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Equivalence of critical and subcritical sharp
Trudinger—Moser inequalities in fractional dimensions
and extremal functions

José Francisco de Oliveira and Jodo Marcos do O

Abstract. We establish critical and subcritical sharp Trudinger—-Moser inequalities
for fractional dimensions on the whole space. Moreover, we obtain asymptotic lower
and upper bounds for the fractional subcritical Trudinger—Moser supremum from
which we can prove the equivalence between critical and subcritical inequalities.
Using this equivalence, we prove the existence of maximizers for both the subcritical
and critical associated extremal problems. As a by-product of this development, we
can explicitly calculate the value of the critical supremum in some special situations.

1. Introduction

Let0 < R < 00,0 > 0and g > 1 be real numbers. Let L} = L{(0, R) be the weighted
Lebesgue space defined as the set of all measurable functions u on (0, R) such that

1/
Ru(r)qd/\g q<oo if 1 <g < oo,
(fo | q

lullge = .
# esssup |u(r)| < oo if g = o0,
0<r<R
where we are denoting
R R
(L.1) / f(rydig = w9/ f(r)rfdr, 0<R < oo,
0 0
with wy defined by
27.[(6+1)/2 [}
wg = ———, with T['(x) = f t* et ds.
L@ +1)/2) 0

In the case that 6 is a positive integer number, wg agrees precisely with the known
spherical volume element for Euclidean space R+, In fact, according to the formalism
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in [33], the integration of a radially symmetric function f(r) in a (8 + 1)-dimensional
fractional space is given by (1.1), when R = co. Integration over non-integer dimensional
spaces is often used in the dimensional regularization method as a powerful tool to obtain
results in statistical mechanics and quantum field theory [7,30,35]. For a deeper discussion
on this subject, we suggest [36] and the references therein.

We emphasize that the Lebesgue spaces Lz is also related with the classical Hardy
inequality [19], see [13,29] for more details. In addition, we can use Lg-spaces to define
Sobolev type spaces that are suitable to investigate a general class of differential operators
which includes the p-Laplacian, p > 2, and k-Hessian operators in the radial form, see
for instance [6, 18,29] and references therein. Indeed, as observed by P. Clément et al. [6],
if we consider X = Xlle’p(oc, 0),a,0 >0, p>1and 0 < R < 00, as the set of all locally
absolutely continuous functions on the interval (0, R) such that lim, ,gu(r) =0,u € Lg
and u’ € LE, then Xg becomes a Banach space endowed with the norm

— p e e
lll = (g + 1'N7,) "
Further, we can distinguish two special behaviors for the weighted Sobolev spaces Xr.
Namely, the Sobolev case, when the condition

(1.2) a—p+1>0
holds, and the Trudinger—Moser case if

(1.3) a—p+1=0.
In the Sobolev case (1.2), the value

v+ 1Dp

pi=p (“’p’”):a—pH

is the critical exponent for the embedding
XpP(@,0) = L.

Indeed, for the bounded situation 0 < R < oo, one has the following continuous embed-
ding:
XpP(@,0) = L%, ifq e (1, p*] and min{,v} > o — p.

Moreover, in the strict case ¢ < p*, the embedding is also compact. In contrast, for the
Trudinger—Moser case one has the compact embedding

(1.4) XpP(@,0) = L1, ifge(l,00)andv > 0.

However, Xg < L° does not hold, as one can see taking u(r) = In(In(eR/r)).

It is worth pointing out that the weighted Sobolev spaces X r are employed by several
authors to investigate existence of solutions for a large class of differential equations. We
recommend [6,8,9,13,17,22] for a general class of radial operators, and for the k-Hessian
equation [11, 12, 14], and recently [15]. This paper deals with intrinsic properties of Xg,
which are related with sharp variational inequalities. In this direction, let us first recall
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some previous results. Firstly, the embedding in (1.4) does not find its threshold in the
weighted Lebesgue spaces L, instead, in [10] it was proved a sharp inequality of the
Trudinger—Moser type (see [28,34]) for X g which gets embedded into an weighted Orlicz
space determined by exponential growth. In fact, let us denote

R

oo = (0 +Dwl/* and |BR|9=/ dhg.
0

Then, in [10] the authors proved the following.

Theorem A. Let 0 < R < oo, > 1,0 > 0and p = a + 1 be real numbers. Then,
(i)  wehave exp(u|u|P/P=V) e L}, forany p > 0andu € X}e’p(oz, 0);
(ii)  there exists ¢ > 0 depending only on «, p and 6 such that

/R eM|u\p/(p_l) dAg { =c if = fa,p,
0

(1.5) sup =00 if &> Uab;

el p<1 |BRrlo

(iii)  the supremum in (1.5) is attained for all 0 < . < g 6.

In this paper we are mainly interested in the unbounded case when R = oco. Here,
according to [9], for the Sobolev case, we also have the following continuous embedding:

(1.6) XkP(a.0) — L} ifge[p,p*land6 = a— p.

Also, the embeddings (1.6) are compact under the strict conditions § > @ — p and p <
q < p*.1In the Trudinger—Moser case, it holds the continuous embeddings

(1.7) X%P(a,0) — LI forallg € [p,c0),

which are compact in the strict case ¢ > p.
We recall the following Trudinger—Moser type inequality of the scaling invariant form
obtained in [10].

