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Curvature estimates for p-convex hypersurfaces of
prescribed curvature

Weisong Dong

Abstract. In this paper, we establish curvature estimates for p-convex hypersur-
faces in R 1 of prescribed curvature with p > n/2. The existence of a star-shaped
hypersurface of prescribed curvature is obtained. We also prove a type of interior C2
estimates for solutions to the Dirichlet problem of the corresponding equation.

1. Introduction

Let M C R"*! be a closed hypersurface and let k(X) = (k1, ..., k) be the principal
curvatures of M at X.Given 1 < p <n,a C? regular hypersurface M is called p-convex
if, at each X € M, k(X)) satisfies

Ki1+"'+Kip20’ V1§i1<"'<ip§n~

In other words, the sum of the p smallest principal curvatures is nonnegative at each point
of M. The notion of p-convexity goes back to Wu [36], and has been studied extensively
by Wu [36], Sha [28,29] and Harvey—Lawson [19,20].

In this paper, we are interested in finding a p-convex hypersurface M C R"*! of
prescribed curvature as below:

(1.1) [ i+ +x,)=fX0(X). VXeM,

1<ij<-<ip<n

where v(X) is the unit outer normal of M at X, the function f(X,v) € C2(T) is positive
and T is an open neighborhood of unit normal bundle of M in R”*! x S”. The Gaussian
curvature equation, that corresponds to p = 1 in (1.1), was studied by Oliker [24]. The
mean curvature equation, corresponding to p = n in (1.1), was studied by Bakelman—
Kantor [1] and Treibergs—Wei [33]. For general curvature equations, see Caffarelli-Niren-
berg—Spruck [4] and Gerhardt [11]. When p = n — 1, the equation was studied by Chu-
Jiao [7] and, in complex settings, it is related to the Gauduchon conjecture, which was
solved by Székelyhidi—Tosatti—-Weinkove [30]. For some previous work on this topic, see
Tosatti—Weinkove [31,32] and Fu—Wang—Wau [9, 10].
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It is of great interest in geometry and PDEs to derive a C? estimate for equation (1.1)
for general f(X,v(X)). We have the following main result.

Theorem 1.1. Suppose M C R"*! is a closed star-shaped p-convex hypersurface with
p > n/2 satisfying the curvature equation (1.1). Then, there is a positive constant C such
that

(1.2) sup ki (X)| < C,
XeM,i=1,...,n

where C depends on n, p, |M|c1, inf f and | f|co2.

We remark that in this theorem only a few conditions on f are assumed. Usually, to
derive C? estimates for elliptic equations which are not strictly elliptic, there should be
some extra assumptions on f due to the dependency on v(X). We refer the reader to
Ivochkina [21, 22], Guan—Guan [13], Guan-Lin—Ma [16], Guan-Li-Li [15] and Guan—
Jiao [14] for more details. Moreover, Guan—Ren—Wang in [17] showed that for the fol-
lowing curvature equation:

(X)) = f(X.v(X). VX € M.
1

where 0 </ < k < n and oy is the k-th elementary symmetric function, estimate (1.2)
fails generally, though it may hold for special f as in Guan—Guan [13]. When [ = 0,
some results are known for general f. For instance, estimate (1.2) was proved for k = n
by Caffarelli-Nirenberg—Spruck [3] and, for 2 < k < n, Guan—Ren—Wang [17] obtained
the estimate for convex solutions. For k = n — 1 and n — 2, estimate (1.2) was established
by Ren—Wang [25, 34]. They also conjectured that the estimate still holds for k > n/2
in [26,34]. When £ is independent of v, Caffarelli-Nirenberg—Spruck [4] proved the C?
estimate for a general class of fully nonlinear curvature equations. For hypersurfaces of
prescribed curvature in Riemannian manifolds and Minkowski space, see [5] and [27,35].
We also refer the reader to Guan—Zhang [ 18] and references therein for a class of curvature
equations arising from convex geometry.

