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On the uniqueness of multi-breathers of the modified
Korteweg–de Vries equation

Alexander Semenov

Abstract. We consider the modified Korteweg–de Vries equation, and prove that
given any sum P of solitons and breathers (with distinct velocities), there exists a
solution p such that p.t/� P.t/! 0 when t !C1, which we call multi-breather.
In order to do this, we work at the H2 level (even if usually solitons are considered
at theH1 level). We will show that this convergence takes place in anyH s space and
that this convergence is exponentially fast in time. We also show that the constructed
multi-breather is unique in two cases: in the class of solutions which converge to the
profile P faster than the inverse of a polynomial of a large enough degree in time (we
will call this a super polynomial convergence), or when all the velocities are positive
(without any hypothesis on the convergence rate).

1. Introduction

1.1. Setting of the problem

We consider the modified Korteweg–de Vries equation (mKdV) on R:

(1.1)

´
ut C .uxx C u

3/x D 0; .t; x/ 2 R2;

u.0/ D u0; u.t; x/ 2 R:

The mKdV equation appears as a model in a variety of physical studies, such as plasma
physics [9, 39], electrodynamics [38], fluid mechanics [22], ferromagnetic vortices [46],
and more.

In [24], Kenig, Ponce and Vega established local well-posedness inH s , for s � 1=4, of
the Cauchy problem for (1.1), by a fixed point argument in LpxL

q
t type spaces. Moreover,

if s > 1=4, the Cauchy problem is globally well posed [12]. Recently, Harrop-Griffiths,
Killip and Visan [21] proved local well-posedness in H s for s > �1=2. However, in this
paper, we will only use the global well-posedness in H 2.

Equation (1.1) is an integrable equation (like the original Korteweg–de Vries equation)
and thus it has an infinity of conservation laws, see [1, 37]. We will use three of them (the
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first two of them are called mass and energy; the third is sometimes called second energy):

MŒu�.t/ WD
1

2

Z
R
u2.t; x/ dx;

EŒu�.t/ WD
1

2

Z
R
u2x.t; x/ dx �

1

4

Z
R
u4.t; x/ dx;

F Œu�.t/ WD
1

2

Z
R
u2xx.t; x/ dx �

5

2

Z
R
u2.t; x/u2x.t; x/ dx C

1

4

Z
R
u6.t; x/ dx:

Observe that if u is a solution of (1.1), then �u and .t; x/ 7! u.t; x � x0/, for any
x0 2 R, are solutions of (1.1) too.

Equation (1.1) is a dispersive nonlinear equation, which is a special case of a more
general class of equations: the general Korteweg–de Vries equation (gKdV), where the
nonlinearity u3 is replaced by f .u/ for some real-valued function f . The particularity
of (1.1) in comparison to other gKdV equations is that it admits special nonlinear solu-
tions, namely, breather solutions.

The most simple nonlinear solutions of (1.1) are solitons, i.e., a bump of a constant
shape that translates with a constant velocity without deformation, that is, solutions of
the form u.t; x/ D Qc.x � ct/, where c is the velocity and Qc is the profile function
that depends only on one variable. The function Qc 2 H 1.R/ should solve the elliptic
equation

(1.2) Q00c D cQc �Q
3
c :

We can show that necessarily c > 0 and that, if c > 0, equation (1.2) has a unique solution
in H 1.R/, up to translations and reflection with respect to the x-axis. Actually, one has
the explicit formula

Qc.x/ WD
� 2c

cosh2.c1=2x/

�1=2
:

Observe that we chose Qc so that it is even and positive.
A soliton is a solution of (1.1), parametrized by a velocity parameter c > 0, a sign

parameter � 2 ¹�1; 1º and a translation parameter x0 2 R (it corresponds to the initial
position of the soliton) that has the following expression:

Rc;�.t; xI x0/ WD �Qc.x � x0 � ct/:

When � D �1, this object is sometimes called antisoliton. Notice that solitons are
smooth and decaying. The generalized Korteweg–de Vries equation (gKdV) also admits
soliton type solutions, and so does the focusing nonlinear Schrödinger equation (NLS).
Solitons have been extensively studied, in particular, their stability. Cazenave, Lions and
Weinstein in [7, 8, 44, 45] were interested in orbital stability of gKdV and NLS solitons
in H 1. A soliton of (1.1) is indeed orbitally stable, i.e., if a solution is initially close to a
soliton in H 1.R/, then it stays close to the soliton, up to a space translation defined for
any time in H 1.R/. General results about orbital stability of nonlinear dispersive solitons
are presented by Grillakis, Shatah and Strauss in [20]. The result about orbital stability of
a soliton can be improved in a result of asymptotic stability, as it was done in the works
by Martel and Merle [29, 31, 33], see also [17].
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A breather is a solution of (1.1), parametrized by ˛; ˇ > 0, x1; x2 2 R that has the
following expression:

B˛;ˇ .t; xI x1; x2/ WD 2
p
2 @x

h
arctan

�ˇ
˛

sin.˛y1/
cosh.ˇy2/

�i
;

where

y1 WD x C ıt C x1; y2 WD x C  t C x2; with ı WD ˛2 � 3ˇ2 and  WD 3˛2 � ˇ2:

It corresponds to a localized periodic in time function (with frequency ˛, and exponen-
tial localization with decay rate ˇ) that propagates at a constant velocity � in time. Like
solitons, breathers are smooth and decaying in space. Unlike solitons, breather’s velocities
can be positive, zero or negative. The parameters ˛;ˇ are the shape parameters and x1; x2
are the translation parameters of a breather. Note that if we replace the parameter x1 by
x1 C �=˛, we transform B˛;ˇ . � ; � I x1; x2/ in �B˛;ˇ . � ; � I x1; x2/ (therefore, we do not
need to talk about “antibreathers”).

Breathers were first introduced by Wadati in [42], and they were used by Kenig, Ponce
and Vega in [25] to prove that the flow map associated to (1.1) is not uniformly continuous
inH s for s < 1=4: the point is that two breathers with close velocities can be very close at
t D 0 and can separate as fast as we want in H s with s < 1=4, if ˛ is taken large enough.

Breathers for (1.1) and their properties, as well as breathers for other equations, are
well studied by Alejo and Muñoz and co-authors in [2–6].

Let us singularize a result of H 2 orbital stability for breathers established in [3], and
improved toH 1 orbital stability in [4]. In this last paper, a partial result of asymptotic sta-
bility is also given, for breathers travelling to the right only, with positive velocity� > 0;
asymptotic stability for breathers in full generality is still an open problem.

When ˛ ! 0, B˛;ˇ tends to a solution of (1.1) called double-pole solution [43]; the
methods employed in this article as well as the proof of orbital stability made by Alejo
and Muñoz seem not to apply for this limit, which is expected to be unstable according to
the numerical computations in [18].

An important result regarding the long time dynamics of (1.1) is the soliton-breather
resolution [10]. It asserts that any generic solution can be approached by a sum of solitons
and breathers when t ! C1 (up to a dispersive and a self-similar term). Together with
their stability properties, the soliton-breather resolution shows why solitons and breath-
ers are essential objects to study. This resolution was established for initial conditions in a
weighted Sobolev space in [10] (see also Schuur [40]) by an inverse scattering method; see
also [40] for the soliton resolution for KdV. Observe that (1.1) breathers do not decouple
into simple solitons for large time (it is a fully bounded state as it is called in [3]); therefore,
they must appear in the resolution. The soliton-breather resolution is one of the motiva-
tions of the study of multi-breathers, which we define below.

There are works in the literature about a more complicated object obtained from
several solitons, that is, a multi-soliton. A multi-soliton is a solution r.t/ of (1.1) with
the following property: there exist 0 < c1 < c2 < � � � < cN , �1; : : : ; �N 2 ¹�1; 1º and
x1; : : : ; xN 2 R such that

lim
t!C1

r.t/ � NX
jD1

Rcj ;�j .t; � I xj /


H1.R/

D 0:
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This definition is not specific to (1.1) and makes sense for many other nonlinear dis-
persive PDEs as soon as they admit solitons. This object is introduced by Schuur [40] and
Lamb [26], see also Miura [36], where explicit formulas are given; these were obtained
by an inverse scattering method thanks to the integrability of the equation. Multi-solitons
were first constructed in a non-integrable context by Merle [34] for the mass critical NLS.
Martel [28] constructed multi-solitons for mass-subcritical and critical gKdV equations
and proved that they are unique in H 1.R/, smooth and converge exponentially fast to
their profile in any Sobolev space H s . Similar studies were done for other nonlinear dis-
persive PDEs. Martel and Merle [32] have proved the existence of multi-solitons for the
NLS in H 1, Côte, Martel and Merle extended this construction to the mass supercritical
gKdV and NLS in [15]. Friederich and Côte in [14] proved smoothness, and uniqueness
in a class of algebraic convergence. Côte and Muñoz constructed in [16] multi-solitons
for the nonlinear Klein–Gordon equation. Ming, Rousset and Tzvetkov have constructed
multi-solitons for the water-waves systems in [35]. Valet has proved in [41] the existence
and uniqueness of multi-solitons inH 1 for the Zakharov–Kuznetsov equation, which gen-
eralizes gKdV to higher dimensions.

1.2. Main results

We prove in this article that given any sum of solitons and breathers with distinct velocit-
ies, there exists a solution of (1.1) whose difference with this sum tends to zero when time
goes to infinity. This solution will be called a multi-breather. Let us make the definition
more precise.

Let J 2N andK;L 2N be such that J DK CL. We will consider a set ofL solitons
and K breathers:
• the breather parameters are ˛k > 0, ˇk > 0, x0

1;k
2 R and x0

2;k
2 R for 1 � k � K.

• the solitons parameters are cl > 0, �l 2 ¹�1; 1º and x0
0;l
2 R for 1 � l � L.

We define for 1 � k � K, the kth breather

(1.3) Bk.t; x/ WD B˛k ;ˇk .t; xI x
0
1;k ; x

0
2;k/I

and for 1 � l � L, the l th soliton

(1.4) Rl .t; x/ WD Rcl ;�l .t; xI x
0
0;l /:

We now define the velocity of our objects. Recall that for 1 � k � K, the velocity
of Bk is

(1.5) vbk WD �k D ˇ
2
k � 3˛

2
k ;

and for 1 � l � L, the velocity of Rl is

(1.6) vsl WD cl :

The most important assumption we make is that all these velocities are distinct:

(1.7) vbk ¤ v
b
k0 for all k ¤ k0; vsl ¤ v

s
l 0 for all l ¤ l 0; vbk ¤ v

s
l for all k; l:



Uniqueness of multi-breathers of the mKdV equation 1251

This implies for any two of these objects to be far from each other when time is large, and
this assumption is essential in our analysis.

It will be useful to order our breathers and solitons by increasing velocities. As these
are distinct, we can define an increasing function

v W ¹1; : : : ; J º ! ¹vbk ; 1 � k � Kº [ ¹v
s
l ; 1 � l � Lº:

The set ¹v1; : : : ; vJ º is thus the (ordered) set of all possible velocities of our objects.
We define Pj , for 1 � j � J , as the object (either a soliton Rl or a breather Bk) that
corresponds to the velocity vj . Hence, P1; : : : ; PJ are the considered objects ordered by
increasing velocity.

We will need both notations: the indexation by k and l , and the indexation by j , and
we will keep these notations to avoid ambiguity.

We will denote by xj the centre of mass of Pj , that is,
• if Pj D Bk is a breather, we set xj .t/ WD �x02;k C vj t ;

• if Pj D Rl is a soliton, we set xj .t/ WD x00;l C vj t .
We denote

(1.8) R D

LX
lD1

Rl ; B D

KX
kD1

Bk ; P D RC B D

JX
jD1

Pj :

We can now define a multi-breather: as solitons are objects which can be studied nat-
urally in H 1.R/, it turns out that breathers are best studied in H 2.R/; therefore, it is in
this latter space that we develop our analysis.

Definition 1.1. A multi-breather associated to the sum P of solitons and breathers, given
in (1.8), is a solution p 2 C.ŒT �;C1/;H 2.R//, for a constant T � > 0, of (1.1) such that

lim
t!C1

kp.t/ � P.t/kH2 D 0:

We will prove two results in this article. The first one is the existence and the regularity
of a multi-breather, the second one is the uniqueness of a multi-breather. The uniqueness
is established in two settings: in the case when all velocities are positive, and without
any assumption on the sign of the considered velocities. However, in the last case, the
uniqueness is obtained in a narrower class of functions.

Theorem 1.2. Given solitons and breathers (1.3), (1.4) whose velocities (1.5) and (1.6)
satisfy (1.7), there exists a multi-breather p associated to P given in (1.8). Moreover,

p 2 C1.R �R/ \ C1.R;H s.R// for any s � 0;

and there is � > 0 such that for any s � 0, there exist As � 1 and T � > 0 such that

(1.9) kp.t/ � P.t/kH s � As e
��t for all t � T �:

Remark 1.3. We will also show that � does only depend on the shape parameters of
our objects: ˛k , ˇk and cl . Moreover, if there exists D > 0 such that for all j � 2, we
have xj .0/ � xj�1.0/CD, then As and T � do not depend on x0

1;k
; x0
2;k
; x0
0;l

but only
on ˛k , ˇk , cl and D. Finally, if D > 0 is large enough with respect to the problem data,
then (1.9) is true for T � D 0. See Section 3.2 for further details.
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Theorem 1.4. Given the same set of solitons and breathers as in Theorem 1.2 whose velo-
cities satisfy (1.7) and v1 > 0 (so that all the velocities are positive), the multi-breather p
associated to P by Theorem 1.2, in the sense of Definition 1.1, is unique.

Proposition 1.5. Given the same set of solitons and breathers as in Theorem 1.2 whose
velocities satisfy (1.7), there exists N > 0 large enough such that the multi-breather p
associated to P by Theorem 1.2 is the unique solution u 2 C.ŒT0;C1/;H

2.R// of (1.1)
such that

ku.t/ � P.t/kH2 D O
� 1
tN

�
as t !C1:

In [43], there exists a formula for a multi-breather, obtained by an inverse scattering
method, that in some sense already gives the existence of a multi-breather. However, the
proof of the Theorem 1.2 from this formula is rather involved.

In this paper, we give a different approach to prove the existence of a multi-breather,
and we clearly show that we have convergence of the constructed multi-breather to the
corresponding sum of solitons and breathers inH s , that this convergence is exponentially
fast in time and that the constructed multi-breather is smooth. To do this, we use the vari-
ational structure of solitons and breathers. This is why we give a proof that is potentially
generalizable to non-integrable equations, and that uses similar type of techniques as in
the proof of the uniqueness (the latter cannot be deduced from the formula). In any case,
uniqueness of multi-breathers is new.

In this paper, we adapt the arguments given by Martel and Merle [32], by Martel [28]
and by Côte and Friederich [14] to the context of breathers. To do so, one needs to under-
stand the variational structure of breathers, in the same fashion as Weinstein did in [45]
for NLS solitons. Such results were obtained by Alejo and Muñoz in [3]: a breather is
a critical point of a Lyapunov functional at the H 2 level, whose Hessian is coercive up
to several (but finitely many) orthogonal conditions, see Section 2 for details. As we see
from [3], theH 2 regularity level is the most natural setting to study breathers, and theH 1

regularity level is natural for the study of solitons (as we see in [28, 32]). One important
issue we face is therefore to understand the soliton variational structure atH 2 level, and to
adapt the Lyapunov functional in [3] to accommodate for a sum of breathers (and solitons).
Notice that arguments based on monotonicity may be adapted only if we suppose that all
the considered velocities are positive. Because [14, 32] are not based on monotonicity
(these are results for the NLS equation, which is not well suited for monotonicity), we
can adapt their arguments to obtain existence and uniqueness results for our case without
any condition on the sign of velocities. The uniqueness result obtained in this setting is
however weaker than the one that is obtained with monotonicity arguments.

1.3. Outline of the proof

The proof of Theorem 1.2 (the existence of multi-breathers) is split into two main parts:
the construction of an H 2 multi-breather and the proof that this multi-breather is smooth.

1.3.1. An H 2 multi-breather. Let us start with the first part. We consider an increasing
sequence .Tn/ of RC with Tn ! C1, and for n 2 N, let pn be the unique global H 2

solution of (1.1) such that pn.Tn/ D P.Tn/ (recall that the Cauchy problem for (1.1) is
globally well-posed in H 2).
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We will prove the following uniform estimate.

Proposition 1.6. There exist T � > 0, A > 0 and � > 0 such that, for any n 2N satisfying
Tn � T

�,
kpn.t/ � P.t/kH2 � Ae��t for all t 2 ŒT �; Tn�;

With this proposition in hand, we can construct anH 2 multi-breather which converges
exponentially fast to its profile, which is the first part of Theorem 1.2, as stated below.

Proposition 1.7. There exist T �2R,A>0, �>0 and a solution p2C.ŒT �;C1/;H 2.R//
of (1.1) such that

kp.t/ � P.t/kH2 � Ae��t for all t � T �;

Proof of Proposition 1.7 assuming Proposition 1.6. We show that the sequence .pn.T �//
is L2-compact, in the following sense.

Lemma 1.8. For any " > 0, there exists R > 0 such thatZ
jxj>R

p2n.T
�; x/ dx < " for all n 2 N:

An analogous lemma has already been proved on p. 1111 of [28], which is the proof
of formula (14) (and can also be found in [32]). The same proof works here. We need to
use Proposition 1.6 for Tn large enough and then make a time variation to obtain the result
in T �. We can first find R that works for P 2.t0/ instead of p2n.T

�/ for a fixed t0 > T �

large enough. From Proposition 1.6, we see that if we take t0 large enough, we obtain the
desired lemma for p2n.t0/ instead of p2n.T

�/. To finish, with the help of a cut-off function,
we control time variations of

R
jxj>R p

2
n.t/ dx, where R is taken larger if needed. This is

why we obtain the result at t D T �.
As a consequence of Proposition 1.6 above, .kpn.T �/kH2/ is a bounded sequence.

Thus, there exists p� 2 H 2.R/ such that, up to a subsequence,

pn.T
�/ * p� in H 2:

Thus, from Lemma 1.8, we have the strong convergence

pn.T
�/! p� in L2:

Therefore, we obtain, by interpolation,

pn.T
�/! p� in H 1:

Now, let us consider the globalH 1 (evenH 2) solution p of (1.1) such that p.T �/Dp�.
As shown in [28], the Cauchy problem for (1.1) has a continuous dependence in H 1 on
compact sets of time. Let t � T �. By continuous dependence, we deduce that pn.t/!
p.t/ inH 1. The sequence .pn.t/�P.t// is bounded inH 2, which admits a unique weak
limit, and so

pn.t/ � P.t/ * p.t/ � P.t/ in H 2:

By weak convergence and from Proposition 1.6, we obtain

kp.t/ � P.t/kH2 � lim inf
n!C1

kpn.t/ � P.t/kH2 � Ae��t :

As this is true for any t � T �, this completes the proof of Proposition 1.7.
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It remains to prove Proposition 1.6, for which we rest on a bootstrap argument. More
precisely, we will reduce the proof to the following proposition.

Proposition 1.9. There exist T � > 0, A > 0 and � > 0 such that, for any n 2N satisfying
Tn � T

�, and any t� 2 ŒT �; Tn�, if

kpn.t/ � P.t/kH2 � Ae��t for all t 2 Œt�; Tn�;

then
kpn.t/ � P.t/kH2 �

A

2
e��t for all t 2 Œt�; Tn�:

The proof of Proposition 1.6 then follows from a simple continuity argument.

Proof of Proposition 1.6 assuming Proposition 1.9. We define t�n in the following way:

t�n WD inf
®
t� 2 ŒT �; Tn/ W kpn.t/ � P.t/kH2 � Ae��t for all t 2 Œt�; Tn�

¯
:

The map t 7! kpn.t/� P.t/kH2 is a continuous function and kpn.Tn/� P.Tn/kH2 D 0.
This means that there exists T � � t� < Tn such that

kpn.t/ � P.t/kH2 � Ae��t for all t 2 Œt�; Tn�;

Therefore, we have that
T � � t�n < Tn:

We would like to prove that t�n D T
�. Let us argue by contradiction and assume that

t�n > T
�. Proposition 1.9 allows us to deduce that

kpn.t/ � P.t/kH2 �
A

2
e��t for all t 2 Œt�n ; Tn�:

This means that
kpn.t

�
n / � P.t

�
n /kH2 �

A

2
e��t

�
n ;

which means that t�n could be chosen smaller, by continuity. This is a contradiction.

Hence, we are left to prove Proposition 1.9, which will be done in Section 2.

1.3.2. The H 2 multi-breather is smooth. We now turn to the second part of The-
orem 1.2, which is strongly adapted from [28]. The heart of this part is to prove uniform
estimates in H s for pn � P , for any s � 0.

Proposition 1.10. There exist T � > 0, � > 0, and As � 1 for any s � 0, such that for any
n 2 N satisfying Tn � T �,

kpn.t/ � P.t/kH s � As e
��t for all t 2 ŒT �; Tn�:

With this improved version of Proposition 1.6, one can prove, by the same reason-
ing as in the proof of the Proposition 1.7, that for any s � 0, p actually belongs to
L1.ŒT �;C1/; H s.R// and that the convergence of p.t/ � P.t/ occurs in H s with an
exponential decay rate. More precisely, the following holds.

Theorem 1.11. For any s � 2, we have that p 2 C.ŒT �;C1/;H s.R// and, furthermore,

kp.t/ � P.t/kH s � As e
��t for all t � T �:

It remains to prove Proposition 1.10, which will be done in Section 3.
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1.3.3. The uniqueness result. We denote p the multi-breather constructed in the pre-
vious sections, the existence of which is established. Let u be a solution of (1.1) such
that

(1.10) ku � P kH2 ! 0 as t !C1:

Equivalently, we have
ku � pkH2 ! 0 as t !C1:

We denote
z WD u � p:

The goal is to prove that z D 0. We prove it in two configurations: when all the velocities
are positive (Theorem 1.4), and without any assumption on velocities (Proposition 1.5),
but in this last case we need to assume a stronger convergence than given in (1.10).

The proof of Theorem 1.4 will be carried out in two steps.
We start with Proposition 1.5, which is adapted from [14]. For this, we do not study

u � P anymore, we deal only with z D u � p, the difference of two solutions of (1.1),
which is much more precise than u � P . Thus, we do not modulate parameters of the
solitons, as it is needed in other parts of the proof, in order to deal with the soliton part of
the linear part of the Lyapunov functional, and we avoid some difficulty. In order to prove
our inequalities, we need again to use coercivity of the same type of quadratic forms. In
order to do this, we replace z by zz D z C

PJ
jD1 cjKj , where Kj , j D 1; : : : ; J , is a well

chosen basis of the kernel of the quadratic form, in order to have zz orthogonal to any Kj .
An important idea is to use slow variations of localized functionals with adapted cut-off
functions of the form '.x�vt

ıt
/, which provides an extra O.1=t/ decay when derivatives

fall on the cut-off, and ultimately explain why algebraic decay comes into play.
In the context of Theorem 1.4, we actually prove that

v WD u � P

converges exponentially fast to 0. This is the purpose of Proposition 4.10, which uses
some ideas of [28]. Due to Proposition 1.5, we deduce immediately from there that an
exponential convergence is trivial, that is, z D 0.

To prove Proposition 4.10, we use monotonicity properties combined with the coer-
civity of an energy type functional very similar to that used for the existence result. This
is why we also need to modulate, and the choice of the orthogonality condition is essen-
tial: it allows to bound linear terms in w that appear in the computations. An issue of the
mixed breathers/solitons context is that one cannot build a functional adapted to all the
nonlinear objects at once, as it is done in [28]. Instead, we carry out an induction and we
argue successively around each object, soliton or breather, separately.

