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On profinite groups with positive rank gradient

Nikolay Nikolov

Abstract. We prove that a profinite group G with positive rank gradient does not
satisfy a group law. In the case when G is a pro-p group, we show that G contains a
nonabelian dense free subgroup.

1. Introduction

Let G be a finitely generated group. We denote by d(G) the minimal number of generators
of G, with the convention that if G is a profinite group then d(G) is the minimal number
of topological generators. When p is a prime, dp,(G) will denote the minimal number of
generators of the pro-p completion of G, that is, dp(G) = dimg, %, where ®(G) =
G?|G, G] is the p-Frattini subgroup of G.

Assume additionally that G is residually finite. Let G > H; > H, > --- be a chain of
normal subgroups H;, each having finite index in G and such that N; H; = {1}. The rank
gradient of G with respect to (H;) is defined as

d(H;)—1

RG(G. (H:)) := lim ==
Ry

When (Hj;) is a chain of normal subgroups as above and additionally |G : H;| is a power
of p foralli € N, we define the p-gradient RG, (G, (H,)) in the same way:

dp(Hi) -1 .

RG,(G. (Hy) = Jim 5 2t
-1

From Schreier’s inequality d (H;) — 1 <|G: H;|(d(G) — 1) and its pro- p analogue, we
deduce that RG(G, (H;)) and RG, (G, (H,)) exist as a limits of monotonic non-increasing
sequences.

It is an open problem whether the rank gradient depends or not on the choice of the
chain (H;), and this is related to the fixed price problem of topological dynamics, see [2].
In any case, we set

d(H) -1 ’H<f G},
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where the infimum is taken over all subgroups H of finite index G, and define RG,(G)
similarly:

dp(H) —1

RG,(G) := inf{ R

|H <G, |G:H| = pk, keN}.

Suppose M is a subgroup of finite index of G. An easy exercise with the Schreier
inequality gives that the infimum in the definition of RG(G) can be restricted to the set of
finite index subgroups H of G contained in M. So we have

RG(M) = |G: M| -RG(G).

When G is a profinite group, we define the rank gradient RG(G, (H;)) of G with
respect to chains of open normal subgroups H; with N H; = {1} using the same expression
as above. In that case, a compactness argument shows that RG(G, (H;)) does not depend
on the choice of the sequence (H;) and is equal to RG(G).

Starting with the work of Lackenby [8], there has been a lot of interest in rank gradi-
ent of abstract residually finite groups, see e.g. [1, 2, 9]. It is tempting to believe that
finitely generated abstract groups with positive rank gradient are in some way related to
free groups. Notable progress in this was obtained by Lackenby [9], who proved that
finitely presented residually p-groups with RG,(G) > 0 are large (meaning that a finite
index subgroup has a free nonabelian homomorphic image). However, Osin [10] and
Schlage-Puchta [11] constructed residually finite torsion groups with positive rank gradi-
ent, showing that the finite presentability condition in Lackenby’s theorem cannot be
omitted, and indeed the connection with free groups is not true in general.

In this paper we will focus on profinite groups, where the relationship between positive
rank gradient and free groups is more compelling. Our main result is the following.

Theorem 1.1. Let G be a finitely generated profinite group with positive rank gradient.
Then G does not satisfy a nontrivial group law.

A key ingredient in the proof is the following result of Dalla Volta and Lucchini [7]:
the minimal size of a generating set of a finite group G registers in some quotient G which
is a crown-based power, see Theorem 2.8 below.

Theorem 1.1 is related to the following question of A. Thom.

Question 1.2 (A. Thom). Let I' be a residually finite non-amenable group. Must the
profinite completion T of I" contain a nonabelian free group?

A positive answer to Question 1.2 implies Theorem 1.1, since a dense finitely gener-
ated subgroup I" of G must be non-amenable (see Theorem 5 in [1] or Theorem 3 in [2]).
Therefore, if I" contains a free group, then I' (and hence G) cannot satisfy a non-trivial
group law.

A positive answer to Question 1.2 will also imply the following.

Conjecture 1.3. Let ' be a finitely generated residually finite group which satisfies a
non-trivial group law. Then RG(T") = 0.

While we could not prove this conjecture, Theorem 1.1 implies the following weaker
result.
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Corollary 1.4. Let T be a finitely generated residually finite group which satisfies a non-
trivial group law. Then
d(A®) —1
inf { === ( A<sT)=0,
IT:A| Y
where T'® = T'/[T", '] denotes the abelianization of T and the infimum is taken over all
subgroups A of finite index in T

Indeed, let G = I" be the profinite completion of I". Since G satisfies the group laws
of I', Theorem 1.1 gives RG(G) = 0. In particular,

d(Gi) -1
|G : Gil

for some sequence of open subgroups G; of G. Let I'; = ' N G; and observe that G; is
the profinite completion of I';, hence d(Ffb) = d((I';)*®) < d(G;). Corollary 1.4 follows.

Question 1.2 has the following profinite version.

Question 1.5. Must a profinite group with positive rank gradient contain a nonabelian
free subgroup?

A coset identity on a group G is a nontrivial group word w(xy, ..., xx) in k letters,
a normal subgroup H of finite index in G, and k cosets g1 H, ..., gx H from G/H, such
that w(gihy,...,gxhx) = 1 forall hy,...,hy € H.In case G is a profinite group, we
also require that H is open in G.

An affirmative answer to Question 1.5 will follow if one can prove that a finitely
generated profinite group with positive rank gradient does not satisfy a coset identity.
While the author believes that this is true, the method of proof of Theorem 1.1 does not
give it. We will prove the following.

Theorem 1.6. Let G be a finitely generated profinite group which satisfies a coset identity
of length m. Assume that d(G) > 6m. Then G has an open normal subgroup H with

d(H) -1

G H| <a(d(G)—-1),

where . = 2m — 1)/ (2m).

Theorem 1.1 is easily deduced by repeated applications of Theorem 1.6. We cannot
use the same method to answer Question 1.5 because, unlike group laws, coset identities
may not induce coset identities on subgroups.

We prove an affirmative answer to Question 1.5 in the case of pro-p groups.

Theorem 1.7. Let G be a finitely generated pro-p group with positive rank gradient.
Then G contains a dense non-abelian free subgroup.

The proof of Theorem 1.7 is much shorter than the proof of Theorem 1.1. It relies on an
application of Schlage-Puchta’s result [11], together with Lie algebra methods originally
developed by Wilson and Zelmanov [12] to study Golod—Shafarevich groups, as well as
Zelmanov’s results [13] on Lie algebras with identities.
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2. Proofs

All modules in the paper will be left modules, and to be consistent, we will write group
actions on the left as well. This applies in particular to conjugation: for two elements a, b
of a group G we write b := aba~!. For sets X and Y, we write X\Y for the elements
of X outside Y. By way of contrast, G/H := {xH | x € G} will denote the left cosets of
a subgroup H of a group G.

2.1. Proof of Theorem 1.7

Recall the following useful result of Levai and Pyber. We add a proof of it for complete-
ness.

Proposition 2.1 (Levai—Pyber, 1998). A pro-p group G contains no dense non-abelian
free subgroups if and only if G satisfies a coset identity.

Proof. A coset identity of G induces a coset identity on its dense subgroups. Therefore,
if G satisfies a coset identity, G has no dense non-abelian free subgroups.

Conversely, suppose G has no dense non-abelian free subgroups. Let g1, ..., gx be a
topological generating set of G; without loss of generality we can take k > 2. Let Y =
(g19(G)) x --- x (gx®(G)). Then Y is a closed and open subset of GK = G x --- x G
(k times). Note than any tuple y = (y1,..., yx) € Y generates a dense subgroup I'y :=
(¥1,....yk) of G. Since I'y is not a free group, there is a reduced word w # 1 in the free
group Fj on k letters such that w(yy,...,yx) = 1.

It follows that Y = Uy, ep,\{1}Zw, Where

Zy={y=01..... ) €Y |wy1,....yx) = 1}.

