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On profinite groups with positive rank gradient

Nikolay Nikolov

Abstract. We prove that a profinite group G with positive rank gradient does not
satisfy a group law. In the case when G is a pro-p group, we show that G contains a
nonabelian dense free subgroup.

1. Introduction

LetG be a finitely generated group. We denote by d.G/ the minimal number of generators
of G, with the convention that if G is a profinite group then d.G/ is the minimal number
of topological generators. When p is a prime, dp.G/ will denote the minimal number of
generators of the pro-p completion of G, that is, dp.G/ D dimFp

G
ˆ.G/

, where ˆ.G/ D
GpŒG;G� is the p-Frattini subgroup of G.

Assume additionally that G is residually finite. Let G � H1 � H2 � � � � be a chain of
normal subgroups Hi , each having finite index in G and such that \iHi D ¹1º. The rank
gradient of G with respect to .Hi / is defined as

RG.G; .Hi // WD lim
i!1

d.Hi / � 1

jG WHi j
�

When .Hi / is a chain of normal subgroups as above and additionally jG WHi j is a power
of p for all i 2 N, we define the p-gradient RGp.G; .Hi // in the same way:

RGp.G; .Hi // WD lim
i!1

dp.Hi / � 1

jG WHi j
�

From Schreier’s inequality d.Hi /� 1� jG WHi j.d.G/� 1/ and its pro-p analogue, we
deduce that RG.G; .Hi // and RGp.G; .Hi // exist as a limits of monotonic non-increasing
sequences.

It is an open problem whether the rank gradient depends or not on the choice of the
chain .Hi /, and this is related to the fixed price problem of topological dynamics, see [2].
In any case, we set

RG.G/ WD inf
°d.H/ � 1
jG WH j

ˇ̌̌
H <f G

±
;
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where the infimum is taken over all subgroups H of finite index G, and define RGp.G/
similarly:

RGp.G/ WD inf
°dp.H/ � 1
jG WH j

jH C G; jG WH j D pk ; k 2 N
±
:

Suppose M is a subgroup of finite index of G. An easy exercise with the Schreier
inequality gives that the infimum in the definition of RG.G/ can be restricted to the set of
finite index subgroups H of G contained in M . So we have

RG.M/ D jG WM j � RG.G/:

When G is a profinite group, we define the rank gradient RG.G; .Hi // of G with
respect to chains of open normal subgroupsHi with \Hi D¹1º using the same expression
as above. In that case, a compactness argument shows that RG.G; .Hi // does not depend
on the choice of the sequence .Hi / and is equal to RG.G/.

Starting with the work of Lackenby [8], there has been a lot of interest in rank gradi-
ent of abstract residually finite groups, see e.g. [1, 2, 9]. It is tempting to believe that
finitely generated abstract groups with positive rank gradient are in some way related to
free groups. Notable progress in this was obtained by Lackenby [9], who proved that
finitely presented residually p-groups with RGp.G/ > 0 are large (meaning that a finite
index subgroup has a free nonabelian homomorphic image). However, Osin [10] and
Schlage-Puchta [11] constructed residually finite torsion groups with positive rank gradi-
ent, showing that the finite presentability condition in Lackenby’s theorem cannot be
omitted, and indeed the connection with free groups is not true in general.

In this paper we will focus on profinite groups, where the relationship between positive
rank gradient and free groups is more compelling. Our main result is the following.

Theorem 1.1. Let G be a finitely generated profinite group with positive rank gradient.
Then G does not satisfy a nontrivial group law.

A key ingredient in the proof is the following result of Dalla Volta and Lucchini [7]:
the minimal size of a generating set of a finite groupG registers in some quotient NG which
is a crown-based power, see Theorem 2.8 below.

Theorem 1.1 is related to the following question of A. Thom.

Question 1.2 (A. Thom). Let � be a residually finite non-amenable group. Must the
profinite completion O� of � contain a nonabelian free group?

A positive answer to Question 1.2 implies Theorem 1.1, since a dense finitely gener-
ated subgroup � of G must be non-amenable (see Theorem 5 in [1] or Theorem 3 in [2]).
Therefore, if O� contains a free group, then � (and hence G) cannot satisfy a non-trivial
group law.

A positive answer to Question 1.2 will also imply the following.

Conjecture 1.3. Let � be a finitely generated residually finite group which satisfies a
non-trivial group law. Then RG.�/ D 0.

While we could not prove this conjecture, Theorem 1.1 implies the following weaker
result.
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Corollary 1.4. Let � be a finitely generated residually finite group which satisfies a non-
trivial group law. Then

inf
°d.�ab/ � 1

j� W�j

ˇ̌̌
� <f �

±
D 0;

where �ab D �=Œ�; �� denotes the abelianization of � and the infimum is taken over all
subgroups � of finite index in � .

Indeed, let G D O� be the profinite completion of � . Since G satisfies the group laws
of � , Theorem 1.1 gives RG.G/ D 0. In particular,

d.Gi / � 1

jG W Gi j
! 0

for some sequence of open subgroups Gi of G. Let �i D � \ Gi and observe that Gi is
the profinite completion of �i , hence d.�ab

i /D d..
O�i /

ab/ � d.Gi /. Corollary 1.4 follows.
Question 1.2 has the following profinite version.

Question 1.5. Must a profinite group with positive rank gradient contain a nonabelian
free subgroup?

A coset identity on a group G is a nontrivial group word w.x1; : : : ; xk/ in k letters,
a normal subgroup H of finite index in G, and k cosets g1H; : : : ; gkH from G=H , such
that w.g1h1; : : : ; gkhk/ D 1 for all h1; : : : ; hk 2 H . In case G is a profinite group, we
also require that H is open in G.

An affirmative answer to Question 1.5 will follow if one can prove that a finitely
generated profinite group with positive rank gradient does not satisfy a coset identity.
While the author believes that this is true, the method of proof of Theorem 1.1 does not
give it. We will prove the following.

Theorem 1.6. LetG be a finitely generated profinite group which satisfies a coset identity
of length m. Assume that d.G/ > 6m. Then G has an open normal subgroup H with

d.H/ � 1

jG WH j
< ˛.d.G/ � 1/;

where ˛ D .2m � 1/=.2m/.

Theorem 1.1 is easily deduced by repeated applications of Theorem 1.6. We cannot
use the same method to answer Question 1.5 because, unlike group laws, coset identities
may not induce coset identities on subgroups.

We prove an affirmative answer to Question 1.5 in the case of pro-p groups.

Theorem 1.7. Let G be a finitely generated pro-p group with positive rank gradient.
Then G contains a dense non-abelian free subgroup.

The proof of Theorem 1.7 is much shorter than the proof of Theorem 1.1. It relies on an
application of Schlage-Puchta’s result [11], together with Lie algebra methods originally
developed by Wilson and Zelmanov [12] to study Golod–Shafarevich groups, as well as
Zelmanov’s results [13] on Lie algebras with identities.
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2. Proofs

All modules in the paper will be left modules, and to be consistent, we will write group
actions on the left as well. This applies in particular to conjugation: for two elements a; b
of a group G we write ab WD aba�1. For sets X and Y , we write XnY for the elements
of X outside Y . By way of contrast, G=H WD ¹xH j x 2 Gº will denote the left cosets of
a subgroup H of a group G.

2.1. Proof of Theorem 1.7

Recall the following useful result of Levai and Pyber. We add a proof of it for complete-
ness.

Proposition 2.1 (Levai–Pyber, 1998). A pro-p group G contains no dense non-abelian
free subgroups if and only if G satisfies a coset identity.

Proof. A coset identity of G induces a coset identity on its dense subgroups. Therefore,
if G satisfies a coset identity, G has no dense non-abelian free subgroups.

Conversely, suppose G has no dense non-abelian free subgroups. Let g1; : : : ; gk be a
topological generating set of G; without loss of generality we can take k � 2. Let Y D
.g1ˆ.G// � � � � � .gkˆ.G//. Then Y is a closed and open subset of Gk D G � � � � � G
(k times). Note than any tuple y D .y1; : : : ; yk/ 2 Y generates a dense subgroup �y WD

hy1; : : : ; yki of G. Since �y is not a free group, there is a reduced word w 6D 1 in the free
group Fk on k letters such that w.y1; : : : ; yk/ D 1.

It follows that Y D [w2Fkn¹1ºZw , where

Zw D ¹y D .y1; : : : ; yk/ 2 Y j w.y1; : : : ; yk/ D 1º:

Each Zw is a closed subset of Y . Since Y is compact, Hausdorff and a union of count-
ably many closed sets Zw , the Baire category theorem implies that some Zw0 contains a
nonempty open set. The base of the topology of G is given by cosets of open normal sub-
groups. Therefore there are some open normal subgroupH ofG and cosets u1H;: : : ;ukH
such that .u1H/ � � � � � .ukH/ � Zw0 . This means w0.u1H; : : : ; ukH/ D 1, and so G
satisfies a coset identity.

