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A Fubini type theorem for rough integration

Thomas Cass and Jeffrey Pei

Abstract. Jointly controlled paths as used in Gerasimovics and Hairer (2019), are a
class of two-parameter paths Y controlled by a p-rough path X for 2 < p < 3 in each
time variable, and serve as a class of paths twice integrable with respect to X. We
extend the notion of jointly controlled paths to two-parameter paths Y controlled by
p-rough and p-rough paths X and X (on finite dimensional spaces) for arbitrary p
and p, and develop the corresponding integration theory for this class of paths. In
particular, we show that for paths ¥ jointly controlled by X and X, they are integ-
rable with respect to X and X, and moreover we prove a rough Fubini type theorem
for the double rough integrals of Y via the construction of a third integral analogous
to the integral against the product measure in the classical Fubini theorem. Addi-
tionally, we also prove a stability result for the double integrals of jointly controlled
paths, and show that signature kernels, which have seen increasing use in data science
applications, are jointly controlled paths.

1. Introduction

Rough paths provide a rich theory of integration, beginning with Lyons’ seminal work [15]
featuring the integration of one-forms with respect to geometric rough paths. Gubinelli
then introduced a class of controlled paths, for which a theory of integration is developed
in [10] for the 2 < p < 3 case, and is extended to a more general framework of branched
rough paths as the driving paths in [11]. These works and subsequent ones provide a solid
core foundation for rough integration theory in one time variable.

In the multivariable case, previous works such as [3] and [9] have succeeded in defin-
ing two-parameter rough integrals in the 2 < p < 3 case via rough sheets and jointly
controlled paths, respectively. The jointly controlled paths of [9] are a class of two-
parameter paths which are twice rough integrable with respect to a controlling p-rough
path X for 2 < p < 3, with the basic idea being that a jointly controlled path Y is an
X -controlled path in both time variables, and the Gubinelli derivatives of Y are also
X -controlled paths in the other time variable. For the double integrals of these jointly
controlled paths, a rough Fubini type theorem is developed under some assumptions of
smooth approximability. These results primarily serve as a tool to prove a Hormander the-
orem for SPDE:s in that paper, and are not the main focus, which motivates us to expand
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upon these ideas here in this paper. Given the existence of the double rough integrals, a
natural question to ask would be whether we could construct a two-parameter rough integ-
ral which serves as an analogue to the integral with respect to a product measure in the
classical Fubini theorem.

Here we look to develop the work on rough Fubini type theorems in [9] in several
ways. Firstly, we extend the notion of jointly controlled paths to consider two differ-
ent driving rough paths (on finite dimensional spaces) of arbitrary p- and p-variation.
Secondly, we provide a definition of a two-parameter rough integral of a jointly controlled
path, corresponding to the integral against a product measure in the classical case. We give
conditions under which this integral is well defined and establish bounds on the integral
which naturally extend those obtained in the one-parameter setting. Using this new integ-
ral, which we will call the joint integral, we are able to establish a Fubini type theorem
in the arbitrary p- and p-variation case. In the process, we are also able to relax the
assumption that the integrand is a smoothly approximable path which had been made in
the preceding work [9].

The argument made to prove existence of the joint integral is in essence a Young
argument for integral existence, in which a maximal inequality on the discrete integrals
is applied to show convergence of these discrete integrals over increasingly fine meshes.
The two-dimensional maximal inequality on the rough discrete integrals here is heav-
ily inspired by the two-dimensional Young—Towghi maximal inequality of [19] as it was
presented in [8]. Once existence of all three integrals is shown, we are then able to equate
the other two double integrals to the third under the same regularity conditions used for
existence.

We also show that double rough integration satisfies some form of continuity: if two
jointly controlled paths are close to each other in some sense and their driving rough
paths are close to each other in p-variation and p-variation respectively, then their double
integrals are close. This stability result is analogous to the one in Theorem 4.17 of [6],
which treats the stability of one-parameter controlled path rough integration.

Two examples of jointly controlled paths satisfying the regularity conditions necessary
for integration are provided, the first being paths induced by smooth functions of the
traces X' and X! of geometric p-rough and p-rough paths

X=X ... x%) and X =(,X' ... X2

The second is the signature kernel, which has seen data science applications in works
such as [4, 13, 14, 16—18]. This also gives us an alternative account of giving meaning to
the rough integral equation

t v

“Ks.oy, ) (X, X) =1 +/ Koy, urn (X, X)dX dX 7,

r=sJr'=u

which was shown in [17] for geometric rough paths X and X using rough integration
of one-forms. Here, we will be able to extend this integral equation to non-geometric X
and X.
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2. Preliminaries

2.1. Basic definitions and notation

While we will define rough paths here, we are assuming some familiarity with rough paths
and will not be discussing the motivations and intricacies here. We refer to [1, 6, 15] for
comprehensive introductions to rough path theory. There are several different conventions
when discussing rough paths, and so this section primarily serves to familiarise the reader
with the choice of notation and language used in this paper. When discussing rough paths
throughout the paper, we will assume that they are over the time interval [0, T'] (for some
T > 0) and on finite dimensional Banach spaces, typically denoted by V and V.

For vector spaces U, V and W, we let Hom(V, W) denote the space of linear maps
from V to W, and we let Bi(U x V' — W) denote the space of bilinear maps U x V — W.
If U and V are finite dimensional and j, k € N, for functions f € Hom(U ®J Hom(U, W))
=~ Hom(U®/*1, W), we will use the convention

Q1) fla®-®aj+1) = fla1 ® - ®aj)(aj+1), forap,....aj41 €U,

and similarly, for g: Bi(U®/ x V® — Bi(U x V — W)) = Bi(U®/ ! x V®k+1 ),
forany ai,...,a;4+1 € Uand by, ..., bxg4q € V, we will use

(2.2) g(al®“'®aj+l’bl®"‘®bk+1)
=ga1®--®aj.bi ®: - Qbi)(aj+1.br+1).

Denote by Az the 2-simplex on [0, T], that is, A7 := {(s,t) € [0, T]> | s < t}. A con-
trol w: A7 — R™ is a continuous superadditive function, by which we mean that Ws,; >
ws,s +wg; forany0 <s <s' <t <T.

We will be dealing with partitions and sums over them frequently, so we use the fol-
lowing shorthand: given a partition D = {s =59 < -+ < 8, =t} C [0, T'] and a function
8:Ar — E, we write

1]
[x]

Sms>Sm+1-*

Te- T

[u,v]leD

mo—1
u,v — E
m=0

Let A3 ={(s,s",1) € [0,T]? | s < s’ <t} denote the 3-simplex over [0, T]. We will use §
to denote an operator on functions E: Ay — E such that §E: A-;L — FE, where

(2.3) SE(s,s',t) = Egy — Bs.y — Byrry  (5,8,1) € A3

It is clear that, for additive E, we have §E = 0. As we shall see later, this quantity can be
viewed as a way of measuring how far a function E is from being additive. For E;: At x
A — E and E,: A x Ar — E, for some set A (typically either A7 or A"}), define §;
and §, to be such that for A € A,

sz (") =03 ()6 aa wEs(, L )=5(E("))wr.

’
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Definition 2.1. Let w be a control on [0, T'], let E be a real Banach space, and let p > 1
be a real number. For functions f: A7 — E, define the norm

| fllpew = inf{C >0 : | fol <w(s, )P foro0<s<t < T},

and define CJ ([0, T]; E) as the space of additive functions with finite ||-» ,-norm. For a
function on the interval, g: [0, T] — E, we also write g € CZ ([0, T]; E) if the associated
function gs,; = g; — & has finite ||-|| p,,-norm.

Similarly, for functions on the 3-simplex, we define a norm for F: A% — FE and for
any B > 0, as follows:

IFllge :=inf{C >0 : |Fyg,| <w(s,0)"/P for0<s <t <T}.

Denote by Ccf’ﬂ ([0, T]; E) the space containing all E: Ar — E such that |8, +
&N g, < o0

For both norms, we will drop the control @ from the subscript when the choice of
control is clear from the context.

Remark 2.2. For any (s,7) € A7 and g > p > 0, we can write
(s, VP = w(s, )" w(s, 1)/P7V9 < (0, T)/PV4 (s,1)"/4,
and so there exists C(p, ¢, T, ) = w(0, T)"/P~1/4 such that
If1llp = C(p.q. T.o)l fllg and WFIll, <C(p,q,T,0)llFllg.

For a real Banach space V, we denote T'(V) = @,,-, V" and T((V)) = [1 .50 V&".
where V&% .= R. We will identify the truncated tensor algebra over V' of order NV, denoted
by TV (V), with the space @flv:o V@ For any two elements a = (ag, d1,...,ayn) and
b= (by.by,...,by)of TV (V), we will use the tensor producta ® b tomeana ® b = c,
where ¢ = (co,c1,...,cy) € TV (V) is defined by

N—n
Cp = Zam@)bn_m, n=20,...,N.

m=0

Definition 2.3 (Rough paths). For p > 1, X = (1, X',..., X'?l)is a p-rough path on V
with control w if X: A — TP1(V) satisfies:

(1) (Regularity) Forevery j = 1,...,|p],

1

2.4 X/ . S —
@4 S e TR

where I' is the Gamma function and

o0
2 (lpl+1D)/p
ﬂp=p2(1+Z(r_2) )
r=3
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(2) (Multiplicity) Forevery 0 <s <s' <t < T,
2.5) Xs,t = Xs,s’ by Xs’,t-
This is also known as Chen’s identity.

The form of the regularity bound (2.4) is tied to the extension theorem (Theorem 2.2.1
of [15], Theorem 3.7 of [1]), which is one of the foundational results of rough path theory.
For the majority of this paper, this exact form is not important, although it will be useful
when looking at the example of the signature kernel.

When talking about geometric rough paths, we will use the term to mean weakly geo-
metric rough paths, that is, a weakly geometric p-rough path on V is a p-rough path on V'
that takes values in the step-| p] free nilpotent group Glr (V). The difference between
weakly geometric rough paths and geometric rough paths (as the p-variation limit of lif-
ted smooth paths) is explored in [7] and is likened to the difference between the space
of a-Holder paths and the «-Holder closure of smooth paths. For our purposes, we only
use the property that, for a weakly geometric p-rough path X = (1, X', ..., X'P}) the
symmetric part of X is determined solely by the trace X!: forany j = 0,..., |p], and
any (s,t) € A,

. 1 .
(2.6) Sym(Xs],t) = F (Xsl,t)®j-

2.2. Rough integration of controlled paths

The notion of controlled paths was first introduced by Gubinelli in [10] in the case p < 3,
and has since been extended to a more general framework involving branched rough paths
in [11]. The definition used here parallels the notion of a Lip(y) function which is used in
the rough integration of one-forms as introduced in [15].

