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Local well-posedness for the gKdV equation on the
background of a bounded function

José Manuel Palacios

Abstract. We prove the local well-posedness for the generalized Korteweg—de Vries
equation in H*(R), s > 1/2, under general assumptions on the nonlinearity f(x),
on the background of an L?f’x-function W(t, x), with W(¢, x) satisfying some suit-
able conditions. As a consequence of our estimates, we also obtain the unconditional
uniqueness of the solution in H*(R). This result not only gives us a framework to
solve the gKdV equation around a Kink, for example, but also around a periodic solu-
tion, that is, to consider localized non-periodic perturbations of a periodic solution.
As a direct corollary, we obtain the unconditional uniqueness of the gKdV equation
in H5(R) for s > 1/2. We also prove global existence in the energy space H!(R),
in the case where the nonlinearity satisfies | f”(x)| < 1.

1. Introduction

1.1. The model

The initial value problem for the k-Korteweg—de Vries equation (k-KdV)
(L {8tu+8)3€u:|:uk8xu20, teR,xeR, keZt,

u(0,x) = uo(x),

has been extensively studied in the last five decades and is one of the most famous equa-
tions in the context of dispersive PDEs. This family of equations includes the celebrated
Korteweg—de Vries (KdV) equation (case k = 1), which was derived as a model for
the unidirectional propagation of nonlinear dispersive long waves [30], and subsequently
found in the study of collision-free hydro-magnetic waves [14]. Nowadays, the KdV equa-
tion has shown applications to several physical situations, such as, for example, in plasma
physics, for the study of ion-acoustic waves in cold plasma [4,49], as well as some rela-
tionships with the Fermi—Pasta—Ulam problem [31,50-52]. Moreover, some connections
with algebraic geometry were given in [9] (see also [36] and the references therein). On
the other hand, in [48] it has been shown that this equation also describes pressure waves
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in a liquid-gas bubble mixture, as well as waves in elastic rods (see [45]). We refer to [36]
for a more extensive description of all of these (and more) physical applications.

In the case where k = 2, we find another fairly celebrated equation, the so-called
modified KdV equation, which also models the propagation of weak nonlinear dispersive
waves. In this regard, a large class of hyperbolic models has been reduced to the latter two
equations. It is worth to notice that there is a deep relationship between these two models
given by the Miura transformation [35].

These two cases (k = 1, 2) correspond to completely integrable systems, in terms of
the existence of a Lax-pair, and both of them have been solved via inverse scattering. An
interesting property of (1.1) is that these are the only two cases on which this equation
corresponds to a completely integrable system (see [12, 13]).

One of the most important features of equation (1.1) is the existence of solitary wave
solutions of both types, localized solitary waves and kink solutions. In the completely
integrable cases, these solutions correspond to soliton solutions, that is, they preserve their
shape and speed after collision with objects of the same type.

In this work we seek to study the initial value problem associated with the following
generalization of the k-KdV equation (1.1):

(12) v(0, x) = d(x),

{a,v +0,(0%v + f(v)) =0,

where v = v(¢, x) stands for a real-valued function, the nonlinearity f is also real-valued,
and ¢, x € R. Motivated by the study of Kink solutions, here we do not intend to assume
any decay of the initial data ®(x) but, for the moment, only that & € L>°(R). Instead, we
decompose the solution v(z, x) in the following fashion:

(1.3) v(t,x) =u(t,x) + ¥, x),

where we assume that ¥ € L°°(R?;R) is a given function (see (1.7) below for the spe-
cific hypotheses on W) and we seek for u(z) € H*(R). Then it is natural to rewrite the
above IVP in terms of the Cauchy problem associated with the generalized Korteweg—
de Vries (gKdV) equation

1.4) dpu + 0,V + 0y (02u + 2W + f(u+ V) =0,
’ u(0,x) = ug(x) € H(R).

We stress that equation (1.4) is nothing else than equation (1.2) once replacing the decom-
position given in (1.3). In the case where f(x) = x? and ¥ = W(x) is a time-independent
function belonging to the so-called Zhidkov class

Z[R) = {¥ € D'(R): ¥ € LX(R), ¥ € H*(R)},

this equations has been used to model the evolution of bores on the surface of a channel,

incorporating nonlinear and dispersive effects intrinsic to such propagation [5].
Important. In this work we only assume that f: R — R is a real-analytic function

satisfying that its Taylor expansion around zero has infinite radius of convergence, that is,
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there exists a family {a }reny C R such that, for all x € R, the nonlinearity f(x) can be
represented as

o0
(1.5) flx)= Zakxk, with limsup {/|ax| = 0.
k=0

k—+o00

Notice that any polynomial p(x) satisfies the previous hypothesis, as well as exp(x),
sinh(x), cosh(x), sin(x), cos(x), p(sin(x)), etc.

It is worth to notice that, since equation (1.4) can be regarded as a perturbation of
the gKdV equation (1.2) with initial data v(0, -) € H*(R), one might think that, in order
to prove local well-posedness for equation (1.4), it is reasonable to proceed by using the
contraction principle as in [24]. However, it seems that this does not even hold in the case
where f(x) = x2, due to the occurrence of the term Wd,u, since W is not integrable,
which makes this problem more involved even for the KdV case.

As mentioned before, one of our main motivations comes from studying Kink solu-
tions. For instance, we can consider the defocusing modified Korteweg—de Vries (mKdV)
equation, that is, f(u) = —u3, as well as the Gardner equation, that is, f(u) = u? — /3M3.
Both equations are well known to have Kink solutions given by (respectively, see [17])

Wikav,c(t, X) = iﬁtanh(@(x ~|—ct)), c>0,
1 1 t

WYeardner.e (. X)) = — £+ — Oy t,x——), > 0.

Gard; ,c( X) 38 \/E KdV,c( X 3,3> B

Moreover, at the same time we also seek to give a framework to study localized non-
periodic perturbations of periodic solutions for the generalized model (1.4), such as, for
example, the famous cnoidal and dnoidal wave solutions of the KdV and the mKdV equa-
tions (respectively)

(1.6)  Weelt,x):=a+ Ben?(y(x — ct), k), Wan e (t, x) := Bdn(y(x —ct), k),

with ¢ > 0 and (o, B, y. k) € R* satisfying some suitable conditions, where cn( -, -) and
dn(-,-) stand for the Jacobi elliptic cnoidal and dnoidal functions, respectively (see [30]).

It is important to mention that the gKdV equation (1.2) enjoys (at least formally)
several conservation laws, such as the conservations of the mean, the mass and the energy,
which are given by (respectively)

L) = /R ot x) dx = I1 (vo).
L) = /R V21, x) dx = I>(vo).
L) = [R (v2(t. %) — F(u(t.x))) dx = I3(vo).

where F(-) stands for a primitive of f(-). However, due to the presence of W(¢, x), none
of these quantities are well-defined for solutions of equation (1.4). Although, a suitable
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modification of the energy functional I3 shall play a key role in proving global well-
posedness in H ! (R) when f(x) grows at most as x2 (see Theorem 1.8 below).

Important. In the sequel we shall always assume that the given function W(z, x) sat-
isfies the following hypotheses:

3, ¥ e L®(R?),
(1.7) W e Lo®(R, WSt (R)),
(99 + 3 + Oy f(P) € LXR, H* (R)).

Remark 1.1. Note that any function ¥ = W(x) € L*°(R) such that ¥ € H*(R), for
example, ¥ being a Kink, satisfies all the conditions in (1.7). Hence, equation (1.4)
together with conditions (1.7) contain as particular cases all the frameworks considered
in [5, 11, 18,53]. However, we do not require that W(z, x) has well-defined limits at 0o
as in those previous works. For instance, if ¥ = W(z, x) solves the gKdV equation (1.2),
then the latter expression in (1.7) is identically zero, and hence the third hypothesis is
immediately satisfied. In particular, we can consider W(z, x) being a periodic solution of
the gKdV equation. Nevertheless, (¢, x) does not need to be a solution, neither to have a
small H**-norm once replaced in the equation. For example, we can solve equation (1.4)
with W being

W(t,x) = 1 4 4tanh(x + 1) + cos(log(1 + x2 + 2)).

Notice that this function does not have symmetries (neither odd nor even), nor well-defined
limits at +00; also, none of its derivatives has exponential decay. Clearly, it does not solve
the equation either, whereas it satisfies all the conditions in (1.7) for any s > 1/2 (for
example).

1.2. Unconditional uniqueness

The generalized Korteweg—de Vries equation (1.2) has been proven to be locally well-
posed (LWP) for regular localized initial data in [1, 6,21, 46]. Since then, considerable
effort has been devoted to understand the Cauchy problem (1.1) with rough data. In the
seminal work of Kenig, Ponce and Vega, LWP for equation (1.1) has been established
in H*-spaces, for all k € Z, with s moving in a range that depends on k. In the case
where k > 4, these results are sharp, in the sense that they reach the critical index given
by the scaling invariance [24]. This proof relies on Strichartz estimates, along with local
smoothing effect and maximal estimates. Then a normed functional space is constructed
based on these estimates, which allows them to solve (1.1) via a fixed point argument. The
solutions obtained in this way are obviously unique in such a resolution space. However,
as explained in [43], the question of whether this uniqueness holds for solutions that do
not belong to these resolution spaces turns out to be far from trivial at this level of regu-
larity. This type of question was first raised by Kato in [22] in the context of Schrédinger
equations. We refer to such uniqueness in L*°((0, T'), H*(R)), without intersecting with
any other auxiliary functional space as unconditional uniqueness. This type of uniqueness
has been shown to be useful, for example, to pass to the limit in perturbative analysis when
one of the coefficients of the equation tends to zero (see [38] for instance).
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1.3. Main results

In the remainder of this work, we focus on studying the Cauchy problem associated
with (1.4). Before going further, let us give a precise definition of what we mean by a
solution.

Definition 1.2. Let 7 >0 and s> 1/2, both being fixed. Consider u € L*°((0,T), H*(R)).
We say that u(z, x) is a solution to (1.4) emanating from the initial data ug € H*(R)
if u(z, x) satisfies (1.4) in the distributional sense, that is, for any test function ¢ €
C§°((—T, T) x R), we have

(1.8) /0 /H; (e + Puwn)tt + b (fu + 0) — F(0)]dxdr + /R 6 (0. X)uo(x) dx
. / / (6 + dux)¥ + o f(9)] dx i — / $(0.)W (0, x) dx.
0 R R

Remark 1.3. Notice that, for u € L*°((0, T), H*(R)) with s > 1/2, we have that u? is
well defined for all p € N, which, along with (1.5) and (1.7), implies that

fu+ W) = f(¥) € L=((0.7), H* (R)).

Thus, relation (1.8) and the hypotheses in (1.7) forces that u, € L*>((0, T), H*73(R)),
and hence (1.4) is satisfied in L>°((0, T'), H*~3(R)). In particular, we infer that

(1.9) u € C([0,T], H*3(R)).

Moreover, from hypotheses (1.7), we infer that ¥ € C([0, T], L°°(R)), which in turn,
together with (1.8) and (1.9), forces the initial condition u(0) = u(. On the other hand,
notice that we also have u € Cy, ([0, T], H*(R)) and u € C([0, T], H?(R)) for all § < s.
Finally, we stress that the above relations also ensure that u satisfies the Duhamel formula
associated with (1.4) in C([0, T], H*~3(R)).

Our first main result give us the (unconditional) local well-posedness for (1.4).

Theorem 1.4 (Local well-posedness). Let s > 1/2 be fixed. Consider f:R — R to be
any real-analytic function such that its Taylor expansion around zero has infinite radius
of convergence. Consider also V(t, x) satisfying the conditions in (1.7). Then, for any
ug € H(R), there exist T = T (||ug||gs) > 0 and a solution u to the IVP (1.4) such that

ue C([Oa T], HS(R)) n L%W;i’oo N X,;_l’l.
Furthermore, the solution is unique in the class
u € L®((0,7), H*(R)).

Also, the data-to-solution map ®:ugr>u is continuous from H*(R) into C([0,T],H*(R)).

Remark 1.5. We refer to the next section for a definition of Bourgain spaces X and
their corresponding time-restricted versions X ;’b.
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Remark 1.6. Notice that the previous theorem allows us both to take f(x) being any
polynomial but also to consider f(x) = e*. In particular, if f(x) = x2 or f(x) = x>, the
previous theorem allows us to take W(z, x) being, for instance, a periodic solution such as
the cnoidal or dnoidal wave solutions (or any other traveling wave solution) given in (1.6),
respectively.

As a direct corollary of the previous theorem, by considering ¥ = 0, we infer the
unconditional uniqueness for the gKdV equation (1.2), for initial data vy € H*(R) with
s> 1/2.

Theorem 1.7. The Cauchy problem associated with (1.2) is unconditionally locally well-
posed in H%(R) fors > 1/2.

Finally, under some extra conditions on the growth of f(x), we prove global well-
posedness (GWP) for equation (1.4).

Theorem 1.8 (GWP in H!(R)). Assume further that f:R — R satisfies
|f"(x)| S 1 forallx €R.

If the initial data ug € H®(R), with s > 1, then the local solution u(t) provided by Theo-
rem 1.4 can be extended for any T > 0.

Remark 1.9. Note that the previous theorem gives the GWP, in particular, for f(x) = x?
but also for f(x) = sin(x) or f(x) = cos(x) as nonlinearities.

Remark 1.10. We stress that Theorems 1.4 and 1.8 give us the local and global well-
posedness for H*(R)-perturbations, s > 1/2 and s > 1, respectively, of regular periodic
solutions of the KdV equation, in particular, for H*(R)-perturbations of periodic traveling
waves solutions.

From the above results we are able to deduce local well-posedness for equation (1.2)
on Zhidkov spaces. To this end, we introduce Z*(R) as the function space given by

Z°(R) :={¥ e D'(R): ¥eL®R), ¥ e H 'R}

endowed with the natural norm | W zs := || W] + || V|| gs-1.

Theorem 1.11. Let s > 1/2. Consider f:R — R to be any real-analytic function such
that its Taylor expansion around zero has infinite radius of convergence. Then, for any
vo € Z°(R), there exist T = T (||vg|lzs) > 0 and a solution v to the IVP (1.2) such that

v e C(0,T],Z°(R)) N LE WS ® and v—ve e C([0,T], H*(R)).
Furthermore, the solution is unique in the class
v(t) —vg € L*((0,T), H*(R)).
Also, the data-to-solution map ®:vo+>v(t) is continuous from Z°(R) into C([0,T],Z5(R)).

Moreover, if s > 1 and f(x) satisfies | f"(x)| S 1 for all x € R, then the solution v(t)
can be extended for all times T > 0.
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Our method of proof relies in the improvements of the energy method, recently devel-
oped in [39, 40, 43], along with symmetrization arguments previously used in [8], for
example. However, due to the presence of W (¢, x) (which breaks the symmetry) and the
general nonlinearity, the present analysis shall be more involved than the previous cases.

At this point it is important to remark that local well-posedness in such a general
framework has never been established for equation (1.4) before. However, the smooth
case is by no means a new result, but rather a suitable rewriting of the previous proofs
(see [1,18] for example). For the sake of completeness, we prefer to state this theorem and
give a brief proof of its most important parts (see Section 5). In fact, the key point to prove
LWP for equation (1.2) in the smooth case are the commutator estimates which, in the
case of equation (1.4), can be performed with almost no changes (with respect to [1, 18])
thanks to our hypothesis on W.

