1]) = 0.

The last equality to zero is due to the fact that D(€)(7T'[0], E[1]) =~ K(&)(T'[0], E[1]) =0,
since E[1] is a complex of injectives concentrated in degrees —2 and —1. It remains to
prove that, if M € H#; and # (M, W) = 0, then M = 0. Consider the isomorphism

JH (M, W) = D(E)(M, W) —> DE)(M, E),

which is true since (1: 1) (H°(E))[k] € V; = ‘L(tl, fork= —1,0. Then, if D(§)(M, W) =0,
we get that M € LE, and so D(€)(M, E[k]) = 0, for all k € Z, because M € H; =
U N V(1] = L<0E N L=0E Tt follows that M = 0, since E cogenerates D(§). n

For the last result of this section, it is convenient to view D(§) as the base of the strong
and stable derivator Dg: Cat®® — CAT such that Dg (/) = D(§') = Ho(C(&')) for any
small category /. The reader is referred to [52] for all the needed terminology.

Corollary 5.14. In the same setting of Proposition 5.13, take a direct system (W)) p in Hy,
of objects in Prod g, (W). Then, there is a direct system of short exact sequences in C(§),

00— El >y, — W [1] — 0)a.

with each Yy, € Vi[1] = +>°E and such that the direct system (W) in C(§) is mapped,
up to isomorphism, onto (Wy)p by the localization functor q: C(§) — D(§).

Proof. By Theorem A in [52], (W) can be lifted to a coherent diagram in Dg(A) =
Ho(C(§*)). This means that we have some direct system (W))a in C(¥) that is mapped,
up to isomorphism, onto (W)) 5 by the localization functor g: C(§¥) — D(¥§). We now put
I :=C(9)(W),E),foreach A € A, and consider the canonical morphism v, : W, — Elx,
Since E is homotopically injective, the morphism u is a Prod(E)-preenvelope both in
C(¥%) and in D(¥). Taking the classical cone of a chain map in C(§), we get a direct
system (0 — E+ — cone(u;) — W/ [1] — 0)4 of short exact sequences in C(§). We
claim that Y; := cone(u) € V;[1] = 19 E. We clearly have that D(§)(—, E[k]) vanishes
on E+ and W/ [1], for k > 1. So we only need to prove that D(§)(Yy, E[1]) = 0. This
follows from the fact that, u; being a Prod(E)-preenvelope, we have the following exact
sequence:

D($)(E™*, E) "—I> D(9)(W},E) N D(E)(Y;[-1], E) — D(E)(E*[-1],E)=0. m
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6. Finitely presented objects in the heart

In this section, we start with a Grothendieck category ¥ and a torsion pair of finite type
t=(7,%)in g, and we give a general characterization of the finitely presented objects in
the heart J; of the HRS ¢-structure associated with t. We then deduce explicit character-
izations, under fairly general hypotheses, for the finitely presented stalk complexes in the
heart, deducing a complete description fp(#) when § is good enough. In the last two sub-
sections we study fp, (#) (whose understanding is essential in determining whether #
is locally coherent) and the category & , which helps us to properly interpret the results of
the first half of the section (see Remark 6.15).

6.1. General characterization of finitely presented objects

Recall that Proposition 3.3 gives a criterion for the finite presentability of an object, in
terms of a given torsion pair of finite type. The following corollary specializes this cri-
terion to the tilted torsion pair (¥ [1], 7[0]) in the heart #.

Corollary 6.1. Let § be a Grothendieck category, and let t = (T, ¥) be a torsion pair
of finite type in'§. Then, H; is a Grothendieck category and t := (¥ [1], T[0]) is a torsion
pair of finite type in . Furthermore, the following assertions are equivalent for an object
M € J&I

(1) M is finitely presented in F.
(2) M satisfies the following conditions:
(2.1) DE)(M, (—)[1]) : F — Ab preserves direct limits;
(2.2) H*(M) € fp(9);
(2.3) li_r)nID(ﬁ)(M, Fi[2])) - D(&)(M, (h—n>11 F))[2]) is a monomorphism, for all
(F); € ¥ directed.
Proof. We have already mentioned that J; is Grothendieck and that t = (F[1], 7[0])
is a torsion pair, which is of finite type by Proposition 4.2 in [38]. In this setting, con-
ditions (2.1), (2.2) and (2.3) are just a reformulation of the corresponding conditions in
Proposition 3.3, via the natural isomorphisms
T(H*(M), =) = #(M, ()[0])7 : T —> Ab,
H(M, (—)[1])j7 =DE)(M, (-)[1])# : ¥ — Ab

and Ext}%,t(M, G)g = DE)(M, (-)[2])17: F — Ab (see Rémarque 3.1.17 in [6]),
and Lemma 3.4. ]

6.2. Finitely presented objects in F[1]

In this subsection, we apply Corollary 6.1 to characterize the stalk complexes concentrated
in degree —1 that are finitely presented in #.

Definition 6.2. Let § be a Grothendieck category and let t = (77, ) be a torsion pair
in §. Define ¥y as the class of all F € ¥ such that §(F, —): § — Ab preserves direct
limits of objects in F.
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When the torsion pair t is of finite type, the class Fy is particularly useful to describe
the finitely presented objects in the heart, in fact, as shown in the following corollary,
fp(H) N F[1] = Fo[l].

Corollary 6.3. Let § be a Grothendieck category, and let t = (T, %) be a torsion pair
of finite type in '§. For an object F € ¥, consider the following conditions:

(1) F is isomorphic to a direct summand of (1 : t)(X), for some X € fp(§);

(2) F[1] is finitely presented in Hy;

3) F € .

Then, the implications “(1)=(2) < (3)” hold true. Furthermore, if '§ is locally finitely
presented, then ¥ = 111)1 Fo, and the assertions are all equivalent.

Proof. By Corollary 6.1, t = (¥[1], T[0]) is a torsion pair of finite type in #, so the
equivalence “(2) < (3)” follows by Proposition 3.3, Lemma 3.4, and Lemma 4.5.
(1)=(3). Given X € §, there is a natural isomorphism of functors

X, g = F((1:1)(X),—): F — Ab,

where the first of these functors preserves direct limits when X € fp(§).

(2,3)= (1), if G is locally finitely presented. Let F € ¥ and consider F[1] € J#;
express F as a direct limit F' = li_r)nl M;, where (M;); € fp(§). Since t is of finite type,
we have that F =~ li_n)ll(l 1 1)(M;), showing that ¥ C 11_11)1 Fo. Furthermore, whenever

F € %y, the fact that §(F, —) preserves direct limits of objects in ¥, implies that there
exists j € I such that the isomorphism F —>1i_1>n1 (1 : t)(M;) factors as

lim (1:2)(M;),

F =
T (1:1)(Mj) /t,/>
with ¢; the canonical map the the colimit. Therefore, u is a section and F is a summand
of (1:1)(M;). |

Lemma 6.4. Let § be a locally finitely presented Grothendieck category, and let t =
(T, F) be a torsion pair of finite type in §. Given F € Fy and (F;); C ¥ directed, the
following canonical map is a monomorphism:

(6.1) lim, Extg (F, F;) —> Extg(F, lim F).

Proof. Note that the morphism in (6.1) can be identified with the canonical monomorph-
ism lim Extyy, (F[1]. F[1]) — Exty, (F[1]. n_r)ngf"’t)(ﬂ [1])) (see Proposition 2.6 and Cor-
ollary 6.3). ]

6.3. Finitely presented objects in 7[0]

Our next goal is to characterize the finitely presented stalk complexes concentrated in
degree 0, paralleling the results about ¥ [1] N fp(H;) from Subsection 6.2.
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Definition 6.5. Let 7 be the class of all objects T € fp(§) N T such that, for each dir-
ect system (F;); € F, the following canonical map is an isomorphism for k = 1 and a
monomorphism for k = 2:

lim, Ext& (T, F;) — Ext&(T, lim, F}).

Our next result, whose proof is a consequence of Corollary 6.1, gives the desired
characterization.

Corollary 6.6. Let § be a Grothendieck category, and let t = (T, F) be a torsion pair
of finite type in §. The following assertions are equivalent for an object T € T :

(1) T[0] is a finitely presented object in Hy;

(2) T € J.

In the following lemma, we give a more explicit description of the class 7p in a
particular case. Indeed, if the torsion pair t = (7, &) is of finite type, J is locally
finitely presented and the induced torsion pair t := (F[1], 7[0]) restricts to fp(H#;), then
To =T Ntp(¥H).

Lemma 6.7. Let § be a Grothendieck category, and let t = (T, ) be a torsion pair of
finite type in '§. Then,

To € H°(fp(H)) < add(H°(fp(94)) € T N fp(9).

Moreover; the following assertions hold true:
(1) if t:= (F[1], T[0)) restricts to fp(Hy), then To = HO (fp(Hy)) =add(H ° (fp(H#y)));
(2) if Hy is locally finitely presented, then add(H° (fp(#y))) = T N fp(9).

Proof. By Corollary 6.1, we know that H%(M) € T N fp(§), for all M € fp(H;), so the
inclusion add(H°(fp(H#;))) € 7 N fp(§) follows. By Corollary 6.6, we also have that
To € HO(fp(Hy)) since T = H(T[0]), for all T € Ty. We can now proceed with the
proof of assertions (1) and (2).

(1) By Corollary 6.6, t restricts to fp(H#;) if and only if H~1(M)[1] € fp(H;) and
HO(M) € Ty, for all M € fp(H#;). Then the inclusion H°(fp(#;)) € Ty holds, which
implies the equality add(H °(fp(#,))) = To, since Tp is closed under taking direct sum-
mands.

(2) If H; is locally finitely presented and T € T N fp(¥), there is a direct system
(M;)g in fp(F) such that T[0] = li_n)lﬁ‘%‘)Mi. The functor HI?S’&: Hy — § is right exact
and it preserves coproducts (so also direct limits) and 7 = H%(T'[0]) = li_n>11H oO(M;).
Since T € fp(§), there exists j € I such that the canonical map ¢;: HO(M;) — T to the
direct limit is a retraction. Hence, T € add(H °(fp(¥#;))). |

6.4. An explicit description of fp(J#;), for good enough §

As we announced in the introduction to this section, the characterizations of finitely
presented stalk complexes in the previous subsections can be used to give a very explicit
description of fp(#;), under suitable assumptions on §:
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Proposition 6.8. Let § be a Grothendieck category, let t = (T, F) be a torsion pair of
finite type in '§, and suppose that the following condition is satisfied.:

() Extg (T,—):§ — Ab preserves direct limits of objects in ¥, forall T € T N fp(§)
andk =1, 2.

Then, an object M € Hy is in fp(Hy) if and only if H='(M) € Fo and H*(M) € fp(9),
that is,
fp(H#e) = Fo[1] * To[0] = Fo[l] * (fp(&) N T)[0].

As a consequence, the induced torsion pair t = (F[1], T[0]) in H, restricts to fp(FHy).

Before proceeding with the proof of the above proposition, let us comment on condi-
tion (1): by definition of Ty, one always has that 7y € fp(§) N T; condition (}) implies
(but it is stronger than) the converse inclusion, so that 7y = fp(¥) N 7. Note also that any
T e 1p,(§) N T satisfies condition (t) so, if § is locally coherent, condition (t) is always
satisfied.

Proof of Proposition 6.8. Condition (f) guarantees that (7 N fp(F))[0] C fp(H) (see
Corollary 6.6), while Fy[1] < fp(H;) by Corollary 6.3. Thus,

Fo[l] * (T N p(9))[0] < fp(Hr) * fp(Hy) = fp(Hy).