Theorem B. Assume p > 2, o = p—1and 6 > 0. For any | < [Ly9, there exists a
positive constant Cp, , g such that, for all u € X;{,p((x, ), ||u’||Lg <1,

oo
P
| ool 10 = Cpalul?y.
0

where

ko—1

(1.8) )= =3 == X
=0

JEN:j=p-1

t/
ﬁ»

with kg = min{j € N : j > p — 1}. The constant iy ¢ is sharp in the sense that the
supremum is infinity when |4 > g 6.

Theorem B is the fractional dimension counterpart of the result in S. Adachi and
K. Tanaka [2]. We also refer to [4, 16, 31] concerning related work for the classical
Sobolev spaces. Our first result in this paper yields a precise asymptotics result on the
above inequality.
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Theorem 1.1. Assume p > 2, = p—1land 6 > 0. Forany 0 < [ < [14,9, Wwe denote

—/0 @p (11| 77) dAg.

TMSC(u,a,0) =  su >
i p<t Iz

Then there exist positive constants ¢(c, 0) and C(«, 0) such that, when . is close enough

fo Ma,gr
c(a,0) C(a,6)
— < TMSC(u,a,0) < ———— 2 .
1 — (i) pa,g)P™! - 1 — () pa,9)P™!

Moreover; the constant [y g is sharp in the sense that TMSC (g9, ¢, 6) = oo.

One of the goals of this paper is to investigate the critical regime (t = fi4,9. In this
case, we will firstly prove the following.

Theorem 1.2. Assume p > 2, = p—1and 0 > 0. Forany 0 < 0 < [Lq g, We denote

o0

TMC(o, o, 0) = sup / (pp(o|u|ﬁ)dkg.
lul<1/o

Then TMC(o, «, ) is finite. The constant Ly ¢ is sharp. In addition, we have the following

identity: for all 0 < g9,

(1.9 TMC(o,,0) = sup
ne(0,0)

(1 — (u/o)?~!
(n/o)r1

For classical Sobolev spaces, the critical supremum TMC(o, «, 8) was first investig-
ated by B. Ruf in [32] and Y. Li and B. Ruf in [27]. There has been a growing interest in
this kind of inequalities during the last decades, and a wide literature is available, see for
instance [5,20,21,23,24,26] and the references therein. We note that the boundedness of
TMC(o, @, 8) has already been investigated in [1]. In this work we give a new proof for the
boundedness which enables in particular to get a useful relation between TMSC(o, «, )
and TMC(o, «, ) given by (1.9).

Another interesting question about the suprema TMSC(u, «, 8) and TMC(o, «, ),
and for Trudinger—-Moser inequalities in general, is whether extremal functions exist or
not. Inspired by recent approaches in [5, 24-26], we will employ the identity (1.9) to
investigate this question. Firstly, on the subcritical supremum TMSC(u, o, ) we are able
to prove the following.

)TMSC(M,a, 0).

Theorem 1.3. Let «, p and 0 satisfy the assumptions of Theorem 1.1. Then the fractional
subcritical supremum TMSC(u, o, 0) is attained.

By using Theorem 1.3 and the identity (1.9), we will first prove the following attain-
ability result for the fractional critical supremum TMC(o, «, 8).

Theorem 1.4. Let o, p and 6 be under the assumptions of Theorem 1.2.
(i) Ifko>p—1and0 <0 < g, then TMC(0,a, 0) is attained.
(i) Ifko=p—1and0 <0 < g9, then TMC(0, o, 0) is attained whenever
oP1

(p—D!

TMC(o, o, 0) >
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Theorem 1.4 has already been obtained in [1]; however, our proof here is new and
relies on the critical and subcritical equivalence given in Theorem 1.2. In addition, fol-
lowing [20] we also are able to characterize precisely the attainability of TMC(o, o, 6) for
the case (ii) above. In order to get this, we define the value 0% = o« (ct, 0) € [0, g 9) by

ox = inf{o € (0. ta,6) : TMC(0, @, 0) is attained},
when TMC(o, @, ) is attained for some o € (0, (ty,9). If TMC(0, @, 8) is not attained for
any o € (0, itq,0), then we set o4 = o0.
Theorem 1.5. Let kg = p — 1 and «, 8 be as in Theorem 1.2. Suppose 0« < [Ly,9. Then
(i) TMC(o,«,0) is attained for o4 < 0 < lig.p-

(ii)  The function v: (0x, le9) — R given by v(o) = (gfl)! TMC(o, «, 0) is strictly

p—1

increasing. Moreover, by setting TMC(0, a, ) = 0, there holds

oP1
= m, fOrG S [0, U*],
(1.10) TMC(0, «, ) pp_l '
o
> TR foro € (0«, fla,p),

and in particular,
(1.11) 0x = inf{o € (0. fta,9) : TMC(0, . 0) > a?~'/(p — 1)!}.
(i) If p > 2, we have 6* = 0 and thus TMC (o, «, 0) is attained for any (0, (Ly,9).
As a consequence of Theorem 1.5, since TMC(o, 1, 6) is not attained for o small
enough (cf. Theorem 1.3 in [1]), Theorem 1.5 provides
o0
TMC(o,1,0) = sup / ea(clu?)drg =0, VYo €]0,04].
lul<1/0

The rest of this paper is organized as follows. In Section 2, we show Theorem 1.1.
Section 3 is devoted to the subcritical and critical equivalence stated in Theorem 1.2. In
Section 4 we will prove the existence of extremal functions for both subcritical TMSC
and critical TMC fractional Trudinger—Moser suprema in Theorem 1.3 and Theorem 1.4.
The proof of Theorem 1.5 is given in Section 5.