Each Z,, is a closed subset of Y. Since Y is compact, Hausdorff and a union of count-
ably many closed sets Zy,, the Baire category theorem implies that some Z,,, contains a
nonempty open set. The base of the topology of G is given by cosets of open normal sub-

groups. Therefore there are some open normal subgroup H of G and cosets u; H, ..., ux H
such that (u1 H) x -+ x (ux H) € Zy,,. This means wo(u1H, ..., uxH) =1,and so G
satisfies a coset identity. ]

For a group I" and a prime p, we recall (D, (I"))72,, the Zassenhaus filtration of I',

definedby D,(T") ={g eT'| g— 1€ 1"}, where [ is the augmentation ideal of the group
algebra I, I". The Lie algebra £, (I") is defined as

X Di(D)
£, = _—
() gDi+l(F)

with Lie bracket [gD;11(T"), ¢’ Dj+1(T)] = [g. &']1Di+j+1(T) for all g € D;(T") and
g’ € D;(T"). The following was proved in [12].

Theorem 2.2. Let I" be a residually finite p-group which satisfies a coset identity. Then
&£, (I) satisfies a Lie algebra identity.
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We shall need the following variation of a result of Schlage-Puchta proved in [11] in
the case when I is a free group.

Theorem 2.3. Let p be a prime integer and let I" be a finitely generated group with an
infinite chain I' > 'y > -+ of normal subgroups of p-power index in T". Let

[ = lim(I'/T)

be the completion of T" with respect to (I';) and assume that RG, (f )>0.ThenT has a
quotient A with a chain (A;) such that RG, (A, (A;)) > 0 and A is an infinite residually
finite p-torsion group.

This theorem can be deduced easily from the results in [11], and for completeness we
give a proof of it in the next subsection. We continue with the proof of Theorem 1.7. Sup-
pose that the claimed result is false and that G is a pro- p group which is a counterexample.
By Proposition 2.1, G satisfies a coset identity. Let (G, ) be a chain of normal subgroups
with trivial intersection in G. We choose a finitely generated dense subgroup I' inside G
andlet I'; = G; N T'. Foreachi € N we have G/G; >~ T"/T';, and therefore the profinite
completion of I" with respect to (I';) is G.

Since RG,(G) > 0, Theorem 2.3 implies that I' has an infinite p-torsion quotient A.
On the other hand, since G satisfies a coset identity, then so does I' and its quotient A.
Therefore by Theorem 2.2, &£, (A) satisfies a Lie algebra identity. In addition, every homo-
geneous element of &£,(A) is ad-nilpotent since A is p-torsion. By Theorem 1.1 of [13],
the Lie algebra &£,(A) is finite dimensional and hence A must be finite, a contradiction.
Theorem 1.7 follows. ]

2.2. Proof of Theorem 2.3

Let F be a nonabelian free group and let g € F'\{1}. We define v (g) as the largest integer

k > O such that g = hP* for some h € F. For completeness, we set vg (1) = oo.
For a subset X C F, define

Sr(X) = Z p_VF(g)’

geX

with the convention that § f (X)) = oo if the above sum diverges.
Observe thatif g € X withvp(g) > 1,then g € F? < O(F), where ®(F) = FP[F, F]
is the p-Frattini subgroup of F. In particular, p~"F (&) = | for every g € X \®(F), giving

2.0 | X\®(F)| = 8r (X).

The following technical result is proved in [11] as part of the proof of Theorem 2 there.

Lemma 2.4. Let F be a nonabelian free group and let N = (FX) < F be a subgroup
which is the normal closure in F of a set X. Let H be a subnormal subgroup of F with
H > N and |F:H| = p" for some n € N. Then N contains a subset Y C ¥ X such that
N = (7Y is the normal closure of Y in H and §g(Y) < |F:H| - 8¢ (X).
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We are now ready to prove Theorem 2.3. Adopt the notation and hypothesis of the
theorem and let ¢ = RG, (f ). Let F be a free group projecting onto I". Without loss of
generality we may assume that ' = F/M, where M is a normal subgroup of F. Let F;
be the normal subgroups of F* such that I'; = F; /M. We define the open subgroups of F
to be the preimages of the open subgroups of I' under the composition FF — I' — T.
Specifically, a subgroup H of F is open if H contains some F;.

Let wy, wy, ... be an enumeration of the elements of F'\{1}, and define

ml my
X ={wl wi”, ..},

where m; < my < --- is a sequence of integers such that Y ;o p™™ < g/2.

Let N = (FX) be the normal closure of X in F, and note that by construction we
have that § (X) < ¢/2 and that F/N is a p-torsion group.

LetT := F /M N and define the open subgroups of I to be the images of the open
subgroups of F, i.e., a subgroup H = % < Tisopenin I if H contains some F;. We
will prove the following.

Proposition 2.5. Let H be an open subgroup of . Then there is an open subgroup A
of Twith H > A > ®(H) and

o~ 1 -~ -~
dp(H/A)—1> 58|F:H|.

Proof. Letn = |T':H|andlet H = H/NM, where H > NM is an open subgroup of F
with | F: H| = n. Denote by L the closure of H/M <T inside I'; this is an open subgroup
of I of index n. Since RG, (") = ¢, we have (d,(L) — 1)/n > &.

We have dp(L) = dimg,(L/®(L)), where the Frattini subgroup ®(L) is an open
subgroup of L and of I.

Let B/M = ®(L) N T'. Thus B is an open subgroup of F with H > B > ®(H)M
and d,(H/B) = dimg,(L/®(L)) > 1 + en.

By Lemma 2.4 applied to N = (FX) and the open subgroup H > N, we deduce that
N = (7Y) is the normal closure in H of aset Y with g (Y) < |F:H|-8p(X) < en/2.
Let A = NB, since A > B this is an open subgroup of F and so A= A/MN is an open
subgroup of . Wehave H > A > O(H)MN and hence H>A> @(FI). Let Y, be the
subset of Y outside ®(H). By (2.1), we have |Yy| < Sy (Y) < en/2. Since H/B is an
elementary abelian p-group, we have A = NB = (Y,) B and

en

O H H &n

Observe that since d), (H / /I) > 1, it follows that H > A. Proposition 2.5 follows. ]

We can apply Proposition 2.5 successively to find a sequence i=T>T0y>-of
open subgroups of T such that I'; > T;+; > ®(T}) and
d (F /Fl-‘rl) - 1 &

T T 72

foralli € N. Noting that I"isa p-torsion group, Theorem 2.3 follows by setting A = T'/ U
and A; =T/ U, where U = N2 F |
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2.3. Proof of Theorem 1.1

Suppose G satisfies a non-trivial group law of length m. We will show that RG(G) = 0.
This is clear if G has a subsequence of subgroups (G;)72, such that d(G;) is bounded
and |G :G;| — oo. Therefore we may assume that d(H) — oo as H ranges over all open
subgroups of G and |G : H| — oo. In particular, there is an open subgroup Go < G such
that d(H) > 6m for all open subgroups H < Gy. Since RG(Gy) = |G :Gy| - RG(G), it
is sufficient to show RG(Gy) = 0. Hence by replacing G with Gy we may assume that
d(H) > 6m for any open subgroup H of G.

Since a group law is also a coset identity of G, Theorem 1.6 gives that G has an open
normal subgroup H with dl(gl)q_‘l <a(d(G)—1),wherex = 2m — 1)/(2m).

By replacing G with H and iterating Theorem 1.6 n times, we obtain a sequence of
open subgroups H, < H,—1 <--- < Hy < Hy = G such that d(H)-1 a(d(H;) —1)

|Hi—1:H;]
for each i, giving that % < a"d(G). Since o < 1, by letting n — o0, we obtain

RG(G) < RG(G, (H;)) = 0.

2.4. Proof of Theorem 1.6

Without loss of generality, we may assume that the length m of the coset identity on G
is minimal possible. Let F'(X) be the free groupon X = {xy,...,xx}. Let w(xy,...,xx) €
F(X) be a reduced group word of minimal length m which is a coset identity on G.

Thus there are an open normal subgroup H of G and elements gy, ..., gx € G such that
w(g1H,...,gxH) = 1.