Conversely, if M & fp(H#;) then H®(M)[0] € fp(Hy), by () and Corollaries 6.1 and 6.6.
Consider now the following short exact sequence in Hs:

0— H ' (M)[1]] — M — H°(M)[0] — 0,
and a direct system (F;); € F . Apply the functors
J(—lim (Fi[1]) = J(~ (lm F)[1]) and lim J(~. Fi[1)
to the above sequence to get the following commutative diagram with exact rows:

. 1 0 A B A B -1 A 3 2 0 A s 1 A
lim Exty(H°M, F;) — lim J(M. Fi[1]) — lim §(H "' M. F;) - lim Ext}(H°M. F;) — lim Ext}, (M. F;[1])

R A

Ext, (HOM.lim Fy) = Je(M. lim, (Fi[1]) = % (H ™" M.lim  F;) — Ext (H"M.lim, F;) — Ext}, (M. lim, (F;[1]))

By the condition () and Corollary 6.1, we know that f; and f4 are isomorphisms. Fur-
thermore, using that M € fp(#;) and Proposition 2.6, we get that f, is an isomorphism
and f5 is a monomorphism. The five lemma then implies that f3 is an isomorphism, that is,
H~Y (M) € Fy. Finally, since ¥ [1] N fp(H;) = Fo[1], we get that t restricts to fp(H;). m

6.5. Finitely 2-presented objects in the heart

Let ¥ be a Grothendieck category and t = (77, ¥) a torsion pair of finite type in §. By
Theorem 5.1, we can fix a 2-term cosilting complex

E: ~~—>O—>E_IL>EO—>O—>«~,
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such that t is the associated torsion pair. Use Proposition 5.13 to get a short exact sequence
0— W — E -2 (1:0)(H(E)[0] — 0 in C(¥),

with W an injective cogenerator of #;, and H~ (W) = H~!(E), so the following se-
quence is exact:

0— H YE)]] — W —R—0 inC(¥9),

with R concentrated in degrees —1 and 0, and such that R =~ H°(W)[0] = t(H°(E))[0]
in D(¥). Both sequences are functorial in £ and the second one, when viewed in #, is
the (exact) torsion sequence 0 — H ! (W)[1] = W — H°(W)[0] — 0 of W with respect
to t = (F[1], 7[0]). Hence, given a direct system (E3)3ea S Prodeeg)(£), we have two
direct systems of short exact sequences in C(§):

0 — Wy —s E; 25 (1:0)(H°(E)[0] — 0)a and

(0 — H Y E[1] — W), —> Rj, —> 0)4,
such that, viewed in D(§), W, € Inj-#;. Given X € D(§), apply D(¥)(X, —) to the direct

system on the right-hand side to get the following natural morphism of Abelian groups:
(6.2)

D(§)(X. (i 1(H°E;)[1)= DE)(X. (tim | R)[1]) -5 DE)(X. (lim H'E;)[3).

by the exactness of direct limits in C(¢) and since t (H°(E;)) = H%(Ry), forall A € A.

Remark 6.9. When X = G[k] for some G € § and k € {0, 1}, we can describe the morph-
. . . . . . A 2 . 0 . _1

ism &x quite explicitly: given [€] € Exty (li)nAt(H (Ey)), h_r)nAH (E))), represented
by the exact sequence below

lim G, lim p,

¢:0—lim H'E;, —lim E;' =% 5lim W0 =% 5lim (H°E,)—0,
—A —A A —A A “SA
define a map
Extg *(G.lim  1(H°(E}))) — Extg *(G.lim H™'(E}))
such that § > € - §, where “ - is the Yoneda product (see Chapter III in [35]). Then

Exty (G tim, 1(H(E3))) —————— Ext (G lim | H™'(E)
I I
§610: DE)(GIK]. (lim , 1 (HO(E))[1]) —— D&)(GIK]. (lim, H™ (E3))[3))

Proposition 6.10. Let § be a Grothendieck category, and let t = (T, %) be a torsion
pair of finite type in §, induced by the 2-term cosilting complex

E: - —0—E'" S E —0—s..

The following statements are equivalent for M € fp(J):
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(1) M e fp,(Hy).
(2) The following assertions hold true:
(2.1) the functor D(§)(M, —[2])|57: F — Ab preserves direct limits;

(2.2) for any direct system (Ej)a < Prodc(g)(E), the following map (see (6.2)) is
monic:

Eu:DE)(M. (lim 1 (H°(E)))[1]) — DE)(M. (lim H ' (E,)[3]).

Proof. As discussed at the beginning of this subsection, for any direct system (E£;) as
in (2.2), we have two direct systems of short exact sequences in C(§):

0= Wy — E;y 25 (1:0)(H°E)[0] — 0)a and
(0> HYE;[1] — W), — Rj — 0)4,

where R} is a complex concentrated in degrees —1 and 0 and isomorphic to ¢ (H°(E}))[0]
in D(%). The direct limit of the latter gives the following triangle in D(§):
(6.3)

(lim H~Y(Ep)[1] — lim Wy — (lim 1(H°(Ex)))[0] — (lim  H~'(E3))[2].

(1)=(2). By Rémarque 3.1.17 in [6], there is a natural isomorphism of functors
D(§)(M,—[2])|5 = Ext}y, (M, —[1]);7 : ¥ — Ab,

so they both preserve direct limits because (lir_)nf") Fy)[1] = lir_)nff‘) (F,[1]), for each direct
system (F) ) in ¥, by Lemma 4.5.

On the other hand, let (E;)a be a direct system in Prodc(g)(E), and consider the
direct systems of exact sequences in C(§) constructed at the beginning of the proof. In
particular, (Wy)a C Inj-F; and h_r)ni\c(g)) W) =~ li_I)ni;%‘) W), by Lemma 4.4 in [38]. Since
M € fp,(H), Lemma 2.5 implies that

(6.4) 0 = Extl, (M, lim W;) 2 D()(M. (lim W;)[1]).

Applying now the cohomological functor D(§)(M, —) to the triangle (6.3) and analyzing
the induced long exact sequence, we deduce that £p7 is a monomorphism by (6.4).

(2)=(1). By Lemma 2.5, condition (1) is equivalent to say that the following functor,
Exty, (M. —) = D(§)(M, —[1]) 3¢,: #; —> Ab,

vanishes on colimits of direct systems in Prodg, (W), for W as in Proposition 5.13. For
such a direct system (W, ) 5, Corollary 5.14 gives a direct system of short exact sequences
O0—EW Y, — Wi [1] = 0) in C(§), with Y; € V[1] = L>0E forall A € A, and such
that (W) 4 is isomorphic to (W) in D(¥). Applying the cohomological functor H, 0,
one sees that H? (uy): W) = HY(W)) — HQ(E'*) is a (necessarily split) monomorphism
in J, for all A € A, where each u, is constructed as in the proof of Corollary 5.14. Thus,
the induced monomorphism

H_I)ni\«%t) W/{ N li_r)ni\‘%‘) HtO(EI")
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is a direct limit of split monomorphisms, and it is then kept monic by Ext}%t (M, —), as
M € fp(JH,). Up to replacing (Wy)a by (W))a and, if needed, replacing the latter by
(H? (ET%)) o, we can assume that there is a direct system (E; = E'2)4 in Prodcg)(E),
such that Wy = Ker(sry) is the kernel of the projection my: Ejy — (1 : ¢)(H°(E}))[0],
for all A € A. Consider now the following commutative diagram and note that the vertical
arrow on the left is an isomorphism since M € fp(#), while the one on the right is an
isomorphism by (2.1) and Rémarque 3.1.17 in [6]:

lim , Je(M. ¢ (H(E3)[0]) — lim Ext}, (M. H™(E)[1])

A

T T
Jeu(M. (lim  1(HO(E2))[0]) — Extly (M. (iim  H-1(E)[1]).

Furthermore, the upper horizontal arrow is an epimorphism since Ext}%t (M, W,) =0, for
all A € A, so that the lower horizontal arrow is an epimorphism too. In fact, this last map
is isomorphic to the canonical morphism

D(&)(M. (lim 1(H(E;))[0]) - DE)(M. (lim , H™'(E;))[2).

so that, when we apply D(§)(M, —) to the triangle (6.3) we find the following exact
sequence (with a 0 on the left):

0= DE)(M. (lim W)[1]) > DG)(M. (lim 1 (H°E;)[1])

B Deg)(M. (lim (1 1) (H ™ E3)[3).

. . . . _ 1 . (]{) _

By hypothesis, £xs is monic, so D(9)(M, (hmA Wy)[1]) = 0and Exty, (M, hmA OW) =

0, since lim W, =~ lim%) W) (by Lemma 4.4 in [38]), as desired. [
—A —A

6.6. The category ¥

Let § be a Grothendieck category, and let t = (77, ¥') be a torsion pair in §. Then,

¢ ¥ denotes the subcategory of § of all quotients of objects in F .
Example 6.11. Suppose that, in the above setting, § = Mod-# is the category of modules
over a small preadditive category +. The torsion ideal #(#4) of A (with respect to t) is

defined as
t(A)(a,b) :=t(Hp)(a), foralla, b e A,

where Hj, := A(—, b): AP — Ab (see Section 3 in [42]). In this situation, & is just the
category Mod-(4/1(A)), viewed as a full subcategory of Mod-+ in the obvious way.
Lemma 6.12. Let S be a Grothendieck category, and let t = (T, ) be a torsion pair of
finite type. Then,

(1) F is coreflective in G ;

(2) ¥ is a Grothendieck category.
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Furthermore, if § is locally finitely presented, then

(3) Fo is a skeletally small class of generators of ¥ .

Proof. The statements (1) and (2) follow by Proposition 4.2 in [43] (and they are also
verified inside the proof of Theorem 4.18 in [41]). Furthermore, for & locally finitely
presented, Fq is skeletally small by Corollary 6.3, also showing that ¥ = h_r)n Fo, so
Gen(Fp)=Gen(F)=%_. |

Lemma 6.13. Let § be a locally finitely presented Grothendieck category, Q a quasi-
cotilting object, and ¥ = Cogen(Q) = 11 Q N Cogen(Q). Suppose that there is a subset
X C Fo C pres,(X) € § such that

(1) Ext; (X, li_I)nI Qi) =0, forall X € X and all direct systems (Q;); < Prod(Q).
Then, the following statements hold true:

(1) the functor Ext;?(F, —)i7: F — Ab preserves direct limits, for all F' € Fy;

) Fo=F Np(F);

(3) F is locally finitely presented.

Proof. Although ¥ might fail to be a Grothendieck category, still Exté (= 0")# =0, for
all Q' € Prod(Q). With a little abuse of notation, we define

fp;(F) :=Fo and fp,(F) :={F € ¥y : Ext}g(F, —)|# preserves direct limits}.

(1) Exploiting that ¥ = Copres(Q) (see Remark 5.10), one can use the proof of The-
orem B.1 in [10] to show that X < fp,(¥F'). Indeed, given F € ¥, the canonical inclusion
lpiF = Vo (F) = Q¥F-9) i5 a Prod(Q)-preenvelope, so Coker(tp) € F =10 NF.
Thus, replacing §, I and Exté (=,—)by ¥, Q,and Exté (=, —) g x5, the proof of The-
orem B.1 in [10] applies literally. Similarly, one may adapt the proof of Lemma 2.7 to see
that, for any monomorphism u: F — F’ such that F € fp,;(¥) = %o, F’ € fp,(¥) and
Coker(u) € ¥, one has Coker(u) € fp,(¥). Thus, Fo = fp,(F), as Fo < pres,(X) and
X S fpy(F).

(2) Let ®x: F — F and m: Px = idg be the functor and the epimorphic natural
transformation built in (2.1) (see Subsection 2.2). Then, for a direct system (M;); € ¥,
we get the following short exact sequences:

TM:
(0 = K; :=Ker(wy,) > Ox M; ﬂ M; — 0)g,

0—lim K; — lim ®yxM;—lim M; — 0.
—1I —>1 —>1

Forall jeI,both K; and ®x (M) are in F . Thus, also li_r)nIKi eF andli_r)nICDX(M,-)efF.
Moreover, for each F € %y, we obtain the following commutative diagram with exact
rows:

lim 7 (F, Ki)— lim, ¥ (F, xM;) — lim 7 (F, M;) — lim, Exty (F. Ki) — lim Exty (F. ®xM;)

R

F(F.lim K;)— F(F,lim ®xM;) — F(F,lim M;) — Exty (F, lim K;) — Extl; (F, lim ®x M;).
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The maps f; and f> are isomorphisms by definition of %y, while f; and f5 are iso-
morphisms by part (1), forcing also f3 to be an isomorphism, by the five lemma. Thus,
F € fp(¥), proving the inclusion ¥y € ¥ N fp(F), while the converse inclusion follows
by Corollary 6.3.

Part (3) follows by part (2) and Lemma 6.12(3). ]

Let us remark that, if # is locally coherent, the hypotheses of Lemma 6.13, as well
as those of the following Lemma 6.14, are automatically satisfied (see the forthcoming
Lemma 9.1).

Lemma 6.14. Let § be a locally finitely presented Grothendieck category, Q a quasi-
cotilting object, and ¥ = Cogen(Q) = 10 N Cogen(Q). Suppose that there is a set
X C Fo C gen(X) € & such that

€9)] Exté (X, li_r>n1 Qi) =0, forall X € X and all direct systems (Q;); < Prod(Q);

(1) Ker(f) € Fo for any epimorphism f: X — F, with F € ¥y and X € sum(X).
Then, the following statements hold true:

(1) Fo < pres,(X);

2) Extni(F, li_n)lIQ,-) =0, forall n >0, F € ¥y and each direct system (Q;)1 in

Prod(Q);
(3) Fo = F N ipe ().