1.4. Previous literature

Concerning the local well-posedness of equation (1.1), there exists a vast literature for
each case of k € Z. In the case where k = 1, Kenig, Ponce and Vega [25] showed the
LWP in H*(R) for s > —3/4 via the contraction principle. Later, Guo and Kishimoto inde-
pendently proved GWP for s = —3/4 (see [16,28]). This result is sharp [7], in the sense
that the flow map fails to be uniformly continuous in H*(R) for s < —3/4. Then GWP
was proved for s > —3/4 by using the [ -method [8]. Without asking for the uniform con-
tinuity but just continuity of the data-to-solution map, by using the complete integrability
of the equation, Killip and Visan [27] showed GWP in H ~!(R), which is the lowest index
one can obtain due to the result of Molinet [37], which ensures that this map cannot be
continuous below H ~!(R). On the other hand, Zhou [54] demonstrated the unconditional
uniqueness in L2(R). In the periodic case, LWP was proved in H*(T) for s > —1/2 by
Kenig, Ponce and Vega [25]. These local-in-time solutions are also shown to exist on an
arbitrary time interval. Moreover, the unconditional uniqueness in L?(T) was established
in [3]. In this case the best result is due to Kappeler and Topalov [20] in H~!(T).

Concerning the mKdV case, that is when k = 2, the result of Kenig, Ponce and Vega
ensures the LWP for s > 1/4 on the line [24]. It has been proven that this result is sharp, in
the sense that the flow map fails to be uniformly continuous in H*(R) as soon as s < 1/4,
for both the focusing mKdV [26] and the defocusing one [7]. Then GWP was shown for
s > 1/4in [8] by using the /-method (see also [10]). Moreover, unconditional uniqueness
in H*(R) for s > 1/3 was established by Molinet et al. in [40], and recently improved for
s > 1/4 by Kwon et al. in [32]. On the other hand, in the periodic case, unconditional LWP
for s > 1/3 was proved by Molinet et al. in [41], by using the improved energy method
developed in [43] together with the construction of modified energies (see also [44]).
Furthermore, global well-posedness has been shown in H¥(T) for s > 1/2 in [8].

In the case where k = 3, we refer to [15] for the LWP in H*(R) for s > —1/6, and to
[24] for the local well-posedness in the case where k > 4, up to the critical index given by
the scaling invariance (inclusive). These results do not address unconditional uniqueness.

Regarding equation (1.4), as far as we know this equation has never been treated
in such a general framework, and hence there is no abundant specific literature for it.
However, in the case of the KdV equation, i.e., f(x) = x2, with ¥ = ¥(x) being a time-
independent function belonging to the Zhidkov class, we find the result of Iorio et al. [18]
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for regular data (see also [5]). To the best of our knowledge, the best result to date (in the
previously mentioned framework) is given by Gallo [11], where LWP was established for
the KdV case for s > 1 under the same hypothesis on W(x) as in the work of Iorio et al [18].
Note that Theorem 1.11 extends both results [11, 18] to the whole range s € (1/2, 1] and
also provides the GWP in the case s > 1. On the other hand, in the case of general nonlin-
earity f(x), under some extra conditions concerning the values of W(x) at oo and the
value of the integral of f(x) on the region [W(—o00), ¥(400)], Zhidkov [53] established
local well-posedness for data in H2(R). In the same work, he also proved the H'(R)
orbital stability of Kinks of equation (1.4) for H? solutions. Then, by using this stability
property, he showed the global existence of H? solutions for small H !-perturbations of
such Kinks. In order to prove these results, Zhidkov assumed, among other hypotheses,
that W/(x) > O for all x € R, and that W(x) converges exponentially fast to its limits
at +o00. As we already mentioned, Theorem 1.4 contains (and improves) the results in
[5, 11, 18,53]. In particular, notice that Theorem 1.11 allows us to extend the existence
and the stability result of Zhidkov by only considering H !-solutions which are H !-close
to those Kinks. Finally, we point out that, in the case f(x) = x2, Theorem 1.4 is related to
the existence problem for the KdV equation with variable coefficients, which has recently
been treated by a similar approach in [42].

During the review process of this work the author found out that, simultaneously, in the
specific case of the KdV equation, T. Laurens proved global well-posedness in H~!(R)
on the background of a smooth step-like function (see [33, 34]).

1.5. Organization of this paper

This paper is organized as follows. In Section 2 we introduce all the notations that we
shall use in the sequel, and then we state a series of preliminary results needed in our
analysis. In Section 3 we prove the main a priori energy estimates for solutions and for
the difference of solutions. In Section 4 we establish Theorem 1.4. Then in Section 5
we sketch the proof of the LWP in the smooth case (see Theorem 5.1 below). Finally, in
Section 6 we prove the global well-posedness result, i.e., Theorem 1.8.

2. Preliminaries

2.1. Basic notations

For any pair of positive numbers a and b, the notation a < b means that there exists a
positive constant ¢ such that ¢ < c¢b. We also denote by a ~ b whena < b and b < a.
Moreover, for o € R, we denote by a™, respectively &, a number slightly greater, respec-
tively lesser, than «. Furthermore, we shall occasionally use the notation F(x) to denote
a primitive of the nonlinearity f(x), thatis, F(s) = [, f(s)ds’.

Now, for u(z, x) € 8'(R?), Fu = i shall denote its space Fourier transform, whereas
Fru, respectively F; ru, shall denote its time Fourier transform, respectively space-time
Fourier transform. Additionally, for s € R, we introduce the Bessel and Riesz potentials
of order —s, namely, J; and D3, given by (respectively)

Ju:=F7N(1 + E2Fu) and Diu:= FU(EFFu).

X
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We also denote by U(¢) the unitary group associated with the linear part of (1.1), that is,
the Airy group

Ult)g := e Bg = F 1" Fg).

On the other hand, throughout this work we consider a fixed smooth cutoff function n
satisfying

(2.1) n€eC®R), 0=<n=<1, nl-,y=1 and suppnC[-2,2]

We define ¢ (§) := n(§) — n(2§) and, for £ € Z, we denote by ¢, the function given by

Py (§) == ¢(27%).

Additionally, we shall denote by v, the function given by

Vor(t.6) 1= g (t = £ forl e N\{0}),  y1(z.§) :=n(x - &).

Any summations over capitalized variables such as N, L, K or M are presumed to be
dyadic. Unless stated otherwise, we work with homogeneous dyadic decomposition for
the space-frequency and time-frequency variables, and nonhomogeneous decompositions
for modulation variables, i.e., these variables range over numbers of the form {2[ L el
and {2¢ : £ € N}, respectively. We denote these sets by D and Dy, respectively. Then with
the previous notations and definitions, we have that

S on® =1 forallf €R\{0),  suppgw C {5 N <[¢l <2V},

NeD

In the same fashion,

Y Yr(rg)=1 forall (r.§) € R%

LeDy,

We define the Littlewood—Paley multipliers by the following identities:
(22) Pyu:=¥F"(¢nFu), Rxu:=F "(¢xFu) Oru:=F,_(YrF:xu).

With these definitions at hand, we introduce the operators

PzN = Z PM, PsN = Z PM, QZL = Z Qi’ Qsi = Z QZ‘

M>N M=<N L>L L<L

In addition, we borrow some notations from [47]. For a natural number k > 2 and £ € R,
we denote the (k — 1)-dimensional affine-hyperplane of R* by

@) = {¢1.... &) eR 1 &1 + -+ & = &},

endowed with the natural measure

/ F(sl,...,mdrk@)::/ Fere g b=y — o — ) dEy - dE_y,
Tk (§) Rk
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for any function F: '¥(§) — C. Moreover, when £ = 0 we shall simply denote by T'* =
'%(0) with the obvious modifications.

To finish this first subsection, we introduce the notation for the pseudoproduct oper-
ator that we shall repeatedly use in the sequel. Let y be a (possibly complex-valued)
measurable bounded function on R2. We define the operator IT = IT, on §(R)? by the
expression

(2.3) FI(f. &) (E) ::Af(él)g(g_gl)X(gsél)dél-

This bilinear operator behaves as a product operator in the sense that it satisfies the fol-
lowing properties:

M(f.g) = fg wheny =1 and / (/. g)h = / FTlp(g.h) = / M, (f h)s.

where y1(§,€1) = x(61.€) and x2(§.&1) = x(§ — &1, §) for all trio of functions f.g.h €
S (R). Throughout this paper we shall also use pseudoproduct operators with k-entries,

which are defined as in (2.3) with the obvious modifications.

2.2. Function spaces

For 5,b € R, we define the Bourgain space X*? associated with the linear part of (1.1) as
the completion of the Schwarz space § (R?) under the norm

s i= [ (1417 = €001+ 6D Fuslul(r, P dgdr.
We recall that these spaces satisfy

. b
l[ullyss ~ [U(=1)u where [[ul yep = T3 I ull g2 -

Izt
Additionally, we define the frequency-enveloped spaces associated with H*(R) as fol-
lows: Let s € R and « > 1 be fixed. Consider a sequence {wy}nep of positive real
numbers satisfying oy < wany <2°wy, for some & > 0 such that ¢ < min{d;, §, }, where 8,
and §, are the small numbers associated with the choices we make in the hypotheses

(2.4) e LPWSH® and  (9,W + 3W + 0, f(¥)) € LPH? .

In other words, if we assume (2.4) for some 81, §, > 0 small, then we assume, in particular,

that wy satisfies
WN N—->+o©

N3«
Furthermore, we also assume that wy — 1 as N — 0. Then we define the space HJ(R)
associated with {wp } as the completion of the Schwartz space S (R) under the norm

1A 1 =Y 0N I PN fllzs ~ D of N> | P f 132
N N

0, &« := min{éy,8,}.
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Of course, by definition, we have H} (R) € H*(R). Moreover, if oy = 1forall N e D,
then H) = H*. The goal we seek by introducing these frequency-enveloped spaces is to
be able to prove the continuity part in Theorem 1.4.

Finally, we define the restriction-in-time version of all of the above spaces. Let T > 0
be fixed, and consider F to be any normed space of space-time functions. We define its
restriction in time version Fr as the space of functions u: [0, T] x R — R satisfying

lullpp := inf{|li#| 7 | #:R xR — R, withii = u on [0,T] x R} < 4o0.

2.3. Extension operator

In this subsection we introduce the extension operator that we shall use in the sequel.
We borrow this definition from [40]. The key property of this operator is that it defines a
bounded operator from L HS N X5 ' N L2W,/™ into L HS N X°~1 0 L2W)™
with r < s.

Definition 2.1. Given T € (0,2) and u: [0, T] x R — R, we define the extension opera-
tor pr by the following identity:

2.5 pru]() := U@) n(t) U(—pr (1)) u(pr 1)),

where 1 corresponds to the function given in (2.1) and w7 is the continuous function

0 ifr <0,
ur(@):=4qt ift €(0,7),
T ift=>T.

Remark 2.2. Notice that, directly from the definition, we have pr [u](z, x) = u(t, x) for
all (7,x) € [0, T] x R.

The next lemma give us the main properties of this operator (see [40]).

Lemma 2.3. Let T € (0,2) be fixed. Consider (s,r,0,b) € R* withr < s andb € (1/2,1].
Then the following holds:

pr: L HS N X% 0 12w s LOHS N X% 0 L2w]>,
In other words, we have the following inequality:
lorlulllizge s + llor [lllxos + llor lulllLzwpe < lulligms + lullyos + lullLz wpe.
Moreover, the implicit constant involved in the latter inequality can be chosen independent

of (T,s,r,0,b).

2.4. Resolution space

From now on, for any s € R and any sequence {®wy }nep satisfying the hypotheses in
Section 2.2, we define the resolution space

My, = LPH, N X*H
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endowed with the natural norm

(2.6) lellacs, == lullzgemg + llullxs—rr.

When wy = 1, we simply write M® = M7 . Before going further we recall the following
basic lemma concerning Sobolev spaces.

Lemma 2.4 (See [2] for example). Let a, b, c € R be a triplet of real numbers satisfying
a>c, b>c, a+b>0 and a+b—c>%-

Then the map (f,g) — f - g is a continuous bilinear form from H®(R") x Hb(R")

into H¢(R").

The following lemma ensures us that L5 H -solutions also belong to M ., whereas
the difference of two solutions in L3 H? take place in M5!,

Lemma 2.5. Let s > 1/2 and T € (0, 2) be given. Let u € L*°((0, T), H}(R)) be a
solution to equation (1.4) with initial data uo € Hy, (R). Then u € Mg, 1 and the following
inequality holds:

@7 ltllacs p S (U T2 Fr g g 19y o) 5
+ TV20,0 + 30 + s f (V)| Lo prs

where $1:R? — R is a smooth function. Also, for any pair u,v € L*®((0, T), H*(R))
of solutions to equation (1.4) associated with initial data uy, vg € H*(R), the following
holds:

@8) lu=vlla S+ T2 Tl Mol e, 1Yy o)) T =l
for some smooth function F5: R3 — R .

Proof. First of all, we have to extend the functions u(¢) and v(¢) from (0, T') to the whole
line R. Hence, we benefit from the extension operator pr defined in (2.5), which we use
to take extensions i := pr[u], U := pr[v] defined on R?, both supported in (=2, 2). For
the sake of notation, we drop the tilde in the sequel.

Once we have extended (in time) both solutions, comparing inequality (2.7) with the
definition of the M7, norm in (2.6), it is clear that it is enough to estimate the X* ~L1_porm.
In fact, let us start out by writing the solution in its Duhamel form

u(t) = U(t)ug + ¢ /Ot Ut =)0,V + 32U + 35 f(u + V) dt.
Then, by using standard linear estimates in Bourgain spaces, we obtain
29)  Nullysrr S gy + 1009 + 039 + 0 f(W)gsr0
19 (f @ + W) = ) ys-10
< lullpgo gzt + T2 1000 + 30 + B f ()| L0y
+ T2 f e+ 9) = f(9) g ms-
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Now, from the classical Sobolev estimates for products, it is not difficult to see that there
exists a constant ¢ > 0 such that, for k, m € N, with k > m,

(2.10) g h™ s < *Nglis IR, s>1/2.

Ws+ o0

Then, to control the contribution of the latter term in (2.9), it is enough to use the Taylor
expansion to get

oo k—1

1+ W) — W) £ Y ck|ak|( )nullLoonn\vn’" .

k=1m=0

oo

k k-1

S Tl Do ke lagl(lullegems + W1 pero)
k=1

This concludes inequality (2.7) thanks to the hypothesis on the coefficients ay in (1.5).
Now we turn to show (2.8). In order to do so, let us define w := u — v. Notice that w(¢, x)
solves the following equation:

dew + 3y (FRw + fu+ W) — f(v+ ¥)) =0.

Thus, writing w(z, x) in its Duhamel form, and then using standard linear estimates for
Bourgain spaces, we get

lwilys-21 S llwllpee grg—2 + T2 + W) = @ + 9) oo s
T T T

Then, by using Taylor expansion, proceeding in a similar fashion as above, it is not difficult
to see that

1+ 9) = f 0+ 9 o g

k k—1
Slwlpgepgr ) keFlarl (Il as + 1vlgm; + II‘IJIIL%OW;+,OO) ;
k=1

where we have used again (2.10), as well as Lemma 2.4. The proof is complete. ]

2.5. Preliminary lemmas

For T > 0 fixed, we consider 17 (¢), the characteristic function on [0, 7']. Then, for 1 given
in (2.1) and R > 0, we decompose 17(¢) as

Q1D 170) = 10 + 17530, where £(1R) () = (%) F(17)(0).

The following lemma gives us some basic estimates that shall be particularly convenient
to take advantage of the above decomposition along with Bourgain spaces.