Let w(xy,...,Xx) = wiWs -+ Wy, Where w; = xf,." fori =1,...,m,withg; € {x1}
and x; € X. Put u; = wy...,w; for j =1,...,m. We will refer to u; as the ini-

tial subwords of w. Without loss of generality, we may assume #; = &; = | so that
Uy = w; = x1. Moreover, Wy, # wl_1 = xl_l, otherwise w will be conjugate to the shorter
identity wy -« Wpy—1.-

We claim that by passing to a G-normal subgroup of H and replacing g; with appro-
priate elements from g; H, we may assume that the evaluations of the initial subwords
hj :=uj(g1,...,8k) are non-trivial for j =1,2,...,m — 1.

Indeed, suppose that we have obtained that Ay, ..., h,—1 # 1 for some r < m. Now
replace H with a smaller open normal subgroup of G suchthath; ¢ H for j =1,...,r—1.
For any choiceof x; € H (i =1,...,k), we have u;(g1X1,...,gkxXx) = h; mod H and
in particular u;(g1x1,...,8kXk) # 1 for j =1,...,r — 1. As r < m, by the minim-
ality of m, the word u, is not a coset identity of G and therefore we can find elements
x; € H withu,(g1x1,...,8kxx) # 1. Replace g; with g; x; and we have achieved /; # 1
forj =1,...,r.

Repeating this procedure, increasing r one at a time, we obtain that Ay, ..., hy,—q # 1,
proving the claim.

Next, by replacing H with a smaller open normal subgroup of G, we may assume that
hi¢gHforj=12,....m—1

Choose an element y € H and write w(yg1, g2,...,8%) = u - w(gy,..., k), Where
u = u(y) € H can be written as a product of several conjugates of y*1:

u(y) =y Pyt Byl
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Here s > 0 is the number of occurrences of xlil among the wy, ..., wy, ¢; € {£1},

and (b1, ..., bs) is a subsequence of (hq, ..., h,—1). Notice that we use the fact that

wm # x7 ! here to remove the possibility that the last by could end up equal to h,, =

w(gi,...,8k) = 1.Since H isnormalin G and y € H, we have yg, € g1 H and therefore

w(yg1,82,..-,8%) = w(g1,82,-..,8) = 1. We conclude that u(y) = 1 forall y € H.
We now arrive at the main technical result of this paper.

Theorem 2.6. Let G be a profinite group with an open normal subgroup H and consider
elements by, ..., by € G\H. Let e; € {x1} fori = 1,...,s. For any y € H, define
u(y)=y-biyer .. bsyes and assume u(y) = 1 forall y € H. Assume that d(G) > 6s + 6.
Then
d(H)—1
|G:H|
where o = a(s) = 25 + 1)/(2s + 2).

<a(d(G)—1),

Since s < m — 1, we have a(s) < 2m — 1)/(2m), and Theorem 1.6 follows from
Theorem 2.6 and the above discussion.

Note that if s = 0 then u(y) = y, which implies that H = {1} and the claimed inequal-
ity holds trivially. Therefore without loss of generality we may assume that s > 1 (and
hence H # G) in the rest of the argument.

For a profinite group H, the minimal number of generators d(H) is the minimum of
d(H) for all finite topological images H of H.Hence in order to prove Theorem 2.6 we
may assume that H and G are finite groups. We shall also need more information on the
minimal quotients of H which realize d(H) and the notion of a crown-based power.

2.5. Crown-based powers

Let L be a non-cyclic finite group with a unique minimal normal subgroup N. If N is
abelian, then we also require that N has a complement in L. For k > 2, the crown-based
power Ly of L is defined as

L, ={(ai,...,ax) € Lk |aiN = a,N =--- =apN},
where L¥ = L x L x --- x L (k times). For later use, we define the projections
2.2) ti: Ly —> L, ti(ay,...,ar)=a;, V(ai,...,ax) € Ly, i=1,...,k,

and note that 7 (x) = --- = tx(x) mod N for every x € Ly.

The precise relationship between d(Lg) and the integer k is established in the fol-
lowing theorem from [5]. When N is nonabelian, by P, n(d) we denote the probability
that d random elements of L generate it, provided they generate L /N. By Theorem 1.1
of [7], we have 53/90 < Pr n(d) < 1.

When N is abelian, then N is a simple faithful L/N-module and we denote E =
Endz,n (), a finite field.

Theorem 2.7 ([5], Theorem 2.7). Let Ly be a crown-based power of L and choose an
integer d > d(L). Then d(Ly) < d if and only if one of the following holds:

(1) The group N is abelian and k < (d — 1)dimg N —dimg H'(L/N, N).

(2) The group N is nonabelian and k < Pp n (d)|N|d/|CAm(N)(L/N)|.
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Crown-based powers are the minimal among the d-generated finite groups in the fol-
lowing sense.

Theorem 2.8 ([5], Theorem 1.4). Let H be a finite group with d(H) = d > 2. Then H
has a normal subgroup M < H such that H/M is isomorphic to some crown-based
power Ly as above with d(Ly) = d > d(L).

Before we start the proof of Theorem 2.6, we recall some standard notation. Let A be a
group with a (left) action of a group H on A by automorphisms. By a H -chief factor of A
we mean a section Y /X, where X and Y are normal H -invariant subgroups of A such
that there are no H -invariant normal subgroups Z of A with X < Z < Y. Further, we say
that two H -groups A and B are H -isomorphic if there is a group isomorphism 7: 4 — B
which is compatible with the action of H,i.e.,h-m(a) =m(h-a)forallh € H anda € A.

When A = H and the action of H is given by conjugation, we shall refer to the H -
chief factors of H as the chief factors of H. We will need two additional technical results.

Proposition 2.9. Let H be a finite group with a normal subgroup U. Let K; < U be k
distinct normal subgroups of H such that U/K; is a chief factor of H fori = 1,... k.
Then (C1) = (C2) = (C3) below.

(C1) Each U/K; is non-abelian.

(C2) Foreachi =1,2,...,k, we have K; # Nj4; K;.

(C3) The diagonal homomorphism U — Hf;:l (U/K;) induces an isomorphism

ﬁ
N; K; K;

i=1
Proof. We will first show that (C2) implies (C3). Let R be the intersection of K5, ..., Kk.
By assumption K; # R and hence K; < K1 R = U, by the maximality of K; in U.
Therefore

v _Uv U U
n*_,K;, KiNR " KR
The subset K>, ..., Kj satisfies (C2) as well, and hence the conclusion follows by induc-
tion on k.

Next we show that (C1) implies (C2). Indeed, suppose that K; contains ﬂf.‘zzK,- and
choose a subset X C {Kj>, ..., Kx} minimal with respect to K; > Ng,ex K;. Then X
satisfies (C2), and therefore the diagonal homomorphism induces an isomorphism

U U

N
mK,'GX Ki K;eX Ki

Let K be the image of K;/(Nk,ex K;) in HK,-eX(U/Ki)~ Since K1 K; = U for each
K; € X, we have that K projects onto each direct factor U/K; of [lk,ex(U/Ki). In
particular, since K is a normal subgroup, it follows that

K > [K.(U/K)] = [(U/K:). (U/Ki)] = U/K;

for each K; € X, since U/ Kj is perfect being a nonabelian chief factor of H.
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Therefore K =[] k;ex (U/K;) giving Ky = U, contradiction. Hence (C1) implies (C2)
as claimed. ]

We will also need the following result which detects crown-based powers.

Proposition 2.10. Let L be a noncyclic finite group with a unique minimal normal sub-
group N. If N is abelian, assume additionally that N is complemented in L. Let H be

a finite group with a normal subgroup U. Let K; < U fori = 1,...,k be pairwise dis-
tinct normal subgroups of H together with an isomorphism o: H/K; — L such that
a(U/Ky1) = N.

Assume that for eachi = 1,2...,k, there is an isomorphism B;: H/ K; — H /K such
that B;(hU/K;) = hU/K, forallh € H.

Then H/(ﬂf»‘=1 K;) is isomorphic to a crown-based power Ly for some k' < k. Moreo-
ver, if N is non-abelian, then k' = k.

Proof. If thereis some i € {1,...,k} such that K; > N;; K;, then we can omit K; from
our list of normal subgroups and the statement to be proved remains unaffected. Therefore
we may assume that each K; does not contain the intersection of the rest of the K;. By
Proposition 2.9, this is automatically the case if N is non-abelian.

Foreachi =1,...,k,let 8;: H — L be the composition B;(h) = « o 8;(hK;) with
the kernel K;, and note that

(2.3) Br(W)N = Bo(W)N = --- = Br(h)N, Vh e H.

