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Stability estimates in inverse problems for the
Schrodinger and wave equations with trapping

Victor Arnaiz and Colin Guillarmou

Abstract. For a class of Riemannian manifolds with boundary that includes all neg-
atively curved manifolds with strictly convex boundary, we establish Holder type
stability estimates in the geometric inverse problem of determining the electric poten-
tial or the conformal factor from the Dirichlet-to-Neumann map associated with the
Schrodinger equation and the wave equation. The novelty in this result lies in the
fact that we allow some geodesics to be trapped inside the manifold and have infinite
length.

Dedicated to the memory of Slava Kurylev.

1. Introduction

In this article we study a geometric inverse problem associated with the anisotropic Schro-
dinger equation and the wave equation on a compact Riemannian manifold (M, g) with
boundary oM .

Let A, be the non-negative Laplace—Beltrami operator associated with the metric g,
we consider two initial-value-problems. First, we consider the Schrodinger equation for
finite time of propagation and with Dirichlet conditions:

({0 —Ag +q(x))u(t,x) =0, in (t,x) el xM,
(1.1) u(0,-) = 0, in x e M,
u(t,x) = f(t,x), on (t,x) € I x IM,

where I = (0, T) for T > 0 fixed. Secondly, we consider the wave equation for infinite
time of propagation and with Dirichlet conditions:

(02 + Ag + q(x)u(t,x) =0, in ((,x) el xM,
(1.2) u(0,:) =0, d;u(0,-) =0, inxeM,
u(t,x) = f(t,x), on (¢,x) € I x M,

where I = (0,7) and T can be equal to +o00.
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We aim at studying the problem of the stable recovery of the potential ¢, or alternat-
ively conformal factor in a conformal class of a metric g, from the Dirichlet-to-Neumann
map associated with (1.1) and (1.2). The Dirichlet-to-Neumann map (DN map in short) is
the operator defined, for each 7' < oo, by

AS,  H([0.T) x 0M) — L*((0.T) x 0M).  AS , f = —0uu® |0, 1)xom
Aggt Ho([0.T) x 0M) — L*((0.T) x 0M),  Agyf = —dau" |, r)xom.

where uS solves (1.1), u" solves (1.2), and 9, is the unit inward normal derivative at IM .
Here H ([0, T) x dM) denotes the closed subspace of functions in H'([0, T) x M)
vanishing at ¢ = 0. For the wave equation, we shall need to consider the case T = oo, and
we will show that there is vy > 0 depending only on ||¢ ||z so that for all v > vy,

Ay, e Hy(Ry x dM) — e"' L*(Ry x OM)

is bounded.

By a stability estimate, we mean that there is a constant C > 0, possibly depending on
some a priori bound on ||g; || gs(ar) for some s > 0, such that an estimate of the following
form holds:

lgr — q2llz2ary < CFAIASY — A5/ |14,

where the used norm for the Schrédinger/wave DN map are, respectively,

Il =1 N asomy—reaxony and -y = [+ v gl (1xam) > evt 21 x001)

and F is a continuous function satisfying F(0) = 0; we shall write simply || - ||« for the
wave case when I = [0, T] with T < 0o, and v = 0. We say that the stability is of Holder
type if F(x) = x# for some B > 0, and it is said of log-type if F(x) = log(1/x)~# for
some f > 0. More generally, one can ask if there is a stability for the problem of recovering
the metric, i.e.,
g1 =¥ g llz2on = CFAAS Y — AS/Y 1)

for some diffeomorphism v (depending on g; and g»). Here we have used the L2 norm
on M to measure ¢; — ¢», but one could also ask the same question for Sobolev or Holder
norms. Assuming a priori bounds on ¢ in some large enough Sobolev spaces H (M)
allows to deduce (by interpolation) bounds on ||g; — g2 || gs for s < s¢ if one has bounds
on ||g1 — q2||z2 (and similarly for g; — g»).

The problem of determination of the metric g or the potential ¢ from Agfq was solved
in general by Belishev—Kurylev [3] (see also [10]), but the stability estimates in the general
setting appeared only recently in the work of Burago—-Ivanov—Lassas—Lu [6] and are of
loglog type (i.e., F(x) = |log|log x||~#) for the case with no potential. When g = gy is
the Euclidean metric on a domain M C R”, a Holder type stability was proved by Sun [19]
and Alessandrini—Sun—Sylvester [1] for the determination of the potential ¢ from AZM}, e
In the case of non-Euclidean metrics, but close to the Euclidean metric on a ball in R”,
Stefanov—Uhlmann [ 16] obtained Holder estimates for the metric recovery (with no poten-
tial involved), and they extended this result in [17] to Riemannian metrics close to a simple
metric go with injective X-ray transform on symmetric 2-tensors. Such simple metrics are
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dense among simple metrics. We recall that simple metrics are Riemannian metrics with
no conjugate points on a ball B in R” with strictly convex boundary; in particular, all
geodesics in B for such a metric have finite length with endpoints on the boundary dB.
If go is a fixed simple metric, Bellassoued and Dos Santos Ferreira [4, 5] proved Holder
stability of the inverse problem for both [[AS , — A5 |« and [AY . — AV |l
When g is close to a fixed simple metric g¢ with injective X-ray transform on 2-tensors,
Montalto [14] extended the previous result to the recovery of the pair (g, ¢) (and a mag-
netic potential term in addition) in a Holder stable way. For non-simple metrics, we are
aware of only two results showing strong stability: the first by Bao—Zhang [2], who prove
for a non-trapping metric g = ¢(x)?geuc1, conformal to the Euclidean metric, and sat-
isfying certain assumptions on their conjugate points, that if ||AZI;geucl — ?Z/gwdﬂ* is
small enough then the conformal factors agree ¢ = ¢; the second, by Stefanov—Uhlmann—
Vasy [18], is of the same kind but under the assumption that g, is replaced by a metric g¢
so that the manifold (M, go) can be foliated by strictly convex hypersurfaces. In all these
results, the time interval / = (0, T') can be taken with 7' > 0 finite but large enough for
the wave case (depending on the diameter of the domain), while for the Schrodinger case
it can be taken finite and small using infinite speed of propagation.

All these mentioned results, where Holder stability results hold, assume no trapped
geodesic rays for the Riemannian manifold (M, g), i.e., geodesics staying inside the
interior M° of M for infinite time. Existence of trapped geodesics means that some
regions of the phase space are not accessible from the boundary by geodesic rays, and
some waves can possibly stay (microlocally) trapped for a long time near these trapped
rays, so that a part of the information can not be read off microlocally from the DN map
at the boundary. It is thus an open question to understand how stable is the recovery of
the coefficients of the wave equation or the Schrodinger equation when the metric is not
simple. The difficulty to obtain such Holder estimates lies in the fact that one usually
reduces the inverse problem for the DN map to some X-ray tomography problem using
wave packets or WKB solutions of the wave/Schrodinger equations that concentrate near
single geodesics going from a point of the boundary to another point. It is likely that
under general assumptions, no Holder stability estimates hold but log stability estimates
do; we mention the recent work of Koch—Riiland—Salo [11] about this question. Our pur-
pose in this work is to address this stability question in a family of cases where the trapped
set is sufficiently filamentary, the typical example being that of a non-simply connected
Riemannian metric with negative curvature and strictly convex boundary.

Our main geometric assumptions are the hyperbolicity of the trapped set for the geo-
desic flow and the absence of conjugate points. We notice that these two assumptions are
satisfied if (M, g) is negatively curved. Let us recall the precise definition of hyperbolic
trapped set. Let ¢;: SM — SM be the geodesic flow for t € R, where SM = {(x,v) €
TM : |v|gx) = 1} is the unit tangent bundle. We call, for every z = (x,v) € SM, the
escape time of SM in positive (+) and negative (—) times,

7+(z) ;= sup{t > 0| Vs < t,¢5(z) € SM°} € [0, +00],
T_(z):=inf{t <0|Vs >t,¢5(z) € SM°} € [—00,0].

In other words, 74 (2) is the time needed for the geodesic (¢+(2))|s>o to reach 0+ SM
UdoSM.
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The incoming (—) and outgoing (+) tails in SM are defined by
I's={zeSM|1+(2) = £oo},

and the trapped set for the flow on SM is the set K := I'y N I'_. If dM is strictly convex
for (M, g) (i.e., the second fundamental form of dM is positive), the trapped set K is a
compact flow-invariant subset of the interior SM° of SM. We say that the trapped set
K C SM is a hyperbolic set if there exist C > 0 and v > 0 so that there is a continuous
flow-invariant splitting over K,

(1.3) Tk(SM) =RX & Ey & E;,

where X is the geodesic vector field on SM, and E, E, are vector subspaces satisfying
forallz € K,

(1.4) lde: (2wl < Ce™ lwll, ¥Vt >0, Yw € Ey(2),
(1.5) ldg:(2)w] < Ce™w], Vi <0, Yw € Ey(2),
with respect to any fixed metric on SM . The notion of conjugate points can be defined as
follows. If mo: SM — M is the projection and V := kerdmwg C T(SM) is the vertical

bundle of the fibration, we say that there is no conjugate point if dg,(V) NV = {0} for
all t # 0, where {0} denotes the 0-section of T (SM).

1.1. The case of the Schrodinger equation

The DN map associated with (1.1) is bounded (see Theorem 1 in [4]) as an operator from
H'((0,T) x M) to L2((0, T) x dM). Our first goal is to a obtain a Holder stability
estimate of the form

(1.6) g1 — @2llz2any < CllAgg — Aggall.

for some B > 0 for the Schrodinger equation on a bounded time interval (0, 7). Here we
assume that ¢, and ¢, belong to the family of admissible electrical potentials,

(1.7) Q(No) :=1{q € W (M) | llgllwreoary < No},

with Ny > 0 fixed, and that ¢; and g, coincide on the boundary dM . It is known that the
estimate (1.6) holds on simple manifolds [4] with 8 = 1/8. Our aim is to extend this result
to the case of hyperbolic trapped set of the geodesic flow and no conjugate points.

Our first result gives the stable determination of the potential ¢ from the DN map.

Theorem 1. Let (M, g) be a compact Riemannian manifold of dimension d > 2 with
strictly convex boundary. Let T, No > 0 fixed. Assume that the trapped set K is hyperbolic
and there are no conjugate points. Then, there exists a constant C = C(M, g, T, Ny) > 0
such that, for any q1,q2 € @(Ng) with g1 = g2 on IM,

(1.8) lgr — q2llz2any < CIIAS . — AS 115,

for some B > 0 depending only on (M, g).
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We notice from our proof that the constant B can be expressed in terms of the volume
entropy and dynamical quantities on the geodesic flow of (M, g), more precisely, the
pressure of the unstable Jacobian of the geodesic flow on the trapped set and the maximal
expansion rate of the flow.

In order to obtain a stability estimate for the conformal factor of the metric, we con-
sider the family of admissible conformal factors given by

(1.9) €(No.k.&) :={c € €°(M)|c>0in M, |1 —clleoary < &. llcllexar < No}-
Our second result gives the stable determination of the conformal factor.

Theorem 2. Let (M, g) be a compact Riemannian manifold of dimension d > 2 with
strictly convex boundary, hyperbolic trapped set K and no conjugate points. Let T, Ny > 0
be fixed. Then, there exist k > 1 depending only on dim(M ), & > 0 depending on (M, g, Ny)
and a constant C = C(M, g, T, Ny) > 0 such that, for any ¢ € € (No, k,€) withc = 1
near oM ,

(1.10) 1T =clz2an < CliAG = AZ

[I4
cg,0ll*>

for some B > 0 depending only on (M, g).

As far as we know, these two results are the first Holder stability results for the Schro-
dinger equation when the principal symbol of the operator has trapped bicharacteristic
rays.