Lemma 2.6 (See [43]). Forany R > 0, T > 0 and q > 1, the following bounds hold:

(2.12) 175 e < min{T, R and 1%l S 1.
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Moreover, if L > R, then for allu € L*(R?), the following inequality holds:
10L (AR R W2 S 1 Q~r vl L2

Furthermore, for any s € R and any p € [1, 00|, the operator Q <1, is bounded in LfH;
uniformly in L.

Proof. We point out that the only part which is not strictly contained in [43] is given by
the first inequality in (2.12). However, this proof follows very similar lines, except for one
straightforward step, and hence we shall be brief. In fact, a direct computation yields

TEATE (A | /R(IT(Z) 17 (1= 2)) 7 as| ar) "

SA(A‘lﬂt)—h(t—%)‘qw?‘ln(s)v] d;)l/q ds

1/q
< / min{T,%} |F~1n(s)| ds < min{T, R'}1/4,
R

where to obtain the first inequality, we have used Minkowski integral inequality. The proof
is complete. ]

Lemma 2.7 ([43]). Let k > 3 be a fixed parameter, and consider L, ..., Ly > 1 and
N1, ..., N > 0to be a list of 2k dyadic numbers. Consider also {u,-}f-‘=l C 8'(R?), all
of them being real-valued, and let y € L>®(R?; C). Additionally, assume that Ny > N, >
N3 > 2°k max{Na, ..., Ni}.' Then the following identity holds:

k
/2 HX(QLlelul, QL2PN2M) l_[ QL,-PN,-U =0,
R i=3
unless Lyax > (2°k) "N N2 N3, where Loy = max{L,..., L)}

Finally, we prove some basic lemmas concerning the application of Holder’s inequality
with some particular instances of pseudo-product operators that shall appear in the next
section.

Lemma 2.8. Let k > 2 be a fixed natural number. Consider k functions uy, ..., ur €
L2(R) such that each of them is supported in the annulus {|§;| ~ N;}. Additionally, con-
sider a continuous function a € C(RK). Then the following inequality holds:

k
\/Fka(sl,...,sk)m(sl)...uk(sk)dr" S (N3 N2 Jlalloocy [ Tllui e,
i=1

where
Qi = {(€1..... &) € rk.vi=1,... .k &€ suppu; }.

'If k = 3, we omit the last inequality.
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Proof. Let us start by assuming that k > 3, since the case k = 2 is direct. In fact, first of
all we getrid of a(&y, . .., &) simply by bounding as follows:

[ gm0 dr* < lalumay [ ). ue@olar.

Then it is enough notice that we can bound the latter integral in the above inequality by

k
Judutewngondrts e [t o—gonat e ] [ juoias

Finally, by the Cauchy—Schwarz inequality and the supports hypotheses, we have

[ @l <N il and | [t = - e dea| < sl
R R

The proof is complete. ]

Lemma 2.9. Let k > 2 and m € [2,k + 1] be two fixed natural numbers. Additionally,
consider a family of dyadic numbers { N; }f‘:lz all of them being fixed. Let uy, ..., Ugyq €
L?(R) be such that each of them has Fourier transform supported on the ball {|§;| < N;},
respectively. Furthermore, assume that M = max{Ns, ..., Nry1}. Then the following

holds:

k+1
‘/FH] a(Er.... &) ED) . A1 Ger) AT S M Junllzalua iz T lillzee

i=3

where the implicit constant depends polynomially on k and a(&1, ..., &) stands for the
following quantity:

(2.13) ai, ... &) = Z¢12vk+2($i)§i, where §g 41 = —§1 — -+ — k.

i=1

Proof. In fact, first of all notice that, except for the terms associated with i = 1,2 in
the definition of a(&y, ..., &), the proof follows directly from Plancherel’s theorem and
Holder’s inequality. Indeed, going back to physical-variables and then using Holder’s
inequality as well as Bernstein inequalities, we obtain

‘/l"kJrl(a(Sl’ €)= 8%, EDE —¢12vk+2(§2)$2)ﬁ1(51)"‘ﬁk+1(5k+1)drk+l

m k+1
< lurlzelualize Y N0x P, uslem ] il
Jj=3 i=3,i#]

k+1

< Murllzalluzllze T T lluillzes
i=3
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Thus, we can restrict ourselves to study the above integral when replacing a(&q, .. ., &)
with the symbol

a,. .. &) =%, ,,E0E + 935, ,E) &
Next, we split this symbol into two parts as follows:
€1, ) = ¢, EDE +E) — (97, ,, () — ¢, ) &2
=rai(r. ... 6 + a6

Notice now that due to the additional restriction imposed by T'**1 (that is, & + --- +
£x+1 = 0), in this domain we can rewrite a1 (£, ...,&) as

@16 E) = 0%, EDE + o+ )

Hence, this case also follows from the above analysis. Therefore, it only remains to con-
sider the case of @,. For the sake of clarity, we shall assume now that k = 2, the proof
for the general case shall be clear from this one. In fact, by using Plancherel’s theorem,
integration by parts and then Holder’s inequality, we immediately obtain that

| [t g ae dr?|
- ‘/R(Mz,xPl%,qul _ulpj%fkﬂuz,x)uz dx’

= ‘/Ruzax(mPﬁ,Hzm - P]%]k+2(u1u3)) dx)

< lurllzzlluzllz2 0xusllzee + NuallL2 PR, ,, dx. uslus 2.

Then, since ||0yuz||po < M ||us||L~, it only remains to control the latter factor of the
above inequality. In order to do that, first notice that by direct computations, we can write

(PR, 0, us]uy (x) = /R K(v »)ur () dy.

where the kernel K(x, y) can be written as

K(x.y) = icNiss? /R eI 82 (0 3 () — w3 () dy,

for some constant ¢ € R. Thus, as an application of the mean value theorem, it is not
difficult to see that there exists a function g € L1 (R) such that

|K(x, »)| < Nic+2 0xu3|Lo0 g(Nik42(x — ¥)).
Notice that the latter inequality implies, in particular, the following uniform bound:
sup [ |KGep)ld -+ sup [ K (vl dy 5 [z
yeR JR xeR JR

where the implicit constant does not depends on Ng,. Therefore, applying Schur’s lem-
ma, and then Bernstein’s inequality in the resulting right-hand side, we obtain that

IIPR, %  uslunllze < Nunllz2lldxusllze < M Jurllzz fusllze.

which concludes the proof of the lemma. ]
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2.6. Strichartz estimates

In this subsection we seek to prove a refined Strichartz estimate for solutions to the linear
Airy equation with a general source term. The proof we present here is just a slight modi-
fication of the arguments already used in [29,39,40]. Before getting into the details, let us
recall the classical smoothing effect derived in [23] that shall be useful in the sequel:

—+93
(2.14) le™® D3/ *uoll s e S llntoll 2

Now we are ready to state our refined Strichartz estimate.

Lemma 2.10. Let T € (0, 1] and consider § > 0 to be a fixed parameter. Let u(t, x) be
any solution defined on [0, T to the following linear equation:

(2.15) du + d2u = F.

Then there exist k1, k2 > 0 such that, for any 6 > 0, the following inequality holds:
—1(1-5)+6 —la+38€)+6
(2.16) ||u||L2TL;° STy u”L%OL)% + T Jy F||L2TL§-

Proof. Let u(t, x) be a solution to equation (2.15) defined on [0, 7']. We use a nonhomo-
geneous Littlewood—Paley decomposition for the solution, that is, we write u = N UN,
where uy = Pyu, and N is a nonhomogeneous dyadic number. In the sequel we shall
also use the notation Fy for Py F. At this point it is important to notice that, on the one
hand, from Minkowski’s inequality, we know that

0
ez o0 < D lunwlipz e < sup N7l 3 1.
N

for any 8 > 0. While on the other hand, by using the low-frequency projector P<;, from
the Holder and Bernstein inequalities, we see that

1/2
IP<iullp2pe ST / I P<rutllpser2-

Then, from the inequalities above, we infer that it is enough to show that for any § > 0
and any N > 1 dyadic number, the following holds:

D—%(1+38)
X

_1a-
(2.17) lunlzzre < T | Dx ¢ 8)“N||L°T°L§ + 7| Fy “L%.L,%'

Now, in order to prove (2.17), we chop the time-interval [0, 7] into several pieces of length
TN~ wherek € [1,2) stands for a small number that shall be fixed later. In other words,
we have

0.71= ) 1. where I; :=[a;.b;]. |Ij| ~ TN " and #J ~ T'7*N°.
jeJ

On the other hand, notice that u x (¢) solves the integral equation

t
un () = e D%y (a)) ~|—/ R EN ) dl forallt € 1.

aj
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Therefore, by using the classical Strichartz estimate (2.14), as well as the Holder and
Bernstein inequalities, we obtain

1/2
_ 2
||MN||L2TL;° = ( E ||MN||L§jL)oCO)

J

_ 1/2
= (TN lun s o)
j J
B B 1/2
S (TN 1D un (a)2,)
J
t
+ (TKN—S)I/“(ZH/ e~ Fy () di!
AR

< (TKN—8)1/4 (TI_KN8)1/2||D;1/4UN ”L‘;"L%

1/2
+ (TKN—5)1/4(ZTKN—5/I ID7 Y4 Fy |2, d;)
: i

J
S TV DI o+ T3 DTV Fy | 2.

2 1/2
L@Lf)

which concludes the proof of (2.16) by choosing, for example, ¥k = 1. |

3. Energy estimates

3.1. A priori estimates for solutions

The goal of this section is to prove the following proposition that give us the key improved
energy estimate for smooth solutions of (1.4).

Proposition 3.1. Lets > 1/2and T € (0,2) be fixed. Consider u € L*°((0,T), H (R))
to be a solution to equation (1.4) associated with initial data ug € HJ(R). Then the
following inequality holds:

) Nl g S 35 + Tl 1000+ 039+ 0 () g+ T4 [l g

X @ ([Jull 2+ [Vl 10 llLgs, 19, W + 930 + 0x £ (D)

L%OW;‘+1+,OO’ | L??H;I/Z"')’

LyeH)
where Q,:R* — Ry is a smooth function.

Proof. First of all, in order to take advantage of Bourgain spaces, we have to extend the
function u(¢) from (0, T') to the whole line R. Hence, we benefit from the extension
operator pr defined in (2.5), which we use to take an extension % := pr[u], defined on R2,
such that |# || 4 < 2||u|| .4, For the sake of notation, we drop the tilde in the sequel.

Now we seek to prove (3.1). We begin by applying the frequency projector Py to
equation (1.4), with N > 0 dyadic but arbitrary. Notice that, on account of Remark 1.3,
we have

Pyu € C([0,T],H®) and 0d,Pyu € L*®((0,T), H®).
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Therefore, taking the L2-scalar product of the resulting equation against Pyu, multiply-
ing the result by w% (N )2 and then integrating on (0,7) with 0 < ¢ < T, we obtain

o (NI Pyu()|7. = oy (N)* | Pyuoliza
— 0% (N)* /Ot/R Py (0:¥ + 030 + 0x f(u + V) Pyu.
Thus, by applying Bernstein’s inequality, we are lead to
IPNu()| s S | Pruollzs

t

+ a)12v<N>23 sup ‘ / / PN(at\IJ + ai‘lf + 0y f(u + \IJ))PNM‘.
t€(0,T)

Thus, from the previous computation, we infer that, in order to conclude the proof of the

proposition, we need to control the sum over all N > 0 dyadic of the second term in

the latter inequality. We divide the analysis into several steps, each of which dedicated to

bound one of the following integrals:

= Za)lz\,( 25 sup ‘[/8 Py (f(u+ ¥)— f(¥))Pyul,

(32) N>0 te(0,T)
= sz%( 25 sup ‘/ [ Py (3, 4+ 3 + 3, f(\I/))PNu‘
N>0 te(0,T)

Before going further we recall that due to the analyticity hypothesis (1.5), we can write

Sx) +W(.x) = ap@(t.x)+ ¥ x))F and  f(¥(Ex) =D ar V¥t x).

k=0 k=0
With this in mind, from now on, for any n, m € N, we shall denote by I,,» and I,,ngm the
quantity I above once f(u 4+ W) is replaced by u* and u¥ W™ respectively, that is,

(3.3) Li =Y oy (N)* sup ‘/ / 0x Py (u )PNu)
N>0 te(0,7)

(3.4) Lign == Y _ oy (N)* sup ‘/ [ Ox PN(uqum)PNU‘
N>0 t€(0,7T)

‘We point out that, in the sequel, we shall systematically omit most of the factors depending
on k by hiding them in a <g-sign. This sign is defined exactly as “<” in Section 2 but
allowing the constant ¢ to depend on k. Notice that, in order to make sense of the sum
(in k) of all the following bounds, we only need to be careful that the final implicit constant
depends at most as c¢¥ for some constant ¢ > 0.

Step 1. We begin by controlling II right away. In fact, by using hypothesis (1.7), we
infer that it is enough to use the Cauchy—Schwarz and Bernstein inequalities to obtain

II<[0 N)Z|Py(3: Y + 3% + O f (W)l 2| Prucs. ) g2 ds
N>0

S TlullLgrg 1009 + 039 + Ox £ (W] o gyt
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where we have used the hypotheses made on wy in Section 2.2. This concludes the proof
of the first case.

Step 2. Now we aim to control the general case for I in (3.3) for all £ > 1, that is,
we aim to control the following quantity:

(B5) Lu= Y oy(N)*
N>0

!
X sup ‘/ / ar (€1, Exp)l(s E1) .. (s, Exyr) AT ds),
te(0,7)' Jo JTk+1
where the symbol ay (§1, ..., Ex+1) is explicitly given by

ak (€. Exr1) = i 9% (Ekt1) Ext-

We point out that in the previous identity (3.5), we have used both the fact that u(z, -) is
real-valued as well as the fact that ¢ is even. Then, in order to deal with this case, we
symmetrize the multiplier a(&1, . .., £x+1), that is, from now on we consider

k+1

T ) = kG Bs)lom = s > B3 EE

i=1

Notice that, since ¢3; (§1) &1 + @3 (62) &2 = 0 on I'2, the case k = 1 immediately vanishes,
and hence, from now on we can assume that k > 2. Thus, by using frequency decompo-
sition and the above symmetrization, the problem of bounding (3.5) is reduced to control
the following quantity:

3.6) > w}(N)*

N>0 k+1

t
" e ’fom Z Jo et [T om @i ) ar'=ar |

te(0,T) i=1

Moreover, by symmetry, without loss of generality we can always assume that’
N1 > Ny, > N3 > Ny = maX{N4, ey Nk+1}.

Before going further, note that the case N < 1 can be treated right away. In fact, from
Lemma 2.9 and Bernstein’s inequality, we see that’

t k+1

> oy (N)* sup ( > / A .. &) | [om G &) aT rar
NSl te(0,1) V0 N TN, L, TR i=1
T k+1
S Yo Y| @ g [] o @ic s arkHar
0 Nx1 NivoNgsy JTE! i=1

2k =2, we only assume N1 > N > N3. Notice also that this assumption shall introduce a factor k* into
the following estimates.

3Notice that here, and in all of the bounds below, we obtain a constant ¢
embedding k — 1 times.

k-1 coming from using Sobolev’s
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T k+1
1/2
Sk/ S W3 N3l P 2 | Payule )iz [T NP1 Pwude’ )z ar’
0 Ni,eeo; Nk i=3
T

Sk /0 P W I Il e’ S Tl g Il v

Therefore, in the sequel we just need to consider the sum over frequencies N > 1. More
precisely, from now on we assume that N > 88k. On the other hand, from the explicit
form of ay, it is not difficult to see that @y = 0, unless N > % N . Furthermore, due to the
additional constraint* imposed by ['**!, we must also have that N, > 5% Ny. Therefore,
roughly (up to a constant involving k), we have that Ny ~ N, with N > %N > Then we
split the analysis into three possible cases. First, we divide the space into two regions,
namely, either

(3.7) N3 >2°kNy or N3 < 2°kNy.
Then, only for the second case, we split the space again into two regions, namely,
(3.8) Ny <8kN and N;j > 8kN.

