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General §-shell interactions for the two-dimensional
Dirac operator: self-adjointness and approximation

Biagio Cassano, Vladimir Lotoreichik, Albert Mas and Matéj TuSek

Abstract. In this work we consider the two-dimensional Dirac operator with gen-
eral local singular interactions supported on a closed curve. A systematic study of
the interaction is performed by decomposing it into a linear combination of four ele-
mentary interactions: electrostatic, Lorentz scalar, magnetic, and a fourth one which
can be absorbed by using unitary transformations. We address the self-adjointness
and the spectral description of the underlying Dirac operator. In the non-critical case,
we do so by providing a boundary triple, and in the critical purely magnetic case, by
exploiting the phenomenon of confinement and super-symmetry. Moreover, we jus-
tify our model by showing that Dirac operators with singular interactions are limits
in the strong resolvent sense of Dirac operators with regular potentials.
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1. Introduction

In the present paper we study the two-dimensional Dirac operator with a singular interac-
tion supported on a closed curve. Our main motivation is to treat the most general local
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interactions. Besides electrostatic §-shell interactions and the Lorentz scalar §-shell inter-
actions we include into the analysis the magnetic §-shell interactions, which correspond to
the magnetic field supported on a curve. The main two questions addressed in the present
paper are self-adjointness of the underlying Dirac operator and its approximation by Dirac
operators with regular potentials.

Recall that the Dirac operator was firstly introduced in relativistic quantum mechanics
to describe the dynamics of spin-% particles (see, e.g., the monograph [68]), and it was
later associated to the evolution of quasi-particles in new materials, such as the graphene
(see, e.g., [28]). Dirac operators with singular interactions supported on sets of lower
dimensions serve as idealized models for Dirac operators with more realistic (regular)
potentials.

Hamiltonians with interactions supported on sets of zero Lebesgue measure have been
studied intensively in the mathematical physics. Initially, the case of Schrodinger oper-
ators with singular interactions was investigated, see, e.g., [2, 15, 33]. In recent years
the focus partially shifted to the Dirac operators with singular interactions. While for
Schrodinger operators quadratic forms are a convenient tool to define the underlying
Hamiltonian [22], in the Dirac setting more subtle techniques are necessary due to the lack
of semi-boundedness. The case of one-dimensional Dirac operators with point-interac-
tions is well understood [2,20,24,39,55]. Three-dimensional Dirac operators with singular
interactions supported on surfaces are considered in, e.g., [4-6, 8,9, 12, 13, 30]. Finally,
the two-dimensional case without the magnetic interaction has recently been analysed
in [14,57]. The interest to include the magnetic §-shell interaction stems from applica-
tions in modern physics [37, 50, 56]. The closely related model of magnetic links in three
dimensions has been recently considered in [58—60].

The approximation of Dirac operators with singular interactions by Dirac operators
with regular interactions provides a justification of the idealized model under considera-
tion. In the one-dimensional setting the analysis is performed in [42,43,67,69], whereas
a generalization to three dimensions has recently appeared in [48, 49]. In the present
manuscript, we modify to our setting some techniques that worked efficiently in the one-
dimensional case.

Recall that the action of the two-dimensional free Dirac operator Dy is given by the
differential expression

(1.1 Dy := —io -V +mo3 = —i(0101 + 0202) + mos,

where m € R is the mass and o1, 0, and o3 are the Pauli matrices

0 1 0 —i 1 0
(1.2) olz(l 0), ozz(l. 0) and 03:(0 _1).

It is self-adjoint on dom Dy := H'(R?; C?) C L?(R?; C?) and essentially self-adjoint
on C2°(R?; C?). The spectrum of Dy is purely absolutely continuous and

(Do) = 0ac(Do) = (=00, —|m|] U [|m], +00).

The interaction under consideration will be supported on the boundary ¥ := 92 of
a C*-smooth bounded simply connected open set Q2 C R2. The curve ¥ splits the Euc-
lidean space into a disjoint union, that is, R? = Q4 U X U Q_, where Q4 := Q and
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Q_ :=R?\ Q. We will call the curve X a shell. Let us denote the outer unit normal
to 4 and the unit vector tangent to the boundary ¥ in x € ¥ by n = (n1,n,) = n(x)
and t = (¢1,1,) = t(x), respectively. For definiteness, we put #; = —n, and ¢, = n;. For

any C?-valued function f defined on R?, we set fo = f | Q+. When it is defined in a
suitable sense, we denote TiD f+ the Dirichlet trace of fi at X, and we define the distri-
bution §y, f by

1
(8 f.o) = / E('fff+ +TPf ) pds forallp e CX(R? C?),
x

where ds means integration with respect to the arc-length of 3.
We are interested in the Dirac operator in L2(R?; C?) given by the formal expression

(1.3) —io-(V4+i(At+ on)ds) + (nly + 103) s + mos
= Do + (nl2 + 103 + A(0 - t) + w(0 - n))é5,

where 7, 7, A, w are smooth real-valued functions, and where we used the notation
(1.4) 0-A:=01A41 + 0245 for A € C2.

For any given x € X, the matrices I, 03, 0 - t(x), and o - n(x) constitute a basis of the
Hermitian 2 x 2 matrices, so at every point there is the most general Hermitian matrix
as a coefficient of §x. The electrostatic §-shell interaction 11, 8x and the Lorentz scalar
8-shell interaction 1038y describe a distribution of charges and masses on the curve X,
respectively. The novelty in our treatment is the magnetic 5-shell interaction A(o - t) 8y,
which describes a magnetic field supported on X. We remark that the vector potential
associated with the latter interaction is given by Ay = A(t;6x, 2 8x), and we will show
in Appendix B that the underlying magnetic field is given by By, = Ad, 8y, where 0,05
stands for the double layer distribution. Finally, we prove that, under some restrictions
on the parameters 7, 7, A, w, the interaction term w(o - n) §x can be gauged away in the
spirit of [47,54]; see Theorem 2.1 for details. In particular, this term can be always gauged
away when all parameters are constant. Due to this observation, we may focus on the case
when w = 0 and the other parameters are smooth real-valued functions.

The self-adjoint operator D, ; 4 associated with the formal expression (1.3) withw =0
is constructed in Section 6 rigorously as a self-adjoint extension of the symmetric operator
with infinite deficiency indices acting in the Hilbert space L2(R?; C?), and it is given by

Sf = (—io-V+mo3)f, domS = Hy(R*\ ;C?).

To this end, we build an ordinary boundary triple for S*, which is a modification of the
boundary triple constructed in [14]. This modification is necessary to treat the magnetic
d-shell interaction. In this construction the operator D, ; 5 acts as Do on Q4 and it is
subject to the local boundary conditions on X, which involves the parameters 7, 7, A, the
tangential vector t, and the normal vector n. The construction boils the question of self-
adjointness of D, ; 3 down to self-adjointness of a certain first-order pseudo-differential
operator on X. The latter is shown by conventional techniques under the condition

(772—12—)&2

2
2 — l) — A2 #£0 everywhere on X.

(1.5)
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The case when the above expression on the left-hand side vanishes is called critical and
needs special treatment. In the present paper we cover in Section 7 the special sub-
case of purely magnetic critical shell interaction (n = 7 = 0 and A = £2), in which
case Dy 0,42 is defined as a self-adjoint operator by a different and more direct method.
It is also remarkable that the condition n> — 12 — A% = —4 is necessary and sufficient
for the confinement to take place, where by confinement we understand that the oper-
ator D, ; 5 can be decomposed into the orthogonal sum with respect to the decomposition
L?(R?;C?) = L?*(Q4:C?) @ L?(Q_; C?); cf. Section 2.3 for details. In particular, the
choice n = v = 0 and A = £2 gives rise to zig-zag boundary conditions.

Finally, we will find in Section 8 approximations by regular potentials in the strong
resolvent sense for the Dirac operator with §-shell potentials in the non-critical and non-
confining case, i.e., when 7> — 12 — A2 # —4 everywhere on ¥ and (1.5) holds true.
Approximations of §-shell interactions by more realistic regular potentials provide a justi-
fication for the idealized models, which is necessary to understand the physical nature of
the rather abstract §-shell interactions. Mathematical consequences of the strong resolvent
convergence comprise the strong convergence of the corresponding unitary propagators
and the principle of non-expansion of the spectrum of the limit operator; see Section VIII.7
of [63] for details. Finally, the strong resolvent convergence is necessary to the norm
resolvent convergence. Proving it would be a stronger result and our results are a step
towards it. In this paper, we explicitly construct regular symmetric potentials V, ; ;.. €
L>®(R?; C?*2) supported on a tubular e-neighbourhood of ¥ and such that

0
Vi,o 06 e (nly + to3 + A(o - t))8x  in the sense of distributions,

and we investigate the strong resolvent limit of Doy + Vj, .. as ¢ — 0. It turns out that
&—>0

Do + Vy r.4:6 — D y.2,3 for appropriate 7), t e C®°(2;R) that are in general different
from the starting 7, 7, A, but are expressed explicitly in terms of them. This phenomenon
was observed firstly in the one-dimensional case [67] and then in the three-dimensional
setting [49] —we say in this situation that a renormalization of the coupling constants
occurs.

We finish this introduction by pointing out that when concluding the preparation of this
manuscript, we learnt that the three-dimensional analogue of the magnetic §-shell interac-
tion introduced here was being considered simultaneously and independently in [18]; the
reader may see Section 9 for more details.

Organization of the paper

In Section 2 we formulate and discuss all the main results of the present paper. Section 3
contains preliminary material that is used throughout the paper. In Section 4 we obtain
spectral relations for the point spectrum of the Dirac operator with §-shell interactions
under special transforms of the interaction strengths and, moreover, we show how the
fourth interaction w(o - n) 8y can be eliminated by a properly constructed unitary trans-
form. Further, in Section 5 we provide a condition on the interaction strengths, which
gives the confinement. In Section 6 we analyse the non-critical case, prove the self-
adjointness of the underlying Dirac operator and obtain its basic spectral properties. The
self-adjointness and spectral properties of the Dirac operator with purely magnetic critical
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interaction are investigated in Section 7. In Section 8 we construct strong resolvent approx-
imations of Dirac operators with §-shell interactions by sequences of Dirac operators with
suitably scaled regular potentials. Possible generalization for higher dimensions is briefly
discussed in Section 9.

The paper is complemented by two appendices. In Appendix A we focus on expo-
nentials of 2 x 2 matrices of a special structure. Finally, in Appendix B we compute the
magnetic field associated with the magnetic §-shell interaction.

2. Main results

We briefly discuss here the main results of this paper, referring to the various sections
below for more detailed results. For an open set Q C R?, we define

.1 H(0,Q) :={feL*(Q:C? |o-Vfe L*(Q:C?)).
For any
f=fi®f ecH@0.Qy)®H0,Q)CL*(Q::;CH @ L*(Q_;C?) = L2(R*C?),

it was shown in [16] that f3 admit Dirichlet traces 7,2 fi in H~'/2(X; C?), see Sec-
tion 3.5 for details.
Given 1, 7, A, w € C*°(Z; R), we define

(22) dom(Dycp0)={f=/f+& f- € H0.Q4)® H(0.Q2-):
i(o-m)(TPf—TPf) =1+ 103+ A0 -t) + w0 -m) TP -+ TP f)}
and

(2.3) Dypearwf i=Dofy @ Dof- forall fedom(Dy 1)

In (2.2) the condition on 7,2 fy is understood in H~'/2(X;C2). By means of an integra-
tion by parts, it can be seen (see, e.g., [52]) that D, . ; ., is the operator representing the
formal differential expression (1.3).

Since most of this article focuses on the case @ = 0, due to the results presented in
Section 4, for the sake of brevity, we also set Dy, - 3 := Dy 1.0, 1.€.,

(24) dom(Dy.p):={f = fr® f- € H0.Q24)® H(0,Q_):
i(0-0) (TP f = TP f1) = 5Oz + to3 + Ao - ) (TP 2 + TP f1)}
and
2.5 Dypaf i =Dofy @ Do f- forall fedom(Dy ).
Finally, we denote

(2.6) d :=n*—12-21% e C®(Z;R).
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2.1. Reductionto® = 0
In Section 4, we will prove the following result.

Theorem 2.1. Given w € R and n, v, A € C®(Z;R) such thatd == n*> — 1> — A2 isa
constant function on X, let X be a solution to

.7 dX? -4+ @4+ 0*-d)X =0
and

dX? +4
(2.8) +

T X@1d—0? 1 o)

Then X € R\ {0}, z € C satisfies |z| = 1, and Dyt 1.0 = Uz D xy, x7,x 1,0 Uz, where
U:9 = ya,¢ +zxa ¢ (forallg € L*>(R* C?))

is unitary in L*(R?; C?).

Roughly speaking, Theorem 2.1 implies that a spectral study for D, ;3 = Dy r 1.0
suffices to treat the general case D, ;3 », hence the formal term w(o - n) §x in the §-shell
interaction is indeed superfluous. In a classical (absolutely continuous) framework, one
would say that this term can be gauged away. This is reminiscent of a similar effect for
magnetic potentials in the Coulomb gauge, see Remark 1.5 of [26], and [21,27,35,36]. In
Section 4 we show that the unitary transform U, can always be taken different from the
identity except for the case (d,w) = (—4, 0), which corresponds to confining §-shell inter-
actions, see Section 5. In particular, D,,  ; , never yields confinement if (d, w) # (—4,0).

At the end of Section 4 we find some isospectral transformations as a byproduct of our
result, and we describe the charge conjugation properties of the operator D, ; 3.

2.2. The non-critical case

We say that we are in the non-critical case when (1.5) holds true, i.e., everywhere on X,

09 = (G-1) -2 =

2_ 252
N —t°—=2A 2,
T”) — A% #0.

In the following theorem we gather the properties of D,, ; 5 in the case when (2.9) holds
true. We point out that the non-magnetic case (A = 0) has been already treated in The-
orem 1.1 of [14] for constant n, T € R.

Theorem 2.2. Let n, v, A € C*°(X;R) and let Dy, . 5 be defined as in (2.4) and (2.5).
Moreover, let either d(x) # 0 for all x € X, or let 1, t, A be constant and such that
d = 0. If (2.9) holds true, then D, ., is self-adjoint in L?(R?; C?) with dom D, ., C
H'(R?\ ; C?). The essential spectrum of Dy is

O—ess(Dn,r,k) = (_OO7 _|m|] U [|m|’ +OO)’

and its discrete spectrum is finite.
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The proof of Theorem 2.2 mimics the strategy of the proof of Theorem 1.1 of [14], tak-
ing into account the necessary modifications to treat the additional interaction A(o - t) §x.
In Section 6, where we also show a Krein-type resolvent formula, we provide an abstract
version of the Birman—Schwinger principle and obtain the spectral properties of Dy, . ;.

2.3. Confining §-shell interactions

If d = —4 everywhere on X, the phenomenon of confinement arises. Physically, this means
that a particle initially located in €24 can not escape this region during the quantum
evolution associated with D, ; . Such phenomenon was firstly noticed in [30] in the
three-dimensional setting. We describe the corresponding Hamiltonian in the following
theorem, which will be proved in Section 5.

Theorem 2.3. Let n, v, A € C*°(X;R) and let Dy, . 5 be defined as in (2.4) and (2.5).
If d = —4 everywhere on X, then Dy, . ; decouples into the direct sum

— Dt -
DTI;T,A - Dn,t,k ® Dn,‘r,k’

with
domDy ;= {fx € H(0,Q4) :
(2.10) [£i(o-n) + 2(]s + 103 + A (0 - )] TL fo = 0},
Dni,z,,lfi = Do fy forall fy € dom@ni,r’k.

Remark 2.4. We expect Theorem 2.3 to hold under weaker regularity assumptions, since
its proof follows from purely algebraic considerations, but we are not investigating this in
the present manuscript to keep the exposition homogeneous. Recall that we assume that
n,T,A € C®(XZ;R) and X = 9 of class C* in order to exploit the theory of pseudo-
differential operators, but we expect that these assumptions can be weakened. However,
in the case that ¥ has only Lipschitz regularity and in the case that 7, t, A are not regular,
different phenomena are expected, see [25,45, 57], see also [13, 62], where coefficients
with lower regularity are considered in the three-dimensional case.

Let us look closer at D;}tt’ 5.» the Dirac operator on Q4. If n = 0, d = —4 implies that
there exists 6 € C°°(X; R) such that sinf = —A/2 and cos 8 = t/2. Since i (0 - n)oz =
o -tand (o -n)? =1, (see (3.12), (3.13), and (3.14) below), we may rewrite the condition
for f4 in (2.10) as

(2.11) [I —cos (o - t) —sinfo3] TL f1 = 0.

