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Counting irreducible modules for profinite groups

Ged Corob Cook, Steffen Kionke and Matteo Vannacci

Abstract. This article is concerned with the representation growth of profinite groups
over finite fields. We investigate the structure of groups with uniformly bounded
exponential representation growth (UBERG). Using crown-based powers, we obtain
some necessary and some sufficient conditions for groups to have UBERG. As an
application, we prove that the class of UBERG groups is closed under split extensions
but fails to be closed under extensions in general. On the other hand, we show that the
closely related probabilistic finiteness property PFPy is closed under extensions. In
addition, we prove that profinite groups of type FP; with UBERG are always finitely
generated and we characterise UBERG in the class of pronilpotent groups.

Using infinite products of finite groups, we construct several examples with unex-
pected properties: (1) a UBERG group which cannot be finitely generated, (2) a group
of type PFPs, which is not UBERG and not finitely generated, and (3) a finitely gen-
erated group of type PFP, with superexponential subgroup growth.
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1. Introduction

In recent years, there has been a growing interest in understanding the asymptotic beha-
viour of representations of infinite groups and families of finite groups. In particular, a lot
of effort has been expended in studying the representation growth of rigid groups (see, for
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instance, [4,34]), i.e., with only finitely many complex representations in each dimension.
It turns out that the asymptotic representation growth of a group G carries a lot of inform-
ation about the structure of G. Moreover, the asymptotic representation-theoretic inform-
ation about families of finite groups leads to striking results on many fronts: examples
include the (2, 3)-generation of finite simple groups (see [30]), and the fact that the rep-
resentation growth of arithmetic groups is rational ([2, 3]).

Nevertheless, all the above-mentioned results study the representation theory of groups
in characteristic zero. A natural question is whether there is a reasonable parallel theory
for representations over finite fields. Of course, given a finitely generated group G and
a finite field F, it is clear that G has only finitely many representations over F of a
given degree; hence, the rigidness condition is automatic in this case. Write (G, F, n)
for the number of irreducible representations of G over F of dimension 7. Note that, if G
is d-generated, then (G, F,n) < |F |d"2, so any reasonable restriction should improve
on this bound. Moreover, since we are looking only at homomorphisms into finite groups,
it is sufficient to restrict our attention to representations of profinite groups, by passing to
profinite completions.

We say that a profinite group G has UBERG if there exists a constant ¢ > 0 such
that' (G, F,n) < |F|" for every finite field F. UBERG stands for ‘uniformly bounded
exponential representation growth’ (over finite fields) and, maybe surprisingly, it shows
up naturally in the study of probabilistic generation properties of profinite groups. In fact,
a finitely presented profinite group is positively finitely related (PFR) exactly if it has
UBERG. Moreover, a profinite group has UBERG if and only if the completed group
algebra Z[G] is positively finitely generated (PFG, see [26]). Nevertheless, the structural
properties of UBERG groups are hardly understood and it is unknown if this class is closed
under extensions.

The goal of this article is twofold. First, we will prove several fundamental results on
UBERG groups that, we hope, will provide a foundation for further study on the modular
representation theory of profinite groups from an asymptotic perspective, which can be
seen as the parallel to the study of “rigidity” carried out in [34]. Modular representation
theory in general has been studied before, in [35], for example. Secondly, we will build a
“twisted Clifford theory” for crossed representations (see Theorem 5.6) that will be one
of our main tools to study extensions of UBERG groups.

Additionally, we concentrate our study on the representation theory of cartesian prod-
ucts of finite (simple) groups and we provide several examples with different asymptotic
behaviour in the number of modular representations (see Section 8). In particular, we
can answer various questions that were left open in [8]; for instance, we settle Open Ques-
tions 6.3, 6.4 and 6.6 of [8]. Moreover, we give an example to show that extensions of PFR
groups do not need to be PFR, answering a question raised in [26], p. 3.

Finally, one should note that, even though the characteristic-zero representation theory
of finite groups is relatively well-understood, the modular representation theory of finite
groups is still in many respects a mystery. Therefore, an asymptotic approach could be
highly desirable and we hope that UBERG groups can provide a new framework to study
modular representations asymptotically.