1.2. The case of the wave equation

The DN map associated with (1.2) with I = (0, T') is bounded as an operator mapping
H}((0,T)x M) to L?((0,T) x IM) (see [12,13]). In the case I = (0,00), it is necessary
to introduce a exponential weight in the time as T — +o00 to obtain boundedness of
the DN map. For our result, due to the fact that some geodesics have infinite length (those
that are trapped), we need to consider the wave equation for all positive time.

For k,{ € Ny, let v > 0. We define the weighted Sobolev space " H¥(I; HY(M))
as the space of functions f € H*(I; H*(M)), with finite norm

k

) B . 1/2
I ez = 3 ([ €00 10y, )

Jj=0

In particular, we denote e’ HX(I x M) := e"* H*(I; H*(M)). Similarly, we define
the weighted Sobolev spaces e”? H*(I; H*(dM)) on the boundary M, and we denote
"' HK(I x M) := e H*(1; H*(OM)).

The DN map associated with (1.2) is continuous from e”* Hy (I x M) to e”’ L*(I x
dM ) for every v > vy: this follows from Theorems 6.10 and 7.1 in [7], and can be checked
that vp > 0 depends only on ||¢| L, as we show in Lemma 4.3 and the comment that
follows. We denote

4 ) w
(L.11) IAg gllew = II1Ag gl £eve 1} (1xaM)evt L2 (1 x000))-

‘We next state our main result on the stable determination of the electric potential from
the DN map.
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Theorem 3. Let (M, g) be a compact Riemannian manifold of dimension n > 2 with
strictly convex boundary, hyperbolic trapped set and no conjugate points. Let Ny > 0 be
fixed. There is vo depending only on Ny such that for every v > vy, there exists C > 0
such that, for any q1, g2 € @(Ng) with ¢, = g2 on OM,

(112) ”ql QZHLZ(M) = C”qul gq2||* v

for some B > 0 depending only on (M, g) and v.
We finally state our main result on the stable recovery of the conformal factor.

Theorem 4. Let (M, g) be a compact Riemannian manifold of dimension d > 2 with
strictly convex boundary, hyperbolic trapped set and no conjugate points. Let Ny > 0
be fixed. Then, there exist vg > 0, k > 1 depending only on d, and ¢ > 0 depending on
(M, g, Ny), such that for all v > vy, there is C depending on (M, g, Ny, v) so that, for
any ¢ € € (Ny, k, &) with c = 1 near 0M,

(1.13) 1= cllz2any < ClIAY, —

cg 0”* v

for some B > 0 depending only on (M, g) and v.

1.3. Method of proof

To obtain the stability results, we use the general method of [4,5, 17] of reducing the prob-
lem to some estimate on X-ray transform of ¢; — ¢>. We however need to perform several
important modifications due to trapping. Ultimately, we rely on some results of the second
author [9] on the injectivity and stability estimates of the X-ray transform for the class of
manifold under study, but it is not a simple reduction to that problem, as we now explain.
We first follow the well-known route of constructing WKB solutions u of the Schrédin-
ger/wave equation concentrating on each geodesic y of length less or equal to Ty > 0 with
endpoints on the boundary. We use the universal covering of M to construct u since M
is not assumed simply connected. We can then bound the integral of ¢; — g, along these
geodesics by a constant times “Ag/qle AS/ 4> |l+,v. The non-simple metric assumption
complicates that step compared to the 51mple metric case, due to the fact that geodesics
self intersect. In the Schrodinger equation, using the infinite speed of propagation, we can
take T} as large as we want by taking WKB solutions with frequencies A > Ty/ T, while
for the wave equation we need to know the DN map on time [0, o) to be able to let Ty be
arbitrarily large. We then use some estimate on the volume of the set of geodesics stay-
ing in M° for time < Tj: this volume decays exponentially in Ty. We deduce that the
transform I Io(q1 — g2) of ¢ := g1 — ¢2 can be controled in L? by

1/2 —
(1.14) CeCTo | ASIW _ ASIW U y1g )2+ Ce™*T0 g | oo

for some Cy > 0, C > 0, > 0 independent of Ty. Here Iy: L*°(M) — L?

0 (OSMA\T_)
is the X-ray transform defined by

4+(2)
Ioq(z) == /0 4(olge(2))) d,
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that extends continuously to L®(M) — L?(dSM) by [9]; here, mg: SM — M is the
projection on the base. For simple metrics, it is well known (see [15]) that the normal
operator ITg := I Iy is an elliptic pseudo-differential operator of order —1, thus satisfying
ITIo f lzzs = Csll f || gs—1 forall s > 0 and Cs > 0 depending on s. In [9], using anisotropic
Sobolev spaces an Fredholm theory for vector fields generating Axiom A flows [8], it is
shown that the same properties hold on ITg for metrics with no conjugate points and hyper-
bolic trapping. We can then bound the norm of ||¢; — ¢ || by a constant times some norm
ITIo(g1 — ¢2)|l, which in turn is bounded by (1.14). Taking T} large enough (depending
on ||A§,/qv1V - Ag,/qZV”*,v) and using interpolation estimates, we can then show that the
second term of (1.14) can be absorbed into the first term, and we obtain the desired sta-
bility bound. The case of the recovery of the conformal factor is addressed using a similar
type of arguments.

We make a final comment about the assumption ¢; = g, on dIM (respectively, ¢ = 1
near dM): this assumption could be removed by standard arguments provided the poten-
tials g; (respectively, for ¢) have uniform bounds in €% (M) for k large enough. Since this
amounts to construct geometrical optics solutions concentrated on very short geodesics
almost tangent to M, the proof is basically the same as in Section 3 of [17] and The-
orem 2 in [14] in the case of the wave equation, and a slight variation in the case of the
Schrédinger equation. We write this short argument in an Appendix, where g; € €*(M)
(respectively, g; € €8(M)) is sufficient for the wave (respectively, Schrodinger) equation.

Notations. In what follows, we shall use the notational convention of writing C > 0 for
constants appearing in upper/lower bounds, where these constants may change from line
to line, and we shall indicate its dependence on the parameters of our problem when this
is important.

2. Geometric setting and dynamical properties of the geodesic flow

In this section we recall, for a Riemannian manifold (M, g) with strictly convex boundary,
some notions about the geometry of the unit tangent bundle SM := {(x,v) e TM | g»(v,v)
= 1} and the dynamics of the geodesic flow on SM . Let

o :SM — M, mo(x,v) = x,

be the natural projection on the base. We will denote by X the geodesic vector field on
SM defined by Xf(x,v) = 0¢ f(V(x,0) (), V(x,0)(£))|1=0, Where y(x 1) () is the unit speed
geodesic with initial condition (Y(x,4)(0), Y(x,»)(0)) = (x,v). We will denote by ¢; (x,v) =
(Yxew)(?), Y(x0)(2)) the geodesic flow, which in turn is the flow of the vector field X .
The incoming (—) and outgoing (+) boundaries of the unit tangent bundle of M are
defined by
0+SM = {(x,v) € SM |x € M, Fgx(v,n) > 0},

where n is the inward pointing unit normal vector field to dM. For any (x,v) € SM,
define the forward and backward escaping times by

T4 (x,v) =sup{t > 0| @:(x,v) € 0SM or Vs € (0,1), ps(x,v) € SM°} € [0, +0o0],
—(x,v) := —1t4(x,—v) € [-00,0],
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where 7 satisfies Xt = —11in SM with 74 |5, sar = 0. For (x,v) € 9_SM, the geodesic
Y(x,v) With initial point x and tangent vector v either has infinite length (i.e., 74 (x,v) =
+00) or it intersects dM at a boundary point x” € M with tangent vector v’ with (x’,v’) €
d+SM. The incoming (—) and outgoing (+) tails in SM are defined by

I's={zeSM|t+(z) = L£oo},
and the trapped set for the flow on SM is the set
K:=Tynrl_.

This is a compact subset of S M ° that is flow invariant ([9]). We define the subset T () C
SM given by the points (x,v) € SM for which the orbit of the geodesic flow issued from
(x,v) remains in SM after time ¢:

T (1) :={(x,v) € SM | t4-(x,v) > t}.
We define the non-escaping mass function V(t) as
V(©) = Vol (T (1)),

where Vol is the volume with respect to the Liouville measure @ on SM. Let us also
denote

2.1) TIM (1) := TH(t) N I_SM.
The escape rate Q < 0 measures the exponential rate of decay of V(¢). It is given by
1
2.2) Q = limsup —log V(z).
t—+oo I

By Proposition 2.4 in [9], if the trapped set K is hyperbolic, then Q = Pr(—J,) is the
topological pressure of (minus) the unstable Jacobian J,, := 9, det(de;|E,)|s=0 of the
geodesic flow on the trapped set K, and it satisfies

Q =Pr(—-Jy) <O.
Let du,, be the measure on dSM defined by

dpa(x,v) := |gx (v, )| Fldp(x, V),
where |du| is the Liouville density, and ¢: dSM — SM is the inclusion map. When

Vol(I'_ U T4) = 0, then Volysps (T'+ N9+ SM) = 0 and one can use Santalé’s formula
([9], Section 2.5) to integrate functions in SM: for all f € LY(SM),

4 (x,v)
23) / fdp= / / £ 0 @r(x, v)df dpun(x, v).
SM _SM\T_ Jo

It is convenient to view (M, g) as a strictly convex region of a larger smooth manifold
(M., g.) with strictly convex boundary so that each geodesic in M, \ M has finite length
with endpoints on dM, U 0M . The existence of such extension is proved in [9], Section 2.1
and Lemma 2.3. Moreover, if (M, g) has hyperbolic trapped set and no conjugate points,
one can choose (M., g.) with the same properties as (M, g), as is shown in Lemma 2.3
of [9]. The vector field X and the flow ¢; are extended in S M, and we define the function
¢ on SM, just as we did for 7, on SM. The trapped set of the flow in S M, is still K C
SM?, the incoming tail 'S on SM,is ' = U»094:(I'+) N SMeand 'S N SM =T
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3. The X-ray transform

In this section we recall from [9] the main properties of the X-ray transform acting on

functions in our geometric setting. Let (M, g) be a smooth compact Riemannian manifold

with strictly convex boundary and let M, be a small extension with the same property.
The X-ray transform / is defined as the map

T4 (x,v)
I:€XP(SMN\(T_UTy)—>EXO-SM\T_), If(x,v):= / fopi(x,v)de.
0
The X-ray transform can be extended to more general spaces. If Vol(K) = 0, then San-
tald’s formula implies that the operator / extends as a bounded operator
I:LY(SM)— LY(0_SM;du,).

When moreover the escape rate Q of (2.2) satisfies Q < 0 then, by Lemma 5.1 in [9], one
has that

(3.1) Vp>2, I:LP(SM)— L*>(0_SM,du,).

For our purposes to extend the results of [4], it is more convenient to deal with the X-ray
transform acting on functions in €*°(M). The projection 7y: SM, — M, on the base
induces a pullback map

7y 1 € (M)) - €X(SM,), nyf := f omo,
and a pushforward map ¢, defined by duality:
mox : D'(SMJ) — D'(M}), (moxu, f) := (u, 7y f).

When acting on L! functions, the pushforward 7o acts as

How f(x) = /S f0) dos (o),

where dwy is the measure on S, M induced by g. The pullback by ¢ gives a bounded
operator g : LP (M) — L?(SM) for all p € (1, 00). We define the X-ray transform on
functions by

10 = [7‘[8(.
If 0 <0, then I extends as a bounded operator
(3.2) Io:=Iny : LP(M) — L*(0_-SM, dpu,),

for any p > 2. The adjoint 1} : L?(0_SM, di,) — L? (M) isboundedfor1/p'+1/p=1,
and it is given precisely by /) = o1 *. The operator Il is defined as the bounded self-
adjoint operator

) 1 1
Mo : I§Io = mox [ "Ity : LP(M) — LP (M), ;—i——/:l, p>2.
Similarly, we define the extended X-ray transform /¢ associated with M., and

, 1
(3.3) ¢ = IE*I¢ - LP(M) — L”' (M), =+ i 1, p>2.