Consider the map §: H — LK defined by §(h) = (51(}1), . ,,gk (h)) for all h € H and
note that ker § = N; K;. Moreover, the image of § is a subgroup of L by (2.3) above.

By Proposition 2.9, we have U/(NK;) ~ [ [;(U/K;) since condition (C2) holds. Com-
paring sizes of H/(N; K;) and L, we deduce that 6(H) = Ly, as required. (]

2.6. Proof of Theorem 2.6: Reduction

Suppose first that G has a subgroup N with N > H and d(N) < d(G). In particular,
|G : N| > 2. Using the Schreier inequality and the fact that a(s) > 1/2, we obtain

d(H) =1 _d(N)-1 _d(G)-1

|G:H| ~ |G:N| S <e)d(G) - 1.

Theorem 2.6 follows.
From now on we shall assume that

2.4) d(N) > d(G) > 65 + 6

for any subgroup of G with N > H.

In particular, d(H) > d(G) > 2 and hence Theorem 2.8 applies to H. Let M be the
normal subgroup of H provided by Theorem 2.8. So H/M is isomorphic to some crown-
based power Ly as above with d(Ly) = d(H).

In this section we will reduce the theorem to proving Proposition 2.15, which assumes
that M is normal in G. We will refer to the chief factors of H as H -chief factors.
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Let U/M be the socle (i.e., the product of the minimal normal subgroups) of H/M.
Thus U is normal in H and U/M is isomorphic to N¥, where each summand N is an
H -chief factor.

Let J = Ng(U) and choose representatives a; = 1,as,...,a, in G for the left
cosets G/J of J. Define Uy = U, U, = “2U, ..., U, = % U, these are the distinct con-
jugates of U in G.

We define
Ti= ()M (=12...r.
gea;J
In particular, Ty = Ngey M is normalized by J and T; = T ;. Proposition 2.12 below
will show that T, ..., T, are all distinct and in particular the action of G by conjugation
on Uy, ..., U, is the same as the action of G on T4, ..., T.

By definition, U; / T; is a subdirect product of all the U; / 8M with g € a; J. Moreover,
for g € a; J we have H/ &M ~ L with U;/8M ~ N In particular, U; / M is a direct
product of k H -chief factors, each being a g-conjugate of a H -chief factor appearing
inU/M.

In particular, when N is abelian, then U;/T; is a semisimple H/U; module, all of
whose simple factors are faithful H/U;-modules.

When N is nonabelian, observe that an element [ € L\ N cannot act as an inner auto-
morphism on N, otherwise we get that Cr, (N) # {1}, contradicting the uniqueness of the
minimal normal subgroup N of L.

We summarise the above discussion in the following result.

Proposition 2.11. The H -chief factors of U; / T; are contained in the union of the H -chief
factors of U; | M for g € a; J. If C is a H-chief factor of U; |/ T; and h € H with h € U,

then conjugation by h induces a non-inner automorphism of C.

We define I = N/_, U; and T = N/_, T;. Then U and T are normal subgroups of G,
being the intersection of all G-conjugates of U and M, respectively.

Consider the diagonal homomorphism f: U — [];_, (U;/ T;) defined, for each y € U,
by f(y) = bT1,...,yT,). Wehavekerf = NI_, T; = T.

i=1"1
Proposition 2.12. The homomorphism { is surjective and induces an isomorphism 0/ T
— [1i=, Ui/ T;) with the conjugation action of G on U/ permuting the direct factors
U;/ T; in the same way as G acts on Uy, ..., U,.

Proof. The result is trivial if » = 1 and so we may assume r > 1. In particular, since
Ui # U;jfori # jand |H :U;| = |H :Uj|, it follows that U is a proper subgroup of U;
foreachi =1,2...,r.

Claim. UT; = U; foreachi = 1,2,...,r.

Assume this for the moment. Therefore Im(f) is isomorphic as an H-group to a sub-
direct product of all U; /T; fori = 1,...,r. Observe that for i # j every H -chief factor
of U;/T; is not H-isomorphic to any H-chief factor of U;/T;. Indeed, whenever C
is a H -chief factor of U;/T; Proposition 2.11 gives that the kernel of the composition
H — Aut(C) — Out(C) is precisely U;, and the groups U; and U; are distinct. This
proves that Uy /Ty, ..., U,/ T, do not share common H -chief factors. Now the Jordan—
Holder theorem gives that a subdirect product of these is in fact the full direct product.
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Therefore f is surjective. The preimage of the direct factor U; / T; under T is U N (N;j£; T}).
In particular, the groups 77, . .., T, are pairwise distinct. Thus the conjugation action of G
on Uy, ..., U, is the same as the conjugation action of G on 77, ..., T}, in turn this is the
same as the conjugation action of G on the r — 1 element subsets of {77, ..., T;} and this
results in the same action of G on the direct factors of [];_, (U;/ T}).

Proposition 2.12 follows once we prove the claim above.

Proof of Claim. Suppose UT; < U; and choose a subset X C {Uy,..., U,} of minimal
size subject to Nujex U; = U. Since G acts transitively by conjugation on the Uy, ..., Uy,
we may assume that U; € X. Since r > 1 and U # U;, we must have | X| > 1. Let R be
the intersection of all members of X \{U;}, thus R is a normal subgroup of H such that
U = U; N R. By the minimality of X, we have U; 2 R and we choose & € R\U;. Now
[U;, R] < U; N R = U and therefore R acts trivially by conjugation on Q = U; /UT;. In
particular, & centralizes every H -chief factor of Q and those are a subset of the H -chief
factors in U; / T;. This contradicts Proposition 2.11 since we chose & ¢ U;. Hence we must
have U; = UT;, and the claim is proved. [

Returning to the proof of Theorem 2.6, choose yg € Uy, and let y € U be such that
F() = GoTi, L 1., 1) € [T Ui/ Th).

Recall that conjugation by an element g € G sends the direct factor U; / T} to a differ-
ent direct factor U; / T; of ]_[;zl(U,-/T,-), unless g € Ng(U) = J.Let b, bi,,....b; be
the subsequence of those elements from by, . .., by which lie in J, in the same order.

It follows that T (u(y)) = (uo(y0)T1, *, - . . , *), where we write * for coordinates we
are not interested in, and

— biy %1 bi, i
uo(yo) 1= yo - "1yg " -yt

Since u(y) = 1, we must have ug(yo) € Ty forall yg € U;.
Suppose that we show that dl(ﬁ};ll <a(t)(d(J)—1). Then

dH) -1 _a@@d) =Dl H] _ d(J)—-1 _ ~
G:H] G:H] =) S5 Se0EG) -,

where the last inequality follows from Schreier’s bound d|(({;)1_|1 <d(G) — 1. Theorem 2.6

then follows from (2.5), since t < s and a(¢) < a(s).
By (2.4), we may assume that d(J) > 6s + 6. Therefore, by replacing G with J and
u(y) with uo(y), we have reduced Theorem 2.6 to the following.

(2.5)

Proposition 2.13. Let G be a finite group with d(G) > 6s + 6 for some integer s > 1.
Let H be a normal subgroup of G, let b; € G\H and ¢; € {£1} fori =1,...,s. Let
M < H be a normal subgroup of H such that H/M is isomorphic to a crown based
power Ly with d(Ly) = d(H) > d(L). Let U/M = soc(H/M) and assume that U is
a normal subgroup of G. Let T = Ngeg ¥M and assume that u(y) € T forall y € U,
where u(y) = y -bryer ... bsyes Thep
d(H)—1
|G H|
where a(s) = (2s + 1)/(2s + 2).

<a(s)(d(G) - 1),
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From now on, assume that G, H, M, T and u are as in the above proposition. Our next
aim is to reduce the proof to the case where M is normal in G, namely Proposition 2.15
below. It will turn out that U/ T is a direct product of crown based powers of L, but these
may be larger than H/M =~ L. More precisely, we have the following.