1.3.4. Organisation of the paper. Sections 2 and 3 are devoted to the proof of the exist-
ence of a multi-breather. Proposition 1.9 is proved in Section 2 and Proposition 1.10 is
proved in Section 3. Section 4 gathers the proofs of the uniqueness results. Section 4.1 is
devoted to the proof of Proposition 1.5, and Sections 4.2 and 4.3 are devoted to the proof
of Theorem 1.4.
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2. Construction of a multi-breather in H 2.R/

We set

(2.1)
ˇ WD min¹ˇk ; 1 � k � Kº [ ¹

p
cl ; 1 � l � Lº;

� WD min¹vjC1 � vj ; 1 � j � J � 1º:

Our goal in this section is to prove Proposition 1.9.

2.1. Elementary results

Let us first collect a few basic facts that will be used throughout the article. One may check
an exponential decay result for any of our objects.

Proposition 2.1. Let j D 1; : : : ; J , n;m 2 N. Then there exists a constant C > 0 such
that for any t; x 2 R,

j@nx @
m
t Pj .t; x/j � Ce

�ˇ jx�vj t j:

Corollary 2.2. Let r > 0. For t and x such that vj t C r < x < vjC1 t � r , we have that

jP.t; x/j � Ce�ˇr :

The same is true for any space or time derivative of P .

We will also use the following cross-product result.

Proposition 2.3. Let i ¤ j 2 ¹1; : : : ; J º and m; n 2 N. There exists a constant C , that
depends only on P , such that for any t 2 R,ˇ̌̌ Z

@mx Pi @
n
xPj

ˇ̌̌
� Ce�ˇ� t=2:

There is also an orthogonality result for breathers that will be useful.

Lemma 2.4. Let B WD B˛;ˇ be a breather. We denote B1 WD @x1B and B2 WD @x2B . ThenZ
BB1 D

Z
BB2 D 0:

Proof. Note that Span.B1; B2/ D Span.Bx ; Bt /. Therefore, it is enough to prove thatZ
BBx D

Z
BBt D 0:

Firstly, Z
BBx D

1

2

Z
.B2/x D 0:

Secondly, Z
BBt D

1

2

Z
.B2/t D

1

2

d

dt

Z
B2 D 0;

by mass conservation and because a breather is a solution of (1.1).
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2.2. Almost-conservation of localized conservation laws

From now on, we will fix n 2 N. This is why, for the simplicity of notations, we can
write T for Tn, and p for pn. The goal will be to find constants T �, A > 1 and � that do
not depend on n, nor on the translation parameters of the given objects, and that will be
chosen later (T � will depend on A and � ), such that Proposition 1.9 is verified. We will
take t� 2 ŒT �; T �, and we will make the following bootstrap assumption for the remaining
of the article:

(2.2) kp.t/ � P.t/kH2 � Ae��t for all t 2 Œt�; T �;

where p.T / D P.T /.

Remark 2.5. We have the following property for solutions of (1.1): there exists C0 > 0
such that for any solution w of (1.1), w is global and

kw.t/kH2 � C0kw.T /kH2 for all t 2 R;

Therefore,

kp.t/kH2 � C0kP.T /kH2 � C0

JX
jD1

kPj .T /kH2 � C0C for all t 2 R;

where C is a constant that depends only on the problem data (because the H s-norm of
solitons or breathers can be easily bounded).

Let � WD ˇ�=32. Let min.1; �=4/ > ı > 0 be a constant to be chosen later. This part
of the proof is adapted from [32]. Let  .x/ be a C 3 function such that

0 �  � 1 and  0 � 0 on R;  .x/ D

´
0 for x � �1;
1 for x � 1;

and satisfying, for a constant C > 0, for any x 2 R,

. 0.x//4=3 � C .x/; . 0.x//4=3 � C.1 �  .x// and j 00.x/j3=2 � C 0.x/:

Note that it is enough to take  equal to .1C x/4 on a neighbourhood of �1 and equal
to 1 � .�1C x/4 on a neighbourhood of 1. These conditions on  will be needed for the
proof of Proposition 2.19.

For any j D 2; : : : ; J , let

�j WD
1

2
.vj�1 C vj /:

For any j D 2; : : : ; J � 1, let

(2.3) 'j .t; x/ WD  
�x � �j t

ıt

�
�  

�x � �jC1 t
ıt

�
;

and let

(2.4) '1.t; x/ WD 1 �  
�x � �2 t

ıt

�
; 'J .t; x/ WD  

�x � �J t
ıt

�
;
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so that the function 'j corresponds obviously to the object Pj . We will also use the nota-
tions 's

l
and 'b

k
, which represent the same functions, and where 's

l
corresponds to the

soliton Rl and 'b
k

corresponds to the breather Bk .
We will also denote, for j D 2; : : : ; J � 1,

(2.5) '1;j .t; x/ WD  
0
�x � �j t

ıt

�
�  0

�x � �jC1 t
ıt

�
;

and

(2.6) '1;1.t; x/ WD � 
0
�x � �2 t

ıt

�
; '1;J .t; x/ WD  

0
�x � �J t

ıt

�
:

Of course, the notations 'b
1;k

, 's
1;l

or '2;j will be used with similar obvious definitions.
We have that, for j D 1; : : : ; J ,

j'1;j j � C'
3=4
j :

Remark 2.6. If ı � �=4,Z �j tCıt

�1

e�2ˇ jx�vj t j dx D e�2ˇvj t
Z �j tCıt

�1

e2ˇx dx D
1

2ˇ
e�2ˇvj t eˇ.vjCvj�1/t e2ˇıt

� Ce�ˇ� t e2ˇıt � Ce�ˇ� t=2;

and Z C1
�jC1t�ıt

e�2ˇ jx�vj t j dx � Ce�ˇ� t=2

for the same reason, and if i ¤ j , e.g., j > i ,Z �jC1tCıt

�j t�ıt

e�2ˇ jx�vi t j dx D e2ˇvi t
Z �jC1tCıt

�j t�ıt

e�2ˇx dx

�
1

2ˇ
e2ˇvi t e�ˇ.vjCvj�1/t e2ˇıt � Ce�ˇ� t e2ˇıt � Ce�ˇ� t=2:

Finally, we set, for all j D 1; : : : ; J ,

(2.7)
Mj .t/ WD

Z
1

2
p2.t; x/'j .t; x/ dx DWMj Œp�.t/;

Ej .t/ WD

Z �1
2
p2x.t; x/ �

1

4
p4.t; x/

�
'j .t; x/ dx DW Ej Œp�.t/:

The notations M s
l
;M b

k
; Es

l
; Eb

k
will also be used.

These are local versions of the mass and the energy of the solution p considered (loc-
alized around each breather or soliton). We will prove the following result for the localized
mass and energy.

Lemma 2.7. There exist C > 0 and T �1 WD T �1 .A/ such that if T � � T �1 , then for any
j D 1; : : : ; J , and any t 2 Œt�; T �,

jMj .T / �Mj .t/j C jEj .T / �Ej .t/j �
C

ı2 t
A2e�2�t :
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Proof. We will use the results of the computations made on the bottom of p. 1115 and
p. 1116 of [28] to claim the following facts:

d

dt

1

2

Z
p2f D

Z �
�
3

2
p2x C

3

4
p4
�
f 0 �

Z
pxpf

00;

d

dt

Z h1
2
p2x�

1

4
p4
i
f D

Z h
�
1

2
.pxxCp

3/2�p2xx C 3p
2
xp

2
i
f 0�

Z
pxxpxf

00;

where f is a C 2 function that does not depend on time.
For Mj .t/, which is a sum of quantities of the form 1

2

R
p2 .

x��j t

ıt
/, see (2.7), (2.3),

we compute

d

dt

1

2

Z
p2 

�x � �j t
ıt

�
D

1

ıt

Z �
�
3

2
p2x C

3

4
p4
�
 0
�x � �j t

ıt

�
�

1

.ıt/2

Z
pxp 

00
�x � �j t

ıt

�
�
1

2

Z
p2

x

ıt2
 0
�x � �j t

ıt

�
:

The function  0.x��j t
ıt

/ is zero outside of �j .t/ WD .�ıt C �j t; ıt C �j t /. Thus, for
x 2 �j .t/, jx=t j � j�j j C jıj � j�j j C 1, this means that jx=t j is bounded by a constant
(that depends only on the given parameters). We can deduce thatˇ̌̌ d

dt

1

2

Z
p2 

�x � �j t
ıt

�ˇ̌̌
�

C

ı2 t

� Z
�j .t/

p2x C

Z
�j .t/

p4 C

Z
�j .t/

p2
�
:

We bound
R
�j .t/

p4, using the Sobolev embedding and Remark 2.5, as follows:Z
�j .t/

p4 � kpk2L1

Z
�j .t/

p2 � Ckpk2
H1

Z
�j .t/

p2 � C

Z
�j .t/

p2:

Thus, for any t 2 Œt�; T �, we haveˇ̌̌ d
dt

1

2

Z
p2 

�x � �j t
ıt

�ˇ̌̌
�

C

ı2 t

� Z
�j .t/

p2x C

Z
�j .t/

p2
�
:

For Ej .t/, which is a sum of quantities of the form
R
Œ1
2
p2x �

1
4
p4� .

x��j t

ıt
/, see (2.7)

and (2.3), we compute

d

dt

Z h1
2
p2x �

1

4
p4
i
 
�x � �j t

ıt

�
D

1

ıt

Z h
�
1

2
.pxx C p

3/2 � p2xx C 3p
2
xp
i
 0
�x � �j t

ıt

�
�

1

.ıt/2

Z
pxxpx 

00
�x � �j t

ıt

�
�

Z h1
2
p2x �

1

4
p4
i x
ıt2

 0
�x � �j t

ıt

�
:

We deduce from this, by using similar arguments as for the mass, that for any t 2 Œt�; T �,ˇ̌̌ d
dt

Z h1
2
p2x �

1

4
p4
i
 
�x � �j t

ıt

�ˇ̌̌
�

C

ı2 t

� Z
�j .t/

p2 C

Z
�j .t/

p2x C

Z
�j .t/

p2xx

�
:
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Now, we write p.t/DP.t/C .p.t/�P.t// and use the triangular inequality to obtainZ
�j .t/

.p2 C p2x C p
2
xx/ � 2

Z
�j .t/

.P 2 C P 2x C P
2
xx/C 2kp � P k

2
H2 :

We have assumed that kp � P k2
H2 � A

2e�2�t , so we need to study P on �j .t/. The
following computations work also for the derivatives of P :Z

�j .t/

P 2 D

Z
�j .t/

� JX
mD1

Pm.t; x/
�2
dx D

X
1�m;l�J

Z
�j .t/

Pm.t; x/Pl .t; x/ dx

� C
X

1�m;l�J

Z
�j .t/

e�ˇ jx�vmt j e�ˇ jx�vl t j dx;

where we used Proposition 2.1.
We assume that m � j (we argue similarly if m � j � 1). Then

x 2 �j .t/ ” �ıt C �j t � x � ıt C �j t

” �ıt C .�j � vm/ t � x � vm t � ıt C .�j � vm/ t:

We note that �j � vm � ��=2 < 0. We can thus deduce from the condition on ı that
�j � vm C ı � ��=4 < 0. We deduce that x � vm t is negative for x 2 �j .t/. Similarly,
if m � j � 1, then x � vm t is positive for x 2 �j .t/. We will now make calculations for
different cases. If m; l � j � 1,Z

�j .t/

e�ˇ jx�vmt j e�ˇ jx�vl t j dx �

Z
�j .t/

e�ˇ.x�vmt/ e�ˇ.x�vl t/ dx

D
1

2ˇ
eˇt.�vj�vj�1CvmCvl / .e2ˇıt � e�2ˇıt /

� Ceˇt.�vj�vj�1CvmCvlC2ı/ � Ce�ˇ� t=2:

Similarly, if m; l � j ,Z
�j .t/

e�ˇ jx�vmt j e�ˇ jx�vl t j dx � Ce�ˇ� t=2:

And, if m � j � 1 and l � j ,Z
�j .t/

e�ˇ jx�vmt j e�ˇ jx�vl t j dx �

Z
�j .t/

e�ˇ.x�vmt/ eˇ.x�vl t/ dx

� 2ıteˇt.vm�vl / � Ce�ˇ� t=2:

Thus, Z
�j .t/

P 2 � Ce�ˇ� t=2;

and the same is valid for the derivatives of P .
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Thus, for t 2 Œt�; T �,

JX
jD1

ˇ̌̌ d
dt

1

2

Z
p2 

�x � �j t
ıt

�ˇ̌̌
C

ˇ̌̌ d
dt

Z h1
2
p2x �

1

4
p4
i
 
�x � �j t

ıt

�ˇ̌̌
�

C

ı2 t
A2e�2�t C

C

ı2 t
e�ˇ� t=2 �

C

ı2 t
.A2 C e�2�t /e�2�t �

C

ı2 t
A2e�2�t :

Thus, for j D 1; : : : ; J , t 2 Œt�; T �,

jMj .T /�Mj .t/j C jEj .T /�Ej .t/j �

Z T

t

C

ı2s
A2e�2�s ds �

C

ı2 t
A2
Z T

t

e�2�s ds

D
C

ı2 t
A2

1

2�
.e�2�t�e�2�T / �

C

ı2 t
A2e�2�t :

2.3. Modulation

Lemma 2.8. There exist C > 0 and T �2 D T �2 .A/ such that if T � > T �2 , then there
exist unique C 1 functions x1;k W Œt�; T � ! R, x2;k W Œt�; T � ! R, for 1 � k � K, and
x0;l ; c0;l W Œt

�; T �! R, for 1 � l � L, such that if we set

".t; x/ D p.t; x/ � zB.t; x/ � zR.t; x/ D p.t; x/ � zP .t; x/;

with

zB.t; x/ WD

KX
kD1

zBk.t; x/; zBk.t; x/ DB˛k ;ˇk .t; xI x
0
1;kCx1;k.t/; x

0
2;kCx2;k.t//;

zR.t; x/ WD

LX
lD1

zRl .t; x/; zRl .t; x/ D �lQclCc0;l .t/.x � x
0
0;l C x0;l .t/ � cl t /;

and

zP .t; x/ WD zR.t; x/C zB.t; x/ D

JX
jD1

zPj .t; x/;

where there is the usual correspondence between zPj and zBk or zRl , then ".t/ satisfies, for
any k D 1; : : : ; K, any l D 1; : : : ; L and any t 2 Œt�; T �,

(2.8)

Z
zRl .t/".t/

q
's
l
.t/ D

Z
@x zRl .t/".t/

q
's
l
.t/ D 0;Z

@x1
zBk.t/".t/

q
'b
k
.t/ D

Z
@x2
zBk.t/".t/

q
'b
k
.t/ D 0:

Moreover, for any t 2 Œt�; T �,

(2.9) k".t/kH2 C

KX
kD1

.jx1;k.t/j C jx2;k.t/j/C

LX
lD1

.jx0;l .t/j C jc0;l .t/j/ � CAe
��t



A. Semenov 1262

and

(2.10)
KX
kD1

.jx01;k.t/j C jx
0
2;k.t/j/C

LX
lD1

.jx00;l .t/j C jc
0
0;l .t/j/ � Ck".t/kL2 C Ce

��t :

Finally,
p.T / D P.T / D zP .T /

and
".T / D x0;l .T / D x1;k.T / D x2;k.T / D c0;l .T / D 0:

Proof (see, for example, [13]). Let

Ft W L
2.R/ �R2K �R2L ! R2KC2L for t 2 Œt�; T �

be such that

.w; x1;k ; x2;k ; x0;l ; c0;l / 7!
� Z q

'b
k
.t; x/ @x1B˛k ;ˇk .t; xI x

0
1;k C x1;k ; x

0
2;k C x2;k/�;Z q

'b
k
.t; x/ @x2B˛k ;ˇk .t; xI x

0
1;k C x1;k ; x

0
2;k C x2;k/�;Z q

's
l
.t; x/ @x �lQclCc0;l .x � x

0
0;l C x0;l � cl t /�;Z q

's
l
.t; x/ �lQclCc0;l .x � x

0
0;l C x0;l � cl t /�

�
;

where

� WD w �

KX
mD1

B˛m;ˇm.t; xI x
0
1;m C x1;m; x

0
2;m C x2;m/

�

LX
nD1

�nQcnCc0;n.x � x
0
0;n C x0;n � cnt /:

We observe that Ft is a C 1 function and that Ft .P.t/; 0; 0; 0; 0/ D 0. Now, let us
consider the matrix which gives the differential of Ft (with respect to x1;k ; x2;k ; x0;l ; c0;l )
in .P.t/; 0; 0; 0; 0/ (we consider diagonal and extra-diagonal terms for each block):

DFt D

0BBBBBBBBBBBBBBB@

B1
k;k

B3
k;k

� � � � � �

B3
k;k

B2
k;k

� � � � � �

� � B1
k0;k0

B3
k0;k0

� � � �

� � B3
k0;k0

B2
k0;k0

� � � �

� � � � R1
l;l

R4
l;l

� �

� � � � R3
l;l

R2
l;l

� �

� � � � � � R1
l 0;l 0

R4
l 0;l 0

� � � � � � R3
l 0;l 0

R2
l 0;l 0

1CCCCCCCCCCCCCCCA
;
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where8̂̂<̂
:̂
B1k;k WD �

Z
.@x1B˛k ;ˇk /

2
q
'b
k
; B2k;k WD �

Z
.@x2B˛k ;ˇk /

2
q
'b
k
;

B3k;k WD �

Z
@x1B˛k ;ˇk@x2B˛k ;ˇk

q
'b
k
;8̂̂̂̂

ˆ̂<̂
ˆ̂̂̂̂:

R1l;l WD �

Z
.@xQcl .y

0
0;l //

2
q
's
l
; R3l;l WD �

Z
Qcl .y

0
0;l /@xQcl .y

0
0;l /
q
's
l
;

R2l;l WD �
1

2cl

Z
Qcl .y

0
0;l /
�
Qcl .y

0
0;l /C y

0
0;l@xQcl .y

0
0;l /
�q
's
l
;

R4l;l WD �
1

2cl

Z
@xQcl .y

0
0;l /
�
Qcl .y

0
0;l /C y

0
0;l@xQcl .y

0
0;l /
�q
's
l
;

denoting y0
0;l
WD x � x0

0;l
� cl t , and sign “�” indicates exponentially decaying terms

when t ! C1; and where we consider variables in the following order: x1;1; x2;1; x1;2;
x2;2; x1;3; x2;3; : : : ; x1;K ; x2;K ; x0;1; c0;1; : : : ; x0;L; c0;L, and we order the coefficients of
the function in a similar way. This is a matrix with dominant diagonal blocks.

Note that B1
k;k

is exponentially close to �
R
.@x1B˛k ;ˇk /

2, because if Pj D Bk is a
breather, thenZ

.@x1B˛k ;ˇk /
2.1 �

q
'b
k
/ �

Z �j tCıt

�1

.@x1B˛k ;ˇk /
2
C

Z C1
�jC1tCıt

.@x1B˛k ;ˇk /
2

� C

Z �j tCıt

�1

e�2ˇ jx�vj t j C

Z C1
�jC1tCıt

e�2ˇ jx�vj t j

� Ce�ˇ� t=2;

and the same is true for the other dominant diagonal terms of the matrix (we can get rid
of 's).

Therefore, the determinant of the matrix is exponentially close to

det.DFt / D
KY
kD1

�Z
.@x1B˛k ;ˇk .t; xI x

0
1;k ; x

0
2;k//

2

Z
.@x2B˛k ;ˇk .t; xI x

0
1;k ; x

0
2;k//

2

�

� Z
@x1B˛k ;ˇk@x2B˛k ;ˇk

�2�
�

LY
lD1

� 1

2cl

Z
Qcl .y

0
0;l /.Qcl .y

0
0;l /Cy

0
0;l@xQcl .y

0
0;l //

Z
.@xQcl .y

0
0;l //

2
�
;

because
R
Qcl .y

0
0;l
/@xQcl .y

0
0;l
/ dx D 0.

By the Cauchy–Schwarz inequality and the fact that

@x1B˛k ;ˇk .t; xI x
0
1;k ; x

0
2;k/ and @x2B˛k ;ˇk .t; xI x

0
1;k ; x

0
2;k/

are linearly independent as functions of the x variable, for any time t fixed, we see that
the first product is positive. Since each member of the product is periodic in time, the first
product is bounded below by a positive constant independent from time and translation
parameters.
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For the second product, by translation of the variable in the integrations, for any time t
fixed, we see that we can replace y0

0;l
by x. Then, by integration by parts,Z

xQcl .x/@xQcl .x/ dx D �
1

2

Z
Qcl .x/

2 dx:

By scaling, if q denotes the soliton with c D 1, i.e., q D Q1, thenZ
Q2
cl
D
p
cl

Z
q2;

Z
@xQ

2
cl
D c

3=2

l

Z
q2x :

Therefore,
1

2cl

Z
Qcl .y

0
0;l /
�
Qcl .y

0
0;l /C y

0
0;l@xQcl .y

0
0;l /
� Z

.@xQcl .y
0
0;l //

2(2.11)

D
1

4
cl

Z
q2
Z
.qx/

2
�
1

4
min¹cn; 1 � n � Lº

Z
q2
Z
q2x :

This means that the second product is bounded below by a positive constant independent
from time and translation parameters.

Therefore, if T �2 is large enough, the considered matrix is invertible.
Now, we may use the implicit function theorem (actually, we use a quantitative version

of the implicit function theorem, see Section 2.2 in [11] for a precise statement). If w is
close enough to P.t/, then there exists

(2.12) .x1;k ; x2;k ; x0;l ; c0;l /

such that
Ft .w; x1;k ; x2;k ; x0;l ; c0;l / D 0;

where (2.12) depends in a regular C 1 way on w. It is possible to show that the “close
enough” in the previous sentence does not depend on t ; for this, it is required to use a
uniform implicit function theorem. This means that for T �2 large enough (depending onA),
Ae��t is small enough for t 2 Œt�; T �, thus for t 2 Œt�; T �, p.t/ is close enough to P.t/
in order to apply the implicit function theorem. Therefore, we have, for t 2 Œt�; T �, the
existence of x1;k.t/, x2;k.t/, x0;l .t/ and c0;l .t/. It is possible to show that these functions
are C 1 in time. Basically, this comes from the fact that they are C 1 in p.t/ and that p.t/
has a similar regularity in time (see [13] for more details).