The only reason why we separate both cases in (3.8) is to be able to justify how we sum
over the set N > 1; they can certainly be treated simultaneously though. We choose to
separate them for the sake of clarity.

Before getting into the details, let us introduce some notation for each of the regions
under study. From now on we set®

N' = {(N1,..., Neg1) € D10 Ny > 2%k Ny},
N? = {(N1,..., Ngg1) € DFFT1 Ny < 8kN and N3 < 2°k Ny},
N? = {(N1,..., Ngg1) € DFFT1 Ny > 8kN and N3 < 2°kNa},

and denote by §;, ¥, and 93, the corresponding contribution of (3.6) associated with each
of these regions, respectively.’

Notice that all of the above regions require that k > 3 to be well defined. However, we
point out that the case k = 2 shall follow directly from the analysis that we shall carry out
to deal with the first region above, that is, the region N*.®

Step 2.1. In this first sub-step we seek to deal with the first case in (3.7), that is, to
control the contribution of the region N3 > 2%k N4. We aim to take advantage of classical

4By this we mean the condition &, + - -- + &x+1 = 0. In the sequel, each time we mention “the constraint
imposed by I' k> we refer to the previous condition with k frequencies.

SNotice that, in the sequel, we shall repeatedly use these relations to absorb factors like (N)* with
[[Pn,ullz2, in the sense that we shall write (N)*||Py,ull;2 <k ||Pn,ullgs. Due to the above relations, in
the worst case this type of bounds shall involve a factor k¥ due to the use of Ny ~ N.

SRecall that we are also assuming that Ny > N > N3 > Ny = max{Njy...., Ni41})-

"That is, the quantity obtained once restricting the inner sum in (3.6) to N' and N2, respectively.

8In other words, roughly speaking, when k = 2, we could think of N4 as being equal to 0, and hence the
relation that defines N is always satisfied. Hence, if k = 2, we only have one case, which corresponds to N
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Bourgain estimates. In order to do so, we begin using the decomposition given in (2.11),
from which we infer that it is enough to control the following quantities:

Z Za)lzv(N)Zs sup )/ a ( h‘ghPNlu 1, Pn,u, ..., Pyu) Py, u
N>1 NI te(0,7)' JR2

D0 wr (N

N>1 NI

1 high
X sup ‘/ H;;k(lt‘j‘}%PNlu,lt’%PNzu,PN3u,...,PNku)PNk+lu
te(0,7)' JR2

glow low . Z Z a)N

N>1 N!

X sup ’/ ak 110 RPN U, 1°RPN2u Pn,u, ,PNku)PNkHu
te(0,7)' JR2

high
ﬁl,R :

low,high |
gl ,R

where R stands for a large real number that shall be fixed later. For the sake of clarity, we
split the analysis into two steps. Before getting into it, let us recall the definition of the
resonant relation for (k + 1)-terms, which is given by

We emphasize that, as an abuse of notation, sometimes we also write Qj with only k
entries. However, in that case, Q2 is given by & + -+ + é,? — (&1 + -+ + &)3. Notice
that both definitions are equivalent due to the constraint imposed by T'.

Step 2.1.1. We begm by considering the case of ﬁ " The idea is to take advantage
of the operator 1 usmg Lemma 2.6. In fact, by choosmg

(39) R(N,N],...,Nk+1) = N1N3,

we can bound ‘glh '®' using the first inequality in Lemma 2.6, Lemma 2.9, as well as
Sobolev’s embeddmg, in the following fashion:

high
<o 3 TV (NP L s [ Mz, (P ... Py P
N>1 NI
k+1
1/4 —3/4
Sk Y Y TV (NY  NsR™*| Pyyul| oo 2 | Pasutll ooz [ 1 Pwsullies,
N>1 NI i=3
—1/2
Sk Y Y TYAN; P2 Py, ull o mrg Il Prutll e g
N>1 N1
k+1 N
. 1/2 —(0™)
x [T min{N2 N7ZOY Py ull o

i=3
1/4 k—1
N ||“||L°°HS [lu ”LOOHI/ZJF’
where we have used the fact that oy /oy, < 1,7 = 1,2, thanks to the hypothesjs on wn
in Section 2.2. To finish this first case, we point out that, thanks to the operator llt“% acting
on the factor Py, u, the same estimates also hold for ﬁi"z’h‘gh.
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Step 2.1.2. Now we consider the last term in the decomposition, that is, ﬁ{"’z’k’w. In
fact, first of all, for the sake of notation, let us define the following functional

JUy, ... Ugy1) = Z Zw%\,(N)ZS sup ‘/]RZ Mg, (U1, . Uk )Uk41 |-

N>1 Nl te(0,7)

Then we claim that, due to the relationship between the frequencies belonging to N!, the
resonant relation satisfies

|2 (51, ..., &) ~ N1 N2 N3.

In fact, let us start by recalling that, due to the additional constraint imposed by ' *+1, we
have the relation £ + - -+ + &1 = 0. Then, by using the bound N3 > 2°k N4, we deduce

(3.10) QuEr .. B =6 +E + &+ &
=185 +8 (B + &+ + &)} + ONS)

= 3|(&2 + £3) E2£3| + O(NZNy)
= 3|16263] + O(N{Ns) ~ NN Ns.

low,low ith

Therefore, taking advantage of the above relation, we can now decompose §,

respect to modulation variables in the following fashion:

low,low 1 1
|§1,R | < J(QiN*lz(?\;éPNluv lt(:v;gPNzlh Pyyu, ..., PNk+1”)

1 1

+ J(Q<<N*1£%PNIM, O>n+* IIO,%PNZM, PN3M, e PNk+1”)
low low

+ J(Q<<N*1t,RPN1u7 Q<<N*1t,RPN2u» QZN*PN3M, ey PNk+1u)

) 1 I

+ J(Qan 1 g Pryut, Q«n 1 g Prytt, Q< Pyt ... Q2+ Py, 1)

=:d1 4+ Jeta,

where N* stands for N* := Nj N, N3. At this point it is important to notice that, since
in this case we have N, > %Nl, then we must also have that N* > N;N; = R, which
allows us to use the last inequality in Lemma 2.6. Thus, bounding in a similar fashion as
before, by using the Holder and Bernstein inequalities, as well as Lemma 2.6, Lemma 2.9
and the classical Bourgain estimates, we obtain

k+1
DSk Y D ok (N Nal| Qen-12% Pryull 212 IRk Pryull 2z [ [IPwllogerse
N>1 NI i=3
< N(—1)+”Q llow P llow
~k 2 ZN*1T R Ny x| T,R||L2
N>1 NI
k+1 .
. 1/2 —(0
< | Payullezems [ mingN2 NZCOY Prul e
i=3 e

k1
[

.
LR H?

Sk TV ullgsv ullzge mg 1w
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Notice that, we have absorbed wy with N;° thanks to the assumptions made in Sec-
tion 2.2. Moreover, it is not difficult to see that, by following the same lines (up to trivial
modifications), we can also bound J5, obtaining the same bound. On the other hand, to
control J3, we use again both Lemma 2.6 and 2.9, as well as the Holder and Bernstein
inequalities to obtain

I35k ) D oR (NP Nl Qen+ IR Pyl 212

N>1 N1
k+1
1
X [|Q «n 1% Phytl| oo 2 | Q2 v Prsull 20 [ ] 1P utllserse
i=4
-DFq! 1T =1 =0t
Sk 3 2N IRl e | Py o g I Pl e s ming N3N NSO
N>1 NI
k+1 .
. 1/2 —(0
X Qzn+ Prsullycyea [ | min{N 2 NZOON Py ul e
i=4
1/2 2 k—2
Sk T2 g g Nl 2,
Notice that all the remaining cases d;, i = 4, ...,k + 1, follow very similar lines to the

latter case (up to trivial modifications), and they provide exactly the same bound. We omit
the proof of these cases.

Step 2.2. Now we aim to deal with the region Ny < 8kN. In fact, in this case, it
is enough to notice that, combining both the hypotheses and the additional constraint
imposed by T**1, we can write’

Ny € [JN,4kN] and N, € [ N1, N1].

Therefore, up to a factor k, we deduce that Ny ~ N and N, ~ N. Hence, by using the
Holder and Bernstein inequalities, as well as Lemma 2.9, we get that

. k+1
Sl s [ 3 Y ehWP| [ @ e [] dw it 6) ar ds
0 N»1 N e i=1
T
. - + +
Sk D0 Yo min{Ns Ny OO Paus ) g | Py )l 19> Prgu(s. )l
O N>1 N2
k+1 .
+ . -
x | T2 Pyyu(s, )L 1_[ mm{Nil/z’Ni « )}”PNiu(s")”Hj/# ds
i=5
2 1/2% 12 k=3
<k ||u||L%ng)||Jx u”LZTL;O”u”L%oH;/Z*'

We emphasize that, in this case, to sum over N >> 1 we have used the fact that, for any
function f € HS(R), the sequence {|| Py /|| 5 }nez belongs to £2(Z).

Notice that this shall introduce a factor k into the following estimates.
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Step 2.3. Finally, it only remains to consider the case where N; > 8kN. In fact, in
this case, note that inequality N; > 8k N implies, in particular, that N, > 4N, and hence
we must also have N3 > %N , otherwise @y = 0. Then we can proceed similarly as in the
latter step but using the factor N5 to sum over N > 1. Note that, in this case, we also
have to use the fact that || Py, u(s,- )| g5 and || Py,u(s, - )| gs are both square summable.
The proof of Step 3 is finished.

Step 3: Finally, we consider the general case I,xym, Where k, m > 1. As we have
mentioned before, for small frequencies N < 1 we can directly bound the sum by simply
using Holder’s inequality as follows:

3.11) 3" 0} (V) sup ‘//a Py 5™ Pyu
N<1 te(0,7T)
Sk Tl g Ml7 e M-

Therefore, in the sequel we only consider the case where N > k.'” On the other hand,
notice that, by using Plancherel’s theorem, we can rewrite the remaining quantity as

(3.12)
5 R0 s [ a6 U6 art |
rk+2

N>1 te(0.7)

where the symbol ag (£1, ..., £k42) is explicitly given by

ap(E1. ... Ekg2) == iOx (Ext1) k1.

In the same spirit as for Steps 2, in order to deal with this case, we perform a symmetriza-
tion argument. Indeed, by symmetrizing the symbol we are led to consider

k+1

> onEDE.

i=1

a1, k) = [ak (€1 8k 2) lsym = —— k 1

Then, by using frequency decomposition, the problem of bounding (3.12) is reduced to
control the following quantity:

B.13) ) @R (N)* sup /0 Z / A (Er o Eg2) PN (i)

N>1 1€(0,7) Ni,..
k+1

X U™ (E42) 1_[ on; (E) ()|

i=1

Hence, by symmetry, without loss of generality, from now on we assume that N; >
Ny > N3 > Ny = max{Ny, ..., Nro11}."' We point out that, in this case, we consider
Niy2 € Dyp.'” Before going further, notice that there is an important case that can be

19Notice that this introduces another factor k into inequality (3.11) coming from the use of N < 1 when
controlling the operator d.

HFor the cases k = 1,2 we only assume that N1 > N, and N > N, > N3, respectively. Once again, notice
that these assumptions introduces a factor k* into the following estimates.

12Since Ny 4 € Dy, when Ny, = 1 we consider (£, ) instead of BNy » Ek+2) in (3.13), where n(-)
is defined in (2.1).
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treated without any further decomposition. In fact, let us consider the region 8k Ny, > N.
We begin by restricting ourselves to the case N, > 1. Let us denote the set of indexes asso-
ciated with all the above constraints by Ny ,. Then, by using Plancherel’s theorem to go
back to physical variables, taking advantage of the fact that W e Wx(s +1)+’°°, we can con-
trol I,k gm, in this region, by13

¥ b wn | [ z [ 6 ) o)

N>1 1€(0,7)
k+1

X \/I\/m(ékq_z) l_[ ¢Ni (El)ﬁ(gl)

i=1

T
—_ +
Sk /0 > D NP NNZST I Pr )l s

N>1Ng4o
k+1
x ”PNzu(t,v')||L§||PNk+2(\Ijm(t/"))”W;s-ﬁ—l)*,oo [TIPwu . )lLg dt’
i=3
2 k—1 m
S T o L R

Here, we have absorbed one of the factors wpy with N, k_-il , thanks to the hypotheses made
in Section 2.2. Notice that, to deal with the case N, < 1, it is enough to sum over N, inside
the absolute value (before using Holder’s inequality), so that we obtain a factor || P<qu||z2
in the right-hand side (without any series in N5). Therefore, in the sequel, we can assume
that 8%k Ny, < N. Also, in this region, we have ¢ (£x42) = 0, and hence we can write

. k+2
- 1 2
a(&,..., = — i) i
ke ) = Ty ; N (ENE
This is somehow important since it shall allow us to use Lemma 2.9 with no problems.
Now, in the same spirit as in Step 2, we split the analysis into several cases, namely,
(1) N3 < 8%k Ny,
(2) N3 > 8%k Ny, and N3 > 2°k Ny,
(3) N3 > Sska+2 and N3 < 29kN4.
Before getting into the details, let us introduce the notation for each of these regions.
From now on, we denote by Np, N, and N3 the set of indexes associated with each of
these regions,'* and by G, G, and Gs, the corresponding contribution of (3.13) associated
with each one of them, respectively.
In the same spirit as in Step 2, notice that all of the above regions require that k£ > 3 to
be well defined. However, the case k = 1 shall follow directly from the analysis we shall

carry out to deal with the first region above, that is, the region ;. On the other hand, the
case k = 2 shall follow from the analysis associated with cases (1) and (2) above.'”

13Notice that here we obtain another factor k* 1+ coming from the relation 8%k Ny, > N.

14Recall we are also assuming that Ny > N > N3 > Ny = max{Ny...., Niy1)and 9°kNg 5 < N.

15Tn other words, roughly speaking, when k = 1, we could think of N3 as being equal to 0, and hence the
inequality of the first case is always satisfied, while when k = 2, we could think of N4 being zero, and hence we
still have two cases, namely, (1) and (2).
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Step 3.1. We begin by studying the contribution of I,y in the region ;. In fact,
notice that, in this case, due to the hypotheses W e W s+D.00 a¢ well as the fact that

Ni+2 2 N3 > max{Ny, ..., Nr41}, we can control the whole sum G; directly from
Lemma 2.9 and then use Bernstein inequalities to get the bound

Gi| <k / 3 S 02 NV Niera(Ns . Ny )2 Pt )l 2

N>1 M
k+1

X | Py (@, )2 | Py, (U7 @Dz [ I Pau’, )2 di!
i=3

—(0
<k / SN P ue! ) ag  Pasue’ ) g
0 N»1 M

k+1 N

. 1/2 —(0
X PN (U0 )t [ ] mindN 2N O Paa” ) dt”

i=3

L 7T

S Tl I,

1/2+ | L?QWXI‘*',OQ-
We point out that, in the estimates above, to sum over the indexes N, N; and N,, we have

used the fact that Ny € [1N, 4kN]and N, € [55 Ny, N1].'°

Step 3.2. Now we seek to control the contribution of (3.13) in the region N,. We aim
to take advantage of classical Bourgain estimates. Similarly, as in the previous steps, we
begin using the decomposition given in (2.11), from which we infer that it is enough to
control the following quantities:

Gy = Y. > wy(N)*

N>1 N2
high
X sup Hak(l PNIM 1 PNzu PN3 ..,PNk+1u)PNk+2\IJ,
te(0,T) 2
low,high | __ 2 28
G = Y Y whin
N>1 N2
low high
X sup (1 RPNlu,lt,RPNzu,PN3u,...,PNk+lu)PNk+2
te(0,T)
low,low ,__ 2 2s
S
N>1 N2
X sup 2H (IORPNIM IO%PNZM P[\]3 -~,PNk+1u)PNk+2
te(0,7)

where R stands for a large real number to be fixed. We split the analysis into two steps.