2. Sharp subcritical Trudinger—Moser inequality: Proof of
Theorem 1.1

In this section, we will prove the asymptotic behavior for the supremum TMSC(u, «, 6)
for the subcritical Trudinger—Moser inequality in Theorem 1.1.

2.1. Some elementary properties

Note that from the definition (1.1) and the change of variables s = tr, we have

o0 1 o
2.1 /0 f(‘[r)dlg = m/(; f(S)dlg, 7> 0.
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Thus, by setting u(r) = u(rr), with,t > 0andu € Xaf (o, 0), we can write

_ ¢o»? g

@2l = s, and el = Sl g = p.

Also, we observe that

op(pt) = pP L p(0), i O<p=<1,
oo(p1) = PP gp(0), if p =1,
where @, (¢) is given by (1.8).

(2.3)

Lemma 2.1. Forall g > 1 and ¢ > 0, it holds
x4+ <A+ Vixt (1 -1 +e) Yl=ay7 x y>0.

Proof. Since x — x4, x > 0, is a convex function, we have

(x+y) = (m (1+e)9x + (1 Ta +18)1/‘1)(1 a +18)1/q)_1y)q

1 1 1—¢
- q - - q
S g (1o + (1 (1+8)1/q) V. .

Henceforth suppose that the condition @ — p + 1 = 0 holds. The next result ensures
that the subcritical supremum TMSC(u, ¢, 8) can be normalized.

Lemma 2.2.

o0
TMSCGuad) = sup [ gy (ulul ) ko,
0

u’ =|lu =1
el g =lul

Proof. 1t is sufficient to show that

o0
TMSC(u,a, ) < sup / (pp(,u |u|ﬁ) dig.

u’ =|lu =1
Il p =l

In order to get this, for each u € Xaf \ {0}, with [lu'[|» < 1, we set

lull?, \ 1/6+1)
o) = 20 i tz(—LG) .

lu'llLz 117,

Since we are supposingo — p + 1 = 0, (2.2) yields
1l = lollp = 1.

Then, from (2.1) and (2.3) it follows that

h g = [ : 71 ) dA
op(lv]77T)dAg = gy ©p WMMV dAg
0 0 w1l

117, 1 o0 S 1 o0 b
z( )—/0 wp(muW)dAa:—/O 0p (101|727 dAg.

14 P 14
iz, ) iz, fullZ,

which completes the proof. ]



Equivalence of critical and subcritical sharp Trudinger—Moser inequalities 1079

2.2. Proof of Theorem 1.1

Let u € X7, with flu|] 12 = 1. From the Pélya-Szegd inequality obtained in [1, 3], we
can assume that ¥ is a non-increasing function. Also, by Lemma 2.2 it is sufficient to
analyze the case ||u||Lg =1.

Initially, we will prove that

C(a, 0)
2.4 TMSC(u, o, 0 S A S
(2.4) (1.0 0) =

Let us denote
Ay ={r>0:[u@)|”>1- (/L/Ma,e)p_l}‘

We observe that for all |¢| < 1 it holds
(2.5)

ep(ulilT) = 3 lj-—j,mpjf‘f > “.—]!Itlpsle’i’;.—zzquP.
JEN:j=p-1 jeN:j>p—1 j=0
Hence, if A, = @ and consequently ¥ < 1 in (0, 00), the inequality (2.5) yields
(2.6) /wwp(ululﬁ)dke5eﬂ/°°|u|1fdxeg"”—""0.
0 0 1= (u/ tha,0)?~"

So we can assume A, # @. Thus, there exists R, > 0 such that A4, = (0, R,,), because
we are assuming ¥ is a non-increasing function. Analogously to (2.6), we obtain

o0
/ sop(mu%)dxes/ op (101|727 dAg
Ry {u<1y
eﬂa,e

fe“/ [ulfPdrg < ———— -
{u<1} 1 — (i) pa,g)P!

Now observe that

Ry 1 ) 1
2D BRut?:f dlei—/ uPdlg < —— .
1Bl 0 1—(1/pa)?~t Jo 4 1— (/) pap)P!

For r € (0, Ry), we set

v(r):u(r)—(l—( i )p_l)l/p.

Ma,d
Itis clear that v € XIIQ’up(a, 0) and |[v'[| 2o, r,) < 1. Also, by choosing & = (ua,0/p)? — 1
andqg = p/(p — 1) in Lemma 2.1, we have
- R AT e
(L+ &) o7 +(1—(1+8)(p_1)/p) (1_(%’9) )

= Bob )55 41,
m

Ju| 7T

IA
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Hence, the Trudinger—Moser type inequality (1.5) and (2.7) imply

Ru p Ru L Ru L
f ¢p (M|M|F) dAg 5[ et d)g < eu/ ehas V7T gy
0 0 0
Ca.0 eta,b
<cape|Brlo = —————-
’ 1= (1] pa,0)? !

Remark 2.3. At this point, we note that we have proved that

C(a. )
TMSC(jt, @, 0) < ——————
(1 0.0) 1= (] pa0)? !

for any p < fLq ¢ nOt necessarily close to ftq g.