Proposition 2.14. There is a normal subgroup R of H with R < M such that
(1) we have H/R ~ Ly withk' > k,
(2) if R = Ry, R,, ..., R; are the distinct conjugates of R in G, then

T=RN---NR

and the diagonal homomorphism .U — ]—[le (U/R;) induces an isomorphism

U 1
(2.6) - H(U/R,-).

i=1

Under this isomorphism, the conjugation action of G on U/ T permutes the direct
factors U/ R; of ]_[le(U/R,-) in the same way as G permutes Ry, ..., R;.

Proof. We fix a surjection 7: H — Ly with 7(U) = N¥ andkerm = M.

Fori =1,...,k, let K; = ker(t; o ), where t;: Ly — L is the projection defined
in (2.2). It follows that each K; is a normal subgroup of H such that ﬂ;‘lei =M.
From the definition of Ly, we have that ¢; is surjective onto L and U = (¢; o w)"1(N),
therefore K; < U, H/K; >~ L and U/K; >~ N is a chief factor of H.Let §;: H/K; — L
be the isomorphism induced by ¢; o 7, that is, §; (hK;) := t; (;w(h)) for all h € H. For all
1 <i,j <kwehavet;(/) =t;(I) mod N forall/ € L. Therefore

2.7 Bi(hK;) = Bj(hK;) mod N, Vhe H.
LetY :={8K; | g € G, i = 1,...,k} and define an equivalence relation ~ on Y as
follows.

We say that K ~ K’ if there is an isomorphism «: H/K — H/K' such that « induces
the identity on H/ U, i.e., x(hU/K) = hU/K' foreach h € H.

For1 <i,j <k, wecan take @ = ﬂj_l o Bi: H/K; — H/Kj, which together with (2.7)
proves that K; ~ K.

We claim that the conjugation action of G on Y preserves ~. Indeed, if K ~ K’ with
isomorphism « as above, then for any g € G we have an isomorphism

fekoao fox: H/(K) — H/(K'),

where fg x: H/K — H/2K defined by f; x(xK) = 8x ¥ K (x € H) is the isomorphism
induced by the conjugation map on H. Therefore 8K ~ #K’, and the claim is proved.

Let Eq, ..., E; be the equivalence classes of ~ on Y. We showed that K; ~ K, ~

-- ~ K}, and without loss of generality we may assume {K,..., K} € E;. Recall that

Y:={¥K;|geG,i=1,...,k} Itfollows that E| intersects nontrivially each orbit of G

on Y. Therefore the conjugation action of G on Y induces a transitive action of G on the

equivalence classes of ~. Let R; = Nkeg; K and put R = R;. By Proposition 2.10, we
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have H/R ~ Ly, forsome k'’ > kand R < M = ﬂ’l'.‘lei. Further, ﬂleRi = Ngey 4 =
Ngeg #M = T, as required.

It remains to prove (2.6). If N is nonabelian, this follows from Proposition 2.9 since,
in that case,

U/T =U/(NkeyK) ~ [ U/K
KeY
with U/R; =~ HKEE,- U/K.

When N is abelian and K € Y, then H/K ~ L is a split extension isomorphic to
(U/K) x (H/U) and in particular, for K, K’ € Y, the relation K ~ K’ is equivalent to
the requirement that the two H/U-modules U/K and U/K' are isomorphic. Therefore,
ifi # j, the H-chief factors of U/R; are not isomorphic (as H-modules) to the H -chief
factors of U/ R; . Hence again the Jordan—Holder theorem implies that U/ (aH —1Ri), being

1
a subdirect product of all U/R;, must in fact be isomorphic to H5=1 (U/R)).

Finally, the preimage f~!({1} x --- x U/R; x -+ x {1}) of the direct factor U/R; of
]_[f:1 (U/R;) is equal to N;»; R; and of course G permutes the / — 1 element subsets of
{R1,..., R;}in the same way as G permutes Rq,..., R;.

Proposition 2.14 is proved. ]

Let R = R1, R», ..., R; be the normal subgroups of H from Proposition 2.14. Let
J1 = Ng(R;) be the normaliser of R; in G. Recall the identity u(y) = 1 mod T for all
y € U, whereu(y) =y -b1yet ... bsyes Letb;,, ..., b;, be the subsequence of by, ..., by
of elements b; € Jq, and let

€iy €iy

ug(y) 1=y - Py ... biry
We will use the diagonal map f:U — ]_[f=1(U /R;) from Proposition 2.14, namely

f(»)=(R1,...,yRy) forally e U.
We choose yg € U and let y € U be an element such that

I
) = oRy, ... 1) € [TW/R).

i=1

We have, just as before, f(u(y)) = (uo(yo), *, ..., *), and therefore u(yg) € Ry for all
Yo € U.

We have shown that H/R; is isomorphic to a crown based power L, with k1 > k,
and in particular d(Lg,) > d(Ly) = d(H). Since obviously d(Lk,) =d(H/R;) <d(H),
it follows that d(H/R1) = d(H).

Further, from (2.4) we have d(J;) > d(G) > 65 + s.

The inequality (2.5) with J; in place of J gives that Proposition 2.13 (and hence
Theorem 2.6) will follow if we prove

d(H) —1

YA <alt)-d(Jy) - 1).

Therefore we can replace G with J;, M with R and u with u, and we are reduced
to proving the following result.
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Proposition 2.15. Let G be a finite group with d(G) > 6s + 6 for some integer s > 1.
Let H be a normal subgroup of G, let b € G\H and e; € {1} fori =1,...,s. Let
M < H be a normal subgroup of G such that H/M is isomorphic to a crown based
power Ly withd(Ly) = d(H) > d(L). Let U/M = soc(H/M) and assume u(y) € M
forall y € U, where u(y) = y -bryer ... bsyes Then

d(H) —1

G < eWEG) -,

where a(s) = (2s + 1)/ (2s + 2).

2.7. Proof of Propesition 2.15
Our argument splits into considering two cases.

2.7.1. Case 1: the socle N of L is non-abelian. First we set up notation for the canon-
ical embedding of L in Aut(N). For [ € L, denote by 6(/) € Aut(N) the automorphism
6(1)(x) ='x (xeN) given by conjugation by . Since C (N) = 1, the map 0: L —Aut(N)
is a monomorphism. Note that 6(N) = Inn(/N ), the group of inner automorphisms of N.
We will denote by 6: L/N — 6(L)/6(N) the induced isomorphism 8(IN) := 6(1)0(N).
When there is no possibility of confusion, we identify L /N with 6(L)/6(N ), for example
we write Cayn)(L/N) below for the centralizer of 6(L)/0(N) in Aut(N).

We will need a bound for the size of Cay)(L/N).

Since N is the unique minimal normal subgroup of L, it follows that N >~ S™, a
direct product of m copies of some nonabelian simple group S. Moreover, the conjugation
action of L permutes the direct factors of N transitively. Using this it is easy to show that
|Caunvy(L/N)| <m|N||Out(S)|, see the proof of Lemma 1 of [6]. Now the classification
of finite simple groups gives that |[Out(S)| < |S|, and since m|S| < |S|™ = |N|, we have

IN| < |Cauwy(L/N)| < INJ?

Letd =d(G)andd’ = d(H) = d(Ly) > d(L). Theorem 2.7 together with the estim-
ate for |Cayny(L/N)| above gives

|N|d/_l > 1 |N|dl—3
|Cauv)(L/N)| 2

using the fact that Py, y(d’ — 1) > 53/90 > 1/2 proved in [7].

Fix an isomorphism ¢: H/M — L} and recall that U/ M is the socle of H/M . There-
fore p(U/M) = N*¥ < Ly, adirect product N¥ of k copies of N. Let 7: LK — L/N be
the surjection with kernel N¥. Denote by p: H/U — L/N the isomorphism induced by
7 o ¢, namely p(hU) = w o p(hM) foreach h € H.

Let us write N¥ = Ny x --- x N, where N; ~ N are the minimal normal subgroups
of Ly,andlet V; = ¢~ '(N;) i = 1,...,k). Then Vi,..., Vj are all the minimal normal
subgroups of H/M and U/M = Vi X -+- x V.

Given a factor V; of U/ M, let P; /M be its complementin U/ M ,i.e., weset P; /M :=

]_[Héi V; for a normal subgroup P; < U of H. Define the isomorphism n;: H/P; — L as

(2.8) k> Py n(d —1)
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ni(hP;) =t; o p(hM), where t;: Ly — L is the projection in (2.2). We have n; (U) = N.
From the definition of Ly it follows that the isomorphism 7;: H/U — L/ N induced by n;
is equal to p above.