For a group � and a prime p, we recall .Dn.�//1nD1, the Zassenhaus filtration of � ,
defined byDn.�/D ¹g 2 � j g � 1 2 I nº, where I is the augmentation ideal of the group
algebra Fp� . The Lie algebra Lp.�/ is defined as

Lp.�/ D

1M
iD0

Di .�/

DiC1.�/

with Lie bracket ŒgDiC1.�/; g0DjC1.�/� D Œg; g0�DiCjC1.�/ for all g 2 Di .�/ and
g0 2 Dj .�/. The following was proved in [12].

Theorem 2.2. Let � be a residually finite p-group which satisfies a coset identity. Then
Lp.�/ satisfies a Lie algebra identity.
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We shall need the following variation of a result of Schlage-Puchta proved in [11] in
the case when � is a free group.

Theorem 2.3. Let p be a prime integer and let � be a finitely generated group with an
infinite chain � > �1 > � � � of normal subgroups of p-power index in � . Let

O� D lim
 �
.�=�i /

be the completion of � with respect to .�i / and assume that RGp. O�/ > 0. Then � has a
quotient � with a chain .�i / such that RGp.�; .�i // > 0 and � is an infinite residually
finite p-torsion group.

This theorem can be deduced easily from the results in [11], and for completeness we
give a proof of it in the next subsection. We continue with the proof of Theorem 1.7. Sup-
pose that the claimed result is false and thatG is a pro-p group which is a counterexample.
By Proposition 2.1, G satisfies a coset identity. Let .Gn/ be a chain of normal subgroups
with trivial intersection in G. We choose a finitely generated dense subgroup � inside G
and let �i D Gi \ � . For each i 2 N we have G=Gi ' �=�i , and therefore the profinite
completion of � with respect to .�i / is G.

Since RGp.G/ > 0, Theorem 2.3 implies that � has an infinite p-torsion quotient �.
On the other hand, since G satisfies a coset identity, then so does � and its quotient �.
Therefore by Theorem 2.2, Lp.�/ satisfies a Lie algebra identity. In addition, every homo-
geneous element of Lp.�/ is ad-nilpotent since � is p-torsion. By Theorem 1.1 of [13],
the Lie algebra Lp.�/ is finite dimensional and hence � must be finite, a contradiction.
Theorem 1.7 follows.

2.2. Proof of Theorem 2.3

Let F be a nonabelian free group and let g 2F n¹1º. We define �F .g/ as the largest integer
k � 0 such that g D hp

k
for some h 2 F . For completeness, we set �F .1/ D1.

For a subset X � F , define

ıF .X/ D
X
g2X

p��F .g/;

with the convention that ıF .X/ D1 if the above sum diverges.
Observe that if g 2X with �F .g/� 1, then g 2F p �ˆ.F /, whereˆ.F /DF pŒF;F �

is the p-Frattini subgroup of F . In particular, p��F .g/ D 1 for every g 2 Xnˆ.F /, giving

(2.1) jXnˆ.F /j � ıF .X/:

The following technical result is proved in [11] as part of the proof of Theorem 2 there.

Lemma 2.4. Let F be a nonabelian free group and let N D hFXi � F be a subgroup
which is the normal closure in F of a set X . Let H be a subnormal subgroup of F with
H � N and jF WH j D pn for some n 2 N. Then N contains a subset Y � FX such that
N D hHY i is the normal closure of Y in H and ıH .Y / � jF WH j � ıF .X/.



N. Nikolov 1328

We are now ready to prove Theorem 2.3. Adopt the notation and hypothesis of the
theorem and let " D RGp. O�/. Let F be a free group projecting onto � . Without loss of
generality we may assume that � D F=M , where M is a normal subgroup of F . Let Fi
be the normal subgroups of F such that �i D Fi=M . We define the open subgroups of F
to be the preimages of the open subgroups of O� under the composition F ! � ! O� .
Specifically, a subgroup H of F is open if H contains some Fi .

Let w1; w2; : : : be an enumeration of the elements of F n¹1º, and define

X D ¹w
pm1

1 ; w
pm2

2 ; : : :º;

where m1 < m2 < � � � is a sequence of integers such that
P1
iD1 p

�mi < "=2.
Let N D hFXi be the normal closure of X in F , and note that by construction we

have that ıF .X/ < "=2 and that F=N is a p-torsion group.
Let Q� WD F=MN and define the open subgroups of Q� to be the images of the open

subgroups of F , i.e., a subgroup QH D H
MN
� Q� is open in Q� if H contains some Fi . We

will prove the following.

Proposition 2.5. Let QH be an open subgroup of Q� . Then there is an open subgroup QA
of Q� with QH > QA � ˆ. QH/ and

dp. QH= QA/ � 1 >
1

2
" j Q� W QH j:

Proof. Let n D j Q� W QH j and let QH D H=NM , where H � NM is an open subgroup of F
with jF WH j D n. Denote byL the closure ofH=M � � inside O�; this is an open subgroup
of O� of index n. Since RGp.�/ D ", we have .dp.L/ � 1/=n � ".

We have dp.L/ D dimFp .L=ˆ.L//, where the Frattini subgroup ˆ.L/ is an open
subgroup of L and of O� .

Let B=M D ˆ.L/ \ � . Thus B is an open subgroup of F with H � B � ˆ.H/M
and dp.H=B/ D dimFp .L=ˆ.L// � 1C "n.

By Lemma 2.4 applied to N D hFXi and the open subgroup H � N , we deduce that
N D hHY i is the normal closure in H of a set Y with ıH .Y / � jF WH j � ıF .X/ < "n=2.
Let A D NB , since A � B this is an open subgroup of F and so QA D A=MN is an open
subgroup of Q� . We have H � A � ˆ.H/MN and hence QH � QA � ˆ. QH/. Let Y0 be the
subset of Y outside ˆ.H/. By (2.1), we have jY0j � ıH .Y / < "n=2. Since H=B is an
elementary abelian p-group, we have A D NB D hY0iB and

dp. QH= QA/ D dimFp

H

A
� dimFp

H

B
� jY0j > 1C "n �

"n

2
D 1C

"n

2
�

Observe that since dp. QH= QA/ > 1, it follows that QH > QA. Proposition 2.5 follows.

We can apply Proposition 2.5 successively to find a sequence Q�1 D Q� > Q�2 > � � � of
open subgroups of Q� such that Q�i > Q�iC1 � ˆ. Q�i / and

dp. Q�i= Q�iC1/ � 1

j Q� W Q�i j
>
"

2

for all i 2N. Noting that Q� is a p-torsion group, Theorem 2.3 follows by settingƒD Q�=U
and ƒi D Q�i=U , where U D \1iD1 Q�i .
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2.3. Proof of Theorem 1.1

Suppose G satisfies a non-trivial group law of length m. We will show that RG.G/ D 0.
This is clear if G has a subsequence of subgroups .Gi /1iD1 such that d.Gi / is bounded
and jG WGi j ! 1. Therefore we may assume that d.H/!1 as H ranges over all open
subgroups of G and jG WH j ! 1. In particular, there is an open subgroup G0 � G such
that d.H/ > 6m for all open subgroups H � G0. Since RG.G0/ D jG WG0j � RG.G/, it
is sufficient to show RG.G0/ D 0. Hence by replacing G with G0 we may assume that
d.H/ > 6m for any open subgroup H of G.

Since a group law is also a coset identity of G, Theorem 1.6 gives that G has an open
normal subgroup H with d.H/�1

jGWH j
< ˛.d.G/ � 1/, where ˛ D .2m � 1/=.2m/.

By replacing G with H and iterating Theorem 1.6 n times, we obtain a sequence of
open subgroups Hn < Hn�1 < � � � < H1 < H0 D G such that d.Hi /�1

jHi�1WHi j
< ˛.d.Hi / � 1/

for each i , giving that d.Hn/�1
jGWHnj

< ˛nd.G/. Since ˛ < 1, by letting n! 1, we obtain
RG.G/ � RG.G; .Hi // D 0.

2.4. Proof of Theorem 1.6

Without loss of generality, we may assume that the length m of the coset identity on G
is minimal possible. Let F.X/ be the free group onX D¹x1; : : : ;xkº. Letw.x1; : : : ;xk/2
F.X/ be a reduced group word of minimal length m which is a coset identity on G.
Thus there are an open normal subgroup H of G and elements g1; : : : ; gk 2 G such that
w.g1H; : : : ; gkH/ D 1.

Let w.x1; : : : ; xk/ D w1w2 � � �wm, where wi D x
"i
ti

for i D 1; : : : ;m, with "i 2 ¹˙1º
and xti 2 X . Put uj D w1 : : : ; wj for j D 1; : : : ; m. We will refer to uj as the ini-
tial subwords of w. Without loss of generality, we may assume t1 D "1 D 1 so that
u1 D w1 D x1. Moreover,wm 6Dw�11 D x

�1
1 , otherwisew will be conjugate to the shorter

identity w2 � � �wm�1.
We claim that by passing to a G-normal subgroup of H and replacing gi with appro-

priate elements from gjH , we may assume that the evaluations of the initial subwords
hj WD uj .g1; : : : ; gk/ are non-trivial for j D 1; 2; : : : ; m � 1.