S| -
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Lemma 3.1 (Proposition 5.7 in [9]). Assume that (M, g) has strictly convex boundary,
no conjugate points and hyperbolic trapped set, and let (M, g.) be an extension with the
same properties, and with the same trapped set. The operator Iy, respectively 1§, is an
injective elliptic pseudo-differential operator of order —1 in M°, respectively M,;, with
principal symbol o (I1§)(x,§) = Cq4 |é§|;1 for some constant Cyq > 0 depending only on
d = dim M. For each k € Z and each compact subset @ C M_; with smooth boundary,
there exist Cy, Cy > 0 such that for all f € C(Q),

(3.4) Cill fmen,y < WG Nmeian,y < C2 S 1k an,)-
Moreover, a direct calculation yields, for z ¢ I'C. U T'¢,
4(2)

i flp@)dr, (I f)(z) = / 7 f(r(2)) dr,

—(2)

€ (2)

1 (I 1)) = /

¢ (z)

and thus if f € L?(M,) satisfies supp f C M, we have I°*(I¢ ) = I*(Iof) on SM \
(I'+ U T-). In particular, this implies that

(3.5 (IG5 )lm = o f.

Since pseudo-differential operators of order —1 map Wesa, (M2) to W7 (M) bound-

edly for all (s, p) € R x (1, 00) (see Theorem 0.11.A in [20]), (3.5) implies that
feW,P(M)= Ty f € WThP (M),

(3.6
) feWg?(Me) = TG f € WP (M),

where W5-? (M) denotes the Sobolev space (with s derivatives in L?) on the manifold
with boundary M, Wy*? (M) is the closure of €2°(M °) for the W**? (M) topology, and
similarly on M,.

4. Geometrical optics solutions

We will assume along this section that (M, g) is a smooth compact Riemannian manifold
with boundary such that

» the boundary dM is strictly convex,
* the metric g has no pairs of conjugate points,
* the trapped set K is hyperbolic.

We shall take an extension (M., g.) of (M, g) with the same properties, and for notational
simplicity, we will write g instead of g, for the extended metric on M,.

4.1. Geometrical optics for the Schrodinger equation

In this section we generalize the geometrical optics solutions given in Section 4 of [4] for
simple manifolds to our geometric setting. Since the map exp;1 (M) > M,withx e M,
is no longer a diffeomorphism, but the exponential map behaves well on the universal
cover of M, we then make the construction in the universal cover of M, periodize it with
respect to the fundamental group 1 (M), and then project it down to M.
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We first recall the following.

Lemma 4.1 (Lemma 3.2 and equation (3.5) in [4]). Let T > 0 and g € L*°(M). Assume
that F € WUH1([0, T]; L2(M)) is such that F(0,-) = 0. Then the unique solution v to

({0 —Ag +q(x))v(t,x) = F(t,x) in(0,T)x M,
v(0,x) =0 inM,
v(t,x) =0 on (0,T) x M,

satisfies
vee!([0,T]; L*(M)) N'e([0, T]; H*(M) N Hy (M)

In addition, there is a C > 0 depending on (M, g), T and ||q||p~ such that for any n > 0
small and t € [0, T],

T
@.1) wmwwm56A|wmwmmm,

4.2) @ Mg any = €18 FllLiqorz2any + 0"

|FllLio.ry:220n)))-

Let us consider extensions M € M, € M,, of the manifold M and extend the metric g
smoothly in a way that (M., g.) has the same properties as (M, g). The potentials q;
and g, may also be extended to M, and their W 1-°°(M) norms may be bounded by Ny.
Since g1 and g, coincide on the boundary, their extension outside M can be taken so that
g1 =¢g2in Mg, \ M.

We first recall the construction, following [4], Section 4, of a geometric optics solution
for simple manifolds and we will explain how to extend it to our setting. If (M, g) is a
simple manifold, a geometric optics solution u € €1([0, T]; L2(M)) N € ([0, T]; H*(M))
for the Schrodinger equation

(lat_Ag+q(x))u:Oa in (OvT)XM’
u(0,x) =0,

4.3)

can be constructed in terms of a function ¥ € €2(M) satisfying the eikonal equation
IVEY(x)]g =1, VxeM,

and a function a € H'(R; H?(M)) solving the transport equation

da
4.4) ot
witha(t,x) =0, Vxe M, andr <0, ort > Ty,

1
+da(VEy) — 2 (Ag¥y)a =0, VieR. xeM,

for some Ty > O sufficiently large (which in the simple case is taken to satisfy 7y > 1 4
Diam(M.), where Diam(M,) is the g-diameter of M,), and da is the exterior derivative
of a. More precisely, if dM, is chosen close enough to dM so that (M, g) is a simple
manifold, one can define, for any fixed y € dM,,

Y(x) = ¢y(x) 1= dg(y,x), x € M,.
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Using geodesic polar coordinates we can write each x € M, as

x =exp,(r(x)v(x)), r(x)=dg(y,x), v(x)e€ SyM,

where exp,,: TM, — M, denotes the exponential map at y for the metric g. One defines
a solution to the transport equation a € H'(R; H2(M)) in polar coordinates as

a(t,x) := a4 (r(x), v(x)) ¢t = r(x) b(y, v(x)),

where o = «(r,v) = | det(g;; (r, v))| denotes the square of the volume element in geodesic
polar coordinates, ¢ € €°(R) satisfies supp @ C (0, &9) for g9 > 0 small, and b is a fixed
initial data in H2(0_SM.).

A geometrical optics solution u € €1([0, T]; L2(M)) N €([0, T]; H*>(M)) for (4.3)
is then defined by u(¢, x) = G, (¢, x) + vy (¢, x), where

G(t, x) := a(2At, x) e AWy (=40,
and the remainder v, satisfies (see Lemma 4.1 in [4])

va(t,x) =0, V(t,x)e(0,T)x oM,
v2(0,x) = 0.

Moreover, there exists C > 0 such that, for all A > Ty/(2T),

k—
loa(t. M greary < CAMallgqo,roia2ony. k=0, 1.

The constant C depends only on 7 and (M, g). One can also construct a geometrical
optics solution u(z, x) if the initial condition u#(0, x) = 0 is replaced by the final condition
u(T, x) = 0 provided A > Ty /2T ; in this case, v, satisfies vy (7T, x) = 0.

In our setting, that is, assuming that the trapped set K is hyperbolic and that g has
no conjugate points, the construction is a bit more subtle, since the exponential map
exp,, :exp, ~1(M) — M is no longer a diffeomorphism. We work on the universal cover M
of M, which is a non-compact manifold with boundary (the boundary has infinitely many
connected components), whose interior is diffeomorphic to a ball. One has

M =M /m (M),

where the fundamental group 71 (M) is identified with the group of deck transformations
on M, that is, the set of homeomorphisms f*: M — M such that 7 o f = m, with the com-
position, where 7: M — M is the covering map. The metric g lifts to a smooth metric g
on M satisfying y*g = g for all y € 71(M). More generally, we denote by ~ the lifted
objects to the universal cover. If (M, g) is assumed to have no pair of conjugate points, g
does not have pairs of conjugate points. Thus, for each y € M the exponential map

&py Uy CTM — M

is a diffeomorphism for some simply connected set U,,. Similarly, we define the universal
cover M, of M, and note that t; (M) = 71 (M,) so that each deck transformation y of M
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extends naturally as a deck transformation on M,. Let us fix y € M, and lift this point
to y € dM,. We can choose a fundamental domain ¥ C M, sothat M = ¥ /m;(M) via
identification of the points of the boundary of ¥ by the action of the elements of 71 (M).
Note that ¥ has two types of boundary components, the boundary components d; ¥ in the
interior M° of M which are identified by elements of 71 (M), and the boundary compon-
ents ¥ Nz~ 1(dM). Similarly, we choose a fundamental domain %, for 771 (M) ~ 1 (M)
in ]\26 extending ¥, and denote by 0; ¥, the interior boundary of .. We can freely assume
that y € ¥, does not belong to the closure of d; . Recall the definition of the volume
entropy of M:

1
4.5) h(M,g) := limsup R log Volg (B¢ (7; R)),
R—o00

where B (J; R) C M ¢ 1s the g-geodesic ball centered at y of radius R. Since M is com-
pact, one has h(M, g) < oo (for instance, by the Bishop—Gromov comparison theorem)
and (M, g) is not depending on the choice of y.

We define on M the solution to the “lifted” eikonal equation |Vz 5| = 1 given by

V5(®) = dz(7,%), FeM,

where dz denotes the distance associated to the lifted metric g on M . Notice that Yy is

well defined and smooth outside X = y since g has no conjugate points (for any X € M,
there is a unique geodesic joining j with X and realizing dz (7, X)). Let

d_SyM, := {v € S;M, | (v,v(F)) > 0}.
Using geodesic polar coordinates on M, we can write each x € M, as

x = &y (rv(). () = Y5(x). V() € SyMe.

Fix To > 1 + Diam(M,). For any given b € H?(d_SM,) with b|7+aSM(T0) = 0 (recall

definition (2.1)), we denote by b its lift to d_S F,. Let ¢ € €X(R) with supp ¢ C (0, g9),
for 9 > 0 small. We define

(4.6) a(t,x) == a V4 (r(x),v(x) ot — r(x)) b(F, v(x)),

where «(r, v) = | det(g;;(r, v))| denotes the square of the volume element of M, in
geodesic polar coordinates. We introduce the norm ||a||« on functions on [0, Tp] x M
given by

llallx = ||a||H1([0,T0];H2(1\71))'

For any A > 0, we set

A7) Gut.x):= > a@it,y(x) VSOOI e (0.T), x € M.
yem (M)

where y(x) denotes the lift of the point 7 (x) € M, to the fundamental domain y ().
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Notice that this definition does not depend on the choice of the lift y but on the base
point y, and since supp(a(2At, -)) is contained in a fixed compact set of M, fort € [0,T1],
the sum in y € 71 (M) is locally finite. Notice also that the condition Ty > 1 + Diam(M,)
together with b|T£SM(TO) = 0 ensures that G (¢, x) vanishes on (0, T') x M provided that

2AT > Ty, since the solution to the transport equation crosses the whole manifold M, in
time 7. Moreover, as G (¢, yx) = G,(t, x), the function G, descends to M, (and will
also be denoted G, downstair), and satisfies G, € H'([0, T]; H%(M,)).

Lemma 4.2, Let g € L>®°(M). For Ty > 0 and T > 0, the Schridinger equation

({0 —Ag +q(x)Du =0, in(0,T)x M,
u(0,) =0, inM,

has a solution of the form
u(t,x) = Gy(t,x) + vyt x),
with G, given by (4.7), such that
u € €1([0,T]; L*(M)) N €([0, T]; H*(M)),
where v) (t, x) satisfies, for A > To/(2T),

v(t,x) =0, V(t,x) € (0,T)x oM,
v3(0,x) =0, xe M.

Furthermore, for each € > 0 there exists C > 0 depending only on (¢, M, g, ||q|lL, T),
but not on Ty or y, such that, for any A > Ty /(2T), the following estimate holds true:

(4.8) o2t ) gxary < C e g, k =0.1,

where h = h(M, g) denotes the volume entropy of (M, g). The result remains valid after
replacing the initial condition u(0, -) = 0 by the final condition u(T,-) = 0.