Proof. (1) follows easily by (11) and the condition 5 C gen(X).
(2) Let F € 9, F' € ¥,n > 0, and let € be an (n + 1)-fold extension of F by F’
in¥:

e =(0—wF —K,—-—K —Ky— F—0) ie., [€] eExt;’,H(F,F’).
Lete_q := ¢, K(/) := Ky and construct, by induction on i > —1, a sequence (¢;)7__, of
representatives of the same [e], where €41 := (0 - F' — .- > K[ | —> F; — - —
F — 0) is a pullback of ¢; along an epimorphism 7;: F; — K/ with F; € . In particular,

en = (0—>F —> Fy—> Fp_y —>++—> Fg—> F — 0),

with Fy,..., F, € .

Take an epimorphism g: ]_[1 X; — Fy, with (X;); € X; then, F = Im(w o q) =
> ;Im(mw ogouy), where J ranges over the finite subsets of I, with¢y: [ [; X; — [[; Xi
the canonical section. By Proposition 2.1, as F € fp(F) C fg(F), there is J C [ finite
such that Im(w o g oty) = F,i.e., p := mw oq oy is epic. Taking a pullback of ¢, along
q o ty, we finally obtain the following representative of [¢]:

~ d ~
Ei= (0> F > Fy—>-— F—> F — Fg 2> F —0),

with Fy € sum(X), Fy, F>....,F, € ¥, 50 [¢] € Ext (Ker(p), F') -Ext; (F, Ker(p))
(where “-” is the Yoneda product) and Ker(p) € Fy by (11). Condition (2) follows by
induction on 7: the case n = 1 is covered by Lemma 6.13. When n > 1, take a direct system
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(Qi)r € Prod(Q), let F/ := 1i_n>11 Q;, and [¢] € Ext% (F, F’). By the above argument,
there is K € % such that [¢] € Ext};= ' (K, F’) - Extl (F., K) and, by inductive hypothesis,
Exty '(K, F') = 0.

(3) Fix an object F € ¥y and let us show that Ext’} (F, —) preserves direct limits
of objects in ¥, for all k > 0. We proceed by induction on k, the case k = 1 being
covered by Lemma 6.13. Suppose that k > 1, and consider a direct system (F;); in ¥ .
There is then a direct system of exact sequences (0 — F; — Vo (F;) - F/ — 0);in ¥,
with F/ € ¥ for all i € I. Using our hypotheses, we deduce that Ext’j,;l(F Jim F/) =~

L —I !
Extki (F, 1i_n)11 F;) and so, by inductive hypothesis, Extkg (F, —) preserves direct limits of
objects in ¥ . Similarly, for a direct system (M;); in ¥, take the following direct system
of short exact sequences: (0 - F; — ®x(M;) - M; — 0);, where F;, ®x(M;) € ¥ .
By the first part of the proof, both the canonical morphism li_l’I)lI Ext’;. (F, ®x(M;)) —

k . . k k . . .
Exti(F, h_r)nl O (M;)) and h_r)nl Extz(F, F;)— Extz(F, h_H)lI F;) are isomorphisms for
all k > 0. By the five lemma, one concludes that canonical map li_r)nl E)(t’f,,7 (F, M;) —

Ext’;(F , li_I)nI M;) is an isomorphism, for all k£ > 0. [

Let us conclude the section with the following observation.

Remark 6.15. Let § be a Grothendieck category, and let t = (77, ) be a torsion pair of
finite type in . In this section, we have given several characterizations of the objects in
fp(H4): using the general description in Section 6.1, we have identified two subcategories
Fo € F and Ty € T such that

fp(H) N F[1] = Fo[l] and fp(H) N T[0] = To[0]

(see Section 6.2 and 6.3, respectively). Under suitable conditions (see Proposition 6.8),
one even gets the satisfactory formula fp(#;) = Fo[1] * To[0]. On the other hand, there is
a fundamental asymmetry between the classes 7y and Fy: the inclusion 7o € T N fp(¥)
always holds, with equality under reasonable hypotheses (see Lemma 6.7) leading one to
expect a strong relation between Fy and ¥ N fp(¥). On the other hand, in this generality,
things are more subtle: to get a description that mirrors that of 7y, one should consider the
category F , which is itself a Grothendieck category (coreflective in §) and, under strong
enough hypotheses (see Lemma 6.13), one has ¥y = ¥ N fp(F); the naive guess that
Fo = F N{p(¥) then follows when, in addition, ¥ is generating, thatis, § = ¥ .

7. Locally finitely presented hearts

In this section, we start with a locally finitely presented Grothendieck category §, a torsion
pair t = (7, &) of finite type in §, and we look for conditions under which the heart
of the associated HRS ¢-structure in D(¥) is a locally finitely presented Grothendieck
category. Our strongest result in this direction is the following theorem, that gives several
equivalent conditions for this to happen. Let us underline that we are only able to prove
the equivalence of all the conditions under either of two extra hypotheses that we have
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labeled here by (Tn) (a stronger condition than the (1) used in Proposition 6.8) and (e). In
fact, these conditions are quite general as, for example, (Tﬁ) is always satisfied in case §
is locally coherent, while (e) is always satisfied when § is a category of modules over a
small preadditive category (e.g., over a ring).

Theorem 7.1. Let § be a locally finitely presented Grothendieck category, t = (7, %) a
torsion pair in '8, and ¥y the heart of the associated HRS t-structure in D(§). Consider
the following assertions:

(1) Hy is a locally finitely presented Grothendieck category;

(2) t is strongly generated by finitely presented objects, i.e., T = liIE)l(T N1p(9));

(3) thereis a set S C fp(§) such that T = Gen(S) (or, equivalently, T = Pres(S));

(4) t is generated by a set of finitely presented objects, i.e., there is a set § C fp(§) such

that ¥ = S+

Then, the implications “(1) = (2) < (3) = (4)” hold true, while the implication “(2) = (1)”
holds true whenever the following condition is satisfied:

(1) Ext’; (T, —) preserves direct limits in ¥, forall T € T Nfp(§) andk = 1, 2.
Moreover, when either of the following two conditions holds, all assertions are equivalent:

(Tu) condition (1) holds and T N fp(F) C fp,(§);

(®) & has a set of finitely presented generators which are compact in D(§).

Proof. The implications “(2) < (3) = (4)” follow by Proposition 3.8.

(1)=(2). Let T be an object in 7. Since # is locally finitely presented, there is a
direct system (P)a in fp(J) such that li_n)l(AJf') P, = TI[0]. By Theorem 4.8(4) in [38]
we deduce the isomorphism li_r)nf) HO°(Py) = T, so that assertion (2) is clear from Corol-
lary 6.1.

2)= (1), assuming (}). Let us show that X € Gen(fp(#y)), for all X € H;. Let T :=
HO%(X) and fix a direct system (T3) 4 in T N fp(&) such that h_n)lf) T, =~ T, this can be
done by (2). For each A € A, take a pullback diagram in J¢; as follows:

0—— H ' (X)[1] X; T3[0] 0
e
0—— H ' (X)[1] X T10] 0.

We get a direct system (X3)a € H; such that h_r)ni\‘%‘) X, = X, so there is no loss of

generality in assuming that T € fp(§) N 7. Let now F := H~!'(X) and take a direct
system (M) in fp(¥) such that 1i_n>1f)M,1 ~ F.ByLemma3.2, F =~ h_n)lf)(l 1) (My)
and, by (7), we have an isomorphism:

(7.1) lim ExtZ (T, (1 : 1)(M;))—> Extg (T, lim (1:0)(M3)) = Extz (T, F).
Consider the element [¢] € Exté (T, F) represented by the following exact sequence:

(7.2) €: 0 F X1 X0 T 0.
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By (7.1), thereis B € A and [eg] € Exté (T, (1 :t)Mp) such that Exté(T, ug)([eg]) = [el,
where ug: (1 : t)Mg — F is the canonical map to the direct limit. Fix the following exact
sequence in §:

g 0——(1:1)Mp vg! Yg T 0

which represents [eg] and let Ag := {1 € A : A > B}. Foreach A € Ag, take the pushout
diagram:

g 0—— (1:1)Mg ! Yy T 0
uml ro. | H H
0——(1: )M, Yt Yy T 0,

where ug 5: (1 :1)(Mg) — (1 :¢)(My) is the transition map in ((1 : £)(M}))rea. Thus,
the second row in the diagram represents the extension Exté(T, ug )([eg]). Take the
following direct system

O0O— (1:)M) — Y; ! — Yé’ — T —> 0)aen,

in C(¥). As Ag C A is cofinal, taking the colimit gives the following exact sequence:

: —1 0
(7.3) 0——F——lim, v, Y T 0,

which represents the same [¢] € Exté (T, F). Then the original exact sequence (7.2) can be
obtained from this one by a finite “zig-zag” of diagrams like the following one (see [35]):

0 F X! X0 T 0
0 F X! X0 T 0.

The associated complexes concentrated in degrees —1 and 0, all have the same cohomo-
logies, and they are in fact all quasi-isomorphic. Thus, (7.3) shows that X is isomorphic
in # to the complex:

cii——5 0 —— lim Y ! Y9 0
—)/IEAﬂ ﬂ

By Lemma 4.4 in [38], X is a direct limit of (Y := (--- >0 — ¥; ! — Yé) —-0—
- )NieA p in J{;. Moreover, for each A € Ag, there is an exact sequence

0— H Y (Y[l] = Y — H°(Y;)[0] = 0

in #, where H™1(Y;) = (1:t)(My) € Fo, so H™1(Yy)[1] € fp(H#;) by Corollary 6.3,
and H%(Y}) € fp(§), so Y, € fp(H;), by Proposition 6.8.
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@)= (2), assuming (Tﬂ). It follows by Lemma 3.6.

@)= (1), assuming (o). In this case, the associated HRS 7-structure is compactly gen-
erated (for this, see Proposition 6.4 in [52] and Theorem 3.3 in [9]). One the concludes
by one of the main results in [51], which states that the heart of any compactly generated
t-structure is a locally finitely presented. ]

Note that the assertions (2) and (4) in the above theorem are general statements about a
torsion pair in a Grothendieck category so it seems plausible that, under suitable assump-
tions, there should be a more direct proof of their equivalence. Hence, the following
question naturally arises:

Question 7.2. Suppose that S is a category of modules over a ring or, more generally,
over a small pre-additive category, so that (e) in Theorem 7.1 is clearly verified. In this
case, is there a purely module-theoretic proof of the implication “(4) = (2)”? That is, can
one find an argument that does not go through (1) and, hence, that does not rely on the
heavy machinery of [51]?

8. Locally coherent hearts

In this section we start with a locally finitely presented Grothendieck category ¥, a torsion
pair t = (7, ) of finite type in §, and we look for conditions under which the heart #
of the associated HRS ¢-structure is locally coherent. This is a difficult problem in general
S0 we restrict our investigation to two, fairly general, special cases: we first tackle the
problem under the additional hypothesis that t := (¥[1], 7[0]) restricts to fp(H#;) and,
secondly, under the assumption that ¥ is generating in §.

8.1. When the tilted torsion pair restricts to finitely presented objects

A source of trouble in the study of the local coherence of the heart comes from the fact
that the characterization in Corollary 6.1 of the objects M & fp(Hy) is not handy unless
we can guarantee that the stalks H~'(M)[1] and H°(M)[0] are also in fp(FH,). This hap-
pens exactly when the tilted torsion pair t = (F[1], 7[0]) restricts to fp(H#;), that is the
situation that we shall deal with in this subsection. The following result builds on the
characterizations of local coherence from Propositions 2.13 and 3.10.

Theorem 8.1. Let § be a locally finitely presented Grothendieck category, t = (7, %) a
torsion pair of finite type in '§, defined by the 2-term cosilting complex

E: i 0—E VL EY 00—,

and Q := Ker(o) € § the associated quasi-cotilting object. The following are equivalent:
(1) Hy is locally coherent and To = T N fp(§).
(2) Hy is locally coherent and the tilted torsion pair t = (¥ [1], T[0]) restricts to fp(Hy).
(3) t is strongly generated by finitely presented objects and the following hold true:
(1) Ext];;(T, —) preserves direct limits in ¥, forall T € T N{p(§) and k =1, 2;
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(3.1) Ker(f) € Fo and t(Coker(f)) € fp(§), forall f: F — F’ in Fy;
(3.2) t(Ker(g)) € fp(§), forallg:T — T in T N 1p(§);
(3.3) t(K) € tp(8), forall K € Fo * (T Np(9)).