Now, we prove inequalities (2.9) and (2.10). We can take the differential of the implicit
functions with respect to p.t/ for t 2 Œt�; T �. For this, we differentiate the following
equation with respect to p.t/:

Ft
�
p.t/; x1;k.p.t//; x2;k.p.t//; x0;l .p.t//; c0;l .p.t//

�
D 0:

We know that the matrix that gives the differential of Ft (with respect to x1;k , x2;k , x0;l
and c0;l ) in �

p.t/; x1;k.p.t//; x2;k.p.t//; x0;l .p.t//; c0;l .p.t//
�

is invertible and its inverse is bounded in time (from the formula giving the inverse of a
matrix from the comatrix and the determinant). The differential of Ft with respect to the
first variable is also bounded. Thus, by the mean value theorem,

jx1;kj � Ckp � P k � CAe
��t :

The same is true for x2;k , x0;l and c0;l .
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By applying the mean value theorem (inequality) for Qcl with respect to x0;l and c0;l
or for B˛k ;ˇk with respect to x1;k and x2;k , we deduce that

kPj .t/ � zPj .t/kH2 � C.jx1;k.t/j C jx2;k.t/j/

if Pj D Bk is a breather, and

kPj .t/ � zPj .t/kH2 � C.jx0;l .t/j C jc0;l .t/j/

if Pj D Rl is a soliton.
Finally, by the triangular inequality,

k".t/kH2� kp.t/ � P.t/kH2 C kP.t/ � zP .t/kH2

� kp.t/�P.t/kH2CC

� KX
kD1

.jx1;k.t/jCjx2;k.t/j/C

LX
lD1

.jx0;l .t/j C jc0;l .t/j/

�
� Ckp.t/ � P.t/kH2 � CAe��t :

This completes the proof of (2.9).
For (2.10), we will take time derivatives of the equations (2.8). From now on, we write

zBk1 for @x1 zBk and zBk2 for @x2 zBk . Firstly, we write the PDE satisfied by " (knowing that
p;B1; : : : ; BK ; R1; : : : ; RL are solutions of (1.1)):

@t" D �"xxx�

�
"
�
"2C3"

JX
jD1

zPjC3

JX
i;jD1

zPi zPj

��
x

�

KX
kD1

x01;k.t/
zBk1�

KX
kD1

x02;k.t/
zBk2

�

LX
lD1

x00;l .t/
zRl x �

LX
lD1

c0
0;l
.t/

2.cl C c0;l .t//
. zRl C y0;l .t/ zRl x/ �

X
h¤i or i¤j

. zPh zPi zPj /x ;

where y0;l .t/ WD x � x00;l C x0;l .t/ � cl t . Now, we will take the time derivative of the

equation
R
zBk1 "

q
'b
k
D 0 (and perform integration by parts):

�

Z �
zB3k
�
1x
"

q
'b
k
�

Z
zBk1

X
h¤i or g¤h

. zPh zPi zPg/x

q
'b
k
C x02;k.t/

Z
zBk12 "

q
'b
k

(2.13)

C
1

2ıt

Z
zBk1 "

�
"2 C 3"

JX
iD1

zPi C 3

JX
h;iD1

zPh zPi

� 'b
1;kq
'b
k

C

Z
zBk1x "

�
"2 C 3"

JX
iD1

zPi C 3

JX
h;iD1

zPh zPi

�q
'b
k

�
1

2ıt2

Z
zBk1 "x

'b
1;kq
'b
k

C
1

2ıt

Z
zBk1 "xx

'b
1;kq
'b
k

�
1

2ıt

Z
zBk1x "x

'b
1;kq
'b
k

C
1

2ıt

Z
zBk1xx "

'b
1;kq
'b
k

C x01;k.t/

Z
zBk11 "

q
'b
k
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D

KX
mD1

x01;m.t/

Z
zBk1 zBm1

q
'b
k
C

KX
mD1

x02;m.t/

Z
zBk1 zBm2

q
'b
k

C

LX
nD1

x00;n.t/

Z
zBk1 zRnx

q
'b
k
C

LX
nD1

c00;n.t/

2.cnCc0;n.t//

Z
zBk1. zRnCy0;n.t/ zRnx/

q
'b
k
:

Similarly, taking the time derivative of
R
zBk2"

q
'b
k
D 0,

�

Z �
zB3k
�
2x
"

q
'b
k
�

Z
zBk2

X
h¤i or g¤h

. zPh zPi zPg/x

q
'b
k
C x02;k.t/

Z
zBk22 "

q
'b
k

(2.14)

C
1

2ıt

Z
zBk2 "

�
"2 C 3"

JX
iD1

zPi C 3

JX
h;iD1

zPh zPi

� 'b
1;kq
'b
k

C

Z
zBk2x "

�
"2 C 3"

JX
iD1

zPi C 3

JX
h;iD1

zPh zPi

�q
'b
k

C
1

2ıt

Z
zBk2 "xx

'b
1;kq
'b
k

�
1

2ıt

Z
zBk2x "x

'b
1;kq
'b
k

C
1

2ıt

Z
zBk2xx "

'b
1;kq
'b
k

�
1

2ıt2

Z
zBk2 "x

'b
1;kq
'b
k

C x01;k.t/

Z
zBk12 "

q
'b
k

D

KX
mD1

x01;m.t/

Z
zBk2 zBm1

q
'b
k
C

KX
mD1

x02;m.t/

Z
zBk2 zBm2

q
'b
k

C

LX
nD1

x00;n.t/

Z
zBk2 zRnx

q
'b
k
C

LX
nD1

c00;n.t/

2.cnCc0;n.t//

Z
zBk2. zRnCy0;n.t/ zRnx/

q
'b
k
:

Similarly, taking the time derivative of
R
zRl x.t/".t/

p
's
l
D 0,

�

Z �
zR3l
�
xx
"
q
's
l
C

c0
0;l
.t/

2.clCc0;l .t//

Z
. zRl xCy0;l .t/ zRl xx/"

q
's
l

(2.15)

C x00;l .t/

Z
zRl xx "

q
's
l
C

1

2ıt

Z
zRl x "

�
"2 C 3"

JX
iD1

zPi C 3

JX
h;iD1

zPh zPi

� 's
1;lp
's
l

C

Z
zRl xx "

�
"2 C 3"

JX
iD1

zPi C 3

JX
h;iD1

zPh zPi

�q
's
l

�
1

2ıt2

Z
zRl x "x

's
1;lp
's
l

C
1

2ıt

Z
zRl x "xx

's
1;lp
's
l

�
1

2ıt

Z
zRl xx "x

's
1;lp
's
l

C
1

2ıt

Z
zRl xxx "

's
1;lp
's
l

�

Z
zRl x

X
h¤i or g¤h

. zPh zPi zPg/x

q
's
l
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D

LX
nD1

x00;n.t/

Z
zRl x zRnx

q
's
l
C

LX
nD1

c00;n.t/

2.cnCc0;n.t//

Z
zRl x. zRn C y0;n.t/ zRnx/

q
's
l

C

KX
mD1

x01;m.t/

Z
zRl x zBm1

q
's
l
C

KX
mD1

x02;m.t/

Z
zRl x zBm2

q
's
l
:

Finally, taking the time derivative of
R
zRl"
p
's
l
D 0,

�

Z �
zR3l
�
x
"
q
's
l
C

c0
0;l
.t/

2.cl C c0;l .t//

Z
. zRl C y0;l .t/ zRl x/ "

q
's
l

(2.16)

C x00;l .t/

Z
zRl x "

q
's
l
C

1

2ıt

Z
zRl "

�
"2 C 3"

JX
iD1

zPi C 3

JX
h;iD1

zPh zPi

� 's
1;lp
's
l

C

Z
zRl x "

�
"2 C 3"

JX
iD1

zPi C 3

JX
h;iD1

zPh zPi

�q
's
l

�
1

2ıt2

Z
zRl "x

's
1;lp
's
l

C
1

2ıt

Z
zRl"xx

's
1;lp
's
l

�
1

2ıt

Z
zRl x "x

's
1;lp
's
l

C
1

2ıt

Z
zRl xx "

's
1;lp
's
l

�

Z
zRl

X
h¤i or g¤h

. zPh zPi zPg/x

q
's
l

D

LX
nD1

x00;n.t/

Z
zRl zRnx

q
's
l
C

LX
nD1

c00;n.t/

2.cnCc0;n.t//

Z
zRl . zRn C y0;n.t/ zRnx/

q
's
l

C

KX
mD1

x01;m.t/

Z
zRl zBm1

q
's
l
C

KX
mD1

x02;m.t/

Z
zRl zBm2

q
's
l
:

By Proposition 2.10 below (that follows from the first part of the lemma we prove) and
its corollary, several terms of equalities (2.13), (2.14), (2.15) and (2.16) are bounded
by Ce��t ; other terms areO.k"kL2/. We recall thatO.k"kL2/ � CAe��t . From the basic
properties of 'j (see Section 2.2), '1;j =

p
'j is bounded. Because of the compact support

of 'j , x
t
'1;j =

p
'j is bounded independently of x and t . Using these bounds, and after

several linear combinations, we obtain the desired inequalities.

Remark 2.9. As a consequence of Lemma 2.8, there exists a constant C > 0 such that,
for all t 2 Œt�; T �,

KX
kD1

.jx1;k.t/j C jx2;k.t/j/C

LX
lD1

.jx0;l .t/j C jc0;l .t/j/ � CAe
��T � :

This means that if we take T �2 eventually larger (which we will assume in the following
of the article), we may extend Proposition 2.1 to zPj in the following way, by integration
of the bounds given by modulation (the constant C is a bit larger in a controlled way, we
write ˇ=2 because the shape of the solitons is a bit modified in a controlled way).
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Proposition 2.10. Let j D 1; : : : ; J , n 2 N. If T � > T �2 , then there exists a constant
C > 0 such that for any t; x 2 R,

j@nx
zPj .t; x/j � Ce

�
ˇ
2 jx�vj t j:

We will also use that any k@nx zPj kH2 is bounded by C .

Corollary 2.11. Let i ¤ j 2 ¹1; : : : ; J º and m; n 2 N. If T � > T �2 , then there exists a
constant C that depends only on P such that for any t 2 R,ˇ̌̌ Z

@mx
zPi @

n
x
zPj

ˇ̌̌
� Ce�ˇ� t=8:

2.4. Study of coercivity

In [3], the Lyapunov functional that was introduced to study the orbital stability of a
breather is the following conserved-in-time functional:

F Œp�.t/C 2.ˇ2 � ˛2/EŒp�.t/C .˛2 C ˇ2/2MŒp�.t/:

The functional that we will consider here is adapted from the latter. For t 2 Œt�; T �, we set

H Œp�.t/ WD F Œp�.t/C

KX
kD1

�
2.ˇ2k � ˛

2
k/E

b
k Œp�.t/C .˛

2
k C ˇ

2
k/
2M b

k Œp�.t/
�

C

LX
lD1

�
2clE

s
l Œp�.t/C c

2
lM

s
l Œp�.t/

�
:

For simplicity of notations, for j2¹1; : : : ;J º, aj will denote ˛k ifPj is the breatherBk
or 0 if Pj is a soliton, and bj will denote ˇk if Pj is the breather Bk or c1=2

l
if Pj is the

soliton Rl . With these notations, we may write

H Œp�.t/ D F Œp�.t/C

JX
jD1

�
2.b2j � a

2
j /Ej Œp�.t/C .a

2
j C b

2
j /
2Mj Œp�.t/

�
:

We would like to study locally this functional around the considered sum of breathers
and solitons. The aim of this section will be to prove the two following propositions.

Proposition 2.12 (Expansion of H 2 conserved quantity). There exists T �4 > 0 such that
if T � � T �4 , for all t 2 Œt�; T �, we have that

H Œp�.t/ D

JX
jD1

�
F Œ zPj �.t/C 2.b

2
j � a

2
j /EŒ

zPj �.t/C .a
2
j C b

2
j /
2MŒ zPj �.t/

�
CH2Œ"�.t/CO.k".t/k

3
H2/CO.e

�2�t
k".t/kH2/CO.e�2�t /;

where

H2Œ"�.t/ WD
1

2

Z
"2xx �

5

2

Z
zP 2 "2x C

5

2

Z
zP 2x "

2
C 5

Z
zP zPxx "

2
C
15

4

Z
zP 4 "2

C

JX
jD1

.b2j �a
2
j /
� Z

"2x 'j � 3

Z
zP 2 "2'j

�
C

JX
jD1

.a2j Cb
2
j /
2 1

2

Z
"2'j :
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Proposition 2.13 (Coercivity of H2). There exist � > 0 and T �3 D T �3 .A/ such that if
T � � T �3 , then we have, for any t 2 Œt�; T �,

H2Œ"�.t/ � �k".t/k
2
H2 �

1

�

KX
kD1

� Z
" zBk

q
'b
k

�2
:

Propositions 2.12 and 2.13 will be used in the next concluding subsection to prove
Proposition 1.9.

Firstly, let us prove Proposition 2.12.

Proof of Proposition 2.12. We would like to compare H Œ zP C "�.t/ and H Œ zP �.t/ (recall
that p D zP C ") by studying the difference asymptotically when " is small. First, let us
see how we could simplify the expression of H Œ zP �.t/.

Claim 2.14. If T � is large enough, for all t 2 Œt�; T �, we have that

H Œ zP �.t/ D

JX
jD1

�
F Œ zPj �.t/C 2.b

2
j � a

2
j /EŒ

zPj �.t/C .a
2
j C b

2
j /
2MŒ zPj �.t/

�
CO.e�2�t /:

Proof. We prove that, for t 2 Œt�; T �,ˇ̌̌
H Œ zP � �

JX
jD1

�
F Œ zPj �C 2.b

2
j � a

2
j /EŒ

zPj �C .a
2
j C b

2
j /
2MŒ zPj �

�ˇ̌̌
� Ce�2�t :

Let us compare Fj Œ zP � and F Œ zPj �:

Fj Œ zP � D

Z �1
2
zP 2xx �

5

2
zP 2 zP 2x C

1

4
zP 6
�
'j .t; x/ dx;

F Œ zPj � D

Z �1
2
zP 2j xx �

5

2
zP 2j
zP 2j x C

1

4
zP 6j

�
dx:

We compare the corresponding terms of these equalities. Let us start with the first one:ˇ̌̌ Z
. zP 2xx 'j .t; x/ �

zP 2j xx/
ˇ̌̌

�

Z
zP 2j xxj1 � 'j .t; x/j C

X
.r;s/¤.j;j /

Z
j zPrxx zPsxxj'j .t; x/

� C

Z
e�

ˇ
2 jx�vj t j eˇ� t=32

ˇ̌
1 � 'j .t; x/

ˇ̌
dx C C

X
i¤j

Z
e�

ˇ
2 jx�vi t j eˇ� t=32'j .t; x/ dx

� Ceˇ� t=32
�� Z �j tCıt

�1

C

Z C1
�jC1t�ıt

�
e�

ˇ
2 jx�vj t j dx C

X
i¤j

Z �jC1tCıt

�j t�ıt

e�
ˇ
2 jx�vi t j dx

�
� Ce�ˇ� t=16;

by Proposition 2.10 and Remark 2.6. For the other terms of the difference to be bounded,
we reason in a similar way. This completes the proof of the claim.
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Therefore, when we will be able to compare H Œp�.t/ and H Œ zP �.t/, we will also be
able to compare H Œp�.t/ and

JX
jD1

�
F Œ zPj �.t/C 2.b

2
j � a

2
j /EŒ

zPj �.t/C .a
2
j C b

2
j /
2MŒ zPj �.t/

�
:

We compute the Taylor expansion of H Œp� D H Œ zP C "�:

H Œ zP C "� D
1

2

Z
. zP C "/2xx �

5

2

Z
. zP C "/2. zP C "/2x C

1

4

Z
. zP C "/6(2.17)

C

JX
jD1

h
.b2j � a

2
j /
� Z

. zP C "/2x'j �
1

2

Z
. zP C "/4'j

�i
C

JX
jD1

h
.a2j C b

2
j /
2 1

2

Z
. zP C "/2'j

i
D
1

2

Z
zP 2xx �

5

2

Z
zP 2 zP 2x C

1

4

Z
zP 6 C

Z
zP.4x/"C 5

Z
zP zP 2x "

C 5

Z
zP 2 zPxx "C

3

2

Z
zP 5"C

1

2

Z
"2xx �

5

2

Z
zP 2 "2x

C
5

2

Z
zP 2x "

2
C 5

Z
zP zPxx "

2
C
15

4

Z
zP 4 "2 CO.k".t/k3

H2/

C

JX
jD1

.b2j � a
2
j /
� Z

zP 2x 'j �
1

2

Z
zP 4'j � 2

Z
zPxx "'j

� 2

Z
zPx "'j;x � 2

Z
zP 3"'j C

Z
"2x 'j � 3

Z
zP 2 "2'j

�
C

JX
jD1

.a2j C b
2
j /
2 1

2

� Z
zP 2'j C 2

Z
zP"'j C

Z
"2'j

�
:

We can observe that the sum (2.17) is composed of 0th-order terms in ", of 1st-order
terms in ", of 2nd-order terms in "; 3rd and larger-order terms in " are contained in
O.k".t/k3

H2/. The sum of the 0th-order terms is actually H Œ zP �. The sum of 2nd-order
terms in " is H2Œ"�.t/.

Let us study more closely the 1st-order terms:

H1 D

Z
zP.4x/ "C 5

Z
zP zP 2x "C 5

Z
zP 2 zPxx "C

3

2

Z
zP 5"

C

JX
jD1

.b2j � a
2
j /
�
2

Z
zPx "x 'j � 2

Z
zP 3"'j

�
C

JX
jD1

.a2j C b
2
j /
2

Z
zP"'j :

From [3], we know that a breatherADA˛;ˇ satisfies for any fixed t 2R, the following
nonlinear equation:

A.4x/ � 2.ˇ
2
� ˛2/.Axx C A

3/C .˛2 C ˇ2/2AC 5AA2x C 5A
2Axx C

3

2
A5 D 0:
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This equation is also satisfied for A D zBk with ˛ D ˛k and ˇ D ˇk for any k D 1; : : : ;K
(the shape parameters of a breather are not changed by modulation).

For a solitonQDRc;� , we know fromQxx D cQ�Q
3 thatQ satisfies, for any fixed

t 2 R, the following nonlinear equation (see Appendix A.1):

Q.4x/ � 2c.Qxx CQ
3/C c2QC 5QQ2

x C 5Q
2Qxx C

3

2
Q5
D 0:

This equation is not exactly satisfied forQD zRl for any l D 1; : : : ;L (the shape paramet-
ers of a soliton are changed by modulation). The exact equation satisfied by Q D zRl is

Q.4x/ � 2cl .Qxx CQ
3/C c2lQC 5QQ

2
x C 5Q

2Qxx C
3

2
Q5

D 2c0;l .t/.Qxx CQ
3/ � 2cl c0;l .t/Q � c0;l .t/

2Q:

We will compare H1 and

H 01 WD

Z
zP.4x/ "C 5

JX
jD1

Z
zPj zP

2
j x "C 5

JX
jD1

Z
zP 2j x
zPj xx "C

3

2

JX
jD1

Z
zP 5j "

� 2

JX
jD1

.b2j � a
2
j /
� Z

zPj xx "C

Z
zP 3j "

�
C

JX
jD1

.a2j C b
2
j /
2

Z
zPj ":

Firstly, let us compare
R
zP zP 2x " and

PJ
jD1

R
zPj zP

2
j x ":Z

zP zP 2x " D

Z � JX
jD1

zPj

�� JX
jD1

zPj x

�2
" D

JX
jD1

Z
zPj zP

2
j x "C

X
h¤i or i¤j

Z
zPh zPi x zPj x ":

To succeed, we need to find a bound for a term of the type
R
zPh zPi x zPj x ", where h ¤ i or

i ¤ j . We can perform the following upper bounding (where, without loss of generality,
we suppose that i ¤ j ):ˇ̌̌ Z

zPh zPi x zPj x "
ˇ̌̌
� Ceˇ� t=16

Z
e�

ˇ
2 jx�vi t j e�

ˇ
2 jx�vj t jj"j

� Ck"kL1e
ˇ� t=16

Z
e�

ˇ
2 jx�vi t j e�

ˇ
2 jx�vj t j � Ck"kH2e�ˇ� t=8;

by Sobolev embeddings and Proposition 2.3.
The bounding is quite similar for

R
zP 2 zPxx " and

R
zP 5". We observe that�

R
zPj xx "DR

zPj x "x . To compare
R
zPx "x 'j and

R
R
zPj x "x , and for similar terms, we can use com-

putations that we have already performed at the beginning of this proof. Therefore,ˇ̌̌ Z
zPx "x 'j �

Z
R

zPj x "x

ˇ̌̌
� Ck"kH2e�ˇ� t=16:

This enables us to bound the difference between H1 and H 01:

jH1 �H
0
1j � Ck".t/kH2e�ˇ� t=16:
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Now, because our objects are not only breathers, H 01 is not equal to 0. Actually, we have

H 01 D 2

LX
lD1

c0;l .t/
� Z

zRl xx "C

Z
zR3l "

�
� 2

LX
lD1

cl c0;l .t/

Z
zRl " �

LX
lD1

c0;l .t/
2

Z
zRl ":

Now, we introduce

H 001 D 2

LX
lD1

c0;l .t/
� Z

zRl xx "
q
's
l
C

Z
zR3l "

q
's
l

�
� 2

LX
lD1

cl c0;l .t/

Z
zRl "

q
's
l
�

LX
lD1

c0;l .t/
2

Z
zRl "

q
's
l
:

By reasoning the same way as for H1 and H 01, we see that

jH 01 �H
00
1 j � Ck".t/kH2 e�2�t :

Because of (2.8) and because of the elliptic equation satisfied by a soliton, we have that
H 001 D 0: Thus,

jH1j D jH1 �H
0
1j C jH

0
1 �H

00
1 j C jH

00
1 j � Ck".t/kH2 e�2�t :

The proof of Proposition 2.12 is now completed.

Now, we would like to study the quadratic terms in " of the development of H Œ zP C "�.
They are contained in H2Œ"�.t/.

Let A D B˛;ˇ be a breather (we denote A1 WD @x1A and A2 WD @x2A). We define a
quadratic form associated to this breather:

Qb
˛;ˇ Œ�� WD

1

2

Z
�2xx �

5

2

Z
A2 �2x C

5

2

Z
A2x �

2
C 5

Z
AAxx �

2
C
15

4

Z
A4 �2

C .ˇ2�˛2/
� Z

�2x � 3

Z
A2�2

�
C .˛2Cˇ2/2

1

2

Z
�2 DW Q˛;ˇ Œ��:

From [3], we know that the kernel of this quadratic form is of dimension 2 and is spanned
by @x1B˛;ˇ and @x2B˛;ˇ , and that this quadratic form has only one negative eigenvalue
that is of multiplicity 1.

Proposition 2.15 (Proposition 4.11, [32]). There exists �b˛;ˇ > 0 that depends only on ˛
and ˇ (and does not depend on time), such that if � 2 H 2.R/ is such thatZ

A1� D

Z
A2 � D 0;

then
Qb
˛;ˇ Œ�� � �

b
˛;ˇk�k

2
H2 �

1

�b
˛;ˇ

� Z
�A
�2
:

Remark 2.16. �b˛;ˇ is continuous in ˛;ˇ. Note that the translation parameters are implicit
in Qb

˛;ˇ
.
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Let Q D Rc;� be a soliton. We define a quadratic form associated to this soliton:

Qs
c Œ�� WD

1

2

Z
�2xx �

5

2

Z
Q2 �2x C

5

2

Z
Q2
x �
2
C 5

Z
QQxx �

2
C
15

4

Z
Q4�2

C c
� Z

�2x � 3

Z
Q2�2

�
C c2

1

2

Z
�2 DW Q0;

p
c Œ��:

By the same techniques, such as those presented in [3], adapted to the quadratic form of a
soliton, we may establish that the kernel of this quadratic form is of dimension 2, and it is
spanned by @xQ and @cQ, and that this quadratic form does not have any negative eigen-
value (see Appendix A.2). After that, from Appendix A.3, we deduce that the coercivity
still works when � is orthogonal to Q and @xQ. More precisely, we have the following.

Proposition 2.17. There exists �sc > 0 that depends only on c (and does not depend on
time) such that if � 2 H 2.R/ is such thatZ

Q� D

Z
Qx � D 0;

then
Qs
c Œ�� � �

s
ck�k

2
H2 :

Remark 2.18. �sc is continuous in c. Note that the translation and sign parameters are
implicit in the notation Qs

c .