To obtain the existence of a p-convex hypersurface satisfying the prescribed curvature
equation (1.1), we assume the following two conditions on f. The first one is that there
exists two positive constants r; < 1 < r, such that

X G
f(X, m) = p—p, for |X| = ry;

r n
(1.3) !

X pc'{)
f(X, —) < —, for|X|=r;.
X1/ = e

This condition is used to derive C° estimates. The second one is that for any fixed unit
vector v,

d
(1.4) 8—(pc'f’f(X, v)) <0, where p =|X]|,
)

and will be used to derive C! estimates. Actually, with suitable assumptions of £, Li [23]
proved that the interior gradient estimate holds.
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By the continuity method argument as in [4], we can obtain the following result.

Theorem 1.2. Let fe C2((B,,\B,,)xS") be a positive function satisfying (1.3) and (1.4).
Then equation (1.1) has a unigue C>* star-shaped p-convex solution M in {X € R"*1 :
riy < |X| < rp}, forany a € (0,1), as long as p > n/2.

The method of proving Theorem 1.1 can be applied to obtain an interior C? estimate
for the Dirichlet problem of the corresponding equation in the Euclidean space. Suppose
that © is a bounded domain in R”. For a function u € C?(Q), denote by A(D?u) =
(A1, ..., An) the eigenvalues of the Hessian D?u. We say that u € C2(Q) is p-pluri-
subharmonic if the eigenvalues of D?u satisfy Aip +--+ )L,-p >0, foralll <i; <---<
ip <n (see[20]). Givena Cc? p-plurisubharmonic function v on Q, consider the following
Dirichlet problem:

(1.5) [ Gi+-+24,)=/f(x.u.Du). inQ,

1<ij<-<ip<n

with boundary data
u=v onoads,

where f € C2(Q x R x R") is a positive function. By the same argument as that of
Theorem 1.1, we can prove the following interior estimate.

Theorem 1.3. Suppose that a p-plurisubharmonic function u € C*(Q) N CY1(Q) is a
solution to the Dirichlet problem (1.5) and satisfies u < v in Q. Then, there exist con-
stants C and B depending only on n, p, |u|c1, |v|c1, inf f, | f|c2 and Q such that

(1.6) sup(v — u)’3 Au <C
Q

aslong as p > n/2.

Remark 1.4. As a byproduct of the proof of the above theorem, one can conclude the
following global C? estimate for equation (1.5):

sup | D%u| < C(l + sup|D2u|),
Q aQ

where C is a constant as in Theorem 1.3.

We shall only give an outline for the proof of Theorem 1.3, as it is almost the same as
that of Theorem 1.1. The estimate (1.6) can also be seen in some sense as a generalization
of Theorem 0.4 in [8], since there the right-hand side function f* does not depend on Du.
Such an estimate for the k-Hessian equation 0% (A) = f(x, u) has been proved by Chou—
Wang [6]. The function f depending on v or Du creates substantial difficulties to derive
a C? estimate, as the bad term —C hy; or —Cuy; appears when one applies the maximum
principle to the test function. One way to overcome this is, like in [17,25, 34], to control
the bad third order terms, which is very hard even for the k-Hessian equation. Another
way is, as in [7], to control —Chy; firstly by good terms (see Lemma 3.2), and then the
bad third order terms can be eliminated easily by Lemma 3.4. Thanks to Dinew [8], where
many properties of the operator have been proved, we can follow the argument in [7] to
prove the estimate.
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The paper is organized as follows. In Section 2, we recall some properties of the oper-
ator from [8]. In Section 3, we prove the curvature estimate. In Section 4 we derive the
gradient estimate, and in Section 5 we apply the continuity method to prove Theorem 1.2.
Finally, we give an outline of the proof of Theorem 1.3 in Section 6.