These are the quantum dot boundary conditions (see [16, 17,57] and references therein).
In particular, we have the infinite mass boundary conditions when (1, t, A) = (0, £2,0),
and the zig-zag boundary conditions when (1, t, A) = (0,0, £2). By means of confine-
ment with the electric and Lorentz scalar §-shell interactions only, it is possible to realise
the quantum dot boundary conditions (2.11) for 6 € [0,27x) \ {7/2, 37 /2}, that is, all
the possible ones except the zig-zag boundary condition, see Remark 4.2 of [14]. Con-
sidering also the magnetic §-shell interaction allows us to describe every Dirac operator
on a domain with quantum dot boundary conditions as a Dirac operator with a §-shell
interaction.
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For any choice of parameters 7, 7, A such that, everywhere on X, d =—4 and (,7,1) #
(0,0, £2), the operator D, . , is already described in Theorem 2.2. The cases (1, T, A) =
(0,0, £2) are critical, because we have €(7, t, A) = 0. They are discussed in the following
subsection.

2.4. The critical case

The analogous critical case in the three-dimensional setting was firstly described in [11]
and [53] and later in the two-dimensional setting in [14]. In Theorem 1.2 of [14], the
case €(n,7,A) = A =0, n,t € R is described, namely, the self-adjointness is proved
and the spectral properties are analysed. We complement this result by analysing the case
€C(n,7,4) = n =1 =0,i.e., we prove the self-adjointness and give a detailed description
of the spectrum for purely magnetic critical potentials +2(o - t) §x.

Theorem 2.5. The operator Dy o 5 with A€{—=2,2} is self-adjoint. The restriction Dy o 5 |
H'(R?\ X; C?) is essentially self-adjoint. We have that dom Do 5 ¢ H*(R*\ =;C?)
forany s > 0. Finally, the spectrum of Dy g 5 is characterised as follows:

(1) O(‘DO,O,A«) = (_OO» _|m|] ) [|m|’ OO),

(i) +£m are eigenvalues of infinite multiplicity,

(iil) there is a sequence of (embedded) eigenvalues {x+/m? + Ay }r>1, where Ay are
the eigenvalues of the Dirichlet Laplacian on Q21 enumerated in non-decreasing
order and counted with multiplicities.

The proof of Theorem 2.5 is provided in Section 7. We underline that we do not exploit
the strategies in [11, 14,53] but we take advantage of the phenomenon of confinement and
decomposition in Theorem 2.3. To show our result we adapt the analysis of the massless
Dirac operator on a domain with the zig-zag boundary conditions given in [65] to the case
with a mass. This allows us to give a more detailed description. Note that the presence
of embedded eigenvalues was already observed in the non-critical confining case in the
three-dimensional setting in Theorem 3.7 of [5], Proposition 3.3 of [12].

2.5. Approximation of §-shell interactions by regular potentials

In the present paper, we find approximations by regular potentials in the strong resolvent
sense for the Dirac operator with §-shell potentials in the non-critical and non-confining
case, that is, for D, ; 5 when €(n, 7,1) # 0 and d # —4 everywhere on X. To this end, for
n,t,A € C*®(X;R), we construct regular symmetric potentials Vy ; 3., € L®(R?;C?*?)
supported on an e-neighbourhood of 3 and such that

Vi, ez 25 (nl, + to3 + A(o - t)) 8y in the sense of distributions,

and we investigate the strong resolvent limit of Dy + V), ; 3., as ¢ — 0. It turns out that
Do + Vyr.a:6 = Dyzi as e — 0 for appropriate 7,7, A € C*°(X; R) that are in general
different from the starting 7, 7, A.

In the three-dimensional setting [49], the proof of the strong resolvent convergence
is an adaptation to the relativistic scenario of the approach used in [7] for the case of
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Schrodinger operators with §-shell interactions. In [7], the co-dimension of the shell is
strictly smaller than the order of the differential operator (the Laplacian). As a con-
sequence, the singularities of the kernels of the boundary integral operators used in [7]
are weak enough to be controlled uniformly along the approximation procedure. This,
in particular, leads to the convergence in the norm resolvent sense in the case of the
Schrodinger operator. However, in the case of the Dirac operator, the co-dimension of
the shell is exactly the same as the order of the differential operator. This has an import-
ant effect on the nature of the corresponding boundary integral operators, which now are
singular integral operators instead of compact. Due to this new obstruction with respect
to the Schrodinger case, the approach used in [7] was adapted in [49] to the Dirac case
to show the convergence in the strong resolvent sense assuming uniform smallness of the
approximating potentials. Nevertheless, the question of strong resolvent convergence can
also be addressed by more direct methods, which do not require any smallness assumption
on the approximating potentials, such as by proving the convergence in the strong graph
limit sense and then applying Theorem VIII.26 of [63], which says that, in the self-adjoint
setting, the strong graph convergence and the strong resolvent convergence are equivalent.

Originally, this approach was used in the one-dimensional setting [42,43]. In this way,
one can find approximating potentials for any type of §-potential. The norm resolvent
convergence of approximations is harder to tackle. However, since in the one-dimensional
case one can perform very explicit calculations with the resolvents of the approximations
and the resolvents of their limit operators, it can be proved as well [67,69]. In the present
work, we will modify the ideas of [42] to get the sequence of approximating potentials for
general linear combinations of §-shell interactions, not only for the purely electrostatic or
purely Lorentz scalar §-shell interactions as in [49]. It will converge in the strong resolvent
sense, without any smallness assumption on the approximating potentials. We expect that
a similar approach can be applied in the three-dimensional case as well.

Definition of V; ; 1.e. In order to describe the approximating potentials V, ; ;.. expli-
citly, we will introduce an additional notation, referring to Section 3.2 for details. For
B >0, Tp:={x € R? | dist(x, ) < B} is the tubular neighbourhood of ¥ of width B.
If B > 0 is sufficiently small, X g is parametrized as

Sp = {rs + pn(xs) | x5 € T, p € (<4, ).

Furthermore, let
1
he L®[R;R), withsupph C (—1,1) and / h(t)dt = 1.
-1
The function # will determine the transverse profile of V;, - 3... For 0 < & < B, let
1
he(p) = —h(g) for all p € R.
e \e¢

We have supp i, C (—¢, €) and limg—.o i, = §¢ in the sense of the distributions D’ (R),
where § is the Dirac §-function supported at the origin. For n, 7, A € C*°(X; R), let

(2.12) Bn,r,)k € COO(E; szz)s Bn,r,)t(xE) = (nly + o3 + A(0 - t))(xx).
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The function B, ; 5 will encode the matrix structure of the approximating potentials; for
all xy € X, the matrix By ; 3 (xx) is symmetric. Finally, for any ¢ € (0, ), we define the
symmetric approximating potentials V, . 2.. € L>®(R?; C**?) as follows:

By e a(x2)he(p) ifx = xs + pn(xx) € Xg,

2.13 V ; =
(2.13) n.z.ae(X) {0 ifx € R?\ Zg.

It is easy to see that lime—o Vy 7 1:e = By,r.2 8y in D'(R?; C2*2).
For 0 < & < B, we define the family of Dirac operators {, ; 1.¢}¢ as follows:

dom &, ;1. := dom Dy = H'(R?; C?),

(2.14)
EnereV = Doy + Vy 12, forally € dom&y ;6.

Since Vy, ; 1. are bounded and symmetric, the operators &, . ;.. are self-adjoint.
‘We can now state the main result of this subsection.

Theorem 2.6. Let either n, 7, A € C®(Z;R) be such that d(x) # k?n?2, for all k € Ny
and for all x € ¥, or 1,7, A € R be such that d = (2ko)*>7? for some ko € Ny. Let

ﬁ,f,i € C°(X; R) be defined as follows:

2 tan(+/d /2)

2.15) Gt h =" R weh  rd>o
(2.16) h.2,0) = (1,1, 1) ifd =0,
2.17) (5. 2. 4) = % ”d_/dz/z)(n, A ifd <o,

Let &, ¢ 3.c be defined as in (2.14) and let D 3 i be defined as in (2.4) and (2.5). If
C#,t,A)(x) #O0forall x € X, then

e—>0 .
Enr e — pﬁ,%,i in the strong resolvent sense.

The proof of Theorem 2.6 is in Section 8.

Remark 2.7. In the case d = 0, the phenomenon of renormalization of the coupling
constants does not occur. This was already observed in the one-dimensional setting in [69].

Remark 2.8. Thanks to Theorem 2.6, for all n € R\ {(2k + D)n, (1/2 + k)x | k € Z},
T € R, we have &;,0,0,e = Dj 0,0 and Eg,z,0;e = Do, 3,0 as & — 0, with 7§ = 2tan(n/2)
and T = 2tanh(z/2). Exactly the same renormalization of the coupling constant appeared
in the one-dimensional [67] and three-dimensional [49] cases. The renormalization of the
coupling constant for a general one-dimensional relativistic point interaction was invest-
igated in [43] and later in [69], where exactly the same formulae for renormalization as
in Theorem 2.6 were discovered. In Theorem 2.6, the relations (2.15), (2.16), and (2.17)
between 7, 7, A and 7, T, A descend from the necessity to satisfy condition (8.4), instru-
mental in the proof.
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Remark 2.9. From (2.15)—(2.17),

4tan?(v/d /2) ifd >0,
d=p—-1t2-32=1{0 ifd =0,
—4tanh®(v/—d /2) ifd <O.

Since in all the cases d > —4, Theorem 2.6 does not provide strong convergence to a Dirac
operator with a §-shell causing confinement (see Theorem 2.3). However, we recover the
case d = —4 in the limit d — —oo. This suggests that it should be possible to get the con-
fining cases by means of an approximation procedure in which we choose the coefficients
N = ne, T = T, and A = A, dependent on the parameter ¢ so that the associated parameter
d = c? satisfies c? > —4 and c? —- —4 uniformly in the limit ¢ — 0. Finally, the fact
that d > —4 is not a limitation, since for 7), 7, Ae C*(Z; R) such that d <—4,Djziis
unitarily equivalent to D5 z 3, for 7}, T, Ae C*°(%;R) such that d:= 02 —12— A2 > —4,
see Section 4.2.

As a consequence of Theorem 2.6, we get the second result of this section.

Corollary 2.10. Let 1), T 2 A€ C°(Z; R) be such that d = =7 - — 22> —4 and
€, 1, )L) # 0 everywhere on X. Let n, T, A € C*°(Z; R) be defined asfollows.

-Ifc§>0,then

2+ k
aretan \/j/ Rl (h.2,0) fork e Z.
NEW

« If d =0, and f), © and A are constant, then

(n.7.A) =

(7, 4) = (7,2, 4).

In particular, if 1 = T = A =0, then (n,t,A) = (7, %,i) or1n,1,A € R are such that
n? — 12— A% = (2knm)?, fork € N.

e If—4<d <0, then

arctanh\/—dA/Z @2 Iy
vedp

(n.t.A) =

Then

e—0 .
Enrre —> D pad i the strong resolvent sense.

n.T,

The proof of Corollary 2.10 is also given in Section 8.

Remark 2.11. In the case d > 0, the correspondence (7, 7, /A\) — (1, T, A) is not one-
to-one. One can choose the coupling constants in the approximating potentials arbitrarily
large and still end up with the same limit operator. From the physical perspective, we sup-
pose that this surprising behaviour is possible due to the Klein effect (also called the Klein
paradox). Usually, the Klein effect is related to the scattering on the electrostatic barrier
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when, speaking vaguely, the transmission coefficient does not depend on the height of the
barrier monotonously, see [31] for an overview. Clearly, this effect occurs for the pure elec-
trostatic interaction, for which d > 0. On the other hand, one can push d below zero, and
thus eliminate the Klein effect, by switching sufficiently strong Lorentz scalar/magnetic
fields on.

We conclude the presentation of our results by underlining that, in the case /) =
t=0and A € R \ {£2}, it is possible to give a simple direct proof of Corollary 2.10,
constructing an alternative sequence of approximations without making use of “parallel
coordinates”, see Section 8.1.

3. Preliminaries

In order to prove our results we need to introduce a number of mathematical objects and
related results. First, we discuss in Sections 3.1 and 3.2 planar curves and their tubular
neighbourhoods. Then in Section 3.3 we provide some identities related to Pauli matrices.
Further, we give in Section 3.4 basic ideas on the Sobolev spaces and pseudo-differential
operators on X. Then we recall in Section 3.5 the concept of the trace operator. After
that, we outline in Section 3.6 the approach of boundary triples to the extensions theory
of symmetric operators. Finally, we recall some properties of the free Dirac operator in
Section 3.7, and define several associated auxiliary integral operators on X in Section 3.8.
In this preliminary section, we partially follow the presentation in [14], which gives the
theoretical background and the technical instruments for our analysis. We refer to it and
the references therein for the proofs of the results in this section and for further details.

3.1. Tangent, normal and curvature of X

We gather here some elementary facts on curves, in order to fix the notations. Details can
be found, e.g., in [1].

We recall that  C R? is a bounded open simply connected set with C* boundary
¥ :=0Q.Set £ :=|Z|and let y:R/{Z — % C R? be a smooth arc-length parametrization
of ¥ with positive orientation. Let
3.1) t, i RMUZ — R>,  t,(s) = y(s),

(3.2) n, :R/MUZ — R* n,(s) = (yals), =71 (5)),
where the dot stands for the derivative with respect to the arc-length s. It is clear that

{n, (s), t,(s)} is a positively oriented basis of R? for any s € R/£Z. Moreover, by the
Frenet—Serret formulas, there exists function «, called the signed curvature, such that

(3.3) t, = —kyn,, N, =i,t,.
Therefore, we have

(34) iy ()] = ity I = 17 S)I-
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Wesett:=t, oy !, n:=n, 0y 1: ¥ - R2 andk := k, o y~1: ¥ — R. The functions
t, n, « are independent of the particular choice of the positively oriented arc-length para-
metrization y; n is the unit normal vector field along ¥ which points outwards of 24,
t is the unit tangent vector field along ¥, counter-clockwise oriented, and « is the signed
curvature of . We remark that we choose the definition of the curvature « so that it is
non-negative for convex domains €2.

3.2. Tubular neighbourhoods of X

Below we recall some elementary properties of tubular neighbourhoods of planar curves.
Details can be found in Chapter 1 of [34], and [7,46], see also Sections 1.6 and 2.2 of [1].
For 8 > 0,

Tp = {x € R? | dist(x, 2) < B}

is the tubular neighbourhood of ¥ of width . Let us introduce the following mapping:
Ly RMUZ x (=B, B) — R?, L,(s,p) = y(s) + pny(s).

The following theorem shows that, for all 8 small enough, the map £,, is a smooth para-
metrization of Xg.

Theorem 3.1 (Theorem 2.2.5 of [1]). There exists o € (0, (max |ky|) 1) such that, for
all B € (0, Bo), Ly is a bijection of R/LZ x (=B, B) onto Zg.

In the following we will always assume that 0 < 8 < B, for B9 > 0 given by The-
orem 3.1. Thanks to the second formula in (3.3), we get

(3.5) VLy(SvP) = (asﬁy(&P) apLy(&P)) = ((1 + PKy(s))ty(S) ny(s)),

where 054y, 0, L1, ty, and n,, should be understood as column vectors. Thanks to (3.2),
we obtain

_ (I + pry () ta(y(s)) +02(y(s)) _
(3.6) det(VLy)(s. p) = det ((1 T Py ()a(r(s)) —tf(y(s») = (L4 piey(s)).

We remark that det(V.L,) (s, p) < Oforall (s, p) € R/LZ x (—B, B), since | pky (s)] <
BBy < 1. Thus, we have

t rB

3.7 f(x)dx =/ / Sy () + pny(s))(1+ pky(s))dpds forall fe Ll(Eﬂ).
Zﬂ 0 —ﬂ

Next, we define

(3.8) Pyi=(Ly"O1:Zp > RHUZ,  Py(y(s) + pny(s)) =,

(3.9) PL=(L,"2: 85 = (=B.8), Pi(y(s) + pny(s)) = p,

Thanks to (3.5), (3.6), and the inverse function theorem, for all x = y(s) + pn, (s) € Xg,
we have that

(3.10) VP () = 5

Ty(s)ty(.f), V(PJ_(X) = ny(s).
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Finally, it is also convenient to define

L:Ex(=B,B) > R* Lxs,p) =Ly(y~ (x2), p) = xz + pn(xz) € Tp,
which is a bijection of ¥ x (-8, B) onto X g, by Theorem 3.1, and
(3.11) Ps:=L7': 25 - %, Ps(xs + pn(xs)) = xx.

3.3. Pauli matrices

By an explicit calculation, one can verify that

(3.12) 05 =0 -n?=(0-t)? =1y,
(3.13) i(0-m)os =0 -t,
(3.14) (o-m)(o-t) =ios,

where in (3.13) and (3.14) we have used the fact that (¢, #;) = (—n2,n1).

