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On the rational approximation to p-adic
Thue–Morse numbers

Yann Bugeaud

Abstract. Let p be a prime number and let � be an irrational p-adic number. Its
multiplicative irrationality exponent ��.�/ is the supremum of the real numbers ��

for which the inequality jb� � ajp � jabj��
�=2 has infinitely many solutions in

nonzero integers a and b. We show that ��.�/ can be expressed in terms of a new
exponent of approximation attached to a sequence of rational numbers defined in
terms of �. We establish that ��.�t;p/D 3, where �t;p is the p-adic number 1� p �
p2Cp3 �p4C � � � , whose sequence of digits is given by the Thue–Morse sequence
over ¹�1; 1º.

1. Introduction

Throughout this paper, we let p denote a prime number. Let � be an irrational p-adic
number. The irrationality exponent �.�/ of � is the supremum of the real numbers � for
which

(1.1) 0 < jb� � ajp � max¹jaj; jbjº��

has infinitely many solutions in nonzero integers a and b. As it has been already pointed
out in [1, 10, 15], unlike in the real case, the integers jaj and jbj in (1.1) do not neces-
sarily have the same order of magnitude, and one of them can be much larger than the
other one. This has motivated the study in [10] of the following two exponents of p-adic
multiplicative rational approximation.

Definition 1.1. Let � be an irrational p-adic number. The multiplicative irrationality expo-
nent ��.�/ of � is the supremum of the real numbers �� for which

(1.2) 0 < jb� � ajp � .jabj
1=2 /��

�

has infinitely many solutions in integers a; b. The uniform multiplicative irrationality
exponent y��.�/ of � is the supremum of the real numbers y�� for which the system

(1.3) 0 < jabj1=2 � X; jb� � ajp � X
�y��

has a solution in integers a; b for every sufficiently large real number X .
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We point out that a and b are not assumed to be coprime in (1.1), (1.2), nor in (1.3).
Adding this assumption would not change the values of�.�/ and��.�/, but would change
the value of the uniform exponent y�� at some p-adic numbers �.

It follows from the Minkowski theorem (see [12, 13]) and the obvious inequality
max¹jaj; jbjº � jabj, valid for all nonzero integers a and b, that we have

(1.4) 2 � �.�/ � ��.�/ � 2�.�/:

Inequalities (1.4) are best possible; see [10]. Furthermore, Theorem 3.1 in [10] asserts that

(1.5) 2 � y��.�/ �
5C
p
5

2
;

for every irrational p-adic number �, while there exist p-adic numbers � with y��.�/ D 3,
an example being given by the p-adic Liouville number

P
j�1 p

j Š; see [10] for additional
results.

It is readily verified that ��.�/ D ��.u�=v/ and y��.�/ D y��.u�=v/ hold for every
irrational p-adic number � and every nonzero rational number u=v. However, the expo-
nents �� and y�� are not invariant by rational translations. To see this, observe that
jb� � ajp D jb.� C 1/ � .a C b/jp , while the product jb.a C b/j is much larger than
the product jabj when jbj exceeds jaj. Consequently, ��.� C 1/ may be strictly smaller
than ��.�/.

The purpose of the present paper is to establish a somehow unexpected link between
p-adic multiplicative approximation and sequences of continued fractions of rational num-
bers. The determination of ��.�/ and y��.�/ then boils down to the study of the size of the
partial quotients of an infinite sequence of rational numbers. As an example of application,
we determine the exact values of ��.�t;p/ and y��.�t;p/, where �t;p is the p-adic Thue–
Morse number over ¹�1; 1º, and lower bounds for ��.�f;p/ and y��.�f;p/, where �f;p is
the p-adic Fibonacci number over ¹0; 1º.

2. Approximation to p-adic Thue–Morse numbers

The Thue–Morse sequence .tn/n�0 over ¹�1; 1º is defined by t0 D 1 and the recur-
sion t2n D tn; t2nC1 D �tn for n � 0. The first letters of the Thue–Morse infinite word
tD t0t1t2 : : : are then 1,�1,�1, 1,�1; : : : Said differently, t is the fixed point starting by 1
of the substitution � defined by �.1/D 1;�1 and �.�1/D�1;1 (here and in the beginning
of the proof of Proposition 6.1, we use commas to separate the letters of a word, for sake
of readability). Diophantine properties of real numbers whose g-ary expansion, for some
integer g � 2, is given by the Thue–Morse sequence over some alphabet have been invest-
igated in [2, 3, 7, 9]. In the present work, we study multiplicative rational approximations
to the p-adic Thue–Morse number �t;p defined by

�t;p D
X
n�0

tnp
n
D 1 � p � p2 C p3 � p4 C p5 C p6 � p7 C � � �

Since t is not ultimately periodic, �t;p is an irrational number. It has been established
in [11] that �.�t;p/ D 2. We complement this result as follows.
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Theorem 2.1. The p-adic Thue–Morse number �t;p satisfies

��.�t;p/ D 3 and y��.�t;p/ D 2:

More precisely, there exist positive real numbers c1 and c2 with the following properties.
There exist nonzero integers a and b with jabj arbitrarily large and

(2.1) jb�t;p � ajp < c1 jabj
�3=2;

while, for every nonzero integers x and y, we have

(2.2) jy �t;p � xjp > c2 jxyj
�3=2:

Admittedly, it would be more natural to consider the p-adic number z� t;p whose Hensel
expansion is given by the Thue–Morse sequence written over ¹0; 1º, namely the p-adic
number

z� t;p D
X
n�0

tnp
n
D 1C p3 C p5 C p6 C � � � D

�t;p

2
C

1

2.1 � p/
�

It is very likely that the conclusion of Theorem 2.1 holds for z� t;p and, more generally, for
every p-adic number of the form u�t;p C v, where u and v are rational numbers with u
nonzero. The difficulty lies in the control of jb.u�t;p C v/ � ajp when jbj exceeds jaj;
see at the end of Section 7 for a short discussion. In principle, the same method based on
Hankel determinants and Padé approximants could be used, but new non-vanishing results
for Hankel determinants are needed.