We would like to find a similar minoration for H2 (which is a generalization of Q).
For j D 1; : : : ; J , let us define, for � 2 H 2,

Qj Œ�� WD
1

2

Z
�2xx 'j �

5

2

Z
zP 2j �

2
x 'j C

5

2

Z
zP 2j x �

2'j

C 5

Z
zPj zPj xx �

2'j C
15

4

Z
zP 4j �

2'j

C .b2j � a
2
j /
� Z

�2x 'j � 3

Z
zP 2j �

2'j

�
C .a2j C b

2
j /
2 1

2

Z
�2'j ;

and

Q0j Œ�� WD
1

2

Z
�2xx 'j �

5

2

Z
zP 2 �2x 'j C

5

2

Z
zP 2x �

2'j

C 5

Z
zP zPxx �

2'j C
15

4

Z
zP 4 �2'j

C .b2j � a
2
j /
� Z

�2x 'j � 3

Z
zP 2 �2'j

�
C .a2j C b

2
j /
2 1

2

Z
�2'j :

We have that

H2Œ".t/� D

JX
jD1

Q0j Œ".t/�:

The notations Qb
k

, .Qb
k
/0, Qs

l
and .Qs

l
/0 will also be used.
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We note that the support of 'j increases with time, so that Qj is near a Qb
˛k ;ˇk

or
a Qs

cl
when time is large (note that Qb

˛k ;ˇk
is the canonical quadratic form associated to the

breather zBk , but the canonical quadratic form associated to the soliton zRc is Qs
clCc0;l .t/

).
However, firstly, let us study the difference between Qj and Q0j . Using the computa-
tions carried out at the beginning of this part (those done for the linear part) and Sobolev
inequalities, we obtain

jQj Œ�� �Q0j Œ��j � Ce
�2�t
k�k2

H2.R/:

Lemma 2.19. There exists � > 0 such that for � > 0, there exists T �3 such that for T � �
T �3 , any � 2 H 2.R/, and any t 2 Œt�; T �, ifZ

zBk1.t/�

q
'b
k
.t/ D

Z
zBk2.t/�

q
'b
k
.t/ D 0;

then

Qb
k Œ�� � �

Z
.�2 C �2x C �

2
xx/'

b
k .t/ �

1

�

� Z
� zBk.t/

q
'b
k
.t/
�2
� �k�k2

H2 :

Proof of Lemma 2.19. The idea is to write Qb
k
Œ�� as Q˛k ;ˇk Œ�

q
'b
k
� plus several error

terms. Let j be such that zPj D zBk . We will denote '1;j WD  0.
x��j t

ıt
/ �  0.

x��jC1t

ıt
/

and '2;j WD  00.
x��j t

ıt
/ �  00.

x��jC1t

ıt
/, as defined by (2.5) and (2.6), which will be use-

ful to write the derivatives of 'j . We recall that they have the same support and bounding
properties as 'j . We have thatZ

.�
p
'j /

2
xx D

Z
�2xx 'j C

Z
�2x
.ıt/2

'21;j

'j
C
1

4

Z
�2

.ıt/4

'22;j

'j
C
1

16

Z
�2

.ıt/4

'41;j

'3j
(2.18)

�
1

4

Z
�2

.ıt/4

'2;j'
2
1;j

'2j
C 2

Z
�xx �x

ıt
'1;j C

Z
�xx �

.ıt/2
'2;j

�
1

2

Z
�xx �

.ıt/2

'21;j

'j
C

Z
�x �

.ıt/3
'1;j '2;j

'j
�
1

2

Z
�x �

.ıt/3

'31;j

'2j
�

We observe that, for T �3 large enough, and by using the inequalities that define , the error
terms can be bounded by C

ıt
k�k2

H2 �
�
100
k�k2

H2 . The computation for the other terms is
similar and the same bound can be used for the error terms.

Because �
q
'b
k

satisfies the orthogonality conditions, we can apply Proposition 2.15
and obtain that

Q˛k ;ˇk

�
�

q
'b
k

�
� �bk

�q'b
k

2
H2 �

1

�b
k

� Z
�

q
'b
k
zBk

�2
:

To complete the proof, we note that k�
q
'b
k
k2
H2 is

R
.�2C �2x C �

2
xx/'

b
k
.t/ plus several

error terms as in (2.18).
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Lemma 2.20. There exists � > 0 such that for � > 0, there exists T �3 such that, for T � �
T �3 , any � 2 H 2.R/, and any t 2 Œt�; T �, ifZ

zRl .t/�
q
's
l
.t/ D

Z
zRl x.t/�

q
's
l
.t/ D 0;

then
Qs
l Œ�� � �

Z
.�2 C �2x C �

2
xx/'

s
l .t/ � �k�k

2
H2 :

Proof. As in the previous proof, we write Qs
l
Œ�� as Qs

cl
Œ�
p
's
l
� (with Q D zRl ) plus sev-

eral error terms that are all bounded by �k�k2
H2 if T �3 is chosen large enough. However,

Qs
cl
Œ�
p
's
l
� is not appropriate in order to have coercivity, the appropriate quadratic form

is Qs
clCc0;l .t/

Œ�
p
's
l
�. This is why we need to bound the difference between Qs

cl
Œ�
p
's
l
�

and Qs
clCc0;l .t/

Œ�
p
's
l
�. This difference is

c0;l .t/
� Z

�2x 'j � 3

Z
zR2l �

2'j

�
C cl c0;l .t/

Z
�2'j C c0;l .t/

2 1

2

Z
�2'j ;

which, because of the bound for c0;l .t/, for T �3 large enough (depending on A), can be
bounded by �k�k2

H2 .
Now, �

p
's
l

satisfies the orthogonality conditions we need, and as in the previous
proof, we may apply coercivity.

Proof of Proposition 2.13. We will now use Lemma 2.19 and its version for solitons (Lem-
ma 2.20) for � D ".t/. From this, we deduce that for � > 0 small enough, we have that

JX
jD1

Qj Œ".t/� � �k".t/k
2
H2 �

1

�

KX
kD1

� Z
".t/ zBk

q
'b
k

�2
;

for a suitable constant � > 0. This means that for T �3 large enough, by taking, if needed,
a smaller constant �,

H2Œ".t/� � �k"k
2
H2 �

1

�

KX
kD1

� Z
" zBk

q
'b
k

�2
:

The proof of Proposition 2.13 is now completed.

2.5. Proof of Proposition 1.9 (Bootstrap)

We recall that pn from Proposition 1.9 is denoted by p and Tn is denoted by T in what
follows in order to simplify the notations. We do the proof that follows under the assump-
tion (2.2), so that the propositions proved above are true for t 2 Œt�; T �.

The aim of this subsection is to complete the proof of Proposition 1.9 by using Pro-
positions 2.12 and 2.13.

We note that by Lemma 2.7, the conservation of F Œp�.t/ and the definition of H Œp�,
we have, for any t 2 Œt�; T �, that

jH Œp�.T / �H Œp�.t/j �
CA2

ı2 t
e�2�t :
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Thus, for any t 2 Œt�; T �,

(2.19) H Œp�.t/ � H Œp�.T /C
CA2

ı2 t
e�2�t :

From Proposition 2.12,ˇ̌̌
H Œ zP C "�.t/ �H2Œ"�.t/(2.20)

�

JX
jD1

�
F Œ zPj �.t/C 2.b

2
j � a

2
j /EŒ

zPj �.t/C .a
2
j C b

2
j /
2MŒ zPj �.t/

�ˇ̌̌
� Ce�2�t C Ck"kH2e�2�t C Ck"k3

H2 � Ce
�2�t
C

�

100
k"k2

H2 :

In order to obtain the last inequality, we use the fact that k".t/kH2 � CAe��t , and we take
T � � T �5 for T �5 large enough (depending on A) so that k"kH2 � C and Ck".t/kH2 �

�=100, and thus Ck".t/k3
H2 �

�
100
k".t/k2

H2 .
We remark that if Pj D Bk is a breather, then F Œ zPj �, EŒ zPj � and MŒ zPj � are all con-

stants in time. If Pj D Rl is a soliton and we denote q the basic ground state (i.e., the
ground state for c D 1), we have the following:

MŒ zRl �.t/ D .cl C c0;l .t//
1=2MŒq�;

EŒ zRl �.t/ D .cl C c0;l .t//
3=2EŒq�;

F Œ zRl �.t/ D .cl C c0;l .t//
5=2F Œq�:

Using that, we can simplify Rl .t/ WD F Œ zRl �.t/C 2clEŒ zRl �.t/C c
2
l
MŒ zRl �.t/ as follows:

Rl .t/ D .cl C c0;l .t//
5=2F Œq�C 2cl .cl C c0;l .t//

3=2EŒq�(2.21)

C c2l .cl C c0;l .t//
1=2MŒq�

D c
5=2

l

�
1C

c0;l .t/

cl

�5=2
F Œq�C 2c

5=2

l

�
1C

c0;l .t/

cl

�3=2
EŒq�

C c
5=2

l

�
1C

c0;l .t/

cl

�1=2
MŒq�:

Note that from Lemma 2.8, jc0;l .t/j3 � CA3e��te�2�t . That is why, if we take T �5 even-
tually larger, jc0;l .t/j3 � Ce�2�t . For this reason, we will do Taylor expansions of order 2
of (2.21): �

1C
c0;l .t/

cl

�5=2
D 1C

5

2

c0;l .t/

cl
C
15

8

c0;l .t/
2

c2
l

CO.e�2�t /;�
1C

c0;l .t/

cl

�3=2
D 1C

3

2

c0;l .t/

cl
C
3

8

c0;l .t/
2

c2
l

CO.e�2�t /;�
1C

c0;l .t/

cl

�1=2
D 1C

1

2

c0;l .t/

cl
�
1

8

c0;l .t/
2

c2
l

CO.e�2�t /:
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This allows us to write

Rl .t/ D c
5=2

l
.F Œq�C2EŒq�CMŒq�/C c

3=2

l
c0;l .t/

�5
2
F Œq�C3EŒq�C

1

2
MŒq�

�
C c

1=2

l
c0;l .t/

2
�15
8
F Œq�C

3

4
EŒq� �

1

8
MŒq�

�
CO.e�2�t /:

Now, c5=2
l
.F Œq�C 2EŒq�CMŒq�/ is constant in time. For both other terms, we use that

MŒq�D 2, EŒq�D �2=3 and F Œq�D 2=5, and we see that 5
2
F Œq�C 3EŒq�C 1

2
MŒq�D 0

and 15
8
F Œq�C 3

4
EŒq� � 1

8
MŒq� D 0. This allows us to write

Rl .t/ D
16

15
c
5=2

l
CO.e�2�t /:

From this, we deduce that

Rl .t/ �Rl .T / D O.e
�2�t /:

By using H Œp�.T /DH ŒP �.T /DH Œ zP �.T /, equations (2.20) and (2.19), Claim 2.14,
and the fact that for t � T �4 , O.k".t/k3

H2/ �
�
100
k"k2

H2 , we have that

H2Œ"�.t/ � H Œp�.t/C Ce�2�t C
�

100
k".t/k2

H2

�

JX
jD1

�
F Œ zPj �.t/C 2.b

2
j � a

2
j /EŒ

zPj �.t/C .a
2
j C b

2
j /
2MŒ zPj �.t/

�
� H Œ zP �.T /C C

� A2
ı2 t
C 1

�
e�2�t C

�

100
k".t/k2

H2

�

JX
jD1

�
F Œ zPj �.t/C 2.b

2
j � a

2
j /EŒ

zPj �.t/C .a
2
j C b

2
j /
2MŒ zPj �.t/

�
� H Œ zP �.T /CC

� A2
ı2 t
C1

�
e�2�tC

�

100
k".t/k2

H2C

LX
lD1

.Rl .T /�Rl .t//

�

JX
jD1

�
F Œ zPj �.T /C 2.b

2
j � a

2
j /EŒ

zPj �.T /C .a
2
j C b

2
j /
2MŒ zPj �.T /

�
� C

� A2
ı2 t
C 1

�
e�2�t C

�

100
k".t/k2

H2 :

From Proposition 2.13, we deduce (by taking a smaller constant �) that

�k"k2
H2 � C

� A2
ı2 t
C 1

�
e�2�t C

1

�

KX
kD1

� Z
" zBk

q
'b
k

�2
:

We now need to establish a result close to Lemma 2.7. We set, for any j D 1; : : : ; J ,

mj .t/ WD

Z
1

2
p2.t; x/

q
'j .t; x/ dx DW mj Œp�.t/:
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Lemma 2.21. There exist C > 0 and T �6 D T
�
6 .A/ such that if T � � T �6 , then for any

j D 1; : : : ; J , and any t 2 Œt�; T �,

jmj .T / �mj .t/j �
C

ı2 t
A2e�2�t :

Proof. We compute

d

dt

Z
1

2
p2.t; x/

q
'j .t; x/ dx D

1

2ıt

Z �
�
3

2
p2x C

3

4
p4
� '1;j
p
'j
�

1

2.ıt/2

Z
pxp

'2;j
p
'j

C
1

4.ıt/2

Z
pxp

'21;j

'
3=2
j

�
1

4

Z
p2

x

ıt2
'1;j
p
'j
:

From the inequalities that define  , we find thatˇ̌̌ d
dt

Z
1

2
p2.t; x/

q
'j .t; x/ dx

ˇ̌̌
�

C

ı2 t

Z
�j .t/[�jC1.t/

.p2x C p
2
C p4/:

From now on, we can follow the proof of Lemma 2.7.

Now, we observe the following:

(2.22)
Z
. zP C "/2

q
'b
k
D

Z
zB2k C 2

Z
zBk "

q
'b
k
C

Z
"2
q
'b
k
C Err;

where Err stands for the other terms of the sum, which we consider as error terms, and we
will show that they are bounded by Ce��t .

For i ¤ j and any h (if Pj D Bk is a breather),ˇ̌̌ Z
zPi zPh
p
'j

ˇ̌̌
� C

Z ıtC�jC1t

�ıtC�j t

e�
ˇ
2 jx�vi t j dx � Ce��t

andˇ̌̌ Z
zPi "
p
'j

ˇ̌̌
�

s�Z
zP 2i 'j

�� Z
"2
�
� Ce��t=2k"kH2 � CAe��te��t=2 � Ce��t ;

where T � � T �7 , with T �7 being large enough depending on A. If we use the calculations
we have made in the proof of Claim 2.14, we see thatˇ̌̌ Z

zP 2j �

Z
zP 2j
p
'j

ˇ̌̌
� Ce��t :

This proves the bound for the error terms.
Now, we study the variations of (2.22). We know that

R
zP 2j D

R
zB2
k

has no vari-
ations. We can apply Lemma 2.21 for

R
. zP C "/2

p
'j . By writing the difference of equa-

tion (2.22) between t and T , and using that ".T /D 0, we deduce, for T � �max.T �6 ; T
�
7 /,ˇ̌̌ Z

zPj "
p
'j .t/

ˇ̌̌
� C

� A2
ı2 t
C 1

�
e��t C k"k2

H2 � C
� A2
ı2 t
C 1

�
e��t C

�

100
k".t/kH2 :



Uniqueness of multi-breathers of the mKdV equation 1279

Thus,

�k"k2
H2 � C

� A2
ı2 t
C 1

�
e�2�t C

1

�

JX
jD1

� Z
" zPj
p
'j

�2
� C

� A4
ı4 t
C 1

�
e�2�t C

�

100
k".t/k2

H2 :

Therefore,

(2.23) k".t/k2
H2 � C

� A4
ı4 t
C 1

�
e�2�t :

By using (2.23), the mean value theorem and Lemma 2.8, we deduce, for t 2 Œt�; T �,

kp.t/ � P.t/kH2 � k".t/kH2 C k zP .t/ � P.t/kH2

� C
�r A4

ı4 t
C 1

�
e��t C C

� KX
kD1

.jx1;k.t/jCjx2;k.t/j/C

LX
lD1

.jx0;l .t/j C jc0;l .t/j/

�
� C

�r A4

ı4 t
C 1

�
e��t C C

KX
kD1

�ˇ̌̌ Z T

t

x01;k.s/ ds
ˇ̌̌
C

ˇ̌̌ Z T

t

x02;k.s/ ds
ˇ̌̌�

C C

LX
lD1

�ˇ̌̌ Z T

t

x00;l .s/ ds
ˇ̌̌
C

ˇ̌̌ Z T

t

c00;l .s/ ds
ˇ̌̌�

� C
� A4
ı4 t
C 1

�
e��t C C

� Z T

t

k".s/kH2 ds C

Z T

t

e��s ds
�
� C

� A4
ı4 t
C 1

�
e��t :

We take A D 4C (where C is a constant that can be used anywhere in the proof above)
and

T � WD max
�
T �1 ; T

�
2 ; T

�
3 ; T

�
4 ; T

�
5 ; T

�
6 ; T

�
7 ; T

�
8

�
(depending on A), where T �8 WD T

�
8 .A/ is such that for t � T �8 , we have A4

ı4 t
� 1. Thus,

for any t 2 Œt�; T �,

C
� A4
ı4 t
C 1

�
� 2C D

A

2
;

which is exactly what we wanted to prove.

3. p is a smooth multi-breather

Our goal here is to prove Proposition 1.10.

3.1. Estimates in higher order Sobolev norms

Firstly, we notice that the proposition is already established for s D 2. We note also that
if this proposition is proved for an s � 2 with a corresponding constant As , then it is also
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valid for any s0 � s with the same constant As . This means that As can possibly increase
with s and that this proposition is already established for 0 � s � 2. From now on, we will
denote (as before) pn by p, Tn by T and pn �P by v, and make sure that the constant As
that we will obtain in the proof does not depend on n (although it will depend on s). For
the constant � , we will take the usual value: � WD ˇ�=32. For the constant T �, we will
also take the value that works for Proposition 1.6.

We will prove the proposition by induction on s (it is sufficient to prove it for any
integer s). Let s � 3. We will prove the proposition for s, assuming that it is true for any
0 � s0 � s � 1.

Let us deduce from (1.1) the equation satisfied by v:

vt D pt �

JX
jD1

Pjt D �
�
pxx C p

3
�

JX
jD1

Pjxx �

JX
jD1

P 3j

�
x

D �

�
vxx C .v C P /

3
�

JX
jD1

P 3j

�
x

D �

�
vxx C v

3
C 3v2P C 3vP 2 C P 3 �

JX
jD1

P 3j

�
x
:

Firstly, we compute d
dt

R
.@sxv/

2 by integration by parts:

d

dt

Z
.@sxv/

2
D 2

Z
.@sxvt /.@

s
xv/

D �2

Z
@sC1x

�
vxx C v

3
C 3v2P C 3vP 2 C P 3 �

JX
jD1

P 3j

�
.@sxv/

D 2.�1/sC1
Z
@2sC1x

�
P 3 �

JX
jD1

P 3j

�
v � 2

Z
@sC1x .v3/.@sxv/

� 6

Z
@sC1x .v2P /.@sxv/ � 6

Z
@sC1x .vP 2/.@sxv/;

because
R
.@sC3x v/.@sxv/ D �

R
.@sC2x v/.@sC1x v/ D 0.

We will now bound above each of the terms of the obtained sum. By the Sobolev
embedding, Proposition 2.3 and Proposition 1.6,

ˇ̌̌ Z
@2sC1x

�
P 3 �

JX
jD1

P 3j

�
v
ˇ̌̌
� kvkL1

Z ˇ̌̌
@2sC1x

�
P 3 �

JX
jD1

P 3j

�ˇ̌̌
� CkvkH1e�ˇ� t=2 � CAe��te�ˇ� t=2

� CAe�2�t � CA2s�1e
�2�t ;

where C � 0 is a constant that depends only on s.
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We observe that

@sC1x .v3/ D 3.@sC1x v/v2 C 6.s C 1/.@sxv/vxv CZ1.v; vx ; : : : ; @
s�1
x v/;

@sC1x .v2P / D 2.@sC1x v/vP C 2.s C 1/.@sxv/.vP /x

CZ2.v; vx ; : : : ; @
s�1
x v; P; Px ; : : : ; @

sC1
x P /;

where Z1 and Z2 are homogeneous polynomials of degree 3 with constant coefficients.
Now, let us look for a bound for

R
@sC1x .v3/.@sxv/. Firstly, by integration by parts,Z

@sC1x .v3/.@sxv/ D
3

2

Z �
.@sxv/

2
�
x
v2 C 3.s C 1/

Z
.@sxv/

2.v2/x C

Z
.@sxv/Z1

D
6.s C 1/ � 3

2

Z
.@sxv/

2.v2/x C

Z
.@sxv/Z1:

Then we bound above each of the terms of the obtained sum:ˇ̌̌ Z
.@sxv/

2.v2/x

ˇ̌̌
� CkvkL1kvxkL1

Z
.@sxv/

2

� Ckvk2
H2

Z
.@sxv/

2
� C.kpkH2 C kP kH2/Ae��t

Z
.@sxv/

2

� CC0Ae
��t

Z
.@sxv/

2
� CAs�1e

��t

Z
.@sxv/

2:

We have actually shown in the computation above that kvk2
H2 can be bounded above

by kvkH2 (with a constant that depends only on the problem data), and therefore the
degree of kvkH2 can be lowered without harm in the upper bound. We will use this fact
again for the rest of the proof. In fact, all what it means is that, for several terms, what we
have is more than what we need.

By the Cauchy–Schwarz and Gagliardo–Nirenberg–Sobolev inequalities,ˇ̌̌ Z
.@sxv/Z1

ˇ̌̌
� C

Z
j@sxvj

� s�1X
s0D0

j@s
0

x vj
3
�
� C

� Z
j@sxvj

2
�1=2 s�1X

s0D0

� Z
j@s
0

x vj
6
�1=2

(3.1)

� C
� Z
j@sxvj

2
�1=2 s�1X

s0D0

� Z
j@s
0

x vj
2
�� Z

j@s
0C1
x vj2

�1=2
� C

s�1X
s0D0

� Z
j@s
0

x vj
2
�� Z

j@sxvj
2
C

Z
j@s
0C1
x vj2

�
� CA2s�1e

�2�t
C CAs�1e

��t

Z
j@sxvj

2:

Similarly, we bound
R
@sC1x .v2P /.@sxv/. By integration by parts,Z

@sC1x .v2P /.@sxv/ D

Z �
.@sxv/

2
�
x
vP C 2.s C 1/

Z
.@sxv/

2.vP /x C

Z
.@sxv/Z2

D .2s C 1/

Z
.@sxv/

2.vP /x C

Z
.@sxv/Z2:
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We bound above each of the terms of the obtained sum, starting byˇ̌̌ Z
.@sxv/

2.vP /x

ˇ̌̌
� C.kvkL1 C kvxkL1/

Z
.@sxv/

2
� CAe��t

Z
.@sxv/

2:

The upper bound of j
R
.@sxv/Z2j is similar to (3.1):ˇ̌̌ Z
.@sxv/Z2

ˇ̌̌
� CA2s�1e

�2�t
C CAs�1e

��t

Z
j@sxvj

2:

The term
R
@sC1x .vP 2/.@sxv/ remains to be bounded. By integration by parts,Z

@sC1x .vP 2/.@sxv/ D �

Z
@sC2x .vP 2/.@s�1x v/

D �

Z
.@sC2x v/.@s�1x v/P 2 � .s C 2/

Z
.@sC1x v/.@s�1x v/.P 2/x

�
.s C 2/.s C 1/

2

Z
.@sxv/.@

s�1
x v/.P 2/xx C

Z
.@s�1x v/Z03.v; vx ; : : : ; @

s�1
x v/

D
1

2

Z �
.@sxv/

2
�
x
P 2 C .s C 1/

Z
.@sxv/

2.P 2/x

�
s.s C 1/

4

Z �
.@s�1x v/2

�
x
.P 2/xx C

Z
.@s�1x v/Z03.v; vx ; : : : ; @

s�1
x v/

D
2s C 1

2

Z
.@sxv/

2.P 2/x C

Z
.@s�1x v/Z3.v; vx ; : : : ; @

s�1
x v/;

where Z03 and Z3 are homogeneous polynomials of degree 1 whose coefficients are poly-
nomials in P and its space derivatives. We have that jZ3j � C.