Indeed, suppose that we have obtained that h1; : : : ; hr�1 6D 1 for some r < m. Now
replaceH with a smaller open normal subgroup ofG such that hj 62H for jD1; : : : ; r�1.
For any choice of xi 2 H (i D 1; : : : ; k), we have uj .g1x1; : : : ; gkxk/ � hj mod H and
in particular uj .g1x1; : : : ; gkxk/ 6D 1 for j D 1; : : : ; r � 1. As r < m, by the minim-
ality of m, the word ur is not a coset identity of G and therefore we can find elements
xi 2 H with ur .g1x1; : : : ; gkxk/ 6D 1. Replace gi with gixi and we have achieved hj 6D 1
for j D 1; : : : ; r .

Repeating this procedure, increasing r one at a time, we obtain that h1; : : : ; hm�1 6D 1,
proving the claim.

Next, by replacingH with a smaller open normal subgroup ofG, we may assume that
hj 62 H for j D 1; 2; : : : ; m � 1.

Choose an element y 2 H and write w.yg1; g2; : : : ; gk/ D u � w.g1; : : : ; gk/, where
u D u.y/ 2 H can be written as a product of several conjugates of y˙1:

u.y/ D y � b1ye1 � � � bsyes :
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Here s � 0 is the number of occurrences of x˙11 among the w2; : : : ; wm, ei 2 ¹˙1º,
and .b1; : : : ; bs/ is a subsequence of .h1; : : : ; hm�1/. Notice that we use the fact that
wm 6D x�11 here to remove the possibility that the last bs could end up equal to hm D
w.g1; : : : ; gk/D 1. SinceH is normal inG and y 2H , we have yg1 2 g1H and therefore
w.yg1; g2; : : : ; gk/ D w.g1; g2; : : : ; gk/ D 1. We conclude that u.y/ D 1 for all y 2 H .

We now arrive at the main technical result of this paper.

Theorem 2.6. Let G be a profinite group with an open normal subgroup H and consider
elements b1; : : : ; bs 2 GnH . Let ei 2 ¹˙1º for i D 1; : : : ; s. For any y 2 H , define
u.y/D y � b1ye1 � � � bsyes and assume u.y/D 1 for all y 2H . Assume that d.G/> 6sC 6.
Then

d.H/ � 1

jG WH j
< ˛.d.G/ � 1/;

where ˛ D ˛.s/ D .2s C 1/=.2s C 2/.

Since s � m � 1, we have ˛.s/ � .2m � 1/=.2m/, and Theorem 1.6 follows from
Theorem 2.6 and the above discussion.

Note that if sD 0 then u.y/D y, which implies thatH D ¹1º and the claimed inequal-
ity holds trivially. Therefore without loss of generality we may assume that s � 1 (and
hence H 6D G) in the rest of the argument.

For a profinite group H , the minimal number of generators d.H/ is the minimum of
d. NH/ for all finite topological images NH of H . Hence in order to prove Theorem 2.6 we
may assume that H and G are finite groups. We shall also need more information on the
minimal quotients of H which realize d.H/ and the notion of a crown-based power.

2.5. Crown-based powers

Let L be a non-cyclic finite group with a unique minimal normal subgroup N . If N is
abelian, then we also require that N has a complement in L. For k � 2, the crown-based
power Lk of L is defined as

Lk D ¹.a1; : : : ; ak/ 2 L
k
j a1N D a2N D � � � D akN º;

where Lk D L � L � � � � � L (k times). For later use, we define the projections

(2.2) ti W Lk ! L; ti .a1; : : : ; ak/ D ai ; 8.a1; : : : ; ak/ 2 Lk ; i D 1; : : : ; k;

and note that t1.x/ � � � � � tk.x/ mod N for every x 2 Lk .
The precise relationship between d.Lk/ and the integer k is established in the fol-

lowing theorem from [5]. When N is nonabelian, by PL;N .d/ we denote the probability
that d random elements of L generate it, provided they generate L=N . By Theorem 1.1
of [7], we have 53=90 � PL;N .d/ � 1.

When N is abelian, then N is a simple faithful L=N -module and we denote E D
EndL=N .N /, a finite field.

Theorem 2.7 ([5], Theorem 2.7). Let Lk be a crown-based power of L and choose an
integer d � d.L/. Then d.Lk/ � d if and only if one of the following holds:

(1) The group N is abelian and k � .d � 1/ dimE N � dimE H
1.L=N;N /.

(2) The group N is nonabelian and k � PL;N .d/jN jd=jCAut.N/.L=N/j.
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Crown-based powers are the minimal among the d -generated finite groups in the fol-
lowing sense.

Theorem 2.8 ([5], Theorem 1.4). Let H be a finite group with d.H/ D d > 2. Then H
has a normal subgroup M < H such that H=M is isomorphic to some crown-based
power Lk as above with d.Lk/ D d > d.L/.

Before we start the proof of Theorem 2.6, we recall some standard notation. LetA be a
group with a (left) action of a groupH on A by automorphisms. By aH -chief factor of A
we mean a section Y=X , where X and Y are normal H -invariant subgroups of A such
that there are noH -invariant normal subgroups Z of A with X < Z < Y . Further, we say
that twoH -groups A and B areH -isomorphic if there is a group isomorphism � WA! B

which is compatible with the action ofH , i.e., h ��.a/D �.h � a/ for all h 2H and a 2A.
When A D H and the action of H is given by conjugation, we shall refer to the H -

chief factors ofH as the chief factors ofH . We will need two additional technical results.

Proposition 2.9. Let H be a finite group with a normal subgroup U . Let Ki � U be k
distinct normal subgroups of H such that U=Ki is a chief factor of H for i D 1; : : : ; k.
Then .C1/) .C2/) .C3/ below.

(C1) Each U=Ki is non-abelian.
(C2) For each i D 1; 2; : : : ; k, we have Ki 6� \j 6DiKj .
(C3) The diagonal homomorphism U !

Qk
iD1.U=Ki / induces an isomorphism

U

\iKi
!

kY
iD1

U

Ki
�

Proof. We will first show that (C2) implies (C3). LetR be the intersection ofK2; : : : ;Kk .
By assumption K1 6� R and hence K1 < K1R D U , by the maximality of K1 in U .
Therefore

U

\kiD1Ki
D

U

K1 \R
'

U

K1
�
U

R
�

The subset K2; : : : ; Kk satisfies (C2) as well, and hence the conclusion follows by induc-
tion on k.

Next we show that (C1) implies (C2). Indeed, suppose that K1 contains \kiD2Ki and
choose a subset X � ¹K2; : : : ; Kkº minimal with respect to K1 � \Ki2XKi . Then X
satisfies (C2), and therefore the diagonal homomorphism induces an isomorphism

UT
Ki2X

Ki
!

Y
Ki2X

U

Ki
�

Let NK be the image of K1=.\Ki2XKi / in
Q
Ki2X

.U=Ki /. Since K1Ki D U for each
Ki 2 X , we have that NK projects onto each direct factor U=Ki of

Q
Ki2X

.U=Ki /. In
particular, since NK is a normal subgroup, it follows that

NK � Œ NK; .U=Ki /� D Œ.U=Ki /; .U=Ki /� D U=Ki

for each Ki 2 X , since U=Ki is perfect being a nonabelian chief factor of H .
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Therefore NKD
Q
Ki2X

.U=Ki / givingK1DU , contradiction. Hence (C1) implies (C2)
as claimed.

We will also need the following result which detects crown-based powers.

Proposition 2.10. Let L be a noncyclic finite group with a unique minimal normal sub-
group N . If N is abelian, assume additionally that N is complemented in L. Let H be
a finite group with a normal subgroup U . Let Ki � U for i D 1; : : : ; k be pairwise dis-
tinct normal subgroups of H together with an isomorphism ˛WH=K1 ! L such that
˛.U=K1/ D N .

Assume that for each i D 1;2 : : : ; k, there is an isomorphism ˇi WH=Ki !H=K1 such
that ˇi .hU=Ki / D hU=K1 for all h 2 H .

ThenH=.\kiD1Ki / is isomorphic to a crown-based powerLk0 for some k0� k. Moreo-
ver, if N is non-abelian, then k0 D k.

Proof. If there is some i 2 ¹1; : : : ; kº such that Ki � \j 6DiKj , then we can omit Ki from
our list of normal subgroups and the statement to be proved remains unaffected. Therefore
we may assume that each Ki does not contain the intersection of the rest of the Kj . By
Proposition 2.9, this is automatically the case if N is non-abelian.