Definition 2.4 (Controlled paths in one variable). Let X = (1, X!, X2,..., X'?) be an
w-controlled p-rough path on V. Suppose that Y: [0, T] — E, for some Banach space E.
Let N := |p] — 1 and set J = {0,1,..., N}. For j € J, there exists Y ): [0, T] —
Hom(V®/ E), with Y@ = ¥, such that Y V) € CZ ([0, T]; E), and for all £ € V&7,

N—j
2.7) y e =Y vl o6 + RY) @)
=0

for remainders R satisfying the regularity condition || R\ | p/(Lpl—j) < 00.

Then we say that the tuple (YO, Y. YV is an X-controlled path over [0, 7]
with values in E. Denote this space of X-controlled paths by D% ([0, T]; E). For j €
J \ {0}, we call Y/) the Gubinelli derivative of order j of Y.

Remark 2.5. An equivalent formulation is given in Definition 2.4 of [2] for geometric
rough paths. While we do not enforce that X is geometric here, it can be difficult to con-
struct families of controlled paths without geometricity for p > 3. Moreover, geometricity
allows the integrals of these controlled paths to be lifted to rough paths, see [12] and [2].
Since we do not consider the lifts of integrals here, it will remain omitted from the defini-
tion here.
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Example 2.6 (Smooth functions of geometric rough paths, Example 2.5 in [2]). Suppose
that X is a geometric p-rough path on V and write X! = x;. Let W be a Banach space

and for fe C®(V, W), let Ft(o) = f(x;) and F,(j) = D/ f(x,). By the symmetry of
higher differentials, for £ € Sym(V ®/),
N—j
R (&) == DI f(x)®) = > DIH f(x) (XL, ®6)

=0

N—j
=D/f(x)E) — Y DI f(xo)(Sym(X], ® £))

=0
N-jy
= DIfx)@® = Y 7 DI ).
I=0
and so, by Taylor’s theorem, these remainders have finite p/(| p] — j)-norm. Thus the

collection (FU ))_,-e J is an X -controlled path.

An important case is when £ = Hom(V, W) for some Banach space W. In this case,
the definition of controlled paths leads naturally to considering enhanced Riemann sums:
for a controlled path Y € DL ([0, T], Hom(V, W)), consider E¥: A7 — W defined by

N
(2.8) B, =Y v,
j=0

where Ys(j ) X s] ;rl) is defined using the convention (2.1),
Y@ ®--®ajr) = Y1 ® - ®aj)(aj+1),

foray,...,a;4+1 € V. The quantity E Y has corresponding enhanced Riemann sum over
a partition D = {sg < -+ < Sy} C [5,1],

mo—1 N
oY _ )y i+l
Z = - Z Ysm (XSm,Sm+1)'
D m=0 j=0

The local approximations 2 are such that §2Y can be expressed in terms of the remain-

ders of Y.

Lemma 2.7. Let W be a Banach space and let (YO, ..., Y ™)) be an X -controlled path
on E = Hom(V, W) with remainders {R(j)}jej. Define the process BY on the 2-simplex
over [0, T by 2.8). Thenfor 0 <s <s' <t <T,
(2.9)

N . . . . N .
—58Y(s.s".0) = > (YO X/ IH + v X - v xih) = RY)

s,s’

j+1
(X770
j=0 Jj=0

Proof. Tt follows from a straightforward applications of Chen’s identity written as

s, s,s’ s,s’ st

J Jj—1
Jj+1 j+1 j+1 Jj+1-1 1 j—l I+1
X - X —XS,J = E X ®XS,’t— E XM, ®X
=1 1=0
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for j € J. Using this identity, we then write

N
88 (5.5 0) = (0 =YY X)TH + YOS+ X - XTT)
j=0
N N—j N j-1
' ‘ 1
= Z ( Z Ys(]+m)(Xle’) + Rijs)/) ]+1 ZZ Ys(j)(Xs]s’ )(Xl+1)
j=0 m=1 j=11=0
N N—j N-1 N
. . . .
= Z ( Z YS(J+m)(XS’7S,) + Rifs),) XSJ,J; Z Z Y(’)(XS’ (Xl“)
j=0 m=1 0j=I+1
N N—j 1 N-I
= Z( (J-‘rm)(Xm )+ R(])) s]['l‘l Z Y(l+m)(X )(Xl+1)
N
1
= RLX)H. .

Il
<)

J

A key result for integration of controlled paths is the sewing lemma, which is used to
establish the existence, uniqueness and the regularity of this underlying additive function
under suitable conditions on E and § E.

Lemma 2.8 (Sewing lemma). Let p > 1 and 0 < B < 1. There exists a unique map
4:C2P (0, T]: E) = CE ([0, T); E) such that (JE)o = 0 and

(2.10) |(4B)s,e — Ese| <22 2(1/B) (s, )P UISE I,

where { is the Riemann zeta function and (J8)s; = (dE); — (J B)s. Moreover, dE is
such that
JEs; = lim Y &
|D|—0 >

for partitions D over [s, t].

The sewing map d is a special case of the argument used for rough integral existence
in [15], limited to the first level component only, whereby we take a sufficiently good
local approximation and “sew” these together with the map 4. The proof of the lemma
in the form given here follows a Young type argument based on the presentation given
in Lemma 4.2 of [6] with minor modifications. The proof here also serves as a simpler
example of the strategy used to prove the existence and uniqueness of two-parameter
rough integrals in later parts.

Proof. We begin this by establishing Young’s maximal inequality in the one-parameter
case. Let D = {s = 59 < -+ < Sm, =t} C [s, ] be an arbitrary partition. The idea here
is to selectively remove points from D until we are left with the trivial partition {s, ¢}. It
is evident that

m(]—l

D 0Cmt1.5mt1) < Y O(Smot.Smi1) + Y, @(Sm-1.5mt1) < 20(s,1).

m=1 m even m odd
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Thus there exists 0 < m* < mg such that

O(Sm*—1, Smx41) < w(s, 1),
mo — 1

since assuming otherwise leads to the contradiction 220:_11 W(Sm—1, Sm+1) > 2w(s, ).
So for any E € CE# ([0, T]; E), we have

‘Z Z ) ’ = 8B (Sm*—1, Sm* Smr41)| < w(sm*—lvsm*+1)l/ﬂ |||8E|”B,a)
D\{syn*}

2 .
< (=g o) ISElse.

Repeatedly choosing and removing points in the same manner then gives us
mo—1

= _3 2
‘%:u—us,t = ; (mo—l

With this maximal bound on the sums over partitions, we now look to prove existence and
uniqueness of the limit of these sums as the partition mesh size goes to zero. The control w
is continuous, and thus uniformly continuous on Ar. In particular, for any ¢ > 0 there
exists §; > 0 such that if |t — 5| < & then |w(s,1) — w(s, s)| = |w(s, )] < e.

Let ¢ > 0 and let O and D’ be any two partitions of [s, ¢] such that |D| < §, and
|D’| < 8. First we will consider the case where D C D’. Writing D = {59 < +++ < Sy }»
we now view £’ as the union of partitions of [s,;, Sm+1]. Define D, = D' N [Sm. Sm+1)-
Applying the earlier maximal bound,

1/B 1
©(.0) B lp0 = 27 ¢(5) 05,0 P USE N o

mo—1
= = =
= — E - = Sm s Sm+1
D! m=0 D},

mol

1 _
< Z 21/”5( ) @Csms 5ms) P USE g 0 5zl/ﬁ;(z)w(s,t)umanm,ws”ﬁ g

In the general case, where the two partitions may not be nested, we then write

pepelln ey

DU’ DUD’

<2BTVBr(1/B) (s, 1) 18 lg e e'/P71.

Taking ¢ arbitrarily small, we have existence and uniqueness of the limit

(JE)s,r = lim Z E,

|D|—0

where d & satisfies the bound (2.10) and is such that (4 E)¢ = 0. |
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A straightforward application of the sewing lemma on EY as defined in (2.8) then
yields existence of the rough integral as the limit of enhanced Riemann sums.

Theorem 2.9. Let W be a Banach space, p > 1, N = |p| —1,and 6 = (|p| + 1)/ p.
If X isa p-roughpathon VandY = (Y ..., YNM) € DE([0, T]; Hom(V, W)), with
remainders (R©® ..., RM), then for [s,t] C [0, T], the rough integral

t
— 1 D(xi+1
@.11) /S vax:= lm 3 (ZY X))

[smssm+1]lCD  j=0

exists and is such that
(2. 12)

YdX ZY‘”(X!TU] 5295<9>(Z||Xf“||p/<,+n IR pspy-p) @ls.1)".
j=0

Remark 2.10. More generally, if we let p; = p /(j + 1) and assume there exist ¢;and 6;
such that 1/p; + 1/q; = 6; > 1 and | RV llg; are finite, then we can change (2.12) into
the bound

de ZW(X’“)\ = C(o. e)sup(Zqu“np] IRDllg, ) 0(s.0)™.
j=0

where 6, = min 6; and C(w, 6) = 2% {(6.) sup;c; (0, T)%* .

3. Jointly controlled paths and their double integrals

3.1. Paths controlled by two rough paths

In order to study two-parameter rough integrals, we first need to find a class of two-
parameter paths which are twice integrable under one-parameter rough integration. Gera-
simovic¢s and Hairer do this (see [9], Section 5) by introducing the notion of jointly
controlled paths, for which they show that the one-parameter rough integrals of these
jointly controlled paths are themselves controlled paths. An alternative method of con-
structing double rough integrals using rough sheets is done in [3], although we will not
discuss this here.

We will adopt the approach of [9], which handles the case where X is a p-rough path
for 2 < p < 3 with Hélder control, which we will extend to the case where X is rough
path of arbitrary p-variation and arbitrary control. The following definition is a natural
extension of Definition 5.1 in [9]. Recall that Bi(V x V — E) is the space of bilinear
maps from V' x VtoE.