(4) t is strongly generated by finitely presented objects and the following hold true:
(4.1) (1) holds and the canonical map

§r(0): Extg (T lim 1 (H°(E}))) — Extg(T.lim H™'(E}))

is injective, for all (E3)p € Prodc(g)(E) directed and T € T N 1p(¥);

(4.2) for some (respectively, each) set of generators § < fp(§) of §, we let X :=
(1:¢)(S), and then

(1) Extlg(X, 1_ir_)nA 0;) =0, forall X € X and (Q;)a < Prod(Q) directed;
(1) Ker(p) e Fy forall epimorphisms p: X —> F, with F € ¥y and X € sum(X);

(111) the canonical map
Ex(): 9 (X lim 1(H(E))) — Extg (X, lim H™'(Ey))

is injective, for all (Ex)a C Prodeg)(E) directed and X € X.

Proof. By Lemma 6.7 and Theorem 7.1, each of the conditions (2), (3) or (4) implies
T Ntp(¥) =T, e.g., “(2)=(1)” follows by Lemma 6.7. We assume that T N fp(F) = Ty
throughout the proof.

(1)=(2). We want to verify that t restricts to fp(J), that is, given M € fp(H#y)
we should show that H~1(M)[1] € fp(H#;). As H; is locally coherent by hypothesis,
this is equivalent to show that the t-torsionfree part of M is finitely presented, that is,
H%(M)[0] € fp(H#,) or, equivalently (see Corollary 6.6), H*(M) € Ty. But H*(M) €
T N fp(¥) by Corollary 6.1 and, in our case, T N fp(F) = Tp.

(1,2) < (3). By Theorem 7.1 and Lemma 6.8, (3) forces the heart # to be locally
finitely presented and t = (F[1], 7[0]) to restrict to fp(H;). To conclude, let us verify
that, in this situation, the conditions (1-3) of Proposition 3.10 are equivalent to (3.1-3) in
the statement:

(a) (3.10(1))< (3.1). Any morphism in Fp[1] is of the form f[1]: F[1] — F'[1], for
some morphism f: F — F’in %p. By the explicit construction of kernels in #; (see
the discussion at the end of Section 4.2), Z := Kerg, (f[1]) is a complex of objects
in ¥, concentrated in degrees —1 and 0, such that H~!(Z) = Ker(f) and H%(Z) =
t(Coker( f)). Now, the fact that t restricts to fp(J) tells us that Z € fp(J,) if and
only if Ker( f)[1] and #(Coker( f))[0] are in fp(H#}). By Corollary 6.3 and 6.6, this
happens exactly when condition (3.1) is verified.

(b) (3.10(2))< (3.2). Similarly, any homomorphism in (77 N fp(§))[0] is of the form
gl[0]: T[0] — T'[0], for some g: T — T' in T N fp(g). Hence, we deduce that
Kerg, (g[0]) = ¢ (Ker(g))[0] and so Ker z, (g[0]) € fp(#;) if and only if condition (3.2)
is verified.
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() (3.10(3))<(3.3). Let h: T[0] — F[1] in fp(H), with T[0] € (T N fp(¥))[0] and
F[1] € $5[1]. This morphism is represented by an extension in § of the form 0 —
F - K — T — 0. By Lemma 4.6, Kerg, (h) = t(K)[0], so this object belongs in
fp(#y) if and only if #(K) € fp(F).

(2) < (4). By Theorem 7.1 and Lemma 6.8, #, is locally finitely presented and t
restricts to fp(F;) under both sets of assumptions. Hence, (2) holds if and only if the
following two inclusions hold (see Corollary 2.8 (1) and Proposition 2.13):

(xg) To[0] = (T N1p(£))[0] = T[0] N fp(Hy) < fp,(Hy);
(kg) Fol[l] = F1] N ip(He) < fpy(He).
By the already proved equivalence of assertions (1), (2) and (3), condition () holds in

both assertions (2) and (4). Then, by Proposition 6.10, (x5) is equivalent to (4.1). Let us
verify that (x ) is equivalent to (4.2). We first show that “(x#)=>(4.2)”, with § C fp(§)

an (arbitrary) set of generators: given the exact sequence 0 > K — X £ F — 0associated
to an epimorphism p as in (II), we have that K € ¥ and so we get an exact sequence
0— K[1] = X[1] = F[1] = Oin J, where X [1], F[1] € fp,(#;) by (*x#). We then have
K[1] € fp(#) by Lemma 2.7, which implies that K € ¥4 by Corollary 6.3. Condition (1)
is also clear since X [1] € fp,(#;) and Extg (X, —)5 = Ext}%,t (X[1], —[1]);# vanishes on
li_n)l(Prod(Q)) due to Lemma 5.8. Applying Proposition 6.10 to M = X[1], one shows
that £x 1] is monic, for all X € X, so (I1T) holds too.

We finally consider a set § C fp(¥§) of finitely presented generators of & for which
condition (4.2) holds, where X = (1 :¢)(S), and prove that (* %) holds. By Lemma 6.13,
we know that Ext; (X, =) : ¥ — Ab preserves direct limits, for all X € X (S F9).
Applying Proposition 6.10 with M = X[1] and X € X, we get that X[1] C fp,(H). If
now F € ¥y and we consider the sequence 0 — K[1] — X[1] — F[1] — 0 in #; of
the last paragraph associated to any epimorphism p : X — F as in (II), then we get that
K[1] € #o[1] < fp(Hy) and, by Lemma 2.7(1), we conclude that F[1] € fp, (). Hence,
(*#) holds. ]

8.2. When the torsionfree class is generating

Let § be locally finitely presented Grothendieck category §. It was proved in Proposi-
tion 5.7 of [38] that, for a torsion pair t = (5, ¥) for which ¥ is a generating class, that
is, ¥ = §, the following are equivalent:

* the heart # of the associated Happel-Reiten—Smalg ¢-structure is Grothendieck;

* tis of finite type;

* tis cotilting.
Note that, if Q € § is cotilting, for us ¥ := Cogen(Q) is generating by definition (unlike
in [38]).

Theorem 8.2. Let § be a locally finitely presented Grothendieck category, Q a cotilting
objecting, and t = (T ,F := Cogen(Q)) the associated torsion pair. Then, the following
are equivalent:

(1) H is locally coherent.
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(2) For some (respectively, each) set of generators S C fp(9) of &, let X := (1 :1)(S).
Then

) Extlg(X, li_r)nl Qi) =0, forall X € X and all direct systems (Q;)r in Prod(Q);
(1) Ker(p) € Fy, for all epimorphisms p: X — F, with F € ¥y and X € sum(X).
(3) Thereisaset X C F N1p(§) of generators of '§ that satisfies conditions (1) and (11)
in part (2).
(4) trestricts to fp(§) and F Np(§) C fpy, (9).

When conditions (1-4) hold, t = (¥ [1], T[0]) restricts to fp(H;) if and only if § is locally
coherent.

Proof. (1)=(2). Clearly, ¥ [1] N fp(Hr) < fp,(H1), so (xg) in the proof of Theorem 8.1
is verified and, as in that proof, one shows that (xg) implies (1) and (11), for all sets of
generators § C fp(§).

(2)=(3) Let § Cfp(¥) be a set of generators as in (2) and put X :={(1 : £)(5): S €S}
C Fo (see Corollary 6.3). Given Fy € Fy, there is F € fp(¥) such that Fy is a direct
summand of (1 : ¢)(F) (see Corollary 6.3). Then, by Proposition 2.12, F € gen(S), so that
Fy € gen((1 : ¢)S) = gen(X). Now, using condition (I), one sees that Fo < pres, (X).
This, together with (I1), allows us to apply Lemma 6.13 to the set XX = (1:¢)(S) to see that
Fo=F Nip(¥), since F = § in our case. Then, X C F N fp(¥) is the set of generators
required in (3).

(3)=(4). By Lemma 6.14, o = F N {p(¥) C fp(¥) (use that § = F). Let us
verify that t restricts to fp(§): take N € fp(§) = pres,(X) (see Proposition 2.12) and
fix a presentation X’ — X — N — 0, with X', X € sum(X). Consider the following
commutative diagram with exact rows and columns:

X/ - X/
| |

0 F X (1:0)(N) ———0
Lom | [

0 t(N) N (1:1)(N) —— 0.

We deduce by (11) that F € %, so we get an exact sequence X' — F — ((N) — 0, where
X', F efp(§) as Fy C fp(€). It follows that 7 (N ) € fp(¥) and hence t restricts to fp(§).
(4)= (1). By an unbounded analog of Proposition 3.2 in [24], ¥ [1] is cogenerating in F;
and, furthermore, ¥ [1] = li_r)n(‘%')(ff'o[l]), since ¥ = 1_11_)n Fo (see Corollary 6.3 and Pro-
position 4.2 in [38]). Given M € fp(#), there is an embedding f: M — F[1] with F € ¥
(as li[)n(%‘)(ﬁo[l]) cogenerates H¢ and M € fp(#,)). Furthermore, F'[1] := Cokerg, (f) €
F1] N fp(Hy) = Fo[l] (as F[1] is a torsion class and by Corollary 2.8). We get an exact
sequence 0 > M — F[1] — F'[1] — 0 in #,, with F, F' € %,. Given a direct sys-
tem (Q;); in Prod(Q), we have that Ext}, (F[1], lim Q;[1]) = Exty (F, lim Q) =0
and there is a monomorphism Ext3, (F'[1], lim, Qi[1]) — Extg (F/, lim, Q) = 0, by
Lemma 6.14 and Rémarque 3.1.17 in [6]. Hence, we deduce from the following exact
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sequence that Ext}%t (M, lim Q; [1]) =0:
oo —» Ext}%l(F[l], li_r)nl Qi[1) — Ext};,&(M, li_I)nI 0i1]) — EX%{’.(F/[I]’ li_r)nl Oill]) —---.

Since Q[1] is an injective cogenerator of J; (see Theorem 3.11 in [41]), we conclude, by
Lemma 2.5, that M € fp,(H#;). We have shown that fp(#;) = fp,(H1) so, to conclude,
it is enough to verify that J; = h_n)q fp(#;). We have already mentioned that ¥ [1] =
1_ir_)n Fo[1] is cogenerating and closed under quotients so, given X € #, there is a short
exact sequence 0 — X — lim F;[1] — lim_ F/[1] — 0 in #;, with F;, F! € g, for
—1 —j J J
alli € I and j € J. Using an argument which is analogous to the one used in the proof
of Lazard’s trick, we deduce that X is a direct limit of objects which are kernels of (not
necessarily epic) morphisms in Fp[1]. By the Abelian exactness of fp(H#;) = fp, (Hy) (see
Corollary 2.9), those kernels belong in fp(#;), as desired.

For the last statement: if § is locally coherent, then 7 = (¥ [1], T[0]) restricts to fp(H;)
by Proposition 6.8. Conversely, suppose that i = (¥[1], 7[0]) restricts to fp(J#), i.e.,
T Np(F) < To (see Theorem 8.1). Since t restricts to fp(F), to show that fp(§) < fp,(§)
it is enough to show that 7 N fp(¥) C fp,(¥) and F N fp(§) C fp,(¥), the latter being
trivial as ¥ N fp(§) € fpo,(¥). Choose X as in part (3), and take T € T N fp(§). Then
there is a short exact sequence 0 > F — X — T — 0, with X € sum(X). Since F € ¥ we
get an exact sequence 0 — T'[0] — F[1] — X[1] — 0in J¢, where T[0], X [1] € fp(Hy).
We then get that F[1] € fp(#;) so that, by Corollary 6.3 and assertion (4), we conclude
that X, F € fp,(¥) and so also T € fp,(9). ]

As a consequence of the above theorem, Proposition 3.4 in [24] and its dual, we get:

Corollary 8.3. The HRS tilting process defines a bijection, up to equivalence, between

(1) pairs (§,t) with '§ a locally coherent Grothendieck category, t = (T, ¥) a torsion
pair of finite type that restricts to fp(§), and T a cogenerating class in G

(2) pairs (§',t) with §' a locally coherent Grothendieck category, t = (7', F') a tor-
sion pair of finite type that restricts to fp(§’), and ¥’ a generating class in §’.

9. Some consequences and examples

The goal of this section is to exhibit special situations where either the characterization of
local coherence of the heart becomes simpler or, at least, where some interesting neces-
sary condition may be derived. Furthermore, we discuss several clarifying examples and,
towards the end, we explore some connections with the theory of elementary cogenerators.