The strategy of the proof is the following. The easiest part, done in Section 4, consists
in using repetitions in the Thue–Morse word to exhibit an infinite family of integer pairs
.a; b/ realizing (2.1). Then, to prove that there are no better approximations, we apply an
idea of Mahler to associate with every solution to

jb�t;p � ajp <
1

2 jabj

an integer m and a large partial quotient of the rational number

(2.3) zm D zm;p D
tm�1

p
C
tm�2

p2
C � � � C

t0

pm
�

This allows us to transform a Diophantine question on p-adic numbers into a Diophantine
question on a sequence of rational numbers. As a consequence, in order to establish (2.2),
it is sufficient to prove that no zm has a partial quotient exceeding some absolute constant
times pm=3; see Proposition 3.5. Furthermore, we derive from an easy relation between
the rational numbers zm and zn, for distinct integers m and n, that the quotient of the
largest partial quotient of zm by that of zn is, roughly speaking, bounded from above
by pjm�nj and from below by p�jm�nj. Consequently, it is sufficient for our purpose to
prove that, for every large integer k, neither z2k , nor z3�2k have very large partial quotients
(apart, in the case of z3�2k , from the one coming from a solution to (2.1)). Very good
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bounds for the partial quotients of z2k have been obtained in [8]; see Theorem 6.2 below.
Regarding z3�2k , we use a similar argument as in [7] to get in Section 5 an upper bound for
its partial quotients strong enough for our purpose. The proof of Theorem 2.1 is completed
in Section 6. We discuss the case of the p-adic Fibonacci number in Section 7, while
the last section is devoted to additional comments and alternative proofs of some results
of [10].

Throughout this text, the constants implied by� and� are positive and absolute, and
those implied by�c and�c are positive and depend at most on the parameter c.

3. Diophantine exponents associated with sequences of rational
numbers

In this section, we use an idea of Mahler (see [14], pp. 64–67) to make a link between
the multiplicative Diophantine exponents of a p-adic number � and new exponents of
approximation associated with an infinite sequence of rational numbers defined by means
of the Hensel expansion of � or some other expansion c0 C c1p C c2p2 C � � � of �, where
.ck/k�0 is a bounded sequence of integers.

Definition 3.1. Let g � 2 be an integer. Let c D .ck/k�0 be a bounded sequence of
integers. For m � 1, define

xm D
c0

gm
C

c1

gm�1
C � � � C

cm�1

g
;

and let �m denote the real number such that the largest partial quotient of xm is equal
to g�mm. Put

�g.c/ D lim sup
m!C1

�m and y�g.c/ D lim inf
m!C1

�m:

Said differently, �g.c/ (respectively, y�g.c/) denotes the supremum of the real numbers �
such that, for arbitrarily large m (respectively, for every m large enough), the rational
number xm has a partial quotient greater than g�m.

The exponents �g and y�g take their values in the interval Œ0; 1�. They can also be
defined for unbounded sequences c, but for simplicity we do not discuss this case. In
the sequel, we only consider the case where g is a prime number and, when there is no
ambiguity, we simply write � and y�, without subscript.

Intuitively, there is no reason for �.c/ to be equal to �.c0/ when two sequences c and c0
differ only by their first term, since xm may well have a very large partial quotient, while
xm C 1=g

m has none. Said differently, ��.�/ and ��.� C 1/may well be different, as we
have already noticed.

Throughout the rest of this section, p denotes a prime number and we let c D .ck/k�0
and .xm/m�1 be as in Definition 3.1 with g D p.

We begin with an analysis of the evolution of the partial quotients of the rational
numbers xm. We refer to [6, 16] for an introduction to the theory of continued fractions
and use classical results without further notice.

Definition 3.2. Let Œa0Ia1; a2; : : :� be a real number. For a positive integerm, we say that
the partial quotient am and the convergent Œa0I a1; a2; : : : ; am�1� are associated.
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Let m � 2 be an integer and let a=b be a convergent of xm associated with the partial
quotient r . Assume that r � 2p. It follows from the theory of continued fractions that

1

.r C 2/b2
<
ˇ̌̌
xm �

a

b

ˇ̌̌
<

1

rb2
�

Since pxm D xm�1 C cm�1, we get

(3.1)
p

.r C 2/b2
<
ˇ̌̌
xm�1 �

pa � bcm�1

b

ˇ̌̌
D p

ˇ̌̌
xm �

a

b

ˇ̌̌
<

p

rb2
�

1

2b2
�

By Legendre’s theorem, the rational number .pa � bcm�1/=b is a convergent of xm�1.
If p does not divide b, then it is written under its reduced form and is associated with a
partial quotient r 0 satisfying

1

.r 0 C 2/b2
<
ˇ̌̌
xm�1 �

pa � bcm�1

b

ˇ̌̌
<

1

r 0b2
;

thus, r=p � 2 < r 0 < .r C 2/=p, by (3.1). If p divides b, then .a � bcm�1=p/=.b=p/ is a
convergent of xm�1 written under its reduced form and associated with a partial quotient r 0

satisfying
1

.r 0 C 2/.b=p/2
<
ˇ̌̌
xm�1 �

a � bcm�1=p

.b=p/

ˇ̌̌
<

1

r 0.b=p/2
;

thus, pr � 2 < r 0 < p.r C 2/, again by (3.1).
Likewise, since xmC1 D .xm C cm/=p, we get

1

.r C 2/pb2
<
ˇ̌̌
xmC1 �

aC bcm

bp

ˇ̌̌
D
1

p

ˇ̌̌
xm �

a

b

ˇ̌̌
<

1

rpb2
�

1

2.pb/2
�

By Legendre’s theorem, the rational number .a C bcm/=.bp/ is a convergent of xmC1.
If p does not divide a C bcm, then it is written under its reduced form and is associated
with a partial quotient r 0 satisfying r=p � 2 < r 0 < .r C 2/=p. If p divides aC bcm, then
..aC bcm/=p/=b is a convergent of xm�1 written under its reduced form and associated
with a partial quotient r 0 satisfying pr � 2 < r 0 < p.r C 2/.

Since a and b are coprime, p cannot simultaneously divide b and a C bcm. Con-
sequently, when a=b is a convergent to xm associated with a partial quotient r greater
than 2p, only three cases can occur, namely:

Case (i): xm�1 has a convergent of denominator b associated to a partial quotient in
the interval .r=p � 2; r=pC 1/ and xmC1 has a convergent of denominator bp associated
to a partial quotient in the interval .r=p � 2; r=p C 1/.

Case (ii): xm�1 has a convergent of denominator b associated to a partial quotient in
the interval .r=p � 2; r=p C 1/ and xmC1 has a convergent of denominator b associated
to a partial quotient in the interval .pr � 2; p.r C 2//.

Case (iii): xm�1 has a convergent of denominator b=p associated to a partial quo-
tient in the interval .pr � 2; p.r C 2// and xmC1 has a convergent of denominator bp
associated to a partial quotient in .r=p � 2; r=p C 1/.