For each i D 1; : : : ; k, let Q̌i WH ! L be the composition Q̌i .h/ D ˛ ı ˇi .hKi / with
the kernel Ki , and note that

(2.3) Q̌
1.h/N D Q̌2.h/N D � � � D Q̌k.h/N; 8h 2 H:

Consider the map ıWH ! Lk defined by ı.h/ D . Q̌1.h/; : : : ; Q̌k.h// for all h 2 H and
note that ker ı D \iKi . Moreover, the image of ı is a subgroup of Lk by (2.3) above.

By Proposition 2.9, we haveU=.\Ki /'
Q
i .U=Ki / since condition (C2) holds. Com-

paring sizes of H=.\iKi / and Lk , we deduce that ı.H/ D Lk , as required.

2.6. Proof of Theorem 2.6: Reduction

Suppose first that G has a subgroup N with N � H and d.N / < d.G/. In particular,
jG WN j � 2. Using the Schreier inequality and the fact that ˛.s/ > 1=2, we obtain

d.H/ � 1

jG WH j
�
d.N / � 1

jG WN j
<
d.G/ � 1

2
< ˛.s/.d.G/ � 1/:

Theorem 2.6 follows.
From now on we shall assume that

(2.4) d.N / � d.G/ > 6s C 6

for any subgroup of G with N � H .
In particular, d.H/ � d.G/ > 2 and hence Theorem 2.8 applies to H . Let M be the

normal subgroup ofH provided by Theorem 2.8. SoH=M is isomorphic to some crown-
based power Lk as above with d.Lk/ D d.H/.

In this section we will reduce the theorem to proving Proposition 2.15, which assumes
that M is normal in G. We will refer to the chief factors of H as H -chief factors.
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Let U=M be the socle (i.e., the product of the minimal normal subgroups) of H=M .
Thus U is normal in H and U=M is isomorphic to N k , where each summand N is an
H -chief factor.

Let J D NG.U / and choose representatives a1 D 1; a2; : : : ; ar in G for the left
cosets G=J of J . Define U1 D U; U2 D a2U; : : : ; Ur D

arU ; these are the distinct con-
jugates of U in G.

We define
Ti D

\
g2aiJ

gM .i D 1; 2; : : : ; r/:

In particular, T1 D \g2J gM is normalized by J and Ti D aiT 1. Proposition 2.12 below
will show that T1; : : : ; Tr are all distinct and in particular the action of G by conjugation
on U1; : : : ; Ur is the same as the action of G on T1; : : : ; Tr .

By definition, Ui=Ti is a subdirect product of all the Ui= gM with g 2 aiJ . Moreover,
for g 2 aiJ we have H= gM ' Lk with Ui= gM ' N k . In particular, Ui= gM is a direct
product of k H -chief factors, each being a g-conjugate of a H -chief factor appearing
in U=M .

In particular, when N is abelian, then Ui=Ti is a semisimple H=Ui module, all of
whose simple factors are faithful H=Ui -modules.

When N is nonabelian, observe that an element l 2 LnN cannot act as an inner auto-
morphism on N , otherwise we get that CL.N / 6D ¹1º, contradicting the uniqueness of the
minimal normal subgroup N of L.

We summarise the above discussion in the following result.

Proposition 2.11. TheH -chief factors of Ui=Ti are contained in the union of theH -chief
factors of Ui= gM for g 2 aiJ . If C is aH -chief factor of Ui=Ti and h 2H with h 62 Ui ,
then conjugation by h induces a non-inner automorphism of C .

We define UD \riD1Ui and T D \riD1Ti . Then U and T are normal subgroups of G,
being the intersection of all G-conjugates of U and M , respectively.

Consider the diagonal homomorphism fWU!
Qr
iD1.Ui=Ti / defined, for each y 2 U,

by f.y/ D .yT1; : : : ; yTr /. We have ker f D \riD1Ti D T .

Proposition 2.12. The homomorphism f is surjective and induces an isomorphism U=T
!
Qr
iD1.Ui=Ti / with the conjugation action of G on U=T permuting the direct factors

Ui=Ti in the same way as G acts on U1; : : : ; Ur .

Proof. The result is trivial if r D 1 and so we may assume r > 1. In particular, since
Ui 6D Uj for i 6D j and jH WUi j D jH WUj j, it follows that U is a proper subgroup of Ui
for each i D 1; 2 : : : ; r .

Claim. UTi D Ui for each i D 1; 2; : : : ; r .
Assume this for the moment. Therefore Im.f/ is isomorphic as an H -group to a sub-

direct product of all Ui=Ti for i D 1; : : : ; r . Observe that for i 6D j every H -chief factor
of Ui=Ti is not H -isomorphic to any H -chief factor of Uj =Tj . Indeed, whenever C
is a H -chief factor of Ui=Ti Proposition 2.11 gives that the kernel of the composition
H ! Aut.C / ! Out.C / is precisely Ui , and the groups Uj and Uj are distinct. This
proves that U1=T1; : : : ; Ur=Tr do not share common H -chief factors. Now the Jordan–
Hölder theorem gives that a subdirect product of these is in fact the full direct product.
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Therefore f is surjective. The preimage of the direct factorUi=Ti under f is U\ .\j 6DiTj /.
In particular, the groups T1; : : : ; Tr are pairwise distinct. Thus the conjugation action ofG
on U1; : : : ; Ur is the same as the conjugation action of G on T1; : : : ; Tr , in turn this is the
same as the conjugation action of G on the r � 1 element subsets of ¹T1; : : : ; Trº and this
results in the same action of G on the direct factors of

Qr
iD1.Ui=Ti /.

Proposition 2.12 follows once we prove the claim above.
Proof of Claim. Suppose UTi < Ui and choose a subset X � ¹U1; : : : ;Urº of minimal

size subject to \Uj2XUj D U. SinceG acts transitively by conjugation on the U1; : : : ;Ur ,
we may assume that Ui 2 X . Since r > 1 and U 6D Ui , we must have jX j > 1. Let R be
the intersection of all members of Xn¹Uiº, thus R is a normal subgroup of H such that
U D Ui \ R. By the minimality of X , we have Ui 6� R and we choose h 2 RnUi . Now
ŒUi ; R� � Ui \ R D U and therefore R acts trivially by conjugation on Q D Ui=UTi . In
particular, h centralizes every H -chief factor of Q and those are a subset of the H -chief
factors in Ui=Ti . This contradicts Proposition 2.11 since we chose h 62 Ui . Hence we must
have Ui D UTi , and the claim is proved.

Returning to the proof of Theorem 2.6, choose y0 2 U1, and let y 2 U be such that
f.y/ D .y0T1; 1; 1; : : : ; 1/ 2

Qr
iD1.Ui=Ti /.

Recall that conjugation by an element g 2 G sends the direct factor U1=T1 to a differ-
ent direct factor Ui=Ti of

Qr
iD1.Ui=Ti /, unless g 2 NG.U / D J . Let bi1 ; bi2 ; : : : ; bit be

the subsequence of those elements from b1; : : : ; bs which lie in J , in the same order.
It follows that f.u.y// D .u0.y0/T1; �; : : : ; �/, where we write � for coordinates we

are not interested in, and

u0.y0/ WD y0 �
bi1y

ei1
0 � � �

bity
eit
0 :

Since u.y/ D 1, we must have u0.y0/ 2 T1 for all y0 2 U1.
Suppose that we show that d.H/�1

jJ WH j
� ˛.t/.d.J / � 1/. Then

(2.5)
d.H/ � 1

jG WH j
�
˛.t/.d.J / � 1/jJ W H j

jG WH j
D ˛.t/

d.J / � 1

jG WJ j
� ˛.t/.d.G/ � 1/;

where the last inequality follows from Schreier’s bound d.J /�1
jGWJ j

� d.G/� 1. Theorem 2.6
then follows from (2.5), since t � s and ˛.t/ � ˛.s/.

By (2.4), we may assume that d.J / > 6s C 6. Therefore, by replacing G with J and
u.y/ with u0.y/, we have reduced Theorem 2.6 to the following.

Proposition 2.13. Let G be a finite group with d.G/ > 6s C 6 for some integer s � 1.
Let H be a normal subgroup of G, let bi 2 GnH and ei 2 ¹˙1º for i D 1; : : : ; s. Let
M < H be a normal subgroup of H such that H=M is isomorphic to a crown based
power Lk with d.Lk/ D d.H/ > d.L/. Let U=M D soc.H=M/ and assume that U is
a normal subgroup of G. Let T D \g2G gM and assume that u.y/ 2 T for all y 2 U ,
where u.y/ D y � b1ye1 � � � bsyes . Then

d.H/ � 1

jG WH j
< ˛.s/.d.G/ � 1/;

where ˛.s/ D .2s C 1/=.2s C 2/.
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From now on, assume thatG,H ,M , T and u are as in the above proposition. Our next
aim is to reduce the proof to the case where M is normal in G, namely Proposition 2.15
below. It will turn out that U=T is a direct product of crown based powers of L, but these
may be larger than H=M ' Lk . More precisely, we have the following.