Choose any b € G\ H. Let D be the subgroup of G generated by b and H. Since
{V1, ..., Vi} is the set of the minimal normal subgroups of H/M, any automorphism
of H/M permutes these k groups among themselves. In particular, this applies to the
action of b by conjugation on H/M.

Proposition 2.16. The element b normalizes at most | N |4P) of the groups V1, ..., Vi.

Proof. Choosei €{1,...,k}and write V = V; from now on. Let P = P; and n = n; be as
above, i.e., P/M is the complement to V in U/M and n: H/P — L is the isomorphism
associated to the projection #; o p: H — L.

Suppose that °V = V. This is equivalent to °(P/M) = P/M, i.e., P is normalized
by D = (b, H).

The conjugation action of D on U/ P together with 7 induce a homomorphism f: D —
Aut(N) defined by

f@)(x) =n(¢n"'(x)) Vge D,¥xeN.

Note thatif h € H, then f(h) is the conjugation by n(hP) on N, and therefore f(h) =
O(n(hP)). In particular, f(H) = 6(L) < Aut(N) and f(U) = 0(N) = Inn(N).

The homomorphism f: H/U — 6(L)/0(N) induced by f is given by
f(hU) := f(h)B(N) = 0(n(hP)N)O(N) = 6(n(hP)N) = 6 o 7j(hU)

for all h € H. Therefore f =fo n= 6o p and does not depend on the choice of V' = V.
Observe that f determines P (and hence V') since P = ker f N H.

Define the set & to consist of all homomorphisms f: D — Aut(N) such that f(H) =
(L), f(U)=6(N)=Inn(N) and f = 0 o p, where f: H/U — 0(L)/6(N) is the
isomorphism induced by f.

We summarize the above discussion in the following result.

Proposition 2.17. The number of direct factors V; of U/ M normalized by b is bounded
above by the number of different subgroups H N ker f where f € §.

We will prove that |&| < |Cauy)(L/N)| - |N 4P
Let f € ® and let 0 := f(b) € Aut(N). We first estimate the possibilities for o. For
h € H we have

00 p(°hU) = f(°h)O(N) = (h)O(N) = (0 p(hU)).

Thus the action of o by conjugation on #(L)/0(N) is uniquely determined by p and
the conjugation action of b on H/U. So any two choices ¢ and ¢’ for f(b) satisfy that
o~ 1o’ centralizes (L)/0(N) . Hence there are at most |Cay(n)(L/N)| < |N|? possib-
ilities for 0 = f(b) in Aut(N).

Let Q := f(D) < Aut(N) be the image of f in Aut(XN). Observe that Q = (8(L),0)
since D = (H,b) and f(H) = 6(L). Therefore o uniquely determines Q.
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The induced map f: D/U — Q/0(N) < Out(N), defined by f(gU) = f(g)O(N)
for all g € D, is also uniquely determined by o = f(b). Indeed, D/U is generated by
H/U together with bU € G/U as a subgroup of G/U. The restriction f|g/y of f to
H/U equals f = 6 o p, while of course f(b U) = 06(N) is determined by o.

Therefore any choice of o = f(b) uniquely determines the group f(D) = Q <
Aut(N)and f: D/U — Q/O(N). _

Next we estimate the possibilities for f given Q and f. Let r = d(D) and choose
a generating set g1, ..., g of D. We count how many possibilities are there for the
images f(g1),..., f(gr) in Q. Since f(g;)0(N) = f(g;U) is a uniquely determined
coset of Q/0(N), we obtain that there are at most |N| choices for each f(g;) € Q.
Thus for any chosen ¢ = f(b) there at most |N|" possibilities for f, and hence |§| <
[Cauem) (L/NIINT.

Next we define an action of Cay(n)(L/N) on F by

Yf(g):=vo f(g) oy‘l forall f €&, g€ D, y € Cawn)(L/N).

We claim that Cyy () (L/N) acts semi-regularly on . Indeed, suppose f =7f,i.e.,
f(g) =vo f(g)oy !forall g € D.In particular, by letting g range over U and using
f(U)=0(N),wededuce that f(x) oy =y o 0(x) forall x € N. This means that *y(y) =
y(*y) =Py (y)forall x,y € N. Therefore x"1y(x) € N centralizes all elements of N,
and so x = y(x), since N is a nonabelian minimal normal subgroup of L. Thus y = 1
and hence the action of Cayn)(L/N) on § is indeed semi-regular.

Finally, observe that ker f = ker(”f’). Therefore by Proposition 2.17 the number of
factors V; normalized by b is bounded above by the number of orbits of Cayn)(L/N)
on &, which is at most | N |". Proposition 2.16 follows. L]

We will apply Proposition 2.16 with b = b; € G\ H from the statement of Proposi-
tion 2.15. Note that D = (H,b) # H.

Recall that d’ = d(H) and d = d(G).

Wehaver =d(D) <(d —1)|G:D|+ 1,and from D # H we have |G:D| < %|G:H|,
whence r < %(d —D|G:H|+ 1.

Proposition 2.16 gives that each b; can normalize at most A := |N||G:HI(@=D/2+1 of
the factors V; of U/M.

Assume, for the sake of contradiction, that d’ = d(H) > %|G cH|(d — 1)+ 1 and

recall that k > 1|N |43 from (2.8). Therefore
k> 1|N|%\G:H|(d—l)—2 — 1A|N|%|G:H\(d—l)—3‘

2 2
Since |G: H| > 2 and |N| > 60, we have

k> ta |N|@-D/2=3 > L se0@-nr2,

2 -2

Using that 60¢ > aIn60 > 4a fora > 0 and that d = d(G) > 65 + 6 > s + 7, we obtain
%60(‘1_7)/2 >d —7 > s,and hence k > As.

It follows that there is a direct factor, say Vi, of U/M = Vi x --+ x V} such that
biVl # Vyforeachi =1,...,s.
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Recall the identity u(y) = y - 21yt ... bsyes = 1 mod M forall y € U. Choose y €
Vi\{1}. It follows that the projection of u(y) onto V; is equal to y # 1, hence u(y) # 1
mod M, contradiction. Therefore

d(H)<§|G:H|(d—1)+1

and Proposition 2.15 follows since a(s) > 3/4.

2.7.2. Case 2: the socle N of L is abelian. Let p be the exponent of the abelian group N.
Then p is a prime and N is a simple F,(L/N )-module.

Recall that U/M is the socle of H/M . Thus U is a normal subgroup of G and we
define I' = G/U and A = H/U. We will consider U/M as a left module for the action
of " and A by conjugation.

Fix an isomorphism ¢: H/M — Ly with ¢(U/M) = N* = soc(Ly). Then ¢ induces
an isomorphism ¢: A — Ly /N* ~ L/N given by ¢(hU) = ¢(hM)N* forall h € H.
From now on we will consider N as I, A-module via ¢.

The isomorphism between U/M and ¢(U/M) = soc(Ly) = N* gives that U/M is
a semisimple [F,, A-module which is a direct sum of k isomorphic copies of N.

Let B < U/M be any simple [, A-submodule of U/M . Then B is isomorphic to N.
Let g € I'. The submodule g™' B < U/M is also a simple F,, A-submodule of U/M and
hence is isomorphic to B and N. Let 6: B — B be the linear map such that x > g~ o (x)
is an isomorphism of F, A-modules between B and g~ ! B. This means that g~ !0 (hx) =
hg~lo(x) for all x € B and h € A, which is equivalent to o(hx) = h - o(x). Using
that B and N are isomorphic F, A-modules, we deduce the following.

Proposition 2.18. Let g € I'. There is a bijective linear map 0 = 04: N — N such that
o(hx) =8ho(x) forallx € N and h € A.

For a IF, A-module A, define
Ry (A) = N{ker f | f € Homa (A, N)},

where f ranges over all [, A-homomorphisms from 4 to N.