3.4. Sobolev spaces and pseudo-differential calculus on X

We denote by T the torus T := R/Z; the space of the periodic smooth functions on the
torus T and the space of periodic distributions on the torus T will be denoted by D(T) =
C°°(T) and D(T), respectively. For f € D(T)’, we define its Fourier coefficients using
the duality pairing (-, -) o(Ty,o(T) as follows:

f(l’l) = (f, efn)g)(qr)/,‘@(']r), ep:teTl — ei2nnz.

For s € R, the Sobolev space of order s on T is defined as

H(T) := {fe D(TY

+00
> A+ D*If ) < +oo.

A linear operator H on C®°(T) is a periodic pseudo-differential operator on T if there
exists i: T x Z — C such that:

(i) forallneZ,h(-,n) e C®(T),

(i) HactsasHf =),y h(-,n)f(n)en,
(iii)  there exists & € R such that for all p, g € Ny, there exists ¢, 4 > 0 such that

dp _
(3.15) (S5 @) tm)| = cpg 1+ Inh*~.
where the operator w is defined by (wh)(t,n) := h(t,n + 1) — h(z, n) for all
(t,n) eT xZ.

The number « is called the order of the pseudo-differential operator H. The set of all
pseudo-differential operators of order o on T is denoted W*, and we define

Wy = m we,

aeR
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Recall that £ = |X| and that y: R/£Z — ¥ is a smooth arc-length parametrization
of X. We define the map U*: D(T) — D(X) as

U*g)(x) =gy (x), x€eX,
where we have set D(X) := C*®°(X), and the map U: D(X) — D(T) as
(3.16) (Uf.g)oay.om = (L U"g) omy.om-
The Sobolev space of order s € R on X is defined as
H(Z):={fe D) |Uf e H'(T)}.

For all s > 0, H™(X) = (H*(X))’ and the duality pairing (¢, ¥')g-s gs is defined for
allp €e H5(X), ¥ € H*(X).

A linear operator H on C°°(X) is a periodic pseudo-differential operator on X of
order o € R if Hy := UHU™! € W¥, The set of pseudo-differential operators on X of
order « is denoted W$, and we set

g = (] V.

aeR

In the next proposition we gather some useful properties of the pseudo-differential
operators on X (for proofs, see Sections 5.8 and 5.9 of [64]).
Proposition 3.2. Leta, f € R, A € W% and B € WE.

(1) Foralls € R, A extends uniquely to a bounded linear operator, denoted by the same
letter, from H®(X) to HS*(X).

(ii) We have
A+ Bewy™ P ap e vyl (A Bl e wgP

3.4.1. The operator A%. We describe an example of pseudo-differential operator that is
useful for our purposes. For « € R, consider the operator A* on C*°(X):

(3.17) A*:=UT'L*U.  with L*u(x) = Y (1 + [n)*/?@i(n) en (1), u € D(T).

nez

Thanks to (3.15) and (3.17), one can show that A* € \1@/2. Due to Proposition 3.2 (i), A%
extends uniquely to a bounded linear operator from H*(X) to H*~%/2(X), for any s € R;
and such extension is in fact an isomorphism, by the definition of H¥(X). Of course,
A can also be seen as an unbounded operator on H*(X), for all s € R.

In particular, the operator A := Al is used repeatedly in the paper, and its action on
vector-valued functions is understood component-wise. It is useful to remark that for all
$. ¥ € L2(Z), we have A¢p € H™V/2(2), A~y € HY2(X), and

(3.18) (A AT ) 1o 12 = (9, ¥ 2.
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3.5. Trace operators

For any open set U C R?2, recall the definition of H (0,U) in (2.1). Thanks to Lemma 2.2
of [16], H(o,U) C L*(U;C?) N H..(U), which is a Hilbert space, endowed with the
norm

”f”[z‘-[(g,U) = ||f||1242(U;(C2) + ||—iCT : Vf”%}((];czy

We recall that @ C R? is a bounded open simply connected set with C* boundary
Y:=0Q,and R2 = Q; UX UQ_, where Q4 := Q and Q_ := R?\ Q. Thanks
to Lemmata 2.3 and 2.4 of [16] (see also Lemmata 15 and 18 of [3]), the Dirichlet trace
operators

72 H'(Q+:C?) — H'Y?(2:C?)

extend uniquely to the bounded linear operators
TP H(0,Q4) - HV2(2:C?).
and the following holds.
Proposition 3.3. For f € H(0,Q4), TP f e HY2(Z;C?) ifand only if f € H' (Q24;C?).

3.6. Theory of the boundary triples

In this section we review the theory of the boundary triples, referring to [14,23,29,61]
and to the monographs [10, 66] for details.
We start with the definition of a boundary triple for a symmetric operator.

Definition 3.4. Let A be a closed densely defined symmetric operator in a Hilbert space J.
Moreover, let & be another Hilbert space and 'y, I'1: dom A* — § be linear maps. The
triple {&, T'o, "1} is a boundary triple for A* if and only if

(i) forall f, g € dom A*, we have
(A*f. ) — (/. A"g)3e = (T1 f,Tog)g — (Lo f. T18)e,
(ii) the map f € dom A* > (I f, Ty f) € § x § is surjective.

Let {§, Ty, I'1} be a boundary triple for the adjoint A* of a densely defined closed
symmetric operator A on a Hilbert space #€. Then B := A* | ker Iy is self-adjoint, and
for any z € p(B), one has the direct sum decomposition

dom A* = dom B + ker(A™ — z) = ker I'g + ker(4™* — z).

In particular, Ty } ker(A* — z) is bijective. We define the y-field G, and the Weyl func-
tion M associated to the triple {§, I'g, I'1 }:

(3.19) G,:zep(B)r> (To | ker(4* —2)) " -6 — X,
(3.20) M,:z€ep(B)—»T1G,:8§ — 6.

For z € p(B), the operators G, and M, are bounded, and z + G, and z > M, are
holomorphic on p(B). Furthermore, the adjoints of G, and M, are given by

G=T1(B-2)7"' and M} = M;.
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For A a closed densely defined symmetric operator in a Hilbert space J¢, the know-
ledge of a boundary triple for the operator A* allows to move the study of its self-adjoint
restrictions and their spectral properties to the (sometimes) easier setting of the Hilbert
space §. This is shown in the next proposition, for which we need to introduce some nota-
tion. Let &7 be a closed subspace of §, viewed as a Hilbert space when endowed with the
induced inner product. Denote the projection and the canonical embedding as

M:9 -9y and II*:6q0— 9,

respectively. Let ® be a linear operator in ¥;. We define the operator By := A* |
dom Brr,@, where

(3.21) dom Bryg := {f € dom A* | (I — T* )T f =0,
HrofE dom®, HFlf = @Hrof}

Theorem 3.5 (Theorem 2.12 of [14]). The operator Bm,e is (essentially) self-adjoint
in K if and only if © is (essentially) self-adjoint in §. Furthermore, if © is self-adjoint
and z € p(B), then the following assertions hold.

(i) zeo(Bue)ifandonlyif 0 € o(® —IIM,IT*),

(i) z € op(Bm,e) if and only if 0 € 0,(© — I[IM;I1%), in which case we have that
ker(Bm,e — z) = G, I1* ker(® — TIM,IT*),

(iii) forall z € p(Bn,e) N p(B), one has

(Bne—2)"'=(B-27""'+G6,1*© - TIM,IT*) " 'TIG?.

3.7. The free Dirac operator

Recall that the free Dirac operator Dy is defined as follows:
Dof = D()f, dOH’l@o = HI(RZ;CZ).

Forany = € p(Do) = € \ (=00, ~|ml] U [Im], +00)), we have
o= 1) = [ dee=nf1dy. feLPRECY),
where the Green function ¢, is given for x # 0 by
(3.22) ¢ (x) = %Ko(muu(m@ + zI,)
+ifo- 2 )E K1 (Vm? = 22|x)).

m 2w

the functions K are the modified Bessel functions of the second kind of order j, and we
are taking the principal square root function, i.e., for z € C \ (—o0, 0], Re /z > 0.
We denote by S the restriction of Dy to the functions vanishing at ¥, i.e.,

(3.23) Sf = (—io -V +mo3)f, domS = Hy(R*\ =;C?).
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Itis easy to see that S* is the maximal realization of Dy inR? \ ,i.e.,for f = f, @ f_ €
L*(R%:C?) = LX(Q4:C?) @ L2(Q-:C?),
domS* = {f = f4 ® f- € LX(Q4:C?) @ LX(Q—:C?) | fi € H(0.Qx)).

(3.24) y . )
S*f =(—ioc-V+mo3) f+ & (—io -V +mo3) f_.

We finally recall some properties of the essential spectrum of any self-adjoint extension
of S.

Proposition 3.6 (Propositions 3.8 and 3.9 of [14]). Let A be a self-adjoint extension of S.
Then the following hold:
(i) (=00, —[m|] U [lm]. +00) C 0ess(A),
(i) if dom A C H*(R?\ Z; C2) for some s > 0, then the spectrum of A in (—|m|, |m|)
is purely discrete and finite.

3.8. Auxiliary integral operators

We introduce now several integral operators related to the Green function ¢, .

Let us denote the Dirichlet trace operator in H'(R?;C2?)on Z by 7P: H!(R?;C?) —
H'Y2(Z; C?). It is well known that 72 is bounded, surjective, and ker T2 = HJ (R? \
%; C?), see Theorems 3.37 and 3.40 of [51]. For z € p(Dy), we define

(3.25) @ = TP(Dy—2)7': L2(R%:C?) — HY?(2:C?)
and its anti-dual
(3.26) o, = (TP (Do —2)7"Y : HV2(3:C?) - L2(R?; C?),

where the potential operator @ is a bounded bijective operator from H ~'/2(Z; C2) onto
ker(S* — z). Moreover, for ¢ € L2(Z; C?), one has the integral representation

D, p(x) = /2¢Z(x —y)e(y)ds(y) forae.x € R?\ X.

We denote by Cs the Cauchy transform on . To define it, we identify R? ~ C:
writing R2 3 x = (x1,x2) ~x; +ixy = £ € CandR? > y = (y1, y2) ~ y1 +iys =:
¢ € C. Then we set

(3.27) Csu(§) := ipv ﬁdf forallu € C®(X), £ € X,

A
where the complex line integral is understood as its principal value. Furthermore, let Cy,
be the operator which satisfies (Csu, v)12(x) = (u, Cgv)r2(z) for all u, v € C®(X).
The periodic pseudo-differential operators Csx, Cy, belong to lIIOE and give rise to bounded
operators in H*(X), for all s € R. Moreover,

(3.28) CLCs —1, Cs5Ch —1. Cg — Cf € U5™

(see Proposition 2.9 of [14]) and C3 = Cy? = I (see Lemma 4.2.3 of [64]).
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For z € p(Dy), we define the boundary integral operator

629 Cpw) i=py. [ gle= () ds0)
fora.e. x € ¥ and forall ¢ € C®(Z;C?).

The pseudo-differential operator €, belongs to WY, and, in particular, it gives rise to a
bounded operator in H¥(X; C?2), for any s € R. Its realization in L?(X; C?) satisfies
(€;)* = ;. Furthermore, for the tangent vector field t = (71, #;) along X, we denote

(3.30) T =t +it.

Then one has

(0 CsT L ((z+m)l 0 oy A
(3.31) EZ_E(TC’E 0)+E( . oyt ) AT

where £ is the length of ¥ and U e ‘-1-’52, see Proposition 3.4 of [14].

The operators @, and €, are related to each other by the following relation, analogous
in this context to the Plemelj—Sokhotskii formula (see Proposition 3.5 of [14]):

'TiDCIJZgo = :F%(G-n)go +€,¢ forallg e HTV2(z:C?).

4. Unitary equivalences

4.1. Reductiontow = 0

Recall that the operator D, ; 3 , is defined as in (2.2), (2.3). The purpose of this section is
to show that, in many cases, D, ; 3 , is unitarily equivalent to D z 3 o for certain 7, and
T, 2: Y — R defined in terms of n, T, A, and w. This unitary equivalence is based on the
following simple transformation. Given z € C such that |z| = 1, let

U, : L*(R*;C?) — L*(R*C?), U,¢ = yao,¢+zxa_¢ forallp e L*(R*C?).

It is clear that (U;)* = U; and, since zZ = |z|* = 1, that (U,)*U, = U,(U,)* = I,.
Hence, U, is a unitary operator in Lz(Rz; C 2). With this at hand, we can introduce the
operator

dom(Dj _ ; ) := Uz(dom(Dy,¢2,0)).
DZ

norwt =UzDyeaeU f forall fedom(Dy ;).

which is unitarily equivalent to D, ; 1 ., by construction.

Before addressing the proof of Theorem 2.1, let us make some observations on the
values of X and z, which were introduced in (2.7) and (2.8), respectively, depending on d
and w.
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Case d = 0. In this situation, (2.7) and (2.8) rewrite as

4+ »?

and z=— ——-
4 — w? + dwi

T4t w2
Therefore, we clearly have that X € R \ {0} and z € C are constant. Also, to check that
|z| = 1 is straightforward.
Case d # 0 and w = 0. In this situation, (2.7) and (2.8) rewrite as

dX? +4

X’ —4+@d-d)X = =— .
d +@4—-d) 0 and z Xatd)

Since the number of solutions of the first equation strongly depends on the values of d,
we must distinguish two cases. On one hand, if d # —4, then we get

1 1
= — —_ — 2 = — —_
X 2d(az 4+ +/(d—4)?+16d) 2a,(d 4+|d+4))

and, thus, the solutions to (2.7) are X = 1 and X = —4/d. For X =1, we get z = 1,
and for X = —4/d, we get z = —1. On the other hand, if d = —4, then (2.7) rewrites as
(X — 1)2 = 0, hence the unique solution is X = 1. In this case, z formally corresponds to

dX*+4 d+4
Zz = = =
X(@4+d) 4+d

Case d # 0 and o # 0. From (2.7), we get

X d—w*—4+/(d—-w?-42+16d).

1
= ﬁ(
A simple computation shows that
(d—w?> =42 +16d = (d —w? + 4)? + 160> > 160> > 0

and, therefore, X can chosen as either one of the two real, nonzero, and different solutions
to (2.7). In this setting, it is clear that z € C is constant because X, w # 0. Let us now
show that |z| = 1. We have

122 (dX* 4 4)° (dX? + 4)2
Z|T = —
Xz((4+d_a)2)2+ 16(02) XZ((—4+d_w2)2+ 16d)
(dX? + 4)? (dX2? + 4)?

T (d -2 —4X)2 + 16dX2  (dX2—4)2 + 16dX2’
where we used (2.7) in the last equality. Therefore,

= (dX2? + 4)? _dx*+4?
C dX2—-4)2+16dX2 (dX2+42

as desired.
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We have checked that we always have X € R \ {0}, and z € C always satisfies |z| = 1.
This shows the first statement of Theorem 2.1. The rest of the proof of Theorem 2.1
strongly relies on the following result, which requires some notation. We set

4.1 M*

1
mie = TO W) + (12 + To3 + (0 -0 + w(o - n)).

Note that the boundary condition in (2.2) can be expressed as

+ D _ D
Mnr)\w fr=- nr)kwj— -

Lemma 4.1. Givenn, t, A, w € R, let X and z be as in Theorem 2.1. If (d,w) # (—4,0),

then, for every x € X, Mn,r and MXn Xv.x20 4T€ invertible matrices. Moreover,

1 _
4.2) (Mnr/lw) Mnrla)(MXn Xt,XA, 0) Xn Xt,XA,0 — Zla.

Proof. We introduce the auxiliary matrix

M*

maAw = ?i(o-n)—}—%(n]lz—uu—A(o-t)—w(a-n)).

Thanks to (3.12) and (3.13),

, 1
My oM 0= (il(a'n)+§(7}ﬂz+103 +A(a-t)+w(o.n)))

1
x <3Fi(o )+ (1 — 703 = Ao ) (o n)))
1 1
= (1 + ‘—t(r]2 —2 A2 -0 F a)i)I[z = Z(4 +d — w® F 4oi)l,.

Since (d,w) # (—4,0), we see that 4 + d — w? F dwi # 0. Therefore, Mnir Ao 1S invert-
ible whenever (d, w) # (—4,0), and its inverse is given by

_ 4 ~
M) _4+d—a)2q:4a)iM””““’
4

T 4td—0? Fhoi (Fiom+5 (”HZ_“’V’\(" 6 - -m)).

. . . . :t _1 .
A similar computation can be carried out to find (MXW’ Xo.X A,o) . In this case, one gets

X
43 (M xexio) " (:Fi(o )+ (1l 103 — Ao t))).