This proves (2.4). Next, we will prove the opposite inequality

c(a,0)
TMSC(u, o, ) > ———
- (/L//Laﬁ)p71

To see this, let us consider the sequence

( . >(p_1)/p if 0<r <e 0O+
0+1 ’ - - ’

2.8) un(r) = —7 (9;1)1/1’ Il if e @) < o
Wy n r’ ,
0, if r>1.

Since that « = p — 1, it follows that

n

c
e — p _ S, p,n P oS
||un||Lg =1 and ||un||Lg = n[n e +/(; sPe ds]

for some ¢ = c¢(a, 8) > 0. Thus, since fooo sPe™ds = T'(p + 1) > 0, there are ¢; =
c1(a,0) > 0and n; € N such that

C1
lunlly, < —. Vn=n
9 n
On the other hand,
00 » e—n/(0+1) L wg "
@p (|un| 7T dkei/ 7 ( n) dig = ® ( n>e’"
/0 p( § ) 0 ’ Ma,6 0+1 ’ Ma,6
DO T (w/pap—Dn TR A
=gl e = (X () e
6+1 — g/ J!
j=0
ko—1

v

Do [, (u/ttap=Dn _ ( ”j) —n
0+1[€ ’ 2 ARNE

j=0
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Thus, forall n > nq,

1 o 2
TMSC (i, a0, ) > —p/ ¢p(1thun|7°7) dAg
lunll?, Jo
ko—1 nj
1/ teg—Dn _ i —n
zcz[ne o (Zj!)ne ]
j=0

_ ko—1
@ = e (=G 1)[”6_(1_”/”“’9)"‘(,; D]

for some ¢, = c¢3(, 8) > 0. Now, we can choose n, > n; such that

no\P-1 ool i 1
(1—( ) )(Z_—)ne_”f—s, Vn>nyand 0 < 0 < fgg.
Ma,d =0 J! €

Hence, for all n > n,,

C2 H —(1—/ g 9)n -5
TMSC (1. e, ) > [(1— ne~(=H/tap)n _, ].
1- (/L//Lozﬁ)p_l Ma,e)

Now, if « is close enough to 4 ¢ such that (1 — 1/ 14.9) ™! > n2, by picking n € N such

that . .
(=) =n=a(i=5)
Ma,s Ma,d
we obtain o
T™MSC(u,a,0) > —— et —e73.
1= (u/ha,0)?! [ ]
Finally, from (2.9), for & = 4,9 we have
ko—1 n]
TMSC(fhg,0. @, 6) > c2 [n — ( Z _—')ne_”] — 00, asn —> o0.
y J:
j=0

3. Equivalence of critical and subcritical Trudinger—Moser
inequalities

The aim of this section is to prove the critical and subcritical equivalence given in The-
orem 1.2. We observe that we are not assuming that TMC(jq6, @, 6) is finite in our
argument.

Lemma 3.1. Forany 0 <o < g9 and 0 < u <o,
(n/o)P~!
1—(u/o)P~!
In particular, if TMC (a0, o, 0) is finite, then TMSC(u, o, ) is finite.

TMSC(t, &, 0) < ( )TMC(o,a, 9).
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Proof. Letu € Xo&?, with [|u'|» = 1 and lullp = 1. Set

(u/o)P~1 \1/(6+1)
- (M/U)l’“> '

e — (PN e _(g)l’—l
il = (5) I =)

_ oyl pP!
”ut”Lp = (;) PUIT 1- (;) :

Hence ||u’,||§p + ||u,||z,, = 1 and we have
o 0

u(r) = (%)(p_l)/pu(tr), with ¢ = (

By (2.2) we get

” # > 2 (/o)
/0 ‘Pp(#|u|pfl)dle = t9+1/0 (Pp(0'|ut|P*1)d)L9 < (W>TMC(G,05,9).

Since u € X&F, with [u'] 7 =1and ||u||Lg = 1, is arbitrary, in view of Lemma 2.2, we

conclude the proof. ]

3.1. Proof of Theorem 1.2
Let u € X&? such that 0 < ||u’||ip + ||u||1’ip < 1. Assume that
Wy =9 € 1) and Jul?, <1-097,
6

If1/2 <9 < 1, we set

") u(tr) h t (1 —191’)1/(0+1)
= s =|—- >
us(r 5 wi 57
From (2.2), we can write
l[u'll .z
u = —= =1,
iy = =5
1 1—97
llaee |17 =

L2~ 5 ,e+1 lullzy = 557 =

Hence, for any 0 < 14,9, Theorem 1.1 (cf. Remark 2.3) yields

o0 e o0 p p
/ op(olul 7T) dAg < 17! / 09 (971 o g | 77) dg
0 0

. " 1 — 8P C(e,0)

<t + TMSC(Z?I’ 1//*05,9’0[’9) = ( 4 ) ¥2/(PDp, o p-l
- (/«L—(a)

B 1—-92\ C(x,9) . C(a,0) D

_( 9P )1—191)_ 34 =2°C(e.6).
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If0 <9 < 1/2, setting
v(r) =2u(r/9)

we have , .
[v'llz = 2llullz < 1,

Ioll, =27 9%+ fu|l], <27 9°F (1 = 97) <27 90F,
0 0
Consequently, Theorem 1.1 provides
o ' 1 o _r o
| enlo )@t = S5 [ 0@ T haplol #T) ke
0 0

p
<22 TMSC(277/?™D 114 9,0, 6) < C(a, 6’)(l _22_,,)-

Since u € Xazf, with lu|| <1, is arbitrary, we obtain TMC(o, &, ) < oo, forany o < jig 6.