Thus A/ (A) is the largest semisimple quotient of A whose simple factors are iso-
morphic to N. Suppose that A is in addition a IF,I"-module with a IF, A-submodule B.
Let f € Homa(B, N) and g € T. Define £f: gB — N by éf(x) := 04 o f(g 'x) for
all x € gB. Note that ¥f € Homa (gB, N) and ker 8f = gker f. Therefore Ry (gB) <
gN N (B), and by reversing the roles of B and gB we get

(2.9) Ry (gB) = gRn(B).

In particular, R (A4) is a IF, I"-submodule of A.

We would need to know more about the action of " on U/ M .

Let § be the free group on d = d(G) generators x1,. .., x4 and fix a surjective homo-
morphism 7: F — G/ M. Let # and U be the preimages of H/ M and U/ M , respectively,
and let M = ker 7. We will identify ' = G/U and A = H/ U with §/U and # /U via w.
Thus the semisimple F,I"-module U/ M is isomorphic to the F,(¥/U)-module U/ M. In
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turn, U/M is a quotient of the IF,I'-module ‘U;b = U/UP[U, U], the mod-p relation
module of the presentation
l-U—->§->T -1

We will denote by ©(U) = UP[U, U] the p-Frattini subgroup of U.
The cellular chain complex of the Cayley graph of I' with respect to the generators
m(x1),...,m(xq) gives rise to the exact sequence of I, I'-modules

0—UP 5 (F,I)? - F,I' »F, - 0.
The injection p: ‘L(;b — (IFPF)d can be described explicitly by

(2.10) p(UD(U)) = (8—”8—”) Vu e U
0xq oxg

Here 0u/dx; € F,§ is the Fox derivative of u with respect to x;, and y denotes the
image of y € I, % under the reduction F,§ — F,I". See [4], §1.5, Proposition (5.4) and
Exercise 3 (d) for proofs.

Let Mo = M/®(U) be the image of M in UL, thus U/M, U/M and U3/ Mo are
all isomorphic as IF, I"-modules.

The following result can be deduced from the fact that for any IF, A-module S we have

H?(A,S) = Coker(HomA((IFpF)d, S) — Homa (U™, S))

and [4], §IV.2, Exercise 4. For completeness, we give a proof of it in Section 2.8.

Proposition 2.19. Let K be a normal subgroup of ¥ with ®(U) < K < U, and let S :=
U/ K considered as Fp A-submodule under conjugation by . Let f: ‘u;b — S be the
associated epimorphism of F, A-modules, namely f(u®(U)) = uKX forallu € U. Then
U/ XK has a complement in H /K if and only if there is a Fp, A-module homomorphism
0: (]Fpl")d — S such that f = 6 o p.

We claim that M is an intersection of groups K; < U fori =1,...,k such that U/K;
is IF, A-isomorphic to N and has a complement in #/K;. In view of the isomorphisms
H/M — H/M — Ly, itis sufficient to prove the corresponding statement for {0} in Ly
and take preimages. Fori = 1,...,k, let t;: Ly — L be the projection defined in (2.2).
Then ﬂf.‘zl kert; = {0} and Ly /kert; ~ L, which splits over N. This proves the claim.

The groups K; satisfy the requirements of Proposition 2.19, hence if f;: ‘u;b — N are
epimorphisms with ker f; = K;/®(U), there exist F, A-epimorphisms 6;: (IFI,F)d - N
such that f; = 6; o p.

Let Q := Ry ((IFI,F)d) and note that Q is a [F,I" submodule of (IFI,F)d.

Now we prove Q N p(‘u;b) < p(Mp).Letx € ‘L(;b be such that p(x) € Q. In particular,
fi(x) = 6;(p(x)) =0fori =1,...,k and hence x belongs to

k k
(ker fi = () Ki/ (W) = M/D(U) = Mo.

i=1 i=1
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Therefore Q N p(u;‘,b) < p(Myp), which gives p(‘u;b) N (p(Mo) + Q) = p(Mp). In
particular, we have the following isomorphisms of I, I" modules:
U U U pUD)  pU) + 0
M~ M~ Mo~ p(Mo) — p(Mo)+ Q

Let b; = b;U be the images of b; € G in T = G/U and let W := (IF‘,,F)d/Q. The
condition u(y) € M for all y € U in Proposition 2.15 is equivalent to

_ _ U
(1 +elb] +"'+esbs)ﬁ :{0}.

p(UP)+0

pp+o oL W

Therefore 1 + e; l;l + - 4 ey l;s annihilates the sub-quotient
Recall a basic result from linear algebra.

Proposition 2.20. Let V be a vector space over a field F and let T:V — V be a linear
transformation with a pair X > 'Y of T -invariant subspaces such that T(X/Y) = {0},
i.e., T(X) C Y. Thendimp ker T > dimp X/7Y.

In particular, we deduce
(2.11) dimg, ker(1 + e1 by + -+ + esby)|lw > dimg, U/M = k dimg, N.

We now investigate the structure of W. Let m := |I": A| and choose coset represent-
atives y1, y2, ..., Ym for I'/A'in I'. We can write [F,I" = @7, y;(IF,A) as a direct sum
where each factor y; (F,A) = (F,A)y; is a free F, A-module. In particular, (2.9) gives

Ry (F,0) = P Ry (i (F, ) = P yi fiw (F,A).

i=1 i=1

Therefore
m
- i - (s
Rn(F,D)) ~ 39ty (F, )
LetV; = (#&Apm)d sothat W=V, @®---® V. If y € I, then the action of y on W
permutes the spaces Vi, ..., Vj, in the same way as y acts on I'/A, namely yV; =V},

where yy; A = y; A.
We need the following elementary result.

Proposition 2.21. Let V =V, & --- ® V},, be a vector space over a field F which decom-
poses as a direct sum of its subspaces Vi,...,Vy. Let s € N, and fori = 1,...,s, let
T;:V — V be bijective linear transformations preserving the above direct sum decomposi-
tion. Assume thatforalli=1,...,sand j=1,....,mwe have T;(V;) e{V1,..., Vi }\{V} }.

Then
K

s+ 1

Proof. Let & < GL(V) be the subgroup of GL(V) generated by T1,...,Ts. Let Eq,. .., E;
be the orbits of & acting on the direct summands {Vi, ..., Vy},and for j = 1,...,r,

dimp ker(1 + 77 + -+ Ts) < dimgp V.
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define B; = By, e EVi. Since each B; is invariant under & and satisfies the same hypo-
thesis as V, it will be sufficient to prove the claimed inequality for each *B; in place of V/,

and then add them for j = 1, ..., r. Therefore without loss of generality we may assume
that & acts transitively on Vi, ..., Vy,. In particular, since dim V; = dim g(V;) for each V;
and each g € &, we have dim V; = --- = dim V,.

Let t = fsf’:—J We construct inductively a sequence Vj,, ..., V,, as follows: put
Vo, = Vi,andfori =2,...,¢, choose V,, to be any element in

i—1
Vi,.... Vm}\< U (Vi Ta (V) Ty (V) )

Jj=1

Such V,; exists as long as (i — 1)(s + 1) <m,ie.,i <t.
Let 7r;: V' — V; be the projection onto V;. The choice of {V,, };_, ensures that for all
pairsl < j <i <t,

g

i

o(1+ Ty + -+ Ty)(Vgy) = {0},
while the condition T, (Vy;) # Vg, forr = 1,..., s ensures that
g © aQ+T7Ty+--- TS)lVai = 1Vai'

It follows that the ¢ subspaces {(1 + T} + --- 4+ T5)(Vg,;)}i -, generate their direct sum
in V. Moreover, dim(1 + 77 + -+ + T5)(Vgy,) =dimV,, =dim V; foralli =1,...,¢.