Definition 3.1. Let p, p > 1, with p and p not integers, let X = (1, X',....X'Pybean
w-controlled p-rough path on V, and let X = (1, X L ..., XPlybean w-controlled p-
roughpathon V.Let N=|p|—-1,N=|p|]—1,J = {O,1,...,N}andK={O,1,...,N}.
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A two parameter path Y: [0, 7] x [0, T] — E on a Banach space E is jointly (X, X)-

controlled if the following condition is satisfied: let Yy, ©.0 = Y., and suppose for every
j € J,k € K, there exists Y U0 defined on [0, TT? w1th

YR e Bi(V® x Vek — E)

such that for every u € [0, T, (Y.gg’k), e Y.guN’k)) is an X -controlled path, and for every
s €[0,T], (Ys(;]:’o), e YS(;J:’N)) is an X -controlled path. The collection {Y U%) | (j k) e
J x K7} defines the jointly (X, X)-controlled path, and we denote this class of jointly
controlled paths by D)’;’%([O, T x [0, T]; E).

From here onwards, we will assume that X is a p-rough path on V with control w,
and that X is a p-rough path on V with control & for finite dimensional Banach spaces V'
and V. The idea behind jointly controlled paths is that Y is both an X -controlled path and
an X -controlled path, with Gubinelli derivatives (¥ U:9); ¢y and (Y ©R)); .k respectively,
and that these order j and order k Gubinelli derivatives are themselves X -controlled and
X -controlled paths, respectively.

Example 3.2 (Smooth functions of two geometric rough paths). Suppose that X and X
are geometric, let £ be a Banach space, and let y: V' x V — E be a smooth function.
Writing X! = x; and X ! = X, consider the induced path Y;, = y(xs, %), and auxiliary
paths Y U%) defined for £ € V®/ and n € V® by

YS(;{;k)(E’ )f’) = (D{ Dlzc)/)(xm iu)(sv 77)’

where D7 is the j-th differential in the first variable and Dlzc is the k-th differential in the
second variable. Using Example 2.6 and that the partial differentials commute, it is easy
to see that {¥ U%)} constitutes a jointly controlled path.

In the case E = Bi(V ® V — W) for some Banach space W, for (§,7) € V®/ x &k
and (a,b) € V x V, we write out ¥ U4) a5

YR ®a,n®b) := (D] Dyyiap)(xs. %) §. 1),

where y(qp) (1, v) := y(u,v)(a,b) for (u,v) € V x V.

From the definition of controlled paths, we have remainders Rgzj’k) and R)((j k) defined,
for (s,1), (u,v) € AZ, as

e RPN En =8P En - ZY(”"”‘) X7, ® &),

.,k S _ . ~
62 RYP()Em =GP e - Z YU € X, ® ).
1=0
and that satisfy

RO,y <0 [RE2(0))]
p/(Lpl—=7) r/(lp]— J)
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One of the key observations of [9] is that, in the case 2 < p < 3, these remainders
are also controlled paths. As the following lemma will show, this is also true in the more
general case here.

Lemma 3.3. Let Rg’k) and R}j’k) be the remainders of Y € CD;’;([O, T1x[0,T]; E) as
presented above. Let RUK): Ap x Ap — Bi(V®/ x V® — E) be defined by

N—j
: s, i,k j
R(;,k)(u v)(g, ) =Y E ) - Y vt @ g
s m=0
ey Gk+D) e o I, ¢
3.3) S v E R o+ Y Y v (xr @ £, XL, ® ),
1=0 m=0 [=0

for (§,n) € V&I x V& Then

. s, t : t oy j s
ROO( W )em =REO( ) Em - Py RY(, ) KT @6
(34 N—k
T T o G T e
=0

In particular, for every j € J, k € K, and (s,t), (u,v) € Ar, the remainder tuples

0o - W ( - (j,0) SJ) (j,ﬁ)<3»f))
(R (u,u)""’Ri (uv)) and (R (). REV(

are X -controlled and X -controlled paths, respectively, with remainders

(ROO( ) RVO( ™)) and (R(ﬁ‘”(s’t) R(j’ﬁ)(s’[»
u, v/ u,v N AR L))

) 3

respectively.

Proof. The fact that the remainders are controlled paths follows immediately from (3.4).
The equality in (3.4) follows rather simply from appropriate factorisation of RU-),

N—k
k) ( S+ 1 .k ik+D) e ¥
ROO(™ )en = v en - Y rS* Ve Xl en
’ 1=0

=Y [rurha @

=z 3
> o ~

— Z Ys(;{;+m’k+l)(th R E, X:ﬁ,v ® 77)]
1=

(=}

~ RO, e X R o e

u,v
m=0 ’
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and

N—j
" .
RODO(™ e = v &P @m - 3 v oo o 6
=0

=
x~

||M IM|

j,k+1 G
[Y,EL e X, @)

({4+m k+l)(Xsrt’t R E, )Zilhv ® 77)]

=R&"”‘)(S’vt)@,n)—%R“"*”( Vexl,on

=0

Remark 3.4. With the above in mind, we will drop the subscripts X and X from the
remainders R)((] ) and Rgzj’k), and relabel them as simply RU ’k), with the correct inter-

pretation being clear from the arguments taken. We will call the remainders RUYK) first
order remainders of Y, and RUK) will be the second order remainders of Y .

3.2. Integrals of jointly controlled paths

When we take E = Bi(V ® V — W) for some Banach space W, we may perform rough
integration on the jointly controlled paths with respect to both X and X . Moreover, under
some conditions on the mixed variation of second order remainders (see [5,8, 19] for more
on mixed variation), we can show that the integral with respect to X is an X -controlled
path, and likewise that the integral with respect to X is an X -controlled path.

Definition 3.5. Let p,qg > 1, let F: A2T X A% — E on aBanach space E, and let w and @
be controls. If the quantity

N -
1Pl wa =inf{C =0 |[F( )| <007 o0w,0)" for (5.1), (u.v) € A}
u,v

is finite, we will say that F has finite (w, ®)-controlled (p, g)-variation over [0, T'] x [0, T].

Condition 3.6. Suppose that {Y U%)} e DP oA 2([0.T] x [0, T]; E) with remainders RUH),
For j e Jandk € K, let pj = p/(j + 1) and pr = p/(k + 1). Assume there exist
some ¢; and g such that

1 1 1 1 ~

—+_=91>1 and ~—+~—=9k>1,

pi 4 P 4k

and assume that, for every s, u € [0, T], the remainders R"/> k)( ) have finite g -variation,
the RU®) () have finite ¢;-variation, and the RU¥) have finite (a) @)-controlled (¢;, G )-

variation. Let 8 denote the collection

0 = {pvﬁvq(),'--9qN»qu"'3qN}’
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and define

6* := max {0;.0 and 6, := min {0;.0;).
(j,k)eJxK{ i+ O * (j,k)eJxK{ i Ok
Example 3.7. An example of a class of paths that satisfies this mixed variation condition
are those introduced in Example 3.2. Letting ¢; = p/(Lp] — j) and gx = p/(|p] — k),
the assumptions on first order remainders holds automatically and we only need to check
the second order remainders RU>¥) | which are given by

. N-j
ka)( )(& n) = (D] DEy) (. )G ) — D (D] DEy) (. T) (X0 ® E.1)

m=0

|
x~

(D’ DEHY) (x. T ) (6, XL, ® 1)

+
ﬁM? ZM

i DY DIy ) (x, %) (XT, ® £, X, @ 7).

To proceed, we use the following version of Taylor’s theorem.

Lemma 3.8. Suppose that V, V and W are Banach spaces, where V and V are finite
dimensional, qnd let f:V xV — W be a smooth function. Let L,M € N. Fora,Aa € V
and b, Ab € V, define

M
1
R:=f(a+Aa, b+ Ab)— > — DU'f(a. b+ Ab) Aa®™

m=0

—Zl'sz(a—}—Aa b)Ab®’+ZZ : Dszf(a b)(Aa™ ® Ab).

mOlO

Then

M'L‘// DMHIDLTY f(a 4 rAa, b+ LAD)

[Aa®MTL @ APPET (1 — M1 —2)Edrda.

(3.5)

Using the symmetry of derivatives, the relation (2.6) from the geometricity of X
and X, and that partial derivatives commute in combination with Lemma 3.8, we have
that for £ € Sym(V ®/), n € Sym(V k),

R(;k)( )(5 n) = (D D5y)(x:. %) (E. )

Z
-

1

m (D]+mD12€V)(x Xu + Xu, v)(x ®E&n)

3
I
=

(D] DEF1Y) (s + xp0, T (6. 58, @ )

M,r
Nl_

l

~
Il
o
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N-j N—k

1 m -
+ D D g (DI DY) (s, B @ 6 5D, © )
=0 [=0

3

1
~ (N=j)UN—k)!
(B @, 78 @) (1 — )N (1= )V K drda.

5.t

/ / ]+ka+l )(xs+rxs 12 Xy + AXyp)

In this form, it is easy to see that ||R(j’k)||qj,,;k is finite for ¢; = p/(lp] — j) and
g = p/(Lp] — k), and thus {Y ¥R} satisfies Condition 3.6.

Proof of Lemma 3.8. Define

M
gb):= fla+Aab)y— )" % D f(a,b) Aa®™.

m=0

The use of Taylor’s theorem with integral remainder tells us that

1
gb) = [ D{M'Hf(a + rAa,b) Aa®MT (1 — M gy

M
Rewriting R and applying this version of Taylor’s theorem again,

M

R=f(a+Aa, b+Ab)— )" lef(a b + Ab) Aa®"
m= 0
Lo Mo
l 1 m
;)ﬂ(D fla+ Aa,b) Ab®! — 2} —DiDY f(a.b)(Aa" @ AD'))

1
g(b + Ab) — Z ﬂDé g(b) Ab®!

1
= E DLJrlg(a b—}—AAb) Ab®L+1(1 )\)L da
= " L'/ [ DM+1DL+1f(a + rAa, b+)LAb)[ ®M+1 ®Ab®L+1]

1=rMa-0Edrda. n

Under this condition of mixed variation, when E = Bi(V x V — W) we see that
the rough integrals of jointly controlled paths with respect to X are controlled paths with
respect to X and the integrals with respect to X are controlled paths with respect to X,
which then proves existence of double integrals of jointly controlled paths. Going forward,
it will be helpful to recall the tensor conventions (2.1) (2.2) that we use in this paper.