Proposition 2.14. There is a normal subgroup R of H with R �M such that

(1) we have H=R ' Lk0 with k0 � k,

(2) if R D R1; R2; : : : ; Rl are the distinct conjugates of R in G, then

T D R1 \ � � � \Rl

and the diagonal homomorphism f WU !
Ql
iD1.U=Ri / induces an isomorphism

(2.6)
U

T
!

lY
iD1

.U=Ri /:

Under this isomorphism, the conjugation action of G on U=T permutes the direct
factors U=Ri of

Ql
iD1.U=Ri / in the same way as G permutes R1; : : : ; Rl .

Proof. We fix a surjection � WH ! Lk with �.U / D N k and ker� DM .
For i D 1; : : : ; k, let Ki D ker.ti ı �/, where ti WLk ! L is the projection defined

in (2.2). It follows that each Ki is a normal subgroup of H such that \kiD1Ki D M .
From the definition of Lk , we have that ti is surjective onto L and U D .ti ı �/�1.N /,
thereforeKi < U ,H=Ki ' L and U=Ki ' N is a chief factor ofH . Let ˇi WH=Ki ! L

be the isomorphism induced by ti ı � , that is, ˇi .hKi / WD ti .�.h// for all h 2 H . For all
1 � i; j � k we have ti .l/ � tj .l/ mod N for all l 2 L. Therefore

(2.7) ˇi .hKi / � ǰ .hKj / mod N; 8h 2 H:

Let Y WD ¹gKi j g 2 G; i D 1; : : : ; kº and define an equivalence relation � on Y as
follows.

We say thatK � K 0 if there is an isomorphism ˛WH=K!H=K 0 such that ˛ induces
the identity on H=U , i.e., ˛.hU=K/ D hU=K 0 for each h 2 H .

For 1� i; j � k, we can take ˛Dˇ�1j ıˇi WH=Ki!H=Kj , which together with (2.7)
proves that Ki � Kj .

We claim that the conjugation action of G on Y preserves �. Indeed, if K � K 0 with
isomorphism ˛ as above, then for any g 2 G we have an isomorphism

fg;K0 ı ˛ ı f
�1
g;K W H=.

gK/! H=.gK 0/;

where fg;K WH=K !H=gK defined by fg;K.xK/D gx gK (x 2H ) is the isomorphism
induced by the conjugation map on H . Therefore gK � gK 0, and the claim is proved.

Let E1; : : : ; El be the equivalence classes of � on Y . We showed that K1 � K2 �
� � � � Kk , and without loss of generality we may assume ¹K1; : : : ;Kkº � E1. Recall that
Y WD ¹gKi j g 2G; i D 1; : : : ; kº. It follows thatE1 intersects nontrivially each orbit ofG
on Y . Therefore the conjugation action of G on Y induces a transitive action of G on the
equivalence classes of �. Let Ri D \K2EiK and put R D R1. By Proposition 2.10, we
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haveH=R ' Lk0 for some k0 � k and R �M D \kiD1Ki . Further, \liD1Ri D \A2YAD
\g2G

gM D T , as required.
It remains to prove (2.6). If N is nonabelian, this follows from Proposition 2.9 since,

in that case,
U=T D U=.\K2YK/ '

Y
K2Y

U=K

with U=Ri '
Q
K2Ei

U=K.
When N is abelian and K 2 Y , then H=K ' L is a split extension isomorphic to

.U=K/ Ì .H=U / and in particular, for K;K 0 2 Y , the relation K � K 0 is equivalent to
the requirement that the two H=U -modules U=K and U=K 0 are isomorphic. Therefore,
if i 6D j , the H -chief factors of U=Ri are not isomorphic (as H -modules) to the H -chief
factors ofU=Rj . Hence again the Jordan–Hölder theorem implies thatU=.\liD1Ri /, being
a subdirect product of all U=Ri , must in fact be isomorphic to

Ql
iD1.U=Ri /.

Finally, the preimage f �1.¹1º � � � � � U=Ri � � � � � ¹1º/ of the direct factor U=Ri ofQl
iD1.U=Ri / is equal to \j 6DiRj and of course G permutes the l � 1 element subsets of
¹R1; : : : ; Rlº in the same way as G permutes R1; : : : ; Rl .

Proposition 2.14 is proved.

Let R D R1; R2; : : : ; Rl be the normal subgroups of H from Proposition 2.14. Let
J1 D NG.R1/ be the normaliser of R1 in G. Recall the identity u.y/ � 1 mod T for all
y 2 U , where u.y/D y � b1ye1 � � � bsyes . Let bi1 ; : : : ; bit be the subsequence of b1; : : : ; bs
of elements bi 2 J1, and let

u0.y/ WD y �
bi1yei1 � � � bityeit :

We will use the diagonal map f WU !
Ql
iD1.U=Ri / from Proposition 2.14, namely

f .y/ D .yR1; : : : ; yRl / for all y 2 U .
We choose y0 2 U and let y 2 U be an element such that

f .y/ D .y0R1; 1 : : : 1/ 2

lY
iD1

.U=Ri /:

We have, just as before, f .u.y// D .u0.y0/;�; : : : ;�/, and therefore u0.y0/ 2 R1 for all
y0 2 U .

We have shown that H=R1 is isomorphic to a crown based power Lk1 with k1 � k,
and in particular d.Lk1/� d.Lk/D d.H/. Since obviously d.Lk1/D d.H=R1/� d.H/,
it follows that d.H=R1/ D d.H/.

Further, from (2.4) we have d.J1/ � d.G/ > 6s C s.
The inequality (2.5) with J1 in place of J gives that Proposition 2.13 (and hence

Theorem 2.6) will follow if we prove

d.H/ � 1

jJ1 WH j
< ˛.t/ � .d.J1/ � 1/:

Therefore we can replace G with J1, M with R1 and u with u0, and we are reduced
to proving the following result.
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Proposition 2.15. Let G be a finite group with d.G/ > 6s C 6 for some integer s � 1.
Let H be a normal subgroup of G, let bi 2 GnH and ei 2 ¹˙1º for i D 1; : : : ; s. Let
M < H be a normal subgroup of G such that H=M is isomorphic to a crown based
power Lk with d.Lk/ D d.H/ > d.L/. Let U=M D soc.H=M/ and assume u.y/ 2M
for all y 2 U , where u.y/ D y � b1ye1 � � � bsyes . Then

d.H/ � 1

jG WH j
< ˛.s/.d.G/ � 1/;

where ˛.s/ D .2s C 1/=.2s C 2/.

2.7. Proof of Proposition 2.15

Our argument splits into considering two cases.

2.7.1. Case 1: the socle N of L is non-abelian. First we set up notation for the canon-
ical embedding of L in Aut.N /. For l 2 L, denote by �.l/ 2 Aut.N / the automorphism
�.l/.x/D lx (x2N ) given by conjugation by l . SinceCL.N /D 1, the map � WL!Aut.N /
is a monomorphism. Note that �.N / D Inn.N /, the group of inner automorphisms of N .
We will denote by N� WL=N ! �.L/=�.N / the induced isomorphism N�.lN / WD �.l/�.N /.
When there is no possibility of confusion, we identifyL=N with �.L/=�.N /, for example
we write CAut.N/.L=N/ below for the centralizer of �.L/=�.N / in Aut.N /.

We will need a bound for the size of CAut.N/.L=N/.
Since N is the unique minimal normal subgroup of L, it follows that N ' Sm, a

direct product ofm copies of some nonabelian simple group S . Moreover, the conjugation
action of L permutes the direct factors of N transitively. Using this it is easy to show that
jCAut.N/.L=N/j �mjN jjOut.S/j, see the proof of Lemma 1 of [6]. Now the classification
of finite simple groups gives that jOut.S/j � jS j, and since mjS j � jS jm D jN j, we have

jN j � jCAut.N/.L=N/j � jN j
2

Let d D d.G/ and d 0 D d.H/D d.Lk/ > d.L/. Theorem 2.7 together with the estim-
ate for jCAut.N/.L=N/j above gives

(2.8) k > PL;N .d
0
� 1/

jN jd
0�1

jCAut.N/.L=N/j
>
1

2
jN jd

0�3

using the fact that PL;N .d 0 � 1/ � 53=90 > 1=2 proved in [7].
Fix an isomorphism �WH=M !Lk and recall that U=M is the socle ofH=M . There-

fore �.U=M/ D N k � Lk , a direct product N k of k copies of N . Let � WLk ! L=N be
the surjection with kernel N k . Denote by � WH=U ! L=N the isomorphism induced by
� ı �, namely �.hU / D � ı �.hM/ for each h 2 H .

Let us write N k D N1 � � � � �Nk , where Ni ' N are the minimal normal subgroups
of Lk , and let Vi D ��1.Ni / (i D 1; : : : ; k). Then V1; : : : ; Vk are all the minimal normal
subgroups of H=M and U=M D V1 � � � � � Vk .