Step 3.2.1. We start by bounding Ghlgh We shall proceed in a similar fashion as in
Step 2.1.1. In fact, we define again R(N Nl, ..., Nrg+2) := N1 N3. Then, by using the

160Once again, this introduces a factor k into the previous estimates. We stress that to avoid repeating argu-
ments. In the sequel we shall no longer point out these dependencies.
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first inequality in Lemma 2.6, Lemma 2.9, as well as Sobolev’s embedding, we obtain

hh 14 2 2 high
Gyl Sk D D TR (N)* 175 |

[ M, (Pw,u..... PNkHu)PNHZ\IJHLOO
R

N>1 N2
Sk Y. > TR (NY N, 2| Prull e 12 1| Py Lo 2
N>1 N2
k+1
<1 Pr s Wleoo [T Pwullege
=3

1/4 k-1
St TV e g Il o 1 5 25
To finish this first case, we point out that, thanks to the operator 1 acting on the factor

Pn,u, the same estimates also hold for GlUW high.
low

Step 3.2.2. To conclude the proof of Step 3.2 it only remains to consider ﬁlow
As before, we begin by introducing some useful notation. We denote by J the functlonal
given by

JUr, .. upy2) = Z szzv(N)zs sup ’/ Mg, (1, Upp 1) UR 2|
N re0.7) JrR2

Now notice that, proceeding in the exact same fashion as in (3.10), together with the fact
that, in this case, N3 > max{88k Ny ,.2°kN,}, provides the relation

[2%+1G1,- ... Ekv2)| ~ N1 N2 Ns.

Thus, in order to take advantage of the above relation, we decompose G,
to modulation variables in the following fashion:

low,low __.
;e with respect

|G 10W10W| < J(Q>N*1 PNlu,llt(?“lsPNzu,PN3u,...,PNk+lu, PNk+2\IJ)
+ I(Qan=1 % Phyu, Qxn+ 1) Pnyu, Pyyu, ..., Py, u, Py, )
+J(Q<<N*1 Sk Py, Q «n 17% Phyu, Qzns Pt ... Py, Py, W)
J(Qan+1 % Phyu, Qen 1) Phytt. Q«ns Paslt. . ... Q2N+ PNy 1. Py, W)
J(Q<<N*11;?‘73PN1U»Q<<N*11t(3‘;/gPN2u’Q<<N*PN314,--~»Q<<N*PNk+IU,PNk+2‘Ij)
=td1+ -+ deo,

where once again N * := N; N, N3. At this point it is important to notice that, since in this
case we have N, > %N > 1, then we must also have N* > N;N3; = R, which allows
us to use the last inequality in Lemma 2.6. Thus, bounding in a similar fashion as before,
by using the Holder and Bernstein inequalities, as well as Lemma 2.6, Lemma 2.9 and the
classical Bourgain estimates, we obtain

ISk Y Yok (NYNal| Qen=12% Pryull 212 1% Pryull 22
N>1 N2
k+1

X [ PNy, (W) [l e, H”PN ullLg,
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—1 +
Sk Y Y NSV Qw1 Pyl s [ U2 N2 | Pyl o s

N>1 N2

k+1 .

. 1/2 —(0
N ANCIOTIP B EE )}“P"’i”“L?"H)l“+
i=3
1/2 k—1
S T2 uellsva el oy Nl 0o 1907
t x

It is not difficult to see that, by following the same lines (up to trivial modifications), we
can also bound d,, obtaining the same bound. On the other hand, to control d3, we use
again both Lemma 2.6 and 2.9, as well as the Holder and Bernstein inequalities, to obtain

43 Sk Z ZCUJZV(N)ZSNSHQ<<N*11¥:%PN1M||L§L§||Q<<N*1179:'}qPN2M||L,°OL§
N>1 N2

k+1
< | Qzn+ PNyl 200 Py (W™ e, [ [IPwullLzors
i=4
< N(*1)+||llow ” P P
Sk 2N, e L2z | Py ull o s | Povst | 2o g
N>1 N2
in{N." N7 NTOD P Py (W™
xmin{N3 Ny Ny “HIQznx Pasttlly oyt | P, (9™) s,
k+1 N
. 1/2 —(0
x [T mingN 2, N7 Prul, e
i=4 P

1/2 2 k—2
kT / ”u”Li"’H;”””X(*I/NJ flue]] ;/2+ ||‘I"||2n§3<;C

L®H
Notice that all the remaining cases d;, i = 4, ...,k + 1, follow very similar lines to
the latter case (up to trivial modifications), and hence we omit them. Finally, to con-
trol dy 2, notice that, since all factors Py,u have an operator Q «n+ in front of them,
the factor Py, ,(¥™) is forced to be resonant, and hence in this case we can write
Ozn*Pn, ., (W) = Pp,_,(¥"™), otherwise Ji 4, = 0 thanks to Lemma 2.7. Moreover,
notice also that in the region N 2 we have, in particular, Ny N, N3 > N, ,3 12> and hence we
infer that | x4, — §£+2| ~ | Tk 42|, thus we actually have Py, ., (W) = Rz n* Pn,_,(¥").
Therefore, by using Lemmas 2.6 and 2.9, as well as Bernstein’s inequality and the above
properties, we obtain

—1)t+
Jeva Sk Y D (NN TV IR RN I Paull e mig | Pyl Lo g

N>1 N2
k+1

. _(0+
% 0 Rens P, (W™ 12z, [T min{N2 N7CDY| Pyu]
i=3

k—1 m—1
e 0¥ 19I5

+
LR HY?

2
Sk Tllulzo s llul

Step 3.3. To finish this step it only remains to consider Gs. In this case it is enough to
proceed in the same fashion as in Steps 2.2 and 2.3. In fact, note that

N3 > 8%(k + 1)Nxyo = N € [3p N1, N1l
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Therefore, by using the Holder and Bernstein inequalities, as well as Lemma 2.9, we get

T
. —_(0+
|G| Sk / > SN (N1 N2) T min{N3, Ny OO Py, ude’ )l

0 N>1 w3
+ +
x| Pnyu(t’ ) e 1 Prgu(e’. )zl Py’ )|ne
k+1 +
. 1/2 —(0
X P (U7 Dl [ min{N2 N7 [Py’ )y dif
i=5
2 1/2% 12 k-3 m
St Zge g 15> 0 o Ml e 1P

We emphasize that to sum over the indexes N, N1, N, and N3 in the case N3 < Nj, we
have used the fact that || Py, u(s,- )| gs and || Py,u(s, - )| s are both square summable,
as well as the factor N5, as in the proof of Steps 2.2 and 2.3. The proof of Step 3 is
complete.

Now we explain how we control the contribution of the LZTL;o terms. To this end, we
use the Strichartz estimate (2.16) with § = 1, from which we obtain

.
172 ull g g < T4l e + T894 320 4 05 £(D))

L¥H! LeHT?T

[e )
3/4 Z k k—1
Tl e o2 : ke |ak|(”u”L%oH1/2+ + II‘PIIL%OW;m,w)

x
=1

Gathering all the above estimates, and then using Lemma 2.5, we conclude the proof of
the proposition. ]

3.2. A priori estimates for the difference of two solutions

In this subsection we seek to establish the key a priori estimate at the regularity level s — 1
for the difference of two solutions. In the sequel, we explicitly consider wy = 1 for all
N €D, and hence H} (R) = H*(R).

Proposition 3.2. Let s > 1/2 and T € (0, 2) be fixed. Let u,v € L*((0, T), H*(R))
be two solutions to equation (1.4) associated with initial data ugy, vo € H*(R). Then the
following inequality holds:

2 2 1/4 2
”u_v”L%OH)g—l < ”uO_vOHHs—l +7T / ””_UHL;OH;—I

x @ (lullzgo s 1]l arg. 191 oogpiroe- 10, W 25 ).

where @*:R* — R is a smooth function.

Proof. As before, in order to take advantage of Bourgain spaces, we have to extend the
functions ¥ and v from (0, 7') to the whole line R. Hence, by using the extension operator,
we take extensions u := pr[u] and ¥ := pr[v], supported in (=2, 2). For the sake of
notation, we drop the tilde in the sequel. On the other hand, we point out that in the sequel
we assume that s € (1/2, 1]. The case s > 1 is simpler and follows very similar arguments.
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Now, let w := u — v. Then w(z, x) satisfies the equation
(3.14) dew + 3y (FRw + fu+¥)— f(v+ ¥)) =0.

We proceed as in the previous proposition, taking the frequency projector Py to (3.14)
with N > 0 dyadic, then taking the L2-scalar product of the resulting equation against
Pyw and multiplying the result by (N)?5~2. Finally, integrating in time on (0, ¢) for
0 <t < T, and then applying Bernstein’s inequality, we are lead to

I1Pvw ()31 < I1Pvwoll7er

t
NP2 sup ‘/ / Pr(fu+ W) = [0+ ¥))dc Py
te(0,7)' JO JR

As before, we split the analysis in several steps, each of which is devoted to different
ranges of (k,i). Notice that the philosophy behind the estimates below is the same one
from the proof of the last proposition. However, since in this case we have more (differ-
ent) functions, we must have several more cases as well, since we cannot order all the
frequencies appearing in Py (u*~v'~1Ww), as we did in the previous proposition when
there was only u*.

As we shall see, the estimates above do not depend of how many u
have. Thus, to simplify the notation we shall write

t
Xz(N)zs_2 sup ‘/ [ Py(z3...2x W™ w)0x Pyw)|,
0 JR

N>0 te(0,7)

i—1

k=i or v we

for some k > 3 and m > 0, where each z; denotes either u or v (not necessarily all being
the same).

Step 1. Let us start by considering the case where we only have products of z;, that is,
where no power of W is involved. In other words, we seek to bound the following quantity:

(3.15) Z( 2572 qup ‘/ / Pn(z3...zpw)0x Pyw)|,
N>0 t€(0,7)

where k > 3. Before going further, we emphasize once again that in the sequel we assume
s € (1/2,1]. Then, in the same fashion as in the previous proposition, we begin by sym-
metrizing the underlying symbol in (3.15), which allows us to reduce the problem to
studying the symbol

(3.16) deEr, - 60 = 5 OFENE + 5 BR @6,

where &; and &, denote the frequencies of each of the occurrences of w in (3.15), respec-
tively. Hence, by frequency decomposition, it is enough to control the following quantity:

(3.17) Y (N sup [ Z /dek(sl,...,sk)

N>0 t€(0,T)

< Tomtrie) 1‘[ b (6)28)|.

i=1
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Note that, by symmetry, we can always assume N1 > Ny, N3 > Ny =max{Ny,..., Npy1}.
Now, for the sake of simplicity, let us denote by I the following functional:

N1, Nt oig) o= [F di(Er . EDSN, EDU1ED . . by, Eusc (E) AT,

Then, with this notation at hand, we define the set of admissible indexes
(3.18) Ni := DF\{(N1, ..., Ng) € DX V(uy, ... ux) € H' (R),
I(Nl,...,Nk,ul,...,uk) = 0}.

Before going further, let us rule out right away the case N, < 1. In fact, if we set N2 =
N N{N; < 88k}, then, from Lemma 2.9, Plancherel’s theorem and the Holder and Bern-
stein inequalities, we obtain

3 (N)2 sup \/ Z/ deer.....50 [ i s»]‘[qu )5 )

N>0 t€(0,7) =1
Nk/ 33wy 2/ GeEre 50 ] b (G0 s,>1'[¢N,(s,)zj<r &)
N>0 N2 i=1
< / S S NP2 mingN, Nyl Py wr () 2
0 N>0 N2
k
x| Py wa(t' )llzge I Prazs o)z [P,z (¢ ) lizee di’
j=4
<k / 3N UN)ETRNG T (N) TN, mind N N3 Paywa ()| g
0 N>o N2
X Py wa(t’ ) g | P 23t )||Hs1‘[mm{zv”2 N7 PN, 25 ()2 d”
j=4

k

Sk Tl g gy N2l [ T1200 o oo
i=4

Here, we have used the fact that either N < 1, and then there is nothing to proof, or N > 1,
and then, roughly speaking, we have {N; ~ N and N3 = N;}. In fact, if N > 8%k, then,
thanks to both facts, the explicit form of the symbol dj and the definition of rk , we must
have that N; € [%N, 2N]and N3 > ﬁNl . Besides, in the case N4 < N3, we have used the
fact that || Py, w(z, - )| gs— and || Pn,z3(t, )| gs are both square summable. Notice lastly
that, in particular, the previous computations allows us to rule out the case N < 87k.

Now, in order to deal with the remaining region, we split the analysis into three cases,
namely,

{(N1,...,Nx) € D¥ : Np > 8%k, N3 < 2°k Ny} N N,
{(N1,...,Ny) € DX : Ny > 8%k, N3 > 2°k Ny, Ny < 2°k Ny} N N,
{(N1,...,Nx) € D¥ : Ny > 8%k, N3 > 2°k Ny, Ny > 2°k Ny} N Ng.

(3.19) N2 :
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We denote the contribution of (3.15) associated with each of these regions by Dy, D5, D3,
respectively. Notice that the case k = 3 shall follow directly from the bound exposed
for N3, while N! and N? only concern the cases k > 4.

Step 1.1. Let us begin by considering the contribution of (3.17) associated with N*.
We recall once again that N > 8”k. In fact, in this case we can proceed directly from Lem-
ma 2.9, Plancherel’s theorem, as well as the Holder and Bernstein inequalities, to obtain

Dy Nk/
0

2 k
>2s_2‘ / di(Er . 80 [ [om Gow &) [ Jon, €)% (&) ar
r* i=1 j=3

N>1 NI
< / Y2572 min{N, N3} | Pry w(t', )2 | Py (@', )l 2
0 N»1 N1
k
x || Pyyza(t’ ) g | Praza D liege []IPN, 2 () g dt’
j=5
T
Sk )0 D INYTHND T min{N, N3} Pryw (@, )| g [ Py w (@) [ g
0 N>1 N
k
-t 1/2% 1/2%
x (N3) "IV Py za (@ ) e 122 Pryza(d'o ) e [ TIIPw, 2 (1) L di’
Jj=5
k
2 1/2% 1/2%
St MWz g 1277 23l 101987 28z 1 [T o o
Jj=5

Here, we have used the fact that s € (1/2, 1] so that (N)S_I(Nz)l_s < 1, and that, on N!,
the following inequalities hold: (N )*(N1)™ < 1 and (N)~'{N;) min{N, N3} <x Ns.