T 4tdx2
Using (2.7) together with the assumption that (d, w) # (—4,0) and the fact that X # 0,
we have
(dX? +4)? = (dX?>—4)2 4+ 16dX? = ((d — 0* —4)X)? + 16dX*>
= X2((d —w?—4)? +16d) = X*((d — w? + 4)*> + 160?) > 0.

Hence, the right-hand side of (4.3) is well defined. This shows that MZE is invert-

Xn,Xt,XA,0
ible whenever (d, w) # (—4,0).
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—IM:F

Let us address the proof of (4.2). The first step is to compute (M * e

n,r,k,w)
We have

+ -1 F
(Mn,r,)l,w) Mn,r,/l,a)

4
C44+d—w?TFwi

(:Fi(o -n) + %(7)]12 —t03—A(0-t)—w(o- n)))

X (:Fi(a -n) + %(nﬂz + 103+ A(0-t) +w(o 'n)))

_ 4 (—4-|-d—a)2
 44d —0? Fboi 4

and, similarly,

I, + (Aos —ni(oc-n) — (0 - t)))

+ -1
(MXﬂ,Xr,XA,O) MX:Fr,,Xt,XA,O
B 4 (—4 +dXx?
T 44dX2 4

From these calculations, we obtain

+ “1ag— — —las+
4.4) (Mn,r,/l,w) Mn,r,l,w(MXn,Xr,X)L,O) MXn,Xr,X)L,O
_ 4 (—4 +d — w?
C 44+d—w?—4wi 4
4 (—4 +dX?
X
4+dX? 4

Given a, a € R, a computation shows that

I, + X(Ao3 — ni(o -n) — (0 - t))).

I, +Ao3—ni(0-n)—r(0-t))

I, — XAos + Xni(o -n) + Xt(o ~t)).

4.5) (ala + Aoz —ni(o-n) — (0o - t)) (51]12 — XAoz + Xni(o -n) + Xz(o - t))
= (aa +dX)I, + (a —aX)(/\(J3 —ni(o-n) —t(o -t)).

By takinga = (—4 + d — w?)/4and @ = (—4 + dX?)/4, and using (2.7), we see that
(—4+d—?>)X(—4+dX?)
16X

2 _1)2 2 2
_@r-a @y
16X 16X

(4.6) ad +dX = +dX

and
1
4.7 d—aX:Z(dX2—4+(4—d+w2)X):O.
Plugging (4.6) and (4.7) in (4.5), and combining then with (4.4), we conclude that
+ —17— — —1yr+
(Mn,r,)t,w) M'I,r,)\,w(MXn,Xr,XA,O) MXn,Xt,X/\,O
_ 4 4 (dX*+4)> dX? + 4
T 4+d-o?—4doi 4+dX2 16X > X(@A+d—o? - doi)

where we used (2.8) in the last equality above. Therefore, (4.2) holds and the lemma
follows. n

I, =z15,
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Proof of Theorem 2.1. We have already shown that X € R \ {0} and z € C, with |z| = 1,
see the comments above. It only remains to prove that

4.8) Df] A0 =D xpxe.x20-

Once this is shown, we would get that D,, - ,, and D x, x x 1,0 are unitarily equivalent
through the unitary operator U, because @n ti.w = Uz Dy 14,0 U; by definition.

Note that (4.8) is obvious if (d,w) = (—4,0) because then X =1,z =1,and U, =
From now on we assume that (d, w) # (—4,0). Then Lemma 4.1 yields

1
4.9) (M 20) Mnf,xa,Z (MXanX)LO) XanX/XO

Recalling now (2.2) and (4.1), we have
dom(Dyenw) = {f = [+ ® f- € H(o.24) & H(0.Q-)
D D
M;—r/lw f+=-M I —}'

Therefore, using (4.9) and that zZ = |z|?> = 1, we deduce that

dom(D? ) = Uz(dom(Dy; 7 4.0))
={U:zf = [+ ®Zf- € H(0,Q24) ® H(0,Q_) :
M) T =My T2 )
={U§f=f+@zf € H(0,24+)® H(o,2-) :
My cno) M ST fe = =T £}
={Uff=f+EBEf EH(U,Q+)®H(U,Q_):

n,7T,A,0

2(Myy xex20) My xexa o4 o = —TP -}
={U:f = f+ ®Zf- € H(0,Q4) ® H(0,Q-)

M;n Xt,XA, N —My,) xe x0T Py
={g=g+®g-cH0, Q)@ H(0,Q):

My xexaoT4 8+ = —My, xo x0T 8-}

= dom(D xp,xr,x1,0)-

Now, let f* € dom(Dj , ; ,,) = dom(D xy x7.x2,0)- Then f = Uz ¢ for some ¢ €
dom(Dy, 7 1 »)- Recall that, although n, 7, and A may be non-constant, we assume that d
and w are constant along X, which implies that z is also constant in Q_. This yields
ZDogp— = Do(Z¢-) in Q_. Hence,

(4.10) ®nf,1a,f Uz nrAwsz Uz nrAwUzUz(P—Uzgn,r,A,w(p
= Uz(Do¢+ @ Dop-) = Dop+ ©ZDop— = Dop+ @ Do(Z¢-)
= Do(Uz 0)+ ® Do(Uz )~ = Do f+ @ Do f— = Dxp,xr,x1,0 f-

That is, Dﬂ A, wf I)Xn Xt,XA, ()f for all f c dOIIl(‘D77 A, a)) = dom(DXn,Xr,X/\,O)-
Therefore, (4.8) holds and Theorem 2.1 follows. ]
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4.2. Spectral relations

From the proof of Theorem 2.1 we realize that if @ = 0, we can also allow d to be variable
in X in the conclusion of Theorem 2.1, as long as d(x) ¢ {0, —4} for all x € X. This is
because (4.10) holds whenever z is constant in Q_, and for o = 0 and d # 0, —4 we can
always take z = —1, as we explained below the statement of Theorem 2.1. Thus, we can
take X = —4/d, which yields the isospectral transformation of parameters

4
nt, M)~ (Xn, Xt,XA) = —3(77, 7,4)

for all n, 7, A € C*®(Z;R) such that n?(x) — t2(x) — A%(x) = d(x) ¢ {0, —4} for all
x € X, with no more restrictions on d in X. We underline that this correspondence maps
theset {(n.7,A) e R3 | n? — 12 —A%2 < —4}onto {(n,7.1) e R3 | -4 <n?> — 12— 212 <0}
and {(n, 7, 1) € R3 | n? — 2 — A% > 0} onto itself.

Next, we apply the observation above on Dy, 3 0 = D, ;2 With constant parameters.
Moreover, we investigate the spectral relation between Dy, . 3 and its charge conjugation.

Proposition 4.2. Let n, 7, A € R, and D, ; 5 be defined as in (2.4), (2.5). The following
hold:

() ifd #0, thenz € 0p(Dy ,2) ifand only if z € 0p(D_sp/a,~arjd,—4rd),

(ii) z € 0p(Dy,r,2) ifand only if —z € 0p(D_yr,—2).
Remark 4.3. The previous proposition reduces to known results if A = 0. In the three-
dimensional setting, the equivalent of Proposition 4.2 was observed for the first time in
Theorem 3.3 and Theorem 3.6 of [5] for the purely electric interaction and in Theorem 2.3
of [41] for the Lorentz scalar interaction. For the proof of (ii) we adapt the strategy of the

proof of Proposition 4.2 (iii) of [14]; the proof of (i) descends from the previous argu-
ments, or it can be obtained by adapting the proof of Proposition 4.2 (i) of [14].

Proof. (i) The case d = —4 is obvious. The case d 7# —4 follows from Theorem 2.1 with
® = 0 by simply noting that one can take X = —4/d andz = —1.
(ii). Let C be the antilinear charge conjugation operator

C:L*(R?%C?) - L>(R%:C?), Cf=o01f, feL*R?*C?.

The operator C is an involution, i.e., C2 f = f forall f € L?(R?;C?). The result follows
if we show that

@.11) CDyrp=—D_p.sC.

Taking the complex conjugate of the condition in the definition of dom D, . ;, we see that
f € dom Dy, . if and only if

—i@-n) (TP TP ) = —(nﬂz+ms+x(o (TP -+ TP f),

where we denoted & := (01, 02) and 6; is the matrix that has the conjugate entries of the
matrix o;, j = 1,2. Since ¢ = (01, —02), multiplying the last equation by o1, we get

i(o-0)(TP (01 /o) - JD(01f+))——( nlz+103—A(0 - O)(TL (01 /) +TL (01 f+)).
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ie., Cf e domD_,; ;. We have showed that dom(CD,, ;,3) = dom(D_, ;2 C). With
an explicit computation, one sees that (—io - V + mo3)Cf = —C(—io -V + mo3) f.
Thus, we get (4.11). |

We finally mention that the three-dimensional analogue of D, o.0,, Was investigated
in [47], where the same transformation of the coefficients (1, @) — (7, 0) by means of X
and z was discovered. Since here we also admit 7, A # 0, and, with a restriction, also
non-constant coefficients, Theorem 2.1 can be understood as a generalization of [47] to
the two-dimensional scenario for more general §-shell interactions.

5. Confinement

In the following lemma, we describe the properties of confinement and transmission
induced by the boundary condition in (2.4).

Lemma 5.1. Letn,t,A € C*°(X;R) and let Dy, ; 5 be defined as in (2.4) and (2.5). Then
the following hold:

(i) If d # —4 everywhere on X, there exists an invertible matrix function Ry, - ; (expli-
citly defined in (5.6) below) such that every f = fL @& f- € H(0,24) ® H(0,2-)
belongs to dom Dy, . 5 if and only if

(5.1 TP fr = Ry T2 /-

(i) If d = —4 everywhereon 3, every f = f4+ @ f— € H(0,24) ® H(o,2_) belongs
to dom D, . ; if and only if

(5.2) [i(a ) + %(nﬂz Y103+ A(o- t))]ffffi — 0.
Proof. Let f = f4 ® f_ € H(0,24) ® H(0,Q2_). From (2.4), f € domD,, ., if and
only if
1
(5.3) (i (0-m) + 3Nz + 703 + A (o - t)))T+Df+

- (i(a ) — %(n]lz +to3+A(0 -t)))‘T_Df_.
Thanks to (3.12), this is equivalent to
(54) (I + M)TL fr =0 — MTP [,
with )
M = —%(o -n)(nly + to3 + A (0 - t)).
Due to (3.12), (3.13), and (3.14), we have

A
Mz—gi(a-n)—go-t—i—zog,,

6 44d

d
M? = - I, I+ M)I,—M) = I,.
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When d # —4, the matrix [, + M is invertible, by (5.5), and we get (i) by setting

4 4 s4—d
. 1T, A — 2 — _
(56) Ryei = (Lo + M) (L= M) = = (I M) 4+d( L 2M)

4 ,4-d ,
:4+—d< 2 ]Iz—i-ln(o-n)—l—t(cf-t)—)kog).

If d = —4, then M? = I,. Multiplying (5.4) by I, & M, we get
0=+ M?TPL fr =2, + M)TPL fo.

Multiplying the previous equation by %(0 -n) and using (3.12) we arrive at (5.2). Vice
versa, (5.2) implies (5.3) trivially. ]

If d = n? — 12 — A% # —4 everywhere on X, Lemma 5.1 (i) states that the values of f,
and f_ along X are related via the matrix R, ;. The presence of the §-shell implies a
transmission condition for the functions in the domain of D,, . ; across the surface X.

Ifd = n?> — t?> — A2 = —4 everywhere on X, Lemma 5.1 (ii) implies Theorem 2.3.

6. The non-critical case

In this section we prove Theorem 2.2 stated in Section 2. The operator D, ; ; is defined
again as in (2.4) and (2.5), where in general the condition in (2.4) is understood in the
sense of H~1/2(X). We show the self-adjointness and some further properties of the oper-
ator Dy ; 1. The strategy of the proofs mainly follows [14], but we need to modify the
boundary triple that we use in order to include the magnetic interaction.

It will be convenient to introduce some extra notation. Recall the definition 7 :=
t; +it; € C from (3.30), where t = (1, £5) is the tangent vector to X at the point x € X.
We define the following matrix-valued functions on X:

(1 0 . (n+T A
6.1) V.= (0 7:) and B.—( 1 U—T)'

For all x € X, the matrix V(x) is unitary and
(6.2) nlh+t03+A(c-t)=V*BV inX.

Finally, we have det B = 772 —12-22=d € C®(Z;R), cf. (2.6).

In the following proposition we adapt to our setting the boundary triple constructed
in Proposition 3.6 of [14] for the operator S*, defined in (3.24). In the formulation of the
proposition we extend the operators A and C; defined in (3.17) and (3.29), respectively,
onto two-component functions applying the respective mappings component-wise.

Proposition 6.1. Let ¢ € p(Dy) and let Ty, T'1:dom S* — L2(X; C?) be defined by
Tof =iA"'V(o -n)(TL f+ = TP f2),

(6.3) 1
Tif =S AV(TP fr + T2 f-) = (€ + €V AT f),



General §-shell interactions for the two-dimensional Dirac operator 1469

where f = fi @ f_ € dom S*. Then {L?*(%;C?),Ty,I'1} is a boundary triple for S*
such that Do = S* | ker I'y. Moreover, the corresponding y-field is

(6.4) G;:z€p(Dy) > P, V*A

and the Weyl function is

1
(6.5) M, : z € p(Do) > AV(‘(?Z (e + ‘65))V*A.
Proof. In Proposition 3.6 of [14], it is proved that { L?(Z; C?), To, fl} is a boundary triple
for S*, with
Lof =iA "o -0)(TP f+ — TP f).
~ 1 ~
T f = 5A((Tff+ + TP f) = (€ +€p)ATo f), where f = f1 & f- € dom S™.
Moreover, Dy = S* | ker fo an(’iv thfi y-field éz and the Weyl function M , associated to
the boundary triple {L2(Z; C?), [y, I';} are defined by

G; :z € p(Dg) > (Ty M ker(A* —2))™! = ®,A,

(6.6) - o~ 1
M, :z € p(Dg) > I'1G, = A(t’z - 5(6’; + t’g))/\-

We define 'y, I'1 as in (6.3). The key observation of our proof is that
6.7) Io=A"'"WATy and T; =AVA~'TY,

and A'VA, AVA~! are bounded and boundedly invertible on Lz(E; C?), since A :
H*(X) — H*"1/2(%) is an isomorphism for all s € R and V € C®(Z; C?) is pointwise
unitary. Consequently, the map f € dom S* + (g £. 1 f) € L2(Z; C?) x L?(Z; C?)
is surjective, i.e., the condition (ii) in Definition 3.4 of the boundary triple is fulfilled. In
order to verify the condition (i) of the definition, we observe that, for all ¢, ¥ € dom S*,

(6.8) (Top.T1¥)r2=(ATo¢. A" T1¥) 12 1o =(VATo . VAT T1¥) y-1/2 g1s2.
due to (3.18) and (6.7). The last term in the previous equation equals

(6.9) (ATo ¢, V*VA™! flw)H—l/Z,Hlﬂ = (AT, A F1!”)}1—1/2,}11/2,
because V*V = I,. Combining (6.8) and (6.9), and using (3.18) again, we get

(6.10) (To¢. 1)z = (ATop. AT Ty 1o e = (To b T1r) .

This yields (i) in Definition 3.4. Therefoze, we conclude that {Lz(Z; C?), Ty, T 1} is a
boundary triple for $*. Since ker ['g =ker I'y, it is true that Do = S* | ker ['g. From (3.19),
we get that, for all z € p(Dy),

G, = (T Mker(A*—z)) "' = (T Mker(A*—2)) "ATIWV*A =G, AT VA =D, V*A,
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i.e., (6.4). Plugging this result together with (6.7) into (3.20), we obtain
M, =T, G, = AVAT'T |G, A"'WV*A = AVAT' M, A" V*A
1 *
- Av(a - 50+ ‘65)>V A,
for all z € p(Dy). This is just (6.5). |

The following lemma is a regularity result concerning the boundary triple defined in
Proposition 6.1.

Lemma 6.2. Let f edomS*. Then f e H'(R?\ Z;C?) ifand only if Ty f € H'(Z;C?).

Proof. The proof is analogous to Lemma 3.7 of [14], reasoning as in the proof of Propos-
ition 6.1. |

The following proposition is a modification of Proposition 4.3 of [14] taking into
account the magnetic §-shell interaction.