Proof. We prove the lemma with initial condition u(0, -) = 0, the proof for u(7,-) = 0

being analogous. As in the proof of Lemma 4.1 in [4], we consider for x € M,,

k(t.x)=—= > (id, — Az +§) (a@At, y(%)) HVs G20,
yem (M)

where ¥ € M, is a lift of x. Let v, be the solution, given by Lemma 4.1, to the homogen-
eous boundary value problem

(i0; — Ag +q@)vp(t,x) =k(t,x) in(0,T)x M,
v(0,x) =0, in M,
v(t,x) =0 on (0,T) x oM.
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We shall show that v, satisfies the estimate (4.8). A computation gives

—k(t,x)= Yy MDA 1 G(y(R)) a@M, y(F))

yem (M)
+2iA Y MDA (9,6 4 da(VEys) - %Agﬂ/fﬁ)(zu, y(®)
yemni1 (M)
+A2 ) a@rry(R) PV CEDAD (1 |VEy5)2).
yemi (M)

Using that a solves the transport equation, that {5 solves the eikonal equation, and that A z
commutes with y* (since y are isometries of g), we obtain

—k(x) = Y VA (Aza + Ga) 2hey(3)
veni (M)

= Y AT b1,y ().
yeni (M)

Notice that kg € H{ ([0, T]; L?(M)) for A > To/(2T) and that ko (s, Nz = 0fors > Tp.
Then, using Lemma 4.1 we get

vi € €1([0, T]; L2(M)) N E([0, T]: H>(M) N Hy (M)).

Moreover, using (4.1), there exists C > 0 depending on (M, g), T > 0, and | ¢| L such
that

st )z <€ Y [ koAt |20y iy

yem (M)
C1 + llgllL) TE2N(To)
¢ v / o(s, )2y ds < - lall
yem (M)

where N(Tp) denotes the number of fundamental domains which intersect the geodesic
ball B(y, Tp) of center y and radius Ty in M, that is,

N(To) =#ly e mi(M)|3x € ¥, dz (y(x),)) < To}
<#{y em(M)| max dg (y (x), §) =< To + Diam(M)}.

Clearly, N(Tp) Vol(M) < Vol(B(y, Ty + Diam(M))), and therefore for each ¢ > 0, there
is C > 0 (depending on Diam(M ) and Vol(M)) such that for all T > 0 large enough,

N(Ty) < Ce™+oTo,

where h = h(M, g) is the volume entropy of (M, g) defined in (4.5). We notice that the
constants C > 0 above can be chosen independently of y and that / is in fact not depending
on y.
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Finally, by Lemma 4.1, there is C > 0 (depending on (M, g, T, ||¢|| L)) such that for
each n > 0,

V& (2, )2

T
<Cp Y. / (A2 ko (A1, ) L2y (5y) + AN1deko (A1, )| L2y (5yy) At
yem (M) 0

T
ot Y / ko (2AL, )lz2y sy dt-
yem (M) 0

Choosing n = A™!, for each & > 0 there is C > 0 such that for all A > Ty/(2T),

VEvAE. )L2an

To To
<Cc > ( / lko(s, M2y 5y ds+ / 19:ko(s. )l L2y () ds) < CeMtOTo||q]],.
0 0
yem (M)
This concludes the proof. ]

4.2. Geometrical optics for the wave equation

In this section we give the construction of geometric optics solutions for the wave equation
with hyperbolic trapped set. First we use the following.

Lemma 4.3. Let g € L°°(M). Then there exist a constant C > 0, depending only on
(M, g, |lgllL>), and a constant vy > 0, depending only on |q| L, such that for all
0<t<Tandall F € L>((0,T) x M), there is a unique solution v to

(07 + Ag + q(x)v(t,x) = F(t,x) in[0,T]x M,
4.9 v(0,x) =0, 9d;v(0,x)=0 in M,
v(t,x) =0 on [0,T] x oM,

in€'([0, T]; L>(M)) N €°([0, T); Hy (M)) satisfying for each v > vy,
(4.10)

t
||v(t,-)||iz(M) + ||8tv(t,-)||]2_z(M) + | V8 u(t, -)||22(M) < C/O ev(t—s)”F(S,-)“iZ(M)dS,
le™"2 8uvllz20.1yamn) < Clle™ > Fllz2o.mmm).

where C depends only on ||q| Lo and v.

There is C > 0 as above such that for each f € H([0, T] x 0M) with f(0,-) =
3¢ f(0,-) = 0, there is a unique solution u € €'([0, T]; L2(M)) N €°([0, T]; H} (M))
such that

0% + Ag +q(x)u(t,x) =0 in[0,T]x M,
4.11) u0,x) =0, Jdu,x)=0 inM,
u(t,x) = f(t,x) on [0,T] x oM,
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and u satisfies

le™""2 0null 20, T1xanny < Clle™ 2 f a1 o, T1xonn)-

As a consequence, the operator A}V eV2HI(Ry x OM) — e""2L2(R4 x OM) is
bounded with norm depending only on (M, g), ||¢||Le and v.

Proof. The uniqueness and existence is done in [12], Chapter 3, Section 8 and 9, and
is based on energy estimates. Here we want a uniform estimate in time involving the
exponent vy, in particular for what concerns its dependence in g. Let v be a solution
to (4.9). Then, for any v > 0, vy, (¢, x) = e_"t/zv(t, x) satisfies the damped-wave equation

(02 + Ag +v2/4 4+ q(x) +vd)vy(t, x) = Fy(t,x) in[0,T]x M,
4.12) v,(0,x) =0, 9d,v,(0,x) =0 in M,
vy(t,x) =0 on [0,T] x oM,

where F, (¢, x) = e""!/2F(t, x). Similarly, let u be the solution to (4.11). Then u, (¢, x) =
e~""/2y(t, x) solves the boundary-value problem

(0?2 + Ag +v2/4+ q(x) + v )uy(t,x) =0 in[0,T] x M,
(4.13) uy(0,x) =0, duy(0,x) =0 in M,
uy(t, x) = fult, x) on [0, T] x OM,

where f,(f, x) = eV/2! f(¢, x). First, multiply equation (4.12) by ¥, and integrate in
[0,2] x M to get

//|a vy |? dvgds+/ / |VEv,|? dvgds+// +q Ivvlzdvgds
=—/ atvvivdvg—v/ [ asvvﬁvdvgds+[ / F,v, dvg ds.
M o Jm 0 JM

Then, we obtain

t 2 [t
[/M|ngv|2dvgds+—//|vv|2dvgds
0

1
< Ef |8,v,,(t)|2dvg / |v,,(t)|2dvg / / (|95 vv|2+|vv| )dvg ds
M

(latam+3) [ [ wPovas+ [ iRPav e

and we get, for C, = v2/4 —v/2 — |¢|lLe — 1/2,
t t

(4.14) / ”VgUV(S)”iZ(M) ds—i—Cv/ vy (s)|* ds
0 0

1 1 v [t 1 [t
< 3100 Oy + 510y + 5 [ 1000y + 5 [ 1By
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We next multiply equation (4.12) by d,v,, integrate in [0, f] x M, take the real part and
integrate by parts to obtain

0Ol ary+ 136000 By + 19500 B
<2 [ UROIanldo® ) s+ lals [ 106
+ Gl =) [ 10Oy 0
< [ IR oy a5+ gl [ T Eary 0

t
(1 gl =) [ 1000y 0

Defining @y, (7) := 0,0, () 7, + oo ()7, + V80, (1)]|7,, using (4.14) and taking
v > 2 large enough depending only on ||¢||~, we obtain

1 3 t t
=y, (1) = _/ | Fo (s, ')”1242(M) ds + (lglle — Cv)/ ||Uv(s)||iZ(M) ds
2 2 0 0

t t
1+ glm =) [ 100y 5 = [ 1T 00200y 8

Take v large enough so that C,, — ||¢|lr > 1 and v > 2 + ||g||e; We then get

t t
(4.15) 00,0+ [ €068 =3 [ IR0 0.
0 0

Since

2 _ I _
@y, (1) > ) e ”atU”zz(M) + 5 eVt ”v(t)”iz(M)v

+1
this shows in particular the first estimate of (4.10). Next, let N be a smooth vector field
equal to n the inward normal vector field on dM . Multiplying equation (4.12) by (N, V& 1)
= dv,(N), one has

t
//F,,(s,-)dﬁ(N)dvgds
0o JM
t t
=/ / agvvdav(N)dvgdH/ f Agv, dv,(N)dvg ds

// — +q v,,dv,,(N)dngs—i—v/ / 050, dUy(N) dvg ds
=11+12+13+14~

Using integration by parts in s,

t
2Re(Iy + 14) = 2Re((0; vy, AUy (N)) r2(ar)) —/ (N, (VE[d50u[3)) L2 (1) ds
0

t
+2v Re(/ 050y, dvy (N)) L2 (ar) ds),
0
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which gives, after integrating by parts in x € M the second term, using dsv = 0 on (0, ) x
0M and the estimates (4.15) (for some C,, 4|, > 0 depending only on (M, g), v, ||g|| L),

[2Re(I1 + 14)] = Cy,jgll100 ||Fv||iz((0,,)xM)-

For the I, term, one gets by integration by parts,

t

t
2Re(l) = 2[ / 10,0, | dvaps ds + 2Re/ (VEv,, VE(dv, (N)))12(ar) ds.
o Jom 0
and an easy computation shows
(Vg vy, V& (dv, (N)))LZ(M)

i i
_ / ((VENVE0,, 955, + 5 div(VE 0, PN) - 5 V0, 2 div(N) ) dvg
M
i I
= / ((VgNngv, VEy,) — = |ng|2div(N)) dvg — —/ [VEv, |2 dvaas,
M 2 2 Jom

thus, using |V&v,|? = |d,v,|? (since v, = 0 on M), we obtain, by (4.15),

t
’2R6(12) —[ /3M |anvv|2 dvyps ds‘ < C,,’”q”LL)o ”F"Hiz((o,t),Lz(M))'
0

Finally, (4.15) directly gives |I3] < C, jg|l.00 | Fv ||i2((0 DX M)’ and we conclude that

t
(4.16) [ 1o dvane @5 = Cosgm NRel00) 22000
0

The same results apply for solutions of the equation (4.12) on [0, T] x M with v
replaced by —v and with boundary condition v_,(T) = d;v_,(T) = 0.

Notice that if u,, solves (4.13), then for any F_,, € L2((0,T) x M), one has, by duality
with (4.12),

T T
L(F-)) :=/0 /M u, (8, x)F_,(t, x)dvg dt =/(; /BM ful(t, x) 0,v—, (2, x) dvyps dt,

where v_,, is the solution to (4.12) with v replaced by —v and with boundary condition
v_y(T) = d;v_,(T) = 0 rather than v, (0) = d,v,(0) = 0. By (4.16), there is C > 0
depending only on (M, g) so that

E(F-v)| < Cll follLzo,myxann) 1 F=vllL20,7)xp)-
Therefore,
luv |2 0.1y )y < Cll follLzco.1yxonn)-
Moreover, if f, € H'((0,T) x M), then w,, = 9;u,, solves the equation
0% + Ag + %g +vd)wy(1,x) =0, in[0,T]x M

wy (0, x) = d; w,(0,x) =0, in M
wy(x,t) = 9 £, (¢, x), on dM.



V. Arnaiz and C. Guillarmou 514

This implies that w, = d,u, € L2((0,T) x M) by the uniqueness result (see Chapter 3,
Section 8 and 9, in [12]), and with bound [|wy [|2(0,7)xar)) < Cl19¢ follL2((0,T)x0n)- Note
that 8, w, = 0%u, = —(Ag +v*/4+q +vd,)u, € L*>((0,T); H *(M)) and

10: wy 20,1y, 2 1)) = Co,llglzoe | FvlE1 (0, 77%0M)

for some constant C,, |4/, depending only on |¢||, v and (M, g). On the other hand,
2w, = —(Ag +v?/4+ g + vd)w, € L>((0,T); H2(M)) with norm

10: wy 20,1y, H-21)) = Coliglizee | /vl 0, 77x0M)

for some constant as above, thus by interpolation with w, € L2((0, T); L2(M)), we also
have d,w, € L2((0,T); H~'(M)) ([12], Proposition 2.2) with bound

10:wy lL2¢0,1y: -1 (M) = Co,llglpoo I oIl 1 [0, 71x00) -
In particular, we obtain
luvllz2c0.myxmy + 10ruvllL2¢0,7yxnry + 107Us | 220,711 (a1
< Cy,jglizeo I ol 10,7y x001)-

‘We next observe that

Aguy = —0%u, — (V5 /4 + q)uy —vdu, =1y, in M,
Uy = fv on oM.