Lemma 3.9. Suppose that E = Bi(V x V — W) for some Banach space W and that Con-
dition 3.6 holds. For j € J, k € K, define 1}(; )10, T] x Ar — Hom(V'®/  Hom(V, W))
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and I)E,Y;k): A7 x [0, T] = Hom(V® Hom(V,W)) by

6o I oW = [ ¥ atew

u
. k k+1
Sam Y (LrPeeniti.)

[ununs1]lcD k=0

and

t
6n R ) = / YE dx(m®)

N

- T G k) +1
_ul)lllll)o Z (ZYSWI ;r’ S]m Sm+1’77®b)>7
[smssm+1]lCD =0

for (£,n) € V®I x V® and (a,b) € V x V. Then, for every (s,t), (u,v) € Ar,

(J}Y;O)(u,'v)’ .. .,J;Y;N)(u:v» and (J)((Y;O)(stt)’ R JJ(IY;N)(S,.I))

are X -controlled and X -controlled paths on Hom(V, W) and Hom(V , W), respectively.

Proof. For& € V®/ and n € V&, we first write
k k
Y€ = Z v e + RO (V1) e,

For each j € J, we decompose the X -controlled path (Y,(f k) (€))kek into the sum of X -
controlled paths (RU®) (') (§))keg and (Y U+ (X @ £))eg form =0,...,N — j.
Under this decomposition, we write

Jg”’(ufv)(s>(a>=[/ (ZYW" o, ) + R0O(M) @) aX @

N / (Y Im) a X (X @ )(a) + [va(j")(sﬂl)dX](s)(a)
m=0 u

N mn( 5 Yo RO (ST 4%

= ot X (u’ v)( s,t ® g)(a) + I:/u ( ) ](S)(a)

All that is left now is to establish the regularity of the remainder integral above. Consider
the quantity :g/}e A X At —> Hom(V®-/ Hom(V, W)) defined by

=Yk () O = ZR"")( e,
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From Lemmas 2.7 and 3.3, we can then write

800 (V) )@@ = ZRU")( )6 K@,

u,u’,v

from which it follows that

228, (s

I A

N
t . <
Z HR(I k)(s )HN ||Xk+1”13k d')(u’v)ek—g*
o Gk
N
Z RGP0 IXF 5 (s 1) 6, v) 0.
We can now apply Lemma 2.8 to get the bound

[ ro () ax] <
R

38 < w(s. )/ Z (HR(J‘,k)(-;A.)

=) Sv" A 0,
HY,RX(M’U) +2%2(8,) o(u, v)

2 ()
YRe\. . Jlly/e.a

o(u, v)l/‘?"
qj

+ 2%¢(0) 300, 0)* [ROP 4 g, ) 1T .

Thus this integral has finite (g;, w)-norm, and

(J}Y;O)(u,.v)’ B J§Y;N)<u’.v>)

is an X -controlled path. The proof follows similarly for

() ()

being an X -controlled path. ]

Corollary 3.10. Under the conditions of Lemma 3.9, we have existence of the double
integrals J; ¥ Ar x At — W and J;f: AT x At — W defined by

Y Sl (Y) . y s, t ¥;) s, t
(3.9) JIX’ /J uv dX and JX’f(u’v) /uJI ( )dx

These double integrals justify the definition of jointly controlled paths as a class of
two-parameter paths that are integrable with respect to two rough paths. When compared
to the double integrals in [9], we have arbitrary p-variation and control, but have an addi-
tional condition on the mixed variation of second order remainders.
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3.3. Stability of double integrals

Before we move on to work on a Fubini type theorem, we show that if two jointly con-
trolled paths are close in some regard, then their double integrals are also close. For
this section, we will use the same conventions as in Condition 3.6: for p and p, we let
pj = p/(j +1)and px = p/(k + 1), and we consider ¢q;, gx, 0; and 6 such that

1 1 1 1 -
—+—=9]>1 and ~—+~—=9k>1
P 4 Pk Yk
‘We define
0* .= 0:,0 d 6, := i 0,0\,
max A0 0c) and 0.:= omin  16;, O}

and we denote by 9 the collection of D, D.q;, qk- The following estimate will be useful.

Lemma 3.11. Let X and Z be p-rough paths on V with control o. Suppose that (F)
is an X -controlled path and (GV) is a Z -controlled path whose remainders satisfy

IRFD |, <00 and ||RG|, < oo.

There exists C = C(w, T, p,{q;}) such that for any (s,t) € Ar,

N
95 (s.0) =95 (s < C Y (IX7F = 27, ((FD ] + |[REDg )
Jj=0

+ (G = FD| + R — ROD )| 274 ).

Proof. Let 2F>C: A7 — W be defined by

N
gF9Gs. 0 =) (FPX[H-6z]Th),
j=0

Elementary estimates of the form
laiby — azba| < |ai||by = ba| + |a1 — az||bz|
lead to

N
00| = | D (FOQI = 21T = @9 - Fzih)|
j=0

N

) 1 . ) i1
Z F(1)| |X]+ —ZS]’:F | + |Gs(]) _ Fs(])| |ij |)
=0

~.

N
= 2 (EPNXTH =27, +1G = FONZ7 ) ot ) V77,

.
o
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By (2.9) and similar estimates to above,
s,s’ s,s’

N
- j G; j
|8aF£(asﬂ0|§‘§: (R - RGP )|

s,s’ syt

N
F;j j+1 +1 F;j G;j i +1
< § :|R§,s’j)| |ij’,t ZJ |+ |R( ")) _Rfv,s’j)| |ZJ |
=0

.
Il

e

~
Il
(=]

=

(”R(F;]’)”qj | X+ zi+1 “pj + ”R(F;j)_R(G;_/')”qj | Z/+! ||p,-) w(s7l)9j'

Combining the above two estimates with Lemma 2.8, we have

5 (5.0) =45 (5.0 < [EFC (5.0 +2% £(00) (. ) NSETC 1,
N
< Z [”XJ'-H _gitl I, |Fs(j)| w(s, )P
j=0
X = Z7H ), IRTD g, o(s,1)°%
+ ||Zj+1||p, IGY) — FD| (s, 1)/ Pi

+ 127, IRE = R gy 05,0 ]
N
<C Y (IX7F =27y (FP ) + IRE )
j=0
+ (|G§j) _ Fs(j)| + ||R(F;j) _ R(G;j)||qi)||zj+l||p,-)~ -

We are now equipped to show a stability result akin to Theorem 4.17 of [6] for double
rough integrals instead. Similarly to the result it is inspired by, we introduce a sort of
distance between two jointly controlled paths, however this is not a true metric and in fact
compares objects which generally live in different spaces.

Theorem 3.12 (Stability of double integrals). Let X and Z be p-rough paths on V with
control w, and let X and Z be p-rough paths on V with control &. Consider Jjointly
controlled paths {Y U} e DP A ([O T12:Bi(V @ V — W)) and {AUK)} ¢ ZDP b ([0 T)%;
Bi(V ® V — W)) with remamders RY:7K) ROSIK) gpg R(AsK) R(A: 1) respectlvely
Suppose that Y and A both satisfy Condition 3.6 for the same 0.

For any (s,t), (u,v) € A, define the following distance between the two jointly con-
trolled paths:

(X,X).(2,2),0 i,k ik Yk A k) (5
Aty A = 3 [P - AGPL [RYO () RO ()
(j,k)eJxK

+Hmem( ) ijm< )

)

+ ||Xj+1 Zj+1|| + ||Xk+1 Zk+1||§k:|'

qj

+ ”R(Y k) _ R(457:k) ”
dr
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Let M = M(s,u) be such that

v R ()|

. s 57
(Y’]’k)<_ ) . ||R(Y’j’k)||qj,ék} <M,

(j,k)eJxK J
.- - s v
sup { ( ) ) ‘R(A’]’k)< ) _ ”R(A’j’k)”tljﬁk} =M,
(keI xK u /7 lg; Nk
j i vk >k
sup {||Xj+1||pjv||Zj+1||pjv||X —H”ﬁk!”Z +1||13k} =M

(j,k)eJxK

There exists C(T, 0, M ) such that

Y st 4 (St a2 (XX)(ZZ)0
(3.10) ‘JX,X(u,v) B JZ,Z(M,U)‘ = CT0. M) dig (¥, 4),

Y s, t A S, 1 - (XX)(ZZ)0
G e (o) 922(,0 )| = ca b afLd ot o,

where we use the same notation as in Lemma 3.9 and Corollary 3.10.

Proof. We only prove the bound (3.10); the bound (3.11) follows similarly. First, from
Lemma 3.9 and its proof, we know that

G O ) P C PV

are X -controlled and Z-controlled paths, respectively, with remainders

R(sz;.i)(s’t)::/UR(Y;J';)(s’l)di and RUED(* ) /UR(A;j;)(S”)dZ
u,v u . u,v u .

which by (3.8) are such that there exists C'(T, 5, M) with

(3.12) HR(JX”)(u v)

comam. k()

<C(T.0,M).
qj

We now proceed with multiple applications of Lemma 3.11, the first of which yields

J(Y 1)<usv>‘

+||X]+1 Z]-H” HR(J ])( )
u,v

N

)J;X(:::))—J%Z(u v)‘ Z[||Xf+l Z+,

qj
(Y;J) S (s +1
(3.13) +‘J~ uv)-az (u’v ‘”Zf l,,
UL - U i+1
H|RED( ) =R 127,,)

where C = C(w, T, 5) is as in Lemma 3.11.
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A second application gives us

u,v u,v

y
‘R(J)’%;j)(S»t ) _ Rug;_z’)<s»f )‘ <cy I:”)?k-H _ Zk+1||ﬁk‘R(Y;j,k)(s’t>)
k=0 "

~ ~ . 1
+ ||Xk+l _ Zk+1||ﬁk HR(Y,],k)(S ) )
N dk

NN k(ST >
e[RRI (2 1) - geo () Zhe

u
. Sat i S’t 7
+ R0 (21 _gaib (1) . 12515, ]

’

N
(3.14) <C Z [||Xk+1 _ gk+1 ||17k HR(Y;J,k)( ;{ )
k=0

g
Chk+1 _ Sk+1 Y;jk
+ [ X9 = ZF 5 RO G

4 MHR<Y;J;k)<"') _ R(A;j,k)("’)
u u

qj
+ MR U4 _ QU0 ”q,-,qk] w(s, 1)V,

which gives us a bound on the g;-norm of the difference of the two integral remainders.
Applying Lemma 3.11 yet again,

N
(S g8 )‘ Gkl _ Skt yGik)
‘Ji (u,v) JZ (u,v . C;”X z ”Pk |Ys,u |

(k+1_Zk k) (F K L 7k
IR 2[RI )| 4GP - aGRN1Z5 1,

(3.15) n HR(Y;j,k)( s ) B R(A;_i,k)( s ) ; ||Zk+1||5ki|'
g

For the last bound that we need, we recall (2.13), which in this scenario gives us

N
Y;' Ky —_ . ~ ~ . S
TP )] = @ m) Y [IEONEE g+ 1R |RTO( )
’ k=0

)

(3.16) <C'(T,0,M).
Combining the bounds (3.12), (3.14), (3.15), (3.16) into the inequality (3.13), we are able
to reduce to (3.10) as required. ]

4. A maximal inequality for discrete joint integrals

Having justified the existence of the double integrals, we now work towards a Fubini type
theorem for rough integration of jointly controlled paths. Our approach is akin to the case
of Young integration, whereby we first establish a maximal inequality over the discrete
two-parameter integrals and then leverage this inequality to prove existence and unique-
ness of the integral as the limit of the discrete two-parameter integrals over partitions with
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decreasing mesh size. We will refer to the iterated rough integrals J Y £.x and J; ¢ a

double rough integrals and refer to the third type of integral to be constructed as the Jjoint
rough integral.