Proposition 6.3. Let n,t,A € C°(Z;R), and let B be defined as in (6.1). Let the oper-
ator Dy, 1 5 be defined as in (2.4) and (2.5). Then the following hold:

(1) Assume d(x) # Oforall x € ¥. Let 0 € \Ilé be given by
6.11) 0= —A[B—l + % V(e + t’c-)V*]A,
and let © be its maximal realization, i.e.,
Op :=0¢p, dom® :={p e L*(Z;C?) | f¢p € L*(Z;C?)}).
Then
(6.12) domD, . ={fedomS*|Tyfedom®, I'| f = O, f}.
(i) Assume n,7,A € Randn = +/12+ 22 # 0. Then there exist
My : L*(Z;C%) — L3(Z) and ML : L*(X) — L*(Z;C?)
such that II T11 are orthogonal projectors and, defining 0+ € \IIE by
0p = —A[iﬂ + e 2 Ve + q—)v*n;]A,
2n 2
and letting Oy be its maximal realization, i.e.,
O+ :=0rp, domOy :={p € L*(T) | brp € L*(T)}.

we have

(6.13) domD, .y ={fedomS* |1+l f € dom Oy,
Myl f =04MaTof, (I - T f = 0}
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Remark 6.4. In the case that ) = £+/72 + A2 = 0, D, ; ; is in fact the free Dirac oper-
ator Dy, defined in Section 3.7.

Proof. From (6.3), we see that
i@ -m)(TL fr = TP f2) = V*ATo f.
%(T+Df+ + TP fy=Vv*ATIl f + % (€ +€p)V* AT f,
so the transmission condition in (2.4) rewrites as follows:
(6.14) —V*AT, f = (n1 + 103 + A(0 -t))(V*A‘lFlf + % (€ + EE)V*AFOf).

Multiplying the last equation by V' and then using (6.2) together with the identity V*V =
VV* =1,, we get

1
(6.15) BAT'T, f = —(Hz + 3B V(e + I?E)V*)AI‘of.

We prove now (i). In the case that d(x) # 0, the matrix B = B(x) is invertible for
all x € X. Thanks to (6.15), we obtain the representation in (6.12).
Next, we pass to the proof of (ii). Let

By, E-: L3(Z;C?) - L3(Z), B4 (<ﬂ1) =1, E- ((p1) = 2,
(%] ©2

and let U be the unitary matrix such that

n+vt2+ A2 0 U
0 n—vore) U

Finally, let [T+ := E4+U. One sees immediately that 1% T, are orthogonal projectors
in L2(X; C?), and that T4 4 (L*(X; C?)) C L?(Z; C?) is isometrically isomorphic
to I+ (L2(Z: C?)) C L%(D).

We give only a proof in the case n = +/t2 + A2, the other case being analogous.
From (6.15), we infer that

(6.16) B =U*(

2n 0

(6.17) —ATo f :U*(O 0

1
) U(A‘lFlf 5 Ve + t?E)V*AFOf)
1
— 2 1‘[11‘[+<A‘1F1f + 5 V(e + ‘C’E)V*AI‘of).

We will show that this equation is equivalent to (6.13). Multiplying (6.17) by I — TT% IT,
we get

(6.18) (I — TI* 4 )ATo f = 0.

Since IT4 IT% = I, multiplying (6.17) by IT, we get

1 1 " -1
n+[% L+ V(€ +EpV ]AFOf = —TI4A7'Ty f.
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Thanks to (6.18), we have
1 1
(6.19) [% L+ 5 V(G + ‘eg)v*Hi]HJrAFof . W

Since 7, 7,A € R, A commutes with TT and IT7 . Therefore, taking the bijectivity of A
into account, (6.18) and (6.19) yield

(I -5 )T, f =0,

1 1
M f = —A[z—nll + L5 V(e + ‘C’E)V*H*Jr]A M. Tof,

that is, we get the conditions in (6.13). [

In the non-critical case, €(1, t, A) 7# 0 everywhere on X, with €(n, 7, A) defined
as in (2.9), we can show the self-adjointness of D, ; 3 using Theorem 3.5 and Proposi-
tion 6.3, together with the self-adjointness of the operator ®. The proof is an adaptation
of the proof of Lemma 4.5 of [14] that takes the new interaction into account.

Lemma 6.5. Let n, 7, A € C*®°(X; R) be such that €(n, t,A) # 0 for all x € X. Then the
following hold:

() if d(x) # 0 for all x € %, then we have that dom ® = H'(Z; C?) and O is self-
adjoint in L?(Z; C?),

) if n,t, A €Randn=++12 + A2 £ 0, then dom O = H(X) and O is self-
adjoint in L*(X).

Proof. Since the multiplication by V is bounded in L2(Z; C?), from (3.31), we get

ox_ o 0 CsT\ ,« & (0 Cs\, =~
(6.20) V(‘€;+‘€§)V—V(TC,E O)V +\111_(C,E O)+qfl,

with Uy € W3l

We start the proof of (i) by putting ® := ® } H!(Z;C?). Since 6 € W1, the oper-
ator ®; is well defined as an operator in L?(Z; C?). To show (i), we prove that ®; = ®
and O is self-adjoint in L?(X; C?). Since (V(€; + €z)V*)* = V(€; + €¢)V* and A is
self-adjoint as an operator in L2(X), © is symmetric. Moreover, since (8 | C®) C 0,
we have ®; C O] C (O® | C*)*. We conclude that ®; C © since ® is the maximal
realization of 6, and so (® | C*°)* = ©.

Hence, to show that ®; = ©, it is now sufficient to prove that ® C ®1, that is to
say dom ® C dom ®; = H'(X;C?). We fix ¢ € dom ©. Thanks to Proposition 6.3 (i)
and (6.20), we have

0p = —APAg + U, ¢,

with U, € W and

621y p=2L(1"7T ANy Lo Cs)_ 1 D cy-f
. Cd\ A o+t 2\Cs O ) Cé—% 2(77‘;—‘:) :
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We have APAg € L2(X;C?) and PAp € HY/?(2; C?) because A: H'/2(Z;C2?) —
L?(2; C?) is an isomorphism. Since Cx, Cy € \IJ%, these pseudo-differential operators
give rise to bounded operators in H 1/ 2(X;C?), and this implies that

1 2(n+1) —Cx — )

— d PA
21 2(n—1) ¢

2 (—C'z -7 T

—d
_ 1 d+222 -2 CsCp 42 (C5—Cy) 2—2(r}+r)/1 Ao
d? —2(n— A d+2)2—4-CLCo+ 22 (Cy—Cx)

belongs to H/2(2; C?). Using (3.28), we conclude that

R S —2 —2(77+r)/\

MA Ap € HV?(2: C?
= ( —2(n—1)A n”?—12 4+ A% — —) v ( )

Note that

_ 1 2 2 2 d2 2 2 2 21 1
(6.22) detM—ﬁ[(n 24 _T) AP -1 )A]—ﬁ@(n,r,k)

and, by our hypothesis, M is invertible. Therefore, we get Ap € HY/2(2;C?) and ¢ €
H'(Z;C?), because A: H'(Z; C2) — H'/2(%;C?) is an isomorphism. This completes
the proof of the case (i).

Now we pass to the proof of (ii). Arguing as in the proof of (i), let @+ := O |
H(X). It is true that O+ C 81,1 C ®4, and so we can conclude the proof if we show
that dom ©4 C dom ©4 ; = H!(X). By Proposition 6.3 (ii) and (6.20), we have

1 ~
@i(p——A[—]I+ Hi(co/ %E)H*i}A<p+\Il(p forall ¢ € dom®O,

with some symmetric operator ¥ € Y. Since A: H'/2(X) — L2(X) is an isomorphism,
the last equation implies that

1 1 0 CE * 1/2
(6.23) [ZHJFEHi (C;: O)Hij|A<peH (2).

For the unitary matrix U in (6.16), we may choose

Hz 1f/\=0,
(c+ V2 + 22 2272 (T A 4 if A # 0.
—A T+ V12 + A2

When A = 0 our choice of U gives [T = E, and from (6.23), we get

U =

1 0 Cx\ o« 1 1/2
(6.24) [—]1+ Hi(c, O)Hi_:|A(p—%A(peH ().
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Since A: H'(X) — H'/2(X) is an isomorphism, we get ¢ € H'(X). If A # 0, then (6.23)
yields

1 1 0 Csx 1 A
— T4+ =TI M [Ag = | — T+ —(Cs +CL) |Ap € HY2(D).
[277 T2 i(cé 0) i} v [277 (BT |he ()

Since Cx, Cx € W, we get

A ’ A ’ _ A2 7N\2 1/2
(11 F5(Cx+ cz)) (}1 +5(Co + CE))A(/) - [H ~ T (Cx+Cp) ]A<p e H2(3).
Taking (3.28) into account, we finally obtain
(I —A>)Ag e HY2(Z).

We conclude that Agp € H'/?(X), since for d = 0, the condition €(7, T, 1) # 0 forces
A2 # 1. Since A: H'(Z) — H'Y/2(X) is an isomorphism, we get ¢ € H'(X) also in this
case. (]

We are now ready to show the self-adjointness of D, . ; in the non-critical case.

Theorem 6.6. Letn,t,A € C®°(X;R) be such that €(n, t, 1) (x) # 0. Moreover, let either
d(x) #0forallx € 3, orlet n, T, A be constant such that d = 0. Then Dy, . ;, defined by
(2.4) and (2.5), is self-adjoint in L*>(R?; C?) with domain domD,, . ; C H'(R?\ £;C?).
Moreover, for all z € p(Dy 1) N p(Do), the operator I + (nl, + 103 + A0 - t))E; is
bounded and boundedly invertible in H'/?(Z; C?) and

(‘Dn,t,k - Z)_l

(6.25) -
= (Do—2)"' =@ (I + (1 La+ 103+ A(0-0)€:) " (12 + 703+ A(0 1)) P}

Proof. The proof is analogous to the proof of Theorem 4.6 of [14], when we have set the
right framework.

The self-adjointness of D . 5 follows from the self-adjointness of ® and ®4 in
L?(X;C?) and L%(X), respectively, thanks to Theorem 3.5. Moreover, Lemma 6.2 implies
that dom D, ;1 C H'(R? \ X C?), since, by Lemma 6.5, dom ® = H'(2;C?) and
dom®i = HI(X).

We show (6.25) in the case d(x) # O for all x € X. By Theorem 3.5 (iii), ® — M, is
boundedly invertible in L?(X; C?), for z € p(Dy,.,2) N p(Dop), and

(Dn,r,l - Z)_l = (Do — Z)_l + G- (O — Mz)_lG;
From the definition of M, (6.5), we get
(626) ® —M, =—AV(nl, + 103 + A0 -t) " (1o + (n]s + 103 + A(0 - 1)) E)V*A.

The operator ® — M, is bijective in L2(X; C?) when defined on dom ® = H!(Z; C?),
and (I + (n1, + 703 + A(0 - t))€,) is well defined and bounded in H/2(%; C?2). Recall-
ing the definition of G, from (6.4), we get (6.25). The case d = 0 is analogous and will
be omitted. ]
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In the next proposition we gather some basic results on the spectrum of Dy, . 3.

Proposition 6.7. Letn,7,A € C®°(Z;R) be such that €(n,t,A)(x) # 0 everywhere on .
Moreover, let either d(x) # 0 for all x € %, or let ), T and A be constant such that d = 0.
Let Dy, . be defined as in (2.4) and (2.5). Then the following hold.:
(i) We have 0ess(Dyy 1) = (—00, —|m|] U [|m]|, +00); if, in particular, m = 0, then
G(Dn,r,k) = Gess(pn,r,l) =R
(ii) If m # 0, then Dy, . 5 has at most finitely many eigenvalues in (—|m|, |m|).
(iii) Assume m # 0. Then z € (—|m|, |m|) is a discrete eigenvalue of Dy, ; 5 if and only
if there exists ¢ € HY2(2; C?) such that (I + (1 + 103 + A(0 - 1))€;) @ = 0.

Proof. The proof is analogous to the proof of Theorem 4.7 of [14]. Firstly, let us show (i)
and (ii). Thanks to Proposition 3.6 (i), (—oo, —|m|] U [|m|, +00) C 0css(Dy,7,2). Moreover,
since dom D, ; ; C H'(R?\ ;C?), by Theorem 6.6, Proposition 3.6 (ii) implies that the
spectrum of D, ; 5 in (—|m|, |m|) is discrete and finite.

We show (iii) only in the case d(x) # 0 for all x € 3, the case d = 0 being similar. By
Theorem 3.5 (i) combined with (6.26), z € p(Dy) is an eigenvalue of D, , , if and only if
there exists ¥ € dom ® = H!(Z; C?) such that

—AV(nly + to3 + A0 - t)) LIy + (0], + 103 + A(0 - £))E)V*AY = 0,
ie., if and only if p = V*Ay € H'/2(Z;C?) satisfies
(I + (nl2 + o3 + A(0 - 1)) C;)p = 0. "

7. The purely magnetic critical interaction

In this section we give the proof of Theorem 2.5. We consider the case A = 2 only, since
the case A = —2 can be treated analogously. Recall that, by Theorem 2.3, the operator
Do,0,2 can be decomposed into the orthogonal sum

DO,O,Z = ‘DKO,Z [<3) @&0’2 =: Dt @® D™,

with
dom D* :={fr € H(0,Q4) | [£i(0-n) + (0 - )]TL fo = 0},
DEfL:=Dofr forall fr € domDE.
Using that ny = 5, np, = —t;, we find

i(o-n)+(o-t)=(2°T 8) —i(o-n)+(o-t):(8 QOT).

Hence, D* have the following representations:

Dt f =Dof, domD' ={f = (f1. )" € H0,Q4) | TL fi =0},
D f =Dof, domD™ ={f=(fi, o) € Ho, Q)| TP f, =0}.
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Using the Cauchy—Riemann differential expressions
1 . 1 :
0, 1= 5(81 —idy) and 0z := 5(81 +i03),

we can represent DT as follows:

[ m —2i0;\ ( f
o= (g ) (2)

domD* ={f = (fi. )" | fi. 2.0:fo.0: /1 € L*(Q4). TP fL = 0},
domD™ = {f = 1, 227 | fis f2. 02 f2,0: /1 € LA(Q2), TP f5 = 0}.
In view of Lemma 18 of [3] (see also Lemma 3.1 of [14]), the domains of DE can altern-
atively be given by
dom Dt ={f = (fi. /)" | f.0:/2 € L*(Q4). fi € Hy(Q4)}.
domD™ ={f = (fi, )" | f1.0:/1 € LX(Q-), f» € Hy(Q)}.
The operators D* can be viewed as bounded symmetric perturbations of the respective
massless Dirac operators. Since, by Proposition 1 of [65], the unperturbed massless Dirac
operators are self-adjoint, we conclude that D+ are self-adjoint as well.

Next, we will show the symmetry of the spectrum of D*. For v € C such that v —
m? # 0, we introduce the matrix

m-+v 0
m—v

Tv = m—v
0 m+v

Clearly, T, is invertible and T;l = T_,. Moreover, for any v € C \ {—m, m}, we have
T, (dom D*) = dom D* and

(7.1) (DE + )T, = T, (DT —v).
Let v € 0(D*) \ {—m, m}. Then there exists a sequence (¥/,), in dom D* such that

o 1= vyl
im —— =0
w Yl

Let ¢y := T, ' ¥ = T—y Y. Then we get

1(D* + v)¢nll _ [(DE + v) Ty | _ T (D* — v) ¢
[l 1T ¥l 175 Yl
+
[l

Hence, we conclude that —v € U(Di). Moreover, if v # +m is an eigenvalue of DE,
then, in view of identity (7.1), —v is also an eigenvalue of D¥.

—0 asn — oo.
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Now we perform the spectral analysis of D . First of all, we notice the inclusion

ker(D* + m) {(}’2) | o L2@0). 012 = o}.

()= (250)--«(2)

Since the space of square-integrable anti-holomorphic functions on €2 is infinite-dimen-
sional, —m is an eigenvalue of infinite multiplicity in the spectrum of D*. In particular,
dom Dt ¢ H*(Q4;C?) for any s > 0, as otherwise the spectrum of D+ would be purely
discrete, due to the compactness of embedding of the Sobolev spaces H*(24+;C?),s > 0,
into L2(Q4; C?). Thus, dom Do, ¢ H*(R?\ X;C?) for any s > 0.

Consider the auxiliary operators

Indeed,

72) Apy = —2id:¢, domAy = HJ(Qy),
' Ay = —=2id,y, domA_ = H}(Q-).