2. Preliminaries

Let S™ be the unit sphere in R”*! and let V be the connection on it. Assume that M is
star-shaped with respect to the origin, i.e., the position vector X of M can be written as
X(x) = p(x)x, where x € S". Then the unit outer normal of M is given by

px —Vp

Ve +|Vpl2

Let {e1, ..., e,} be a smooth local orthonormal frame on S”. Then the metric of M is
given by g;; = 0%8; j =+ pipj,and the second fundamental form of M is

_ P?8ij +2pipj — ppij

2.1 hij =
! Vo2 +1Vpl?
The principal curvatures k = (k1, ..., k,) are the eigenvalues of /;; with respect to g;;.
At a point X in M, choose a local orthonormal frame {e;,e; ..., e,}. The following

geometric formulas are well known:
X;j = — h;jv (Gauss formula),
22) )i = hjje; (Weing'flrten equation),
hijk = hixj (Codazzi formula),
Rijii = hixhji — hihjr (Gauss equation),
where R;jx; is the (4, 0)-Riemannian curvature tensor and we have the formula
(2.3) hijki = hitij + hmk (hmjhit — hmihi;) + hmi (hmj b — hihig).
We recall the p-convex cones introduced by Harvey and Lawson [20].
Definition 2.1. Let p € {1,...,n}. The cone &, is defined by
Pp={(A1,.... An) ER VI < iy <ip <+ <ip <, Ajy +--+ A, >0}
Associated to &, is the cone of symmetric n x n matrices defined by
Py ={A|Vl <iy <ip < <ip <n, Aj(A) + -+ 4,(4) > 0}.
We call A is p-positive if A € Pp.

For convenience, we introduce the following notations:

Flhij)i=F)= ] (u+-+m,) and F=FY,

1<iy<-<ip=<n
where Cf = Wip)!' Equation (1.1) then can be written as

(2.4) F(hij) == F(x) = f(X,v(X)),
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where k = (k1,...,k,) and f = fl/c'f). Denote
. oF .. P2F ..
Fi=_— Fik = _— —  and §=) F
oh;j 0h;johy; Z
Direct calculations show that
] 1 1/CP—1 ij
Fl.l — F F Fl]

n

and

L FUCI=1 ikl 4 L(L _ 1)F1/c,{’—2Fij ki

Cy Ci\CY '

We remark that F is concave with respect to /1;; by Lemma 1.13 and Corollary 1.14 in [8].

And the equation is elliptic as the matrix {3 F /dh; 7} is positive definite for {£;;} € P,.
Now we do some basic calculations which will be used in the next section. Our cal-

culations are carried out at a point X on the hypersurface M, and we use coordinates

such that at this point {4;;} is diagonal and its eigenvalues with respect to g;; are ordered

as k1 > kp > -++ > kp,. Note that F¥/ is also diagonal at Xy and we have the following

formulas:

ikl _

Fkk — B_F _ F(x)
Ok ketin iy 0 T Gy
for which we refer to Lemma 1.10 in [8]. We also have formulas for the second order

derivatives of F at Xg:

phkil _ OCF 3 F(x)
8Kk3Kl kelit,....ip} (Ki] +ot KiF)(Kjl +ot ij)
le{jl ..... ]p}
{il ~~~~~ ip}?é{jl ~~~~~ ]p}
and, fork # r,
phrrk _ FH—Frr Z F(x) _
Kk — Kr (i, +"'+Kip)(Kj1 +"'+ij)

{innip =1 dp N\ K}

Otherwise, we have F/K! = (. See Lemma 1.12 in [8] for the above formulas. These
formulas can also be easily obtained from Theorem 5.5 in [2]. The following properties of
the function F, which are very similar to the properties of oy, were proved by Dinew [8].

Lemma 2.2 ([8]). Suppose that the diagonal matrix A = diag(A1, ..., A,) belongs to P,
and that Ay > --- > A,,. Then,

() F™ (A = F(A);

@) iy F¥4) = p:

(3) Xkt F* (N = CF F(A):

(4) there is a constant 0 = 0(n, p) such that F/7(A) > 0)_ F" forall j >n—p + 1.