Therefore,
. . m . 1 .
dm(l1 + 77 +---T5)(V) > tdim V; > dimV; = dim V,
s+1 s+1
and Proposition 2.21 follows from the rank-nullity theorem. ]

Let J(IF, A) be the Jacobson ideal of F, A. By the theory of semisimple algebras, the
multiplicity of N in F,A/J(F,A) is equal to ¢ := dimg N, where E = Enda(N) is a
finite extension field of F,,. Therefore %}ém ~ N°¢, and hence

dimp, W =d -m - ¢ - dimg, N,
whered = d(G)andm = |G:H| = |T":A|.
y,-IFpA

Apply Proposition 2.21 with V = W, V; = (m)d and T;(x) = ejb;x for

x€Wandj=1,...,s. Since l;j € A, we have l;jy,-A # y; A for any coset y; A and
hence b; V; # V;. We deduce

K
s+ 1

dimp, ker(1 +e by + - +esl;S)|W < il 7 dimp, W = d-m-cdimg, N.

s
From (2.11), we have dimg, ker(1 + by + -+ + l;s)|W > k dimg, N, and therefore
k < (sdmc)/(s + 1) On the other hand, if we set d’ = d(H) = d(Ly), Theorem 2.7
gives
k> (d —2)c —dimg H'(L/N,N).
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Moreover, since N is a faithful L/N-module, we have |H'(L/N, N)| < |N| by The-
orem A of [3], and therefore k > (d’ — 2)c — ¢ = (d’ — 3)c. Hence

sdmc
s+ 1

d -3)c<k<

andsod’ < (sdm)/(s + 1) + 3. Now

sdm 3= 2s+1)(d—-1)m

1+C,
s+ 1 25 +2 Tt

where
_ 2s + 1

x5 2
since d = d(G) > 6(s + 1). Therefore,

<m+2-3m <0,

sdm 2s+1)(d—-1)m
d=dH)< ——+3 L,
H) < a3~

and recalling that m = |T": A| = |G : H|, we obtain

d(H)—1 _d'—1 2s5+1
|G:H|  m 25 +2

(d—1) =als)(d(G) - 1.
The proof of Proposition 2.15 is complete.

2.8. Proof of Proposition 2.19

First we show that it suffices to prove Proposition 2.19 in the special case when # = §.
Let d = d(9) and let B; be the graph with a single vertex and d edges, namely the
bouquet of d circles. We identify € with 71 (Bg), the fundamental group of By. Let By
be the universal cover of By; this is just the Cayley graph of §. The cellular chain complex
Ry := C, (B~d JFp) of B~d together with the action of § by translation on éd results in the
free IF,§ - resolution of [Fp:

Ri: 0— (F,8)¢ > F,§ —>TF, 0.

Let Z be the quotient graph of By by the action of # < §. Then Z is a cover of By
of degree |§: #| with fundamental group 7{(Z) = J. In fact, Z is the Cayley graph
of §/H# with respect to the image of the generating set of §.

By contracting a maximal tree in Z to a point, we obtain a homotopy equivalence

oa:Z — By

of Z with the bouquet of d’ circles By, where d’ = d(#) = (d — 1)|§:H#]| + 1. The
homotopy equivalence « induces an isomorphism of fundamental groups a,: H = m1(Z)
— m1(Bgr), and we will identify H with 7(By/) via @, from now on. Moreover, o
induces a homotopy equivalence of chain complexes of IF,#¢-modules between R; =
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C.(Z, F,) and the cellular chain complex R, := Cx (Bg, Fp) of the universal cover By
of B;/, namely
Ry: 0— (Fd0)¢ - F,H —TF, — 0.

Specifically, there are chain maps of complexes of [, #-modules &«: Ry — R> and
,é*: R, — R; such that the composition &, o B* (respectively, ,3* o &%) is homotopic to the
identity map on R2 (respectively, R1). Passing to U-coinvariants by applying F, ®p,u —
(i.e., factoring out the action of U), we deduce that &, and ,3* induce homotopy equival-
ence between the complexes of IF, A-modules

8 r 8"
(F,0) —F,I - F, >0 and (F,A) — F,A —TF, — 0.

In particular, there are IF, A-homomorphisms in degree 1, a: (]Fpl“)d — (Fp A)?" and
,5 : (]FPA)d ' (]FI,I‘)d , which induce mutually inverse bijections between X; = ker$’ and
X, =ker4”. The canonical isomorphisms p;: U;b — X; from (2.10) give &|x, = p2 0 p; !
and B|X2 = p1 o p, !, since the homotopy « induces the identity on the fundamental
group J¢ with our identification.

Let S be a F,A-module and let f: US> — S be a F, A-homomorphism. If f =
0 o p; for some 0 € HomA((FI,F)d, S), then f = ¢ o pp, where { := 6 o 8 belongs to
Homa ((F,A)?', S). Conversely, if f = o p, for £ € Homa ((F,A)¢',S) then f =60 p,
with @ := ¢ o @ in Homa ((F,T)4, S).

Hence the validity of Proposition 2.19 depends only on the presentation

l->U—->H—>A—>1,

without reference to §, and we may assume from now on that § = # and I' = A.
Let us restate the notation of Proposition 2.19 in this setting.
Let d = d(9) and fix a generating set x1, ..., x4 of §. The isomorphism p: ‘L{;‘,b —

(Fp )¢ given by (2.10) completes the exact sequence of F »'-modules
0— U 2 F,I)? - F,I - F, >0

associated to the presentation ] > U -9 - ' — 1.
Let X be a normal subgroup of § with ®(U) < K < U. Let S be the F,I"-module
U/ K and let f € Homr(‘u;‘,b, S) be the map u®(U) — uK (u € U). We need to show

that f lifts to a [F, I"-homomorphism 6: (]Fpl“)d — S such that f = 6 o p if and only if
U/ XK is complemented in §/ K.
We have the following basic result.

Proposition 2.22. The group U/K is complemented in § /K if and only if there is a
homomorphism ¢:§ — § /K such that

(P1) ¢(y) = yK mod U/ XK foreachy € §, and

P2) U C ker¢.

Proof. Suppose there is a homomorphism ¢:§ — § /XK with properties (P1) and (P2).
Define © := ¢(§) < § /K. Suppose ¢(x) € (U/K) N O for some x € §. From (P1),
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xK = ¢(x) mod U/K and therefore x € U. By (P2), we have ¢(x) = 1 and we have
proved © N (U/K) = lg,x. In addition, (P1) gives ® - (U/K) = & /K. Therefore ©
is the required complement to U/ XK.

Now assume that ® < §/JK is a complement to U/K. Fori = 1,...,d, we can
write x; K uniquely as x; KX = z;y;, with z; € ® and y; € U/K. Define ¢(x;) = z;
(@ =1,...,d) and extend ¢ to a homomorphism ¢: § — © < § /K. By its definition, ¢
satisfies (P1). If u € U, then (P1) with y = u shows ¢(u) € U/K. Thus ¢(u) € ¢(§) N
U/K =0NU/K = {lg,x} and hence u € ker ¢. Therefore (P2) holds as well. [ ]

The maps ¢: § — §/JK which satisfy property (P1) from Proposition 2.22 are in
bijective correspondence with maps #: ¥ — S = U/K defined by ¢(g) = h(g)gK for
each g € 9. We observe that ¢ is a group homomorphism if and only if

h(g182) = h(g1) 8'h(g2) Vg1.82€ 9.

that is, /1 is a derivation from ¢ into S (where, as usual, § acts on S via the projection
g—->T=9/U.

In addition, ¢ satisfies property (P2) if and only if A(u)uK = lq 5 for allu € U,
which in the additive group (S, 4) becomes h(u) = — f(uP(U)) for each u € U.

In summary, the above discussion shows that U /XK is complemented in § /XK if and
only if there is a derivation #: § — § such that

2.12) h) = — fudU), YueU.

A derivation h: § — S is specified uniquely by its values s; := h(x;) € S on the
generating set X1, ..., xg of §, and then % is determined by

d —
5
hw) =Y 5=s Ywed.
im0

Here dw/dx; € F,§ are the Fox derivatives of the group algebraF,§ and y — y € F,I"
is the reduction F,§ — [F,I" of I, modulo its ideal generated by U — 1. For a proof,
see [4], §IV.2, Exercise 3.

Recall the description of p: ‘l,{;b — (F,T)% in (2.10):

pud(U)) = (8—”8—") Vu e U.
0x1 oxg

Let 6: (IFpF)d — S be the homomorphism defined by 8(ay,...,ag) = 251:1 a;s; for
alla; e F,T.

Combining the formulas for 2 and p above, we obtain h(u) = 6 o p(u®(U)) for all
u € U. Hence the condition (2.12) required from the derivation /4 is equivalent to — f (x) =
0 o p(x) for each x € ‘L(;‘,b, i.e., f = (—6) o p. Proposition 2.19 follows. L]
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