The adjoints of A are characterised in the spirit of Proposition 1 of [65] as
ALy = =2i9;y, dom A% ={y € L*(Q4) | 8:¥ € L*(Q4)},
A¥y = =2idzy, domA* ={y € L*(Q_) | 0:¢ € L*(Q_)}.
The quadratic form for (D1)? is given by
btf]:= ||D+f”22(9+;<c2)’ dom bt := domDT.
Next, we compute
b+[f] = ||®+f”i2(g+;(c2) = ”mfl - 2iazf2||i2(g+) + ”_mfZ - Ziaifl “22(9_'_)
= 410 Sol2aq,, + 4105 /112200
+4mRe[(f2,i0z f[1)12(,) — (J1:10z f2)12(0)]
+m?| fi ||]242(Q+) + m2||f2||iz(g+)-
Integrating by parts, we find with the aid of dom h* = dom D™ that
Re[(f2,10z f1)r 2@y — (1,002 f2)12(0.4)]
= Re[(i0; f2, f1)r2@p) — (1,002 f2)2@,)] = 0.
Thus, the expression for h* simplifies as
bS] = 410: folaq,, + 4102 £l + M1 fil2ag,y + 21 £ol2aa,
= 4% £alBaa,, + 145 filaq,y + M1 fill2ag,y + 21 Fol2a, )

The domain of h* can be written as

dombht ={f = (fi. f2)7 | fi €dom Ay, f> € dom A%} = dom A} & dom A%.
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Therefore, we end up with the orthogonal decomposition
(D*)? = (AL Ay +m?) @ (A4 A% +m?),
from which we deduce, using Propositions 2 and 3 of [65], that
Q
a((DH)\{m*} = {m® + | € o(=Ap™)},

where —Ag * is the Dirichlet Laplacian on €. Using the symmetry of the spectrum
shown above, we obtain that

o (D) \{=|ml, Im|} = {£Vm? + | 1 € a(=AFH)).

Hence, (iii) of Theorem 2.5 follows. Moreover, we observe that Dt } H'(Q; C?) is
essentially self-adjoint provided that HO1 (R4) @ H'(Qy) is a core for DF. The latter
follows from the density of H1(Q4) in dom A* ; cf. Lemma 14 of [3].

Now we perform the spectral analysis of D~. As in the analysis of D, we notice the
inclusion

ker(D™ —m) D {({;) ‘ fie L*(Q), 0z f1 = 0}.

o (8) = (o) = (8),

We observe that the space of square-integrable holomorphic functions on Q_ is also
infinite-dimensional. Indeed, for an arbitrary zy € 4, the family of linear independent
functions {(z — z¢) ¥ }e>2 is square-integrable and holomorphic in 2_. Hence, m is an
eigenvalue of infinite multiplicity in the spectrum of D~ and thus, combining with the fact
that —m is an eigenvalue of infinite multiplicity in the spectrum of D shown above, the
claim of (ii) of Theorem 2.5 follows. Next we consider the quadratic form

b7[f1:= D f22q 2. domb™ = domD"

Indeed,

for (D7)2. Repeating the same type of computation as we did for DT, we get
b 1= 1D flieq.coy = Imfi =2id: folfoq ) + l-mfa = 2i8: fil}2q.)

= 4119: f272 0y + 419z fill72q_y + M2 il 72y + M1 2l 72 g

= A= fol2aqy + 147 AilZ2iay + M1 AilZ2a ) + 21 o2y
The domain of §~ can be written as

dombh™ = dom A* © dom A_.
Hence, we have the orthogonal decomposition
(D) = (A_A* + m?) @ (A* A_ + m?),

which implies, in view of Propositions 2 and 3 of [65], that

o(DH)\{m?} = {m® + pu | € o (=AF) \ {0},
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where —Ag ~ is the Dirichlet Laplacian on Q_. Taking that U(—Ag‘) = [0, c0) into
account, we get o((D7)?) = [m?, +00). In view of the symmetry of the spectrum of D~
shown above, we necessarily get that 0(D™) = (—oo, —|m|] U [|m|, +00). Hence, (i) of
Theorem 2.5 is shown. The essential self-adjointness of D~ |} H!(Q_; C?) follows ana-
logously to that of D+ } H(Q,;C?).

The essential self-adjointness of Do g | H!(R?\ X; C?) follows from the essential
self-adjointness of D* | H!(Q;C?). Thus, the proof is concluded.

Remark 7.1. The above spectral analysis of D¥ is reminiscent of the spectral analysis of
three-dimensional Dirac operators with zig-zag boundary conditions on general open sets
performed in [40], which has appeared while the present paper was under preparation.

8. Approximation of §-shell interactions by regular potentials

In this section we prove Theorem 2.6 on approximation of the Dirac operator with §-shell
interaction by a sequence of Dirac operators with regular scaled potentials.

Proof of Theorem 2.6. For all 0 < ¢ < B, we define the self-adjoint operators &, ¢ 1.
according to (2.14) and we define the operators D 4 ; 3 according to (2.4), (2.5). Since
€@, 1, i) # 0 everywhere on X, Theorem 2.2 tells us that these operators are self-adjoint
anddom Dz i C H'(R?\ X;C?). Thanks to Theorem VIIL.26 of [63], since the limit-
ing operators and the limit operator are self-adjoint, the family {&, 7 1.¢}se(0,8) cOnverges
in the strong resolvent sense to Dz 3 as ¢ — 0 if and only if it converges in the strong
graph limit sense. The latter means that, for all ¥ € dom D ; 3, there exists a family of
vectors {Ve bee(o,8) C dom &y ;2. = H'(R?; C?) such that

. _ . _ . T2 m2. 2
(8.1) EIER) Ve=1Y and g%gn,r,k;sws = @ﬁ,wlﬂ in L*(R~; C7).
Without loss of generality we can assume m = 0, because, by its very definition, the strong
graph convergence (8.1) is stable with respect to bounded symmetric perturbations.

Let ¥ = ¥4 @ Yy— € dom Dz ;. From (2.15), (2.16) and (2.17), we observe that
d := #? — 2 — A% > —4. Therefore, by Lemma 5.1 (i),
(82) TPV =Ry 70V,

where

A

Ll 410w + 0 -0 — dou ) (xz).

$83) R, ;0rs) = — (4
. A2 Xyp) = ——=
77,7-',/\ 4+d
Clearly, Ry33 € C®(%; C 2>‘2). Moreover, by Proposition 3.3 combined with the fact
that dom D4z 3 C H'(R? \ X;C?), see Theorem 6.6, T.Pyry € H/2(Z;C?).
Recall that €, ; 3.c = Do + V;; 7 2., Where, for all x in X, i.e., in the e-tubular neigh-
bourhood of X,

4

Vn,r,/l;s = Br],r,)c(xz)hs(p)s
where By ;; was introduced in (2.12), and V; ; 3., = 0 everywhere else, see (2.13).
According to Lemma A.1,

(8.4) expli(o -n(xx))By 1 (xx)] = Rﬁ,f,i(xz) for all xy € X.
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Since, by definition, f_ss he(t) dt = 1, we can rewrite (8.2) as
0

(8.5) exp[—i ( / he(r) dt)(o ‘n)B, . A]Tﬁ "
—&

&
— exp[i (/ he(r) dt)(o : n)B,,,,J]TP v
0
Let us now construct the family {{s}.<(0,8). For all € € (0, 8), we put

f;hg(t)dt, 0O<p<e,
He :R\{0} = R, He(p):=1{— /" he(t)dt, —e<p<0,
0, lpl = e
Note that supp H; C (—¢,¢) and H, € L*(R). Since ||He|zoo®) < IhllL1®), {He}e
is bounded uniformly in ¢. For all ¢ € (0, ), the restrictions of H, to Ry are uni-
formly continuous, so finite limits at p = 0 exist, and differentiable a.e. with derivative

being bounded, since i, € L°°(R; R). Furthermore, H, has a jump at the origin of size
[, he(r) dt = 1. Next, we set

Uy : R?2\ ¥ — C?*2,

expli(o - n)Bn,r,A(iPE(x)) He(PL(x))], xe X \X,
I,, x € R?2\ X,

(8.0 Ue(x) := {

where the mappings Py and P are defined as in (3.11) and (3.9), respectively. The matrix

functions U, are bounded, uniformly in ¢, and uniformly continuous in €24, with a jump
discontinuity across X, i.e., for all xy € X, we have

0
BT Uelrf) = lim Ue(y) = exp[=i( [ he(t)dt) (@ n(x2)Byra(rs)]

yeQy
and
69 Uilag)i= Jim V) = expli( [ e dr) o nixz) Byeatn)|

yeQ_

Finally, we put
(8.9) Ve = Vet ® Ve = Ugy € L*(R* C?).

It is immediate to see, by the dominated convergence theorem, that

(8.10) Ve =%y in L2(R%:C2),
since ¥, — ¥ = (U — D)y, U, € L®(R?; C?*?) with a uniform bound in ¢ € (0, B),
supp(U; —I) C ¥,, and | ;| - Oas e — 0.

We show now that ¥, € dom &, . ;.. = H'(R?; C?) for all ¢ € (0, B). To do so,
we verify that s+ € H'(Qx:;C?) and that TPy, 1 = TPy, _ € HY2(X; C?). Let
v:R/€Z — % C R? be, as always, a smooth arc-length parametrization of ¥ with positive
orientation and

A€ CORMUL;CH?),  A(s):=i(0 - n(y(5))) By, (y(s)).
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Thus, we may write (8.6) as

G Ua) = {;zp[A(?y(X))He(?L(X))], rex i >

where P,, is defined as in (3.8). For j = 1,2, supp d; U, C X, and, thanks to the Wilcox
formula, cf. equation (4.1) of [71], for x € X, \ X, we have

1
0y Uete) = [ [ACH AL [, (5) He(P ()]
0
x (1=DAC CDHP LN gz

Recall that we have set s = P, (x) and p = P (x). Using (3.10), we obtain

0 A () HAPL] = 0AG) T Hulp) = Ay )
Y

Therefore, we arrive at
(8.12) 8_,~ Ug(x) = —A(s) hé‘(p)(ny(s))jUg(.x)
1 .
+ Hs(P)/ eFAOHP) § 4 (5) _&G); o U=DAWHP) 4,
Y 1+ pry(s)
= —i(0 -n(x)) Vy ,2:6(X) My, (5)); U (x) 4+ Rjie(x),
where
1 .
Rje(x) := Hs(p)/ FAOHD) g g5y 0O a-240HD) 4,
0 1 + picy(s)

The matrix-valued functions R;., are bounded, uniformly in e € (0, 8), and suppR;.; C .
We observe that

(8.13) Ug, 01U, 3, U, € L®°(Q4; C*?).
Since ¥+ € H'(Q4;C?), we conclude that ¥, + = Uy € H!(Q4;C?).

Thanks to Proposition 3.3, T+D Yetr € H v 2(x; C?) and, thanks to Chapter 4 of [32],
forae. xy € X,

1
~D .
T Ve x(xy) = lim ——— Ve(y)dy
* e r>0 |B,(xx)| Jaing ()
1

lim ——— U dy:
1B o)l S o, cen) Y (y)dy

similarly, we have

Ue () TLVa (xx) = li Us(x3) ¥ () dy.

m—
=0 |Br(xz)| JoinB, (x5)
Since Uy is continuous on Q4 and Q_, respectively, we get

TL Ve s (xx) = Ue(x5) T Y (xz).

Taking (8.5), (8.7) and (8.8) into account, this yields TPy, . = TPy, _ € H/2(2;C?),
and so we conclude that ¥, € H!(R?;C?) for all ¢ € (0, B).
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To finish the proof, it remains to show thatlimg_0&y  1;e¥s =Dy - AV in L?(RZ%;C?).
Since &, r2:6Ve — Dy.ea¥y € L2(R?;C?), it suffices to show that limg—o(Ey z 2.6V —
Dypea¥)+ = 0in L?(Q4; C?). With an explicit computation, we have that

(8-14) (&;,m;sl/fs - Dn,r,ﬂ/f)i =—io - V(an:l:) + Vn,r,)t;s‘/fa,:i: +io- Vlﬁ:I:

2
=—i Z 0j [(8j Uyt + (U — ]IZ)aj Y] + V71,1',)&;61/fe;“,:|:-
Jj=1

Applying (8.12) together with (3.12), we get

2 2
B.15) =i Y 0;@Uys =—i Y _0jl=i(0-m)Vyraen Uss + Rjoirs]
j=1 j=1

2
=—(0-m(0 -mVy 2 Uehs —i ZUjRj;awi
j=1

= —Vorae Vet + Qe+,

where Q, € L®(R?; C?*?), with the L*-norm uniformly bounded in ¢ € (0, ), and
supp Q. C 3. According to (8.14) and (8.15), we get

(8.16) (‘Sn,r,)n;sl//e - Dn,r,kl//):t

2
. —0 .
=i Y 0j[(U; = 1)3;¥+] + Q¥ —> 0 in L3(Q4:C?),
j=1

by the dominated convergence, since ¥+ € H 1(Q4:C?), U, — 1, and Q. are uniformly
bounded in ¢ € (0, 8) and supported on X, and lim,_,¢|X;| = 0.
Putting (8.16) and (8.10) together, we obtain (8.1). [

The problem of finding regular approximations for Dy, - ; ., withn,7,A,® € R reduces
to the problem of finding the approximations when w = 0. Indeed, according to The-
orem 2.1, there exist X € R \ {0} and a unitary operator U, where z € C, with |z| = 1,
is a parameter that may be calculated in terms of 1, 7, A, w, such that Uz Dy ;3 , U, =
Dxp.xr.x1- We will assume that X?d > —4, because if X2d < —4, then, employing The-
orem 2.1 again, we can sandwich Dy, y x by another unitary transform to get D5 7
such that d = 7> — 72 — A2 > —4. Now, using Corollary 2.10, we find a family of approx-
imating operators €, o/ /. such that €,/ = 3. — Dy, x x 1 in the strong resolvent sense
as ¢ — 0. If, for a € R, we define the unitary multiplication operator

I, in Q4 \ .,
Wase 1= { exp|ia fiﬂ')hg(t) dt]l, in 3,
elal, in Q_\ X,.

then, with the help of (3.10), we get

Wa)‘;g Sn,r,)t;a Wase = gn,r,/l;e +a(o-n)ys, h,
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where yx, is the indicator function of ¥,. Note that limg_so W_ a7, = Uz in the strong
operator topology. Recalling that U ! = Uz = U}, we conclude that

Ep v ae —argz(o-m) xz, he
=W 8n/,r’,)v;s W—argz;e - U, DXn,Xr,X)t U; = 'Dn,r,/l,an

—argz;e

in the strong resolvent sense as € — 0.

Proof of Corollary 2.10. The proof is immediate from Theorem 2.6 and Lemma A.2. =

8.1. Alternative approximations for purely magnetic interaction

Iff =% =0,and A € R\ {£2}, then R, , 3 = diag(2— 1)/ + 1), 2 + 1)/2 - 1))
is constant along X. This makes it possible to construct an alternative sequence of approx-
imations in a remarkably direct way without employing “parallel coordinates” (s, p).
The strategy will be to apply the method of [42, 43] that works for any type of one-
dimensional §-interaction. We will restrict ourselves to the case A € (—2,2), the remaining
cases, including their approximations, may be recovered using unitary equivalences, cf.
Remark 2.9. Let us start with introducing a bounded operator W := yq, I + yo_R

in L2(R2;C2).

0,0,

Lemma 8.1. We have Dy o} = W(—io - V)W, where the operator at the right-hand side
is defined on {y € L2(R%;C?) | Wy € H'(R?;C?)).

Proof. Since —io -V is self-adjoint on H!(R2?; C2), W* = W, and ‘W together with
W are bounded, W(—io - V)W is also self-adjoint. Therefore, it is sufficient to show
that D9 i C W(—io - V)W. Take ¥ = ¥4 ® ¥ € dom(Dgpji) C H'(Q4+:C?) &
H'(Q_;C?). Then T2 (Wy)4 = TP ¥4 and, by (8.2), TP (Wy)— = Ro o iTPy_ =
T+D V4. Hence, Wy € H'(R?; C?), i.e., ¥ € dom(W(—io - V)W). Finally, using the
fact that for j = 1,2, Ro,0,1 0jRo,0,0 = 0}, we get
Wo -VWy = yq,0- V¥4 + xa_Ro,0,i0 Roo,i - VY-
=0-VYyir @0 -Vy_ =iDgi¥. |
Next, let (g¢)e>0 be the standard two-dimensional mollifiers, i.e.,
1 X . 00 /52
ge(x) := g—zg(g) with g € C*(R~; [0, +00)),
such that
supp(g) C B(0,1) and / g=1
B(0,1)

Note that we may write W = exp(—Ayq_o3) with A :=2 arctanhi/z, because Ro,0,3 =
exp(—A03). This suggests to introduce W, := exp(—Ayg 03), where g, = g¢ * xa_.
Then we have the following result.