9.1. Studying #; through the restricted torsion pair t’ in ¥

Given a locally finitely presented Grothendieck category § and a torsion pair of finite type
t = (7, %), we can use the results in Subsection 8.2 to characterize the local coherence
of the heart #y, associated with the “restricted torsion pair” t' := (7 N ¥, F) in F.
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Lemma 9.1. Let § be a locally finitely presented Grothendieck category, Q € § a quasi-
cotilting object, and t = (T, ¥ := Cogen(Q)) the associated torsion pair. Suppose that
either the heart H; or the “restricted heart” Hy is locally coherent, and let X C Fq be
any subset that generates ¥, e.g., X = (1 :t)(S) for a set of generators §  {p(§). Then

() Extgg (X, 1i_n)11 Qi) =0, forall X € X and all direct systems (Q;)r in Prod(Q);
(11) Ker(p) € Fo, for all epimorphisms p:Y — F, with F € oy and Y € sum(X).

Proof. Let X € X and take a direct system (Q;)r in Prod(Q). If # is locally coherent,

Exty (X, lim 0;) == Extl, (X[1], im{*(0;[1]))
= lim, Extly, (X[1], Q:[1]) = lim, Ext; (X, Q1) = 0.

as Fo[1] C fp(H;) = fp,(Hy) and F € +1Prod(Q). Analogously, if Hy is locally coherent,

Exty (X.lim Q) = Extly, (X [1]. im*)(Q;(1]))
= lim, Extyy, (X[1]. Qi[1]) 2 lim, Extj; (X, 0;) = 0.

As F is closed under extensions both in ¢ and in ¥, Extlg (X, 0i) = Ext}, (X,0;)=0.
We have then verified (I) in both cases. Let now p: Y — F be an epimorphism, with
F € Fy and Y € sum(X). Then F’ := Ker(p) € ¥ and there is a short exact sequence
(both in J#; and in H#¢) 0 — F'[1] - Y[1] — F[1] — 0. By local coherence of J
(respectively, #y) and since Y [1], F[1] € fp(Hy) (respectively, € fp(FHy)), we get that
F'[1] € fp(Hy) (respectively, € fp(Hy)), so that F' € Fy, showing that also (11) holds. m

When #; is locally cohgrent, condition (3.1) of Theorem 8.1 does not hold in general,
since the tilted torsion pair t = (F[1], T7[0]) in J; needs not restrict to fp(#;). However,
we have the following restricted version of the condition, that will be very helpful from
now on.

Lemma 9.2. Let § be a locally finitely presented Grothendieck category, Q € § and a
quasi-cotilting object, and t = (T, ¥ := Cogen(Q)). Suppose that X C Fy generates ¥
and satisfies conditions (1) and (11) in Lemma 9.1. Then, the following statements hold
true:

(1) Fo = F Np(F) = F Nip(F) and it generates ¥ ;

(2) F is locally finitely presented with fp(¥') = pres; (X) = pres;(Fo);

B) t' .= (T NF,F) restricts to fp(F).
Furthermore, if our set X5 C Fy also satisfies the following strengthening of (11):

(%) Ker(p) € Fo, for any (not necessarily epic) p:Y — F, F € %o, and Y € sum(X),
then, the following statement holds true:

(4) F islocally coherent.

Proof. (1) follows by Lemmas 6.12 and 6.14, while (2) follows by Lemma 6.13 and Pro-
position 2.12. At this point, we can apply Theorem 8.2 to t’ to get (3).
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(4), assuming (1*). For C € fp(F) = pres; (X), take an exact sequence
0->K—>Xi >Xg—>C —0,

with Xo, X; € sum(X). Then, K € Fo C fp,(¥) by (11*). To conclude, apply Corol-
lary 2.8 (3) twice: first to show that X;/K efp,,(¥), and then that C efp,,(F) as well.
(]

Corollary 9.3. Let G be a locally finitely presented Grothendieck category, and let t =
(T, F) be a torsion pair of finite type in '§. If the heart Hy is locally coherent, then

(1) F is locally finitely presented and ¥y =F N fp(F) C fpo (F);

) ¢ = (T NF,F) restricts to fp(F);

(3) Hy is locally coherent.
Proof. By Lemma 9.1 and Lemma 9.2, ¥ is locally finitely presented, o =% N {p(F) <
fpoo (F), and there exists a set X C Fy that satisfies assertion (3) of Theorem 8.2. Apply-

ing this last theorem to (¥, t') instead of (&, t), we conclude that #y is locally coherent
and that t’ restricts to fp(F). [

In what follows, we relax the conditions of Theorem 8.1, in exchange for the local
coherence of §. In this setting, our strategy is to look for connections between the local
coherence of #; and that of Jy.

Proposition 9.4. Let § be a locally finitely presented Grothendieck category, let t =
(T, F) be be a torsion pair generated by finitely presented objects (see Definition 3.7),
and let ' = (T N F, F) be the restricted torsion pair in the subcategory ¥ . Consider
the following assertions:

(1) Hy is a locally coherent Grothendieck category.

(2) The following hold for some (respectively, every) set of generators § C fp(§), where
X :=(1:1)(S):

(D Ext}f(X, li_r)nl 0;) =0, forall X € X and all direct systems (Q;)1 in Prod(Q);
(") Ker(p) € Fo, for any (not necessarily epic) p:Y — F, F € Fy and Y €
sum(X);
(Tb) §(X, )7 : T — Ab preserves direct limits, for all X € X.
(3) tsatisfies the following conditions (see part (3) of Theorem 8.1):
(3.1) Ker(f) € Fo and t(Coker(f)) € fp(§), forall f: F — F’ in Fy;
(3.2) t(Ker(g)) € fp(§), forallg:T — T'in T Np(9);
(3.3) t(K) € fp(9), forall K € Fo = (T N {p(¥)).

(4) Hy is locally coherent and (‘rb) holds for some (respectively, every) set of generators
S C p(9).

(5) F and Hy are locally coherent and (Tb) holds for some (respectively, every) set of
generators § C fp(§).

(6) t satisfies condition (3.1).
(7) & is locally coherent, t' restricts to fp(¥), and T N fp(F) < fp(9).
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The implications “(1) = (4) <= (5) < (2)= (7) = (6) <= (3)” hold true. When § is loc-
ally coherent, the assertions (1) to (5) are all equivalent. If, in addition, t is hereditary,
then all the assertions are equivalent.

Proof. (1)=(4). #y is locally coherent by Corollary 9.3. In particular, for § C fp(¥) a
set of generators, we have that §((1 : 1)(S), -7 = Ext};&((l 2 1)(S)[1], —[0])7, with
(1:2)($)[1] < fp(Hr) = fp,y(Hy) due to Corollary 6.3 and the local coherence of H;.
Hence, (") holds, since 1111)1'%‘(7} [0]) = (Er_l; T7)[0], for any direct system (7;); in 7, by
Lemma 4.5.

(5)= (4) is trivial.

(2)=(5). Let S C fp(¥) be the set of generators given in (2). Then, & is locally coher-
ent and Fy C pres, (X), by Lemma 9.2, so that #y is locally coherent by Theorem 8.2
applied to t'. We conclude with the following observation:

[Obs. (Tb)]: suppose that ¥y C pres, (X) and that X satisfies (Tb). Then, given F € Fy,
there is an exact sequence 0 — § (F, —)|7 — §(Xo,—)|j7 = § (X1, —)|7, with X, X1 €X.
Thus, since both §(Xo, —)|5 and ¥ (X, —)|7 preserve direct limits by (Tb), G(F,—) 7 is
forced to do the same.

(5)=(2).Let §, 8’ C fp(¥) be the set of generators given in (5) and an arbitrary set of
generators, respectively, X := (1 :¢)($) and X’ := (1 : ¢t)(S’). As Hy is locally coherent,
S’ satisfies (1) and (11) by Lemma 9.1, and any morphism f:Y — F, with Y € sum(X’)
and F € ¥y, is a morphism in & N fp(F) by Lemma 9.2. Thus, Ker(f) € F Nfp(F) =
Fo by the local coherence of ¥, and so (11%) holds.

(2)= (7). By Lemma 9.2 we have that & is locally coherent, t’ restricts to fp(F),
and fp(F) = pres;(X). Thus, by (Tb), 9(T, —)|7 preserves direct limits, for all T €
T N fp(F). One concludes by Lemma 3.4.

(3)=(6) is trivial.

(7)=(6). Given f: F — F'in %y C fp(¥), we have that Ker( 1), Coker( f) e fp(F),
as ¥ is locally coherent, so Ker( /) € Fo =F Nfp(F), since F is closed under subobjects,
and 7(Coker(f))eT N{p(F) as t restricts to fp(F ). Now use that T Nfp(F) Cfp(¥).

In the rest of the proof we assume that '§ is locally coherent.

(3)=(1). As § is locally coherent, condition (Tﬂ) in Theorem 7.1 holds, so t is
strongly generated by finitely presented objects. Hence, #; is locally coherent by The-
orem 8.1.

(4)= (3). Consider the classes €5 and € C § of all the objects X in § such that
5(X,—) commutes with direct limits in 7~ and in &, respectively. Additionally, we denote

by @ the class of all objects X € § such that Ext’; (X, —)5: F — Ab preserve direct
limits, for kK = 0, 1. Observe that:

(Obs. 1) fp(§) = p,(§) € €& N €7 and €& N F = Fy (by definition of Fy);
(Obs.2) €+ NT =1p(¥) N T (by Lemma 3.4) and Fy C €y (follows by [Obs. (‘}'b)]);

(Obs. 3) both €4 and €7 are closed under cokernels and under extensions by objects in
fp,(§), that is, €& * fp,(§) C € and €7 * {p,(§) C C7;

(Obs.4) (fp(§) N F) * Fy C €.
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Indeed (Obs. 1-3) are clear, and it follows from Lemmas 9.1 and 9.2 that ¥, C %;
Consider an exact sequence 0 > X — Y — Z — 0, where X fp(§)NF and Z € F.
Clearly, §(Y, —)|5 = Extgp(Y, —)|# preserves direct limits. Moreover, we get the follow-
ing exact sequence of additive functors ¥ — Ab:

F (X, —)|;;: — Extlz(Z, —)|3: — Extli(Y, —)‘3: — Extli(X, —)|‘7,~ — Extzi(z, —)|3:.

In this sequence the first, second and fifth functors preserve directs limits because Z e
Fo C fpso(¥F). To prove that the third one also does, and so ¥ € @, it is enough to prove
that Extl (X,—)|# preserves direct limits, which is true, as Exty (X,—),# = Ext} (X,—)|#
by the dual of Lemma 5.11(1) in [43] and X € fp(§) = fp,(&). Hence, (Obs. 4) is verified.

(3.1) Let f: F — F’ be a morphism in ¥¢. By Lemmas 9.1 and 9.2, we know that
Fo = F N{p(F) and that fp(F) = pres; (Fp), so that C := Coker(f) € fp(F). But we
know by Theorem 8.2, applied to (¥, t') instead of (&, t), that t’ restricts to fp(¥), so that
t(C) e fp(F) = pres, (Fo) € €7 by (Obs. 2) and (Obs. 3). Thus t(C) € € N T < p(¥)
by (Obs. 2). Note also that (1 : £)(C) € ¥y and, therefore, C € (fp(§) N F) *x Fo C @
Putting X := Im(f"), we obtain a short exact sequence 0 - X — F’ — C — 0, that lives
in ¥ and has X € ¥ . Consider the following exact sequence of additive functors ¥ — Ab:

0— (C.9))p — (F'.9)p — (X, )y — (C.9)ly — (F'.9)g

where (=, —)F denotes the k-th Ext group either in § or in %, for k = 0, 1. Since the
first, second, fourth and fifth functors in this sequence preserve direct limits (because

F'.C e E}) we conclude that (X, _)IO?' =5(X, —)?3, preserves direct limits, so X € Fy.
By Lemma 9.1, with X a skeleton of %, the epimorphism f: F — X has Ker(f) =
Ker(f) € Fo, so (3.1) holds.

(3.2) Consider the following exact sequence, with Ty, 71 € T Nfp(¥), and ¥ =Im(g):

K g

Tl TO-
— "

As § is locally coherent, Y € fp(§) N T, K = Ker(x) € fp(§) =1p,(§),and (1 : 1)(K) €
Fo C €5 (by Corollary 6.3). Consider now the following pushout diagram:

0 K

0 K T T Y 0
| o
0——— (1:1)(K) T Y 0

By (Obs.3), T € (€7 * fp, () NT C€r NT C p(¥) = fp,(§). Hence, we deduce
that 1 (K) = Ker(q) € fp(¥).