Ps�1
s0D0j@

s0

x vj/. Therefore,ˇ̌̌ Z
.@s�1x v/Z3

ˇ̌̌
� CA2s�1e

�2�t :

Thus, by taking the sum of all those inequalities, we obtainˇ̌̌ d
dt

Z
.@sxv/

2
C3.2sC1/

Z
.@sxv/

2.P 2/x

ˇ̌̌
� CA2s�1e

�2�t
CCAs�1e

��t

Z
j@sxvj

2:

Next, we perform similar computations for d
dt

R
.@s�1x v/2P 2:

d

dt

Z
.@s�1x v/2P 2 D 2

Z
.@s�1x vt /.@

s�1
x v/P 2 C 2

Z
.@s�1x v/2PtP

D �2

Z
@sx

�
vxx C v

3
C 3v2P C 3vP 2 C P 3�

JX
jD1

P 3j

�
.@s�1x v/P 2

� 2

Z
.@s�1x v/2

�
Pxx C

JX
jD1

P 3j

�
x
P:

Let us study each of the obtained terms.
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Firstly,

�2

Z
.@sC2x v/.@s�1x v/P 2 D 2

Z
.@sC1x v/.@sxv/P

2
C 2

Z
.@sC1x v/.@s�1x v/.P 2/x

D �3

Z
.@sxv/

2.P 2/x � 2

Z
.@sxv/.@

s�1
x v/.P 2/xx

D �3

Z
.@sxv/

2.P 2/x C

Z
.@s�1x v/2.P 2/xxx :

Indeed, ˇ̌̌ Z
.@s�1x v/2.P 2/xxx

ˇ̌̌
� CA2e�2�t :

Secondly, ˇ̌̌ Z
@sx

�
P 3 �

JX
jD1

P 3j

�
.@s�1x v/P 2

ˇ̌̌
� CA2s�1e

�2�t ;

which can be obtained similarly to the first part of the proof (starting by an integration by
parts with @s�2x v in the place of @s�1x v).

Thirdly,Z
@sx.v

3/.@s�1x v/P 2 D 3

Z
.@sxv/.@

s�1
x v/v2P 2 C

Z
Z4.v; vx ; : : : ; @

s�1
x v/P 2

D �
3

2

Z
.@s�1x v/2.v2P 2/x C

Z
Z4P

2;

whereZ4 is a homogeneous polynomial of degree 4 with constant coefficients. Both terms
are easily bounded by CA2s�1e

�2�t .
Fourthly, for

R
@sx.v

2P /.@s�1x v/P 2 and
R
@sx.vP

2/.@s�1x v/P 2, we reason similarly.
Fifthly, it is clear thatˇ̌̌ Z

.@s�1x v/2
�
Pxx C

JX
jD1

P 3j

�
x
P
ˇ̌̌
� CA2s�1e

�2�t :

Therefore, ˇ̌̌ d
dt

Z
.@s�1x v/2P 2 C 3

Z
.@sxv/

2.P 2/x

ˇ̌̌
� CA2s�1e

�2�t :

We set
F.t/ WD

Z
.@sxv/

2
� .2s C 1/

Z
.@s�1x v/2P 2:

By putting both parts of the proof together,ˇ̌̌ d
dt
F.t/

ˇ̌̌
� CA2s�1e

�2�t
C CAs�1e

��t

Z
j@sxvj

2:

Because j
R
.@s�1x v/2P 2j � CA2e�2�t , we can write the following upper bound:Z

.@sxv/
2
� jF.t/j C CA2s�1e

�2�t :
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Therefore, we have, for a suitable constant C > 0 that depends only on s,ˇ̌̌ d
dt
F.t/

ˇ̌̌
� CA2s�1e

�2�t
C CAs�1e

��t
jF.t/j:

For t 2 ŒT �; T �, by integration between t and T (we recall that F.T / D 0),

jF.t/j D jF.T / � F.t/j D
ˇ̌̌ Z T

t

d

dt
F.�/ d�

ˇ̌̌
�

Z T

t

ˇ̌̌ d
dt
F.�/

ˇ̌̌
d�

� CA2s�1

Z T

t

e�2�� d� C CAs�1

Z T

t

e��� jF.�/j d�

� CA2s�1e
�2�t
C CAs�1

Z T

t

e��� jF.�/j d�:

By Gronwall’s lemma, for all t 2 ŒT �; T �,

jF.t/j � CA2s�1e
�2�t
CCAs�1

Z T

t

e���CA2s�1e
�2�� exp

� Z �

t

CAs�1e
��udu

�
d�

� CA2s�1e
�2�t
C CA3s�1 exp

�CAs�1
�

e��t
� Z T

t

e�3�� exp
�
�
CAs�1

�
e���

�
d�

� CA2s�1e
�2�t
C CA3s�1 exp

�CAs�1
�

� Z T

t

e�3�� d�

� CA2s�1e
�2�t
C CA3s�1 exp

�CAs�1
�

�
e�3�t

� CA3s�1 exp
�CAs�1

�

�
e�2�t :

Therefore, Z
.@sxv/

2
� As e

�2�t ;

where As WD CA3s�1 exp.CAs�1=�/ and C is a constant large enough that depends only
on s. This conclude the proof of Proposition 1.10, and so of Theorem 1.2.

3.2. Uniformity of constants

We conclude this section with an explanation regarding Remark 1.3.
In the proof above, the constants that we obtain A; T � and � do depend on Pj .0/

(1 � j � J ). Actually, we may characterize this dependence. In fact, they do not depend
on the initial positions of our objects in the case where our objects are initially ordered in
the right order and sufficiently far from each other.

Theorem 3.1. Given parameters (1.3), (1.4), (1.5) and (1.6) which satisfy (1.7), there
exists D > 0 large enough that depends only on ˛k ; ˇk ; cl such that if

(3.2) xj .0/ � xj�1.0/CD for all j � 2;
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then the following holds. We set � WD ˇ�=32, with ˇ and � given by (2.1), and let p.t/ be
the multi-breather associated to P by Proposition 1.7. There exists As � 1 for any s � 2
that depends only on ˛k ; ˇk ; cl and D such that

kp.t/ � P.t/kH s � Ase
��t for all t � 0;

Initially, we will prove that for any D > 0, if (3.2) is satisfied, then the constants As
and T � do only depend on ˛k ; ˇk ; cl and D. Then we will prove that if D > 0 is large
enough with respect to the given parameters, then we can take T � D 0.

To establish the validity of this theorem, it is enough to read again the whole article
and to make sure that on any step of the proof, there is no dependence on initial positions
of our objects when our objects are initially far from each other for the constant C . This
will allow to claim the same for the constants A and T � (but these constants may depend
on D). This works, but we should change a bit the way we write our results.

For Proposition 2.1, we should write

j@nx @
m
t Pj .t; x/j � Ce

�ˇ jx�vj t�xj .0/j:

Therefore, in Proposition 2.3, we have nothing to change, but the constant C depends
on D. This will also be the case in the following propositions and lemmas of this proof.

We should replace �j t by �j t C .xj�1.0/C xj .0//=2 in the definition of 'j in (2.3)
and (2.4) to take into account initial positions. More precisely, for any j D 2; : : : ; J � 1,
we will have

'j .t; x/ WD  

�
x � �j t �

xj�1.0/Cxj .0/

2

ıt

�
�  

�
x � �jC1t �

xj .0/CxjC1.0/

2

ıt

�
;

and similarly for other definitions.
After having done the modulation with C and T � depending on D, for Proposi-

tion 2.10, we should write

j@nx
zPj .t; x/j � Ce

�
ˇ
2 jx�vj t�xj .0/jeˇ� t=32:

Therefore, with these adaptations, the same proof works for proving that As and T �

do depend only on ˛k ; ˇk ; cl and D.
Now, given ˛k ; ˇk ; cl , we choose D0 > 0 in an arbitrary manner. Therefore, we get

As.D0/ and T �.D0/ associated to D0. Let ƒ WD vJ � v1 be the maximal difference
between two velocities. We set D WD D0 C ƒ � T �.D0/. Therefore, if we suppose (3.2)
in t D 0 for D, then we have (3.2) in t D �T �.D0/ for D0. Therefore, by applying the
intermediate result for D0, we obtain the desired conclusion with D and As depending
on D0.

4. Uniqueness

Let p be the multi-breather constructed in the existence part. The goal here is to prove that
if a solution u converges to p when t ! C1 (in some sense), then u D p (under well
chosen assumptions).
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We prove here two propositions. For both of them, we assume that the velocities of all
our objects are distinct (this was also an assumption for the existence). The first propos-
ition does not make more assumptions on the velocities of our objects, but it is a partial
uniqueness result as we restrict ourselves to the class of super polynomial convergence to
the multi-breather. The second proposition assumes that the velocities of all our objects are
positive (this is a new assumption and it is needed because this proof uses monotonicity
arguments).

4.1. A super polynomial convergence of a solution to a multi-breather is trivial

The goal of this subsection is to prove Proposition 1.5.

Remark 4.1. Note that in Proposition 1.5, we do not make any assumptions on the sign
of v1 or v2. This uniqueness proposition has the same degree of generality as Theorem 1.2.

Proof of Proposition 1.5. Let p.t/ be the multi-breather associated to P by Theorem 1.2.
Recall that for any s,

(4.1) kp.t/ � P.t/kH s D O.e��t /;

for a suitable � > 0.
Let N > 2 to be chosen later. We take u.t/ an H 2 solution of (1.1), such that for a

constant C0 > 0 large enough, for any t large enough,

ku.t/ � P.t/kH2 �
C0

tN
�

From that, we may deduce that for t large enough (namely, t � 2C0 along with the previous
condition),

(4.2) ku.t/ � P.t/kH2 �
1

2

1

tN�1
�

Our goal is to find a condition onN that does not depend on u, such that condition (4.2)
on u for t large enough implies that u � p.

Because of (4.1), the condition (4.2), for t large enough, is equivalent to

ku.t/ � p.t/kH2 �
1

tN�1
�

We denote z.t/ WD u.t/ � p.t/. Our goal is to find N large enough that does not depend
on z, for which we will be able to prove that z � 0, given

(4.3) kz.t/kH2 �
1

tN�1
;

for t large enough. Because z is a difference of two solutions of (1.1), we may derive the
following equation for z:

(4.4) zt C .zxx C .z C p/
3
� p3/x D 0:
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We divide our proof in several steps.
Step 1. Modulation on z. For j D 1; : : : ; J , if Pj D Bk is a breather, we denote

Kj WD

�
@x1Bk
@x2Bk

�
;

and if Pj D Rl is a soliton, we denote

Kj D @xRl :

We may derive the following equation for Kj :

.Kj /t C ..Kj /xx C 3P
2
j Kj /x D 0:

For j D 1; : : : ; J , if Pj D Bk is a breather, let cj .t/ 2 R2 defined for t large enough
and if Pj D Rl is a soliton, let cj .t/ 2 R defined for t large enough such that for

(4.5) zz.t/ WD z.t/C

JX
jD1

cj .t/Kj .t/;

where cjKj is either a product of two numbers of R or a scalar product of two vectors
of R2, the following condition is satisfied: for any j D 1; : : : ; J , for t large enough,

(4.6)
Z
zz.t/Kj .t/

q
'j .t/ D 0;

where 'j is defined in Section 2.2 (in this proof, we can take ı D 1). It is possible to do
so in a unique way, because the Gram matrix associated to Kj .t/

p
'j .t/, 1 � j � J , is

invertible; which is the case because Kj .t/
p
'j .t/, 1 � j � J , are linearly independent.

This is why cj .t/, 1 � j � J , are defined in a unique way. For the same reason, cj .t/ is
obtained linearly from

R
Kk.t/z.t/

p
'k.t/, 1� k � J , with coefficients that depend only

on Kk , 1 � k � J . This is why, from Cauchy–Schwarz, we may deduce the following
lemma.

Lemma 4.2. For any j D 1; : : : ; J and for t large enough, there exists C > 0, which does
not depend on z, such that

jcj .t/j � Ckz.t/kL2 and kzz.t/kH2 � Ckz.t/kH2 :

The Gram matrix is C 1 in time and invertible. This is why its inverse is C 1 in time.
Because

R
Kj z
p
'j are C 1 in time, we deduce by multiplication that cj .t/ are C 1 in time.

By differentiating in time the linear relation that defines cj .t/, we see that c0j .t/ is
obtained linearly from

R
Kk.t/z.t/

p
'k.t/, 1 � k � J , and from d

dt

R
Kk.t/z.t/

p
'k.t/,

1� k � J , with coefficients that depend onKk , 1� k � J (and their derivatives). Because
it is easy to see that d

dt

R
Kk.t/z.t/

p
'k.t/may still be bounded byCkz.t/kL2 , we deduce

that for any j D 1; : : : ;J and for t large enough, there existsC >0, which does not depend
on z, such that

(4.7) jc0j .t/j � Ckz.t/kL2 :
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We may derive the following equation for zz:

zzt C .zzxx C 3zzp
2/x(4.8)

D �.3z2p C z3/x C

JX
kD1

c0k.t/Kk � 3

JX
kD1

ck.t/..P
2
k � p

2/Kk/x :

Step 2. A bound for jc0j .t/j. The goal here is to improve (4.7).

Lemma 4.3. For any j D 1; : : : ; J , and for t large enough, there exist C > 0 and � > 0,
which do not depend on z, such that

jc0j .t/j � Ckzz.t/kH2 C Ce��tkz.t/kH2 C Ckz.t/k2
H2 :

Proof. We may differentiate (4.6):

0 D
d

dt

Z
zzKj
p
'j

D

Z
zztKj
p
'j C

Z
zz.Kj /t

p
'j C

Z
zzKj .

p
'j /t

D �

Z
.zzxx C 3zzp

2/xKj
p
'j �

Z
.3z2p C z3/xKj

p
'j

C

JX
kD1

Z
.c0k.t/ �Kk/Kj

p
'j � 3

JX
kD1

ck.t/

Z �
ck.t/ � ..P

2
k � p

2/Kk/x
�
Kj
p
'j

�

Z
zz..Kj /xx C 3KjP

2
j /x
p
'j C

Z
zzKj .

p
'j /t :

We know that .p'j /x and .p'j /t are bounded (from inequalities established in Sec-
tion 2.2). This is why, for any t large enough,ˇ̌̌ Z

zzKj .
p
'j /t

ˇ̌̌
� Ckzz.t/kH2 :

For the same reason, after eventually doing an integration by parts, for any t large enough,ˇ̌̌ Z
.zzxx C 3zzp

2/xKj
p
'j

ˇ̌̌
C

ˇ̌̌ Z
zz..Kj /xx C 3KjP

2
j /x
p
'j

ˇ̌̌
� Ckzz.t/kH2 :

The term
R
.3z2p C z3/xKj

p
'j is clearly bounded by Ckz.t/k2

H2 . Finally, we see that
.P 2
k
� p2/Kk is exponentially bounded in time (in Sobolev or L1 norm), and using

Lemma 4.2, we deduce thatZ �
ck.t/ � ..P

2
k � p

2/Kk/x
�
Kj
p
'j � Ce

��t
kz.t/kH2 ;

for a suitable � > 0 that does not depend on z. This is why we deduce, for any j D 1; : : : ;J
and for t large enough, that there exist C > 0 and � > 0, which do not depend on z, such
that ˇ̌̌ JX

kD1

Z
.c0k.t/ �Kk/Kj

p
'j

ˇ̌̌
� Ckzz.t/kH2 C Ce��tkz.t/kH2 C Ckz.t/k2

H2 :
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We recall that for any .e1; e2/ 2 .R/2 or .R2/2, e3 2 R or R2, we have the following
equality between two elements of R or R2 (where vectors are columns)

.e1 � e2/e3 D
�
eT1 .e2 e

T
3 /
�T
;

where T denotes the transpose.
First of all, because

R
KkK

T
j

p
'j converges exponentially to

R
KkK

T
j , for k ¤ j , we

conclude that
R
KkK

T
j is exponentially decreasing, and from (4.7), we may write that for

any j D 1; : : : ; J and t large enough, there exist C > 0 and � > 0, which do not depend
on z, such thatˇ̌̌�

c0j .t/
T

Z
KjK

T
j

�T ˇ̌̌
� Ckzz.t/kH2 C Ce��tkz.t/kH2 C Ckz.t/k2

H2 :

Now, when Kj 2 R2, using the fact that its components are linearly independent and the
Cauchy–Schwarz inequality, we deduce the desired lemma.

Step 3. Coercivity. We define the following functional, which is quadratic in zz:

H.t/ D
1

2

Z
zz2xx �

5

2

Z
p2 zz2x C

5

2

Z
p2x zz

2
C 5

Z
ppxx zz

2
C
15

4

Z
p4 zz2

C

JX
jD1

.b2j � a
2
j /
� Z
zz2x 'j � 3

Z
p2 zz2'j

�
C

JX
jD1

.a2j C b
2
j /
2 1

2

Z
zz2'j :

We will prove the following lemma.

Lemma 4.4. There existsC >0, which does not depend on z, such that for t large enough,

kzz.t/k2
H2 � CH.t/C C

JX
jD1

� Z
zzPj

�2
:

Proof. We denote Qj the quadratic form associated with Pj . We recall that

Qj Œ"� WD
1

2

Z
"2xx �

5

2

Z
P 2j "

2
x C

5

2

Z
.Pj /

2
x "
2
C 5

Z
Pj .Pj /xx "

2

C
15

4

Z
P 4j "

2
C .b2j � a

2
j /
� Z

"2x � 3

Z
P 2j "

2
�
C .a2j C b

2
j /
2 1

2

Z
"2:

In any case, we have that for any j D 1; : : : ; J , there exists �j > 0 such that if " 2H 2

satisfies
R
Kj " D 0, then we have

Qj Œ"� � �j k"k
2
H2 �

1

�j

� Z
"Pj

�2
:

Here, we apply this coercivity result with " D zzp'j , for which the orthogonality condi-
tions (4.6) are satisfied. Thus,

kzz
p
'j k

2
H2 � CQj Œzz

p
'j �C C

� Z
zzPj
p
'j

�2
:
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We denote

Q0j Œ"� WD
1

2

Z
"2xx 'j �

5

2

Z
p2 "2x 'j C

5

2

Z
p2x "

2'j C 5

Z
ppxx "

2'j

C
15

4

Z
p4 "2'j C .b

2
j �a

2
j /
� Z

"2x 'j � 3

Z
p2 "2'j

�
C .a2j Cb

2
j /
2 1

2

Z
"2'j ;

and we observe that

H.t/ D

JX
jD1

Q0j Œzz.t/�:

In Q0j Œzz.t/�, we may replace p by Pj with an error bounded by Ce��tkzz.t/k2
H2 , because

of (4.1) mainly. After that, the expression obtained may be replaced by Qj Œzz.t/
p
'j .t/�

with an error bounded by C
t
kzz.t/k2

H2 (cf. calculations done in the proof of Lemma 2.19).
For the same reason, kzzp'j k2H2 may be replaced by

R
.zz2 C zz2x C zz

2
xx/'j with an error

bounded by C
t
kzz.t/k2

H2 . Therefore, because of

kzzk2
H2 D

JX
jD1

Z
.zz2 C zz2x C zz

2
xx/'j ;

the fact that Pj
p
'j converges exponentially to Pj , and the fact that C=t may be as small

as we want, if we take t large enough, we deduce the desired lemma.

Step 4. Modification of H for the sake of simplification. We define

zH.t/ WD

Z h1
2
zz2xx �

5

2

�
.zz C p/2.zz C p/2x � p

2p2x � 2zzpp
2
x � 2zzxp

2px
�

C
1

4

�
.zz C p/6 � p6 � 6zzp5

�i
C
1

2

JX
jD1

.a2j C b
2
j /
2

Z
zz2'j

C 2

JX
jD1

.b2j � a
2
j /

Z h1
2
zz2x �

1

4

�
.zz C p/4 � p4 � 4zzp3

�i
'j :

We observe that the difference between H and zH is bounded by O.kzz.t/k3
H2/. We can

thus claim the following.

Lemma 4.5. There existsC >0, which does not depend on z, such that for t large enough,

kzz.t/k2
H2 � C zH.t/C C

JX
jD1

� Z
zzPj

�2
:

Step 5. A bound for d zH=dt .

Lemma 4.6. There exist C > 0 and � > 0, which do not depend on z, such that for t large
enough,ˇ̌̌d zH

dt

ˇ̌̌
�
C

t
kzz.t/k2

H2 C Ce
��t
kzz.t/kH2kz.t/kH2 C Ckzz.t/kH2kz.t/k2

H2 :
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Proof. We develop the expression of zH.t/, we differentiate each term obtained, we use
equation (4.8), the fact that p is a solution of (1.1) and the fact that .'j /t D �xt .'j /x ,
where x=t is bounded independently from z because of the compact support of 'j . We
obtain several sorts of terms after doing several integrations by parts and several obvious
simplifications.

Several terms are clearly bounded by one of the bounds of the lemma, because in these
terms, the accumulated degree of z and zz is larger than 2. As an example, we show how
to deal with

R
zxxx z zzxxp. We use the fact that z D zz �

PJ
jD1 cjKj , and we obtain the

following:Z
zxxx z zzxxp D

Z
zzxxx zz zzxxp �

Z
zzxxx

� JX
jD1

cjKj

�
zzxxp

�

Z � JX
jD1

cj .Kj /xxx

�
zz zzxxp C

Z � JX
jD1

cj .Kj /xxx

�� JX
jD1

cjKj

�
zzxxp:

It is easy to see that any of these terms is bounded as we want in the lemma (several
of them are bounded by C

t
kzz.t/k2

H2 , the last one is bounded by Ckzz.t/kH2kz.t/k2
H2 ),

because of Lemma 4.2 and (4.3).
Other terms contain zz quadratically and contain .'j /x . In addition, .'j /x is bounded

by C=t . This is why such terms are bounded by C
t
kzz.t/k2

H2 .
Several other terms can be, by doing suitable integrations by parts transformed in one

of the two following expressions:

6

JX
jD1

Z
zz zzxp

h
pxxxx�2.b

2
j �a

2
j /.pxxCp

3/C.a2j Cb
2
j /
2pC5pp2xC5p

2pxxC
3

2
p5
i
'j ;

3

JX
jD1

Z
zz2px

h
pxxxx�2.b

2
j �a

2
j /.pxxCp

3/C.a2j Cb
2
j /
2pC5pp2xC5p

2pxxC
3

2
p5
i
'j :

To deal with these two expressions, we use the elliptic equation satisfied by Pj :

.Pj /xxxx � 2.b
2
j � a

2
j /..Pj /xx C P

3
j /C .a

2
j C b

2
j /
2Pj(4.9)

C 5Pj .Pj /
2
x C 5P

2
j .Pj /xx C

3

2
P 5j D 0;

and the fact thath
pxxxx � 2.b

2
j � a

2
j /.pxx C p

3/C .a2j C b
2
j /
2p C 5pp2x C 5p

2pxx C
3

2
p5
i
'j

converges exponentially to

.Pj /xxxx � 2.b
2
j �a

2
j /..Pj /xxCP

3
j /C .a

2
jCb

2
j /
2Pj C 5Pj .Pj /

2
x C 5P

2
j .Pj /xx C

3

2
P 5j ;

which is a direct consequence of (4.1). This is why such terms are bounded by C
t
kzz.t/k2

H2 .
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Other terms contain .P 2j � p
2/Kj , which is bounded exponentially, with cj bounded

by kzkH2 . Those terms are obviously bounded by Ce��tkzz.t/kH2kz.t/kH2 .
Other terms contain Kk (or a derivative) and 'j with j ¤ k. In this case, this product

gives an exponential decreasing, and such a term is bounded by Ce��tkzz.t/kH2kz.t/kH2 ,
using (4.7).