For the reader’s convenience, we provide a short proof of the above lemma in the
appendix.
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3. Curvature estimates

Set u = (X, v), which is the support function of the hypersurface M. Clearly, we have

02

TR

There exists a positive constant C, depending on infys p and |p|c1, such that

1
— <infu <u <supu <C.
C M — _Mp -

In order to prove Theorem 1.1, we consider the following auxiliary function:
A4 02
G = log kmax — log(u —a) + E|X|

where kmax 1S the largest principal curvature, a = %infM u>0,and A > 1 is a large
constant to be determined. Suppose the maximum of G is achieved at a point Xy € M.
Choose a local orthonormal frame {eq, ..., e,} around Xy such that

hij = &ijhi; and  hyp > hop > - > hy,  at X

Since kmax may not be differentiable, we define a new function G near X o by

A

A
G =loghy; —log(u —a) + 7 |X1|2.

It is easy to see G achieves a maximum at Xo. Now, differentiating G at X, twice yields
that

h . .
3.1) 0="11 WL g(X,e)
hll u-—a
and
hiii hi1iN2 Ui u; \2
3.2 0> ——) - A(l X, Xii)).
(3.2) z (/m) () A+ (X X))

Contracting (3.2) with Fii we get

]*:ii/’l B Fviihz ) F‘ii .. ﬁiiu.z o
1ii 11i Uii L+ AFYT (1 + (X, X;i)).

3.3 0>
( ) - hll h%l u-—a (u—a)2

Lemma 3.1. We have
2 - Fiip?,.

0> _h_ZFll,llh%li_ h2111 —Chyy

(3.4) iz "
aﬁiihfi N Fiiy?

U—a (u —a)?
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Proof. From the formula (2.3), we have

(3.5) Flihyy = F'hip b3, — FUh% hyy + Fhig.
Differentiating equation (1.1) twice at X, we obtain

(3.6) FU hise = (dx [)(ex) + hie(dy ) (ex)

and

(3.7) F' hyikie + FP97 hpgic hysie = —C = Ch3y + Y hugie(dy ) (er).
]

By the concavity of F and the Codazzi formula, we have

(38) _vapq,rs hpql hrsl = -2 Z Fli’il h%li'

i>2

Note that by Lemma 2.2 (3) we have Fih;; = f. Hence, we see that

(39) Flhyy = =2) F" 3y, — F'h b + Y hina(dy f)(e) — C — Chiy.

i>2 /
We now compute the term Fiu;;. By (2.2), we have

u; = hii(X,e;) and wu;; = Zhiik(x, ex) —uhizi + hi;.
k

Hence, we obtain

Flluy = Y Flhip(X.e) —uF"h} + f

(3.10) k i
< D hik(dy f)(e) (X, ex) —uF"hf; + C.
k

By the Gauss formula, we have
(3.11) (X, Xii) = —hii{X,v) = —hj;u.

Substituting (3.9), (3.10) and (3.11) in (3.3), we obtain that

2 [ o 1 ~
0z —;— DOFY R — FU R+ P Y hdv f)(er) = Chuy
1

i>2
(3.12) _ f%u _ Yihueldy e (Xoew) | uFhE - C
hi, Uu—a Uu—a Uu—a
Fiiy2 .
+—u‘+A2F”—CA.

(u—a)?
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By the Codazzi formula, uy = hgr (X, ex) and (3.1), we have

1 x hieic(dy ) (ex) (X, ex
S e (o ) — DN ) ey
17 u—a
Therefore, we arrive at
2 L ... C
0> —— Y Flilp2 _Fiip2 _Chyy— ——
= hy, ZZ: 11i ii 11 U —a
(3.13) ~ii;l_2 fii 2 Fii 2
F'hyy; | uF'"hy F™u; i
- A F' — CA,
h?, u—a (u —a)? + Z
which is just the inequality (3.4). [

Next, we deal with the bad term —C hq;.