Just as in [8], we will use grid-like partitions of [s,t] x [u, v] to refer to partitions of the
form O x O, where D and D are partitions of [s, ] and [u, v] respectively. For a function
©:[0,T]*> % [0,T]*> — E onaBanach space E and partitions D = {sg <+ < S, } C [s.1]
and D = {ug < -+ < Uy, } C [u, v], we write

mo—1no—1

Y o=y o)

Up, U
DxD m=0 n=0 ns H¥ntl

which will be used to write the discrete two-parameter integral over £ x D in the context
of two parameter rough integration.

We follow the same type of argument as the two dimensional Young—Towghi maximal
inequality of [19] as it is presented in the appendix of [8]. The main idea is as follows:
given a discrete integral over a partition, we select a point to remove from the partition
and then observe the change in the discrete integral. The particular point we remove is
carefully chosen to keep this change small. We then repeat until the partition is reduced to
the trivial partition. To keep notation more succinct, we introduce the following quantities.

Definition 4.1. Let {Y V%)) e D;’é’; ([0, T] x [0, T]; E), where E = Bi(V x V — W) for

some Banach space W. Denote by Q2Y: A7 x A7 — W the local approximation of the
joint integral,

N N
S,t +1
Y(u v) _ ZZY(’]k)(X] Xk+1)
’ j=0k=0
Define ©Y: A3 x A3 — W by
y( S8t y( S8t y( S8t
@( / )=51529( , )=52519( , )
u,u,v u,u’,v u,u’,v

where we note that equality of the latter two terms follows from how §; and §, commute
with each other.

For partitions D = {s = 59 < -+ < Sy =t} and D ={u=upg<---< Up, = V},
define the differences

. S s Sm, S,
@.1) Ag);j@) = Z Qr - Z Q" = ZSIQY( muln T,u:,nH)’

DxD D\{sm}xD n=1
. -
. _
4y a®w Y oro Y er - Yaer( it
DOxD DxD\{un} m=1 Up—1,Un, Un+1

The quantity A;‘;D;%') is the change to the discrete integral over O x O when removing

a point sy, from the partition D, and similarly, A(i);'g) is the change from removing u,
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from the other partition D. From Lemma 2.7 we can show that ©Y may be expressed in
terms of second order remainders of Y.

Lemma 4.2. Let {Y U0} ¢ D;’f?([o, T2 Bi(V x V — W)). Then the following identit-
ies hold: ,

N N
s, 8t s, s
w0 e () e s
’ j=0k=0
5.t N N s
4.4 -5 QY( : )z R(f'”‘)( ) X/ Xk
A S ;
5,8t ul s, s
Y (=" (k) J+1 k41
(4.5) ® (uuv) ZZ RU: (u y )(X“ Xk,

Proof. The operators 8, §; and &, are linear, so applying Lemma 2.7 we have

N

s (% - D isl(z G (I Xkﬂ))(s:’;t)

=0

>~

]=

N N
k +1 vk
=X SR (R

and similarly for §, Y. We now use the fact that the remainders themselves are controlled
paths (Lemma 3.3) to similarly apply Lemma 2.7 on §; QY :

N /
y(s:51 G (545 D ot S5t
et () =S (e ) ()

)

N N s s
— Z Z R(J,k)( s )(X;/tl,x,];/—’t)l) -

The following selection lemma will allow us to later find “good” points to remove
from partitions, and is a key step towards the maximal inequality

Lemma 4.3. Let I be a finite non-empty index set, dy € N, and for d = 1,2, ...,dy,
suppose Py =Y .y ci(d) are such that all ¢;(d) > 0. Then there exist B C {1,...,do},
d* € B, and iy € I suchthat |B| > dy/|I| and

(4.6) i [ Ten@]™

|I| deB

Proof. Define ¢* by c¢*(d) := sup;¢; ci(d), and let

Bi:={d €{l,....do} | c*(d) = c¢i(d)}
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which may be empty. Then | B; | counts the number of d such that ¢; (d) is maximal. Since
each d must belong to at least one Bj;,

Z |Bi| > no,
iel

and for i, = arg max{|B;| | i € I} we must have |B;,| > do/|I|, as assuming other-
wise leads to the contradiction ) ;. | Bi| < do. Letting d* = argmin{c;,(d) | d € B, },
we have

1/1Bi, | 1/|Bi,|
P =@ =1 ] @] =1 IT en@]
deB;, deB;,
and letting B = B;,, we prove the statement. ]

We now use the identities of Lemma 4.2 together with the above selection lemma to
prove the following lemma, which gives us a bound from suitable choice of a point in the
partitions and is critical towards deriving the desired maximal inequality.

Lemma 4.4. Ler {Y U9 ¢ D)’?;([O, T)%; E), where E = Bi(V @ V. — W) for some

Banach space W. Suppose that Condition 3.6 holds and let a € (1/0x, 1). Given two
partitions D = {s =59 <+ < Sy, =t}and D ={u =ug <--- <uy, =vjonl0,T]
define ‘%m by

m()—l

o (Dittn) = mXZ:l ‘@Y(Sm—l,sm,smH)

Un—1,Un, Un+1

o

)

no—1
S —lvsm:sm+l a
2% 5 @ism)i= Y 07 (™" ,

i)xi)( $m) ’; (un—lvunv un+1>
forme{l,...,mg—1}andn €{1,...,ng— 1}. There exist m* € {1,...,mo — 1} and
n* e {l,...,ng — 1} such that

< Ci(0.T.) = 6o =0 612
4.7) P (Ditn*) < (1o — 120~ [A(0.R) w(s. )™ d(u,v)™*]",

C,0.T,a) ; - 3
4.8) P (Disme) = o= 1 [4(8,R) w(s, )% d(u,v)**]%,

where C1(0, T, «) is a constant independent of Y, and A(é, R) = A(é, X, X, R) is the
quantity

A@.R) = (sup 1X7 1, ) (sup 1K1, ) ( sup  IRUPY, g,).
jeJ keK (j,k)eJxK

Proof. We will only prove the inequality for P, & (0‘5; uy); the other inequality follows
similarly. Since o < 1, the inequality (3 _;¢; |ai[)* < Y ;c; |ai|* holds for any (a;)ier
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over a finite index set /. Using the identity (4.5), we can then write

N N mo—
Ppa Gok) (Sm=15m \|* v j+1 o pk+1 @
Jﬂ)xf) ZZ Z )R (un—l Uy, |XSm,Sm+1| |Xun,un+1|
N N mo—1 ) s LS Ote]qj
S [( )R(]:k)( m=1> m) ) 1‘11

1
E : xJ+1 |ot9,p, 02 |X Xk+1 |
SmsSm+1 Un,Un+1

i[(’"“z; ()

u u
-0 n—1,Un

q,)a/qj

M=

~.
Il

(=]

~

~ a/pj .
+1 j k+1
( Z SJm,Sm+1|p]> |Xun,un+1|a:|

mol

N N
< Z Z [( Z IRV k)||q i WSt Sm) @ (Un_1, un) ¥/

k=0 m=1

=]

~.

mo—l

. ) 1/pj . o
12 - k+1
(XX @Gsmesmn) IR ]
m=1

N N
N |
= 3 D [IRIP g, g 171,

=0 k=

-
IS

k+1 1/6; ~ e 1®
. |Xu:un+1|a)(é‘,f) /6; w(u'l—hun) /qk] .

where in the second line we use Holder’s inequality, and in the next line we use that

af; > 1, sothe 22949/ _norm is dominated by the £9/ -norm.
Applying Lemma 4.3 with I = K, dy = n9 — 1, and
cx(n) = (IXH0 | @ @n—y, un) V%)%,

Un Un+1

there exist B such that |B| > (ng — 1)/|p|, n* € B and k4 € K such that

N
chk(’l

I A

A [Term]

neB

5. | Ploes - Blaey
B[ TT 1Rk 17 77 [ T @G, | ™

neB neB
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By the inequality of arithmetic and geometric means on each product,

2

N7 T - o/ G
Z cjk(n®) < LpJ<|B| Zl Zf;J{,:HWk*) (m Zw(un_l,un)>
neB

- -1 -
| )0 H1 ("0 kot P 1 e, \ & Pl
P < | X «+ 125 & (i, Unt1) /Pk*)
- — 1)%0ks Z DPkx ns %n+
(nog — 1)%%« \ o=
ol . /s
: ( Z CU(”n—lyun))
n=0
A%t tige - g
< LR R, 0
0— *

Returning to O“ - (!D u,) withn = n*

o 3. +1 (k) |
(D up+) < (sup||X] 5 )( sup |IR |1 )
D n et (G H)eTx 954k

B N N
CO. Ty w(s. ) >3 ¢j(n®)

j=0k=0
aby, )
< AT R LT 0) 060 Y (m 1)+e1 (01, v) e
j=0
Ci(0.T, _ ] a
= H [4(8,R) w(s,1)% @, v)*]%,

where we use that for any u > v > 1 there exists C(u, v, T') such that for all (s,¢) € Ar,
the inequality w(s,t)* < C(u,v, T) w(s,t)” holds. |

The proof of this bound draws inspiration from the proof of Lemma 6.4 of [8] (the
original result of this lemma is from [19]), with suitable modifications made to be used in
the context of rough paths and jointly controlled paths. The following bounds on A o)/ &,
defined by (4.1) and (4.2), are a consequence of the above lemma.