In Case (i), we say that r is a maximal partial quotient of xm.
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The same argument shows that the following holds. Let h be any positive integer
such that r � 2ph. If p does not divide b and h < m, then xm�h has a convergent of
denominator b associated to a partial quotient rm�h with

rp�h � 2 < rm�h < .r C 2/p
�h:

If p does not divide aC bcm, then xmCh has a convergent of denominator bph associated
to a partial quotient rmCh with

rp�h � 2 < rmCh < .r C 2/p
�h:

Furthermore, if xm; xmC1; : : : ; xmCh have a convergent of denominator b, then xmCh has
a partial quotient rmCh with

phr � 2 < rmCh < p
h.r C 2/:

Set rm D r and, for j > �m, define z�mCj by

rmCj D p
z�mCj .mCj /;

that is, by setting

z�mCj D
log rmCj

.mC j / logp
�

Note that z�mCj may differ from �mCj . Assuming that rm is a maximal partial quotient
of xm, we get

(3.2)
.m � h/z�m�h D mz�m � hC o.1/;

.mC h/z�mCh D mz�m � hC o.1/;

for any integer h with 0� h < mz�m. Here and below, the notation o.1/ refers to a quantity
that tends to 0 as the indices tend to infinity. This shows that the function n 7! z�n increases
until n D m and then decreases. In particular, if z�m > 1=2, then we get

z�bm=2c D 2z�m � 1C o.1/ and z�b3m=2c D
2z�m � 1

3
C o.1/:

Let m and n be integers with m < n. Inequalities (3.2) imply that lower and upper
bounds for the greatest partial quotient of xu where m < u < n can be expressed in terms
of the greatest partial quotients of xm and xn. A precise statement is as follows.

Proposition 3.3. Keep the notation of Definition 3.1. Letm;n be integers with 1�m< n.
For any integer u with m � u � n, we have

�u �
n.1C �n/ �m.1 � �m/

n.1C �n/Cm.1 � �m/
C o.1/:

Furthermore, denoting by pz�mm and pz�nn any partial quotients of xm and xn, respect-
ively, we have, for any integer u with m � u � n, the lower bound

�u �
m.1C z�m/ � n.1 � z�n/

m.1C z�m/C n.1 � z�n/
C o.1/:
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Proof. We may assume that p�uu is a maximal partial quotient of xu. It then follows
from (3.2) that

m�m D u�u � .u �m/C o.1/ and n�n D u�u � .n � u/C o.1/:

By eliminating u, this gives

m.1 � �m/

1 � �u
D
n.1C �n/

1C �u
C o.1/ and �u �

n.1C �n/ �m.1 � �m/

n.1C �n/Cm.1 � �m/
C o.1/:

Likewise, for u D mC 1; : : : ; n � 1, it follows from (3.2) that

(3.3) u�u � max¹mz�m � .u �m/; nz�n � .n � u/º C o.1/:

This maximum attains its minimal value when both quantities are equal, that is, when

2u D m.1C z�m/C n.1 � z�n/:

If this equation has no integer solution, we simply take the integer part, and derive
from (3.3) that

�u �
2mz�m Cm.1 � z�m/ � n.1 � z�n/

m.1C z�m/C n.1 � z�n/
C o.1/:

This implies the claimed lower bound.

The exponents �� and � are closely related to each other. As usual, 1=0means infinity.

Theorem 3.4. Let p be a prime number and let c D .ck/k�0 be a bounded sequence of
integers. The p-adic number � D c0 C c1p C c2p2 C � � � satisfies

��.�/ D
2

1 � �.c/
and y��.�/ D

2

1 � y�.c/
�

We point out that, in the statement of Theorem 3.4, it is not assumed that c is the Hensel
expansion of �. We only assume that c is bounded, but this is mostly by convenience.

Proof. Without any restriction, we assume that c0 is nonzero. For m � 1, set

Cm D c0 C c1p C c2p
2
C � � � C cm�1p

m�1:

Let a and b be coprime integers satisfying

(3.4) jabj �
ˇ̌̌
� �

a

b

ˇ̌̌
p
<
1

2
; b � 1:

Since c0 is nonzero, p does not divide the product ab. Let m be the positive integer such
that jb� � ajp D p�m. Since j� � Cmjp � p�m, we deduce that pm divides bCm � a.
Thus, there exists an integer T , which may be divisible by p, such that

bCm � a D p
mT:



Y. Bugeaud 1356

Furthermore, it follows from (3.4) that 2jabj < pm. Consequently, we getˇ̌̌
b
Cm

pm
� T

ˇ̌̌
D
jaj

pm
<

1

2b
;

and, by Legendre’s theorem, T=b is a convergent of Cm=pm. Note that T=b is written in
its lowest form, since a and b are coprime. Also, we have b < pm.

We can say a bit more. Write

Cm

pm
D Œ0I r1; : : : ; rk � and

T

b
D Œ0I r1; : : : ; rj �;

with j < k and rk D 1 (recall that a rational number has two different continued fraction
expansions, and only one of them terminates with 1, except for 1 D Œ0I 1�). Then,

1

3rjC1b2
�
jaj

bpm
D

ˇ̌̌Cm
pm
�
T

b

ˇ̌̌
�

1

rjC1b2
;

giving that

(3.5)
pm

3bjaj
� rjC1 �

pm

bjaj
�

Define � by rjC1 D p�m. Then, we get

j3baj�1=.1��/ � jb� � ajp D p
�m
� jbaj�1=.1��/:

Since, for every " > 0 there are integers a, b and m as above with m arbitrarily large and
p�m < jabj��

�.�/C", this implies the inequality

�.c/ � 1 �
2

��.�/
�

Letm � 1 be an integer. Let T 0=b0 D Œ0I r1; : : : ; rh� denote any convergent to Cm=pm

with b0 < pm. Set
a0 D b0Cm � p

mT 0:

Then,

jb0� � a0jp D jb
0� � b0Cm C p

mT 0jp

D jb0.cmp
m
C cmC1p

mC1
C � � � /C pmT 0jp � p

�m;

with equality if and only if p does not divide b0cm C T 0. As above, we have

1

3rhC1b02
�
ja0j

b0pm
D

ˇ̌̌Cm
pm
�
T 0

b0

ˇ̌̌
�

1

rhC1b02
;

and, writing rhC1 D p�
0m, we get ja0b0j � p.1��

0/m and

jb0� � a0jp � p
�m
� ja0b0j�1=.1��

0/:
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This implies the inequalities

��.�/ �
2

1 � �.c/
and y��.�/ �

2

1 � y�.c/
�

The fourth inequality is slightly more delicate to establish. We introduce the sequence
of multiplicative best approximation pairs ..a�

k
; b�
k
//k�1 to � .

For a given p-adic number � with

(3.6) inf
a;b 6D0

jabj � jb� � ajp D 0

(this can be assumed, since otherwise ��.�/ D y��.�/ D 2), we define the sequence
of integer pairs .. Qa�

k
; Qb�
k
//k�1 by taking a pair of coprime integers .a; b/ minimizing

jb� � ajp among all the integer pairs with 0 <
p
jabj � Q, and letting the positive real

number Q grow to infinity. Write

QQk D

q
j Qa�
k
Qb�
k
j for k � 1.