Therefore, we are left with the following terms:

JX
jD1

c0j .t/

Z h
.Kj /xx zzxx � 10Kj zzxppx � 5Kj zzp

2
x � 10.Kj /x zzppx � 5.Kj /x zzxp

2

C
15

4
Kj zzp

4
C 2.b2j � a

2
j /.Kj /xzzx � 6.b

2
j � a

2
j /Kj zzp

2
C .a2j C b

2
j /
2Kj zz

i
'j :

We may replace p by Pj in the preceding expression with an error bounded by

Ce��tkzz.t/kH2kz.t/kH2 ;

because of (4.7) and (4.1). This is acceptable, knowing the result we want to prove. By
integration by parts, we obtain several terms of the form c0j .t/

R
.Kj /xxzzx.'j /x , which

are bounded by C
t
jc0j .t/jkzz.t/kH2 . Now, from Lemma 4.3, we deduce that they are bound-

ed by
C

t
kzz.t/k2

H2 C Ce
��t
kzz.t/kH2kz.t/kH2 C Ckzz.t/kH2kz.t/k2

H2 ;

which is exactly the bound that we want. We are left with the following terms:

JX
jD1

c0j .t/

Z h
.Kj /xxxxC10.Kj /xPj .Pj /xC5Kj .Pj /

2
xC10KjPj .Pj /xxC5.Kj /xxP

2
j

C
15

2
KjP

4
j � 2.b

2
j � a

2
j /.Kj /xx � 6.b

2
j � a

2
j /KjP

2
j C .a

2
j C b

2
j /
2Kj

i
zz'j :

The last expression equals zero, because of the elliptic equation satisfied byKj , which
we may derive by differentiating (4.9).

Step 6. A bound for d
dt

R
zzPj .

Lemma 4.7. There exist C > 0 and � > 0, which do not depend on z, such that for t large
enough, for any j D 1; : : : ; J ,ˇ̌̌ d

dt

Z
zzPj

ˇ̌̌
� Ce��tkz.t/kH2 C Ckz.t/k2

H2 :

Proof. We observe that Z
zzPj D

Z
zPj C

JX
kD1

ck.t/

Z
KkPj :

Firstly, for k D j , Z
KjPj D 0;
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and for k ¤ j ,

d

dt

h
ck.t/

Z
KkPj

i
D c0k.t/

Z
KkPj C ck.t/

Z
.Kk/tPj C ck.t/

Z
Kk.Pj /t ;

and it is obvious, from Lemma 4.2 and (4.7), that the latter is bounded by Ce��tkz.t/kH2 .
It is left to bound d

dt

R
zPj . We use (4.4) and we obtain

d

dt

Z
zPj D �

Z
.zxx C .z C p/

3
� p3/xPj �

Z
z..Pj /xx C P

3
j /x :

Several terms are immediately boundable by Ckz.t/k2
H2 , we kill several others by

integration by parts and we are left withZ
z.p2 � P 2j /.Pj /x ;

which is obviously bounded by Ce��tkz.t/kH2 , because of (4.1).

By differentiation of a square, we obtain the following.

Lemma 4.8. There exist C > 0 and � > 0, which do not depend on z, such that for t large
enough, and for any j D 1; : : : ; J ,ˇ̌̌ d

dt

� Z
zzPj

�2 ˇ̌̌
� Ce��tkzz.t/kH2kz.t/kH2 C Ckzz.t/kH2kz.t/k2

H2 :

Step 7. A bound for kz.t/kH2 in terms of zz.t/. Because we have chosen N > 2 and
because of (4.3), we may claim that for t large enough, the following integral is finite:Z C1

t

kz.s/kH2 ds:

Because of Lemma 4.2 and (4.3), we deduce that

cj .t/! 0 as t !C1:

From this and Lemma 4.3, we deduce by integration that

jcj .t/j �

Z C1
t

jc0j .s/j ds

� C

Z C1
t

kzz.s/kH2 ds C C

Z C1
t

e��skz.s/kH2 ds C

Z C1
t

kz.s/k2
H2 ds:

Knowing this and using (4.5), we may deduce that

kz.t/kH2 � Ckzz.t/kH2 C C

Z C1
t

kzz.s/kH2 ds

C C

Z C1
t

e��skz.s/kH2 ds C

Z C1
t

kz.s/k2
H2 ds

� Ckzz.t/kH2 C C

Z C1
t

kzz.s/kH2 ds

C C sup
s�t
kz.s/kH2e��t C C sup

s�t
kz.s/kH2

Z C1
t

kz.s/kH2 ds;
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which implies, becauseZ C1
t

kzz.s/kH2 ds; sup
s�t
kz.s/kH2 e��t ; sup

s�t
kz.s/kH2

Z C1
t

kz.s/kH2 ds

are decreasing in time, that

sup
s�t
kz.s/kH2 � C sup

s�t
kzz.s/kH2 C C

Z C1
t

kzz.s/kH2 ds C C sup
s�t
kz.s/kH2 e��t

C C sup
s�t
kz.s/kH2

Z C1
t

kz.s/kH2 ds:

Since e��t and
R C1
t
kz.s/kH2 ds may be as small as we want for t large enough (depend-

ent on z), we may deduce the following.

Lemma 4.9. There existsC >0, which does not depend on z, such that for t large enough,

kz.t/kH2 � sup
s�t
kz.s/kH2 � C sup

s�t
kzz.s/kH2 C C

Z C1
t

kzz.s/kH2 ds:

Step 8. Conclusion. By integration, from Lemmas 4.5, 4.6 and 4.8, for t large enough
(depending on z), with constants C and � that do not depend on z,

kzz.t/k2
H2 � C

Z C1
t

1

s
kzz.s/k2

H2 ds C C

Z C1
t

e��skzz.s/kH2kz.s/kH2 ds

C C

Z C1
t

kzz.s/kH2kz.s/k2
H2 ds

� C sup
s�t
kzz.s/kH2

Z C1
t

�1
s
kzz.s/kH2 C e��skz.s/kH2 C kz.s/k2

H2

�
ds:

Because the right-hand side of the inequality above is decreasing in time, we deduce, after
taking the supremum of the previous inequality and after simplification, that for t large
enough,

sup
s�t
kzz.s/kH2 � C

Z C1
t

1

s
kzz.s/kH2 ds C C

Z C1
t

e��skz.s/kH2 ds

C C

Z C1
t

kz.s/k2
H2 ds

� C

Z C1
t

1

s
kzz.s/kH2 ds C C sup

s�t
kz.s/kH2e��t

C C sup
s�t
kz.s/kH2

Z C1
t

kz.s/kH2 ds:

Using (4.3), the fact thatN � 1> 1 and the fact that e��t is decreasing faster than 1=tN�2,
we deduce that for t large enough,

sup
s�t
kzz.s/kH2 � C

Z C1
t

1

s
kzz.s/kH2 ds C C

1

tN�2
sup
s�t
kz.s/kH2 :
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Using Lemma 4.9, we deduce that

sup
s�t
kzz.s/kH2 � C

Z C1
t

1

s
kzz.s/kH2 ds C C

1

tN�2
sup
s�t
kzz.s/kH2

C C
1

tN�2

Z C1
t

kzz.s/kH2 ds:

And because 1=tN�2 can be as small as we want for t large enough, we deduce that for t
large enough and for a constant C > 0 that does not depend on z or on N ,

(4.10) kzz.t/kH2 � sup
s�t
kzz.s/kH2 �C

Z C1
t

1

s
kzz.s/kH2 dsCC

1

tN�2

Z C1
t

kzz.s/kH2 ds:

Let us pick T > 0 large enough such that for t � T , inequality (4.10) works (i.e., T is
large enough so that every part of the preceding proof works). From (4.5) and Lemma 4.2,
we know that for t � T (by taking T larger if needed),

(4.11) kzz.t/kH2 �
C

tN�1
�

This is why the following quantity is well defined:

(4.12) A WD sup
t�T

¹tN�1kzz.t/kH2º;

which means that for t � T ,

(4.13) kzz.t/kH2 �
A

tN�1
�

Now, using (4.11) and (4.13), we deduce from (4.10) that for t � T , with C > 0 that
does not depend on z, N or A,

(4.14) kzz.t/kH2 �
CA

N � 1

1

tN�1
C

CA

N � 2

1

t2N�4
�

CA

N � 2

1

tN�1
;

if we assume that N > 3. Now, from (4.12), we deduce that there exists T � > T such that

.T �/N�1kzz.T �/kH2 �
A

2
�

This is why, by evaluating (4.14) in t D T �, we find that

A

2.T �/N�1
�

CA

N � 2

1

.T �/N�1
;

which, if we assume that A > 0, after simplification yields

N � 2 � 2C:

This means that if we assume thatN>2CC2 andN >3, the assumptionA>0 leads to
a contradiction. Therefore,AD0 under that assumption onN , which implies kzz.t/kH2D0,
and from Lemma 4.9, this implies that z � 0. This means that the condition that we have
established for N , namely,

N > max.2C C 2; 3/;

does not depend on z and allows us to deduce that under (4.3), we may establish that
z � 0. Proposition 1.5 is now proved.
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4.2. A convergence of a solution to a multi-breather is always exponentially fast,
in the case when all the velocities are positive

Proposition 4.10. Let u.t/ be anH 2 solution of (1.1) on ŒT;C1/, for T 2R. We assume
that

ku.t/ � p.t/kH2 ! 0 as t !C1;

where p is the multi-breather constructed in Section 2. If v1 > 0; then there exist $ > 0,
T0 � T and C > 0 such that for any t � T0,

ku.t/ � p.t/kH2 � Ce�$t :

Note that in the formulation of the proposition above, we may replace p by P without
changing its content (this is a consequence from (1.9)).

Proof. We set v.t/ WD u.t/ � P.t/, such that kv.t/kH2 ! 0 as t !C1.
We denote

‰.x/ WD
2

�
arctan

�
exp.�

p
�x=2/

�
;

where � > 0 is small enough (with precise conditions that will be mentioned throughout
the proof). By direct calculations,

‰0.x/ D
�
p
�

2� cosh.
p
�x=2/

�

Thus,
j‰0.x/j � C exp.�

p
� jxj=2/:

We have the following properties: limC1‰ D 0, lim�1‰ D 1, and ‰.�x/D 1�‰.x/,
‰0.x/ < 0, j‰00.x/j �

p
� j‰0.x/j=2, j‰000.x/j �

p
� j‰00.x/j=2, j‰0.x/j �

p
�‰=2 and

j‰0.x/j �
p
�.1 �‰/=2 for all x 2 R.

For j D 2; : : : ; J , let

mj D
vj�1 C vj

2
�

Let us denote �0 > 0 the minimal distance between a vj and an mj .
We define for j D 2; : : : ; J ,

ĵ .t; x/ WD ‰.x �mj t /:

We may extend this definition to j D 1 and j D J C 1 in the following way: ˆ1 WD 0
and ˆJC1 WD 1. Thus, the function that allows us to study the properties around each
object Pj (for j D 1; : : : ; J ) is �j WD ĵC1 � ĵ .

The goal is to prove that, for t large enough,

(4.15) kv.t/kH2 � Ce�$t ;

where $ > 0 is a constant to be deduced from the constants of the problem. Proposi-
tion 4.10 follows from this, because of Theorem 1.2.

We will prove (4.15) by induction. In particular, we will prove, for j D 2; : : : ; J C 1
and for t large enough, that

R
.v2 C v2x C v

2
xx/ ĵ � Ce

�2$t holds, in the knowledge of
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.v2C v2x C v

2
xx/ ĵ�1 � Ce

�2$t (note that this assumption is empty when j D 2). This
implies the desired inequality. (Note that it is OK if$ becomes smaller after a step of this
induction, as long as it stays positive.)

Let us write the j -th step of our reasoning by induction (where j 2 ¹2; : : : ; J C 1º).
Thus, j is fixed in the rest of the proof. We assume that

(4.16)
Z
.v2 C v2x C v

2
xx/ ĵ�1 � Ce

�2$t
�

We divide our proof in several steps.
Step 1. Almost-conservation of localized conservation laws. We define quantities that are
similar to quantities defined in Section 2.2. We note that we localize around the first j � 1
objects, not only around the .j � 1/-th object. The notations given in Section 2.2 should
not be considered in the proof and should be replaced by the following notations:

Mj .t/ WD
1

2

Z
u2.t/ ĵ .t/; Ej .t/ WD

Z h1
2
u2x �

1

4
u4
i

ĵ .t/;

Fj .t/ WD

Z h1
2
u2xx �

5

2
u2u2x C

1

4
u6
i

ĵ .t/:

Lemma 4.11. Let !2; !6 > 0 be as small as desired. There exist T1 � T and C > 0 such
that for t � T1,

j�1X
iD1

MŒPi � �Mj .t/ � �Ce
�2$t ;

j�1X
iD1

.EŒPi �C !2MŒPi �/ � .Ej .t/C !2Mj .t// � �Ce
�2$t ;

j�1X
iD1

.F ŒPi �C !6MŒPi �/ � .Fj .t/C !6Mj .t// � �Ce
�2$t :

Proof. We will use the results of the computations made at the bottom of p. 1115 and at
the bottom of p. 1116 of [28], as well as in Appendix A.5 to claim the three following
facts:

d

dt

1

2

Z
u2f D

Z �
�
3

2
u2x C

3

4
u4
�
f 0 C

1

2

Z
u2f 000;

d

dt

Z h1
2
u2x �

1

4
u4
i
f D

Z h
�
1

2
.uxxCu

3/2�u2xxC3u
2
x u

2
i
f 0 C

1

2

Z
u2xf

000;

and
d

dt

Z �1
2
u2xx �

5

2
u2u2x C

1

4
u6
�
f

D

Z �
�
3

2
u2xxx C 9u

2
xx u

2
C 15u2x uuxx C

9

16
u8 C

1

4
u4x C

3

2
uxx u

5
�
45

4
u4u2x

�
f 0

C 5

Z
u2ux uxxf

00
C
1

2

Z
u2xx f

000:

where f is a C 3 function that does not depend on time.
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For the mass: If j � J ,

2
d

dt
Mj .t/ D �

Z �
3u2x Cmju

2
�
3

2
u4
�

ĵx.t/C

Z
u2 ĵxxx.t/:

We recall that

j ĵxxj �

p
�

2
j ĵxj; j ĵxxxj �

�

4
j ĵxj; ĵx � 0;

where we can choose � as small as desired. For this proof, we assume

0 < � � m2 � mj :

Thus,

2
d

dt
Mj .t/ �

Z �
3u2x C

3�

4
u2 �

3

2
u4
�
j ĵx.t/j:

By Corollary 2.2, for r > 0, if t; x satisfy vj�1 t C r < x < vj t � r , then

ju.t; x/j � jP.t; x/j C kv.t/kL1 � Ce
�ˇr
C Ckv.t/kH2 ;

and the same could be said for ux .
We can thus deduce, for r and T1 large enough, and for x 2 .vj�1 t C r; vj t � r/, that

juj is bounded by any fixed constant, that can be taken as small as desired. Here, we will
use the latter to bound 3u2=2 by �=4.

For t � T1 and x � vj�1 t C r or x � vj t � r , we have jx � mj t j � �0 t � r , and
therefore for such t; x,

j ĵx.t; x/j � C exp.�
p
� jx �mj t j=2/ � C exp.�

p
��0 t=2/ exp.

p
�r=2/:

Because
R
u4 is bounded by a constant for any time and exp.

p
�r=2/ is a fixed con-

stant (r is already chosen), we have, for t � T1,

d

dt
Mj .t/ �

Z �3
2
u2x C

�

4
u2
�
j ĵx.t/j � Ce

�2$t
� �Ce�2$t ;

where $ is chosen as a suitable function of � and �0.
By integration, we deduce that for any t1 � t , with a constant C > 0 that does not

depend on t1, we have

(4.17) Mj .t1/ �Mj .t/ � �Ce
�2$t :

We note that this conclusion is immediate when j D J C 1, because we have exactly the
conserved quantity.

We have thatˇ̌̌ j�1X
iD1

MŒPi � �Mj .t1/
ˇ̌̌
�

ˇ̌̌ j�1X
iD1

1

2

Z
P 2i �

1

2

Z
P 2 ĵ .t1/

ˇ̌̌
C
1

2

ˇ̌̌ Z
P 2 ĵ .t1/�

Z
u2 ĵ .t1/

ˇ̌̌
� Ce��.ˇ;�;�0/t1 C

1

2

Z
jP 2 � u2j ĵ .t1/

� Ce��.ˇ;�;�0/t1 C C

Z
jP 2 � u2j ! 0 as t1 !C1:
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This means that when we take the limit of (4.17) when t1 ! C1, we obtain, for
t � T1,

j�1X
iD1

MŒPi � �Mj .t/ � �Ce
�2$t ;

which is exactly what we wished to prove.
For the energy: If j � J ,

2
d

dt
Ej .t/ D

Z �
� .uxx C u

3/2 � 2u2xx C 6u
2
x u

2
�

ĵx.t/

�mj

Z �
u2x �

1

2
u4
�

ĵx.t/C
1

2

Z
u2x ĵxxx.t/

�

Z h
.uxx C u

3/2 C 2u2xx � 6u
2
x u

2
C
3�

4
u2x �

mj

2
u4
i
j ĵx.t/j:

We can do the same reasoning as for the mass to bound above mju2=2 by !1, a con-
stant that we can choose as small as desired, and to bound above 6u2 by �=4. We obtain
that if T1 is large enough (dependently on the chosen constant !1),

2
d

dt
Ej .t/ �

Z h
.uxx C u

3/2 C 2u2xx C
�

2
u2x � !1u

2
i
j ĵx.t/j � Ce

�2$t :

By using what we have performed for the mass, if we take !1 small enough with
respect to !2�=2, we have that

d

dt
.Ej C !2Mj /.t/ � �Ce

�2$t :

Then, by integration, in a similar manner as for the mass, we obtain that the desired con-
clusion is true for any j .

For F : If j � J ,

2
d

dt
Fj .t/

D

Z �
�3u2xxxC18u

2
xx u

2
C30u2x uuxxC

9

8
u8C

1

2
u4xC3uxx u

5
�
45

2
u4u2x

�
ĵx.t/

�mj

Z �
u2xx�5u

2u2xC
1

2
u6
�

ĵx.t/C 10

Z
u2uxx ux ĵxx.t/C

Z
u2xx ĵxxx.t/

�

Z �
3u2xxx C

45

2
u4u2x � 18u

2
xx u

2
� 15u2x u

2
� 15u2x u

2
xx �

9

8
u8

�
1

2
u4x �

3

2
u2xx u

4
�
3

2
u6
�
j ĵx.t/j C

Z �
�u2xx C

�

2
u6 � 5mj u

2u2x

�
j ĵx.t/j

� 5

Z
u2u2xj ĵxx.t/j � 5

Z
u2u2xxj ĵxx.t/j �

Z
u2xxj ĵxxx.t/j:

By the same reasoning as for the energy and the mass, if we set !3; !4; !5 > 0, con-
stants that we can take as small as desired, and if T1 is large enough depending on these
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constants, for t � T1, we have that

2
d

dt
Fj .t/ �

Z �
3u2xxx C

45

2
u4u2x C

3�

4
u2xx C

�

2
u6

� !3u
2
xx � !4u

2
x � !5u

2
�
j ĵx.t/j � Ce

�2$t :

By using what we have done for the mass, if we take !3; !4; !5 small enough (with
respect to !6), we have that

d

dt
.Fj C !6Mj /.t/ � �Ce

�2$t :

Then, by integration, similarly, as before, we obtain that the desired conclusion is true for
any j .

Remark 4.12. If j D J C 1, we have that

JX
iD1

MŒPi � �MJC1.t/ D 0;

JX
iD1

EŒPi � �EJC1.t/ D 0;

JX
iD1

F ŒPi � � FJC1.t/ D 0:

Step 2. Modulation. The notations that were given in Section 2.3 should not be taken into
consideration in the following proof and should be replaced by new ones provided below.

Lemma 4.13. There exist C > 0, T2 � T and unique C 1 functions y1; y2W ŒT2;C1/!R
such that if we set

w.t; x/ WD u � zP ;

where

zP .t; x/ WD

JX
iD1

zPi .t; x/;

with
zPi .t; x/ WD Pi .t; x/ for i ¤ j � 1;

and either

zPj�1.t; x/ WD �lQclCy1.t/.x � x
0
0;l C y2.t/ � cl t / if Pj�1 D Rl is a soliton;

or

zPj�1.t; x/ WD B˛k ;ˇk .t; xI x1;kCy1.t/; x2;kCy2.t// if Pj�1 D Bk is a breather;

then, w.t/ satisfies, for any t 2 ŒT2;C1/, either

(4.18)
Z
zPj�11.t/w.t/ D

Z
zPj�12.t/w.t/ D 0 if Pj�1 is a breather;

or

(4.19)
Z
zPj�1.t/w.t/ D

Z
zPj�1x.t/w.t/ D 0 if Pj�1 is a soliton;

where in the case Pj�1 is a breather, we denote

zPj�11.t; x/ WD @x1
zPj�1; zPj�12.t; x/ WD @x2

zPj�1:



Uniqueness of multi-breathers of the mKdV equation 1301

Moreover, for any t 2 ŒT2;C1/,

(4.20) kw.t/kH2 C jy1.t/j C jy2.t/j � Ckv.t/kH2 ;

and, if $ is small enough,

(4.21) jy01.t/j C jy
0
2.t/j � C

� Z
w.t/2 ĵ

�1=2
C Ce�$t :

Proof. The proof that has to be performed is similar to the proof of Lemma 2.8, which is
a consequence of a quantitative version of the implicit function theorem. See Section 2.2
in [11] for a precise statement. The proof of (4.21) is also similar: as in the proof of
Lemma 2.8, we take the time derivative of

R
zPj�11.t/w.t/ D

R
zPj�12.t/w.t/ D 0. For

completeness, let us perform this proof.
For t 2 ŒT2;C1/, let

Ft WL
2.R/ �R2 ! R2

be such that if Pj�1 D Bk is a breather,

.U; y1; y2/ 7!
� Z

@x1B˛k ;ˇk .t; xI x
0
1;k C y1; x

0
2;k C y2/� dx;Z

@x2B˛k ;ˇk .t; xI x
0
1;k C y1; x

0
2;k C y2/� dx

�
;

where
� WD U � P C Pj�1 � B˛k ;ˇk .t; xI x

0
1;k C y1; x

0
2;k C y2/;

and if Pj�1 D Rl is a soliton,

.U; y1; y2/ 7!
� Z

�lQclCy1.x � x
0
0;l C y2 � cl t /� dx;Z

@x�lQclCy1.x � x
0
0;l C y2 � cl t /� dx

�
;

where
� WD U � P C Pj�1 � �lQclCy1.x � x

0
0;l C y2 � cl t /:

We observe that Ft is a C 1 function and that Ft .P.t/; 0; 0/ D 0. Now, let us consider
the matrix which gives the differential of Ft (with respect to y1; y2) in .P.t/; 0; 0/.

In the case when Pj�1 D Bk is a breather, this matrix is

DFt D

�
�
R
.@x1Bk/

2 dx �
R
@x1Bk @x2Bk dx

�
R
@x1Bk @x2Bk dx �

R
.@x2Bk/

2 dx

�
;

whose determinant is

det.DFt / D
Z
.@x1Bk/

2 dx

Z
.@x2Bk/

2 dx �
� Z

@x1Bk @x2Bk dx
�2
:

By the Cauchy–Schwarz inequality and the fact that @x1Bk and @x2Bk are linearly inde-
pendent as functions of the x variable, for any time t fixed, we conclude that det.DFt /
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is positive. Since each member of its expression is periodic in time, det.DFt / is bounded
below by a positive constant independent of time and the translation parameters of Bk .