Given a factor Vi ofU=M , letPi=M be its complement inU=M , i.e., we setPi=M WDQ
j 6Di Vj for a normal subgroup Pi < U of H . Define the isomorphism �i WH=Pi ! L as
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�i .hPi /D ti ı �.hM/, where ti WLk ! L is the projection in (2.2). We have �i .U /D N .
From the definition ofLk it follows that the isomorphism N�i WH=U !L=N induced by �i
is equal to � above.

Choose any b 2 GnH . Let D be the subgroup of G generated by b and H . Since
¹V1; : : : ; Vkº is the set of the minimal normal subgroups of H=M , any automorphism
of H=M permutes these k groups among themselves. In particular, this applies to the
action of b by conjugation on H=M .

Proposition 2.16. The element b normalizes at most jN jd.D/ of the groups V1; : : : ; Vk .

Proof. Choose i 2 ¹1; : : : ; kº and write V D Vi from now on. Let P DPi and �D �i be as
above, i.e., P=M is the complement to V in U=M and � WH=P ! L is the isomorphism
associated to the projection ti ı � WH ! L.

Suppose that bV D V . This is equivalent to b.P=M/ D P=M , i.e., P is normalized
by D D hb;H i.

The conjugation action ofD onU=P together with � induce a homomorphism f WD!

Aut.N / defined by

f .g/.x/ D �.g��1.x// 8g 2 D;8x 2 N:

Note that if h 2H , then f .h/ is the conjugation by �.hP / onN , and therefore f .h/D
�.�.hP //. In particular, f .H/ D �.L/ � Aut.N / and f .U / D �.N / D Inn.N /.

The homomorphism Nf WH=U ! �.L/=�.N / induced by f is given by

Nf .hU / WD f .h/�.N / D �.�.hP /N /�.N / D N�.�.hP /N / D N� ı N�.hU /

for all h 2H . Therefore Nf D N� ı N�D N� ı � and does not depend on the choice of V D Vi .
Observe that f determines P (and hence V ) since P D kerf \H .

Define the set F to consist of all homomorphisms f WD!Aut.N / such that f .H/D
�.L/, f .U / D �.N / D Inn.N / and Nf D N� ı �, where Nf WH=U ! �.L/=�.N / is the
isomorphism induced by f .

We summarize the above discussion in the following result.

Proposition 2.17. The number of direct factors Vi of U=M normalized by b is bounded
above by the number of different subgroups H \ kerf where f 2 F.

We will prove that jFj � jCAut.N/.L=N/j � jN j
d.D/.

Let f 2 F and let � WD f .b/ 2 Aut.N /. We first estimate the possibilities for � . For
h 2 H we have

N� ı �. bhU / D f . bh/ �.N / D �f .h/�.N / D �. N� �.hU //:

Thus the action of � by conjugation on �.L/=�.N / is uniquely determined by � and
the conjugation action of b on H=U . So any two choices � and � 0 for f .b/ satisfy that
��1� 0 centralizes �.L/=�.N / . Hence there are at most jCAut.N/.L=N/j � jN j

2 possib-
ilities for � D f .b/ in Aut.N /.

LetQ WD f .D/� Aut.N / be the image of f in Aut.N /. Observe thatQD h�.L/; �i
since D D hH; bi and f .H/ D �.L/. Therefore � uniquely determines Q.
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The induced map Qf WD=U ! Q=�.N / � Out.N /, defined by Qf .gU / D f .g/�.N /
for all g 2 D, is also uniquely determined by � D f .b/. Indeed, D=U is generated by
H=U together with bU 2 G=U as a subgroup of G=U . The restriction Qf jH=U of Qf to
H=U equals Nf D N� ı �, while of course Qf .bU / D ��.N / is determined by � .

Therefore any choice of � D f .b/ uniquely determines the group f .D/ D Q �

Aut.N / and Qf WD=U ! Q=�.N /.
Next we estimate the possibilities for f given Q and Qf . Let r D d.D/ and choose

a generating set g1; : : : ; gr of D. We count how many possibilities are there for the
images f .g1/; : : : ; f .gr / in Q. Since f .gi /�.N / D Qf .giU/ is a uniquely determined
coset of Q=�.N /, we obtain that there are at most jN j choices for each f .gi / 2 Q.
Thus for any chosen � D f .b/ there at most jN jr possibilities for f , and hence jFj �
jCAut.N/.L=N/j jN j

r .
Next we define an action of CAut.N/.L=N/ on F by

f .g/ WD  ı f .g/ ı �1 for all f 2 F; g 2 D;  2 CAut.N/.L=N/:

We claim that CAut.N/.L=N/ acts semi-regularly on F. Indeed, suppose f D f , i.e.,
f .g/ D  ı f .g/ ı �1 for all g 2 D. In particular, by letting g range over U and using
f .U /D �.N /, we deduce that �.x/ ı  D  ı �.x/ for all x 2N . This means that x.y/D
.xy/D .x/.y/ for all x;y 2N . Therefore x�1.x/ 2N centralizes all elements ofN ,
and so x D .x/, since N is a nonabelian minimal normal subgroup of L. Thus  D 1
and hence the action of CAut.N/.L=N/ on F is indeed semi-regular.

Finally, observe that ker f D ker.f /. Therefore by Proposition 2.17 the number of
factors Vi normalized by b is bounded above by the number of orbits of CAut.N/.L=N/

on F, which is at most jN jr . Proposition 2.16 follows.

We will apply Proposition 2.16 with b D bi 2 GnH from the statement of Proposi-
tion 2.15. Note that D D hH; bi 6D H .

Recall that d 0 D d.H/ and d D d.G/.
We have r D d.D/� .d � 1/jG WDj C 1, and fromD 6DH we have jG WDj � 1

2
jG WH j,

whence r � 1
2
.d � 1/jG WH j C 1.

Proposition 2.16 gives that each bi can normalize at most A WD jN jjGWH j.d�1/=2C1 of
the factors Vi of U=M .

Assume, for the sake of contradiction, that d 0 D d.H/ � 3
4
jG WH j.d � 1/ C 1 and

recall that k > 1
2
jN jd

0�3 from (2.8). Therefore

k >
1

2
jN j

3
4 jGWH j.d�1/�2 D

1

2
A jN j

1
4 jGWH j.d�1/�3:

Since jG WH j � 2 and jN j � 60, we have

k >
1

2
A jN j.d�1/=2�3 �

1

2
A 60.d�7/=2:

Using that 60a > a ln 60 > 4a for a > 0 and that d D d.G/ > 6s C 6 > s C 7, we obtain
1
2
60.d�7/=2 > d � 7 > s, and hence k > As.

It follows that there is a direct factor, say V1, of U=M D V1 � � � � � Vk such that
biV1 6D V1 for each i D 1; : : : ; s.
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Recall the identity u.y/ D y � b1ye1 � � � bsyes � 1 mod M for all y 2 U . Choose y 2
V1n¹1º. It follows that the projection of u.y/ onto V1 is equal to y 6D 1, hence u.y/ 6D 1
mod M , contradiction. Therefore

d.H/ <
3

4
jG WH j.d � 1/C 1

and Proposition 2.15 follows since ˛.s/ � 3=4.

2.7.2. Case 2: the socle N of L is abelian. Let p be the exponent of the abelian groupN .
Then p is a prime and N is a simple Fp.L=N/-module.

Recall that U=M is the socle of H=M . Thus U is a normal subgroup of G and we
define � D G=U and � D H=U . We will consider U=M as a left module for the action
of � and � by conjugation.

Fix an isomorphism � WH=M !Lk with �.U=M/DN k D soc.Lk/. Then � induces
an isomorphism N�W�! Lk=N

k ' L=N given by N�.hU / D �.hM/N k for all h 2 H .
From now on we will consider N as Fp�-module via N�.

The isomorphism between U=M and �.U=M/ D soc.Lk/ D N k gives that U=M is
a semisimple Fp�-module which is a direct sum of k isomorphic copies of N .

Let B � U=M be any simple Fp�-submodule of U=M . Then B is isomorphic to N .
Let g 2 � . The submodule g�1B � U=M is also a simple Fp�-submodule of U=M and
hence is isomorphic to B andN . Let � WB! B be the linear map such that x 7! g�1�.x/

is an isomorphism of Fp�-modules between B and g�1B . This means that g�1�.hx/ D
hg�1�.x/ for all x 2 B and h 2 �, which is equivalent to �.hx/ D gh � �.x/. Using
that B and N are isomorphic Fp�-modules, we deduce the following.

Proposition 2.18. Let g 2 � . There is a bijective linear map � D �g WN ! N such that
�.hx/ D gh �.x/ for all x 2 N and h 2 �.