By construction, we have

QQ1 < QQ2 < � � � and j Qb�1 � � Qa
�
1 jp > j

Qb�2 � � Qa
�
2 jp > � � � :

However, we cannot guarantee that

QQk j Qb
�
k � � Qa

�
k jp >

QQkC1 j Qb
�
kC1 � � Qa

�
kC1jp for every k � 1.

Therefore, we extract a subsequence .. Qa�ik ;
Qb�ik //k�1 from .. Qa�

k
; Qb�
k
//k�1, where i1 D 1

and, for k � 1, the index ikC1 is the smallest index j > ik such that

QQj j Qb
�
j � � Qa

�
j jp <

QQik j
Qb�ik � � Qa

�
ik
jp:

This gives an infinite subsequence since � satisfies (3.6).
To simplify the notation, put a�

k
D Qa�ik , b�

k
D Qb�ik , and Qk D QQik , for k � 1.

Observe that

��.�/ D lim sup
k!1

� log jb�
k
� � a�

k
jp

logQk

and

(3.7) b��.�/ D lim inf
k!1

� log jb�
k
� � a�

k
jp C log.QkC1=Qk/

logQkC1
�

Take two consecutive best approximation pairs .a�
k
; b�
k
/ and .a�

kC1
; b�
kC1

/, and definemk
and mkC1 by

jb�k � � a
�
k jp D p

�mk and jb�kC1 � � a
�
kC1jp D p

�mkC1 :

It follows from (3.5) that the largest partial quotients of xmk and xmkC1 are � pmkQ�2
k

and� pmkC1Q�2
kC1

, respectively.
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We apply the second inequality of Proposition 3.3 with

m D mk ; z�m D
logpmkQ�2

k

mk logp
D 1 �

logQ2
k

mk logp
;

n D mkC1; z�n D
logpmkC1Q�2

kC1

mkC1 logp
D 1 �

logQ2
kC1

mkC1 logp
;

to derive that any xu with mk < u < mkC1 has a partial quotient at least as large as p�uu

with

�u �
.2mk logp � 2 logQk/ � 2 logQkC1
.2mk logp � 2 logQk/C 2 logQkC1

C o.1/

D 1 �
2 logQkC1

mk logp C logQkC1=Qk
C o.1/:

Recalling that mk logp D � log jb�
k
� � a�

k
jp , it then follows from (3.7) that

y�.c/ � 1 �
2

y��.�/
�

This completes the proof of the theorem.

In the course of the proof of Theorem 3.4, we have obtained the following statement.

Proposition 3.5. If there exist positive real numbers c1 and ı such that, for every m � 1,
all the partial quotients of xm are less than c1pım, then there exists c2 > 0 such that

jb� � ajp > c2 jabj
�1=.1�ı/; for all a and b:

If there exist positive real numbers c3 and ı and arbitrarily large m such that xm has a
partial quotient greater than c3pım, then there exist c4 > 0 and integers a and b with jabj
arbitrarily large, such that

jb� � ajp < c4 jabj
�1=.1�ı/:

4. Very good rational approximations to the p-adic Thue–Morse
number

In this section, we use combinatorial properties of the Thue–Morse word t to estab-
lish (2.1) and to exhibit an infinite family of rational numbers zm (see (2.3) for their
definition) having a very large partial quotient.

Proof of (2.1). Observe that

.1C p2/ �t;p D 1 � p � 2p
4
C 2p5 C 2p12 � 2p13 C � � � ;

where the coefficients of p6 up to p11 are 0. More generally, for k � 1, we get

.1C p2
k

/ �t;p D Rk.p/C 2.�1/
kC1p3�2

kC1

C p3�2
kC1C1 sk ;
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where sk is a nonzero element of Zp and Rk.X/ is a polynomial with coefficients in
¹0;˙1;˙2º and of degree 3 � 2k � 1.

This can be checked either by using the substitution � , or by a direct computation
based on the recursion defining t. Namely, we observe that

tj C tjC2 D 0; for j D 4; 5; : : : ; 9, that is, for j D 22; : : : ; 23 C 2 � 1,

and
t3 C t5 D t10 C t12 D 2; t11 C t13 D �2:

Furthermore, tj C tjC2 D 0 implies that

t2j C t2.jC2/ D t2j C t2jC4 D 0

and
t2jC1 C t.2jC1/C4 D �tj � tjC2 D 0:

Consequently, we derive that

tj C tjC2k D 0; for k � 1 and j D 2kC1; : : : ; 2kC2 C 2k � 1.

In addition, we check that

t2kC1�1 C t2kC1C2k�1 D 2 � .�1/
kC1; for k � 1,

and

t2kC2C2k C t2kC2C2kC1 D 2; t2kC2C2kC1 C t2kC2C2kC1C1 D �2; for k � 1:

We get eventually

j.1C p2
k

/�t;p �Rk.p/jp D p
�3�2kC1 ; for p � 3;

while
j.1C 22

k

/�t;2 �Rk.2/j2 D 2
�3�2kC1�1:

For k � 1, putting
bk;p D 1C p

2k and ak;p D Rk.p/;

we check that
jbk;pj � p

2kC1; jak;pj � 2p
3�2kC1;

and

jbk;p �t;p � ak;pjp � p
�3�2kC1

�
�
2p2 jak;p bk;pj

�1
�3=2
� 4p3 jak;p bk;pj

�3=2:

This establishes (2.1) and implies that ��.�t;p/ � 3.

It follows from Proposition 3.5 that every rational number z3�2k has a large partial
quotient.
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Proposition 4.1. There exist a positive real number c such that, for every k � 1, one
among the rational numbers z3�2k and z3�2kC1 has a maximal partial quotient in the inter-
val Œc�1p2

k
; cp2

k
� associated with a convergent whose denominator is 22

k�1
C 1 if p D 2

and .p2
k�1
C 1/=2 if p is odd.