In the case when Pj�1 D Rl is a soliton, denoting y0;l WD x � x00;l C y2 � cl t , let us
recall that

@y1QclCy1.y0;l / D
1

2cl

�
QclCy1.y0;l /C y0;l@xQclCy1.y0;l /

�
:

Thus, denoting Qcl .x � x
0
0;l
� cl t / by Qcl and x � x0

0;l
� cl t by y0

0;l
,

DFt D

 
�

1
2cl

R
Qcl .Qcl C y

0
0;l
@xQcl / dx �

R
Qcl @xQcl dx

�
1
2cl

R
@xQcl .Qcl C y

0
0;l
@xQcl / dx �

R
.@xQcl /

2 dx

!
;

whose determinant is

det.DFt / D
1

2cl

Z
Qcl .Qcl C y

0
0;l@xQcl / dx

Z
.@xQcl /

2 dx;

because
R
Qcl @xQcl dx D 0. And, from the computations made to obtain (2.11), we have

det.DFt / D
1

4
cl

Z
q2
Z
q2x ;

where q denotes the soliton with c D 1, i.e., q D Q1.
This means that det.DFt / is bounded below by a positive constant independent of time

and the translation parameters of Rl . Thus, in any case, DFt is invertible.
Now, we may use the implicit function theorem. If U is close enough to P.t/, then

there exists .y1; y2/ such that Ft .U; y1; y2/ D 0, where .y1; y2/ depends on a regular C 1

way on U . It is possible to show that the “close enough” in the previous sentence does not
depend on t ; for this, it is required to use a uniform implicit function theorem. This means
that for T2 large enough, kv.t/kH2 is small enough for t 2 ŒT2;C1/, thus for t � T2,
u.t/ is close enough to P.t/ in order to apply the implicit function theorem. Therefore,
we have, for t 2 ŒT2;C1/, the existence of y1.t/ and y2.t/. It is possible to show that
these functions are C 1 in time. Basically, this comes from the fact that they are C 1 in u.t/
and that u.t/ has a similar regularity in time (see [13] for more details).

Now, we prove inequalities (4.20) and (4.21). We can take the differential of the impli-
cit functions with respect to u.t/ for t 2 ŒT2;C1/. For this, we differentiate the following
equation with respect to u.t/:

Ft .u.t/; y1.u.t//; y2.u.t/// D 0:

We know that the matrix that gives the differential of Ft (with respect to y1; y2) in

.u.t/; y1.u.t//; y2.u.t///

is invertible and that its inverse is bounded in time. The differential of Ft with respect
to the first variable is also bounded (from its expression, Ft is linear in U ). Thus, by the
mean value theorem (given .y1; y2/.P.t// D .0; 0/),

jy1.u.t//j C jy2.u.t//j � Cku.t/ � P.t/k � Ckv.t/kH2 :
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By applying the mean value theorem (inequality) for Qcl or B˛k ;ˇk with respect to y1
and y2, we deduce that

kPj�1.t/ � zPj�1.t/kH2 � C.jy1.t/j C jy2.t/j/:

Finally, by the triangular inequality,

kw.t/kH2 � ku.t/ � P.t/kH2 C kP.t/ � zP .t/kH2

� ku.t/ � P.t/kH2 C C.jy1.t/j C jy2.t/j/

� Ckv.t/kH2 :

This completes the proof of (4.20).
For (4.21), we will take time derivatives of equations (4.18) and (4.19). Firstly, we

may write the PDE satisfied by w:

@tw D �wxxx �

�
w
�
w2 C 3w

JX
iD1

zPi C 3

JX
i;mD1

zPi zPm

��
x

�

X
h¤i or i¤m

. zPh zPi zPm/x �E;

where, if Pj�1 D Bk is a breather,

E WD y01.t/
zBk1 C y

0
2.t/
zBk2;

and if Pj�1 D Rl is a soliton, denoting y0;l .t/ WD x � x00;l C y2.t/ � cl t ,

E WD
y01.t/

2.cl C y1.t//
. zRl C y0;l .t/ zRl x/C y

0
2.t/
zRl x :

If Pj�1 D Bk , we start by taking the time derivative of
R
zBk1w D 0 and perform some

integrations by parts to obtain

�

Z �
zB3k
�
1x
w C y01.t/

Z
zBk11w C y

0
2.t/

Z
zBk12w

C

Z
zBk1xw

�
w2 C 3w

JX
iD1

zPi C 3

JX
h;iD1

zPh zPi

�
�

Z
zBk1

X
h¤i or g¤h

. zPh zPi zPg/x

D y01.t/

Z
zB2k1 C y

0
2.t/

Z
zBk1 zBk2;

then, we take the time derivative of
R
zBk2w D 0:

�

Z �
zB3k
�
2x
w C y01.t/

Z
zBk12w C y

0
2.t/

Z
zBk22w

C

Z
zBk2xw

�
w2 C 3w

JX
iD1

zPi C 3

JX
h;iD1

zPh zPi

�
�

Z
zBk2

X
h¤i or g¤h

. zPh zPi zPg/x

D y01.t/

Z
zBk1 zBk2 C y

0
2.t/

Z
zB2k2:
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If Pj�1 D Rl , we start by taking the time derivative of
R
zRlw D 0 and perform some

integrations by parts to obtain

�

Z �
zR3l
�
x
w C

y01.t/

2cl

Z
. zRl C y0;l .t/ zRl x/w C y

0
2.t/

Z
zRl xw

C

Z
zRl xw

�
w2 C 3w

JX
iD1

zPi C 3

JX
h;iD1

zPh zPi

�
�

Z
zRl

X
h¤i or g¤h

. zPh zPi zPg/x

D
y01.t/

2.cl C y1.t//

Z
zRl . zRl C y0;l .t/ zRl x/C y

0
2.t/

Z
zRl zRl x ;

then, we take the time derivative of
R
zRl xw D 0:

�

Z �
zR3l
�
xx
w C

y01.t/

2cl

Z
. zRl x C y0;l .t/ zRl xx/w C y

0
2.t/

Z
zRl xxw

C

Z
zRl xxw

�
w2 C 3w

JX
iD1

zPi C 3

JX
h;iD1

zPh zPi

�
�

Z
zRl x

X
h¤i or g¤h

. zPh zPi zPg/x

D
y01.t/

2.cl C y1.t//

Z
zRl x. zRl C y0;l .t/ zRl x/C y

0
2.t/

Z
. zRl x/

2:

As a consequence of (4.20), we see that jy1.t/j C jy2.t/j tends to 0 when t ! C1.
This is why we may use Proposition 2.10 and Corollary 2.11 here, if T2 is large enough.
So, several terms of the four equalities above are obviously bounded by .w.t/2 ĵ /

1=2

or e�$t for$ > 0, a constant chosen small enough. Using these bounds, and after several
linear combinations, we obtain (4.21).

Step 3. Quadratic approximations of localized conservation laws.

Lemma 4.14. Let ! > 0 be as small as we want. There exist C > 0, T3 � T such that the
following holds for t � T3:ˇ̌̌

Mj .t/ �

j�1X
iD1

MŒ zPi � �

j�1X
iD1

Z
zPiw �

1

2

Z
w2 ĵ

ˇ̌̌
� Ce�2$t ;

ˇ̌̌
Ej .t/ �

j�1X
iD1

EŒ zPi � �

j�1X
iD1

Z
Œ zPi xwx � zP

3
i w� �

Z h1
2
w2x �

3

2
zP 2w2

i
ĵ

ˇ̌̌
� Ce�2$t C !

Z
w2 ĵ ;ˇ̌̌

Fj .t/ �

j�1X
iD1

F Œ zPi � �

j�1X
iD1

Z h
zPi xxwxx � 5 zPi zP

2
i xw � 5

zP 2i
zPi xwx C

3

2
zP 5i w

i
�

Z h1
2
w2xx �

5

2
w2 zP 2x � 10

zPw zPxwx �
5

2
zP 2w2x C

15

4
zP 4w2

i
ĵ .t/

ˇ̌̌
� Ce�2$t C !

Z
.w2 C w2x/ ĵ :
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Proof. For the mass, we compute

Mj .t/ D
1

2

Z
. zP C w/2 ĵ D

1

2

Z
zP 2 ĵ C

Z
zPw ĵ C

1

2

Z
w2 ĵ :

As in step 1, we can show that 1
2

R
zP 2 ĵ converges exponentially (we choose $ with

respect to this exponential convergence) to
Pj�1
iD1MŒ zPi �. Similarly, the difference betweenR

zPw ĵ and
Pj�1
iD1
zPiw converges exponentially to 0 (the velocity of a soliton is not

modified a lot by modulation, this is why it works in any cases).
For E and F , we perform similar basic computations with the only difference being

that there will also be terms of degree 3 or more in w. We know that kw.t/kH2 ! 0 as
t!C1, this is the reason why for t large enough, such terms are boundable by!

R
w2 ĵ

or !
R
w2x ĵ .

Step 4. Approximation of the Lyapunov functional. By analogy with the existence part,
we introduce the following Lyapunov functional:

Hj .t/ WD Fj .t/C 2.b
2
j�1 � a

2
j�1/Ej .t/C .a

2
j�1 C b

2
j�1/

2Mj .t/:

We will use the previous steps to approximate Hj .t/.

Lemma 4.15. There exists T4 � T such that the following holds for t � T4:

Hj .t/ D

j�1X
iD1

F Œ zPi �C 2.b
2
j�1 � a

2
j�1/

j�1X
iD1

EŒ zPi �C .a
2
j�1 C b

2
j�1/

2

j�1X
iD1

MŒ zPi �

CHj .t/CO.e
�2$t /C o

� Z
.w2 C w2x/ ĵ

�
;

where

Hj .t/ WD

Z h1
2
w2xx�

5

2
w2x
zP 2j�1C

5

2
w2 zP 2j�1xC5w

2 zPj�1 zPj�1xxC
15

4
w2 zP 4j�1

i
ĵ .t/

C .b2j�1 � a
2
j�1/

Z
Œw2x � 3w

2 zP 2j�1� ĵ .t/C
1

2

�
a2j�1 C b

2
j�1

�2 Z
w2 ĵ .t/:

Proof. This lemma is obtained from the summation of the facts established in the previous
lemma. We get rid of the linear terms in the following way, by integrations by parts:

j�1X
iD1

Z �
zPi xxwxx � 5 zPi zP

2
i xw � 5

zP 2i
zPi xwx C

3

2
zP 5i w

�
C 2.b2j�1 � a

2
j�1/

j�1X
iD1

Z
. zPi xwx � zP

3
i w/C .a

2
j�1 C b

2
j�1/

2

j�1X
iD1

zPiw

D

j�1X
iD1

Z �
zPi xxxx C 5 zPi zP

2
i x C 5

Z
zP 2i
zPi xx C

3

2
zP 5i

�
w

C 2.b2j�1 � a
2
j�1/

j�1X
iD1

Z
.� zPi xx � zP

3
i /w C .a

2
j�1 C b

2
j�1/

2

j�1X
iD1

Z
zPiw:
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If we consider that this sum goes from i D 1 to j � 2, we see that for 1� i � j � 2, this
sum is exponentially bounded by the induction assumption (we use that for i � j � 2, a
polynomial in zPi and its derivatives are bounded byC ĵ�1, andwD vC .Pj�1 � zPj�1/).
It is left to consider the sum of the terms with i D j � 1.

For i D j � 1, we have nearly the elliptic equation satisfied by zPj�1. It is actually
exactly this equation in the case when zPj�1 is a breather. When zPj�1 is a soliton, its
shape parameter is modified by modulation. This is why, in this case, the sum of the terms
with i D j � 1 is equal to

2y1.t/

Z
.� zPj�1xx � zP

3
j�1/w C 2b

2
j�1y1.t/

Z
zPj�1w C y1.t/

2

Z
zPj�1w;

which vanishes because of the orthogonality condition from the modulation (Lemma 4.13)
and the elliptic equation (1.2) satisfied by a soliton.

The term Hj is obtained as the sum of the quadratic parts of the previous lemma on
which we have performed some integrations by parts, and some simplifications based on
the fact that for i � j , zPi ĵ .t/ is exponentially decreasing, and the fact that for i � j � 2,R
zPiw

2 is exponentially decreasing by the induction assumption (4.16). Therefore, Hj
corresponds to the sum of the quadratic parts of the previous lemma to which we have to
add 5

R
w2 zP zPx ĵx , which is bounded exponentially.

Step 5. Bound from above for Hj .t/. Because v1 > 0, we have that b2j�1 � a
2
j�1 � 0. By

taking !2 and !6 small enough (with respect to .a2j�1 C b
2
j�1/

2), we obtain, by the facts
of Lemma 4.11, the following inequality:

Hj .t/�

j�1X
iD1

F ŒPi �� 2.b
2
j�1 � a

2
j�1/

j�1X
iD1

EŒPi �� .a
2
j�1C b

2
j�1/

2

j�1X
iD1

MŒPi � � Ce
�2$t :

From Lemma 4.15, for t � T3,

Hj .t/ � F ŒPj�1� � F Œ zPj�1�C 2.b
2
j�1 � a

2
j�1/.EŒPj�1� �EŒ

zPj�1�/

C .a2j�1 C b
2
j�1/

2.MŒPj�1� �MŒ zPj�1�/C Ce
�2$t

C !

Z
.w2 C w2x/ ĵ :

If Pj�1 is a breather, we obtain immediately that

Hj .t/ � Ce
�2$t

C !

Z
.w2 C w2x/ ĵ :

The case when Pj�1 is a soliton needs more inspection. As in the existence part, we
have the following relations:

MŒ zPj�1�.t/ D .b
2
j�1 C y1.t//

1=2MŒq�;

EŒ zPj�1�.t/ D .b
2
j�1 C y1.t//

3=2EŒq�;

F Œ zPj�1�.t/ D .b
2
j�1 C y1.t//

5=2F Œq�:

We set
Rj�1.t/ WD F Œ zPj�1�.t/C 2b

2
j�1EŒ

zPj�1�.t/C b
4
j�1MŒ zPj�1�.t/;
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and we simplify it as follows:

Rj�1.t/ D b
5
j�1

�
1C

y1.t/

b2j�1

�5=2
F Œq�C 2b5j�1

�
1C

y1.t/

b2j�1

�3=2
EŒq�

C b5j�1

�
1C

y1.t/

b2j�1

�1=2
MŒq�:

After making a Taylor expansion as in Section 2.5,

(4.22) Rj�1.t/ � F ŒPj�1� � 2b
2
j�1EŒPj�1� � b

4
j�1MŒPj�1� D O.y1.t/

3/:

Therefore, if T4 is large enough, kv.t/kH2 can be as small as we want, and for t � T4,
if Pj�1 a soliton, we may write

Hj .t/ � Ce
�2$t

C !

Z
.w2 C w2x/ ĵ C !y1.t/

2:

Step 6. Coercivity. The term Hj can be seen as the quadratic form associated to zPj�1
and evaluated in w

p
ĵ , modulo several terms that can be bounded by C

p
�
R
.w2 C

w2x C w
2
xx/ ĵ (because these terms depend on derivatives of ĵ ). Let us prove that we

can apply Appendix A.4 for w
p

ĵ .
More precisely, we need to prove that, for � > 0 small enough (from Appendix A.4),ˇ̌̌ Z

w
p

ĵ
zPj�11

ˇ̌̌
C

ˇ̌̌ Z
w
p

ĵ
zPj�12

ˇ̌̌
� �kw

p
ĵ kH2

if Pj�1 is a breather, or thatˇ̌̌ Z
w
p

ĵ
zPj�1

ˇ̌̌
C

ˇ̌̌ Z
w
p

ĵ
zPj�1x

ˇ̌̌
� �kw

p
ĵ kH2

if Pj�1 is a soliton. In any case, the proof is the same and let us write K at the place of
zPj�11, zPj�12, zPj�1 or zPj�1x . This means that we want to bound

R
w
p

ĵK.
From (4.18) and (4.19), we can see that it is enough to bound

R
w.1 �

p
ĵ /K by

�kw
p

ĵ kH2 . The reasoning that follows works for j � J ; for j D J C 1, the result is
immediate because ˆJC1 D 1. Since ĵ is a translate of ‰, using the fact that

p
1C v D 1CO.v/ as v ! 0;

we have

1 �
p
‰ D 1 �

p
1C‰ � 1 D 1 �

p
1 �‰.�x/ D O.‰.�x//;

which means that

1 �
p

ĵ � C min
�
1; exp

�p�.x �mj t /
2

��
:
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We may deduce now thatˇ̌̌ Z
w.1 �

p
ĵ /K

ˇ̌̌
D

ˇ̌̌ Z
w
p

ĵ

1 �
p

ĵp
ĵ

K
ˇ̌̌

�

1 �p ĵp
ĵ

K

L2
kw
p

ĵ kL2 � Ce
p
�.mj�vj�1/tkw

p
ĵ kL2

if
p
�=4 < ˇ=2. And so, if t is large enough, we get the bound we want.

Thus, there exists � > 0 such that for t � T5 (where T5 is large enough and depends
on � ),

�kw
p

ĵ k
2
H2 � Hj .t/C C

p
�

Z
.w2 C w2x C w

2
xx/ ĵ C

1

�

� Z
zPj�1w

p
ĵ

�2
� Ce�2$t C !

Z
.w2 C w2x/ ĵ C C

p
�

Z
.w2 C w2x C w

2
xx/ ĵ

C !y1.t/
2
C
1

�

� Z
zPj�1w

p
ĵ

�2
;

where the term 1
�
.
R
zPj�1w

p
ĵ /
2 is present only if zPj�1 is a breather and the term

!y1.t/
2 is present only if zPj�1 is a soliton.

For � and ! small enough, we deduce that

(4.23)
Z
.w2 C w2x C w

2
xx/ ĵ � Ce

�2$t
C !y1.t/

2
C C

� Z
zPj�1w

p
ĵ

�2
:

We set T0 WD max.T1; T2; T3; T4; T5/.
Step 7. Bound for j

R
zPj�1w

p
ĵ j (in case zPj�1 is a breather). We would like to prove

that
R
zPj�1w

p
ĵ is exponentially decreasing. To do so, we would like to get rid of

p
ĵ .

It is clear that
R
zPj�1w.1�

p
ĵ / is exponentially decreasing. Thus, it is enough to prove

that
R
zPj�1w is exponentially decreasing.

If i � j � 2, we know that
R
zPiw is exponentially decreasing by the induction assump-

tion (4.16). Thus, it is enough to prove that
Pj�1
iD1

R
zPiw is exponentially decreasing.

From the mass approximation of Lemma 4.14 and Lemma 4.11, we have, for t � T0,

j�1X
iD1

Z
zPiw D O.e

�2$t /CMj .t/ �

j�1X
iD1

MŒPi � �
1

2

Z
w2 ĵ

� Ce�2$t �
1

2

Z
w2 ĵ � Ce

�2$t :

Now, we use the fact that the sum of the linear parts of our localized conservation
laws is exponentially decreasing, which we have established in the proof of Lemma 4.15.
Therefore, the linear terms of Fj C 2.b2j�1 � a

2
j�1/Ej are equal to

O.e�2$t / � .a2j�1 C b
2
j�1/

2

j�1X
iD1

Z
zPiw:
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Now, from the energy and F approximations of Lemma 4.14 and Lemma 4.11, and
from (4.22), we observe that (we recall that b2j�1 � a

2
j�1 � 0), for t � T0,

� .a2j�1 C b
2
j�1/

2

j�1X
iD1

Z
zPiw

D O.e�2$t /C o
� Z

.w2 C w2x/ ĵ

�
C Fj .t/C 2.b

2
j�1 � a

2
j�1/Ej .t/ �

j�1X
iD1

F ŒPi � � 2.b
2
j�1 � a

2
j�1/

j�1X
iD1

EŒPi �

�

Z h1
2
w2xx �

5

2
w2 zP 2x � 10

zPw zPxwx �
5

2
zP 2w2x C

15

4
zP 4w2

i
ĵ

� 2.b2j�1 � a
2
j�1/

Z h1
2
w2x �

3

2
zP 2w2

i
ĵ C o.y1.t/

2/

D O.e�2$t /C o
� Z

.w2 C w2x/ ĵ

�
C Fj .t/C !6Mj .t/ �

j�1X
iD1

F ŒPi � � !6

j�1X
iD1

MŒPi �

C 2.b2j�1�a
2
j�1/

�
Ej .t/C!2Mj .t/�

j�1X
iD1

EŒPi ��!2

j�1X
iD1

MŒPi �

�
C
�
!6 C 2!2.b

2
j�1 � a

2
j�1/

�� j�1X
iD1

MŒPi � �Mj .t/

�
�

Z h1
2
w2xx �

5

2
w2 zP 2x � 10

zPw zPxwx �
5

2
zP 2w2x C

15

4
zP 4w2

i
ĵ

� 2.b2j�1 � a
2
j�1/

Z h1
2
w2x �

3

2
zP 2w2

i
ĵ C o.y1.t/

2/

� Ce�2$t C C

Z
.w2 C w2x/ ĵ C o.y1.t/

2/

�
�
!6 C 2!2.b

2
j�1 � a

2
j�1/

�� j�1X
iD1

Z
zPiw C

1

2

Z
w2 ĵ

�
;

where the term o.y1.t/
2/ is present only if Pj�1 is a soliton. And therefore, for !2 and !6

small enough,

�

j�1X
iD1

Z
zPiw � Ce

�2$t
C C

Z
.w2 C w2x/ ĵ C o.y1.t/

2/:

Thus, we deduce the following bound:ˇ̌̌ Z
zPj�1w

p
ĵ

ˇ̌̌
� Ce�2$t C C

Z
.w2 C w2x/ ĵ C o.y1.t/

2/:
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Because kw.t/kH2 ! 0 as t !C1, we deduce that

(4.24)
� Z

zPj�1w
p

ĵ

�2
D o.e�2$t /C o

� Z
.w2 C w2x/ ĵ

�
C o.y1.t/

2/:

Step 8. Conclusion. From (4.23) and (4.24), we deduce, for t � T0, thatZ
.w2 C w2x C w

2
xx/ ĵ D O.e

�2$t /C o.y1.t/
2/C o

� Z
.w2 C w2x/ ĵ

�
:

This means that if we take T0 large enough, we have

(4.25)
Z
.w2 C w2x C w

2
xx/ ĵ D o.y1.t/

2/CO.e�2$t /;

where the term o.y1.t/
2/ is present only if Pj�1 is a soliton.