Next we will show that the constant (1, ¢ is sharp. To see this, we use the sequence (i)
in (2.8) again. Indeed, we have

heylfy =1 and a7, _0( ) asn — oo,

Now, for 7, € (0, 1) such that
. 1
P (1 + ||un||11jg) =1, with ¢, =1- O(m) — 1, asn— oo,
we set
U (r) = Tan(r).

Then

lvnll7s + ”Un”Lp =ty lupllzp + of lunllf, = ot + 77 llunllfg =1

Ly

In addition, for any o > piq.9,

- ) o—n/(0+1) _no_ p/(p=1) ko1 1/ no \k *z
@ O'|U |F d)\.e Zf (ell«a,g n — _< ) p > dké‘
/0 17( n ) 0 kX:;) K Haso

R Sy (U

9+1 m )]—>+oo, asn — oo.
e

Now we are going to show that

1= (u/o)?™!

3.1) TMC(0, @, 6) = sup ( Bfo

)TMSC(,u,a, 0).
1e(0,0)

By Lemma 3.1, we obtain

1—(u/o)P™!

3.2) sup ( (2/o)P

) TMSC(u, @, 8) < TMC(0, a, 6).
ne(0,0)
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To obtain the reverse inequality, let (u,) be a maximizing sequence of TMC(o, «, ),

that is, 1, € X7, 0 < ||u;l||€p + ||un||zp < 1, such that

o0
TMC(0, a, 0) = lim/ 0p(0ln|7T) dg.
nJo

We set ;0P
w(tyr) . 1— ””n”Lg 1/(6+1)
Up, (1) = ——, with 7, = ——7== > 0.
sz a1l
o
Then
o1 Il
I llzg =1 and s, Iy = T lnllyp = A
Consequently,
00 o 00 2
/ 0p(0lua| 77T dhg = 7 “/ p (0l 17, e, |7°7) dAg
0 0

0+1 -1 - ”u;‘”&f -1
TMSC (o |u,, |Lp Lo, 0) = W TMSC (o ||u;, |L,, ., 0)
Ly

sup
1ne(0,0)

(1 — (u/o)"!

(/o) )TMSC(u,a, 0).

Hence, we obtain

(1 = (u/o)P™!

(3.3) TMC(o,a,0) < sup (2/0)rT

) TMSC(1, @, 6).
une(0,0)

Now, (3.1) follows from (3.2) and (3.3).

4. Existence of extremal functions

In this section we will prove the existence of extremal functions for both subcritical
and critical Trudinger—Moser inequalities Theorem 1.3 and Theorem 1.4. First of all, we
present the following radial type lemma.

Lemma 4.1. Foreachu € X% (a, 0), p = 2, we have the inequality

C
u? = —momy lull?, ¥r >0,
r»

where C > 0 depends only on «, p and 6. In addition,

. a+60(p—1)
lim r— 2 |u(r)|? =0.
r—00
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Proof. Letu € X, &P (o, 0) be arbitrary. For any r > 0, we have

o0 d oo
()P = — / ()P ds < p / ()P~ (5)] ds.

Hence
a+6(p—1)

o0
P ) < p / (5|71 s22=D/ |y (5)] 57 ds
r

and the Young inequality yields

a+6(p—1) o0 0
S |u<r)|f’sc[/ |u(s)|dee+/ W/ (5)17 dhe].
r

r

for some C > 0 depending only on &, p and 6. This proves the result. ]

4.1. Maximizers for the subcritical Trudinger—Moser inequality

Let (un) C X ;(,)p be a maximizing sequence to the subcritical Trudinger—Moser supremum
TMSC(u, &, 0). From Lemma 2.2, we may suppose that

o0
TMSC(u,a, 0) = lim/ (pp(/t|un|ﬁ) dig,
m Jo

||“;:||Lg = ||“n||Lg =1,

up, —u  weakly in X172
From the compact embedding (1.7), we also may assume that
4.1 Uy, > U In Lg, g>p, and u,(r) — u(r) aein(0,0).
Of course, we also have
'y <1 and s <1.
At this point we observe that there exist C = C(p, i) > 0 such that

kop
—

ko
(4.2) gpp(mﬁ)—%t* < Cop(ut7 1) 171, 1>0.
0!

Let ¢ > 0 be arbitrary. From Lemma 4.1, there exists R > 0 such that |u, (r)| < &, for all
r > R. Hence, from (4.2) and Theorem B we obtain

ko kop

& N7} kop o r_ p_
[ [onlehent) = 25 hal 8] ara = o [ ahind 77) il 7
R ko! R

I p
< Cp. ) e /R op (1] 721 dAg

< C(p.p.0)ert.
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Also, we have (cf. (4.1))

ko kO
o (i 77) = 2 a5 — g ) 77) =

kop

|u|7-T aein (0, R),as n — oo.