Corollary 4.5. Under the conditions of Lemma 4.4, there exists a constant C, (6 T, o)
such that

moy— 1
i) m -1) m ry ry * ) *
4.9) Z | A A | < Co(8. T.0) [AB. R) (5. 1) (e, v)**]",
ﬂo—l - -
(D;un) (Dsup) |o r 2 0« ~ 0x 7%
(4.10) X; a7 —A{S’t;‘xﬁ < Co(0,T, ) [AB.R) (s, )% @ (u, v)*]",
n=

where we recall that the Ai)xf) are defined by (4.1) and (4.2).
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Proof. For proving (4.9), we first note that for (m,n) € {1,...,mg—1} x{1,...,n9 — 1},

we have
ADssm) _ A (Dism) _ Y(Sm—l’smvsm-i-l)

DxD DxD\fun} Up—1,Un, Un+1

By Lemma 4.4, we can choose n* such that (4.7) holds. We now apply this iteratively to
successively remove points from the partition . Letting Dy := D, for! = 1,...,n9 — 1,
recursively define

Dy = f)l’_l \{un;},

where nj is chosen as in Lemma 4.4 applied to D x Di_1.
Since a < 1, for any sequence (@, )nen € £',

(X lanl)” = (X 1anl®)” = [antment] e = [Qantmen]ln = 3 lan.
neN neN neN

This then gives us the inequality

mo—1 mo—1 np—1 o
(D;sm) (D;sm) < ( (D;sm) _ (D;sm) )
Z |Agox 5 A0 Dx{u, v} = Z ’Ai)xi)l,l Ai)xi)l
m=1 m=1 I=1
mo—] n()—l
< |A($§Sin) _ ADssm) |
- DxD;_1 DxD;
m=1 [=1
no—1

[A(0 R) w(s, 1) &, v)*]*

< Ci(0.T. ) (b)) [AB,R) (s, )% @(u, v)*]",

and similarly for (4.10), taking Cz(g, T,a)=C; (5, T, ) ¢ (aby). ]

We are now in a position to make the following bounds on the discrete integrals, which
are independent from the choice of grid-like partition.

Lemma 4.6. Suppose that Condition 3.6 holds, and let E = Bi(V_x V > W), and o €
(1/04,1). Define Bx (u,v) = Bx(0,R,u,v) and Bg(s,t) = Bg(0,R,s,t) by

Bx(u,v) = sup [||X/+1||pj||)Z’<+1||5kHR(Lk)(’) C;)(u,v)l/ﬁk}
(j,k)eJxK u q;

By(s.y = sup  [IX7 1y 18545 [RUP( )] wts.n'nr].
(Jj,k)yeJxK o/ gy

Then the following holds:
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(1) There exists a constant C4(5, T, «) such that, for any two partitions D = {s = 5o <
< Smp =tyand D ={u = ug < --- < Up, = v}, we have

4.11) ‘ Y oer- szY( )‘5C4(§,T,a)BX(u,v)a)(s,t)e*,
Dx{u,v}

(4.12) ‘ Y oar- (S’ )‘5C4(§,T,a)Bf(s,t)d)(u,v)e*.
{s,6}xD

(2) There exists a constant Cs(a, T, «) such that, for any two partitions D = {s = 5o <
< Sy =tyand D ={u =ug <+ <up, = v} we have

t
4.1 Y Y Y y(5 ’
4.13) ‘ZQ Y oo ZQ+Q(MU)
DxD Dx{u,v} {s,1}xD
<Cs(0.T,0) A0, R) w(s, 1)% &(u, v)%.
Proof. (1) We first bound the sums

mo—1 no—1 ~
(Dssm) (Dsun) |o
Z |Ai)x{u v}} and Z }A{Sjt}xgi
=1 n=1
using similar calculations to those in Lemma 4.4:

mo—1 mo—1

> Al = Z AT — AG [
m=1

3
(=}
L

I
M=

~
Il
(=]
~
Il
(=}
3
Il
-

‘R(j,k)<Sm—l,Sm)) |X]+1 |a|Xk+1|(x
u

Sms>Sm+1

mo—1

NS gL ke
ms>dm+1
m=1

M=
1=

(3 o)

~.
I
(=]
~
|
(=}

o 0 ~
] (s,0)%% & (u, v)*/ P

o
M=

~

I
(=}
a~

I
(=]

i+1 o k+1 k) ("
1271, 185415, RO ()

4qj

Bx (u, v)* w(s, t)“ef.

Y
MZz

~

Il
(=]
~

Il
(=}

Using that w(s, )% < of (5, T)w(s, )% and &(s, t)ék < C’k(é, T)a(s, t)% for some
constants C; and C’k, there exists Cs (6 T, ) such that

mo—1

(4.14) S [ADiE 1€ < C3(8.T.0) By (u.v)* w(s.)*".
m=1
no—1

éﬁ; n 0 ~ *
(4.15) 2; |A§S,t;;;5 < C3(0,T,a) By (s, t)* &(u, v)ae .
n—
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Again we arrive at inequalities (4.11), (4.12), (4.13) from here by repeatedly selecting
points to remove from partitions in a way that allows us to adequately bound the change in
sums over the partitions. Let Dy := D, and for/ = 1,...,mo — 1,let D; = Dy \ {m;},
where

my = argmin{|Agl)’_’11;?Z?v} DSm € Dyp1 \ {s.1}}.

With this choice of my, it follows that

(Di-138m;) | < 1 Z |A(°7)l—1;sm) o
D <fuw}l = mo — 1 Dy x{u,v}
SMEB{D],I

< C3(0, T, o) By (u, v)* w(s, 1)*%.
mo —1

This then leads to the desired inequality (4.11):

mofl

Y y(S:1 (Di-135m))

Z Q8 -Q (u U)‘ — Z |A£D;_1><(u,v}
Dx{u,v} =1
mo—1

1 — 1/a
< Z [ lC3(0,T,a)BX(u,v)“ a)(s,t)“e*]
m JR—

=1

1 _
< (=) [C5(8.T.a) By, v) (s, 1)1,
o
and similarly for (4.12), where we let Cs(0.T,0) = t(1/a) C3(0,T,a)t/e.
(2) We now repeat this process for (4.13). Let Dy := D and for/ = 1,...,mo — 1,
recursively define D = D/ | \ {m]}, with

(1), l,s:n) ADL9m)

= argm1n{|A 5 OF ctuwy| + Sm € D\ {s. 1}

Using this choice of m; in conjunction with Corollary 4.5,

(i)l 1 m*) (”@l 1’ m*) o
or xd Q*,lx{u,v}

1 (D} 35m) (D}, 35m)
~ mo—1 Z ‘Ai)l*_lxj) - Ai)l*71><{1,4,v}

m&D_

— C2(0,T, ) [A(B,R) (s, )% &(u,v)]".

This then gives us

mo—1

mo—1 * . * .
(331 1Sm*) (i)l—l’sm;‘) (@1 135m (Di_135my)
) Z D Ai)[‘_lx{u,v} Z ‘ D Ae@f_lx{u,v}
_ 0. ~ 0 mo—1 1 — 1/a
< AB. R o(s. 0% o v)* Y [ C2(0,T,a)]
mo — l

=1

(4.16) < ;(é) Co(8, T, ) A8, R) w(s, 1)% & (u, v)b.
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To finish, we use the following identity:

T D) D)
Z @l*ilxbt - i)l*_lx{u’v}
I=1
mo—1
=Y [ X e-Ye- ¥ o'+ ¥ o
I=1  or xD DfxD Dj x{u,v} Df x{u,v}
s, t
— QY _ QY _ Y Y( ’ )
> > . @r+ar( )
DXD Dx{u,v} {s,t}xD

which combined with (4.16) yields (4.13) with Cs(8, T, &) = £(1/a) C2(0, T, ) /®. m
From these bounds, the following maximal inequality is easily obtainable.

Theorem 4.7 (Two parameter maximal inequality). Suppose that Condition 3.6 holds
with E =Bi(V x V — W). Then, for any o € (1/0s, 1), there exists a constant Ce(0.T.0)
such that, for any (s, 1), (u,v) € Ar and partitions D = {s = 5o < -+ < Sy, = 1},
D ={u=up<: <up, = v}, we have the bound

’ 3 af - QY(:;)‘ < Co(B. T, ) (s, 1)% @(u, v)™
4.17) DxD ’

-[A((?,T,R)Jr Bx (. v) B’?(s’t)].

O, ) w(s, )b
Proof. This follows immediately from writing

| Yer-er()[=[ X e- X oer- 3 arel([)

DxD DxD Dx{u,v} {s,6}xD

Z QY_QY<:’;> +‘ Z QY_Qy<S,l)‘

~ u,v
Dx{u,v} {s,}xD

+

and then applying Lemma 4.6, where C6(5, T, )= max{C4(§, T, ), C5(5, T,a)}. =

5. Joint rough integrals and a rough Fubini type theorem

We now arrive at the main results of this paper, where we show existence and unique-
ness of the joint rough integral, as well as a rough Fubini type theorem over rectangles.
In Section 5 of [9], two rough Fubini type theorems are proven (one on the simplex and
one on the rectangle) in the 2 < p < 3 case under the additional assumption of admit-
ting smooth approximations, which we are able to bypass at the cost of assumptions of
controlled mixed variation.
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Theorem 5.1 (Existence of rough joint integral). Let
(YURN ¢ @}I;’;’;([O, T2 Bi(V x V — W)

for some Banach space W, and suppose that Condition 3.6 holds. Then the limit

(5.1 lim )" QF =:/ Yd(X,X)
| DXxD|—0 ~ [s,2]x[u,v]
DxD

exists and is such that for all @ € (1/0y, 1),

‘/ Y d(X.X) - QY(“ )‘ < Co[AD. T.R) (s, 1) (u, v)
[s,21x[u,v]

u,v
(5.2) + Bx (u,v) (s, )% + Bg(s,t) &(u,v)%],

where A is as defined in Lemma 4.4, Bx and B)? are as in Lemma 4.6, and Cg =
Cs(é, T, ) is as in Theorem 4.7.

The proof of existence for this integral is inspired by the sewing lemma, and the
presentation of the proof of Lemma 2.8 here intentionally serves as an analogue to the
following proof.