For a Fp�-module A, define

RN .A/ D \¹kerf j f 2 Hom�.A;N /º;

where f ranges over all Fp�-homomorphisms from A to N .
Thus A=RN .A/ is the largest semisimple quotient of A whose simple factors are iso-

morphic to N . Suppose that A is in addition a Fp�-module with a Fp�-submodule B .
Let f 2 Hom�.B; N / and g 2 � . Define gf W gB ! N by gf .x/ WD �g ı f .g

�1x/ for
all x 2 gB . Note that gf 2 Hom�.gB;N / and ker gf D g ker f . Therefore RN .gB/ �

gRN .B/, and by reversing the roles of B and gB we get

(2.9) RN .gB/ D gRN .B/:

In particular, RN .A/ is a Fp�-submodule of A.
We would need to know more about the action of � on U=M .
Let G be the free group on d D d.G/ generators x1; : : : ; xd and fix a surjective homo-

morphism � WF !G=M . Let H and U be the preimages ofH=M andU=M , respectively,
and let MD ker� . We will identify � DG=U and�DH=U with G=U and H=U via � .
Thus the semisimple Fp�-module U=M is isomorphic to the Fp.G=U/-module U=M. In



On profinite groups with positive rank gradient 1341

turn, U=M is a quotient of the Fp�-module Uab
p D U=UpŒU;U�, the mod-p relation

module of the presentation
1! U! G ! � ! 1:

We will denote by ˆ.U/ D UpŒU;U� the p-Frattini subgroup of U.
The cellular chain complex of the Cayley graph of � with respect to the generators

�.x1/; : : : ; �.xd / gives rise to the exact sequence of Fp�-modules

0! Uab
p

�
! .Fp�/

d
! Fp� ! Fp ! 0:

The injection � WUab
p ! .Fp�/d can be described explicitly by

(2.10) �.uˆ.U// D
� @u
@x1

; : : : ;
@u

@xd

�
; 8u 2 U:

Here @u=@xi 2 FpG is the Fox derivative of u with respect to xi , and Ny denotes the
image of y 2 FpG under the reduction FpG ! Fp� . See [4], §I.5, Proposition (5.4) and
Exercise 3(d) for proofs.

Let M0 DM=ˆ.U/ be the image of M in Uab
p , thus U=M , U=M and Uab

p =M0 are
all isomorphic as Fp�-modules.

The following result can be deduced from the fact that for any Fp�-module S we have

H 2.�; S/ D Coker
�
Hom�..Fp�/

d ; S/! Hom�.U
ab; S/

�
and [4], §IV.2, Exercise 4. For completeness, we give a proof of it in Section 2.8.

Proposition 2.19. Let K be a normal subgroup of H withˆ.U/ �K �U, and let S WD
U=K considered as Fp�-submodule under conjugation by H . Let f WUab

p ! S be the
associated epimorphism of Fp�-modules, namely f .uˆ.U// D uK for all u 2U. Then
U=K has a complement in H=K if and only if there is a Fp�-module homomorphism
� W .Fp�/d ! S such that f D � ı �.

We claim that M is an intersection of groups Ki �U for i D 1; : : : ; k such that U=Ki

is Fp�-isomorphic to N and has a complement in H=Ki . In view of the isomorphisms
H=M! H=M ! Lk , it is sufficient to prove the corresponding statement for ¹0º in Lk
and take preimages. For i D 1; : : : ; k, let ti WLk ! L be the projection defined in (2.2).
Then \kiD1 ker ti D ¹0º and Lk= ker ti ' L, which splits over N . This proves the claim.

The groups Ki satisfy the requirements of Proposition 2.19, hence if fi WUab
p !N are

epimorphisms with kerfi DKi=ˆ.U/, there exist Fp�-epimorphisms �i W .Fp�/d ! N

such that fi D �i ı �.
Let Q WD RN ..Fp�/d / and note that Q is a Fp� submodule of .Fp�/d .
Now we proveQ\ �.Uab

p /� �.M0/. Let x 2Uab
p be such that �.x/2Q. In particular,

fi .x/ D �i .�.x// D 0 for i D 1; : : : ; k and hence x belongs to

k\
iD1

kerfi D
k\
iD1

Ki=ˆ.U/ DM=ˆ.U/ DM0:
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Therefore Q \ �.Uab
p / � �.M0/, which gives �.Uab

p / \ .�.M0/CQ/ D �.M0/. In
particular, we have the following isomorphisms of Fp� modules:

U

M
'

U

M
'

Uab
p

M0

'
�.Uab

p /

�.M0/
'
�.Uab

p /CQ

�.M0/CQ
�

Let Nbi D biU be the images of bi 2 G in � D G=U and let W WD .Fp�/d=Q. The
condition u.y/ 2M for all y 2 U in Proposition 2.15 is equivalent to

.1C e1 Nb1 C � � � C es Nbs/
U

M
D ¹0º:

Therefore 1C e1 Nb1 C � � � C es Nbs annihilates the sub-quotient
�.Uab

p /CQ

�.M0/CQ
of W .

Recall a basic result from linear algebra.

Proposition 2.20. Let V be a vector space over a field F and let T W V ! V be a linear
transformation with a pair X � Y of T -invariant subspaces such that T .X=Y / D ¹0º,
i.e., T .X/ � Y . Then dimF kerT � dimF X=Y .

In particular, we deduce

(2.11) dimFp ker.1C e1 Nb1 C � � � C es Nbs/jW � dimFp U=M D k dimFp N:

We now investigate the structure of W . Let m WD j� W�j and choose coset represent-
atives 1; 2; : : : ; m for �=� in � . We can write Fp� D ˚miD1i .Fp�/ as a direct sum
where each factor i .Fp�/ D .Fp�/i is a free Fp�-module. In particular, (2.9) gives

RN .Fp�/ D
mM
iD1

RN .i .Fp�// D
mM
iD1

i RN .Fp�/:

Therefore

W D
.Fp�/d

RN ..Fp�/d /
D

� mM
iD1

iFp�

i RN .Fp�/

�d
:

Let Vi D
� iFp�
iRN .Fp�/

�d so thatW DV1˚ � � �˚Vm. If  2� , then the action of  onW
permutes the spaces V1; : : : ; Vm in the same way as  acts on �=�, namely Vi D Vj ,
where i� D j�.

We need the following elementary result.

Proposition 2.21. Let V D V1 ˚ � � � ˚ Vm be a vector space over a field F which decom-
poses as a direct sum of its subspaces V1; : : : ; Vm. Let s 2 N, and for i D 1; : : : ; s, let
Ti WV !V be bijective linear transformations preserving the above direct sum decomposi-
tion. Assume that for all iD1; : : : ; s and jD1; : : : ;mwe have Ti .Vj /2¹V1; : : : ;Vmºn¹Vj º.
Then

dimF ker.1C T1 C � � � C Ts/ �
s

s C 1
dimF V:

Proof. Let G �GL.V / be the subgroup of GL.V / generated by T1; : : : ;Ts . LetE1; : : : ;Er
be the orbits of G acting on the direct summands ¹V1; : : : ; Vmº, and for j D 1; : : : ; r ,
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define Vj D ˚Vi2Ej Vi . Since each Vj is invariant under G and satisfies the same hypo-
thesis as V , it will be sufficient to prove the claimed inequality for each Vj in place of V ,
and then add them for j D 1; : : : ; r . Therefore without loss of generality we may assume
that G acts transitively on V1; : : : ; Vm. In particular, since dimVi D dimg.Vi / for each Vi
and each g 2 G , we have dimV1 D � � � D dimVm.

Let t D d m
sC1
e. We construct inductively a sequence Va1 ; : : : ; Vat as follows: put

Va1 D V1, and for i D 2; : : : ; t , choose Vai to be any element in

¹V1; : : : ; Vmºn
� i�1[
jD1

®
Vaj ; T1.Vaj /; : : : ; Ts.Vaj /

¯ �
:

Such Vai exists as long as .i � 1/.s C 1/ < m, i.e., i � t .
Let �i WV ! Vi be the projection onto Vi . The choice of ¹Vai º

t
iD1 ensures that for all

pairs 1 � j < i � t ,

�ai ı .1C T1 C � � � C Ts/.Vaj / D ¹0º;

while the condition Tr .Vai / 6D Vai for r D 1; : : : ; s ensures that

�ai ı .1C T1 C � � �Ts/jVai D 1Vai :

It follows that the t subspaces ¹.1C T1C � � � C Ts/.Vai /º
t
iD1 generate their direct sum

in V . Moreover, dim.1C T1 C � � � C Ts/.Vai / D dimVai D dimV1 for all i D 1; : : : ; t .
Therefore,

dim.1C T1 C � � �Ts/.V / � t dimV1 �
m

s C 1
dimV1 D

1

s C 1
dimV;

and Proposition 2.21 follows from the rank-nullity theorem.