(3.3) Given an exact sequence 0 > F — K — T — 0, with F € ¥, C€¢ and T €fp(§)
NT C1p,(§), we have that K € €5 x fp,(§) C Cx,sothat (1 :7)(K) € €& N F = Fo,
by the natural isomorphism (K, —); = ¥ ((1 : t)(K), —). Consider the pushout dia-
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gram:

9.1) 0 F ‘ K ud T 0
fl pl vo. lh

0 F - (1:1)(K) T 0.

Since 4 is epic, T € T . Furthermore, the morphism o f: F — (1 :t)(K) is in % and so,
by the already verified part (3.1), T = Coker(?) = Coker(io f) € fp(§) N T (as f is epic),
Ker(f)=XKer(to f) € Fy C €5 and Ker(h) € fp(¥) = fp,(¥). Finally, consider the exact
sequence 0 — Ker( f) — t(K) — Ker(h) — 0 and note that # (K) € T N (€5 * fp,(§)) =
T NEr C p(s).

(3-4)=(5). By Lemmas 9.1 and 9.2, (4) implies (5) if (1) is verified, for some
X C F, that generates ¥ . But (3.1) clearly implies (11%) for X a skeleton of Fy.

(6)=(3), when t is hereditary. Condition (3.2) is automatic in this case as, given
g: T — T'inT N{fp(&), we have that Ker(g) € T since t is hereditary, and Ker(g) € fp(§)
as § is locally coherent. For condition (3.3), consider an exact sequence 0 - F — K —
T —0ing,with F € Fpand T € T N{p(¥) = Tp. Consider the pushout diagram in (9.1):
as t is hereditary, f is an isomorphism (it was already epic and Ker(f) € T N ¥ =0,
since Ker( f) is a subobject of #(K) and also of F) and, consequently, the square on
the right-hand side of that diagram is also a pullback. Hence, ¢(K) = Ker(p) = Ker(h)
and, from the exact sequence 0 — F — (1 :¢)(K) — T — 0 in § we obtain the exact
sequence 0 — T7[0] — F[1] = (1 :¢)(K)[1] = 0 in #,. Furthermore, being t hereditary,
we know that 4[0]: T[0] — T[0] is an epimorphism in #;. We then get the following
exact sequence: T[0] — F[1] — (1 : t)(K)[1] — 0, with T[0], F[1] € fp(#). Hence,
(1:1)(K)[1] € fp(Hy), thatis, (1:1)(K) € Fo. Applying condition (3.1) to the composition
To f:F — (1:1)(K), we conclude that T € 7 N fp(€). Hence, ¢ (K) = Ker(p) = Ker(h)
is in fp(¥), since § is locally coherent. |

Remark 9.5. One of the goals of the above proposition is to clarify the relation between
the local coherences of #; and #y. The reader not so interested in this connection, may
replace the condition “ Hy is locally coherent” in (3) and (5) by the equivalent condition:
“t restricts to fp(F) and F N fp(F) C fpy, (F)”, applying Theorem 8.2 to the “restricted
torsion pair ”t’ in & .

The following result complements Theorem 5.2 in [50].
Corollary 9.6. Let G be a locally coherent Grothendieck category, t = (T, F) a torsion

pair of finite type in G, and S a set of finitely presented generators of §. The following
conditions are equivalent:

(1) trestricts to fp(§);
(2) Hy is locally coherent and t(S) C fg(9);
B) ' = (T NF,F) restricts to fp(F) and t (S) C fg(§).

In such case, the subcategory ¥ is locally coherent.

Proof. (1)=>(2) is contained in Theorem 5.2 of [50]. (2) = (3) follows by Corollary 9.3.
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(3)=(1). Letting X := (1 : ¢)(S), we have that X C fp(§), as ¢(§) C fg(¥). By
Proposition 2.12, fp(¥) = pres;(X) = fp(§) N F (so fp(F) is an Abelian exact sub-
category), where the inclusion pres, (X) C fp(¥) N F holds since both fp(¥) and F are
closed under cokernels and sum(X) C fp(§) N F. In particular, Fy = fp(F) N F =
fp(§) N F. It is now easy to verify that condition (2) of Proposition 9.4 holds for our §
and, as § is locally coherent, we know that “(2) = (1)” in that proposition. [ ]

Recall that a locally finitely presented Grothendieck category is locally Noetherian
when each finitely presented object is Noetherian, i.e., it has the ACC on subobjects.
Equivalently, each subobject of a finitely presented object is finitely generated. Such a
category is always locally coherent.

Corollary 9.7. let S be a locally Noetherian Grothendieck category, and let t = (T, %)
be a torsion pair. Then t is of finite type if and only if Hy is a locally coherent Grothendieck
category.

Proof. As trestricts to fp(§), one concludes by Corollary 9.6 and Theorem 1.2in [39]. m

The following proposition suggests a strategy to construct a torsion pair of finite type t
in a Grothendieck category ¢, such that # is locally coherent and t does not restrict to
fp(¥9): one should look inside the family of left constituents of TTF triples in §. We
postpone the exposition of explicit examples of (even locally coherent) Grothendieck cat-
egories admitting TTF triples of this kind to the end of the following subsection. As it
turns out, such examples are quite numerous.

Proposition 9.8. Let § be a locally coherent Grothendieck category, and let t = (7, %)
be a hereditary torsion pair which is the left constituent of a TTF triple in '§. Then, the
heart Hy is locally coherent.

Proof. Under our hypotheses, ¥ = ¥, so ¥ is a Grothendieck category that sits as an
Abelian exact subcategory in . Furthermore, as t is hereditary, ¥ is closed under injective
envelopes in §. In particular, the injectives in ¥ are exactly the torsionfree injectives in §.
Therefore, the inclusion ¥ — § sends injectives to injectives, showing that its left adjoint
(1:1):9 — F isexact. Hence, ¥ >~ §/Ker(l : t) = § /T is a Giraud subcategory of §
(we refer the reader to [53] for all the needed terminology), so ¥ is locally coherent by
Theorem 11.1.33 in [46], since § is locally coherent and t is of finite type. To conclude,
note that condition (7) of Proposition 9.4 is verified, since ¥ = ¥ is locally coherent and
t =@ NF,F)=(0,F)is the trivial torsion pair. Furthermore, under our hypotheses,
the implication “(7) = (1)” in Proposition 9.4 holds. ]

9.2. When § is a category of modules

Starting from this subsection, we are now going to specialize some of the results about the
local coherence of the heart of an HRS #-structure to the case when the ambient category
is a category of modules over a preadditive category. Let us start fixing some notation:

e A and R denote, respectively, a small (pre)additive category and a unitary ring;

e A(a,b) is the group of morphisms @ — b in the category 4;
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e Mod-4 is the category of unitary right A-modules, that is, the category of additive
functors A° — Ab;

e Homy (M, N) := (Mod-4)(M, N) and End4 (M) := (Mod-4A)(M, M);
o fg(A) := fg(Mod-+A), mod-A := fp(Mod-+4), and fp, (A) := fp,(Mod-4), for all
n € N> U {oo};
e proj-+A is the class of finitely generated projective #-modules;
e Flats-+ is the class of flat A-modules;
e D(A) := D(Mod-+A) denotes the unbounded derived category of Mod-A.
Given a small preadditive category 4 and a € A, we let H, := A(—,a): A®® — Ab
be the right #A-module represented by a. The family
9.2) P ={Hg:a € A}
is a family of finitely generated projective generators of «, so proj-(4) = add(#). Fur-
thermore, for a given torsion pair t = (77, ) in Mod-#,
¢ t(+A) denotes the torsion ideal of # (see Example 6.11);
o A := A/t(A) denote the preadditive quotient category of # over the ideal 7 (A).
Corollary 9.9. Let A be a small preadditive category and let t be a torsion pair of finite
type in Mod-wA, whose heart Hy is a locally coherent Grothendieck category. Then, t' :=

(7 N Mod-+, F) is a torsion pair in Mod- s that restricts to mod-+ and such that ¥ N
mod-A C fp (A).

Proof. Note that # = Mod-4 (see Example 6.11) and apply Corollary 9.3. ]
As for the general case, when ¥ is generating, we can improve the above corollary:
Corollary 9.10. Let A be a small preadditive category and t = (7, F) a torsion pair of
finite type such that ¥ is generating in Mod-A. The following assertions are equivalent:
(1) H is locally coherent;
(2) Ker(p) € Fo for each epimorphism p: P — F, with F € ¥y and P € sum(P);
(3) the torsion pair t restricts to mod-4 and ¥ N mod-A C fp  (A).

Proof. 1t follows by the equivalences “(1) < (3) < (4)” of Theorem 8.2, by taking X := P
in part (3) of Theorem 8.2, and observing that condition (1) is trivially satisfied by . m

Recall thatif f: X — Y is a morphism in an additive (not just preadditive) category +,

then a pseudo-kernel of f is a morphism g : K — X such that the sequence of functors
A(—, A(—,
A K) 2 ) 2D ALy

is exact. When every morphism has a pseudo-kernel we say that 4 has pseudo-kernels.
To mimic the terminology used for rings (= preadditive categories with just one object),
we shall say that a small preadditive category B is right coherent when proj-B (or equi-
valently sum(#g)) has pseudokernels, where Pg = {B(—, b): b € B}. In fact, one can
prove that the locally finitely presented category Mod-8 is locally coherent if and only
if B is right coherent (see Corollary 1.11 in [42]). Specializing to the case when 8 = R
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is a unitary ring, one recovers the known fact that R is a right coherent ring if and only if
the additive category proj- R has pseudo-kernels, if and only if Mod-R is locally coherent.

Corollary 9.11. Let A be a right coherent preadditive category, and lett = (7,5 ) be a
torsion pair of finite type in Mod-A. The following assertions are equivalent:

(1) t restricts to mod-;

(2) t(Hy) € fg(A), forall a € A, and the heart 4 is locally coherent;

(3) t(H,) € fg(A), foralla € A, and t' = (T N Mod-A, F) restricts to mod-s.

In this case, 4 is also a right coherent preadditive category.
Proof. Tt follows directly from Corollary 9.6, by taking § := . |

Our next two results will be immediate consequences of Proposition 9.4. But we first
need to introduce some concept familiar to module theorists.

Definition 9.12. Let J be an ideal of the small preadditive category 4 and let M be an
A-module. The annihilator of 4 in M, denoted by annys (d), is the A-submodule of M
acting on objects as follows:
(annps (4))(a) := N {Ker(M(a)) : b € A, @ € d(b,a)}.
It is routine to check that the assignment M +> annyy () induces an additive functor
ann_y(d) : Mod-A — Mod-#4/d C Mod-A.

When 4 = R is aring, viewed as a preadditive category with just one object, [ is an ideal
of R and M is an R-module, then we re-obtain the classical annihilator annys () = {x €
M : xI = 0}.
Corollary 9.13. Let A be a preadditive category and let t = (T, F) be a torsion pair in
Mod-A. Consider the following assertions:
(1) The heart H#y is a locally coherent Grothendieck category.
(2) The following conditions hold:
(2.1) t is generated by finitely presented A-modules;
2.2) Mod- s and the restricted heart Hy are locally coherent;
(2.3) ann;(4)(—) : Mod-# — Mod-+A preserves direct limits of modules in T .

(3) Conditions (2.1) and (2.3) hold and Ker(f) € Fyg, forall f: P — F, P € sum(P)
and F € ¥y.

(4) Conditions (2.1) and (2.3) hold and Fy is locally coherent.
Then the implications “(1)= (4) <= (3) < (2)” hold true. When A is right coherent (i.e.,
when Mod- is locally coherent), all assertions are equivalent.

Proof. For each a € 4 and for each A-module M, the canonical projection p: H, —
(1:¢)(H,) induces the following monomorphism in Ab:

P« Homy ((1:¢)(Hy), M) — Homy (H,, M) = M(a).

It is easy to see that Im(p«) = (ann;4)(M))(a). Therefore, condition (2.3) above is equi-
valent to say that, for each a €, the functor Hom 4 ((1:¢) H,, —): Mod-A — Ab preserves
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direct limits of objects in 7, which is precisely condition (+*) in Proposition 9.4, when
we take § := P = {H,: a € A}. Moreover, the implication “(1) = (2.1)” follows by The-
orem 7.1 (since the hypothesis () is verified). Note then that the conditions (1), (2), (3)
and (4) correspond, respectively, to the conditions (1), (5), (2) and (4) of Proposition 9.4,
by taking § = £. ]

Corollary 9.14. Let A be a small preadditive category such that Mod- A is locally coher-
ent, and let t = (T, F) be a hereditary torsion pair of finite type in Mod-A. The following
assertions are equivalent:

(1) Hy is locally coherent;

(2) t satisfies condition (3.1) of Theorem 8.1,

(3) + is right coherent, t = (T N Mod-A, F) restricts to mod-s, and T N mod-A C
mod-A.