Proposition 8.2. Let A e (=2, 2) be constant and A = 2 arctanh A /2. Then

(8.17) Do + 102, —01) - Vb > Doo.j

in the strong resolvent sense.
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Proof. First, using Lemma 8.1, one shows that the self-adjoint operator D% := We(—io -
V)W, defined on {yy € L2(R?;C?) | Weyy € H'(R?; C?)} converges to D3 in the
strong graph limit sense as ¢ — 0; for details, see the proof of Theorem 2 of [42]. This
implies also the strong resolvent convergence. Since dom(D5) = W; ' H'(R?; C?) and
both W, and W, 1 viewed as matrix-valued functions, are smooth and bounded (including

their derivatives), dom D = H 1(R2; C?). Next, for any v € dom(D%), we have
DiY = We(—io - VYW = =i Weo W, - VY +iAWeoW, - Vg o3¢
=—io-Vy +ido-Vyg o3y,
where we used the observation that W0 W, = o in the last equality. Therefore, D5 =
Do + Aoz, —01) - Vg . [

Note that in the sense of distributions,

lirr(l)V)(‘gz_ = lirr(l) gexVya_ =68 xVya_ = Vya_ =nds,
e— e—

so the distributional limit as ¢ — 0 of the potential in (8.17) is A(o - t), and not )At(o -t).

9. Final remark: higher dimensions

We conclude the paper with a discussion on a possible generalization of our results to
higher dimensional cases.

It is possible to define an analogue of the magnetic interaction in higher dimensions.
This is not immediate, because the tangent unit vector is not uniquely defined. However,
since 0 -t = i (0 - n)o3, see (3.13), this issue may be overcome. We rewrite the formal
expression for (1.3) as follows:

Dy.eaw = Do+ (nlz + 703 + Ai(0 - m)o3 + w(o - n))Sx.

+1 . .
Put N := 2131 where | - | denotes the integer part of a real number. It is well known
(see, e.g., [38, 44]) that there exist Hermitian matrices o1, ..., 0y, Qp41 € CN*N that
satisfy the anticommutation relations

ooy + oo =28j,k]IN» 1<jk<n+1,

where §;  stands for the Kronecker delta. The Dirac differential expression with a §-shell
interaction in R” acts on functions ¥: R” — C¥ as follows:

nrAw = —ia-V+ (nI[N 4+ toy+1 + Ai(a -n) oy + w(a-n))Sg,

where @ - V1= Y_7_,; ;. In particular, we define the Dirac differential expression in R>
with a §-shell interaction as follows: denoting 8 = a4,

DE;?]r,A,w =—ia-V+mp+ (nls+ B+ Ai(x-n)B + w(x - n))sx.

Adopting the terminology used for the potentials, we will call the interaction Ai (¢ - n)f dx
the anomalous-magnetic §-shell interaction.
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We point out that when we were finishing this work, we learnt that the three dimen-
sional case was being considered in [18]. In there, the author introduces the §-shell inter-
action corresponding to the differential expression D([)3] + (¢ys + iAo - n)B)dx, for
£, 1 € R and y5 := —iajapa3. Using the strategy developed in [4], that is, based on
fundamental solutions, in Section 6 of [18] the author shows some results which, in the
case £ = n = t = 0, agree with our Theorems 2.2, 2.3 and (the statements about self-
adjointness in) 2.5. It is worth mentioning that his approach also works on surfaces X
with low regularity. In this direction, see also [62], where general local interactions are
considered, although no explicit reference to the anomalous magnetic potential is made.

A. Lemmata on exponential matrices

Let t = (¢, ) be a unit vector and let n := (¢,, —¢;). Using the shorthand notation (1.4),
for n,7,A € R, let us consider the Hermitian matrix

(A.1) By i i=nly+ 103 + A0 - t).
For 1, %, A € R such that d := #2 — 22 — A2 # —4, put

4 d . . A
I, +in(o - n) +‘L’(0~t)—/\03).

(A2) R, .::= =
AT 444 (
In this appendix, we address the following questions:

(i) Givenn,1,A € R, is it possible to find 7, %,)AL € R such that d # —4 and

4

4

a9
7,2,4 "

expli(o -m)By, 2] =R
(ii) Is this correspondence bijective?
Similar questions were already considered in the appendix of [69].
The following lemma gives an answer to question (i).
Lemma A.l. Let .7, A € R, d := n*> — 1> — A%, and let By ., and Rj;j be given
by (A.1) and (A.2), respectively. Let §}, T, A € R be such that d = 7> — 12 — A2 # —4.
Then Rj ;5 = expli(o - n) By ;3] if and only if one of the following holds:

2 tan(~/d /2)

d>0,d+# Qk + 1)%x? forallk € Ny and (5, T, A LA,
# ( ) 7 f 0 (n,7,4) Va2 (m.t.A)
(A3) ¢d=0and(7,t,4) = (n,7,1),
. oA A tanh(~v/—d /2)
d<0and (n,7,A\) = ———=(n, 1, ).
. 7,4) Naw i (n,t,A)

If d = (2ko + 1)272, for ko € Ny, then there are no 1, %,i € R such that Rj3 5 =
expli(o -m)By ;1]

Proof. Denoting T = t1 +it; fort = (t1,1,), we get

(A4) i(0-M)By oy = ((T :}7 ) 5 _A”)T) .



B. Cassano, V. Lotoreichik, A. Mas and M. TuSek 1486

The exponential of a general 2 x 2 matrix A is
Tr A sinv Tr A
(A.5) exp[A] = exp[—](cos vl + —(A - — ]Iz)),
2 v 2
with
Tr A\2
v =/detAd — (%) e C,

considering the principal branch of the square root, and where (sin v)/v is intended to be
equal to 1 when v = 0, see, e.g., [19] and the appendix of [69]. Plugging (A.4) into (A.5),
we get

in v/d
expli (0 1) By,r] = cos Vd I + S“‘JEF i(0-M)By .
sinv/d )
= cosVd I + N (i(o-m)n+1(0-t)— Aos).

Since the matrices {l,, 03,0 - t, o - n} are a basis of the Hermitian 2 x 2 matrices, we
have Rj ;3 = expli(o - n) B, ;] if and only if the coefficients with respect to this basis
are equal, i.e.,

o d
(A.6) cosvVd = a:,
4+d
sin vd 4 A
(A7) (n.t,A) = = (7,7, 4).
Vd 4+d

For d = (2ko + 1)?72, with ko € Ny, (A.6) has no solution deR \ {—4}. Consequently,
there are no 7, 7,A € R such that R ; 3 = exp[i(0 - n) B, ;.1]. We consider now d € R
such that d # (2k + 1)272, for all k € Ny. Dividing (A.7) by 1 + cos +/d and using (A.6),

we get
sinv/d 1
14 cos+/d vd)2
We conclude the proof by applying the elementary identity

0 sin 6
tan — = ———
2 1+ cosf

(7, 4) = (7,2, 4).

forall € C\{(2k + D)m | k € Z},

and by recalling that, for all d < 0, we have

tan v/d /2 . tanhM/Z'

= [
Vd)2 V—d /2

By Lemma A.1, we have that the function d := n?> — 12— A2 > d = 7> — 12 — A2

maps d € [0,+00) tod € [0, +00) and d € (—00,0) to d € (—4, 0). Consequently, (ii)

has a negative answer: the correspondence between (7, 7, A) and (7, T, A) is not surjective

since one can not find (1, 7, A) € R3 such that Rj z i = expli(o -n)B; ;2] when 7, £, A

are such that d < —4. Moreover, the correspondence is not injective when d > 0, as the
following lemma shows.
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Lemma A.2. Let ), 7, A € R be such that d := §> — ©2 — A2 > —4, and let R ; ;. be as
in(A2). Letn,t,A € R, d := n?> — 12 — A2 and let By o beasin(Al). Then Rj ;5 =
expli (o - m) By . 1] or equivalently (A.3) holds if and only if one of the following holds:

arctan \/d7/2 +km , .
= .7
NEW
ed=0and (n.1.)) = (1.2,0); ford =fi=1=A1=0, alsoanyn,t,A € R
such that d = (2kon)? for kg € N, are admissible,
arctanh vV —d /2 (
V—d /2

Proof. 1If d > 0, then, by (A.3), we have d > 0 and d = 4tan?(v/d/2), that gives

(A9) tanﬁ = \/—; ﬁ = arctan\/—g + kn, fork e Z.

2 2 2 2
If \/3/2 = ko, for some ko € N, then (A.3) is true if and only if 7 =7 = A=o0.
If x/E/Z = 0, then (A.3) gives (7, T, i) =, ). If «/3/2 # km, for all k € Ny, we
can divide by tan Vd /2 in (A3). Using (A.9), this yields (A.8). The proof of the case
—4<d<0is analogous and even simpler, so it will be omitted. ]

(A8) e d > 0and (n,t,A) = ,)At)fork ez,

o—4<c?<0and(n,t,/\)= ﬁ%i)

B. Magnetic field

Throughout this section A is assumed to be a real constant. The term A(o - t) 8y in (1.3)
corresponds to the singular vector potential Ay := A(t;6x, 128x) supported on X. Note
that this is just a formal expression —in fact, this term is reflected in the transmission condi-
tion across X. We will introduce the magnetic field by the formula By = 014, — 0,41 =
A(01(t28x) — 02(t18x)), i.e., exactly in the same manner as in a regular case. Here #;0x
is the simple layer and the derivatives are understood in the sense of distributions. Since
(n1,n,) = (t2, —t1), we obtain

(Bs. 9) o®2).0®2) = —A((n18%,010) o/®2).0®2) + (1285, 020) p/(R2). DR?))

—/\/En~Vgo do = (A0ndx, ) 0/(R2),D([R2)

forall ¢ € D(R?), where 9, 85 stands for the double layer distribution, cf. [70].
Alternatively, thanks to the divergence theorem, we may write

(Bs, 0)p/®2),D®R2) = —A/Q Apdx = (=AA(xQ), ¢) /(R?),D([R?)-
If, for ¢ € (0, B), we define the vector potential

Ahe(p)t(xs) forx = xx + pn(xy) € X,

B.1 A, R? > R?%, A (x):=
(8.1 ¢ +(%) {0 foer]Rz\Es,
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then the corresponding magnetic field B, reads

(B.2) BE(X) = 81A8,2(x) — 82A5,1(x)

_ { W6 | 3p(p) forall x = y(s) + pny(s) € T,

0 for x € R\ X,

and we have the following result.

Proposition B.1. Ler A, and B, be defined as in (B.1) and (B.2), respectively. Then
1) Ag :()) AMSs = Ay in the sense of distributions,
(i) Bg =20 AdnSs = By in the sense of distributions.

Proof. Let y be an arc-length parametrization of ¥, as in Section 3.1. In order to prove (i),
let ¢ € D(R?). Thanks to (3.7),

e—>0

lim As(X)p(x)dx = lim/ Ag(x)p(x) dx
R2 e—0 b

I e
= lim fo 3 Ahe(p)ty (s) p(y(s) + pmy(s))(1 + piy(s)) dpds

e—>0

—0

L 1
= lim/ / Ah(g)t, (s)p(y(s) + egny, (s))(1 + eqky (s)) dgds
& 0 J-1

¢
/0 Aty () p(y(s)) ds = /Ekt(xz)qo(xz)dm = (Atdx, ¢) o/(R2), D(R2)-

The second assertion follows from (i) combined with the continuity of distributional
derivatives with respect to the convergence on D’(R?). |

Note that the two-dimensional Dirac operator with the magnetic field associated with
the vector potential A, is just ¢9,1;.- By Theorem 2.6, € 9,1, converges to Do j in
the strong resolvent sense, where Ais always (except for the trivial case A = 0) different
from A. On the other hand, we have just shown that the formal limit of ¢ o 1. is Do,0,1-

Funding. B.C. is member of GNAMPA (INDAM) and he is supported by Fondo Sociale
Europeo —Programma Operativo Nazionale Ricerca e Innovazione 2014-2020, progetto
PON: progetto AIM1892920-attivita 2, linea 2.1. V.L. and M. T. are supported by the
grant No. 21-07129S of the Czech Science Foundation (GACR). A. M. is supported by
grants MTM2017-83499-P and MTM2017-84214-C2-1-P (Spain) funded by MCIN/AEI/
10.13039/501100011033 and by “ERDF A way of making Europe”, and AGAUR grants
2017-SGR-358, 2017-SGR-1392 (Catalunya). A. M. is member of the Barcelona Graduate
School of Mathematics, supported by MINECO grant MDM-2014-0445. M. T. is sup-
ported by the project CZ.02.1.01/0.0/0.0/16_019/0000778 from the European Regional
Development Fund.



General §-shell interactions for the two-dimensional Dirac operator 1489

References

(1]
(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]

(10]

(11]

(12]

[13]

(14]

(15]

[16]

(17]

(18]

Abate, M. and Tovena, F.: Curves and surfaces. Unitext 55, Springer, Milan, 2012.

Albeverio, S., Gesztesy, F., Hgegh-Krohn, R. and Holden, H.: Solvable models in quantum
mechanics. Second edition. AMS Chelsea Publishing, Providence, RI, 2005.

Antunes, P.R. S., Benguria, R. D., Lotoreichik, V. and Ourmieres-Bonafos, T.: A variational
formulation for Dirac operators in bounded domains. Applications to spectral geometric
inequalities. Comm. Math. Phys. 386 (2021), no. 2, 781-818.

Arrizabalaga, N., Mas, A. and Vega, L.: Shell interactions for Dirac operators. J. Math. Pures
Appl. (9) 102 (2014), no. 4, 617-639.

Arrizabalaga, N., Mas, A. and Vega, L.: Shell interactions for Dirac operators: on the point
spectrum and the confinement. SIAM J. Math. Anal. 47 (2015), no. 2, 1044—1069.

Arrizabalaga, N., Mas, A. and Vega, L.: An isoperimetric-type inequality for electrostatic shell
interactions for Dirac operators. Comm. Math. Phys. 344 (2016), no. 2, 483-505.

Behrndt, J., Exner, P., Holzmann, M. and Lotoreichik, V.: Approximation of Schrodinger
operators with §-interactions supported on hypersurfaces. Math. Nachr. 290 (2017), no. 8-9,
1215-1248.

Behrndt, J., Exner, P., Holzmann, M. and Lotoreichik, V.: On the spectral properties of Dirac
operators with electrostatic §-shell interactions. J. Math. Pures Appl. (9) 111 (2018), 47-78.

Behrndt, J., Exner, P., Holzmann, M. and Lotoreichik, V.: On Dirac operators in R3 with
electrostatic and Lorentz scalar §-shell interactions. Quantum Stud. Math. Found. 6 (2019),
no. 3, 295-314.

Behrndt, J., Hassi, S. and de Snoo, H.: Boundary value problems, Weyl functions, and differ-
ential operators. Monographs in Mathematics 108, Birkhduser/Springer, Cham, 2020.

Behrndt, J. and Holzmann, M.: On Dirac operators with electrostatic §-shell interactions of
critical strength. J. Spectr. Theory 10 (2020), no. 1, 147-184.

Behrndt, J., Holzmann, M., Mantile, A. and Posilicano, A.: Limiting absorption principle and
scattering matrix for Dirac operators with §-shell interactions. J. Math. Phys. 61 (2020), no. 3,
article no. 033504.

Behrndt, J., Holzmann, M. and Mas, A.: Self-adjoint Dirac operators on domains in R3. Ann.
Henri Poincaré 21 (2020), no. 8, 2681-2735.

Behrndt, J., Holzmann, M., Ourmiéres-Bonafos, T. and Pankrashkin, K.: Two-dimensional
Dirac operators with singular interactions supported on closed curves. J. Funct. Anal. 279
(2020), no. 8, article no. 108700.

Behrndt, J., Langer, M. and Lotoreichik, V.: Schrodinger operators with § and §-potentials
supported on hypersurfaces. Ann. Henri Poincaré 14 (2013), no. 2, 385-423.

Benguria, R. D., Fournais, S., Stockmeyer, E. and Van Den Bosch, H.: Self-adjointness of two-
dimensional Dirac operators on domains. Ann. Henri Poincaré 18 (2017), no. 4, 1371-1383.

Benguria, R. D., Fournais, S., Stockmeyer, E. and Van Den Bosch, H.: Spectral gaps of Dirac
operators describing graphene quantum dots. Math. Phys. Anal. Geom. 20 (2017), no. 2, article
no. 11, 12 pp.