Then, by elliptic regularity and since 8?u,,, d,u, € L>((0,T); H~'(M)), there is C > 0
depending only on (M, g) so that

Iy () e ary < CULAE I e onny + 190 (@) a-1000))-

Therefore, we obtain

4.17) luv 20,7y ) + 10cunll2co,7yxary + 1IVEUL [l L2(0, 7)< M)
=< Cy,jglizeo 1 ol (0, T)x0M)-

Next, multiplying equation (4.13) by (N, u,) = du(N) and applying the same reas-
oning as we did above for v, and equation (4.12), it is direct to obtain the bound

T
(418) /0 /E;M |8nuv(t)|2dVBM dr =< Cv,||q||Loo ”f“”%'Il((O,T)xaM)'

This concludes the proof. ]

Given T > 0, leth € H?(3SM) with b|T£SM(T) = 0. Let a(¢, X) be a solution to the
lifted transport equation defined by (4.6). We extend a to R4 x M by zero and denote

(4.19) lall« = ||a||eth1,1(R+;H2(M)) + ||a||eth3,1(R+;L2(1171))-
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For y € M., we use the function ¥5 = dz(7,-) on M, defined above and define, for any
A>0,

4.20) G (t,x):= Z a(t, y(x)) AW (r())—t)
yem (M)

The sum is locally finite and this function is 7t (M) invariant, and thus descends to M,.

Lemma 4.4. Let g € L°°(M) and vy > 0 be as defined in Lemma 4.3. For any A > 0 and
T > O, the equation

(0?2 + Ag +q(x)u =0, in Ry x M,
u(0,x) = 0;u(0,x) =0, xeM,

has a solution of the form
u(t,x) = Gy(t,x) + vy(t, x)
such that, for every v > vy,
uece H'Ry; L2(M)) NeV L2(Ry; HY (M),
and where v (t, X) satisfies

va(t,x) =0, V(t,x)eRyxaM,
v2(0,x) =0, 0;v3(0,x) =0, x e M,

and for all € > 0, there is C > 0 depending only on M, g, ||q||L, v, € so that
4.21)

h+e)T
Muvallove 2w, xary + 10:vallove 2, xary + 1IVE VA v L2, xary < Ce® T [al,

where h = h(M, g) denotes the volume entropy. The result remains valid if one replaces
the initial condition u(0, x) = d,u(0, x) = 0 by the final condition u(t,x) = d,u(t,x) =0
fort > T. In this case, v, satisfies

vy(t,x) =0, dvy(t,x)=0, t>T, xe M.

Proof. We prove the lemma with initial condition u(0, -) = d,u(0, ) = 0. The proof for
u(T,-) = 9,u(T,-) = 01is analogous. As in the proof of Lemma 4.1 in [5], we consider

k(t,x)=— Z (@2 + Az +§) (ar, y(x))eix(w;mx»—t))_
yem (M)

Let v, be the solution, given by Lemma 4.3, to the boundary value problem
(02 + Ag + @)va(t,x) = k(t,x) inR4 x M,

(4.22) v,(0,x) = 9;v,(0,x) =0, in M,
vy(t,x) =0, on Ry x dM.
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To prove the claim it is sufficient to show that v, satisfies the estimate (4.21). A computa-
tion yields

—k(t,x) = Y VU@ 4 Ag + §)a)(t,y(x)
yemi (M)

200 Y MO (a1 da(VEs) - S Agus) 1y ()
yGJTl(M)

22 )" alt,y(x) VOO | VEyg ).
yemi (M)

Using that a solves the transport equation and /5 solves the eikonal equation, we obtain

—k(,x) = Y OO (@ 4 Az +Pa)t, y(x))
yemi (M)

— Z eik(wf(y(x))_t)ko(t,}/(x)).
yem (M)

Notice that ko € H{ ([0, T]; L?(M)). Extending ko to I by zero, we obtain

”kO”evtLl(I;LZ(M)) + Hatko”e"’Ll(I;Lz(M)) =< C”a”*
Moreover, the function

t
wy (t, x) :=/0 vy (s, x)ds

solves the mixed hyperbolic problem (4.22) with right-hand side k; (¢, x) = fé k(s,x)ds.
For ¢t > T, this is equal to

1 ! .
ki(t,x) = = Z ko(s, y(x)) 35 (AW CN=9)) g
yem ()"

1
=—— / dsko (s, y(x)) etk(llf(y(x)) 5) ds.
yEm (M)

Then, by Lemma 4.3, we obtain for vy defined in Lemma 4.3,
t
loa (e )z = € [ €079 ey (5, ) | 2 o s

¢ v / =) / 13, ko(r. )2y dr ds

VEﬂl(M)

CN(T '
< ( ) / eVO(t_S) / ”arko(r’ )”LZ(M) dr ds.
A 0 0
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So using that N(T') < Ce" 9T and Minkowski’s integral inequality, we obtain for v > vy,

v lleve L2 (rxnt)

R o
T(/O (/0 /0 o~ (V=v0) ,—vos ||ark0(r,«)||L2(ﬂ)drdS> dz)

Ceh+e)T poo poo ~ B U
— /0 / (f 2(wv=v0)(t—5) , 2vS||8 ko(r, )”LZ(M) t) dsdr
r s

C (h+8)T oo oo
< ET / f e Vi) povr 19, ko(r, ')”Lz(ﬂ) ds dr
0 r

Ceh+e)T  poo B Ceht+oT
= S [ kel o = S lall

for some constants C independent of (7', A) (but depending on v — vg). On the other hand,
using again Lemma 4.3 for v;, we obtain

t
19:vA (. ) lz2ary + IVEVAE 2y <C D [ " lko(s, )l L2y ) ds
yem (M) *°

t
< Ce(h+a)Tf eV (=5) ||k0(57')||1,2(1t~4) ds.
0

Repeating the previous argument, we get:

h+e)T
19 vallev 2@ xary + IVEVAW v 2@ yxenry < CePHOT lal..

5. Stable determination of the electrical potential for the Schrodinger
equation

In this section we shall prove Theorem 1, i.e., the stability estimate for the Schrodin-
ger equation. The main idea relies in using geometric optics solutions with initial data
b € H*(0_SM,) with b|71’)SM(TO) = 0, where Tp > 0 is taken large. These solutions are
concentrating on geodesics with endpoints on the boundary and with length at most 7j;
when Ty — o0, these geodesics will cover a set of full measure in M. Using these solu-
tions, one can control the L? to norm of T1¢g by the difference of the DN maps for ¢;
and ¢, with a remainder term coming from L? estimates of the X-ray transform of ¢
and ITgg on 7 TISM (Ty); here T1¢ = I¢* I¢ is the normal operator associated to the X-ray
transform on M introduced in (3.3). As we shall see, using the estimate (3.4), this is
enough to obtain our stability estimate since, due to the hyperbolicity of the trapped set,
the volume of 75 (Tp) decays exponentially as 7o — oo and this remainder term can be
absorbed in the stability estimate for T sufficiently large.

5.1. Preliminary estimates

We first reformulate Lemmas 5.1 and 5.2 from [4] in our setting. Let g = q; — ¢ extended
to M, by ¢ = 0in M, \ M. Recall that A g ¢ 18 the Dirichlet-to-Neumann map associated
with the Schrodinger equation (1.1).
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Lemma 5.1. Let q1,q, € WH (M) with q1lspm = q2lam and set q := q1 — qa. There
exist C > 0 depending onlyon (M, g, ||q|lw1.-) and Cy > 0 depending only on (M, g) such
that for any Ty > 0, any a1,a» € H'(R; H2(A7I)) satisfying the transport equation (4.4)
on M, (for the same solution 5 to the eikonal equation |Vgy5| = 1) with condition
ajly gz = 7*bj for by, by € H*(I_SM) satisfying b1|TJESM(T0)) = b2|7£SM(TO) =0,
the following estimate holds true:

‘/OT /Mc}(x)al(b\t,x)m dv (x) dt’

< CeCTo (A2 L IAS . — AS 1) laill« llazls,

g1 g:q2
forany A > To/(Q2T), where § = n*q € WI’OO(M) is the lift of q.

Proof. By Lemma 4.2, one can construct a», ¥5, such that for A > Ty /(27T') and G5 5
defined as in (4.7), the solution

uz(t,x) = G (t,x) + v2,4(f, x)

to the Schrodinger equation corresponding to the potential g5,
({0 — Ag + q2(x))u(t,x) =0, in(0,7)x M,

u(0,) =0, in M,

satisfies v 3 (t, x) = O for all (¢, x) € (0,7) x oM, and

(5.1 Mz, it ) |L2qany + 1V2,0 ) 2 ary < Ce®FOT0 ]

Moreover,
up € €4([0,T]; L*(M)) N€([0, T]; H*(M)).

We next denote by f; the restriction of G, on (0, T'] x M

Ht.x)=Gopt.x) = Y ax2ht.y(x) AV,
yem (M)

Let v be the solution to the non-homogeneous boundary value problem

({0 —Ag +q1)v(t,x) =0, (t,x) (0, T)x M,
v(0,x) =0, xeM,
v(t,x) = us(t,x) = fu(t,x), (t,x)e(0,T)x M,

and denote w = v — u,. Notice that w solves the following homogeneous boundary value
problem for the Schrédinger equation:

({0 —Ag + q)w(t,x) = g(x)ux(t,x), (,x)e(0,T)xM,
w(0,x) =0, xeM,
w(t,x) =0, (t,x) € (0,T) x oM.
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Since g(x)uy € WH1([0, T]; L2(M)) with u5(0,-) = 0, by Lemma 4.1 we obtain that
w e e ([0,T]; L>(M)) N€([0,T]: H*(M) N Hy (M)).
On the other hand, using Lemma 4.2, we construct a special solution
uy € €1([0, T L2(M)) N €([0, T]: H*(M))
to the backward Schrodinger equation

(iat_Ag +ql(x))ul(l’x):07 (l,)C)E(O,T)XM,
u(T,x) =0, xXeM,

having the special form

ur(t.x) = Y a1, y(x)) VIV gy x),
yEm (M)

which corresponds to the electric potential g, where vq 3 vanishes on (0, T) x dM, sat-
isfies v1,4(7,-) = 0, and

(52) Vtelo,T], Allvialt )llezan + I1IVEvLAE ) L2y < CetoOTo|g, ||,

By integration by parts and Green’s formula, we obtain

T
//quzﬁldvgdz
0o JM
T

—/ Ohw Uy dvgy,,, dr.
0 JoMm

T
/ / (i0; — Ag +q1)wuy dvg dt
o JMm

‘We then obtain

T T
/ / quatty dvg df = —/ / (AS 40— AS ). x) 85t x) dvg,, (x) dt,
o Jm o Jom
where the boundary data g is given by

gt.x) = Y a1t y(x)) IGO0 x) € (0,T) x M.
yem (M)

Using the definition of u#; and u,, we get

T
3 / / G(0) a2 (2, y1.(x)) a1 (AT 72 () € U V5 20 gy () dit
0JF
y1,y2€m1 (M)

T T
— S S —
= - gr(Ag g — Ng g) Fadvgpy, di —/ / q V2,3 01,5dvg dr
/0 /BM A B e 2.2 glom o Jur g

T T
_// qfkvl,k dvg dt—/ / qu,xg_,deg dz.
0 JM 0 M
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By (5.2), there is C > 0 depending on ||¢||z~, T and & > 0 so that

T T
[ [ apmaas o <lalie ¥ [ laa@i gyt e
0 0

yem (M)

< CUHIT 2 as | lar |,

where |- ||« = || - ||1-11([0 Tol: H2 (1)) 35 before, and the second A~! comes from the change
of variables in ¢. With the same argument, using (5.1) and (5.2),

T T
[ ] avsgmiavear|+| [ [ quaamiaavea] < ce® T2l al..
0 JM 0 JM

Finally, using the trace theorem, we get

T
] @80, = 850 108 dvi
0o JoM

s s

< Cl[Ag 4, — Az g5 1 fallE1 (0, 7yx080) 182 | 20,7y x000)
h+8)T, s s

< C2MOT0 gy |y [lazlls [|AS ,, — A3, .