Lemma 3.2. Suppose p > n/2. If hqy is large enough, we have

14 hyy < —H 4 2N i
(3.14) Cll_z(u + Z

for sufficiently large A.
Proof. Note that
Kn—p+1 + Kn—p+2 + -+ Ky > 0.
We divide the proof into two cases.
Case 1. Suppose k, < —dk1, where 8 > 0 is a small constant to be determined later.
By Lemma 2.2 we see F"" > 0> F'' > Op. We then obtain that
F™h}, = 8%k} F™ = 0p&°«.
Therefore, for sufficiently large x1, we have
rnn 2
Ch 1< M .
2(u —a)
Case 2. Now k, > —6k1. We further divide this case into two cases.
Subcase 2.1. Suppose kp—p+1 + kn—p+2 + -+ + kn < §/k1. Since

F(k)

an >
" Kn—p+1 t+Kn—pio2 + -+ Kn
we see that , .
pnn __ L 1/CY—1 pnn Fl/cn K_l _ i ﬂ
F' = F F'" > =
cy P 5l

Choosing § sufficiently small, we obtain that

Cky < I}nn'
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Subcase 2.2. Suppose Kp—p+1 + kn—p+2 + -+ + kn > 8/k1. For a fixed (p — 1)-tuple
2<iy <--<ip_1 <n,wehave

K1+ ki ++ki,, = (1= (p—1DK1.
Hence, we have
T s
2<i)<-<ip—1=n
X 1_[ (i, +Ki2+"'+’cip)

2<ij<-<ip<n
(i1,0nsip) #(=p+1,...m)

p—1 ) Cnp—l_
> [(1= (p = 1)8)Kky]5 [E] g

For p > n/2, a direct calculation shows that

1 _(=D--n=p+1) n—p
G = Gl (p—1)! (1_ )

Therefore, we obtain
F™ > csky,

where ¢ = [(1 — (p — 1)8)] "1 §C-1=1 It then follows that, for sufficiently large A,
A -
Ci1 < 3 e, n

By the above lemma, (3.4) becomes

0> __ZFllllhlll_

(3.15) i22
Fll ll
+ u——a)2 — E Fii _cA.

PRy, | aPii

h%, 2(u —a)

Lemma 3.3. For « sufficiently large, we have
|kn—p+1l, ... |kn| < CA.

Proof. By the critical equation (3.1) and the Cauchy—Schwarz inequality, we have

Fiip2 . Fiiy? 1
3.16 —— 1l > _( i (14 =) A%FH (X, ;).
( ) l’l%l j— ( + 8) (u _ Cl)2 ( + 8) ( el)

From (3.15) and — F 151 > 0, we see that

aFi'p?  eFiu?  CA® =y
3.17 0> Lo F'" — CA.
G-17 “2w—a) (u-—a)? e Z
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Using u; = h;; (X, e;) and choosing ¢ sufficiently small, we obtain from (3.17) that

F”h2 CA? .y
3.18 0 __w _ le’
G-18) “ 4(u—a) e Z

where we also used Y Fil > p. By Lemma 2.2, we now arrive at
ab L CA? L
0> —< Fll)( ]’12)—— F”,
(3.19) Z —a > 2 k)=
i>n—p+1

which implies that
Z h2 < CA>. n

i>n—p+1

Lemma 3.4. Given 1 > § > 0, there is an € = &(p, 8) > 0 such that
. Fll ii
—FW 42" > (148 —, i=2,3,-n,

K1 K1

for k1 sufficiently large.

Proof. Recall that k1 > kp > -+ > k. By the formula

11 ji
Fliil _ F"—F"
K1 —Kj
we see that . "
12
L - u(_pli,il) + -
K1 K1 K1
Since k; > 0 fori <n — p + 1, we obtain
11
F” 1i,il F .
—<-F + —) fori=2,....n—p+1.
K1 K1

By Lemma 3.3, we can assume that |k;| < exy fori > n — p + 2 for sufficiently small €
and large «1. Hence, we have

Fii o F 11

— <—(l+4+eF" 4 fori=n—p+2,....n

K1 K1
By the above two inequalities, we get the desired inequality. ]

By Lemma 3.4, (3.15) becomes

OEZF”h%Il_F”h%ll_zzFuh%lz+aFiihi2i
h? h? h? 2(u —a)
(3 20) i>2 11 11 i>2 11
F‘i
taTar —a)2 ZF” CA.
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By the critical equation (3.1), the Cauchy—Schwarz inequality and u; = h;; (X, e;), we see
that

Flip2 Fl1,2 1 _
_ 2111 > —(1+¢) ”12 (1 +—)A2F11(X,el)2
(3.21) ot @ —a) ¢
- Flly? F“h%l CA? Fll
~  (u—a)? (u —a)? 3
and .
Flip2
ZZ 211’§CZF“h2+CA2F”
i>2 hiy i>2
Note that
F11 Z Fl) < £

K1+ ki +-t K K
1¢{i1,..ip—1} ! " tp-1 !