Step 1.2. Now we consider the case of N2, Indeed, in a similar fashion as above,
recalling that s € (1/2, 1] and that N > 87k, then, by using Lemma 2.9, Plancherel’s
theorem as well as the Holder and Bernstein inequalities, we infer that

D, Nk/O Dk Z/dk(sl,.. sk)l‘[m,(s,)w(r s,)l"[qu,(s,)zJ(z &)|ar

N>1 N2

k

|| PNy za(t’ )| 2 | Payza @' ) lege [ [I1Pw, 2 () llege di’
j=5

<k / N)Z72(N1)' = (N3) ™ Ny Nj min{ N, N3}|| Py, w]] 51
0

N>1 N2
k

_ + +
< [JEVDT Py, wle || Pryzallas 19 Prazallie [ [Py, zillese dt’

Jj=5
k

1/2%
Wiz relizalogeme 1922 2all g e T 10200 oo e
j=5

—1/2)t
Sk wlgge gt 17?
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Here we have used that, due to our current hypotheses, we always have that N3 = N. In
fact, if N, < %N , and since Ny < N3, due to the explicit form of dj and the definition
of T*, we infer that

Ni € [JN.2N] and N; € [1Ny,4M].
On the other hand, if N, > %N , then, since N3 > N4 = N,, we obtain the desired relation.
Step 1.3. Finally, we are ready to treat the remaining case in (3.19), that is, we now deal

with the region N3. In order to do so, we begin using the decomposition given in (2.11),
from which we infer that it is enough to control the following quantities:

i)gf%? = Z X:(N)zs_2 sup ‘/Rz Hdk(lhlghPle 1; PN, w)Py,2z3 -+ Pn, 2k |,

N>1 N3 te(0,7)

‘D;O%hlgh = Z Z<N)2s_2 sup ’/ Hdk(lo Py, w, ,RPNzw)PN3Z3 PNka‘»
N>1 N3 te(0,7)

@gj"lg’low = Z 2:(N)25—2 sup ‘/ Mg, (1% Py, w, IIO%PNZw)PN3Z3'-~PNka‘,
N>1 N3 te(0,7)' JR2

where R stands for a large real number that shall be fixed later. For the sake of clarity we
split the analysis into two steps.

Step 1.3.1. We begin by con51der1ng the case of &D; 5. Once again, the idea is to
take advantage of the operator 1 igh z Dy using Lemma 2. 6 In fact, thanks to our current
hypothesis, we see that we can choose once again R being equal to R := N N3. Moreover,
due to the definition of T'* again, since min{N,, N3} > 2°kN,, we infer that N3 < 8N,
and hence either we have

(3.20) {N; > 16N and N € [%N1,2N1]} or {Ny €[3N.8N]and N3 < 8Ny}.

hlgh

Therefore, we can then bound 5 by using the first inequality in Lemma 2.6, Lem-
mas 2.8 and 2.9, as well as Sobolev s embedding, in the following fashion:

hlgh <k Z ZT1/4 2s 2”1hlgh”L4/3

N>1 N3
H / Mg, (178 Py, w, 1, Py, w) Py 23 - PNkzk’Loo
t

r\,k Z ZT1/4 )2S_2min{N, N3}R_3/4
N>1 N3

k
1/2
<\ Py w2 1P wllpgers [T N 21PN, 2112
j=3
<o 0 Y TVANY TN (N N) T min{ N, Ns)
N>1 N3
X Pl e prgr | Pl e g l_Imm{N”2 NSO,z izt
k j=3

1/4 2
S A s ) L 71 s
Jj=3
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As before, notice that we have used the fact that s € (1/2, 1] so that we have the following
inequality (N)*~1(N,)!™% < 1. To finish this first case, we point out that, thanks to the

operator lktn%? acting on the factor Py,w, the same estimates also hold for @éovlg’hlgh.

Step 1.3.2. Now we consider the last term in the decomposition, that is, i);o‘z’low. I

fact, first of all, let us recall the notation introduced in the proof of the previous proposition
(adapted to the current symbol):

iy, ... ug) = Z Z(N)zs_2 sup ‘/]RZ Mg, (U1, u2)usz - ug|.

N>1 N3 te(0,T)

Then, by using the hypothesis min{ N, N3} > 2°k N4, following the same computations
as in (3.10), we infer that the resonant relation satisfies

|2 (E1,.... &) ~ N1 N2 N3.

Thus, we are in a proper setting to take advantage of Bourgain spaces. In order to do so,
we decompose 5013"%’10‘” with respect to modulation variables in the following fashion:

low,low 1 1
1)3,R < J(QzN*l;j‘;éPle, lt(j%PNzw, PN3Z3, ceey PNka)

1 It

+ J(Q<<N*1t?\;/2Ple, QRN*lz(j‘}vQPNzwv PN3Z3, cel, PNka)
1 It

+ J(Q w1 R Py w. Q«n+ 1R Phyw. Oz N+ PN3z3. ... PN 2k)

: 1 I

+ J(Qan 1 R Py w. Q<N+ 1 R Phyw. Q <+ PNs2Z3. ... Oz N+ P, Zk)

=:d; + -+ Ik,

where N* stands for N* := N; N, N3. At this point it is important to recall that, since
N, > 8%k, we also have that N* > N; N3 = R, which allows us to use the last inequality
in Lemma 2.6. Thus, bounding in a similar fashion as before, by using the Holder and
Bernstein inequalities, as well as Lemmas 2.6, 2.8 and 2.9, and the classical Bourgain
estimates, we obtain

Je Sk Y D AN min{N, N3} || Qzn-12% Py wll2 2
N>1 N3

k
It 1/2
< 1% Prywllzz gz [T N 1P, 2l 2
Jj=3

Sk Y D AN THND TN ING mindN, N3} Qz v+ 1% Py, wllys-2.

N>1 N3
k+1

1 . 1/2 A—(0F
X< Rl | Py wll e gyt [ ] min{N72 N7 Py 25
j=3
k
1/2
Sk T2l wllgge g [T gyt
j=3

1/2+
LRHM?
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where we have used again (3.20), the fact that N > 87k and that s € (1/2, 1], so that
we have (N)*71(N,)!™5 < 1.7 Moreover, it is not difficult to see that, by following the
same lines (up to trivial modifications), we can also bound J,, obtaining exactly the same
bound. On the other hand, to control {3, we use again Lemmas 2.6, 2.8 and 2.9, as well as
the Holder and Bernstein inequalities, to obtain

I3 Sk Y Y ANYETENG P mind N, N3} Q e 18% Py, wll 2.

N>1 N3
k
1/2
% (| Qan+ 2% Prywll o121 Qv Py 23l 22 [T N} 211 Pw, 25l oo 2
j=4
Sk YUY N TN NN P min{ N, N3 L2 | P, wl oo g
N>1 N3
k+1 N
. 1/2 A,—(0
X Py ez 1@ P23l [ [min{N2NZ OB, 25 1ot
j=4
k
1
Sk T /ZHwHIZJ,’OHg*l 231l 1721 H”Zj ||L°°H)§/2+ .
j=4 '
Notice that all the remaining cases d;,i = 4, ..., k, follow very similar lines to the latter

case above (up to trivial modifications), and they provide exactly the same bound. Hence,
in order to avoid over-repeated computations, we omit the proof of these cases.

Step 2. Now we seek to bound the case where we only have powers of W. In particular,
no z; is involved. More concretely, in this step we seek to study the following quantity:

(3.21) D (N)*T2 sup ( /0 > / Mg, (Pn,w, Pyyw) Py, (9™)),

N>0 1€(0,7) Ni,N2,N

where d3 (&1, &, &€3) stands for the symbol given in (3.16), where & and &, denote the
frequencies of each of the occurrences of w in (3.21), respectively.

Now notice that, by symmetry, we can always assume N; > N,. Moreover, it is not
difficult to see that, due to the additional constraint'® given by '3, in this case, we have
that max{N,, N3} > %Nl and N3 < 8 N1, and hence, either we have N, ~ Ny or N3 ~ Ny,
or both. By similar reasons, if N3 > 16N, then we must have Ny € [%N3, 4 N3], otherwise
the inner integral in (3.21) vanishes.

On the other hand, following the same lines of the previous step, we can directly
bound the case N% := N3 N {N, < 1}, where N3 is the set defined in (3.18). In fact, from
Lemma 2.9, Plancherel’s theorem and Holder’s inequality, we obtain

SN2 sup | / Z 61 ), ()1 € b e )b ) B )
T3

N>0 t€(0,7)

m
S N ] .

17We point out that, in order to avoid over-repeated sentences, in what follows we shall no longer emphasize
that s € (1/2, 1] and that N > 87k.
18We recall that, with this phrase we are referring to the condition &1 + & + &3 = 0.
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and hence in the sequel we can assume that N, > 88%. Now, let us consider the region
Ny := N3 N {N3 > 16N }. Then, by using Plancherel’s theorem and then the Holder and
Bernstein inequalities, we get

Z( 2S 2 sup

N>1 t€(0,7)

/0 Z d(fl 62, E3)¢, (EDD (DN, (E2) D (E2) P, (§3) W™ (£3)

S [ 3 SN O P | Pt ) g+ Py (WP
0 N>1 Ny

m
S T e
Hence, from now on we assume that N3 < 8N, which in turn forces N; € [%N, 32N]
thanks to the additional constraint given by I'3. Then, denoting this remaining region
by N, recalling that max{N,, N3} > %Nl , we can bound the remaining portion of (3.21)
from Lemma 2.9 and Bernstein’s inequality as follows:

D (NP2 sup \ /0 Z d<sl,sz,ss)m(sl)w@l)m(sz)w(szwmss)@m(sg)

N>1 te(0,7)

—(0*t
<k Z me{m, O Py w1 | Povy w5 PN (O™ 1 oo
0 N»1N

< m
~k T”w”L%OH).Cv—l ||‘l’ ||L%°Wx1+’°°7

where, in this case, we have used the fact that || Py, w(Z, - )| gg-1 and || P, w(Z, -)| g1
are both square summable to sum over the region N3 < N.

Step 3. Finally, it only remains to bound the “crossed terms”. More specifically, in this
step we aim to estimate the contribution of the following quantity:

(3.22)
Z( 12572 qup ’/0 Z /Hdk+1(PN1w PN,w) PNy 23+ PNz P, (0

N>0 1€(0,7) Ni,...uNgs+1

where we assume k > 3 and dj 4 is the symbol given in (3.16). We emphasize that, as in
the previous proposition, we consider Ni 1 € Dyh.'” Now notice that, by symmetry, we
can always assume that Ny > N, and N3 > N4 = max{Ny,.. ., N }. Moreover, in contrast
with Step 1, in this case, by using either Lemma 2.9 or Plancherel’s theorem together with
Holder’s inequality, the factor coming from the symbol dj 1 shall be of order

min{N, Np.x} instead of min{N, N3},

as in the previous case, where we have adopted the notation Ny, := max{N3, Ny41}. On
the other hand, due to the definition of r* *1 we infer that

1
max{Nz, N3, Nk+1} 2 ﬁNl

19Hence, when N4, = 1, we consider 5(£ 1 1) instead of ANy Gr1) in (3.22).



J. M. Palacios 378

In fact, more generally, we have

1
max{Ny, N2, N3, Ng, N1} \ {max{Ny, N3, Ng41}} > % max{N1, N3, Ng41}.

Therefore, roughly speaking, the two largest frequencies are always equivalent (up to a
factor depending on k). Now, let us start by ruling out the case N, < 9°k. Indeed, letting
Ng := Ng1 N{Ny < 1}, from Lemma 2.9, Plancherel’s theorem and Holder’s inequality,
we get

t
S sup | [ 30 [ Ty, (Pryw Praw) Payza-o P P, (97)
N>0 te(0,7)'J0 N R

T
_ _ _ -t .
51«/0 33NN (NS NN G mind N, N} | P, w s
N>0 N]i

k
. 1/2 _
< || Pyl gt | P23l g | Py (2™t 0 [T min{N 2 NP, 24110
j=4
k
2
Sk Tl g gy N3l 9™ e aeoe [T g
j=4

where we have used the fact that, if N > 1, then N; € [%N ,2N], as well as the fact that
| Pnyw(, )| gg—1 and || Pn,z3(2, - )|y are both square summable. Once again, notice
that the previous bound allows us to assume in the sequel that N > 98k . Now, it is not
difficult to see that, in the remaining region, we can further assume that N3 > 88k. In
fact, let us assume that N3 < 8%k. Then, in this case, either we have Nyg41 ~ Ny or
{Nr+1 < N and Ny ~ N, ~ N}. Hence, denoting this region by Nli’3, then, by using
the Holder and Bernstein inequalities, we have -

t
S sup | 30 [ T (Priw Paaw) Paszace Py P, (97)
N>0 te(0,T) 0 Nk’3 R

T
_ _ _ —(t .
% [0 3 SN2 (N NS N ) ming N, NP w5
N>0N’i’3

k
. 1/2 —
| Pyl gt | oy (0™t oo [ ] mind N2 N7 P 24 00 d
Jj=3
k
2
S T o gt 19" ey 1‘[3||z; I gaia
j:
where, to sum over the region {Ny+; < N and N; ~ N, ~ N}, we have used the fact

that || Py, w(s, )|l gg-1 and || Pn,w(s, )| gg-1 are both square summable. Moreover, there
is another important case that can be directly treated. Let us define the set

NS = Niyy NN, = 9%k} N {N3 > 8%k} N {2°kNjyy > min{Ny, N3} ).
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The latter constraint implies, up to a factor k, that min{ N1, N3} <x Ni+1. Then, proceed-

ing in a similar fashion as above, noticing that min{N, Ny} <x min{/N, N4}, from the
Holder and Bernstein inequalities, we obtain

Z<N>ZS*2 sup / Z/ Hdk+1(Ple PNzw)PN3Z3 PNkaPNk+1(\I/ )
N>1 1€(0,7)
>>

T
_ _ + .
< [ P2 ) = (N2 N OO N ming N, N | Py wl et

k
. 1/2 r7—
< NPN gt 1PN 23 172+ 1PNy (U)o [ [mind N NTH P 25 1o d!
j=4
k

S T Y L TR | (A e
j=3

Having dealt with the above cases, we can now easily deal with the region 2°k Ny 1 > Nj.

Indeed, denoting this region by N>> , from the Holder and Bernstein inequalities, we see
that

Z(N)Zs—z sup ‘/ Z/ Hdk+1(Ple PNZU))PN3Z3 PNkaPNk+1(‘IJ )
N>1 1€(0,7)
>>

< /0 (V)22 (N )15 (No) = N2 NS N mindV, N3} | P, ] g
N>>l k 2

k
. 1/2 —
X< N Pl = 1P 23 g 1 Py (2™ 1.0 I1 mln{Nj/ NTHIPN, 2 e dt’
j=4
k

Sk Tl 7se g1 123l L5 1 [ P B E Zill o gt
j=4

Here, we have used the fact that || Pn, w(s, - )|l gs-1 and || Pn,z3(s, - )| gy are both square
summable, so that we are able to re-sum in the region Ny ~ N3 > max{N,, N4, Ni11}.
Therefore, in the sequel we can assume that min{ Ny, N, N3} > 29ka+1. This concludes

all the straightforward cases. Now, in order to deal with the remaining region, we split the
analysis into three cases, namely,

Nb = {(N1,..., Nkt1) € DF x Dy 0 Ny > 9k, N3 > 8%k,

min{Ny, Np, N3} > 2°kNi1. N3 < 2°kNa} N Niqy,
NZ := {(N1,..., Nkt1) € DX x Dy 0 No > 9%k, N3 > 8%k,

min{Ny, N2, N3} > 2%k Niy1, N3 = 2°kNg, N» < 2°kNa} N Nega,
N = {(N1.....Ni1) € DF x Dy 0 Ny > 9%k, N3 > 8%k,

min{Ny, Na, N3} > 2°kNij1. N3 = 2°kNy, Ny > 2°kNa} 0 Niyq.
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We denote by Dy, D,, D3 the contribution of (3.22) associated with each of these regions,
respectively. Notice that the case k = 3 shall follow directly from the bound exposed
for N7, while N; and N7 only concern the cases k > 4.