The diagonal term gives, using that y; and y, are isometries of g and preserve dvg,

T —
> [ [ a0 aei o) m @iy s
emy (M)
Y . -
:/ /~ G(x)a(2At, x)ay(2At, x) dvg(x)dr.
0 M

The last point consists in bounding the off-diagonal terms

T
’ Z [0 [fc}(x)az(Z/\t,yl(x))al(ZM,yz(x))eil('/’f(yl(x))_‘pf(”(x)))dv§(x)dt‘
V1#y2

T
(5.3) = ‘ > / /M G(x) az(2At, x) a1 (2At, y(x)) A V5OV 0D qy, () dr
y#1a” 0

)

We will apply non-stationary phase: to that aim, we need to bound below the norm
IVEW5() = v5(y(D| = [V¥dg (. 7) — (dy) 7' VEdg (. §) oy

This corresponds to bounding below the distance between two vectors v, = dr V& ¥y (x)
and vy = dr(dy)1(VE ¥5)(y(x)) € Ty M, tangent to two geodesics a; and a, of length
< Tp in M., starting at y € dM, and with endpoints x € M,, and o1, oy being in two
different homotopy classes. On the other hand, if injrad(M,., g) is the injectivity radius
of (M,e, g), then for 0 < § < injrad(M.., g) and any C! curves ay:[0, 1] — M, and
ay:[0,1] = M, so that

a1(0) = a2(0), a1 (1) = a2(1).  @2([0.1]) C{z € Me | dg(z,1([0.1])) < 8},
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there is a homotopy %: [0, 1] x M, — M, so that 1(0, a1 (¢)) = a1 (¢) and h(1, a2(2)) =
o, (t). However by a standard estimate on flows of smooth vector fields, there is Cy > 0
independent of y, x € M, (Co depends on the €' norm of the geodesic vector field X,,)
such that

dg (@2([0, 1), @1 ([0, 1])) < [v1 — vag e©T0.

‘We then deduce that

v — valg > Se~CTo,

and therefore we can apply one integration by parts in the second line of (5.3) and the
usual change of coordinates ¢ = s/A to obtain

Z / / G(x) ar(2At, x) ay (2A1, y(x)) AW =¥ gy . #(x)dr

yem (M)\1d

< A2 CePhFErCOITo g, ||, flay ||«
where C > 0 now depends on the ||¢ |y 1.00(pr) norm instead of ||¢|| 7. ]

Notice that Cy > 0 above depends only the maximal expansion rate of the flow defined
as the smallest constant & > 0 such that for each ¢ > 0 there is C > 0 such that for all ¢
large enough,

(5.4) |dg;|| < Ce@FoN,

Next, we show the following lemma which is key to relate the X-ray transform of g to
the DN map of the Schrédinger equation.

Lemma 5.2. Let qy,q, € WH®(M) with q1 |ap = q2|am and set q := q1 — q». There are
Co > 0 depending only on (M, g) and C > 0 depending on (M, g, ||q1|lw1., |g2]lw1.00)
such that for any Ty > 0 and any b € H?(3_SM,) such that b|TﬁSM (o) = O» the estimate

2 (90)
[T atexn G0 b0 v ) dsda 0
9_s,M. Jo

C S
< CeCTo AT = AS IV ) m26-s, M)

holds uniformly for any y € dM,, where pu(y,v) = g(n,, v), with n, the inward unit
normal of dM, at y.

Proof. We take two solutions ap, a, to the transport equation on the universal cover Me
defined as before by

a1(t.x) = o« Gt —r(0)) b(F. v(x)),
ar(t.x) = a g —r(x) f(F, v(x)) X1, (25 (3, v(x))).
where r(x) = dz(x, 7), eXpy (r(x)v(x)) =X, X1, € €°°(R+) is supported in [0, Ty + 1]

and is equal to 1 in [0, 7], and /i, b are lifts of i, b to S M, as before. Here we have used
the natural identification S5 M, ~ ~ §y M, to define ¢ (y, v(x)). We write using geodesic
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polar coordinates x = expy(rv) with v € 8_S;1\7Ie,

T
//~ G(x)ai(2At, x) a,(2At, x) dvg (x) dt
0 Ji

T 5 (y,0)
=/ / 5 / é(r,v)al(ZAt,r,v)az(Zkt,r,v)otl/zdrda);(v)dt
d_S; M,
T 5 (y,v) )
- / L[ e em e - o e drdoy o d
y Me

2AT f+(y v)
2,\ /3 Sm / Q(expy(rv))qb t—=r)b(y,v) u(y,0)drdwy,(v)ds.

By Lemma 5.1, we obtain the bound (using that » < Ty < 2AT by our assumption)

o0 5 (y,v)
‘/(; /{; o [ q(exp,,(rv)) ¢*(t —r)b(y,v) u(y,v)dr doy(v) dt

< Ce@T T £ AAG ¢ = MG g0 I6) 1011355 @) 160 2501, -

Moreover, using the properties of the function ¢, we also have
00 ™ (v,v) »
L[ aexn,eon g6 - b0 w0 dr do ) at
o Ja_s,M.Jo

= (f_: ¢2(t)dz) /B_S ; /Ori(y,v)q(expy(rv))b(y,v)u(y, v) dr dwy (v).

Finally, to prove the lemma it suffices to take

T (”A 28(No) )1/2’

S
2T &,q1 Ag q2 ” *

where §(No) := sup e (n,) ||A§,q||* is finite by Theorem 1 in [4]. L]

5.2. Proof of the stability estimate
By Lemma 5.2 we have, for any y € dM, and b € H?(d_SM,) such that b|7—_ESM(TO) =0,

4 (y,v)
[ [ e, ton s b w0 doy o)
a_s,M, Jo

< Ce©T0 AT . — A5 IV 160 ) 25, .-

where C, Cy are uniform in y, Ty. Now we take a bump function y 7, € €°(R) supported
in the interval [0, Tp) and equal to 1 on [0, To — 1], for Ty > 1, and set

(5.5) b(y,v) := xr, (x5, ) I5 (T5g) (¥, v).
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Since II§ is a pseudo-differential operator of order —1 on M, ([9], Proposition 5.7) and
q=0in M, \ M, T1{q € W*P(M,) forall p < co. Integrating with respect to y € IM,,
we obtain

5o | [ H@00 0.0 v

= Cel Az g = Aggull? 1Bz saa)

| [ 8000 M0 0 (.0
TaSM(TO
Moreover, we can write

5 (y,v)
51 )G = / 22 (TTeq) 0 @r(y.v)dr, (v,v) € D_SM, \ T,
0

By the Cauchy—Schwarz inequality,

’L,SM(T)Iéq(y,e)] (o) (. 9)dun(y,9)’
=< (/7~33M( 115q(». 0)1 dpen(y. 9)) 2(/T+3SM( 1€ (T15) (v, 0) 2 dyn(, 9))

Since g € W-°(M) C H'(M), then by Proposition 5.7 in [9, ], [1§qg € H*(M). By the
Sobolev embedding theorem, we also have that

n5q. g Tgq € LP(SM),

for some p > 2. Let us now give an estimate on the L?-norm of the X-ray transform of an
L?-function in T/ TISM (Ty).

Lemma 5.3. Let Q < 0 be the escape rate defined by (2.2) and let p € (2, 00]. Then there
exists C = C(Q, p,dim M) > 0 such that for all f € LP(M) and Ty > 1 large,

[ s V570 DP dha(3.0) = €22 £ 1,
s

Proof. We follow the argument in Lemma 5.1 of [9]. Using Hélder’s inequality, with
I/p+1/p'=1landr/p’ = (p—1)/(p —2) > 1, and Santal6’s formula, we have

. How )
155 ~ [ [T w0 @t
0/ Np2(72SM (14)) 795M (10) 1 Jo 0 ! "
Sow 2o,
< ([ @G ar) e 00 an,
t‘-’(’)SM(TO) 0

([ [T 1 s 0 ) v 22
T , U n T ! e
= pasw ) Jo oJ (@Y H +llL2e/p (95M (1))

o r_ 1/r
< C||f||ip(M)(L 5 l(t + L + l)2r/P IV(I) dt) <C ||f||2p(M)eQTO/2,
o—L—
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with C depending only on (Q, p, M) and L some fixed constant satisfying 74 + L > 7§
(thus depending only on M). In the third inequality, we have used equation (4.13) in [9],
which states that for L > 0 as above and forall 7 > L,

f 17,00y (t$) dpey <2V(T — L —1)
a_SM
and then the Cavalieri principle gives (by definition of V(¢))

o0
/ (T (x, v)2 P dpy (x, v) < cf t+L+D¥Pyveydr. w
TISM(Ty) To—L—1

Notice that as p — 400 we have r — 1, and that C(Q, p, dim M) can be taken
uniform in p.

Lemma 5.4. There are C > 0 and 0 > 0 such that for all b € H?*(0_SM,) given by (5.5),
161l 52 o_sary < Ce®T llgllwrooar)-

Proof. First, by the implicit function theorem, 7$:9_SM, \Tfs M (Ty) — R is a smooth
function. We shall compute its €2-norm. Let p be a boundary defining function of M, so
that |dp|g = 1 near dM, and d(r5p)(X) = —g(v,n) at 34 SM,. The function ¢ is
defined by the implicit equation

ngp((prﬁ_(x,v) (x,v))=0.

Therefore, denoting S(x, v) := @z¢ (x,v) (X, v) one has, on 0_SM,\T_,

d(n(;kp)S(x,v)-d‘pri(x,v)
g(S(x,v),n)

From standard estimates on flows of autonomous C2-vector fields, there are C, 80 > 0
depending on || X || 2 such that for all # € R for which the flow is defined,

(5.8) drf (x,v) =

lgellcz < Ceflrl,

Using this, and the fact that g(S(x, v),n) > ¢o > 0 for some ¢y if 74 (x,v) > 1, we see
from the expression (5.8) and its derivative that there are C > 0, § > 0 independent of Tp
such that

(5.9) sup IVTS (x. o) + V275 (x.v) | < Ce?To,

(x,0)€dT4 (To), T4 (x,v)>1

where V is any fixed Riemannian connection on dSM, (for example that given by the
Sasaki metric). First, by (3.2) and Lemma 3.1, for each p > 2 we have (using Sobolev
embedding)

(5.10) 16ll20_sm,) < ClITgq ey < Cllgli2any-
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Next we compute db. Let f := I1§q. Since supp(g) C M, one can use (3.6) to deduce
that £ € W2?(M,) for all p < oo and that f € €*°(M, \ M). Forz € d_SM,,

db(z) = 4§ () 17, (L (DU ()
+ 170 (t5.(2)) (d742) 75 F(S(2)) + /O " g o) d)

and therefore by (5.9) and (3.2), there are C > 0,0 > 0 independent of Ty, ¢ such that
(5.11) ldbliz2 < CTo ™™ g llwrooan)-
Finally, we compute another derivative of b, and write
V2b(2) = V2T4(2) i, (. UG )E) + (AT ® dr$)(@) 17, (DU 1))

2 (L) () 8 (ar @ A + [ " a0 ar)

+ 11 (. (2D (V2. (2) 75 F(S(2)) + 245 (2) ® (g £).dS(2))

5 (2)
+an(.(2) / V(grd(my ) dr.