Proof. Observe that�
1C

1

p2

�
z12 D �

1

p
C

1

p2
C

2

p9
�

2

p10
�

1

p13
C

1

p14
�

Since t0 D t5, for any k � 1, the prefix of t of length 2k is equal to the suffix of length 2k

of the prefix of t of length 6 � 2k . Consequently, we have�
1C

1

p2
k

�
z3�2kC1 D

Tk.p/

p2
k
C

2

p2
kC2C1

�
2

p2
kC2C2

C � � � ;

where

Tk.X/ D t0 C t1X C � � � C t2k�1X
2k�1

D

k�1Y
jD0

.1 �X2
j

/:

This implies

(4.1)
1

p3�2
k
� j.p2

k

C 1/z3�2kC1 � Tk.p/j �
2

p3�2
k
�

Thus, there must be a very large partial quotient in the continued fraction expansion
of z3�2kC1 . For h D 0; : : : ; k � 1, since p2

h
� 1 divides p2

k
� 1, we see that

gcd.p2
h

� 1; p2
k

C 1/ divides 2:

Furthermore, 4 does not divide p2
k
C 1. We conclude that Tk.p/ and p2

k
C 1 are coprime

for p D 2, while their greatest common divisor is 2 for p � 3. This shows that z3�2kC1 has
a partial quotient r3�2kC1 with r3�2kC1 � p

2k .
Note that t3�2kC1 D t3 D 1. If p � 3, then p does not divide Tk.p/C .p2

k
C 1/ and

we conclude that r3�2kC1 is a maximal partial quotient. For p D 2 we check that z3�2kC1C1
has a maximal partial quotient. This concludes the proof.

A deeper study of the combinatorial properties of t shows that, for j � 0 and k � 1,
there are polynomials Rk;j .X/ of degree at most equal to 2k�1.6C j 24/ � 1 such that

p�2
k�1.12Cj24/

� j.1C p2
k

/�t;p �Rk;j .p/jp � p
�2k�1.12Cj24/:

This shows that, for every j � 0, there are integers a and b with jabj arbitrarily large such
that

jb�t;p � ajp � jabj
�.3C4j /=.2C4j /:

The exponents form the sequence of rational numbers 3=2; 7=6; 11=10; : : : We suspect
that, for any given " > 0, all but finitely many solutions to

jb�t;p � ajp < jabj
�1�"

belong to the families described above.
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5. Use of Hankel determinants

For k � 1, let

z3�2k D
t3�2k�1
p
C
t3�2k�2
p2

C � � � C
t0

p3�2
k
D Œ0I d1;k ; : : : ; d`.k/;k �

denote the continued fraction expansion of z3�2k with d`.k/;k � 2. By Proposition 4.1,
there exists m.k/ such that

(5.1) dm.k/;k � p
2k and denominator. Œ0I d1;k ; : : : ; dm.k/�1;k � / � p2

k�1

:

To establish the upper bound��.�t;p/� 3, we need to ensure that the second largest partial
quotient of z3�2k is much smaller than dm.k/;k . To do this, we use Hankel determinants in
a similar spirit as in [7, 8].

The purpose of this section is to establish the following statement.

Proposition 5.1. There exists a positive constant c such that, for every sufficiently large k,
every partial quotient of z3�2k different from dm.k/;k is at most equal to cp2

k�1
.

By (5.1), the partial quotients d1;k ; : : : ;dm.k/�1;k are all�p2
k�1

. To establish Propos-
ition 5.1, it thus remains to bound from above the partial quotients dm.k/C1;k ; : : : ; d`.k/;k .
To this end, by (5.1), it is sufficient to consider only the convergents a=b of z3�2k with
b � p3�2

k�1
and to show that none of them is associated with a partial quotient� p2

k�1
.

The method of the proof and some additional computation yields a stronger conclu-
sion, with p2

k�1
replaced by p2

k�h
, for some integer h � 3. It is even likely that the

following statement holds:
For every " > 0 and every sufficiently large k, every partial quotient of z3�2k different

from dm.k/;k is at most equal to p"2
k
.

We follow very closely the argumentation of [7], where Padé approximants are used
to construct a dense, in a suitable sense, sequence of good rational approximations to the
real Thue–Morse–Mahler numbers. However, our problem is different, since we have to
control the partial quotients of the rational numbers z3�2k .

As in [7,8] we work with the Thue–Morse sequence written over the alphabet ¹�1; 1º.
This is at this step of the proof that the choice of the alphabet does matter.

Proof of Proposition 5.1. As in [7], we briefly recall several basic facts on Padé approxi-
mants. We refer the reader to [4, 5] for the proofs and for additional results. Let

f .z/ D
X
k�0

ckz
k ; ck 2 Q;

be a power series. Let u and v be non-negative integers. The Padé approximant Œu=v�f .z/
is any rational fraction A.z/=B.z/ in QŒŒz�� such that

deg.A/ � u; deg.B/ � v; and ordzD0.B.z/f .z/ � A.z// � uC v C 1:
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For k � 1, let

Hk.f / WD

ˇ̌̌̌
ˇ̌̌̌
ˇ
c0 c1 : : : ck�1
c1 c2 : : : ck
:::

:::
: : :

:::

ck�1 ck : : : c2k�2

ˇ̌̌̌
ˇ̌̌̌
ˇ

denote the Hankel determinant of order k associated to f .z/. If Hk.f / is non-zero, then
the Padé approximant Œk � 1=k�f .z/ exists and we have

f .z/ � Œk � 1=k�f .z/ D
HkC1.f /

Hk.f /
z2k CO.z2kC1/:

For a positive integer k, set

zg0.z/ D 1C z � z
2
D �.t2 C t1 z C t0 z

2/

and
zgk.z/ D .1 � z/.1 � z

2/ � � � .1 � z2
k�1

/ zg.z2
k

/; k � 1:

The definition of t implies that

zgk.z/ D .�1/
kC1.t3�2k�1 C t3�2k�2 z C � � � C t0 z

3�2k�1/; k � 0;

thus

z3�2k D .�1/
kC1 zgk.1=p/

p
; k � 0:

It is sufficient for our purpose to show that the continued fraction expansion of the rational
number zgk.1=p/ has no ‘too large’ partial quotient associated with a convergent of denom-
inator� p3�2

k�1
. Note that the fact that p is prime does not play any rôle in this section

and all what follows also holds for the rational number zgk.1=b/, where b � 2 is an integer.
Let K � 2 be an integer to be fixed later. Assume that we have checked that

Hj .zgK/ 6D 0; j D 3 � 2K�1 C 1; : : : ; 3 � 2K :

Consequently, there exist integer polynomials Pj;0.z/ andQj;0.z/ of degree at most j � 1
and j , respectively, and a non-zero rational number hj such that

zgK.z/ � Pj;0.z/=Qj;0.z/ D hj z
2j
CO.z2jC1/; 3 � 2K�1 C 1 � j � 3 � 2K � 1:

The real numbers c1; c2; : : : occurring below are all positive and depend only at most
on K (note that the index j is bounded from above and from below in terms of K). There
exists c1 such that

(5.2)
ˇ̌̌
zgK.z

2m/ �
Pj;0.z

2m/

Qj;0.z2
m
/
� hj z

2mC1j
ˇ̌̌
� c1 z

2mC1jC2m ;

for 0 < z � 1=2 and 3 � 2K�1 C 1 � j � 3 � 2K � 1. An immediate induction yields

.1 � z/.1 � z2/ � � � .1 � z2
m�1

/ zgK.z
2m/ D zgKCm.z/:
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Set

Pj;m.z/ D

m�1Y
hD0

.1 � z2
h

/Pj;0.z
2m/ and Qj;m.z/ D Qj;0.z

2m/:

Note that Pj;m.z/=Qj;m.z/ is the Padé approximant Œ2mj � 1=2mj �zgKCm.z/.