Step 3.1. Let us begin by considering the case of N,lc. In fact, in this case, by using
Lemma 2.9, Plancherel’s theorem as well as the Holder and Bernstein inequalities, we get

T
D, §k/ > Z(N)zs_z‘/ g, (PN, w, PN,w) PNyz3 -+ PNz Py, (W7)| dE
O N»1N R

T
_ _ e (1) . —(1H) .
5k/() 37NN TN NS CONCED mingN, N Py w ] g

N>1 N}{
k
x| Pyl gt 137 Py zalloge 1372 Prazall e | Py (™)t o [ TP, 27 e
k a
S Y PR PPV RARIEN PPV R ey | (] s
j=5

where, to sum over the region {N3 <« N and N; ~ N, ~ N}, we have used the fact
that || Py, w(s, - )|l gg-1 and || Pn,w(s, - )| gg-1 are both square summable, while the case
N3 Z N follows directly thanks to the factor N5 .

Step 3.2. Now we consider the contribution of (3.22) associated with Ni. Indeed,
proceeding similarly as above, by using Lemma 2.9, Plancherel’s theorem as well as the
Holder and Bernstein inequalities, we infer that

T
D, <k / > Z(N)ZH) / My, (Py,w, Pn,w)Py,z3 - Py, 2k P, (9™) | dt’
O N1 N R

T
<k / D0 (NPT min{N, N3} Py w(t'. )22 | Pryw () g

0 N1 N2

k
|| Pnyza(t’ )| 2 | Phaza ' ) lege | Pre, (W™ s, [ TP, 2 () e dit’
j=5

T
Sk D0 D NY TN T (NS) Ny Ny Nty min{N, N} Pwywl| g
— + +
< ITEYDT Py wlLge || Prs zall g 12 PrzallLe
k
|| P, (B e [ TP 2o i’

j=5

—1/2)+ 1/2%
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k
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j=5
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Here we have used the fact that, due to our current hypotheses, we always have that
N3 = N.Infact, if Ny < 1—16N, since Ny < N3 and Ni41 < min{Nj, N2, N3}, by using
the explicit form of dy 1, we infer that

Ny € [IN,2N] and Ns €[Ny, 4N;].

On the other hand, if N, > %N , then, since N3 > N4 = N,, we obtain the desired relation.

Step 3.3. Finally, we are ready to treat the remaining case, that is, we now deal with
the region Ni. In order to do so, we begin using the decomposition given in (2.11), from
which we infer that it is enough to control the following quantities:

hlgh Z Z 2&—2
3 R ‘=

N>1 N3

k
X sup ‘/ HdHl(lhlghPle 1; PN2w)PNk+1(\IJ )HPN zjl,
t€(0,T) =3
low hlgh Z Z 252
N>1 N3 k
ow high
X sup ‘ , My,,, (llt’RPle, 1;% Py, w) Py, (¥™) 1_[ Py;zj ),
te(0,7)' /R j=3
low low . Z Z 2s—2
N>1 N3 k
< sup | [Ty A% P 1% Prs) P () [ P
t€(0,7)' JR j=3

where R stands for R := N; N3, as in the previous cases. For the sake of clarity we split
the analysis into two steps.

Step 3.3.1. We begin by considering the case of i)gi% Once again, the idea is to take
advantage of the operator 1 by using Lemma 2.6. Notice that, since in this case we
have N3 < 8Ny, then, roughly speaking, either we have

(3.23) {Ny > N, Ny ~ N and N; ~ N3} or {N;~ N and max{N;, N3} ~ Ni}.

We can then bound ﬁ; iih by using the first inequality in Lemma 2.6, Lemma 2.9, as well
as Sobolev’s embedding, in the following fashion:

Dy Sk Do D TN 21l

N>1 N3
H[ Hdk+1(1hlghPle 1; PNzw)PNk+1(\IJ )1_[ PN Zj H
j=3
Sk Y D TYHNY (NG 75 (N T (N1 N3) > A min{N, N3} || Py w ]l oo gt

N>1 N3

1 2 ot
x||PNzw||Lwa1||PNk+1(wm)||Loo1‘[mm 2 NSO Py, 2
j=3

Ly

L°°H1/2+

< 1/4 2 m k
S TV s 1905, [T 1200 e e
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Once again, notice that thanks to the operator 1 acting on the factor Py,w, the same
low,hlgh
estimates also hold for O, .

Step 3.3.2. Now we con51der the last term in the decomposition, that is, DIOW 1% First

of all, let us recall the notation introduced in the proof of the previous proposmon (adapted
to the current symbol)

JeQur, o uggn) == ) ) (N)P72 sup ‘/]RZ gy, (ua, u2)uz g |-

N>1 Ni te(0,7)

Then, by using the hypothesis min{N,, N3} > 2°k N, and following the same computa-
tions as in (3.10), we infer that the resonant relation satisfies

|2k (1, ... &) ~ N1N2 N3,

Therefore, taking advantage of the above relation, we can now decompose i)low 1V with
respect to modulation variables in the following fashion:

QD;(?\;;’IOW < J(QRN*IEVIVQPNIW» li(zv}éPNzw, Pn,zs, ..., PNka, PNkH(\IJm))

+ I(Qan-1 % Phyw, Q2N+ 1% Pryw, Pyyz3. ..., PN, Zkc. Pr,, (W)

+ I(Qan- 1% Phw, Qan+1 % Phyw, Q2N+ PNy 2. ... PN 2k, P, (9))
J(Q<<N*11,?‘}VQPNIW, Q<<N*11t(:$PN2w7 Q«nN*PN;z3. ..., OxN* PN, 2k, Py, (W)
J(Q<<N*11,?‘}VQPNIW, Q<<N*11t?\§PN2w~ Q«n+*Pny23. ..., Q«N* PN Zkc, PNy, (U))

=:d;+ -+ it

where N* stands for N* := N; N, N3. At this point it is important to recall that, since

5 > 9%k, we also have that N* > N; N3 = R, which allows us to use the last inequal-
ity in Lemma 2.6. Thus, bounding in a similar fashion as before, by using the Holder
and Bernstein inequalities, as well as Lemmas 2.6 and 2.9, and the classical Bourgain
estimates, we obtain

J Sk D0 D AN min{N, N3} Qzn+ 1% Py, wll 212
N>1 Ni

ow 1/2
1 UR% Py wll 2 2 | P, (9™ e, HN/ 1PN, zj | oo 12

j=3
Sk Y D NP TN TN TN NG mind{ N, N3} Qz v+ 1% Py w | g
N>1 Ni
k+1
1/2
125 122 | Py w oo prst | Py (™)l oe, [ [ min{ N2 N} HIPN; 2 o ot
J=3
k

1/2
Sk T2l wll o g 190175, [T1270 0 o
j=3
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where we have used again (3.23). Moreover, it is not difficult to see that, by following the
same lines (up to trivial modifications), we can also bound d5, obtaining the same bound.
On the other hand, to control 43, we use again Lemmas 2.6 and 2.9, as well as the Holder
and Bernstein inequalities to get that

h1/2 .
I35k YD (N 2Ny min{N, N3}[|Q «n+ 1'% Pnywll 1212 1Q « v+ 1P% Prywll oo 2
N>1 N}

k
x| Q2n+ P23 L2221 PN (W™ s, [T N/ 21PN, 2 o2
j=4
Sk Y Y TN NG (N2 (N3) min{N, Nah | Pyywll o g1 [ PNwll oo prg1

N>1 N13<
k+1

. 1/2 A,—(0F
x |08+ Pr 23l g crjarta 1PNy 4y (8™ 122, [[min{N 2 N7} Py, 241
j=4

4
LRHL?

k
1/2 2
Sk TY21012 s Wza o190, [T g

j=4 }

Notice that all the remaining cases d;, i = 4, ..., k, follow very similar lines to the latter
case (up to trivial modifications), and they provide exactly the same bound as above, and
hence we omit their proof. Finally, to control J, . notice that, since all factors Py, u have
an operator Q « n~ in front of them, then the factor Py, (¥™) is forced to be resonant,
and hence in this case we can write Q>N+ Py, (V") = Py, , (™), otherwise dx 11 =0
thanks to Lemma 2.7. Moreover, notice also that, in the region N3, we have in particular
that NyN,N3 3> N2, and hence we infer that [tx1 — &7, || ~ |tk41], thus we can
write Py, (¥"™) = Rz N+ Pn,_,(¥™). Therefore, by using Lemmas 2.6 and 2.9, as well
as Bernstein’s inequality and the above properties, we infer that

Jerr Sk Y Y AN)PT2NG) T (No) N mind N, NaHITRR 172 1| Py wl oo gy
N>1 N3
k+1 N
. 1/2 —(0
X | Py wl oo prs1 18 Reve Payy (W™ 12s, [T mind N2 N7 OOV Py
i=3

+
LR HY?

k

2 —1
Sk TN oo g1 100 legs, 19175 [0 gt
Jj=3

Now we explain how we control the contribution of the LZTL§° terms. To this end,
recalling the equation solved by w(¢, x), we use the Strichartz estimate (2.16) with § = 1,
from which we obtain

1952wl e < TV w] v+ T4 ]

LeHY? L HTYDT

o0
k k—1
x ;kc [ P L T ] PPN
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Thus, gathering all the above estimate, and then using Lemma 2.5, we conclude the proof
of the proposition. The proof is complete. ]

4. Unconditional well-posedness in H* for s > 1/2

4.1. Existence and unconditional uniqueness

In this section we shall assume Theorem 5.1 hold, that is, we assume equation (1.4) is
locally well-posed in H 3/ 2t (R). In the next section we shall sketch the main ideas of its
proof (see [1] for further details, for example).

Before going further, for the sake of simplicity and by abusing the notation, recalling
that W is a given function, from now on we let

Il = 19:Y + 93 + 0x £ (¥) oz

yo+) 1= QU o 1ot 1P oyt o 100 llzgs W [s+)-
t x

@l Lo

Now, consider a sequence {¥, },en C L% (R?) satisfying the hypotheses in (1.7) with
s’ =3/2% forall n € N, such that
n—+o00

si1to0 + | Wn — ¥lls+ —— 0.

100 %n = 80 Wlags, + ¥ =Wl .

Let u € C([0, To], H®(R)) be a smooth solution to equation (1.4) associated with ,,,
with minimal existence time

T =T (luoll oot - N¥nllaars 1¥nll oo pysrzec) > 0,

emanating from initial data ug € H°°(R). Then, according to Proposition 3.1, there exist
a constant ¢ > 0 such that, after an application of the Cauchy—Schwarz inequality, we have

[

4.1 ellZee g < ollzzy + Tl o gy + Tl IS

1/2+)»

1/4 2
+ TV e g @l

forall 0 < T < min{l, Ty}. We stress that @, only involves norms of W,, associated with s
and not with s’ = 3/2%. Notice also that they do not depend on T either. Thus, we can
consider the function

F(T):=cT + cTY*Q,(||u]| T € [0, To].

L°T°H)}/2+)’

At this point it is important to recall that [[u[| g 5 — [[uol| gz as T — 0. Moreover, notice
that F(0) = 0, and hence, thanks to the continuity of 7+ F(T), we infer the existence
of Ty = Tx(||uo|lgs) > 0 small enough such that

F(T'y <1/2 forall T’ < T.
In particular, the above inequality along with (4.1) implies that

4.2) lullzss mrg < luollag + IWllls+  forall 7" < Ts.
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Note that, from (4.2), we infer that the minimal existence time®" can be chosen only
depending on ||ug|| g5 and ||| W]|[s+. On the other hand, by using Proposition 3.2, we have

4
flu — vlli%ngfl < lluo — vollZems + T *lu — vllioToH;I Q*(ullLemg lvllLge mg).
where, as above, by an abuse of notation, we are letting
Q" (lullzgems. Ivllgems) == Q" (lullzgerrs . Nvllzgerrs. W pooysroe. 19, ¥lLes,)-

Therefore, a similar continuity argument as before yield us to the existence of a positive
time Tx = Tx(||uollas, |vollgs) > 0 such that

4.3) lu — U”L%O/Hs—l < lluo — vollggs—1 forall T/ < T.

Now, let us consider an initial data uy € H*(R) with s > 1/2. Consider a smooth sequence
of functions {u }nen strongly converging to ug in H*(R). Let u,(¢) be the solution to
equation (1.4) associated with W,, with initial data ug_,. Note that the above analysis
assures us that we can define the whole family of solutions {u,} in a common exis-
tence time interval [0, T*], for some T* > 0 only depending on |ug||zs and ||[¥]||s+.
Then, thanks to estimate (4.2) with wy = 1, {u,}nen defines a bounded sequence in
C([0, T*], H*(R)), and hence we can extract a subsequence (still denoted by u, ) converg-
ing in the weak-* topology of L. H} to some limit . Moreover, from this latter conver-
gence we also infer that 9, f(u, + V,) converges in a distributional sense to d, f(u + V).
Therefore, the limit object u solves equation (1.4) with W, in a distributional sense. Fur-
thermore, from (4.3), we get that {u,, } defines a Cauchy sequence in C([0, T*], H*~1(R)),
and hence {u,},en strongly converges to u in L*((0, T*), H*"!(R)). By the same
reasons, from estimate (4.3), we conclude that this solution is the only one in the class
L*°((0,T), H*(R)). On the other hand, the above results ensure that the map

[0,T*] 5t~ u(t) € H*(R)

is weakly continuous. In fact, let ¢ € H® arbitrary, and consider § € H*T! to be any
function satisfying ||¢ — ¢||gs < £/||u||L<;o* ms. Then, forall ¢,¢" € (0, T™), we have

(@) —u@), @)|as < e+ [(J5 " @) —u@)), I §)us|
€+ 2|un —utllpoo g1 19Nl s 1 + [n () =un @) | gg—1 @1l gs+1.

IA

Then, choosing n sufficiently large and using the strong convergence result in H*™1,
we deduce that we can control the right-hand side of the above inequality by 3¢, and
hence u(t) is weakly continuous from [0, 7*] into H*(R). Moreover, recalling that, due
to (4.3), {u,} defines a Cauchy sequence in C([0, T*], H*~!(R)), we infer in particular
that u € C([0, T*], H~1(R)).

20By this we mean the quantity T < T, that we can choose, with which we know that the solution must exist
at least on the interval [0, T]. That is, the solution is guaranteed to exist at least up to time T.
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4.2. Continuity of the flow map

We are finally ready to prove both, the continuity of the flow map and the continuity
of u(t) with values in H*(R). Before getting into the details, let us recall the following
standard lemma.

Lemma 4.1 ([29]). Let { fulneny C H*(R) satisfying f, — f in H*(R). Then there
exists an increasing sequence {wy }nep C R of positive numbers satisfying oy < way <
2t wy, with

{ony /' +00 as N > 400} and {wy — 1 as N — 0},

such that
sup 3 0 ()| Py f 12 < oo,
neN no
With this in mind, let {u,},en be a sequence of solutions in L*°([0, T'], H*(R))
associated with initial datum u, (0) satisfying u,(0) — u(0) in H*(R). Now, we use
the previous lemma with f, = u,(0) and f = u(0). Consider {wy}nep given by the
previous lemma. Then it follows from Proposition 3.1 and estimate (4.2) that
4.4) sup sup ([un(@®)llag + llu@)llag) < +oo.
neN t€(0,7)
Note that the strong continuity in C([0, 7], HS~1(R)), together with the boundedness
in H} implies, in particular, the strong continuity of the map [0, 7'] 3 ¢ — u(¢) in H*(R).
In fact, first notice that it is enough to prove the continuity at ¢ = 0. Thus, interpolating®!
the H’(R)-norm, we obtain that

lut) = 2w sy < 2(0) = wO)Gems gy I 0) — (O 5

for some 6 € (0, 1). Then, noticing that the first term on the right-hand side of the latter
inequality goes to zero as ¢ goes to zero, and since the second term is bounded on [0, T],
we conclude the strong continuity of the map [0, 7] > ¢ + u(¢) in H*(R).