Benhellal, B.: Spectral properties of the Dirac operator coupled with §-shell interactions. Lett.
Math. Phys. 112 (2022), no. 3, article no. 52, 52 pp.


https://doi.org/10.1007/978-88-470-1941-6
https://doi.org/10.1090/chel/350
https://doi.org/10.1090/chel/350
https://doi.org/10.1007/s00220-021-03959-6
https://doi.org/10.1007/s00220-021-03959-6
https://doi.org/10.1007/s00220-021-03959-6
https://doi.org/10.1016/j.matpur.2013.12.006
https://doi.org/10.1137/14097759X
https://doi.org/10.1137/14097759X
https://doi.org/10.1007/s00220-015-2481-y
https://doi.org/10.1007/s00220-015-2481-y
https://doi.org/10.1002/mana.201500498
https://doi.org/10.1002/mana.201500498
https://doi.org/10.1016/j.matpur.2017.07.018
https://doi.org/10.1016/j.matpur.2017.07.018
https://doi.org/10.1007/s40509-019-00186-6
https://doi.org/10.1007/s40509-019-00186-6
https://doi.org/10.1007/978-3-030-36714-5
https://doi.org/10.1007/978-3-030-36714-5
https://doi.org/10.4171/JST/289
https://doi.org/10.4171/JST/289
https://doi.org/10.1063/1.5123289
https://doi.org/10.1063/1.5123289
https://doi.org/10.1007/s00023-020-00925-1
https://doi.org/10.1016/j.jfa.2020.108700
https://doi.org/10.1016/j.jfa.2020.108700
https://doi.org/10.1007/s00023-012-0189-5
https://doi.org/10.1007/s00023-012-0189-5
https://doi.org/10.1007/s00023-017-0554-5
https://doi.org/10.1007/s00023-017-0554-5
https://doi.org/10.1007/s11040-017-9242-4
https://doi.org/10.1007/s11040-017-9242-4
https://doi.org/10.1007/s11005-022-01544-z

B. Cassano, V. Lotoreichik, A. Mas and M. TuSek 1490

(19]

(20]

(21]

(22]

(23]

(24]

[25]

[26]

[27]

(28]

[29]

(30]

(31]

(32]

(33]

(34]

(35]

[36]

(37]

(38]

Bernstein, D. S. and So, W.: Some explicit formulas for the matrix exponential. I[EEE Trans.
Automat. Control 38 (1993), no. 8, 1228-1232.

Borrelli, W., Carlone, R. and Tentarelli, L.: An overview on the standing waves of nonlinear
Schrodinger and Dirac equations on metric graphs with localized nonlinearity. Symmetry 11
(2019), no. 2, article no. 169, 22pp.

Boussaid, N., D’Ancona, P. and Fanelli, L.: Virial identity and weak dispersion for the mag-
netic Dirac equation. J. Math. Pures Appl. (9) 95 (2011), no. 2, 137-150.

Brasche, J. F., Exner, P., Kuperin, Y. A. and Seba, P.: Schrédinger operators with singular inter-
actions. J. Math. Anal. Appl. 184 (1994), no. 1, 112-139.

Briining, J., Geyler, V. and Pankrashkin, K.: Spectra of self-adjoint extensions and applications
to solvable Schrodinger operators. Rev. Math. Phys. 20 (2008), no. 1, 1-70.

Carlone, R., Malamud, M. and Posilicano, A.: On the spectral theory of Gesztesy—éeba realiz-
ations of 1-D Dirac operators with point interactions on a discrete set. J. Differential Equations
254 (2013), no. 9, 3835-3902.

Cassano, B. and Lotoreichik, V.: Self-adjoint extensions of the two-valley Dirac operator with
discontinuous infinite mass boundary conditions. Oper. Matrices 14 (2020), no. 3, 667-678.

Cassano, B. and Pizzichillo, F.: Self-adjoint extensions for the Dirac operator with Coulomb-
type spherically symmetric potentials. Lett. Math. Phys. 108 (2018), no. 12, 2635-2667.

Cassano, B. and Pizzichillo, F.: Boundary triples for the Dirac operator with Coulomb-type
spherically symmetric perturbations. J. Math. Phys. 60 (2019), no. 4, article no. 041502.

Castro Neto, A., Guinea, F., Peres, N. M., Novoselov, K. S. and Geim, A.K.: The electronic
properties of graphene. Rev. Modern Phys. 81 (2009), 109-162.

Derkach, V. A. and Malamud, M. M.: Generalized resolvents and the boundary value problems
for Hermitian operators with gaps. J. Funct. Anal. 95 (1991), no. 1, 1-95.

Dittrich, J., Exner, P. and Seba, P.: Dirac operators with a spherically symmetric §-shell inter-
action. J. Math. Phys. 30 (1989), no. 12, 2875-2882.

Dombey, N. and Calogeracos, A.: Seventy years of the Klein paradox. Phys. Rep. 315 (1999),
41-58.

Evans, L. C. and Gariepy, R. F.: Measure theory and fine properties of functions. Textbooks in
Mathematics, CRC Press, Boca Raton, FL, 2015.

Exner, P.: Leaky quantum graphs: a review. In Analysis on graphs and its applications,
pp- 523-564. Proceedings of Symposia in Pure Mathematics 77, American Mathematical Soci-
ety, Providence, RI, 2008.

Exner, P. and Kovarik, H.: Quantum waveguides. Theoretical and Mathematical Physics,
Springer, Cham, 2015.

Fanelli, L.: Non-trapping magnetic fields and Morrey—Campanato estimates for Schrodinger
operators. J. Math. Anal. Appl. 357 (2009), no. 1, 1-14.

Fanelli, L. and Vega, L.: Magnetic virial identities, weak dispersion and Strichartz inequalities.
Math. Ann. 344 (2009), no. 2, 249-278.

Fialovd, M., Jakubsky, V. and TuSek, M.: Qualitative analysis of magnetic waveguides for
two-dimensional Dirac fermions. Ann. Physics 395 (2018), 219-237.

Friedrich, T.: Dirac operators in Riemannian geometry. Graduate Studies in Mathematics 25,
American Mathematical Society, Providence, RI, 2000.


https://doi.org/10.1109/9.233156
https://doi.org/10.3390/sym11020169
https://doi.org/10.3390/sym11020169
https://doi.org/10.1016/j.matpur.2010.10.004
https://doi.org/10.1016/j.matpur.2010.10.004
https://doi.org/10.1006/jmaa.1994.1188
https://doi.org/10.1006/jmaa.1994.1188
https://doi.org/10.1142/S0129055X08003249
https://doi.org/10.1142/S0129055X08003249
https://doi.org/10.1016/j.jde.2013.01.026
https://doi.org/10.1016/j.jde.2013.01.026
https://doi.org/10.7153/oam-2020-14-42
https://doi.org/10.7153/oam-2020-14-42
https://doi.org/10.1007/s11005-018-1093-9
https://doi.org/10.1007/s11005-018-1093-9
https://doi.org/10.1063/1.5063986
https://doi.org/10.1063/1.5063986
https://doi.org/10.1103/revmodphys.81.109
https://doi.org/10.1103/revmodphys.81.109
https://doi.org/10.1016/0022-1236(91)90024-Y
https://doi.org/10.1016/0022-1236(91)90024-Y
https://doi.org/10.1063/1.528469
https://doi.org/10.1063/1.528469
https://doi.org/10.1016/s0370-1573(99)00023-x
https://doi.org/10.1201/b18333
https://doi.org/10.1090/pspum/077/2459890
https://doi.org/10.1007/978-3-319-18576-7
https://doi.org/10.1016/j.jmaa.2009.03.057
https://doi.org/10.1016/j.jmaa.2009.03.057
https://doi.org/10.1007/s00208-008-0303-7
https://doi.org/10.1016/j.aop.2018.05.021
https://doi.org/10.1016/j.aop.2018.05.021
https://doi.org/10.1090/gsm/025

General §-shell interactions for the two-dimensional Dirac operator 1491

(39]

[40]

[41]

[42]

[43]

[44]

[45]

[40]

[47]

(48]

[49]

(50]

(51]

[52]

(53]

[54]

[55]

[56]

[57]

(58]

Gesztesy, F. and Seba, P.: New analytically solvable models of relativistic point interactions.
Lett. Math. Phys. 13 (1987), no. 4, 345-358.

Holzmann, M.: A note on the three dimensional dirac operator with zigzag type boundary
conditions. Complex Anal. Oper. Theory 15 (2021), no. 3, article no. 47, 15 pp.

Holzmann, M., Ourmieres-Bonafos, T. and Pankrashkin, K.: Dirac operators with Lorentz
scalar shell interactions. Rev. Math. Phys. 30 (2018), no. 5, article no. 1850013.

Hughes, R.J.: Relativistic point interactions: approximation by smooth potentials. Rep. Math.
Phys. 39 (1997), no. 3, 425-432.

Hughes, R. J.: Finite-rank perturbations of the Dirac operator. J. Math. Anal. Appl. 238 (1999),
no. 1, 67-81.

Jost, J.: Riemannian geometry and geometric analysis. Fifth edition. Universitext, Springer,
Berlin, 2008.

Le Treust, L. and Ourmieres-Bonafos, T.: Self-adjointness of Dirac operators with infinite
mass boundary conditions in sectors. Ann. Henri Poincaré 19 (2018), no. 5, 1465-1487.

Lee, J.M.: Riemannian manifolds. Graduate Texts in Mathematics 176, Springer, New York,
1997.

Mas, A.: Dirac operators, shell interactions, and discontinuous gauge functions across the
boundary. J. Math. Phys. 58 (2017), no. 2, article no. 022301, 14 pp.

Mas, A. and Pizzichillo, F.: The relativistic spherical §-shell interaction in R3: spectrum and
approximation. J. Math. Phys. 58 (2017), no. 8, article no. 082102, 14 pp.

Mas, A. and Pizzichillo, F.: Klein’s paradox and the relativistic §-shell interaction in R3. Anal.
PDE 11 (2018), no. 3, 705-744.

Masir, M., Vasilopoulos, P. and Peeters, F.: Magnetic Kronig—Penney model for Dirac elec-
trons in single-layer graphene. New J. Phys. 11 (2009), article no. 095009, 21 pp.

McLean, W.: Strongly elliptic systems and boundary integral equations. Cambridge University
Press, Cambridge, 2000.

Ourmieres-Bonafos, T. and Pizzichillo, F.: Dirac operators and Shell interactions: a survey.
In Mathematical challenges of zero-range physics —models, methods, rigorous results, open
problems, pp. 105-131. Springer INdAAM Series 42, Springer, Cham, 2021.

Ourmieres-Bonafos, T. and Vega, L.: A strategy for self-adjointness of Dirac operators: applic-
ations to the MIT bag model and §-shell interactions. Publ. Mat. 62 (2018), no. 2, 397-437.

Pankrashkin, K.: Resolvents of self-adjoint extensions with mixed boundary conditions. Rep.
Math. Phys. 58 (2006), no. 2, 207-221.

Pankrashkin, K. and Richard, S.: One-dimensional Dirac operators with zero-range interac-
tions: spectral, scattering, and topological results. J. Math. Phys. 55 (2014), no. 6, article
no. 062305, 17 pp.

Pereira, V. and Castro Neto, A.: Strain engineering of graphene’s electronic structure. Phys.
Rev. Lett. 103 (2009), article no. 046801, 4 pp.

Pizzichillo, F. and Van Den Bosch, H.: Self-adjointness of two-dimensional Dirac operators
on corner domains. J. Spectr. Theory 11 (2021), no. 3, 1043-1079.

Portmann, F., Sok, J. and Solovej, J. P.: Analysis of zero modes for Dirac operators with mag-
netic links. J. Funct. Anal. 275 (2018), no. 3, 604-659.


https://doi.org/10.1007/BF00401163
https://doi.org/10.1007/s11785-021-01090-x
https://doi.org/10.1007/s11785-021-01090-x
https://doi.org/10.1142/S0129055X18500137
https://doi.org/10.1142/S0129055X18500137
https://doi.org/10.1016/S0034-4877(97)89757-1
https://doi.org/10.1006/jmaa.1999.6504
https://doi.org/10.1007/978-3-540-77341-2
https://doi.org/10.1007/s00023-018-0661-y
https://doi.org/10.1007/s00023-018-0661-y
https://doi.org/10.1007/b98852
https://doi.org/10.1063/1.4974359
https://doi.org/10.1063/1.4974359
https://doi.org/10.1063/1.5000381
https://doi.org/10.1063/1.5000381
https://doi.org/10.2140/apde.2018.11.705
https://doi.org/10.1088/1367-2630/11/9/095009
https://doi.org/10.1088/1367-2630/11/9/095009
https://doi.org/10.1007/978-3-030-60453-0_5
https://doi.org/10.5565/PUBLMAT6221804
https://doi.org/10.5565/PUBLMAT6221804
https://doi.org/10.1016/S0034-4877(06)80048-0
https://doi.org/10.1063/1.4884417
https://doi.org/10.1063/1.4884417
https://doi.org/10.1103/physrevlett.103.046801
https://doi.org/10.4171/jst/365
https://doi.org/10.4171/jst/365
https://doi.org/10.1016/j.jfa.2017.12.006
https://doi.org/10.1016/j.jfa.2017.12.006

B. Cassano, V. Lotoreichik, A. Mas and M. TuSek 1492

[59]

[60]

[61]
[62]

[63]

[64]

[65]

[66]

[67]

[68]
[69]

[70]

(71]

Portmann, F., Sok, J. and Solovej, J. P.: Self-adjointness and spectral properties of Dirac oper-
ators with magnetic links. J. Math. Pures Appl. (9) 119 (2018), 114-157.

Portmann, F., Sok, J. and Solovej, J. P.: Spectral flow for Dirac operators with magnetic links.
J. Geom. Anal. 30 (2020), no. 1, 1100-1167.

Posilicano, A.: Self-adjoint extensions of restrictions. Oper. Matrices 2 (2008), no. 4, 483-506.

Rabinovich, V.S.: Boundary problems for three-dimensional Dirac operators and generalized
MIT bag models for unbounded domains. Russ. J. Math. Phys. 27 (2020), no. 4, 500-516.

Reed, M. and Simon, B.: Methods of modern mathematical physics. 1. Second edition. Aca-
demic Press, New York, 1980.

Saranen, J. and Vainikko, G.: Periodic integral and pseudodifferential equations with numer-
ical approximation. Springer Monographs in Mathematics, Springer, Berlin, 2002.

Schmidt, K. M.: A remark on boundary value problems for the Dirac operator. Quart. J. Math.
Oxford Ser. (2) 46 (1995), no. 184, 509-516.

Schmiidgen, K.: Unbounded self-adjoint operators on Hilbert space. Graduate Texts in Math-
ematics 265, Springer, Dordrecht, 2012.

Seba, P: Klein’s paradox and the relativistic point interaction. Lett. Math. Phys. 18 (1989),
no. 1, 77-86.

Thaller, B.: The Dirac equation. Texts and Monographs in Physics, Springer, Berlin, 1992.
Tusek, M.: Approximation of one-dimensional relativistic point interactions by regular poten-
tials revised. Lett. Math. Phys. 110 (2020), no. 10, 2585-2601.

Vladimirov, V. S.: Equations of mathematical physics. Pure and Applied Mathematics 3, Mar-
cel Dekker, New York, 1971.

Wilcox, R.M.: Exponential operators and parameter differentiation in quantum physics.
J. Mathematical Phys. 8 (1967), 962-982.

Received November 5, 2021; revised March 9, 2022. Published online July 26, 2022.

Biagio Cassano

Department of Mathematics, Universita degli Studi di Bari “A. Moro”,
via Orabona 4, 70125 Bari, Italy;

biagio.cassano@uniba.it

Vladimir Lotoreichik

Department of Theoretical Physics, Nuclear Physics Institute, Czech Academy of Sciences,
25068 ReZ, Czechia;

lotoreichik @ujf.cas.cz

Albert Mas

Departament de Matematiques, Universitat Politecnica de Catalunya, Campus Diagonal Besos,
Edifici A (EEBE), Av. Eduard Maristany 16, 08019 Barcelona, Spain;
albert.mas.blesa@upc.edu

Matéj TuSek

Department of Mathematics, Faculty of Nuclear Sciences and Physical Engineering,
Czech Technical University in Prague, Trojanova 13, 120 00 Prague, Czechia;
matej.tusek @fjfi.cvut.cz


https://doi.org/10.1016/j.matpur.2017.10.010
https://doi.org/10.1016/j.matpur.2017.10.010
https://doi.org/10.1007/s12220-018-00128-5
https://doi.org/10.7153/oam-02-30
https://doi.org/10.1134/S106192082004010X
https://doi.org/10.1134/S106192082004010X
https://doi.org/10.1007/978-3-662-04796-5
https://doi.org/10.1007/978-3-662-04796-5
https://doi.org/10.1093/qmath/46.4.509
https://doi.org/10.1007/978-94-007-4753-1
https://doi.org/10.1007/BF00397060
https://doi.org/10.1007/978-3-662-02753-0
https://doi.org/10.1007/s11005-020-01325-6
https://doi.org/10.1007/s11005-020-01325-6
https://doi.org/10.1063/1.1705306
mailto:biagio.cassano@uniba.it
mailto:lotoreichik@ujf.cas.cz
mailto:albert.mas.blesa@upc.edu
mailto:matej.tusek@fjfi.cvut.cz

	Contents
	1. Introduction
	2. Main results
	3. Preliminaries
	4. Unitary equivalences
	5. Confinement
	6. The non-critical case
	7. The purely magnetic critical interaction
	8. Approximation of \delta-shell interactions by regular potentials
	9. Final remark: higher dimensions
	A. Lemmata on exponential matrices
	B. Magnetic field
	References