By multiplying both members of (5.2) by .1 � z/.1 � z2/ � � � .1 � z2
m�1
/, we obtainˇ̌̌

zgKCm.z/ �
Pj;m.z/

Qj;m.z/
� hj

m�1Y
hD0

.1 � z2
h

/ z2
mC1j

ˇ̌̌
� c2 z

2mC1jC2m ;

for 0 < z � 1=2 and 3 � 2K�1 C 1 � j � 3 � 2K � 1.
Evaluating at z D 1=p and arguing as in [7], there exist an absolute, positive„ and an

integer m0, depending only on K, such that the inequalities

(5.3)
hj„

2
p�2

mC1j
�

ˇ̌̌
zgKCm.1=p/ �

Pj;m.1=p/

Qj;m.1=p/

ˇ̌̌
�
3hj

2
p�2

mC1j

hold for m > m0 and 3 � 2K�1 C 1 � j � 3 � 2K � 1.
Define the integers

pj;m D p
2mjPj;m.1=p/ and qj;m D p

2mjQj;m.1=p/:

There exist c3; : : : ; c8 such that

c3p
2mj
� qj;m � c4p

2mj ;(5.4)
c5

p2
mC1j

�

ˇ̌̌
zgKCm.1=p/ �

pj;m

qj;m

ˇ̌̌
�

c6

p2
mC1j

;(5.5)

and, by combining (5.4) and (5.5),

(5.6)
c7

q2j;m
�

ˇ̌̌
zgKCm.1=p/ �

pj;m

qj;m

ˇ̌̌
�

c8

q2j;m
;

for m > m0 and 3 � 2K�1 C 1 � j � 3 � 2K � 1.
Let r=s be a convergent to zgKCm.1=p/ with s > c9p3�2

KCm�1
, for some absolute pos-

itive real number c9. Assume that there is j with 3 � 2K�1 C 1 � j � 3 � 2K � 2 such
that

qj;m � 2c8 s < qjC1;m:

Then, ˇ̌̌
zgKCm.1=p/ �

r

s

ˇ̌̌
�

ˇ̌̌r
s
�
QpjC1;m

qjC1;m

ˇ̌̌
�

ˇ̌̌
zgKCm.1=p/ �

QpjC1;m

qjC1;m

ˇ̌̌
�

1

s qjC1;m
�

c8

q2jC1;m
�

1

2s qjC1;m
�

1

c10 s2C1=j
;

since qjC1;m � c11q
1C1=j
j;m � c12 s

1C1=j .
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Since s > c9p3�2
KCm�1

, the case 2c8 s � q3�2K�1C1;m can be treated analogously. Fur-
thermore, if 2c8 s � q3�2K�1;m, then the partial quotient A associated with the conver-
gent r=s satisfies

1

sp3�2
KCm�1

�

ˇ̌̌
zgKCm.1=p/ �

r

s

ˇ̌̌
�

1

As2
;

thus

A �
p3�2

KCm�1

s
� c13p

2m
� c14 s

1=.3�2K�1/:

This shows that, form large enough, the second largest partial quotient of the rational num-
ber z3�2mCK D .�1/kC1zgKCm.1=p/=p is at most equal to p2

mC1� , for � D 1=.3 � 2K�1/.
An easy calculation shows that, for

zg2.z/ D 1 � z � z
2
C z3 C z4 � z5 � z6 C z7 � z8 C z9 C z10 � z11;

we have

H2.zg2/ D �2; H3.zg2/ D � � � D H6.zg2/ D 0; H7.zg2/ D 64; H8.zg2/ D 128;

H9.zg2/ D �64; H10.zg2/ D �56; H11.zg2/ D �14; H12.zg2/ D 1:

Consequently, we can take K D 2 in the above computation and we get � D 1=6, as
announced.

A rapid check shows that the Hankel determinants H25.zg4/; : : : ; H48.zg4/ do not
vanish, thus we can take K D 4 and conclude that, for k large enough, every partial
quotient dj;k of z3�2k with j > m.k/ is at most equal to cp3�2

k=24 for some positive con-
stant c.

6. Proof of Theorem 2.1

Recall that zm is defined in (2.3). The following statement, which partly gathers results
from Sections 4 and 5, is the key ingredient for the proof of Theorem 2.1.

Proposition 6.1. For every positive real number ", and for any sufficiently large integer k,
all the partial quotients of z2k are less than p"2

k
. There exists a positive real number c

such that, for every positive integer k, the rational number z3�2k has a partial quotient in
the interval Œc�1p2

k
; cp2

k
�, while all its other partial quotients are less than cp2

k�1
.

The first statement of Proposition 6.1 is a direct consequence of Theorem 1.1 in [8],
reproduced below.

Theorem 6.2. There exists a positive real number K such that, for every integer g � 2
and every integer ` � 2, the inequalityˇ̌̌ Ỳ

hD0

.1 � g�2
h

/ �
p

q

ˇ̌̌
>

1

q2 exp.K logg
p

log q log log q/

holds for every rational number p=q different from
Q`
hD0 .1 � g

�2h/.
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Proof of Proposition 6.1. Observe that the prefix of length 4 of t is a palindrome and that

�2.1/ D 1;�1;�1; 1 and �2.�1/ D �1; 1; 1;�1

are both palindromes. Consequently, for k � 1, the prefix of length 4k of t is a palindrome
and

z4k D
t4k�1
p
C
t4k�2
p2
C � � � C

t0

p4
k

D
t0

p
C
t1

p2
C � � � C

t4k�1

p4
k
D p�1

2k�1Y
hD0

.1 � p�2
h

/:

Define the involution � by �.1/ D �1 and �.�1/ D 1. It follows from the definition
of t that its prefix of length 2 � 4k is equal to the concatenation of its prefix T4k of length 4k

with �.T4k /. Consequently,

t2�4k�1 : : : t1 t0 D �.t0 t1 : : : t2�4k�1/

is the prefix of length 2 � 4k of the Thue–Morse word obtained from t after exchanging 1’s
and �1’s, and we get

z2�4k D �p
�1

2kY
hD0

.1 � p�2
h

/; k � 0:

The first assertion of Proposition 6.1 then follows from Theorem 6.2.
The second assertion has been established in Proposition 4.1, and the last one in Pro-

position 5.1.