Finally, to complete the proof of Theorem 1.4, it only remains to show the continuity
of the flow map. Consider {u, } and u as above. We intend to control ||u, — || gry. First
of all, by using the triangular inequality, we have

lun —ullLgery < lun—P<nunlLgns + |1 P<niun—P<nullg s + | P<nu—ulLsens.

for any N € . Then, take ¢ € (0, 1) arbitrary but fixed. We claim that, as a particular
consequence of (4.4), there exists N, > 1 dyadic, such that for all ¢ € [0, T'], we have

1
sup lun (1) = P, ttn ()15 + () = Pey,u(®)llms <  e.
neN 2
In fact, it is enough to notice that

sup sup |[un(t) — P<nun(t)|l g + [[u(?) — P<nu(?)| mg
neN te(0,T)

1 1/2
ssup sup —( 3 @R (N (Jua 02 + u@)]2;))
neN re(0,T) ®Nx N>N, * *

2IRecall that, due to Lemma 4.1, we know that {wy } v is a non-trivial weight, in the sense that wy /* +oc.
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Therefore, since wy " +00 as N — +00, we conclude the proof of the claim. On the
other hand, from the strong convergence in C([0, 7], H*~!(R)) deduced in the previous
subsection, we infer the existence of n, such that, for all n > n, and all t € (0, T), we
have

1
1P<n,un (1) = Py, u(@llmg = 2Nul| P<y.ttn (1) = Py, u(@ll g1 < 5 .

Gathering the last two estimates, we conclude the proof of the continuity of the flow map,
and hence, the proof of Theorem 1.4.

4.3. Proof of Theorem 1.11

The proof of Theorem 1.11 is a direct consequence of Theorem 1.4 along with the follow-
ing lemma, proved in [11, 18].

Lemma 4.2. Let ® € Z*(R) for s > 1/2. Then there exist W € Cp° and v € H*® such that
O=u+V¥ with¥ € H®(R).

Moreover, the maps ® — W and ® > u can be defined as linear maps such that for every
§ > 1/2, the following holds: the map ® +— W is continuous from Z° into Z°, whereas the
map ® — v is continuous from Z° into H®.

Proof. As we already mentioned, the proof follows almost the same lines as the corre-
sponding versions in [11, 18]. However, due to the hypothesis s > 1/2, we need a slight
modification of the argument. In fact, we shall actually explicitly define the function W.
Indeed, let us consider

W(x) := (k * ®)(x), wherek(x):= (4711)1/2 ey

Then it immediately follows that ¥ € C2°(R) and that ¥’ € H*°(R). Therefore, ® — W €
L% C §’. Now, by direct computations, we obtain

1—e €

F@=0) = (1-e)B(E) = (1 + )4 )X+ IERTABE) =T xIL

Then it is enough to notice that I € L°° and that, due to hypothesis ® € Z5(R), we get
I1 € L2 Itis not difficult to see that from the above computation, we have u := ®— W € H*.
Finally, to obtain the continuity part of the statement, it is enough to notice that

_nE2
nwmzplsnéwzkl?p«l+sﬁsseZf)suéwzkp
eR

On the other hand, by straightforward computations from the definition of W, we also
obtain that W[ Lee < [|®| L, which give us the continuity of the map & > W from Z*

into Z°. Furthermore, proceeding similarly as above, we also get that
(1+E)(1—e )2
£2

which give us the continuity of ® > u from Z°(R) into H*(R). The proof is complete. m

2 2 2
= 19 s ) = 19
[S]
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Therefore, by using the above lemma, we can decompose the initial data v (0, - ) asso-
ciated with the IVP (1.2) into two functions uy € H*(R) and ¥ € Z*°(R). Hence, it is
enough to write (1.2) in terms of the Cauchy problem (1.4), with W = W(x) being a time-
independent function belonging to ¥ € Z°°(RR). Notice that W satisfies all the hypotheses
in (1.7). Thus, Theorem 1.11 follows by using Theorem 1.4 with the above decomposition.

5. Local well-posedness in H%" (R)

This section is devoted to show the following result, that gives us the LWP for smooth
initial data.

Theorem 5.1 (LWP for smooth data). The Cauchy problem associated with (1.4) is locally
well-posed in H*(R) for s > 3/2, with minimal existence time

T =T(luollms. V] wlls) > o.

LooWX+1+,oo )
t X

To establish the existence and uniqueness of smooth solutions to the IVP (1.4), we
use the parabolic regularization method, that is, we consider solutions to the following
equation:

S du+ u—pddu=—0,V + 03V + 3y (V) — 0x(f(u + ¥) — £(V)),

for u > 0. Roughly, the idea is to start by showing LWP of the above equation, and then
take the limit © — 0. Since these ideas are (nowadays) fairly standard and have been used
multiple times in many different contexts, we shall be brief and only sketch their main
estimates. We refer to [1] and [18] for further details.

Before going further, let us recall some preliminary lemmas needed to prove The-
orem 1.8. The following lemma give us the main estimate to prove the LWP of (5.1)
(see [19]).

Lemma 5.2. Let pu > 0 be fixed. Let W, (t) to be the free group associated with the linear
part of (5.1), that is,

Wo(t) i= exp(ud — 2)0).
Then, forall s € R, r > 0 and all f € H*(R), the following holds:

- 1 1/2
W) fllzesr S (14 i) 1 e

As a direct consequence of the previous property, we have the following result.

Lemma 5.3. Let u > 0 be fixed. Consider ug € H*(R) with s > 3/2. Then there exist
T = T(|luollms. u) > 0 and a unique solution u,(t) to equation (5.1) satisfying

u, € C([0.T], H*(R)) N C((0, T], H®(R)).

The previous lemma can be proven by writing u,,(¢) in its equivalent Duhamel form,
and then proceeding by standard fixed point arguments, using Lemma 5.2. We omit its
proof.

In the sequel we shall need the following lemma that combines commutator estimates
with Sobolev inequalities.
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Lemma 5.4 ([21]). Lets > 3/2 andr > 1. Then, forall f, g € §(R), the following holds:

(fgx. &) msl < I Sl g Frs + I fllrs gl g laar
where the implicit constant only depends on s and r.

The next step is to show that the previously found solution u,(¢) can be extended to
an interval of existence independent of . > 0.

Lemma 5.5. Let i > 0 be fixed. Let u,, € C([0, T], H*(R)) be the solution to equa-
tion (5.1) given by the previous lemma, with initial data uwy € H*(R) with s > 3/2. Then
u, (1) can be extended to an interval T' = T'(|luo||gs) > 0 independent of ju. Moreover,
there exists a continuous function p: [0, T'] — R such that

luw@Nzs < o), with p(0) = [luo|I7s-

Proof. In fact, directly taking the derivative of the H®-norm, using (5.1), after suitable
integration by parts, we obtain

62 ) = 20, D+ W) — )
— 2y, 0,V + 32U + 3y f(V)) i
For the latter term above, from Cauchy—Schwarz, we can see that
(e, 0 W + 939 + 0x f (W) arg| < (O 7ry + 19:9 + 03 + 3 f (V) [ Foo -
On the other hand, to estimate the first term in the right-hand side of (5.2), we write

oo k-1

0+ ) = FO) = 3 3 axth =} )
k=1m=0 m
oo k—1 k
FW YD agm (m) uk Ml = T4 L
k=1m=1

Then, by the classical Sobolev estimates for products as well as Lemma 5.4, we infer that
there exists a constant ¢; > 0 such that

oo

2 k
[ Dlarg S Nl Y K lail e (lugellzzg + 11 oo
k=1

)k—l

In a similar fashion, there exists another constant ¢, > 0 such that

e o]

2 2 k k—1
[ Mz S Nagellzrg 3 *2 il €5 (Il + 191 o it )
k=1

Therefore, gathering the above estimates, recalling that W is given, we infer that there
exists a smooth function #,: R — R such that

d
E”“M(t)”%{g S00% + 03 + 0 S () oo prg + IOz Fu (e Ol ).
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Then, denoting by Cy the first term in the right-hand side above, it is enough to consider
p(t) to be the solution of the equation

pt) = Cy + p(OFx(p"2(1)),  p(0) = [[uoll%s-

Notice that the solution exists thanks to the Cauchy-Lipschitz theorem. Taking 7% > 0 to
be the maximal existence time of p(t), we conclude ||u,, () ||§{S <p()forallt <Ty. m

5.1. Proof of Theorem 5.1

By using the latter lemma we can now take a sequence of initial data uo, € H*(R)
strongly converging to some uq in H*(R). Then, by the uniform (in ©«) bound we infer
that, up to a subsequence, we can pass to the limit in the sequence of solutions 1, (?),
which converge in the weak-» topology of L*°((0, T'), H*(R)) to some limit object u(¢).
It is not difficult to see, reasoning similarly as in the previous section, that u(z) solves
the equation in the distributional sense and the map [0, T] 5 ¢ — u(t) € H%(R) is weakly
continuous. Let us now consider the uniqueness of the solution. To this end, let us consider
w := u — v, with ¥ and v solutions of the equation. Recall that then w solves

dew + 35 (FRw + fu+ W) — f(v+ ¥)) =0.

Then, taking the L2-scalar product of the above equation with against w, we obtain

d
EIIU)IIZ% = —(w, 0x(f(u+ W) — f(v+¥)))2

o
SHwIZy 3 Hlael(luly + 10y + 191 pav) ™
k=1
Thus, a direct application of Gronwall’s inequality, recalling that ||u(z) ||12q§ + v () ”1%15 <
2p(t), implies the uniqueness.
The strong continuity of the solution with values in H*(R), as well as the continuity
of the flow-map can be proven by classical Bona—Smith arguments. We omit this proof.

6. Proof of Theorem 1.8

In this section we seek to prove the global well-posedness, Theorem 1.8. We recall that in
this case we assume that

6.1) | f"(x)| <1 forallx € R,

which shall allow us to use Gronwall’s inequality. We emphasize once again that, due to
the presence of W(z, x), equation (1.4) has no evident conservation laws. Our first lemma
states that the L2-norm of the solution grows at most exponentially fast in time.

Lemma 6.1. Let u(t) € C([0, T], H'(R)) be a solution to equation (1.4) emanating from
initial data ug € H'(R). Then, for all t € [0, T], we have

(6.2) (@112 < Cu,w exp(Cut),

where Cy > 0 is a positive constant that only depends on W, while Cy, v > 0 depends
on VWV and uy.
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Proof. In fact, multiplying equation (1.4) by u(¢) and then integrating in space, we obtain

%%/Ruz(t,x)dx = —/uax(f(u + lIJ)—f(‘lf))—/T/l(az‘lj‘f‘3)35‘1’‘f‘axf(‘*lj))
=1+ 1L

Notice that, thanks to our hypotheses on W, we can immediately bound II by using Young’s
inequality for products:

] < Ju@)2, + 10,8 + 830 + 0 f (V) Boe 2.

Now, the estimate for I is more delicate, since we require to integrate by parts. Also, we
must be careful while splitting the integral into several integrals, since there might be
terms that do not integrate (due to V). Hence, in this case we can proceed as follows:

= gm | [ wGer - )

R1,Ry—~>+00

Ry
ot | [ e w0 e ) p ) )

W (W) =t f(B) = Waatf (9) + Weuf (W)

R,
< timsup | [ e w0 Sl ) - 0 ()
Ri{,Ry—+00 —R>

R
b timsup | [ w0+ wour ()
Rl,R2—>+OO —R2

Ry
+lmm)U‘WJW+M—%ﬂ%—%Wﬂﬂ
R] ,R2—>+OO —R2
= Il + 12 + 13.
Now, for I}, notice that we can write the integrand as a full derivative, and hence we have

Ry
h:lmmw/ 9. (F(u + W) — F(¥))
R],R2—>+OO —R2

A

limsup |F(u + V) — F(W)|(Ry) + limsup |[F(u + V) — F(V)|(—R2) =0,

Ri—+o0 Ry—>+o0

where in the last equality we have used the fact that F is smooth and that u(t) € H'(R),
so, in particular, u(t) — 0 as x — Foo for all ¢ € [0, T']. On the other hand, for I,, we
integrate by parts to obtain

I, < limsup [uf(W)|(R1) + limsup|uf(¥)|(—R2) =0,

Ry—>+o00 Ry—+o0

since u(t) € H'(R), ¥ € L>®(R?) and f is smooth. Then, gathering all the above esti-
mates, and then using Holder’s inequality along with hypothesis (6.1), we deduce that

115 | [ a0+ )= 70 = ur 0] £ Wl O

Therefore, Gronwall’s inequality provides (6.2). The proof is complete. ]
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Now, in order to control the H!-norm, we consider the following modified energy
functional

Eu()) = %/Rui(t,x) dx
—/ (F(u(t,x)+\Il(t,x))—F(\I!(t,x))—u(t,x)f(\ll(t,x))) dx
R

It is worth to notice that the previous functional is well defined for all times ¢ € [0, T'].
The following lemma give us the desired control on the growth of the H'-norm of the
solution u(t), and hence it finishes the proof of Theorem 1.8.

Lemma 6.2. Let u(t) € C([0, T], H'(R)) be a solution to equation (1.4) emanating from
initial data ug € H'(R). Then, for all t € [0, T], we have

@y S Coyw exp(Cypt)-

where Cy, > 0 is a positive constants that only depends on V, while C; ow >0 depends
onV and Up.

Proof. First of all, by using the continuity of the flow with respect to the initial data,
given by Theorem 1.4, we can assume u () is sufficiently smooth so that all the following
computations hold. Now, let us begin by explicitly computing the time derivative of the
energy functional. In fact, by using equation (1.4), after suitable integration by parts, we
obtain

d

6 == [ = [ vy = sy = [ w0+ - 1) - ur'w)

= [+ 0 = f0) + [ w0+ 0 (V)
b [ tannFl+ 0 = ) + [l 9) = SO+ ) = F(0)
+ [ )= N+ B+ b f )
63— [ W+ - @) —uf @)
= [+ 020 0 @) + [ (W) = SN+ R+ DS (V)

= [wilrs v - ) - up'w)
S (U 1ol + 1WIZee, + 19,9 + 039 + 3 f(¥) 22) [u (17
W+ 03 + 0 f (9)[ 7o 2
On the other hand, by using the Gagliardo—Nirenberg interpolation inequality, and then

applying Young’s inequality for products, we have

| [ e ax] < Clusl Pl < eI + o 1.

4¢e 4/3
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Thus, by using the above inequality together with our current hypothesis on f(x), we
deduce

| [ (FC ) = F@) = uf )] 5 19 o)1, + ol

10/3

&t 3
< ”qj”L?f’x”u(t)”i)zc + leux(t)lli; + oo T @l

4g4/3

Therefore, integrating (6.3) on [0, 7], and then plugging the latter inequality in the result-
ing right-hand side, together with the conclusion of Lemma 6.1, letting C, := 1 — %54,
we infer that

Cs /R u(t,x)dx < /u%’x - /(F(uo + W) — F (W) —uo f(¥o))
+ Cugu (14 Wil + 1WIZee + 19, Y + 839 + 3y f(W) 235, )e" O,

where Cy,, v and Cy are the constants founded in the previous lemma. Then, choosing
& > 0 small, we conclude the proof of the lemma. [
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