Proof. Since t is hereditary of finite type, it is generated by finitely presented objects
(see Proposition 3.8). The result then follows by the equivalences “(1) & (6) < (7)” of
Proposition 9.4, that do hold since § = Mod-+ is locally coherent and t is hereditary. m

Remark 9.15. When R = 4 is a ring, viewed as a one-object preadditive category, say

Ob(4A) = {a} and R = A(a,a), then 1 (H,) = t(R) = £(A) is the torsion ideal of R and

A = R := R/t(R). So, for instance, condition (3) of Corollary 9.14 reads as follows:
3o) Ris right coherent, t’ restricts to mod-R and 7 N mod-R € mod-R.

We leave to the reader the interpretation of the results of this subsection in this particular
case.

Recall from [29], that an additive category with split idempotents is called Krull-
Schmidt if every object decomposes into a finite direct sum of objects having local endo-
morphism rings. The following lemma is key for the construction of most of the examples
we discuss in the rest of the subsection.

Lemma 9.16. Let A be a small additive category with pseudo-kernels, let B C A be
a subcategory, Pg == {Hp : b € B} C P, and t = (Tg, Fg) := (Gen(Lg), JPG%:), the
associated torsion pair in Mod-A, that is well known to be the left constituent of a TTF
triple (see [42]). The following assertions hold:

(1) t restricts to mod-A if and only if trp, (H,) is finitely generated, for all a € A, if
and only if sum(B) is precovering in A. When B = {by, ..., by} is finite, this is
equivalent to say that A(['_, bi,a) = @;_, A(b;,a) is finitely generated as a
right End ([ [/, bi)-module, for all a € A.

(2) The following assertions are equivalent:

(2.1) t is a hereditary torsion pair;

(2.2) for each morphism o.:a — b in A, where b € B, there exist B; :bj — a and
Yiza — by, for some family {b1,...,by} C B, suchthata =a o (3 ;_, Bi o ¥i).

When, in addition, A is a Krull-Schmidt category, they are also equivalent to

(2.3) if a:a — b is a non-zero morphism with b € B and a € A indecomposable,
then a € add(B).
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Proof. By [42], the torsion radical associated with t is the trace of Pg, i.e.,

(9.3) t(M) e trj),’B(M) = Zbeﬂ,fEHOmA(Hb,M) Im(f).
(1) As Pg C proj-4, we readily see that ¢ preserves epimorphisms. Furthermore,
since each X € mod-+ is epimorphic image of | [[_, Hg,, for some family {ay,...,an}

of objects of +, we conclude that t restricts to mod-o if and only if 1 (H,) = trp; (Hy)
is finitely generated for each a € 4. By (9.3), this happens if and only if there exists an
epimorphism ¢: ]_[;c”:1 Hp, — t(H,), with by, ..., by, € B. By the Yoneda lemma, we
have a representation

(Llfey Hy, —— ()" Hy ) = (LI, Hy 2 ),
for some B: ][}, bx — a. Then, B is a sum(&B)-precover in 4 if and only if g is an
epimorphism.

(2) As in the case of module categories over an (associative unital) ring R, one can
see that t is a hereditary torsion pair if and only if each “cyclic” submodule of Hj is
in Gen(Pg) = Tg, for all b € B. That is, if and only if the image of any morphism
H, — Hp, witha € A and b € B, is in Tg. Namely, one first reduces the problem to
check that any submodule of a coproduct [ | ; Hp,, with b; € B foralli € I, is in T3.
Butif K < [[; Hp, is a submodule then the (Ab.5) condition of Mod-# gives that K =
Uyscr. tmie (K N (117 Hyp;)) (see Chapter V of [53]). Then, the problem further reduces
to prove that any finitely generated submodule of a finite coproduct [ [[_; Hp, is in Tg.
Finally, one inductively reduces the problem to check that the cyclic submodules of Hj,
are in 7g, forall b € B.

(2.2)=(2.1). Any morphism H, — Hj, witha € A and b € B, is of the form A(—, ),
for some morphism «:a — b in . Fix B;:b; — a and y;:a — b;, for some family
{b1, ..., by} of objects of B, such that @ = a o (37—, Bi © ¥;). Then Im(A(—, &)) =
> Im(A(—, & o B;)), so the implication holds.

2.1)=Q2.2).Leta:a — b, witha € A and b € B, suppose that Y := Im(A(—,a)) €
T and fix an epimorphism [ [/_; A(—, b;) = A(—, [ [}=, bi) > Y, with by,...,b, € B.
As A(—, [[7=; bi) is projective in Mod-+, by the Yoneda lemma we get the follow-
ing commutative diagram, for appropriate morphisms f;:b; — a and B;:b; — b (i =
1,...,n):

LTioy A= bi) = A= 1T b)
oy ACB) ﬂl A B )

- ’ D —— )
\ A(—,a)

Then, o o B; = B, forall i = 1,...,n. Note that o € Y(a) since A(—, )(ids) = a.
Therefore, « € Im(7,), so that we have a morphism y = (y1,--+ , yn)':a — [[/—, bi
in A such that

A=, a)

a=n(y)=> 1 Bioyi=ao(Xi_ Biovi).

(2.2)=(2.3), assuming that A is Krull-Schmidt. Let «:a — b be a non-zero morphism
with b € B and a € A indecomposable. By (2.2), there exist morphisms §;: b; — a and
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yi:a — b;, for some family {b1, ..., b, } of objects of B, such thatae = o (}_;_; Bi o yi).
The equality & o (idg — Y ', Bi o yi) = 0 and & # O imply thatid, — Y ;_, Bi o y; is
not invertible in the local (as a is indecomposable) ring #4(a, a). Then, >/, Bi o y; is
invertible, which implies that (B1, ..., Bx): [[7—; bi — a is a retraction in +. By the
uniqueness of decompositions in the Krull-Schmidt category <, a is isomorphic to a
direct summand of some b; .

(2.3)=(2.1), assuming that A is Krull-Schmidt. Let b € 8. Then the cyclic submod-
ules of Hj, are the finite sums of images of non-zero morphisms of the form A(—, «): H,—
Hy, with b € 8 and a indecomposable. By hypothesis, we have a retraction 3:b" — a,
with b’ € 8. We then have that Im(A(—, @)) = Im(A(—, x o B)) € Tp. [

9.3. Examples
In this subsection we collect a series of examples to illustrate the main results of the paper.

Example 9.17. Let R be a right coherent ring, P a finitely generated projective right R-
module and t = (7p, Fp) := (Gen(P), P) the associated torsion pair in Mod-R. The
following assertions hold:

(1) trestricts to mod-R if and only if P* := Homg (P, R) is finitely generated as a right
Endg (P)-module if and only if the trace t7p (R) of P in R is finitely generated as a
right ideal;

(2) tis a hereditary torsion pair if and only if each cyclic submodule of P is in Gen(P).
If R is also semiperfect, this is equivalent to say that, if there is a non-zero morphism
Q — P, with Q indecomposable in proj-R, then Q is a direct summand of P.

Proof. Both assertions easily follow by Lemma 9.16, considering the additive category
A 1= proj-R and B := { P}, since Mod- R = Mod-(proj-R) (see Corollary 1.6 in [42]). In
fact, if Q € proj-R, then (proj-R)(P, Q) = Hompg (P, Q) is a direct summand of (P*)"
as a right Endg (P )-module. Furthermore, proj-R is a Krull-Schmidt category precisely
when R is semiperfect. ]

Example 9.18. The following are choices for R and P that satisfy the assumptions of
Example 9.17, whence with Mod- R locally coherent, for which t = (7p, ¥p) is hereditary,
does not restrict to mod-R, but J; is locally coherent (see Proposition 9.8):
(1) (With non-semiperfect R) Let K be a field, V' an infinite dimensional K-vector
space. Then take R = Endg (V)°P and P := V, viewed as a right R-module;

(2) (With semiperfect R) Let L /K be an infinite field extension and consider:

K 0 1 0
R_|:L L:| and el—|:001|.
Then take R and P := e R.

Proof. (1) Itis well-known that R is a Von Neumann regular ring which is not semisimple
(whence it is two-sided coherent and not semiperfect). Furthermore, P is simple projective
as a right R-module and Soc(Rg) contains infinitely many copies of P, so trp(R) is not
finitely generated as a right ideal.
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(2) By Proposition 3.1.3 in [24], we know that R is two-sided hereditary (whence
two-sided coherent). Moreover, P = e R is simple projective and

Hompg(e1 R, R) = Re; = [ IL( 8 i|

is infinitely generated as a right module over End(PRr) = e; Re; = K. L]

Lemma 9.16 and Proposition 9.8 can be applied to interesting situations where § =
Mod-+, but + has infinitely many objects. Let us start recalling the following definition:

Definition 9.19. An additive category with split idempotents 4 is said to have left almost
split morphisms when it is Krull-Schmidt and, for each indecomposable object a € Ind-4,
there is a left almost split morphism u:a — b, i.e., u is not a section and any morphism
v:a — c in 4 that is not a section factors through u. The concepts of right almost split
morphism and that of category with right almost split morphisms are defined dually.

Note that, by the properties of Krull-Schmidt categories, if u:a — b is a left almost
split morphism, then there is a decomposition

’

u:[l:) ]:a—>b=b1|_lb2,

where u’:a — by is left minimal (and also left almost split). Then u’ is uniquely determ-
ined by a, up to isomorphism. The dual phenomenon is true for minimal right almost split
morphisms.

Definition 9.20. Let 4 be an additive category that has almost split morphisms. We will
say that an additive subcategory X = add(X) of 4 is closed under immediate successors
(respectively, immediate predecessors) when, if x € X is indecomposable and x — y
(respectively, y — x) is its minimal left (respectively, right) almost split morphism, then
yeX.

The last property has an interpretation in terms of the Auslander-Reiten (AR) quiver
['(A) of A (we refer to Chapter IV of [3] for the definition in case #A = Mod-A, for
A an Artin algebra. That same definition applies to our more general +#4). Now, the fact
of X being closed under immediate successors (respectively, immediate predecessors) is
equivalent to saying that if x and y are indecomposable objects, with x € X, and there is
an arrow x — y (respectively, y — x) in I'(+), then x € X implies y € X.

Proposition 9.21. Let A be an skeletally small Abelian category that has almost split
morphisms, and let (€, B) be a split torsion pair in A such that B is closed under imme-
diate successors and it is generating in 4. With the notation of Lemma 9.16, Mod- is a
locally coherent category with a hereditary torsion pair t := (Gen(Pg), J’é‘) that does
not restrict to mod-«A, but whose associated heart #, is locally coherent.

Proof. Letus start noticing that Mod-+ is locally coherent, since # has kernels. Moreover,
if @:a — b is a non-zero morphism in #A, with b € 8 and a indecomposable, then a €
€ U B, as (€, B) is split. Thus, a € B since o # 0. By Lemma 9.16, t is hereditary, and
so H is locally coherent by Proposition 9.8.
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We are now going to prove that 8 = sum(48) is not precovering in +#4, something
that, according to Lemma 9.16, implies that t does not restrict to mod-+, thus ending the
proof. Note that if B is precovering, then it is also covering, due to the Krull-Schmidt
condition of . Let a € Ind-+4 \ B and «: b — a be a B-cover. Then o # 0, actually o
is an epimorphism since B is generating in 4. We now consider the indecomposable
decomposition b = ]_[;-":1 b; and, for each j = 1,...,m, we consider the minimal left
almost split morphism B;:b; — bj/.. By our hypotheses on B, we know that b} € B.

We put 8 = 7L, B;:b = 11j=, b; — LIj=, b} =: b'. By definition of left almost split
morphism, the morphism « factors through B, i.e., we have a morphism y: b’ — a such
that @ = y o 8. But since « is a B-precover, we also have a morphism §: " — b such that
a o6 = y. Therefore « = o o § o B, which implies that § o 8 is an isomorphism by the
right minimality of «. But this implies that 8, and hence all the f;, are sections, which

contradicts the fact that they are left almost split morphisms. ]

In the following two examples we write down a list of concrete examples of the setting
described in Proposition 9.21. In particular, Example 9.22 collects all the examples of
algebraic origin, while examples of geometric origin are given in Example 9.23.

Example 9.22. Let A be a finite dimensional algebra over an algebraically closed field
and 4 := mod-A. Suppose that the subcategory of indecomposables Ind-A C #4 can be
written as Ind-A = By L €, with

e By and €y are unions of connected components of the AR quiver I'(mod-A);
e Homp (C, B) =0, forall B € 8By and C € €;
¢ By contains the indecomposable projective A-modules.