In addition, by setting v, (r) = u,(r) —u,(R) forall r € (0, R), we have v, € X}Q’p(a, 0)
with || v}, > < 1. Moreover, from Lemma 2.1, for any g > 1,

pl(p=1) = ,1/p(, |p/(P—1) _ ~(=1/p\=Y =D p/(p-1)
|un| <q"'"|val +(1—¢ ) € )

By choosing ¢ > 1 close to 1 such that g®?TD/P . < 1, 5, Theorem A yields

R ko . R
_P_ 1% kopr 14 _r_\14
I e T T P L AV PR PIES )
0 ko! 0
R p_ R D
S/ eqll‘unlp_l dke < C(p’q’a’ 0)[ eﬂa,elvn“”_l dke
0 0

<C(p.q,n.0,R).

Thus, we may use Vitali’s convergence theorem to obtain

4.3)

R ko k R ko k

. p M 0P p M 0P

lim [<ﬂp(ﬂ|un|P‘1)—F|Mn|"‘1]d)te =/ [%(M”V‘l)—FWV‘l] dAg.
0 0- 0 0-

n—oo

Now, using the Brezis—Lieb lemma together with (4.1), we have

o kop
/ |u|7-T dAg, ifkg>p—1,
0

1, ifk():p—l.

. © kop
lim |uy|P-1 dAg =

n—>oo 0
Hence, if kg > p — 1,

o0
TMSC(u, @, 0) = lim/ ¢’p(ﬂ|un|%) dAg
n

ko ko

= tim[ [ (ol 77) = 2l 25 ) g+ 2 [ a5
R p ko kop 2 ko oo kop
= [ (olulul) = 2 u3) dha + o)+ B [l g
0 kO' ko' 0

[o,]
< / wp(ululﬁ) ddg + C(p, . 0) 771
0

Letting ¢ — 0, we have

o
TMSC(M,a,G)S/ 0p (1 7°T) d2g.
0

It follows that 0 < ||u||Lg < 1 and thus

*© e
TMSC(p, @, ) < 7, ” f @p (1 |ul7=T) dAg
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which completes the proof in the case kg > p — 1. If kg = p — 1, we can write

o) » /kaO ko
TMSC(u, a, 6) = lim/ (gop(,u|un|ﬁ) - —|un|p) dAg B
n 0 ko' k !
R ko ko
< [ (ol 1) = Sl o + COpompy et + %
0 ko! ko!
o0 . Mko Mk()
< [ (onloetul?) = i) 2o + Clpp 07T + 7
Letting ¢ — 0, it follows that
) ko ko
44)  TMSC(u.a.0) < / (%(mm%) R |u|1’) g+ E.
0 kO! ko!
Moreover, for any w € X;c’,p(a, 0) with ||w’||L5 = ||w||Lg = 1 we have
00 . Mko oo Mk0+1 00 plko+1)
ool #7) o = 2 [l ao + o [ a.
/0 a ) ko! Jo (ko + D! Jo

This implies that TMSC(4, @, 6) > %0 /kq!. Thus, from (4.4), we get 0 < lll < 1and
k() kO

00 e m »
TMSC(u.a.6) < / Lo ol 7) = B ] ang + 2
Tz, || k! k!

/ @p (1|77 dig,

= 12
u
wlZ s

and the result is proved.

4.2. Maximizers for the critical Trudinger—Moser inequality

Next we combine Theorems 1.2 and 1.3 to demonstrate Theorem 1.4. Firstly, for 0 < s <
Ha,0, We set
f(s) = TMSC(s,«,0) and g(s) = TMC(s,a, ).

Hence, Theorem 1.2 yields

_ -1
@5) g@) = s (SN 1),

s€(0,0) S/G)p_l
Lemma 4.2. f is a continuous function on (0, [Ly.g).

Proof. By using Theorem 1.3, we can pick &, | 0 and u, € XX, with i, .2 <1 and
||un||Lg = 1, such that

f(s+sn)=/0 00 (5 + £) un] 77) d6.
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Then

o

P P
@6) 0= fGs+ew =16 = [ Top(ls+ ewlual #T) = gy slua )] 0.
0
Without loss of generality, we also may assume that (cf. (1.7))

u, —u weakly in X;o’p,
up >u inLy g>p. and u,(r) > u@r) aein(0,00).

In particular,

op((s + en)lun(r)|ﬁ) — ¢p(s|un(r)|#) — 0 a.ein (0,00).

In the same way as in (4.3), we can use Lemma 4.1 and Theorem A to obtain a positive
constant C(p, ¢, s, 6, R) such that

R
p_ p_
/ [¢p((s + &n)|up |71 ) - 9017(5|un|p_l )]q dAg < C(p.q,s.0,R),
0
for some ¢ > 1 and for all R > 0. It follows that
R p_ p_
[‘pp((s + 5n)|un|p_1) - (pp(s|un|p_l)] dig — 0.
0
On the other hand, for R large enough, Lemma 4.1 yields

lun(r)] <1, foreveryn € N,r > R.

Then

/ [ (s + &) un | 77) = (s [ual 71)] dhg

R
:/oo 5 [M_ﬁ]wﬂ%dxe
R

Al Al
jeNijzp-1 J:
(s +en) s/ o0
< X [J.—," - 7] | unl” dko < (s + n) — gp(9)] = 0.
jeN: j=p—1 ) '

From (4.6), we obtain
0< f(s+en)— f(s) >0, asn— oo.
Similarly, we also have that
0< f(s)— f(s—ey,) =0, asn— oo. |

Now, in order to ensure the existence of an extremal function for TMC(o, «, #) when
0 < 0 < [4q,p, it is sufficient to show that

1—(s/o)P™!