Proof. By the maximal inequality of Theorem 4.7, the bound (5.2) follows immediately
if the limit (5.1) is shown to exist. To do this, we show that for grid-like partitions £ x D
and D’ x D', the difference between their discrete integrals disappears as the mesh size of
these partitions goes to zero. We start by splitting the difference between the two discrete
integrals into three parts, Eq, E; and E3:

Yoy e re -y e-Y e+ ¥ o

DxD D'xD’ DxD DxD’ D'xD D'xD’
E,
Y-y el e -y
D'xD DxD DxD’ DxD
E> E;

From here on, the proof follows similarly to that of Lemma 2.8, again using the observa-
tion that controls are uniformly continuous on Ar. So for any ¢ > 0, there exists §; > 0
such that w(r,r’) < ¢ and @(r,r’) < ¢ for any (r,r’) € A such that |r — r'| < 6.

Let & > 0, and suppose that max{|D|, |D|. |D’]. |i~)~’|} < 8. First we will assume that
D’ x D’ refines D x D, thatis, D C D’ and D C D’. Writing D = {s = 59 < +++ <
Sme = t}and D={u=ug<--< Uy, = v}, consider the following partitions on each
of the intervals: form = 0,...,mg—landn =0,...,n0— 1,

D, =D N [sm.Sme1] and D) = D' N [up. upy1)-

m __ N/ _ N n __
S =Sm+1} and D, ={up =ug <--- <up =uUpt1}
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‘We have the identities:

mo—1no—1 am—1 mo—1no—1
ZQYZZZ(ZQY<W”H))=ZZ< Z QY>’
D'xD m=0 n=0 a=0 Un,Unt1 m=0 n=0 D, x{uy,un+1}
mo— mo—1no—1
o -TE(Eet)-EE( v o)
DxD m=0 n=0  p=0 b "b+1 m=0 n=0 (s smi1}xD}
mo—1no—1 am—1by,—1 mo—1no—1
Yo=Y Y (L e =y Y (X 9)
DIxD m=0 n=0 a=0 b=0 Wy Wpir m=0 n=0 g » Py,
We now rewrite £ and use (4.13) to obtain
mo—1no— S s
=] Z(QY('”’ )= X ef- 3 ets ¥ o)
m=0 n=0 s Hn1 {Sm>Smr13x D} DOp>x{ttnun+1} Dl x D},
mo—1no—1 v [ SmSmi1 v v v
=DIDNCANNIEIID VD VS D I
m=0 n=0 et {Sm>Smt13x D), Dy x{un un+1} D), xD),
mo—1no—1
<Cs(0, T.)AB.R) Y D" (sm 5mt+1)” @n, tni1)"
m=0 n=0

= C5(65 T» a)A(a, R) CU(S, t) d‘)(u’ v) 82(9*_1).

For E,, we first decompose it into the sum of two errors, and then use the inequalit-
ies (4.11) and (4.13),

Ezg( Y-y o' - Y o'+ Y QYM DY QY’
D'xD DxD D'>x{u,v} Dx{u,v} D'x{u,v} D x{u,v}
mo—l

— Y _ Y Y Y Sm7Sm+1)‘
—Z‘ZNQ ZNQ ZQ+Q(M’U
m=0 9/ xD {SmsSm+1}xD Dy x{u,v}
mo_ 1 Sms S
Y Y (°Pm>odm+1
+ 2| X er-ar ()
m=0 DO, x{u,v}
mo—l _ _ _
< Y [C5(6.T.) A(8. R) &(u, v)* + C4(8.T. ) By (u, v)| (s sm+1)™
m=0

giving us the bound
53) Ex< [C5(0 T, oe)A(0 R) o(u, v)o* + C4(0 T, o) Bx (u, v)] w(s,t)e'™ O
Repeating the same process for E3, we arrive at

(54)  E3 <[Cs(0.T.a) A, R) w(s. 1) + C4(0. T, ) By (s.1)] @ (u, v) &',
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using inequalities (4.12) and (4.13). Taking ¢ arbitrarily small, we deduce that the differ-
ence between discrete integrals disappears as the mesh sizes go to zero. For the general
case, where D’ x D’ may not refine O x D, we simply write

DICED MDD DU I DECIED Dhcl|
DxD D'xD! DD DUD' xDUD' DUD' xDUD' D'xD'
which then allows us to use the bounds from the nested case, thus giving us existence of

the limit (5.1). [ ]

With the existence of the joint integral and the bound (5.2), we have the following
Fubini type theorem for double rough integrals.

Theorem 5.2 (Rough Fubini type theorem on the rectangle). Let everything be as in The-
orem 5.1 and assume that the assumptions there hold. Then the double integrals of (3.9)
are both equal to the joint integral (5.1), that is,

(5.5) /[s,,]x[u,,,] Yd@x.x) = Jﬁx(ii,) = J§X<:;>

Proof. We prove this Fubini type theorem by showing that the double integrals J; ¥
and 4 ; 5 can be arbitrarily well approximated by the discrete two parameter integrals
> DOxD QY with decreasing mesh sizes, and thus may also be written as the limit (5.1).

Recall the one-parameter controlled path integrals of Y, denoted Jg;'i ) and J )((Y;k),

and defined by (3.6) and (3.7), respectively. For (s, 1), (u,v) € Ar, we have

N N N
.7 S
J(}’,1)< )XJ'H — ( lim ( YU (xH Xk ))
Z: X u,v ( ) Z_: ujl_)o Z . X_: Sun( unyun+1)
J=0 j=0 [untnr1]cD k=0
N N
. k i+1 vk+1
= il)lm Z (ZZYS({M) XJJ ’Xqun+1))
: ‘_}.0[un,un+1]c‘jj J=0k=0
= lim Z QY
|D|—0 ~
{s,£}xD
and

N N
ZJ(Yk)(S t)( k+1)=Z(|i1)1|I20 Z (ZYs(,f,ﬁ) S];n-i:;m+l’Xk+l)))
k=0 k=0

[sm>Sm+1]lCD  j=0

: k j k
=m0 (ZZYs(n’,u) X} XE5D)

[smssm+1]lCD  j=0k=0
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Let ¢ > 0. By uniform continuity of controls on A, there exists §! > 0 such that for any
(r,r") € Ar with [r — /| < 8}, we have max{w(r, '), ®(r,r")} < e. Additionally, by the
definition of controlled path integrals, there exists §2 > 0 such that for any £ and D with
|D x D'| <82,

‘J u, v) 2) ZJ(Y ])( i ) s]me;m-H) <eé,
m=0 j=0
no—1 N

ey - EZEZJ”kK?’)~;1HJ <s,
n=0 k=0

letting D = {s =50 <+ < Sy =t} and D ={u =ug <--+ <up, = v}asusual Let
8e = max{8}, §2}, and suppose that max{|D|, |D|} < J¢. Then

’J’}%X(:,;)_ Z~ QY’ ‘J (u v) Z ZJ(Y’J)( ) Sj;"—tslmﬂ)

DxD m=0 j=0
mo—1 N s
&;j) [ °m +1 Y
HZZJ( DICAIRED B
m=0 j=0 DxD
E4

The first term is bounded by ¢. For the second term, we rewrite it and use the bound (5.4)
on E3 from the proof of Theorem 5.1 to get

m()l

o= X (gm 3 @f)- o= im |3 at- )
! {Sm,5m+1}><g§, DxD D=0 DxD’ DxD

<[Cs5(0,T,a) A0, R) (5, 1)% + Ca(0, T, ct) Bg (s, 1) &(u,v) e .

Similarly, using the bound (5.3) on E>,

no—l N
y (5! Y y (51 g0 (Un Unt 1) Grt
‘JX,)?<M U) - Z 2 ‘ = ‘JX,X’(u U) - Z Z ( )( un:un+l)
’ DxD ’ n=0 k=0
no—1 N "o u
Yk nsUn+1 ck+1 Y
ZZ“T | COARE DL

=0 k=0 DxD
< e+ (s, 1) e [Cs(0. T.a) A8, R) &(u, v)’"
+ C4(6, T, ) Bx (u,v)].

So for any & > 0, the discrete integral ), & QY is e-close to J; ¥ and J; % for all

grid-like partitions O x O such that |D x D| < &, for some §, > 0. Thus we arrive at the
conclusion that both double integrals are equal to the joint integral (5.1). ]
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The rough Fubini type theorems derived in [9] cover the case where the controlling
rough paths have finite p-variation for 2 < p < 3, and are used as tools in order to prove
Hormander’s theorem for a class of SPDEs. In comparison with the Fubini type theorems
of [9], we do not cover integrals over the simplex, but are able to generalise integrals
over rectangles to the case where the controlling rough paths have arbitrary p-variation.
With the introduction of this third type of double integral, the proof given here draws
some parallels with the classical Fubini’s theorem, and allows us to bypass the technical
condition of smooth approximability.

An obvious corollary of the rough Fubini theorem is that the stability of the double
integrals carries over to the joint integral:

Theorem 5.3 (Stability of joint integrals). Suppose that all quantities are as in The-
orem 3.12 and that the assumptions of the theorem hold. Then there exists C7(0,T, M)
such that

[s,t],[u,v]

)/ Y d(X, X) —f Ad(Z.2)| < Co(T.8. M) d55 @Dy _y),
[s,¢]x[u,v] [s,¢]x[u,v]

6. Signature kernels as jointly controlled paths

One notable example of a jointly controlled path satisfying Condition 3.6 is the signature
kernel, a machine learning tool which has recently seen use in kernel methods in works
such as [4,13,14,16-18]. An important result for the computation of the signature kernel is
that it satisfies a second order Goursat PDE in the case where paths are differentiable [17].
An analogous result in the same paper tells us that, in the case of geometric rough paths,
the signature kernel satisfies a two-parameter rough integral equation, and here we are
able to give an alternative proof of this integral equation. First, we define the signature
and signature kernel.