Then, we can apply Proposition 9.21 with € := sum(€y) and B := sum(By). The fol-
lowing is a list of particular examples where this situation is verified:

(1) when A is a tame hereditary algebra of infinite representation type, a tame concealed
algebra of tubular type or any of Ringel’s canonical algebras, and consider the tri-
section Ind-A = & U T U J of Theorem 3.3.4 in [48] (see also Theorems 3.6 (5),
3.7 and 4.3 in [48], to which we refer the reader for the undefined terminology). One
can then choose Bg := P or Bg := P UT;

(2) when A is a wild hereditary algebra and one takes By := P or By := P U R,
where & consists of the preprojective modules (also called postprojective modules
in some texts) and R consists of the regular modules (see Section VIII.2 in [3] for
the undefined terminology);

(3) when A is a tilted algebra of infinite representation type, i.e., A = End(47")? for
a hereditary finite dimensional algebra of infinite representation type A and 47 is
a classical (=finitely presented) 1-tilting module. In this case one can take By :=
P(A) or By := P(A) U R(A), with the terminology of Theorem VIII.4.5 in [3].

Proof. By [4], we know that mod-A has almost split morphisms. It is then easy to con-
clude by using that, in any skeletally small Abelian Krull-Schmidt category, the assign-
ment

(€, B) —— (€ N Ind-A, B N Ind-A)

gives a bijection between the split torsion pairs in # and the pairs (€, 8y) of subcategor-
ies of Ind-+A such that A(c,b) = 0, forall c € €y and b € By, and Ind-A4 =€y LI By. =
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Example 9.23. Let A = coh(X) be the category of coherent sheaves over a weighted
projective line, in the sense of [33], or A = coh(X) for X a smooth projective curve, all
over an algebraically closed field. Take then By to be the subcategory of indecomposable
bundles and €, that of indecomposable torsion (= finite length) sheaves. Note that B
and €, are denoted by #; and K, respectively, in [33]. Then, as in Example 9.22, we
can apply Proposition 9.21 with € := sum(€p) and B := sum(By).

Proof. Tt is enough to apply Proposition 10.1 in [33], taking into account that coh(X),
with X a smooth projective curve, is an Abelian category that satisfy properties HI-H6 in
Subsection 10.2 of [33], and such that each tube U, is homogeneous (see the comment
introducing Lemma 10.3 in [33]). [

The following is a very explicit example of a general phenomenon we discuss in Pro-
position 9.25:

Example 9.24. Let A be a commutative Von Neumann regular ring that is not semisimple
(e.g., an infinite product of fields) and / an ideal which is not a summand of A, then the

triangular matrix ring
| A/ A/l
k= ]

is left semihereditary but not right semihereditary (see Proposition 3.1 in [14]). Further-
more, such aring R, cannot be right coherent, i.e., Mod-R cannot be locally coherent (see
Theorem 4.1 in [13]).

The following proposition shows that Theorem 8.2 applies to situations where the
ambient Grothendieck category is not locally coherent.

Proposition 9.25. Let R be a left semihereditary ring that is not right semihereditary
(such rings do exist by Example 9.24), and let ¥ := Flats-R. Then, t := (*F, F) is
a torsion pair of finite type in Mod-R, with ¥ generating. Furthermore, it restricts to
mod- R and the associated heart F; is locally coherent. However, R is not right coherent,
i.e., Mod-R is not locally coherent.

Proof. By a famous result of Chase (see Theorem 4.32 in [49]), R is left semihereditary
if and only if submodules of flat modules are flat, and R is left coherent. In particu-
lar, R has weak dimension < 1 in the terminology of [49]. Furthermore, since weak
dimension is left-right symmetric (see Theorem 8.19 in [49]), ¥ is closed under tak-
ing subobjects. Moreover, R is left coherent and then, by another result of Chase (see
Theorem 2.1 in [13]), ¥ is closed under taking products. It then follows that ¥ is a gen-
erating torsionfree class in Mod- R, since it is clearly closed under extensions. It is also
closed under direct limits so that t = (L%, ) is a torsion pair of finite type in Mod-R,
so Hy is a Grothendieck category. We claim that assertion (4) of Theorem 8.2 holds for t,
and hence #; is also locally coherent. Indeed, by Corollary 1.4 in [32], we have that
F N'mod-R = proj-R and this class is clearly contained in fp,, (R). On the other hand, if
M € mod-R then the projection p: M —> (1 : t)(M) factors in the form

pM ——P——-(1:1)(M), where P € proj-R (see Theorem 1.2 in [32]).
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Since P € ¥, thereisamap g: (1 : t)(M) — P suchthatg o p = u. Wethengetvogq o
p=vou = p,andsovogqg = idg.r). Therefore v is a retraction and (1 :¢)(M) €
proj-R € mod-R. Moreover, the sequence 0 — t(M) - M — (1 :t)(M) — 0 splits,
showing that t restricts to mod-R. ]

The above example and proposition give a negative answer to an extension of Ques-
tion 7.9 in [43]. Indeed, the original question asks whether the property of being locally
coherent is invariant under classical 1-tilting equivalences (between categories of mod-
ules). When this question is extended to locally finitely presented Grothendieck categories,
Proposition 9.25 can be used to give a negative answer. Indeed, in the notation of the
example, H; is a locally coherent Grothendieck category with a tilting torsion pair t =
(F[1], T[0]), associated with the tilting object R[1]. The heart of the z-structure associ-
ated with t is equivalent to Mod-R. We then have a triangulated equivalence D(H#;) =
D(Mod-R), where J; is locally coherent but Mod-R is not.

9.4. Locally coherent hearts and elementary cogenerators

In this final subsection, we deal with the notions of pure exact sequences, pure mono-
morphisms and pure epimorphisms in a category of modules Mod-+. For these notions,
we refer to [19] and [46]. An analogous theory of purity exists in compactly generated
triangulated categories, for the notions of pure exact triangle, pure monomorphisms and
epimorphisms in the derived category D(Mod-+4) of Mod-#4, we refer to [46].

Let us also recall that, given a locally finitely presented Grothendieck category §, a
subcategory ¥ C § is said to be definable when it is closed under taking pure subobjects,
products and direct limits. When Y is a pure-injective object of ¥, we shall denote by

Cogen, (Y) := {pure subobjects of objects in Prod(Y)}

the subcategory of § of the objects isomorphic to pure subobjects of products of copies
of Y. The crucial concept for us in this subsection is the following:

Definition 9.26. A pure-injective object Y of § is called an elementary cogenerator when
the subcategory Cogen,, (Y') is definable.

Note that a pure-injective object ¥ of § is an elementary cogenerator if and only if
Cogen, (Y) is closed under direct limits. In fact, Cogen, (Y) is always closed under pure
subobjects, while one can show that it is closed under products using that, even if products
may fail to be exact in §, a product of pure monomorphisms is a pure monomorphism (for
this use that products are exact in Mod-(fp(¥))).

Lemma 9.27. Let A be a preadditive category, let d be a (two-sided) ideal of A, and
view Mod- as a subcategory of Mod-A in the obvious way, where A := A/d. Let Y
and Y be, respectively, a subcategory and an object of Mod-A. The following assertions
hold:

(1) Y is definable in Mod- 4 if and only if it is definable in Mod-;

(2) Y is pure-injective (respectively, an elementary cogenerator) in Mod-+ if and only
if it is so in Mod- .
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Proof. Since Mod- is closed under taking subobjects, quotients, coproducts and prod-
ucts in Mod-+4, it follows that it is also closed under taking direct limits and so the pure
submodules of products of copies of a given A-module are the same in Mod-#4 and
Mod-+A. Assertion (1) is then clear. Furthermore, the part of assertion (2) regarding pure-
injectivity follows similarly (see also Remark 5.5), while for the part regarding elementary
cogenerators, it is enough to use the above observation that Cogen,, (Y) is definable if and
only if it is closed under direct limits. ]

A subclass X C D() is said to be a definable class in D(A) if it is closed under
taking products, directed homotopy colimits and pure subobjects. Definable classes in
D(+) have been recently characterized in [31] as the classes closed under direct products,
pure subobjects and pure quotients.

Definition 9.28. A pure-injective object Y in D(+A) is said to be an elementary cogener-
ator when the smallest definable subcategory of D(+) which contains Y coincides with
the following class:

Cogen]”;(A)(Y) :={X eD(+4) : X admits a pure monomorphism into some X’€Prod(Y)}.

In fact, this is equivalent to say that Cogen;;( A)(Y) is closed under taking directed
homotopy colimits. For more details on these notions we refer to [30].

Example 9.29. Let 4 be a small preadditive category. Then, (Mod-+4)[0] € D(A) is a
definable class since Mod-+4A = N{Ker(D(A)(H,[n],—)) : a €, n # 0} so Theorem 3.11
in [30] applies. By [30], Section 5, a cotilting module X in Mod-# is an elementary
cogenerator in Mod-+ if and only if X[0] is an elementary cogenerator in D(+A) (for
A = R aring, this is Example 5.13 in [30]).

Lemma 9.30. Let A be a small preadditive category, let t = (T, ¥) be a torsion pair
in Mod-wA, and consider the torsion pair t' := (T N Mod-#, ¥) induced in Mod-A,
where A = A/t (A). The following assertions are equivalent:

(1) Hy is a locally coherent Grothendieck category;

(2) t is associated with a cosilting A-module Q which is an elementary cogenerator
in Mod- A.

When Hy is a locally coherent Grothendieck category, both conditions hold.

Proof. Under either of the conditions (1) or (2), t’ is of finite type in Mod-+A and F is
a generating class in this category. Then, by Proposition 5.7 in [38], we know that there
is a cotilting, whence pure-injective, /-module Q such that # = Ker(Ext;/Iod_ ,A,(_’ 0)).
The argument of Example 5.13 in [30] is easily adapted to our situation, giving that Q
is an elementary cogenerator of Mod- if and only if it is an elementary cogenerator of
D(Mod-A). Moreover, the final statement follows by Corollary 9.3.

(1)< (2). Note that Q is a quasi-cotilting #-module which defines the torsion pair t.
Then, up to Prod-equivalence, we can assume that Q is a cosilting A-module (see Corol-
lary 5.2). Moreover, by the previous paragraph and Theorem 5.12 in [30], we know that
assertion (1) holds if and only if Q is an elementary cogenerator in Mod-+4. But, by
Lemma 9.27, this happens if and only if Q is an elementary cogenerator of Mod-4. m
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The following question was communicated to us by Rosanna Laking:

Question 9.31 (R. Laking). Let A be a small preadditive category, and let t be a tor-
sion pair in Mod-#A such that #y is a locally coherent Grothendieck category. Is t the
torsion pair associated with a 2-term cosilting complex E (see Theorem 5.1) which is an
elementary cogenerator of D(Mod-#4)?

In the rest of this subsection we give some results inspired by the above question, as we
study cosilting objects that are elementary cogenerators in Mod-+, while leaving the more
general case of cosilting complexes which are elementary cogenerators in D(Mod-#) for
future investigation.

Proposition 9.32. Let 4 be a small preadditive category, let t = (T, ¥) be a torsion pair
in Mod- A, and put A = A/t (A). Consider the following assertions:

(1) The heart J is a locally coherent Grothendieck category.
(2) The following conditions hold:
(2.1) t is generated by finitely presented modules;
(2.2) t is associated with a cosilting A-module Q which is an elementary cogener-
ator in Mod-+#4;
(2.3) the functor ann_y(t(A)): Mod-4A — Mod-+ preserves direct limits of objects
inT.
(3) Conditions (2.1) and (2.3) above hold, as so does the following condition:
(3.2) t' = (T N Mod-A, F) restricts to mod-s and F N mod-A C fp., (Mod-4).
The implications “(1) = (2) < (3)” hold true. When A is right coherent (i.e., when Mod-A
is locally coherent), all assertions are equivalent.

Proof. By Lemma 9.30, (2.2) is equivalent to the local coherence of J¢y. The implications
“(1)=(2)” and “(2)=(1)", the latter when Mod-# is locally coherent, translate to this
situation the implications “(1) = (4)” and “(4) = (1)” of Corollary 9.13.

(2) & (3). By Theorem 8.2, with (¥ = Mod-A, t/ ) instead of (&, t), we know that Jy
is locally coherent if and only if condition (3.2) holds. ]

Corollary 9.33. Let A be a right coherent preadditive category, and let t = (T, F) be
a torsion pair in Mod-A such that t(Hy) is finitely generated, for all a € A. Then, the
following assertions are equivalent:

(1) the heart ¥, is locally coherent;

(2) t is generated by finitely presented modules and t = (+Q, Cogen(Q)), for some
cosilting A-module Q which is an elementary cogenerator in Mod- 4.

Proof. Note that t(H,) € mod-+, for every a € 4, so that condition (2.3) in Proposi-
tion 9.32 is clear (see the first paragraph of the proof of Corollary 9.13). Hence, the result
follows by Proposition 9.32. ]
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