"'Note that this is not quite the same definition used in [26], which only considers representations over finite
fields of prime order, but it is equivalent to it by (the proof of) Lemma 6.8 in [26].
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For convenience, we provide a diagram showing the relationships between the various
conditions studied in the paper. For implications in this diagram marked (<, —), this ref-
erence provides a counterexample showing the reverse implication fails; for those marked
‘pronilpotent’ (respectively, ‘prosoluble’), the implication holds for pronilpotent (respect-
ively, prosoluble) profinite groups, though not in general. (Non-)implications which follow
from those marked in the diagram may be left unmarked.

kaOn'l\potent: Theorer, 6.3)

PFG [11, Theorem 4.4 APFG [8, Proposition 1.10]

C, [11, Example 4.5]) (¢, Lemma 3.6)

([97 erdurexy ‘T1] ‘)
7' WAIOdY T,

Main results

It is not surprising that there is a direct connection between the growth of (linear or
projective) representations of a profinite group and the theory of crowns associated to
composition factors (cf. Section 2.5). Our first main result makes this correspondence
explicit.

Throughout this paper, we frequently take inspiration from [22], where structural res-
ults were proved for positively finitely generated (PFG) groups; many of the ideas and
techniques we use can be found there, and Theorem A in particular may be understood
analogously to Theorem 11.1 in [22].

We say that a finite group is monolithic if it has a unique minimal normal subgroup.
In [22], the invariant /(G ) (the minimal degree of a faithful transitive representation of
a group G) was used to characterise the PFG property for profinite groups. In fact, it is
shown there that a profinite group G is PFG if and only if there is some constant ¢ such
that k < [(N)¢ for any monolithic group L with non-abelian minimal normal subgroup N
and any k such that the crown-based power Lj appears has a quotient of G (again, see
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Section 2.5 for the basic definitions). Here we look at two related invariants which will
provide one necessary and one sufficient condition for UBERG, respectively. See Sec-
tion 3 for the definition of /P™(K) and /'""(K) for K a non-abelian characteristically
simple group.

Theorem A. Let G be a profinite group.

(1) Suppose G is finitely generated. Suppose there is some b such that, for all finite
monolithic groups L with non-abelian minimal normal subgroup K, if the crown-
based power Ly, is a quotient of G, then k < [P®(K)?. Then G has UBERG.

(i1) Suppose, for all b, there is some monolithic group Lp with non-abelian minimal
normal subgroup Ky such that some crown-based power (Lp)y of Ly is isomorphic
to a quotient of G and k > I"(Kp)®. Then G does not have UBERG.

We remark that there are UBERG groups that do not satisfy the condition (i) of The-
orem A, for instance the group H from Theorem B below.

Next, we address the question of whether the property of having UBERG is closed
under extensions. Note that the corresponding question is easily seen to hold for PFG
groups (see Proposition 7 in [36]). However, UBERG-by-UBERG groups are not UBERG
in general. Here we exhibit a procyclic-by-UBERG non-UBERG profinite group.

Theorem B. Let (n;)ien be an increasing sequence of pairwise coprime integers > 12,

and let q; = pf ! be a sequence of prime powers for pairwise distinct primes p; > 5 such
3/2

that ged(n;,q; — 1) > 1. Let m; = qiLni J. Consider the profinite group

G = [ ] SLu, (Fg)™.

ieN

Then G is 2-generated, finitely presented and it does not have UBERG. Moreover, we can
choose a procyclic central subgroup Z < G such that the quotient group H = G/Z is
2-generated, finitely presented and it has UBERG.

The subgroup Z in the previous theorem is defined explicitly in Section 4.3.

Even though it is not true that UBERG-by-UBERG groups are UBERG in full gen-
erality, we develop a Clifford theory from crossed representations which might be of
independent interest (see Theorem 5.6). In fact, as a first application, we will use The-
orem 5.6 to show that split extensions of UBERG groups are UBERG.

Theorem C. Suppose G is a profinite group, with K < G.

(1) If K and G/K have UBERG, and the extension of K by G/K is split, then G has
UBERG.

(ii) If K has UBERG and G/ K is PFG, then G has UBERG.

In [8], certain probabilistic versions of the cohomological finiteness properties type
FP, were introduced, see Section 2.4. In this article we continue the study of the first of
these (i.e., type PFP;) and we provide a semi-structural criterion in the spirit of Theorem A
for type PFP; (see Theorem 6.9). It turns out that G having type PFP; is related to the
growth of the number of G-isomorphism classes of non-Frattini abelian chief factors of G



Counting irreducible modules for profinite groups 1523

(see Definition 6.4) and the growth of the size of the smallest faithful irreducible repres-
entation M of monolithic quotients L of G with H'(L, M) # 0 (see Definition 6.8). The
aforementioned characterisation allows us to show that extensions of type PFP; groups
have type PFP; (see Theorem 6.14).

Theorem D. Suppose G is a profinite group, K < G. If K and G/K have type PFPy,
then G has type PFP;.