Definition 6.1. Let X be a p-rough path on V. The signature of X,
S(X): Ar = T((V)),

is the unique extension of X from a multiplicative function on 7 L2} (V') with finite p-varia-
tion to a multiplicative functional on 7'((V)) with finite p-variation via the extension
theorem (Theorem 2.2.1 of [15], Theorem 3.7 of [1]). That is,

S(X)se = (LXL, ... X2 xIPHy eT((v)),

where for I > | p], the X': A7 — V® are such that

1

6.1 X! <"
(6.1) [ ”p/l_ﬂpl"(l/p-i—l)

and Chen’s identity holds:

SX)s,sr ® S(X)se = S(X)sps (5,5',1) € A7
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For any two pairs of times (s, ), (u,v) € Ar and any two rough paths X and XonV,we
define the signature kernel Ky ;) u,v)(X, X) by

o0
K50, (X, X) = (X5, SKun) 7079 Z L XL e,

where T' (V) is the completion of T'(V') with respect to its inner product.

Proposition 6.2. Let X and X be two p-rough paths on V with control w. Define the
family of two parameter paths Y°°%: [0, T]?> — Bi(V x V — R) by

Mz

Y3i(a.b) = K(os),ca(X. X) (@, b)y (X!, ®a X!, ®b)yer.

~
Il
o

where a,b € V. Letting
Yy @900 0, 7> - Bi(V ® V — Bi(V x V — R))

be defined for (§,1) € V& x VO and bya,b € V by

oo

YoURE n@b) = Y (XiJ @tea X @neb)yenn,
I=max{j,k}

then
(Y @00y € DRE ([0.T] x [r. T]: Bi(V®/ @ V¥ — R)),

with remainders

6.2)
s oo 00
" B 1— o l— -k
Rc(rj;r)<u,v)(é’77)(a,b) = Z Z X 1 RE®a. X, m®Xm ®n®b>V®l+"
m=Lp] I=m
6.3)
e’} o0 . ~
R(] k)( )(%- n)(a b) Z Z(X(lr,_sm ®X;',1Z_J ®E®Q,X£;4k ® 7]®b>V®l+1»
m=Lp) I=m
6.4)

00 1 1
RED(VJen@h =3 3 Y Kirexi’etsa

I=|p]m=|p]n=|p]
Xi:tm ® X;n;k dN® b)V®1+1,
satisfying Condition 3.6 for q; = q; = p/(Lp] —J).

Proof. Here we will show that Y (";’_)(f’k) satisfy the necessary conditions of a jointly
controlled path, derivation of ¥ (39UK) is Jeft as an exercise to the reader; this can be
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done by using that Y is a controlled path in both variables and that these controlled paths
are also controlled paths in the other variable.

We first check that ¥ (©39UK) and R(@3%76) properly satisfy the controlled path con-
dition (2.7):

o0

; i,k I—j o -
YU E @b = Y (X ®E®a. XIF @ n®b),en
I=max{j,k}

o) I—j
- Z ((ZX},;J"’"®X;7t)®§‘®a,)2£;,"®n®b>
ax{j,k} m=0

yel+1

o
> (e xn et eneb) )
I=max{j+m,k}

M7 iM8 !

J
YU (XM ® £.n)(a. b)

m=0
o o
+ > ( PO SR P T LT G- T -
m=|pl—j I=j+m
N—j .
= Y YU @ ) + REP (M) € mia.b).
m=0

and, similarly, we have

YGOURE ) a.b)

) )
- ( Z (X(IT:YJ ® E ®a, Xf’;lk_m ® X;rfv ® n ® b)V®l+1)
=0 [=max{j,k+m}

2 3

Z yYeDUkEm & X @ i)(a, b)+R(]k)( Sv)(é,n)(a,b)-

Next, we check that RU4) can be expressed in the form (6.4). For RUK) | we use the
first identity of (3.4):

RUD(™ )€ mia.d)

I—j o1 — o m—
> YK @E0a X © Xt @ 19 b)yer
m=|p]l=m
N—j [ele)

o0
YD X T e ®ERa X @ X @@ b)yen
n=0 m=|p]l=m
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(o) 1 [
=Y Y Y (xrex eiea X" 9 X1k @18 b),em
=lp j

00 1
-y > (XXl ®E@a, X" @ XM @ ® D)6

~
Il
—
=
S
3
I
—_
o]
S
- 3
Il
~

o) 1
=> > (XX @E®a. X" @ XK @ n® )i

For the regularity of remainders, it is easy to see that
o RUK) (usv) contains )?[,’fv terms only form > |p| — k,
« RUM (1) contains X! , terms only for/ > [p| — j,
« and RY¥) also contains these terms of these orders only.

We need now check that the sums do not diverge in the appropriate norms, which is a
consequence of (6.1):

ik Ky
REO()]

o0 o
= 2 (X e 1R e IR e (0, TYEITRIP o, )7
m=|p]l=m

0 ! @l—j—k)/
< w(, vl 33 (0. 7)== —/=7"

1 male) (B T(E + 1) T (2 + 1) T (255 + 1)

o0 _ l-j—k)/p
< w(u, v)PIR/P Z (! LPIJZEU(O, T) — -
1250 Bp)*T (S + )T (5, +1)

where we use the logarithmic convexity of the Gamma function in the last line, in partic-
ular, that for A € [0, 1],

F(x)*T()'™ > Tx + (1—2A)y).

This last sum is convergent, and for the other remainders we can similarly write

ad 2l—j—k
Rg_j’:c)(s’t)) < a)(s,t)(l-pj_j)/p Z (l — |_pJ)a)(O, T)( : ]. )/172
S 1Sy BT (S + )T(5 +1)
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and

()
T \u,v

oo

=) Z Z (X 21X e 1R 2 IR e,

I=lp] m=lp]n=|p]
- w(0, T)(Zl n— m)/Pa)(S t)(” ])/pw(u v)(m k)/p)

i Z (0, T)(Zl—n—m)/p o(s, t)(n—j)/p o(u, v)(m—k)/p
(BT (5 + )T+ )P(5E + ) E(E + 1)

| m=|p|n= LpJ

IA

!
! (0, TYI=I=R)P o (s, 1)LPI=DIP ooy, v)(LPI=0)/ P

>

—7 2 _ 2
1=1p) m=Lp) n=Lp} (5p)4r(12—,;' +1)°T(5E+1)

I—j—k
= w(s. )PP (. p)L2I=0)p Z (/- U’IJ)Z‘“(O T)(zl_l )/”2,

Thus for any o, T € [0, T], {Y ©2UH)} is a jointly (X, X)-controlled path (over the time
intervals [0, T'] x [r, T']) satisfying Condition 3.6 with ¢; = g; = p/(Lp] — j)- L]

Mz <2

IA

We now show that the signature kernel satisfies a two-parameter rough integral equa-
tion. This integral equation matches that of Theorem 4.11 of [17], thereby showing that
the two-parameter integral constructed here is consistent with the two-parameter integral
constructed through one-form rough integration.

Proposition 6.3. Ler {Y @GR be as defined in Proposition 6.2. Then for any s,u €
[0, T'), the jointly controlled path Y * satisfies the integral equation

(6.5) KiounX. X) =Y 01, 1) =1+ / YS*d(X, X),

[s,¢]1x[u,v]
where 1 € V is any element such that ||1]y = 1.

Proof. Let1 € V be such that |1]|y = 1. We rewrite Q¥ in the following way:

QYS;u( ) ZZY(S u)(}k) /’tl’Xk_H)

Jj=0k=0

N N
=ZZ< Z ( ss/ ®Xs]/—1‘_1’Xl k®Xk+ >V®l+1)

Jj=0k=0 [=max{j,k}

N
= Z (Xss’ ®Xs]’-rl’Xl o ®Xk_H)V@HI

oo N N
Z ZZ( ss/ ®ij-:1’qu’ ®Xk+1)V®l+1

+
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[ N
+1
XA{—tH’XI-H V®l+1 + Z ZZ ss/ ®Xs]t ’Xl ’®Xk+ )V®l+1
I=0 I=|p]j=0k=0
0o

=YD~ 1= > (XK e
I=lp]

I
Mz

Jj+1 k+1
ss/ ®Xst ’qu’ ®X )V®1+1

IIMg
an

N
oo I+11+1

=YD —1= 30 3 3 (X @ XL X @ X yer

I=|plj=0k=0

+1 >k
(X”, ® X7 Xu w®X +1)V®,+1

st

_l’_
7; 1M8
gMZ

MN = M=

ho (L 1)

s’ u’

"MS

l
+1 ck
> X X;,, Xk XEN e
lplj Lp]

Lol k=

For partitions

={s=s50<--<Sm =1t} and @z{u=u0<---<un0=t},

we have

no— lmo 1
yoert=y Y arr(tmirt)
DOxD n=0 m=0 UnsUn+1

= Z Z (Yssm'-‘H uyr (1) = Yo, (L.1)

00 1 )
DD DD DR GEE-P AT ML AN Ity

=Y.' 11)-1
no—1mo—1 o0

o Z Z Z Z Z X~£S7{1® Sjm_t—;m+1’Xthu]j,®‘Yl]:n_|,—uln+1>[/®l+l~

n=0 m=0 [=|p]j=|plk=|p]
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With this identity, we can show that the sum above disappears as the mesh size of the
partitions decreases:

’1+ 3ol oy, 11)‘
DxD

no—lmo—1 o0

=2 > > Z Z (I 1z, IX7 gy IR 15 g,

n=0 m=0 I=|p|j=|pl k=|p]

2-j—k i+l k+1
00.1) 7 Osmesmi) 7 w(un,unﬂ)p)

- ! ! (0, T)f{w(smasm-%l) » C‘)(un»un+ )
S;ZZZZ I—j+)(1+1 )( )(k +1)

+

o0
Lpl+1— | — 2 (0. T)2+@+2)/p
< sup w(r,r’)% E (=Lr) w(1+1) .
lr—r'|<|DxD| I=p] (ﬂp)4r( +1)

and so we deduce (6.5) by taking the limit as the mesh size |D x ﬂj| goes to zero. ]

Note that we do not make use of geometricity here, which is something that is neces-
sary in [17] as it uses one-form integration of geometric rough paths.

7. Conclusion

In this paper we have expanded upon the idea of jointly controlled paths from [9], which
serves as a framework for integration of two-parameter paths with respect to two rough
paths, and established a rough Fubini theorem without the need for smooth approxim-
ability. A maximal inequality is established which provides a new bound for the double
integrals, and some form of continuity is established for the double integrals of jointly
controlled paths. Finally, we show that the signature kernel is a jointly controlled path and
extend the integral equation (6.5) to non-geometric rough paths. Some potentially inter-
esting questions remain to be answered, such as extension of a rough Fubini theorem to
shapes other than rectangles, and whether in the geometric case the lifts of the double
integrals to rough paths have any interesting relationships to each other.
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