Before completing the proof, we need to find a better bound for y1.t/ than just a
convergence to 0 given by the modulation (in the case when Pj�1 is a soliton). For this,
we study Mj .t/:

Mj .t/ D
1

2

Z
u2.t/ ĵ .t/ D

1

2

Z
. zP .t/C w.t//2 ĵ .t/

D
1

2

Z
zP .t/2 ĵ .t/C

Z
zP .t/w.t/ ĵ .t/C

1

2

Z
w.t/2 ĵ .t/

D
1

2

j�1X
iD1

Z
zPi .t/

2
C

j�1X
iD1

Z
zPi .t/w.t/CO.e

�2$t /C
1

2

Z
w.t/2 ĵ .t/

D
1

2

Z
zPj�1.t/

2
C

Z
zPj�1.t/w.t/CO.e

�2$t /

C
1

2

Z
w.t/2 ĵ .t/C

1

2

j�2X
iD1

Z
Pi .t/

2;

by the induction assumption (4.16). Then

Mj .t/ D
1

2

Z
zPj�1.t/

2
CO.e�2$t /C

1

2

Z
w.t/2 ĵ .t/C

1

2

j�2X
iD1

Z
Pi .t/

2;

by the orthogonality condition from the modulation (Lemma 4.13). Therefore,

Mj .t/ D .b
2
j�1 C y1.t//

1=2MŒq�CO.e�2$t /C
1

2

Z
w.t/2 ĵ .t/C

1

2

j�2X
iD1

Z
Pi .t/

2:

Now, if we take t1 � t , we obtain from (4.25) that

Mj .t1/ �Mj .t/ D
�
.b2j�1 C y1.t1//

1=2
� .b2j�1 C y1.t//

1=2
�
MŒq�(4.26)

CO.e�2$t /C o.y1.t/
2/C o.y1.t1/

2/:
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By doing a Taylor expansion of order 1, as in the existence part, we obtain

.b2j�1 C y1.t1//
1=2
D bj�1

�
1C

1

2

y1.t1/

b2j�1
CO.y1.t1/

2/
�
:

Therefore,

.b2j�1 C y1.t1//
1=2
� .b2j�1 C y1.t//

1=2

D
1

2bj�1
.y1.t1/ � y1.t//CO.y1.t1/

2/CO.y1.t/
2/:

Now, we recall that when t1 ! C1, we have y1.t1/! 0. Therefore, by taking the limit
of the previous formula when t1 !C1, we obtain

bj�1 � .b
2
j�1 C y1.t//

1=2
D �

y1.t/

2bj�1
CO.y1.t/

2/:

Therefore, from (4.26), with t1 !C1,

(4.27)
j�1X
iD1

MŒPi � �Mj .t/ D �
y1.t/

2bj�1
MŒq�CO.e�2$t /CO.y1.t/

2/:

The second step is to study Ej .t/ (we do the same reasoning as for Mj ):

Ej .t/ D

Z h1
2
u2x �

1

4
u4
i

ĵ .t/

D

Z h1
2
zP 2x �

1

4
zP 4
i

ĵ .t/C

Z
Œ zPxwx � zP

3w� ĵ .t/CO
� Z

w2 ĵ .t/
�
;

and after simplifications by ĵ due to exponential convergences, the induction assump-
tion (4.16) and orthogonality conditions (Lemma 4.13),

Ej .t/ D EŒ zPj�1.t/�C

j�2X
iD1

EŒPi �CO.e
�2$t /CO

� Z
w2 ĵ .t/

�
D .b2j�1 C y1.t//

3=2EŒq�C

j�2X
iD1

EŒPi �CO.e
�2$t /CO

� Z
w2 ĵ .t/

�
D .b2j�1 C y1.t//

3=2EŒq�C

j�2X
iD1

EŒPi �CO.e
�2$t /C o.y1.t/

2/;

by (4.25). And then, by taking the difference for t1 � t ,

Ej .t1/ �Ej .t/ D
�
.b2j�1 C y1.t1//

3=2
� .b2j�1 C y1.t//

3=2
�
EŒq�

CO.e�2$t /C o.y1.t1/
2/C o.y1.t/

2/:
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By taking a Taylor expansion of order 1, we obtain

.b2j�1 C y1.t1//
3=2
D b3j�1

�
1C

3

2

y1.t1/

b2j�1
CO.y1.t1/

2/
�
:

Therefore, after taking t1 !C1, we obtain

(4.28)
j�1X
iD1

EŒPi � �Ej .t/ D �
3

2
bj�1y1.t/EŒq�CO.e

�2$t /CO.y1.t/
2/:

This is why, from (4.27), (4.28) and Lemma 4.11, we obtain

(4.29) �
y1.t/

2bj�1
MŒq�CO.e�2$t /CO.y1.t/

2/ � �Ce�2$t ;

and

(4.30) �
3

2
bj�1y1.t/EŒq�CO.e

�2$t /CO.y1.t/
2/ � �Ce�2$t :

Because MŒq� D 2 and EŒq� D �2=3, we rewrite the previous inequalities (4.29) and
(4.30) in the following way (and we pass O.e�2$t / on the other side of each inequality):

(4.31) �
y1.t/

bj�1
CO.y1.t/

2/ � �Ce�2$t ;

and

(4.32) bj�1y1.t/CO.y1.t/
2/ � �Ce�2$t :

Because y1.t/!C1, by taking T0 larger if needed,O.y1.t/2/ can be bounded above
by any positive constant multiplied by jy1.t/j, so by taking this constant small enough (by
taking T0 large enough) and combining both previous inequalities (4.31) and (4.32), we
obtain

jy1.t/j � Ce
�2$t :

Therefore, we have obtained a better bound for y1.t/ in the case when Pj�1 is a soliton.
Thus, we may conclude that in any case, for t � T0, and T0 large enough,Z

.w2 C w2x C w
2
xx/ ĵ .t/ D O.e

�2$t /:

Then we deduce from (4.21) that

jy01.t/j C jy
0
2.t/j D O.e

�$t /:

Because jy1.t/j C jy2.t/j ! 0 as t !C1, we obtain by integration

jy1.t/j C jy2.t/j D O.e
�$t /:
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And so, by the mean value theorem,

k zPj�1 � Pj�1kH2 � C.jy1.t/j C jy2.t/j/ � Ce
�$t :

From v D w C zPj�1 � Pj�1, we deduceZ
.v2 C v2x C v

2
xx/ ĵ � C

Z
.w2 C w2x C w

2
xx/ ĵ C C

Z �
. zPj�1 � Pj�1/

2

C . zPj�1 � Pj�1/
2
x C .

zPj�1 � Pj�1/
2
xx

�
ĵ � Ce

�2$t ;

and this completes the induction.

4.3. Proof of Theorem 1.4

Proof of Theorem 1.4. We suppose that v1 > 0. Let p be the associated multi-breather
given by Theorem 1.2. Let u be a solution of (1.1) such that

ku.t/ � p.t/kH2 ! 0 as t !C1:

From Proposition 4.10, we deduce that there exist constants C > 0 and $ > 0 such
that for t large enough,

ku.t/ � p.t/kH2 � Ce�$t :

This implies that u satisfies the assumptions of Proposition 1.5. Thus, u D p and
Theorem 1.4 is proved.

A. Appendix

The first two subsections of the appendix show that a soliton has similar properties as a
“limit breather” of parameter ˛D 0. Firstly, the corresponding elliptic equation is satisfied
by a soliton. Secondly, the corresponding quadratic form is coercive for a soliton, and we
see that its kernel is spanned by @xQ and @cQ. In the third subsection, we prove that it is
possible for � to be orthogonal toQ and @xQ (instead of @xQ and @cQ) in order to satisfy
a coercivity for the quadratic form. We will use this fact for the proof of the existence, as
well as for the first part of the proof of the uniqueness. In the fourth subsection, we prove
that we can have coercivity for quadratic forms when the orthogonality condition is not
exactly satisfied. We will use this result for the proof of the uniqueness. The last subsection
is about computations for the third conservation law. It will be useful for the monotonicity
property for the localized F that we need in the proof of the uniqueness.

A.1. Elliptic equation satisfied by a soliton

Lemma A.1. A soliton Q D Rc;� satisfies, for any time t 2 R, the following nonlinear
elliptic equation:

(A.1) Q.4x/ � 2c.Qxx CQ
3/C c2QC 5QQ2

x C 5Q
2Qxx C

3

2
Q5
D 0:
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Proof. In order to derive this equation, we will use the equation that defines a soliton (and
that is satisfied by Q at any time):

Qxx D cQ �Q
3:

We will also need the following equation:

Q2
x D cQ

2
�
1

2
Q4;

that can be derived by taking the space derivative of Q2
x � cQ

2 C
1
2
Q4, and by showing

that this derivative is zero. From this, we deduce that Q2
x � cQ

2 C
1
2
Q4 is constant, and

by taking its limit when x ! ˙1, we see that this constant is zero. More precisely, the
derivative of Q2

x � cQ
2 C

1
2
Q4 is

2QxQxx � 2cQQx C 2Q
3Qx D 2Qx.Qxx � cQCQ

3/ D 0:

From now on, the derivation of (A.1) is straightforward. It is sufficient to take space
derivatives of Qxx D cQ � Q3 and to inject them into the right-hand side of equa-
tion (A.1), which we want to prove that is equal to zero. By doing this, we make the
maximal order of a derivative ofQ present in the right-hand side of the equation lower. In
the end, we have only zero and first order derivatives. To have only a polynomial inQ, we
have to useQ2

x D cQ
2 �

1
2
Q4, and the calculations show that this polynomial is zero.

A.2. Study of coercivity of the quadratic form associated to a soliton

In this article, we adapt the argument for the breathers in [3] to the soliton case. We
consider

Qs
c Œ�� WD

1

2

Z
�2xx �

5

2

Z
Q2 �2x C

5

2

Z
Q2
x �
2
C 5

Z
QQxx �

2
C
15

4

Z
Q4 �2

C c
� Z

�2x � 3

Z
Q2�2

�
C c2

1

2

Z
�2 DW Q0;

p
c Œ��:

Firstly, we prove, by simple calculations, as in the previous section, that Qx and
QC xQx are in the kernel of this quadratic form. It is easy to see, by asymptotic study,
that these two functions are linearly independent.

The self-adjoint linear operator associated to this quadratic form is

Ls
c Œ�� WD �.4x/ � 2c �xx C c

2 � C 5Q2 �xx C 10QQx �x

C

�
5Q2

x C 10QQxx C
15

2
Q4
� 6cQ2

�
�;

so that Qs
c Œ��D

R
�Ls

c Œ��, where Ls
c is a compact perturbation of the constant coefficients

operator:
MŒ�� WD �.4x/ � 2c�xx C c

2�:

A direct analysis involving ODEs shows that the null space of M is spawned by four
linearly independent functions:

e˙
p
cx ; xe˙

p
cx :
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Among these four functions, there are only twoL2-integrable ones in the semi-infinite line
Œ0;C1/. Therefore, the null space of Ls

c jH4.R/ is spanned by at most two L2-functions.
Thus,

ker.Ls
c/ D Span.@xQ;QC x@xQ/:

Lemma A.2. The operator Ls
c does not have any negative eigenvalue.

Proof. The operator Ls
c hasX

x2R

dim kerW ŒQx ;QC xQx �.t; x/

negative eigenvalues, counting multiplicities, where W is the Wronskian matrix:

W ŒQx ;QC xQx �.t; x/ WD

�
Qx QC xQx
Qxx .QC xQx/x

�
:

For this result, see [19], where the finite interval case was considered. As shown in several
articles [23, 27], the extension to the real line is direct.

Thus, it is sufficient to see that detW ŒQx ;QC xQx �.t; x/ is never zero. For this, let
us simply calculate this determinant:

Qx.2Qx C xQxx/ � .QC xQx/Qxx D 2Q
2
x �QQxx

D 2cQ2
�Q4

�Q.cQ�Q3/ D cQ2 > 0:

A.3. Coercivity of the quadratic form associated to a soliton

For Q D Rc;� , let

Qs
c Œ�� WD

1

2

Z
�2xx �

5

2

Z
Q2 �2x C

5

2

Z
Q2
x �
2
C 5

Z
QQxx �

2
C
15

4

Z
Q4 �2

C c
� Z

�2x � 3

Z
Q2 �2

�
C c2

1

2

Z
�2:

Lemma A.3. There exists �c > 0 such that for any � 2H 2 satisfying
R
�QD

R
�Qx D 0,

we have that
Qs
c Œ�� � �ck�k

2
H2 :

Proof. From Section A.2, we know that if
R
�@xQ D

R
�@cQ D 0, then, for a con-

stant �c > 0, we have that
Qs
c Œ�� � �ck�k

2
H2 :

Let � 2H 2 be such that
R
�Q D

R
�@xQ D 0. There exist a 2 R and �? belonging to

Span.@xQ; @cQ/? such that
� D a@cQC �?:

From
R
�Q D 0, we have that

a

Z
@cQ �QC

Z
�?Q D 0;
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thus,
a

2

Z
Q2
C

Z
�?Q D 0;

which allows us to derive

a D �2

R
�?QR
Q2
�

Because @cQ is in the kernel of Qs
c , we have that

Qs
c Œ�� D Qs

c Œ�?� � �ck�?k
2
H2 :

Now, from

� D �2

R
�?QR
Q2

@cQC �?;

we have, by the triangular and Cauchy–Schwarz inequalities, that

k�kH2 � k�?kH2 C 2
j
R
�?Qj

kQk2
L2

k@cQkH2

� k�?kH2 C 2
k@cQkH2

kQkL2
k�?kL2 �

�
1C 2

k@cQkH2

kQkL2

�
k�?kH2 :

Therefore, we may derive a constant �c (independent of �) such that

Qs
c Œ�� � �ck�k

2
H2 :

A.4. Coercivity with almost orthogonality conditions (to be used for the uniqueness)

ForB WDB˛;ˇ or any of its translations, we define the canonical quadratic form associated
to B:

Qb
˛;ˇ Œ�� WD

1

2

Z
�2xx �

5

2

Z
B2 �2x C

5

2

Z
B2x �

2
C 5

Z
BBxx �

2
C
15

4

Z
B4 �2

C .ˇ2 � ˛2/
� Z

�2x � 3

Z
B2 �2

�
C .˛2 C ˇ2/2

1

2

Z
�2;

and we know that @x1B and @x2B span the kernel of Qb
˛;ˇ

. More precisely, there exists
�b
˛;ˇ

> 0 such that if � is orthogonal to @x1B and @x2B , we have that

Qb
˛;ˇ Œ�� � �

b
˛;ˇ k�k

2
H2 �

1

�b
˛;ˇ

� Z
�B
�2
:

We would like to prove the following lemma (adapted from Appendix A of [30]).

Lemma A.4. There exists � WD �b
˛;ˇ

> 0 such that, for � 2 H 2.R/, ifˇ̌̌ Z
.@x1B˛;ˇ /�

ˇ̌̌
C

ˇ̌̌ Z
.@x2B˛;ˇ /�

ˇ̌̌
< �k�kH2 ;
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then

Qb
˛;ˇ Œ�� �

�b
˛;ˇ

4
k�k2

H2 �
4

�b
˛;ˇ

� Z
�B˛;ˇ

�2
;

whereB˛;ˇ denotes the breather of parameters ˛ and ˇ or any of its translations (in space
or in time).

Proof. Take � > 0 (we will find a condition on � later in the proof) and take � satisfying
the assumption of the lemma. Then (denoting B D B˛;ˇ )

(A.2) � D �1 C aB1 C bB2 D �1 C �2;

where
R
�1B1 D

R
�1B2 D

R
�1�2 D 0.

By performing aL2-scalar product of (A.2) withB1 andB2, we obtain, by assumption,
that ˇ̌̌

a

Z
B21 C b

Z
B1B2

ˇ̌̌
� �k�kH2 and

ˇ̌̌
a

Z
B1B2 C b

Z
B22

ˇ̌̌
� �k�kH2 :

Therefore, by making linear combinations of these two inequalities, using the triangular
and Cauchy–Schwarz inequalities, we obtain that

jaj C jbj � C�k�kH2 :

We can take space derivatives of (A.2). And thus, we obtain, for � small enough, that

1

2
k�k2

H2 � k�1k
2
H2 � 2k�k

2
H2 :

Because of
R
BB1 D

R
BB2 D 0,Z

�B D

Z
�1B:

By bilinearity,

Qb
˛;ˇ Œ�� D Qb

˛;ˇ Œ�1�CQb
˛;ˇ Œ�2�C

Z
�1;xx �2;xx � 5

Z
B2�1;x �2;x

C 5

Z
B2x �1 �2 C 10

Z
BBxx �1�2 C

15

2

Z
B4 �1 �2

C .ˇ2 � ˛2/
�
2

Z
�1;x �2;x � 6

Z
B2�1 �2

�
C .˛2 C ˇ2/2

Z
�1 �2:

We know from the coercivity of Qb
˛;ˇ

that

Qb
˛;ˇ Œ�1� � �

b
˛;ˇ k�1k

2
H2 �

1

�b
˛;ˇ

� Z
�1B

�2
�
�b
˛;ˇ

2
k�k2

H2 �
2

�b
˛;ˇ

� Z
�B
�2
:
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Moreover, if we denote by Lb
˛;ˇ

the self-adjoint operator associated to the quadratic
form Qb

˛;ˇ
,

Qb
˛;ˇ Œ�2� D a

2Qb
˛;ˇ ŒB1�C b

2Qb
˛;ˇ ŒB2�C 2ab

Z
Lb
˛;ˇ ŒB1�B2 � C�

2
k�k2

H2 :

Actually, in this case, Qb
˛;ˇ Œ�2� D 0, because �2 is in the kernel of Qb

˛;ˇ
(however, when

we adapt this proof for solitons, we can only write the bound).
Now, we recall that

R
�1 �2 D 0, and study the other terms by using Cauchy–Schwarz:ˇ̌̌ Z

�1;xx �2;xx � 5

Z
B2 �1;x �2;x C 5

Z
B2x�1 �2 C 10

Z
BBxx �1 �2

C
15

2

Z
B4�1�2 C .ˇ

2
� ˛2/

�
2

Z
�1;x �2;x � 6

Z
B2�1 �2

�ˇ̌̌
� C.jaj C jbj/k�1kH2 � C�k�k2

H2.R/:

We observe that if we take � small enough, the claim of the lemma is proved.

We prove in the same way that we have similar lemmas for solitons.

Lemma A.5. There exists � WD �sc > 0, such that, for � 2 H 2.R/, ifˇ̌̌ Z
.@cRc;�/�

ˇ̌̌
C

ˇ̌̌ Z
.@xRc;�/�

ˇ̌̌
� �k�kH2 ;

then

Qs
c Œ�� �

�sc
4
k�k2

H2 ;

where Rc;� denotes the soliton of parameter c and sign � or any of its translations.

Lemma A.6. There exists � WD �sc > 0, such that, for � 2 H 2.R/, ifˇ̌̌ Z
Rc;��

ˇ̌̌
C

ˇ̌̌ Z
.@xRc;�/�

ˇ̌̌
� �k�kH2 ;

then

Qs
c Œ�� �

�sc
4
k�k2

H2 ;

where Rc;� denotes the soliton of parameter c and sign � or any of its translations.

A.5. Computations for the third localized integral (to be used for the uniqueness)

Lemma A.7. Let f WR ! R be a C 3 function that does not depend on time and u a
solution of (1.1). Then

d

dt

Z �1
2
u2xx �

5

2
u2u2x C

1

4
u6
�
f

D

Z �
�
3

2
u2xxx C 9u

2
xx u

2
C 15u2x uuxx C

9

16
u8C

1

4
u4x C

3

2
uxx u

5
�
45

4
u4u2x

�
f 0

C 5

Z
u2ux uxxf

00
C
1

2

Z
u2xxf

000:
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Proof. We perform by doing integrations by parts when needed and basic calculations:

d
dt

R �
1
2
u2xx �

5
2
u2u2x C

1
4
u6
�
f

D
R
utxxuxxf � 5

R
utuu

2
xf � 5

R
u2utxuxf C

3
2

R
utu

5f

D �
R
.uxx C u

3/xxxuxxf C 5
R
.uxx C u

3/xuu
2
xf

C 5
R
u2.uxx C u

3/xxuxf �
3
2

R
.uxx C u

3/xu
5f

D
R
.uxx C u

3/xxuxxxf C
R
.uxx C u

3/xxuxxf
0 C 5

R
.uxx C u

3/xuu
2
xf

C 5
R
u2.uxx C u

3/xxuxf �
3
2

R
.uxx C u

3/xu
5f

D �
1
2

R
u2xxxf

0 C
R
.u3/xxuxxxf C

R
.uxx C u

3/xxuxxf
0

C 5
R
uxxxuu

2
xf C 5

R
.u3/xuu

2
xf C 5

R
u2uxxxxuxf

C 5
R
u2.u3/xxuxf �

3
2

R
uxxxu

5f � 3
2

R
.u3/xu

5f

D �
1
2

R
u2xxxf

0 C
R
.uxx C u

3/xxuxxf
0 C

R
.3uxxu

2 C 6u2xu/uxxxf

C 5
R
uxxxuu

2
xf C 15

R
u3xu

3f C 5
R
u2uxxxxuxf

C 5
R
u2.3uxxu

2 C 6u2xu/uxf �
3
2

R
uxxxu

5f � 9
2

R
uxu

7f

D �
1
2

R
u2xxxf

0 C
R
.uxx C u

3/xxuxxf
0 C 3

R
u2uxxuxxxf C 5

R
u2uxxxxuxf

C 11
R
uu2xuxxxf C 45

R
u3u3xf C 15

R
u4uxuxxf �

3
2

R
uxxxu

5f C 9
16

R
u8f 0

D �
1
2

R
u2xxxf

0 C
R
.uxx C u

3/xxuxxf
0 C

9
16

R
u8f 0 � 2

R
u2uxxuxxxf

C
R
uu2xuxxxf �5

R
u2uxuxxxf

0C45
R
u3u3xf C15

R
u4uxuxxf �

3
2

R
u5uxxxf

D �
1
2

R
u2xxxf

0 C
R
.uxx C u

3/xxuxxf
0 C

9
16

R
u8f 0 � 5

R
u2uxuxxxf

0

�
R
u2.u2xx/xf C

R
uu2xuxxxf C 45

R
u3u3xf C 15

R
u4uxuxxf �

3
2

R
u5uxxxf

D �
1
2

R
u2xxxf

0 C
R
.uxx C u

3/xxuxxf
0 C

9
16

R
u8f 0 � 5

R
u2uxuxxxf

0

C
R
u2u2xxf

0 C 2
R
uuxu

2
xxf �

R
u3xuxxf � 2

R
uuxu

2
xxf

�
R
uu2xuxxf

0 C 45
R
u3u3xf C 15

R
u4uxuxxf �

3
2

R
u5uxxxf

D �
1
2

R
u2xxxf

0C
R
.uxx C u

3/xxuxxf
0C

9
16

R
u8f 0� 5

R
u2uxuxxxf

0C
R
u2u2xxf

0

�
R
uu2xuxxf

0 �
1
4

R
.u4x/xf C 45

R
u3u3xf C

45
4

R
u4.u2x/xf C

3
2

R
u5uxxf

0

D �
1
2

R
u2xxxf

0 C
R �
uxx C u

3
�
xx
uxxf

0 C
9
16

R
u8f 0 � 5

R
u2uxuxxxf

0

C
R
u2u2xxf

0 �
R
uu2xuxxf

0 C
1
4

R
u4xf

0 C
3
2

R
u5uxxf

0 C 45
R
u3u3xf

� 45
R
u3u3xf �

45
4

R
u4u2xf

0

D �
3
2

R
u2xxxf

0 �
R
uxxxuxxf

00 C 4
R
u2xxu

2f 0 C 5
R
u2xuuxxf

0 � 5
R
u2uxuxxxf

0

C
9
16

R
u8f 0 C 1

4

R
u4xf

0 C
3
2

R
u5uxxf

0 �
45
4

R
u4u2xf

0

D �
3
2

R
u2xxxf

0 C 9
R
u2xxu

2f 0 C 15
R
u2xuuxxf

0 C
9
16

R
u8f 0 C 1

4

R
u4xf

0

C
3
2

R
u5uxxf

0 �
45
4

R
u4u2xf

0 �
R
uxxxuxxf

00 C 5
R
u2uxuxxf

00

D
R �
�
3
2
u2xxx C 9u

2
xxu

2 C 15u2xuuxx C
9
16
u8 C 1

4
u4x C

3
2
uxxu

5 �
45
4
u4u2x

�
f 0

C 5
R
u2uxuxxf

00 C
1
2

R
u2xxf

000:

which is exactly the desired expression.
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