Completion of the proof of Theorem 2.1. The first assertion of Proposition 6.1 implies that
y�.t/ D 0, which, by Theorem 3.4, gives that y��.�t;p/ D 2.

Since we have already established (2.1), it only remains for us to prove (2.2), that is,
by the first assertion of Proposition 3.5, to show that there exists a positive real number c
such that, for every m � 1, all the partial quotients of zm are less than cpm=3.

By Proposition 4.1, we know that, for k � 1, there is a maximal partial quotient of
size� p2

k
attained at the rational number z3�2k or z3�2kC1. It remains for us to control the

partial quotients which do not derive from this maximal partial quotient. Therefore, it is
sufficient to bound from above any other maximal partial quotient attained at some zu and
written under the form p�uu.

Let " be a small positive real number. For k large enough, all the partial quotients of z2k
are < p"2

k
and all the partial quotients of z3�2k except the largest one are < p2

k�1C".
By Proposition 3.3 applied with m D 2k and n D 3 � 2k�1, we get that every �u with
2k � u � 3 � 2k�1 satisfies

�u �
3.1C 1=6C "/ � 2.1 � "/

3.1C 1=6C "/C 2.1 � "/
C o.1/ �

3

11
C 5"C o.1/;
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where, as below, o.1/ denotes some quantity which tends to 0 as k tends to infinity. Sim-
ilarly, every �u with 3 � 2k�1 � u � 2kC1 satisfies

�u �
4.1C "/ � 3.1 � 1=6 � "/

3.1 � 1=6 � "/C 4.1C "/
C o.1/ �

3

13
C 7"C o.1/:

Taking " small enough and k large enough, both upper bounds are less than 3=10. Con-
sequently, we have proved that, for m sufficiently large, all the partial quotients of zm are
bounded from above by some positive constant times pm=3. We then apply Proposition 3.5
to get (2.2) and Theorem 3.4 to derive that ��.�t;p/ � 3.

As indicated above, the fact that y��.�t;p/ D 2 is a direct consequence of [8], which is
also used in the proof that ��.�t;p/ � 3. However, the latter proof can be made independ-
ent of [8]. Namely, by arguing as in Section 5 and checking that some Hankel determinants
are nonzero, we can prove that, for k large enough, every partial quotient of z2k is at most
equal to cp2

k=24 for some positive constant c. Then, we use Proposition 3.3 in a similar
way as above.

7. Rational approximation to the p-adic Fibonacci number

The Fibonacci word f D f1f2f3 : : : over ¹0; 1º is the limit of the sequence of finite words

0; 01; 010; 01001; : : : ;

starting with 0; 01, and such that, for n � 1, its .nC 2/-th element is the concatenation of
its .nC 1/-th and its n-th elements. We then have

f D 010010100100101001010 : : :

In other words, f is the fixed point of the substitution ' defined by '.0/D 01 and '.1/ D 0.
Note that we have

(7.1) '.f1 : : : fFn/ D f1 : : : fFnC1 ; n � 1;

where .Fn/n�0 denote the Fibonacci sequence defined by F0 D 0, F1 D 1 and the recur-
sion FnC2 D FnC1 C Fn for n � 0. Let

�f;p D
X
n�1

fn

pn
D

1

p2
C

1

p5
C

1

p7
C

1

p10
C � � �

denote the p-adic number whose Hensel expansion is given by the Fibonacci word f
over ¹0; 1º.

The existence of long repetitions at and near the beginning of f allows us to establish
the following result. Let  D .1C

p
5/=2 denote the golden ratio.

Theorem 7.1. The p-adic Fibonacci number �f;p satisfies

�.�f;p/ D 
2; ��.�f;p/ � 

2
C

1

1C 2
; and y��.�f;p/ � 2C

1

2
�
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To establish the lower bounds in Theorem 7.1, we use the fact that there are many
repetitions in f, which yield very good rational approximations to �f;p . Our key auxiliary
result is the following proposition.

Proposition 7.2. For n � 4, the word

f1 : : : fFnf1 : : : fFnf1 : : : fFn�1�2;

that is of length FnC2 � 2, is the longest common prefix of the word f and the word
.f1 : : : fFn/

1. For n � 4, the word

f1 : : : fFnC1f1 : : : fFnf1 : : : fFnf1 : : : fFnf1 : : : fFn�1�2;

that is of length 2FnC2 � 2, is the longest common prefix of the word f and the word
f1 : : : fFnC1.f1 : : : fFn/

1.

Proof. This follows from (7.1) by induction, after having checked, also by induction, that,
if n � 4 is odd,

fFn�2fFn�1fFn D 001;

and if n � 4 is even,
fFn�2fFn�1fFn D 010:

We omit the details.

Proof of Theorem 7.1. It follows from Proposition 7.2 that, for n � 1, there exist integers
un and xn such that

j.pFn � 1/�f;p � unjp �p p
�FnC2 ; junj �p p

Fn ;

and
j.pFn � 1/�f;p � xnjp �p p

�2FnC2 ; jxnj �p p
FnC2 :

Setting yn D pFn � 1 for n � 1, we check that

junynj �p p
2Fn and jxnynj �p p

FnC2CFn ; n � 1:

Since FnC1 D Fn C o.1/, this gives

�.�f;p/ � 
2 and ��.�f;p/ �

42

1C 2
D 2 C

1

1C 2
�

By using triangle inequalities, it is easy to show that

�.�f;p/ D 
2
I

we omit the details. However, triangle inequalities are useless when we consider the mul-
tiplicative exponent.

Let us now consider the point of view developed in Section 3 and work with the
rational numbers

wm D wm;p D
fm

p
C
fm�1

p2
C � � � C

f1

pm
; m � 1:
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It follows from Proposition 7.2 that, for n � 5, there exist integers zun and zxn such thatˇ̌̌
wFnC2�2 �

zun

pFn � 1

ˇ̌̌
�p p

�2Fn�Fn�1

and ˇ̌̌
w2FnC2�2 �

zxn

pFn � 1

ˇ̌̌
�p p

�3Fn�Fn�1 :

This implies, respectively, thatwFnC2�2 has a partial quotient�p pFn�1 and thatw2FnC2�2
has a partial quotient�p pFnCFn�1 �p pFnC1 .

We apply Proposition 3.3 and use the fact that Fn D n=
p
5C o.1/.