Since n§ f is smooth near d_SM, and since the bounds (5.9) hold and I§ f € L2, we
obtain that there are C > 0, 8 > 0 independent of Tg, g such that

(5.12) IVbll2 < CTo €™ llglwrooqar)-
Combining (5.12), (5.11) and (5.10), we get the desired result. [

Proof of Theorem 1. By (5.6), Lemma 5.3, Lemma 5.4, and using that |TI§q||zrar,) <
C gL () for each p € (2, 00), we have that there are Co > 0 depending only on (M, g)
and C depending on (M, g, ||¢||w1.0) such that

(5.13) /M ITIE(g)|? dvg < CeCoTo ||Ag " quZHi/Z + CelT0/2,

Then, defining o := e CT0/2 gnd m = —2Cy/ QO > 0, we deduce from (5.13) that

1T q”LZ(Me ( m”Ag q1 _quz”}k/z +O‘_1)'

We next take Ty sufficiently large so that o = ||Ag P Ag g llx 1/@m+D) With this
choice, we obtain
(5.14) IT8q117 20,y < ClIAS 4 — A§ 4, 1/ T

This holds in the regime

&-91 &:92

_ 2 S 1/@m+1))
To—alog(”/\ AS I )
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Finally, by (3.4), there is C > 0 depending only on (M, g) such that

(5.15) lglliz2on < CITGqllaran,y.  1T15q 1 201, < C gl m1(any-

Using this, an interpolation estimate, and (5.14), we obtain

T8 1121 (0, < C T84 L2t 1 TG N 20ty < CHIAS 3 = A3 0 114 g1 ary -
Finally, by the first bound of (5.15), we conclude that for g1, g2 € @ (Ny),

< C||A _ AS ||*/(4(m+1))N

||‘IHLZ(M) g.41

This concludes the proof. ]

6. Stable determination of the electrical potential for the wave
equation

In this section, we shall prove Theorem 3.

6.1. Preliminary estimates

We start with a lemma very similar to Lemma 5.1, but now in the context of the wave
equation. Its proof follows the lines of that of Lemma 5.1.

Lemma 6.1. Let g1, g, € WY (M) with q1|opm = q2lam and set q :== qy — q There
exist C > 0 depending only on (M, g, ||qi|lw1.0oam)), v > O depending only on ||g; ||
and Co > 0 depending only on (M, g, v) such that for any T > 0,A > 1, and for ay,a» €
H}(0,T], H 2(M )) the functions constructed in (4.6) with function b given respectively
by b1 by € H?>(0_SM) satisfying by |~£SM(T) = b2|r~£SM(T) = 0, the following estimate
holds true:

| /oT /1171 G0x) a1 (1.) @x(0.) v () |

< CeOT(AT AT, =AY ) lar ]« a2«

where § is the lift of q to M.

Proof. We shall proceed as for the Schrodinger equation. Let A > 0. By Lemma 4.4, there
exist a, ¥y as in (4.6), such that for the G, (¢, x) given by (4.20) with a = a5, the
solution

uz(t,x) = Goa(t, x) + v2a(t, x)

to the wave equation corresponding to the potential g,

(02 + Ag + g2(x))u(t.x) =0, inlxM,
u(,) =0, 9d,u(,) =0, in M,
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satisfies v 3 (t,x) = O for all (¢, x) € (0, T) x dM, and (for &€ > 0 small)

(6.1) Mvaallever2crsary + IVEV2 1 lleviL2(rxmry < Ce® T gy,

We next denote by f; the restriction of G, 3 to [0, T] x IM,

fat.x) == Gya(t,x) = Z ar(t, y(x)) e AW GN=0,
yem (M)

Let v be the solution to the boundary value problem

(0 + Ag +q1)v(t,x) =0, (1,x) €l xM,
v(0,x) =0, dv(0,x)=0, xeM,
v(t,x) = uy(t,x) = fo(t,x), (t,x) el xaM,

and denote w = v — u,. Notice that w solves the following homogeneous boundary value
problem for the wave equation:

(0% + Ag + g w(t,x) = q(x)u2(t,x), (t1,x) €l xM,

w(,x) =0, Jw(,x)=0, xXeEM,

w(t,x) =0, (t,x) e I x M.
Since g(x)u, € €([0, T]; L>(M)) with u5(0,-) = 0, by Lemma 4.3, we obtain that

w e € (I; LA(M)) N€(I; Hy (M)).
On the other hand, we construct a special solution
uy € " HY(I; L*(M)) Ne"' L*(I; HY(M))

to the backward wave equation

(02 + Ag + G1(x)ur(t,.x) =0, (t.x) € (0.T) x M,
u (T, x) =0, du(T,x)=0, xeM,

having the special form

D)= Y i y) e T Ly ),
yEm (M)

which corresponds to the electric potential ¢, where vy ; satisfies v 3 (7T,) = 9,v1 1 (T,")
= 0, and for each ¢ > 0 there is C independent of T, A such that

(6.2) Mvialleviz2axan + 1VEvLA v L2 ary < Ce®TOT ||ay ||

By integration by parts and Green’s formula, we obtain

T o0 T
/ [ (07 + Ag + q)wiiy dvg df = / / quaiiydvg dt = _/ / Onwity dVgly, dr.
o Ju 0o JM 0 JoM
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‘We therefore obtain

T
[ quainiav ar = [ | = AL 8 dvgy

where the boundary data g is given by

gt x) = Z ai(t, y(x)) AWsEN=D (1 x) € (0,T) x IM.
yemi (M)

Using the definition of u#; and u,, we get

3 / | iaan@) @ty v @

Y1,y2€m1 (M)
W T
/ / gl(Agm Agg) I dVglyy, dl_/ / qu2,2 V1,2 dvg dt

-y / /qezwy(y()) D ay(t,y(-) Typ dvg d

yemni (M)
- > /fqvue’“%(”” a1 y()) dvg dr.
yemn (M)

By (6.1) and (6.2), for each ¢ > 0 small, there is C > 0 depending on g, ||¢| L, & such
that forall 7, A,

)/ / q eV as (1, y () V1, dvg dt’

l/Eﬂl(M)

T
+)f /qei’l(w”’_”al([,y(-))ﬁz,kdvé;dt‘)
0

<Cc > [ a2, L2y 1vi,a @ )Lz di

yEm (M)

< CeZ(h+v+8)T A_l ||612||* ”al ”*
and

T
[ ] avaatisdve ar| = €200 O fa .
0 M

We also have, using that for all ¢ > 0,

hte)T hte)T
I fallzrt qo.rixons < CAe" ™07 ||ay|ly and  |lgallL2qo.rixamr < CeP T lay |«

for some C > 0 depending only on the metric g and &, that

‘/ / (Agfh_ ng)(f)t)g,deng dr

< CAWVIOT )y |y flazll« 1AL, — AV lxw.
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Finally, using that

>

T —_—
| /37 G(x)ax(t,y(x))ai(t,y(x))dvg(x)de
yE€m (M)

T —
=/ /~ g(x)az(t,x)a;(t,x)dvg(x)dz,
o Jir

and bounding the off-diagonal terms as in (5.3), the lemma holds. ]

We then obtain the following Lemma comparable to Lemma 5.2:

Lemma 6.2. There exist C > 0 depending only on (M, g, ||q1||lw1i., [|g2lw1.), v de-
pending on (||q1||L, ||g2|lL~) and Cy > O depending on (M, g, v) such that, for any
T >1,be H*(0_SM,) such that blTESM(T) = 0, one has that the inequality

5 (y,v)
[ gty 600 b0 Gy v dsdoy o)
a_s,M. Jo

< CeCTo Ay — AV V216G a2 s, M)

holds uniformly for any y € M., where u(y,v) = g(ny, v).

Proof. Take a1, a, solutions to the transport equation on the universal cover M as before.
Then, as in the proof of Lemma 5.2, we obtain

T
/ /~c}a1a2dv§dt
0 M

T 5 (y,v) 5
—[ ] [T e, o0 67 = b0 .0y dr doy
o Jo_s,w.) Jo
) 5. (y,v)
ol [ [ atexn, )b u(r0) a7 day o),
3_8,(M.) Jo

Combining this with Lemma 6.1 and choosing A = ||A?fq L= Ag‘fqz ||;j,/ 2 yields the de-

sired result. [

6.2. Proof of the stability estimate

Using Lemma 6.2, there is C > 0 such that for any y € dM and b € H?(_SM,) such
that b|TjSM (T)) = 03

7+ (y,v)
6 [ [ E@eb0m e
3_8,(M.) Jo

< CeST Ay, — AV V216G ) m26os, (m)-

Now we take a bump function y7 € €2°(R) as in Section 5.2 and choose b by (5.5) with T’
instead of Ty
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Proof of Theorem 3. The proof is then almost the same as the proof of Theorem 1; we then
just briefly describe it. From (6.3), the same as (5.6) holds with AS —AS replaced

2.4 2.2
bg Ag 7 A?f . Then using Lemmas 5.3 and 5.4 with || TI§q|lzra,) < l|¢]lLoar), We
obtain

/M IM§ (@) dvg < Ce“T A — AL 1L Iallwreon + CeCT/ g1 oar-
The last part of the proof is exactly the same as for Theorem 1 by choosing 7" so that

eI =AYy = Al T withm = —2Co/ 0. "

7. Stable determination of the conformal factor for the Schrodinger
equation

In this section we prove Theorem 2. The proof follows the argument of Theorem 3 in [4],
and we indicate the main modifications. Let ¢ € % (Ny, k, €) be such that ¢ = 1 near the
boundary dM . We denote

po(x) == 1—c(x), pi(x):=c??(x) =1, pa(x) = > (x)— 1
p(x) 1= pa(x) — p1(x) = 271 (x)(1 — e(x)),

where recall that d = dim(M'). We modify the construction of geometric optics solutions
(see Section 6.1 in [4]) in our geometrlcal setting similarly to what was ( dlscussed in previ-
ous sections, using the universal cover M . We consider two solutions 1//1 , 1//2, respectively
to the lifted eikonal equations |Vz V1] =1 and |Vez V»| = 1, a solution a5 to the lifted
transport equation

(7.1)

(7.2) diaz + dax(VEYy) — %2 Az =0,
given in geodesical polar coordinates with respect to g, as in (4.6), by
ax(t.x) =" p(t —r(0))b(F.v(x). § € ISM,.

for some b € H?(3_S M) satisfying that b|TfSM(T0) =0,and ¢ € €°(R) with supp¢ C
(0, &9), &0 > 0 small, and a solution a3 to the lifted transport equation

0:as + da3(vc§$2) R AY Wz —Ll ax(z, x)( é) M=)
which satisfies (analogously to (6.10) in [4]) the bound
(7.3) lasll« < CA* |1 = clle2qar) llaz |,

for some C > 0 depending on (M, g) (it does not depend on 7o, notice that the derivatives
of the difference between 1| and 1, can be bounded in terms of derivatives of c¢), where
I-«=1" ||H1([0 Tol: H2(51))" Then, Lemma 6.2 in [4] becomes in our setting:
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Lemma 7.1. The equation

({0; —Acg)u=0, in(0,T)xM,
u(0,x) =0, in M,

has a solution of the form

1 o o
Wt x)= Y (xaz(zxt,y(x))e”‘(‘/”(y(x))—“)+a3(2)u,y(x);A)e’Wz(W”—“))
yem (M)

+ v2,5(1, %),
which satisfies, for A > To/(2T),
Mvaa(t, Mzan + IV, ) L2any + A7 002,21 ) L2 )
< CeT (%l polle2ary + A7) llazl«
for C > 0 depending on (M, g, No) and Cy > 0 depending on (M, g).

The constant Cy above can be written in terms of the max of the volume entropies of
the metrics cg for |c — 1]e1(ary < 1/2 (this can be bounded by a uniform constant times
the volume entropy of (M, g)).