@.7) tim sup ( e

s—>0t

) /@) < g0
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and

_ -1
4.8) lim sup (%

) /() < 8.
Indeed, (4.7), (4.8) together with (4.5) and Lemma 4.2 ensure the existence of s, € (0, 0)
such that

1—(s/o)?™!

(SG/U)p_l

Let u, be an extremal function for TMSC(sy, @, 6) ensured by Theorem 1.3. Set

(4.9) g) = ( ) /(o).

p—1

vo(r) = () 7 ua(er),

where

(Sa/a)p_lnuanzg 7
’_(l—mdwrl) '
From (2.2), it follows that

So\P~1 —(6+1
lvall” = g7y + vallfy = (Z2)° [l + e luglif,] < 1.

We also have (cf. (4.9))

1—(s/o)P! 9+1

(a/0)7 " Tuallyy

=/ (pp(a|vg|%) dag.
0

o0 P
TMC(0, @, ) = / 9p(0]vs]7T) dAg
0

Hence, v, is an extremal function of TMC(o, «, 8). Now, since

. 1—(s/o)?™!
hfifﬁ"( (s/o)P-1

it is clear that (4.8) holds.
Next, we will prove that (4.7) holds. Firstly, we provide the following useful estimate.

) /() =0 < g,

Lemma 4.3. Forallg > p and 0 < u < fi4,9, we have

o0 L]
sup / P 9 dAg < ¢
0

'l p <1, ||ullzg=1

for some ¢ = c(u,,0,q) > 0.
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Proof. We proceed as in Theorem 1.1. Indeed, let u € Xk \ {0}, with [lu'[|,z < 1 and
[lu]] I’i » = 1. From the P6lya—Szeg6 inequality obtained in [1], we can assume that u is a
0

non-increasing function. We write

°° 7T 7T 7T
/ PP | ddg :/ el |u|qug+/ PPy d)g.
0 {u<1} {u=1}
Of course we have
_P_
/ P |9 dAg < e“/ [ul? ddg < e“/ [u|? ddg < e™.
{u<1} {u<1} {u<1}

Set
IL,={r>0:u()=>1}

Without loss of generality, we can assume I, # @. Thus, there is R,, > 0 such that [, =
(0, Ry). Now, if
v(r)=u(r)—1, re(0,Ry),

we have v € Xlle’up(oz, #) and ||v’||Lg < 1. Also, from Lemma 2.1 we have
[l PP < (14 )P o] PHP7 4 e e, 0, 6),

for some ¢; = c1 (e, «, 6) > 0. Hence, by choosing ¢ > 0 small enough and 7 > 1 such
that (1 + €)1/ n%l < [Lg,0, the Holder inequality and Theorem A imply

Ry, p Ry 1/n Ry 20 (n—1)/n
[ e rang < ([ o) ([ e an)
0 0 0
Ry 25 (n—1)/n
(4.10) < Cle b ) ullfy, ([ e ™ aiy)
0 0

-1/
S C(E,a, 9: rlv M) “u”‘lllzq (|BRu|9) 7 n'

Finally, since
Ry Ry
Brdo= [ dho= [l dho < ully =1
0 0

and (cf. (1.7))
[l 50 = Clul® < Clab..),

the inequality (4.10) gives the result. ]

Since we are supposing TMC (o, , 8) > %0 /k¢!, when kg = p — 1, to complete the
proof of (4.7), and then the proof of Theorem 1.4, it is now enough to prove the following.

Lemma 4.4. For each 0 < 0 < [i4,9, we have

[1 —(s/o)P7!
(s/o)P!

lim sup
s—>0t

161 ok
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Proof. Let (s,) be an arbitrary sequence such that s, | 0. From Theorem 1.3, we can find
a sequence (u,) C X&P, with ||u;l||Lg <1and ||u,,||Lp = 1, such that

S/rfo 1) %) ] (ko+1)
Flom) = 2= [ pual 7 dhg + 5001 3 / e a7 0
0

ko!
0 J>k0+l

ko L (k0+1)p

sn’ [ £ ko+1 / Sy oy
= dA 0 —r pT dAg.
k0~ A |un|p 6+ Sy, Z U+ ko +1)! un| P 0

Since (¢ + ko + 1)! > £! and in view of Lemma 4.3, we can write

ko

s & kop oo 2. (ko+Dp
7o = 25 [ P g sttt [ el 5 g
0~ 0 0

ko poo

S kop

< |un |71 dAg + s,]f°+lc(0,ot, 0).
ko! Jo

It follows that
1—(sp/0)?!
(sn/0)P~!

1— (Sn/O')p_l S'/fo—(P—l) ) kop
— |
= (o) " [fo P g + et kol |

) £Gsn)
@.11)

Casel: ko> p— 1.
From (1.7) and (4.11), we obtain

(1—(Sn/<7)p_l

(sn/0)P71 )f(Sn) — 0, asn — oo.

Case2: ko = p— 1.
We have

- (Sn/a)p_l - (Sn/U)p_l 1 oko
(W)f(sn) = (W)k—o![l +C(U,a,0)s,,] — k_ol’

The proof is completed. ]

as n — oQ.