Hence, by Lemma 3.2, we obtain

Fl1p2 aFiip2 4 8
322 2 11 < il + = Fll +CA2F11.
(:22) Z h?, T 4u—a) 4 Z

i>2

Substituting (3.21) and (3.22) into (3.20), we have

_aFhy  FUag e F''n},  c4? A
(3.23) 45;‘”_ a) (Z —a w-ay e
i A Fi' — CA’F! — cA.
+ (v —a)? * 4 Z

Choosing ¢ sufficiently small and assuming 4, sufficiently large, we derive that

Fll h2
(3.24 0> —/43L Fii —CA.
) ~8(u— a) Z
It then follows that
Y Fi<c.
Next we prove that under this condition, one have
~ 1
F1l > .
C
Since Y~ F'' < C, in particular we have
F(x)
Kpn—p+1 + -+ Kn

<C

This implies that

Kn—p+1 + -+ Kkn 2 Ev
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where C also depends on inf f. This yields

Substituting the above inequality into (3.24), we obtain

2
hll

0> ——CA4,
- C

from which we can derive an upper bound for /7. Theorem 1.1 is proved.

4. Gradient estimates

Before we apply the continuity method to obtain a solution to equation (1.1), we need to
derive a C'! estimate for the equation. We show that there exists a positive constant C
depending on n, p, inf p, sup p, inf f and | f|c1 such that

[Vp| < C,

where V denotes the connection on S™. Note that

p?

VP +Vpl?

We only need to derive a positive lower bound of u. As in [16], we consider the following
quantity:

w = —logu + y(|X|?).

where the function y(-) will be determined later. Suppose the maximum of w is achieved
at Xo € M. If at Xy, X is parallel to v, we have

:X, = >.f7
u=(X,v) p = infp

which gives a lower bound since p is assumed to have a positive lower bound. If X is not
parallel to v at X, we can choose a local orthonormal frame {e1, e2, ..., e, } such that

(X,e1) #0 and (X,e;) =0 fori > 2.
Differentiate w at X to obtain that

- hir (X,
@.1) 0=w = —% Y2y (X ) = —% + 2/ (X, &),

where in the last equality we used the Weingarten equation. Hence, we have

hii=2y'u and hy; =0 fori > 2.
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Without loss of generality, we can assume {/;; } is diagonal at X,. Differentiating w at X,
a second time and contracting with { F*/ }, we obtain that

Uii

2
s us
(42) 0= Fi(= =4 =Ly (XP)? + 7 (XP).

Combining (4.1) with the above inequality, we arrive at

il

F'lu;; ..
(4.3) 0> —T” + 4%+ YV FN (X, e1)? + y' Fl(1X %)
By (3.10), we have

(4.4) Flluyy = (X, e1)((dx f)(er) + hii(dy f)(er)) —uFh2, + f.

Also, we have o N ~
FU(XP)=2) F" —2uf,

where we used F h; ;= f . Recall that h;; = 2y’u. Substituting the above two equalities
into (4.3) we get

1 = ~ .
“5) 0> — ;((Xvel)(dxf)(el) + f) = 2(X,e1)y'(dv f)(er)
+ Fviihizi 4% + ")V FIUX, e)? +2y/(ZFii —uf)
At X, we see that X = (X, eq)e; + (X, v)v. It then follows that