Moreover, reasoning as in previous sections, Lemma 6.3 in [4] becomes in our setting:

Lemma 7.2. There exist constants C > 0 depending on (M, g, No) and Co > 0 depending
on (M, g) such that, for any ay,a, € H([0, To]; H*(M)) solving (7.2) associated to
bi,by € H*(0_SM,) with by |T+aSM(TO) = b2|T_ESM(TO) = 0, the estimate

T
P /0 /Mp(x)“l(”“’VOC))az(my(x))dVg(x)dz)

yen (M)
< €S (Ipolleran A7+ Allpollezan) + MIAS = AS, I lai a2l
holds for any A > Ty/(2T).
Finally, Lemma 6.4 in [4] becomes in our setting:

Lemma 7.3. There exist C > 0 and Cy > 0 as in the previous lemma such that, for any
b e H*(0_SM.,) with b|TﬁsM(To) = 0 the estimate

[ @00 b0 dn
_SM,

< CeCTo (A7 + A3l pollezany) lIpollerary + AIAS — A, 1) 1B 2(o_san)
holds for any A > To/(2T). Here, I§ is the X-ray transform for g on functions on M.

Proof of Theorem 2. We take b as in (5.5) with ¢ replaced by p. By Lemmas 7.3, 5.3
and 5.4, there are C > 0, Cy > 0 depending on (M, g, Ny, €) such that

ITI P22 ar,) < Ce“T (A7 +23pollezan)lpoller oy FAIAS —AS 1) lollw oo cary
+ Ce2To/2 ||P||%p(M)



V. Arnaiz and C. Guillarmou 532

for some p > 2. By interpolation,

16013 g,y < C TSRl L2 0ty ITIG PN 112 a1,
(M.)
_ 1/2
< CeCTZ (71 + 23| pollezcany) lpoller (ary + A||A§ - Afg”*)

1/2
Aol o an oz an + CeCT" ollLoan ol cary.

We use (3.4) to deduce the bound

CoT — 1/2 1/2
112241y < CST A"+ 23pollezcan) 2 19012200, 10120 a0 a1 oy

3/2
+ CeCTo2 212 g |3y 1A S = AS 1Y%+ Ce T plloqany ol 211 o) -

Taking
_To (||,00||€2(M))—1/4
2T 2Ny '

we obtain for 7y > 0 large,

101221,
17/8 11/8
< Ce (lpollehag + loollesa 1A = AS1Y2) + Ce@T lpllLocan 1ol a1 ary
33/16
< CeSTo (e po Ik gy + I1A5 = A 12) + Ce@T |Ipllocany ol any-

where C depends on Ny, £ = %(1 —2/k), and we have used the interpolation estimate

1-2/k
Ipollezqary < Cllpollgcary < Ce'=2/%

By interpolation, choosing k > max(s, s") large enough, we have for some §, 8’ > 0 small,

32/33+4 1/33-§ 32/3346
(74) llpolle2ary < Clipollgrarszssary < Cllpol2ary ool iocary < Cllooll aagy -

(7.5) Nollmiaan = Mol zgn 115 4y = CllolL2n):
(7.6) lplocay < Mol =g 1013 1 ary < Cllol2Easy:

where C > 0 depends on Ny. Thus, using that

C 'pollzz < llpllzz < Clipollz2.

we see that there are C > 0 depending on (M, g, Ny, k) and Cy > 0 depending on (M, g)
such that

C 4 8 C S S —268'
10012201y < CeT0 e llpol1 220y, + CeCOToAS — A5, 112 + CeQTo/4 | py 12322,

We finally take T sufficiently large so that

CeQTO/4 |28,

II/O |
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This allows us to absorb the third term of the right-hand side into the left-hand side:

' —2mé’ § —2mé’ S S
loolZacary < Cet ool 20, lpolI242,,, + C llooliZ20s, IAS — AS 112,

form = 4Cy/|Q| > 0. Choosing § > 2mé’ and taking ¢ sufficiently small, we can absorb
the first term of the right-hand side into the left-hand side. Therefore, there exist f > 0
depending on (M, g) and C > 0 depending on (M, g, Ny, k, ¢) such that

lpollL2cany < ClIAG = AL,

and the proof is complete. ]

8. Stable determination of the conformal factor for the wave equation

In this section we sketch the proof of Theorem 4. We just indicate the modifications with
respect to the proof of Theorem 2 in [5]. We will assume that the conformal factor satisfies
¢ € €(Ny,k,¢e) and is such that ¢ = 1 near the boundary dM, and we use the notation (7.1).
First, Lemma 6.2 in [5] becomes in our setting:

Lemma 8.1. The equation

(02 + Acg)u =0, in(0,T)x M,
u(0,x) =0, inM,

has a solution of the form

1 ) )
us(t,x) = Z (X a»(t,y(x)) AW ())-1) as(t, y(x); 1) ell(llfz(y(X))—t))
yemi (M)

+ v2,4(2, x)
such that there is vy > 0 (given by Lemma 4.3) so that for all v > vy, AC > 0 depending
onlyon (M, g, Ny, v), and Cy > 0 depending only on (M, g,v) so that VA > 1,
Mz allevtzz®,xany + 1VEv2 1 llev 2@y xary + A7 10:v2, 2 lleve L2 R s x 1)
< Ce“T([lpollezcary A% + A7) llaz ]«

Moreover, Lemma 6.3 in [5] is replaced by:

Lemma 8.2. There exist constants Co > 0 depending on (M, g,v) and C > 0 depending
on (M, g, No,v) such that, for any a,,a> € H'([0, T]; H*(M)) solving (7.2) associated
10 by, by € H(0_SM,) with b1|TﬁSM(T) = b2|TfSM(T) = 0, the estimate

‘ > /OT/Mp(X)al(t,y(x))az(t,y(x))dvg(x)dt‘

yem (M)
< Ce®Tpolierary (A~ + 23 [lpollezcan) llat [« lazll«
+ CeCTANAY =AY e llar ]« llaz ]«

holds for all A > 1.
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Finally, Lemma 6.4 in [5] is replaced by:

Lemma 8.3. There exist C > 0 depending on (M, g, Ny, v) and Cy > 0 depending on
(M, g,v) such that, for any b € H*(0_SM.,) with b|rji)SM(T) = 0, the estimate

[ @000

< CeC"T (A" + 22 lpollezcary) lpoller ary + A||/\W AY e lxw) 101l 2 0_s 1)
holds for all A > 1.

Proof of Theorem 4. We take b as in (5.5) with g replaced by p. By Lemmas 7.3, 5.3
and 5.4, there are C > 0 depending on (M, g, Ny, v) and Cy > O depending on (M, g)
such that

1
1512,y < Ce@ (5 + A Ipollezqan ) lpollercany + AIAY = A%l )

Nellwrran + Ce2TplZ o ar)

for some p > 2. By interpolation,
T80 g,y < CITGPN 20t ITIG 2l 112 a1
1/2 3/2
< e (24 2 ollezan ) loolkeran + HAY — A% les) " 10122,

+Ce%T * lpll Loy ol e cary.
We use (3.4) to deduce the bound

— 1/2 3/2
1613 200y < Ce©T207" + 22 [lpolle2an)? oo liiiar, Iollgiar

3/2
+ Ce@T QN2 o |10 IAY = AK 122+ CeT pllLoqan ol ar) -

Taking A = ||p0||;84), we obtain, for T > 0 large,

17/8 11/8
1P 20y < CeT (Ilpollehing + IPollesns, IAY — AL IIL2)

+ Ce?T " pllLoan) ol any
33/16
< CeT (e poll iy + I1AY = ARIZ) + Ce@T ™ pllLoqan lolar an-
where £ = % (1 —2/k). Choosing k > max(s, s’) large enough as in the previous section,
we have for some §, 8’ > 0 small the interpolation estimates (7.4), (7.5), and (7.6). Thus

we get that there are C > 0 depending on (M, g, Ny, k) and Cy > 0 depending on (M, g)
such that
poll72cary < Ce©T &8 llpollFi0y, + CeCTIAY — AL 1L + Ce2T* llpoll 720y

We finally take T sufficiently large so that

CeQTl < || 17
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This allows us to absorb the third term of the right-hand side into the left-hand side:
lpoll2ary < C e lloll 2™ ool 75 + Cllooll 2 IIAY — AR 1IY2.

for m = 4Cy/|Q| > 0. Choosing § > 2mé’ and taking ¢ sufficiently small (depending
only on |1 — c||;2), we can absorb the first term of the right-hand side into the left-
hand side. Therefore, there exist 8 > 0 depending on (M, g, v) and C > 0 depending
on (M, g, Ny, k, ¢) such that

leollL2cany < ClIIAY = AL,

and the proof is complete. ]

9. Appendix

In this appendix, we discuss how to remove the boundary condition ¢; = ¢, on dM in
Theorems 1 and 3, at the cost of assuming more regularity on ¢;.

9.1. Boundary stability: the wave case

We follow the argument of [14], Section 3. Assuming that ¢, ¢, € €*(M), one can con-
struct two geometrical optics solutions (87 + A, + g;)u; = 0 concentrated on a small
geodesic close to a boundary point xo € dM:

u; = ei’l(’_‘/’)(ag + )t_la{ + A_zag) +v; = ujl + vy,

where ¥ is a suitable solution to the eikonal equation |V ¢| = 1 with ¥|ynoy = X' @
for some w € Ty,dM ~ R""! satisfying |w’| < 1 (but close to 1), ag solves a transport
equation involving only the metric and some derivatives of ¥, a| 3M =x € €0, T) x
OM;R™) is some cutoff function equal to 1 near (tg, xo), and al , a2 solve the transport
equation

O.1) (20 +2VEy — Agy)al = —( + Ag +qp)al_,.  alla = 0.

By Lemma 4.3, one can construct the remainder term v; so that [|0,v; [leo(0,771;:2.2(0m)) =
O(A72) for some small 7’ > 0, with uniform dependence with respect to [|g; e+ (ar)
and vj|0,7yxam = 0. Using that

AY 4 @jlar) = €V (i35, ¥)a0 — dx,a0 — A dx,a1) + O ),

that ||u | &1 q0,771xam) < C A, and choosing A ~ ||Ag " A;Vq2||* 13 one gets the bound
1 2 A VE]
|9x,a1 — 0x,a7 HLZ([O,T’]XBM) < ClIAY, —Agg, .

This implies 2|dx,a] — dx,a?| = [(q1 — q2) x| by restricting (9.1) to (0, T”) x dM . There-

fore, there is an open nelghborhood V c U N oM of xo of uniform size and C > 0 uniform
in ||g;|le4 such that

g — q2llz2qry < CIAY, =AY 123
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By interpolation and Sobolev embeddings, we get
lar = q2llerann) = CllAg,, — Mgy, ld
for some p > 0. We finally replace ¢, by
G2 = g2+ O(IAL g, — Mgy, |72 de (. OM)) (g1 — 42)

in Theorem 3 for some 0 € €2°([0, 1)) equal to 1 near 0 so that g = ¢; on IM.

9.2. Boundary stability: the Schrodinger case

We use a similar argument for the Schrodinger equation. Assume that g; € €3 (M). We
construct a geometric optic solution of the form

4
u;(t, x) = AW =40 < Za,{(Z)Lt,x) )L_k) + v, (1, x) =: u]l (1, x) + v (t, x),
k=0
where aé(s, x) solves the same transport equation as for the wave equation (thus not
depending on g;) with a sy = x, and a;, for k > 1 solves
92) (20, +2VEY — Agy)al(t,x) = (Ag —q;)al_,(t,x), allam =0,

and the remainder can be estimated by [|0,v; || .20, 1)xan) = O (A™3) using Lemma 3.2
in [4] and the fact that

A4 V=20 (A, — gj)al) @A Na qo.rr:L200 = OAT3)

(we loose A2 from the d; derivative but gain one A~1 from the change of variable t > ¢/
in the dt integral as a,’C are supported in time interval of size @(1~1)). We then obtain

AS o slan) = €22 (1205, ¥ ap — Dy, a0 — A" 0x,a1) (242, %) + O2(A7)
Proceeding as for the wave equation, we deduce that

1 2 w wo1/3
” O, @y — O, a7 ”LZ([o,T]xaM) SClAg g = Al

and the end of the proof is the same as for the wave equation.
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