Let J.Fp�/ be the Jacobson ideal of Fp�. By the theory of semisimple algebras, the
multiplicity of N in Fp�=J.Fp�/ is equal to c WD dimE N , where E D End�.N / is a
finite extension field of Fp . Therefore Fp�

RN .Fp�/
' N c , and hence

dimFp W D d �m � c � dimFp N;

where d D d.G/ and m D jG WH j D j� W�j.
Apply Proposition 2.21 with V D W , Vi D

� iFp�
iRN .Fp�/

�d and Tj .x/ D ej Nbjx for

x 2 W and j D 1; : : : ; s. Since Nbj 62 �, we have Nbj i� 6D i� for any coset i� and
hence NbjVi 6D Vi . We deduce

dimFp ker.1C e1 Nb1 C � � � C es Nbs/jW �
s

s C 1
dimFp W D

s

s C 1
d �m � c dimFp N:

From (2.11), we have dimFp ker.1 C Nb1 C � � � C Nbs/jW � k dimFp N , and therefore
k � .sdmc/=.s C 1/ On the other hand, if we set d 0 D d.H/ D d.Lk/, Theorem 2.7
gives

k > .d 0 � 2/c � dimE H
1.L=N;N /:
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Moreover, since N is a faithful L=N -module, we have jH 1.L=N; N /j < jN j by The-
orem A of [3], and therefore k > .d 0 � 2/c � c D .d 0 � 3/c. Hence

.d 0 � 3/c < k �
sdmc

s C 1

and so d 0 < .sdm/=.s C 1/C 3. Now

sdm

s C 1
C 3 D

.2s C 1/.d � 1/m

2s C 2
C 1C C;

where

C D
2s C 1

2s C 2
mC 2 �

dm

2s C 2
< mC 2 � 3m � 0;

since d D d.G/ > 6.s C 1/. Therefore,

d 0 D d.H/ <
sdm

s C 1
C 3 <

.2s C 1/.d � 1/m

2s C 2
C 1;

and recalling that m D j� W�j D jG WH j, we obtain

d.H/ � 1

jG WH j
D
d 0 � 1

m
<
2s C 1

2s C 2
.d � 1/ D ˛.s/.d.G/ � 1/:

The proof of Proposition 2.15 is complete.

2.8. Proof of Proposition 2.19

First we show that it suffices to prove Proposition 2.19 in the special case when H D G .
Let d D d.G / and let Bd be the graph with a single vertex and d edges, namely the
bouquet of d circles. We identify G with �1.Bd /, the fundamental group of Bd . Let QBd
be the universal cover ofBd ; this is just the Cayley graph of G . The cellular chain complex
R1 WD C�. QBd ;Fp/ of QBd together with the action of G by translation on QBd results in the
free FpG - resolution of Fp:

R1 W 0! .FpG /d ! FpG ! Fp ! 0:

Let Z be the quotient graph of QBd by the action of H � G . Then Z is a cover of Bd
of degree jG WH j with fundamental group �1.Z/ D H . In fact, Z is the Cayley graph
of G=H with respect to the image of the generating set of G .

By contracting a maximal tree in Z to a point, we obtain a homotopy equivalence

˛ W Z ! Bd 0

of Z with the bouquet of d 0 circles Bd 0 , where d 0 D d.H / D .d � 1/jG WH j C 1. The
homotopy equivalence ˛ induces an isomorphism of fundamental groups ˛� WH D �1.Z/
! �1.Bd 0/, and we will identify H with �1.Bd 0/ via ˛� from now on. Moreover, ˛
induces a homotopy equivalence of chain complexes of FpH -modules between R1 D
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C�. QZ;Fp/ and the cellular chain complex R2 WD C�. QBd 0 ;Fp/ of the universal cover QBd 0
of Bd 0 , namely

R2 W 0! .FpH /d
0

! FpH ! Fp ! 0:

Specifically, there are chain maps of complexes of FpH -modules Q̨�WR1 ! R2 and
Q̌
�WR2!R1 such that the composition Q̨� ı Q̌� (respectively, Q̌� ı Q̨�) is homotopic to the

identity map on R2 (respectively, R1). Passing to U-coinvariants by applying Fp ˝FpU �

(i.e., factoring out the action of U), we deduce that Q̨� and Q̌� induce homotopy equival-
ence between the complexes of Fp�-modules

.Fp�/
d ı 0

�! Fp� ! Fp ! 0 and .Fp�/
d 0 ı 00

�! Fp�! Fp ! 0:

In particular, there are Fp�-homomorphisms in degree 1, N̨ W .Fp�/d ! .Fp�/d
0

and
ŇW .Fp�/d

0

! .Fp�/d , which induce mutually inverse bijections betweenX1 D kerı0 and
X2 D ker ı00. The canonical isomorphisms �i WUab

p !Xi from (2.10) give N̨ jX1 D �2 ı �
�1
1

and ŇjX2 D �1 ı �
�1
2 , since the homotopy ˛ induces the identity on the fundamental

group H with our identification.
Let S be a Fp�-module and let f WUab

p ! S be a Fp�-homomorphism. If f D
� ı �1 for some � 2 Hom�..Fp�/d ; S/, then f D � ı �2, where � WD � ı Ň belongs to
Hom�..Fp�/d

0

;S/. Conversely, if f D � ı �2 for � 2Hom�..Fp�/d
0

;S/ then f D � ı �1
with � WD � ı N̨ in Hom�..Fp�/d ; S/.

Hence the validity of Proposition 2.19 depends only on the presentation

1! U! H ! �! 1;

without reference to G , and we may assume from now on that G D H and � D �.
Let us restate the notation of Proposition 2.19 in this setting.
Let d D d.G / and fix a generating set x1; : : : ; xd of G . The isomorphism � WUab

p !

.Fp�/d given by (2.10) completes the exact sequence of Fp�-modules

0! Uab
p

�
�! .Fp�/

d
! Fp� ! Fp ! 0

associated to the presentation 1! U! G ! � ! 1.
Let K be a normal subgroup of G with ˆ.U/ � K � U. Let S be the Fp�-module

U=K and let f 2 Hom�.U
ab
p ; S/ be the map uˆ.U/ 7! uK (u 2 U). We need to show

that f lifts to a Fp�-homomorphism � W .Fp�/d ! S such that f D � ı � if and only if
U=K is complemented in G=K .

We have the following basic result.

Proposition 2.22. The group U=K is complemented in G=K if and only if there is a
homomorphism �WG ! G=K such that

(P1) �.y/ � yK mod U=K for each y 2 G , and

(P2) U � ker�.

Proof. Suppose there is a homomorphism �W G ! G=K with properties (P1) and (P2).
Define ‚ WD �.G / � G=K . Suppose �.x/ 2 .U=K/ \ ‚ for some x 2 G . From (P1),
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xK � �.x/ mod U=K and therefore x 2 U. By (P2), we have �.x/ D 1 and we have
proved ‚ \ .U=K/ D 1G=K . In addition, (P1) gives ‚ � .U=K/ D G=K . Therefore ‚
is the required complement to U=K .

Now assume that ‚ � G=K is a complement to U=K . For i D 1; : : : ; d , we can
write xiK uniquely as xiK D ziyi , with zi 2 ‚ and yi 2 U=K . Define �.xi / D zi
(i D 1; : : : ; d ) and extend � to a homomorphism �WG ! ‚ � G=K . By its definition, �
satisfies (P1). If u 2U, then (P1) with y D u shows �.u/ 2U=K . Thus �.u/ 2 �.G /\
U=K D ‚ \U=K D ¹1H=Kº and hence u 2 ker�. Therefore (P2) holds as well.

The maps �W G ! G=K which satisfy property (P1) from Proposition 2.22 are in
bijective correspondence with maps hW G ! S D U=K defined by �.g/ D h.g/gK for
each g 2 G . We observe that � is a group homomorphism if and only if

h.g1g2/ D h.g1/
g1h.g2/ 8g1; g2 2 G ;

that is, h is a derivation from G into S (where, as usual, G acts on S via the projection
G ! � D G=U).

In addition, � satisfies property (P2) if and only if h.u/uK D 1U=K for all u 2 U,
which in the additive group .S;C/ becomes h.u/ D �f .uˆ.U// for each u 2 U.

In summary, the above discussion shows that U=K is complemented in G=K if and
only if there is a derivation hWG ! S such that

(2.12) h.u/ D �f .uˆ.U//; 8u 2 U:

A derivation hW G ! S is specified uniquely by its values si WD h.xi / 2 S on the
generating set x1; : : : ; xd of G , and then h is determined by

h.w/ D

dX
iD1

@w

@xi
si 8w 2 G :

Here @w=@xi 2 FpG are the Fox derivatives of the group algebra FpG and y 7! Ny 2 Fp�
is the reduction FpG ! Fp� of FpG modulo its ideal generated by U � 1. For a proof,
see [4], §IV.2, Exercise 3.

Recall the description of � WUab
p ! .Fp�/d in (2.10):

�.uˆ.U// D
� @u
@x1

; : : : ;
@u

@xd

�
; 8u 2 U:

Let � W .Fp�/d ! S be the homomorphism defined by �.a1; : : : ; ad /D
Pd
iD1 aisi for

all ai 2 Fp� .
Combining the formulas for h and � above, we obtain h.u/ D � ı �.uˆ.U// for all

u2U. Hence the condition (2.12) required from the derivation h is equivalent to�f .x/D
� ı �.x/ for each x 2 Uab

p , i.e., f D .��/ ı �. Proposition 2.19 follows.
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