(dx /)(X) = (X, e1)(dx f)(er) + (X, v)(dx ) (v).
From (1.4), we see that
3 p 3 P ~pD
0= %(pcn f(X.v) = %(pcn X))
= CP(0 /) + (dx (X))
= PN + (X, er)(dx f)ler) + (X, v)(dx ().
We therefore obtain
—(f + (X, e1)(dx f)(er)) = (X, v)(dx /)(v) = u(dx f)(v).
Substituting this into (4.5) we obtain
e 0> (dx )(v) = 2(X,e1)y'(dy f)(er) + FI'h2,
(4.6) +4(y’2+)/”)F11(X,81)2+2)//(21’:ii—Mf)-

Now we choose y(t) = /¢, where o is a large constant to be determined later.
Recall that h1; = 2y’u at X, which implies that /111(Xo) < 0. This means that hy; €
{Kn—p+2.Kn—p+3....,kn} and therefore by Lemma 2.2,

Fll > GZFH
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Similar to [7], we can assume (X, e; )2 > % infys pz. Now we arrive at

2

- Sii
4.7) 0> <6_C“)ZF —Ca.
Choosing « sufficiently large, we obtain a contradiction. Therefore, X, is parallel to v,
and u has a positive lower bound.
5. Existence of a solution

We use the continuity method as in [4] to prove Theorem 1.2. Consider the following
family of functions:

FUX,v) = tf(X,v) + (1 — 1) pS+ [|XTC'{, +s(|XTCnp —1)],

where ¢ is a small positive constant such that

1

—i—s(——l)] >co >0,
pCr

min [
r=<p=r2

pCr

for some positive constant cg. It is easy to see that (X, v) satisfies (1.3) and (1.4) with
strict inequalities for 0 < ¢ < 1.
Let M, be the solution of the equation

F(k) = ft(Xt,v,),

where X; and v, are position vector and unit outer normal of M; respectively. Clearly,
when t = 0, we have My = S” and X¢ = x. Forz € (0, 1), suppose p; = | X;| attains its
maximum at the point xg. At this point, by (2.1), we have

gij = p;8; and  hij = —(p)ij + pi8ij = pi b
under a smooth local orthonormal frame on S”. Then we have

1 pc'{)
F(k) > F(p—(l,..., 1)) =
! pe"

On the other hand, at xg, the unit outer normal v, is parallel to X;. If p;(xg) = rz, we
obtain

P P&
c7 < F(k) = f"(X¢,v) < o7
rp=n rp=n

which is a contradiction. So we have sup,, p; < r2. Similarly argument at the minimum
point of p, gives that infyy, p; > r1 on M,. Hence, C° estimate follows. Combining our C'!
estimate, our C? estimate, the Evans—Krylov theorem with the argument in [4], we get the
existence and uniqueness of solution to equation (1.1). Theorem 1.2 is proved.



Curvature estimates for p-convex hypersurfaces of prescribed curvature 1053

6. Proof of Theorem 1.3

By Lemmas 3.1, 3.2, 3.3 and 3.4, one can prove Theorem 1.3. For completeness, we
include an outline here.

Proof. We consider the following function:
a 2, A 2
G(x,fg‘):logugg~|—5|Vu| +E|x| + Blog(v —u),

where a, A and § are constants to be determined later. Suppose that G achieves its max-
imum at (xo, o). Around xo, we choose a coordinate system such that £y = ey and u;; (xo)
is diagonal such that

Uil = U2 =+ = Upp AL Xp.

This can be done as in [12]. Thus, the new function defined by
A a , A,
G(x):logu11+§|Vu| +3|x| + Blog(v —u)

also attains its maximum at x¢. Differentiate it once to obtain

Uil v —u);
6.1) 0= " 4 gy + Ay + PO

U1l V—Uu
Differentiating it twice and by similar computations as Lemma 3.1 and Lemma 3.2, we
arrive at

2 o Fviiu2 ) aﬁ”u.z.
0> — Flz,tluZ L 11§ + il
Uil ZZZ: 1 u%l 2
6.2) z

A o BFi—u? CB
_ Fll _ A_ L .
+ 22 ¢ (v —u)? v—u

We remark that in the above inequality we used

F)
;Fkkvkk = Z Z mvkk

k kelitymip}

_ F()