Let u be an integer such that 2Fn � 2 � u � 2FnC1 � 2. By Proposition 3.3, if u �
FnC2 � 2, then the rational number wu has a partial quotient p�uu with

�u �
2n.1C 1=.2// � nC2.1 � �3/

2n.1C 1=.2//C nC2.1 � �3/
C o.1/

D
2 C 1 � .3 � 1/

2 C 1C .3 � 1/
C o.1/ D

1

4 C 1
C o.1/:

By Proposition 3.3, if u � FnC2 � 2, then the rational number wu has a partial quo-
tient p�uu with

�u �
nC2.1C �3/ � 2nC1.1 � 1=.2//

nC2.1C �3/C 2nC1.1 � 1=.2//
C o.1/

D
3 C 1 � .22 � /

3 C 1C .22 � /
C o.1/ D



32 C 1
C o.1/:

Since the second lower bound is larger than the first one, we deduce from Theorem 3.4
that

y��.�f;p/ �
2

1 � 1=.4 C 1/
D
8 C 2

4
D 2C

1

2
�

This completes the proof of the theorem.

Presumably, both inequalities in Theorem 7.1 are indeed equalities. This is the case if
we restrict our attention to the approximations jb�f;p � ajp , with jbj � jaj. However, we
do not see how to handle the approximations jb�f;p � ajp , with jbj > jaj. To establish the
lower bounds in Theorem 7.1, we have used the very good rational approximations to the
rational numbers wm coming from the repetitions in the prefix of length m of f. But this
allows us only to find approximations of denominator at most pm=2. A way to handle the
approximations jb�f;p � ajp with jbj > jaj would be to look at the expansion of 1=�f;p
and hope to see repetitions in it. But we have no information on it.

Numerical experiments suggest that no wm has a very large partial quotient associated
with a convergent of denominator greater than pm=2, but this seems difficult to prove.
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8. Additional remarks

Let us briefly sketch how Theorem 3.4 can be used to reprove some of the results of [10].
For a prime p, let c D .ck/k�0 be a sequence of elements of ¹0; 1; : : : ; p � 1º. As in

Section 3, write
xm D

c0

pm
C

c1

pm�1
C � � � C

cm�1

p
; m � 1:

Assume that �.c/ > 0. Letm be such that xm has a partial quotient� p�m, for some posit-
ive � close to �.c/. Then, the other partial quotients of xm are� p.1��/m. By the analysis
made in Section 3, for any positive integer h less than �m, the rational number xmCh has a
partial quotient� p�m�h, while its other partial quotients are� p.1��/mCh. In particular,
for h D d.2� � 1/m=2e, all the partial quotients of xmCh are� pm=2, giving that

y�.c/ �
m

2.mC h/
�

1

2�C 1
�

We conclude that

(8.1) y�.c/ �
1

2�.c/C 1
�

By Theorem 3.4, this gives

1 �
2

y��.�/
�

��.�/

3��.�/ � 4
; that is, y��.�/ � 3C

2

��.�/ � 2
;

and we recover the first inequality of Theorem 3.1 in [10].
We can also recover the upper bound given in (1.5). In view of Theorem 3.4, it is equi-

valent to prove that y�.c/ � 1=
p
5 always hold. The strategy is the following. For m � 1,

recall that �m is defined in such a way that p�mm is the largest partial quotient of xm.
We take a local maximum ˛ of the function m 7! �m and we consider the previous local
maximum and the next one.

For simplicity, we ignore the integral parts. Let ˛, ˇ,  , ı, " and m be such that

• xm has partial quotients rm � p˛m,� pˇm, and� p"m;
• x.1C/m has partial quotients� p.˛�/m,� p.ˇC/m;

• x.1�ı/m has partial quotients� p.˛�ı/m,� p.ˇ�ı/m, and� p.ıC"/m.

We assume that xm has a maximal partial quotient rm � p˛m and that ˛ is arbitrarily
close to �.c/. We discuss the size of the largest partial quotients of x.1C/m and x.1�ı/m.
Since rm is assumed to be maximal, they have partial quotients � rmp

�m � p.˛�/m

and� rmp�ım � p.˛�ı/m, respectively.
Clearly, we have 0 � " � 1 � ˛ � ˇ. To bound y�.c/ from above, we choose  in

such a way that the two largest partial quotients of x.1C/m are equal, that is, such that
˛ �  D ˇ C  holds. Thus, we take  D .˛ � ˇ/=2 and get the bound

y�.c/ �
˛ C ˇ

2.1C /
D

˛ C ˇ

2C ˛ � ˇ
�
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Likewise, we choose ı in such a way that the two largest partial quotients of x.1�ı/m are
equal, that is, such that ˛ � ı D ı C ". Thus, we take ı D .˛ � "/=2 and get the bound

y�.c/ �
˛ C "

2.1 � ı/
D

˛ C "

2 � ˛ C "
�

Since ˇ � 1 � ˛ � ", we have established that

y�.c/ � min
° ˛ C "

2 � ˛ C "
;

1 � "

2˛ C 1C "

±
:

The right-hand side quantity in the minimum is at most equal to 1=
p
5 when ˛ is greater

than or equal to .
p
5 � 1/=2. The left-hand side quantity in the minimum is greater than

1=
p
5 if

" >
2 � .1C

p
5/˛

p
5 � 1

�

Under this assumption, the right-hand side quantity in the minimum is

<

p
5 � 3C .1C

p
5/˛

.2˛ C 1/.
p
5 � 1/C 2 � .1C

p
5/˛
D

˛ C 2 �
p
5

.2 �
p
5/˛ C 1

�
1
p
5
;

for ˛ � .
p
5 � 1/=2.

This gives y�.c/ � 1=
p
5 in all cases and, by Theorem 3.4, we recover the upper bound

y��.�/ �
5C
p
5

2
;

established in Theorem 3.1 of [10]. Our approach also shows that if y�.c/ D 1=
p
5, then

�.c/ D .
p
5� 1/=2, which, by Theorem 3.4, corresponds to ��.�/ D 3C

p
5, as in [10].

We conclude with an open question.

Problem 8.1. Let g � 2 be an integer. Do there exist a bounded non-zero sequence of
integers c D .ck/k�0, an infinite set M of positive integers, and a positive integer C such
that all the rational numbers

xm D
c0

gm
C

c1

gm�1
C � � � C

cm�1

g
; m 2M;

have their partial quotients bounded from above by C?

For a given prime number p, this is a weaker question than the existence of a p-adic
number � such that

inf
a;b 6D0

jabj � jb� � ajp > 0;

which, by Theorem 3 in [1], is equivalent to the existence of a sequence of integers .ck/k�0
in ¹0; 1; : : : ; p � 1º and a positive integer C such that all the rational numbers

xm D
c0

pm
C

c1

pm�1
C � � � C

cm�1

p
; m � 1;

have their partial quotients bounded from above by C .
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