5. Proof of Theorem 1.5

In this section, we will analyze the attainability of TMC(o, «, 8) when the condition k¢ =
p — 1 holds.
Lemma 5.1. Forany o € (0, jLq,0), we have
oo
5.1 TMC(o,a,0) > —-

ko!

In addition, if p > 2, the above inequality becomes strict.
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Proof. We follow the argument of Ishiwata [21]. Let u € X&” (t, 6) be such that [|u| = 1,
and set
u(r) = tVPu@ O+,

We can easily show that

lil7y = th'7, and ey, = (9P ulg,, Vg = p.
In particular, for each ¢ > 0 small enough, if £, = (¢ + (1 — t)||u||i,,)_1/1’ we have
6

IEcue|? = &7 17, + &7 lully, = 1.
@ 9

Noticing that £ — 1/[[u||?, ast — 07, then for v; = &u, we have
[

o0
TMC(0, @, ) z/ @p(0 0|77 ) dAg
0

ko [ee] ko+1 (e}
o o pko+1)
> P 4 +—f 1 d)
.5 = &o! [vs] 0 (ko + 1! [ve | [
(5.2) or-1 iy 2 N

=0 wkwu += a HWMMJM]

oP~1

—- ——— ast — 0.
(p—D!

This proves (5.1). Moreover, if p > 2, we observe that the function

o -1+ 2 1
hmA0=¥MM{%%W@)pWV533”@“

satisfies /1, 9. (0) = 1 and h;;,é‘,cr (t) > 0 for ¢ > 0 small enough. Hence, the result follows
from (5.2). [

Lemma 5.2.

(1) The function o +— %TMC(U,&, 0) is non-decreasing for 0 < 0 < [Lg..
(if) Let 0 < 01 < 02 < g9 Suppose that TMC(o1, o, 0) is attained. Then

—(p ) TMC(03, @, 0) > (» 1)
O.P

2 01

TMC(o01, o, 0),

and TMC (o3, «, ) is also attained.

Proof. (1) Since

(p—1) . 2 g/~
oP—1 op(olt]7T) =(p—1! > T 171,
Jj=p-1
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it is clear that for all ¢ # 0,

(p—1! . (p— 1 P
Pp_l <pp(01|t|P*1) < Pp_l (pp(02|t|1’*1), 0<o01 <02 < lap-
03 03

(5.3)

Thus, (i) is proved.
(i) Since TMC(o1, @, 0) is attained, we can pick u € X &7 such that lu]l = 1 and

TMC(01, @, 0) =/ gap(61|u|%) dAg.
0

Thus, Lemma 5.1 and (5.3) yield

1! A
© =t rvcion.a iz L [ gplortul®) ar
02 0¥ 0
e
> —1) / @p (01 [u]7°T ) dAg = ) TMC(o1, ., 6) > 1.
ol 0 ol

Then we have that (1’ 1) TMC(03,a, 0) > 1, and thus part (ii) of Theorem 1.4 asserts that
TMC(03, a, 0) is attamed L]

Proof of Theorem 1.5. (i) It follows directly from Lemma 5.2 and the definition of 0.

(ii) From Lemma 5.2, the function ¢ + (p 1) TMC(o, «, 0) is strictly increasing on
(0% Ha,p)- Next, we will show that

-1
O,P

(p—D!

For our convention TMC(0, o, §) = 0, we may assume o« € (0, (iy,9). From Lemma 5.1,
if (5.4) is not true we must have

(5.4) TMC (04, o, 0) =

p—1

Ok

(p—D!

Thus, since 04« < (g, Theorem 1.4 (ii) implies that TMC(o, @, ) is achieved for some
e XL?. Also, we have

TMC(ox, a, 0) >

p—l

(p-D

(e ¢]

o0
lim (pp(0|u*|%) dig = / gop(cr*|u*|1’ 1) dig = TMC(0«,,0) >
0

O—>0x% 0

Hence, if 0 € (0, 04) is sufficiently close to 0., we must have

oP1 oP1
> .
(rp—D! (p—1!
Thus, for such a o € (0, 04), Theorem 1.4 (ii) implies that TMC (o, «, 6) is achieved, which

contradicts the definition of 0. This proves (5.4). Now, from (5.4) and Lemma 5.2 (ii), for
each 0 € (0%, g 9), the supremum TMC(o, o, 0) is attained and we also have

- 1! —1)!
(5.5) 2D rvice.w ) > L= rvcon 0. 0) = 1.
oP 1 Up 1

*

TMC(0, a, 6) > / <pp(o|u*|ﬁ) dig >
0
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In addition, Lemma 5.1, Theorem 1.4 (ii) and the definition of o, yield
oP1
(p—1V

Now, it is clear that (5.5) and (5.6) give (1.10). Finally, let us denote

(5.6) TMC(o,a,0) = for each o € [0, 04].

0+ = inf{o € (0, ta,9) : TMC(0, @, 6) > oP Y/ (p— nty.

Then, Theorem 1.4 (ii) yields oy < 0. If 0« < G+, we can pick o¢ € (0«, G4) for which
we must have

- 1! - !
P =D e a6 > 2= TMc(on.0.0) = 1,
p—1 p—1
(o O
that is,
05_1
TMC(og,,0) > ————,
(p—D!

which contradicts the definition of & «. Hence (1.11) holds. Finally, (iii) follows directly
from Lemma 5.1. u
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