1<ij<iz<-<ip=<n

which is nonnegative since v is p-plurisubharmonic. Using the same argument as in
Lemma 3.3, we obtain

C
|u,~i|§m fori >n—p+1,

where C depends on a, A and .
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By (6.1) and the Cauchy—Schwarz inequality, we have

_FH;‘%M > _Ca?F' 2 — CA2F' — CIBZFH
Uy, (v —u)?
and
F”(v—u)2 F”um

_Z (w—u2 = /32 w2 ZF” ”__ZF”

i>2 i>2 11 i>2 i>2

Substituting the above two inequalities into (6.2), we have

2 o 3 Fiiy2 a Ca?
0> — = Fliil,2 __(1 +_) 11i +(_ )Fzz 2
U1 ; 11i /3 Z 2 2 :B

=2 Y11

2 2011
(6.3) é_CA Fii o~ 275112 2~11_C,3 F
+(5 ; )3 Fii - Ca? P13, - CAPF P
2F"u}  CB

s Ui _ 4 g A4 i 2 F11 CB*> =i
(6.4) 2 F = F u,.,-+§ZF + CA%F +mF

for sufficiently large (v — u)u1; and A. Combining Lemma 3.4 with (6.4) and choosing a
sufficiently small and 8 sufficiently large such that § > 3/8, we get from (6.3) that

- C ~ Cc = C
F'l'ui, - —— F''—cCcA - F''ui, —

a
. 0> a4 ,
©6.5) (v —u)? v—u 8 v—u

-PIQ

where in the second inequality we assumed (v — u)uq; is large enough. ~
By Lemma 2.2 (1), we have that Fllull > ¢g, where ¢ > 0 depends on inf f. Then,
from (6.5) we obtain
(v—wu <C,

which implies the estimate (1.6). [

A. Appendix
In this appendix, we include a proof of Lemma 2.2. For A € P,, recall the notations

F(A):=FXMA) =[] Giy+-+4,) and F= FUer,

1<iy<-<ip<n

where A(A4) = (A1,...,A,) are the eigenvalues of A and P, is defined in Definition 2.1.
Suppose that the diagonal matrix A = diag(;,...,4,) belongsto P, and A; > --- > 4,.
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Lemma A.l. F!''(A)X; > LF(A).
Proof. We have that

- 1 p_ F(A)
FlN ) = S [FAet 30—
n 1€{itynip) 1! '
1 p_ 1 F(4) 1 p
— _[F(A 1/Cy lcl’_l = — [F(A l/Cn,
> 5 [F(A)] = )
where in the inequality we used A;; + -+ + 4;, < pAy. |

Lemma A.2. Y 7_, F¥(4) > p.
Proof. We have that

N kg o Jch— F(A)
Frn- g} 5 i

k=1 k=1ke{iy,....ip}

1
— e
B [C”]Z [ (4)] )3 Aiy + -+ A,

1<ij<-<ip<n

S SN S
= Tl ROECE
where the inequality of arithmetic and geometric means was used in the inequality. ]

Lemma A.3. Y {_, F**(A)Ax = CPF(A).
Proof. Observe that

n n A
I S S

k=1 k=1 ke{it,....ip}
ncP!
= F(A) —=L = CP F(A). "
p
Lemma Ad. Y 7_, FFR(A)); = F(A).
Proof. Observe that
z 1
SR M = ol — [Fay /et Z FFE(A) A = F(A). u
k=1 k=1

Lemma A.5. There is a constant 0 = 6(n, p) such that, forall j >n—p + 1,

Fi(4) =0 F'(4).

i=1
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Proof. Note that, for j >n—p + 1,

ij F(A) 1 F(A)
F/7(A4) > > _ )
( )_An—p+l+"'+)tn_cnp Z A,il-{-"'—f-kip

1<ii<-<ip=<n

and ) .
F(4)
kk _
ZF (A)_Z Z Aio 4o+ Ay
k=1 k=1 kelir,onip} K4
ek 3 F(A)
T cP A
Ca 1<ij<-~<ip<n Aiy o oee A,
Thus the desired inequality is proved. ]
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