As often happens in group theory, it is hard to distinguish classes of groups satisfy-
ing different properties; e.g., different FP,, properties. Hence, the construction of explicit
examples is very desirable. Here we completely characterise pronilpotent UBERG groups
(see Theorem 7.3); these are exactly the finitely generated pronilpotent groups. This shows
that there cannot be any exotic UBERG groups in this class.

Theorem E. Let P be pronilpotent group. The following are equivalent:
(1) P is finitely generated,
(i) P has UBERG,
(iii) P is of type PFPy,
(iv) P is of type FPy.

Next, we concentrate on the class of cartesian products of finite groups and we produce
several examples of cartesian product with various subsets of the properties described
above, in particular, finite generation, UBERG and type PFP;:

(i) We will exhibit a type PFP; group which is not finitely generated and does not
have UBERG (see Theorem 8.5); using the theory of universal Frattini covers, we can
even construct a projective profinite group of type PFP., which is not finitely generated.
This is in sharp contrast to the case of abstract groups, for which type FP; is equivalent to
finite generation (cf. Exercise VIIL.4.1 in [5]).

(ii) Similarly, we construct a 2-generated profinite group of type PFP;, but without
UBERG (Corollary 8.12). Indeed, this example has superexponential subgroup growth,
which is impossible for groups with UBERG by Corollary 5.5 in [26].

(iii) Finally, we have a non-finitely generated metabelian group with UBERG (see
Lemma 4.6), but which does not have type FP;, and hence does not have type PFP;.

However, we show that a PFP; group with UBERG must be finitely generated (see
Theorem 9.2). In fact, Theorem 9.2 shows more: if we assume that our group has type FPy,
then UBERG implies finite generation.

Theorem F. Suppose G is a profinite group with UBERG and type FPy. Then G is finitely
generated.

Since it was shown in Proposition 1.10 of [8] that the UBERG and type FP; condi-
tions together are equivalent to the APFG condition (see Section 2.4), we can express this
result by saying that if the augmentation ideal ker(Z[G] — Z) is PFG, then G is finitely
generated.

This should be very surprising: it is almost an axiom of homological algebra that
the choice of which projective resolution we use should not matter —and certainly this
difference is not detectable by any (co)homology groups — but nonetheless, the generation
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properties of the kernel of the projective cover of 7 in the category of ZﬂGﬂ-modules
cannot tell us whether G is finitely generated, and the generation properties of the kernel
of the augmentation map Z[G] — Z do.

Organisation of the article

In Section 2, we start by giving the basic definitions and fixing the notation that we need
in the rest of the article. In Section 3, we prove some bounds on the sizes of (linear and
projective) representations of monolithic groups and use these to prove Theorem A. In
Section 4, we give conditions for an infinite product of finite groups to have UBERG,
to prove Theorem B and construct an infinitely generated group with UBERG. Section 5
is devoted to developing our Clifford theory for twisted modules and contains the proof
of Theorem C, as well as analogous results on type PFP,. In Section 6, we characterise
groups of type PFP; in terms of crown-based powers appearing as quotients of the group,
and use this to prove Theorem D. The proof of Theorem E can be found in Section 7.
Section 8§ is our second source of interesting examples, especially of the groups promised
above which have type PFP; but not UBERG. Finally, in Section 9, we prove Theorem F.

2. Preliminaries, terminology and notation

2.1. Notation

As itis customary when working with profinite groups, we will assume that subgroups are
closed, and maps are continuous. Furthermore, generation will be intended in the topolo-
gical sense. The same will be assumed for profinite modules.

For F afield, F* is the group of non-zero elements under multiplication.

Let G be a finite group. The socle soc(G) is the subgroup generated by all minimal
normal subgroups of G. We denote by E(G) the subgroup generated by all quasisimple
subnormal subgroups of G. This is sometimes called the layer of G, and it forms part of
the generalised Fitting subgroup of G.

2.2. Projective and crossed representations, and cocycles

We will use the language of crossed representations and crossed projective representa-
tions following [25], Section 3.14.A: see there for proofs of the statements claimed in this
subsection, and for more detail.

Let E be a field and let G be a profinite group. A representation of G over E of
degree n is a homomorphism p: G — GL, (E).

A semilinear transformation of an E-vector space V is an additive homomorphism
f:V — V such that there exists an automorphism ¢ of E with f(Av) = ¢ (1) f(v) for
all A € E and all v € V. The group of bijective semilinear transformations of V' is written
I'Lg(V). A crossed representation of G on V is a homomorphism p: G — I'Lg (V). Via
the canonical homomorphism 'L g (V') — Aut(E), every crossed representation gives rise
to an action y of G on E by field automorphisms. We may say p is a y-crossed representa-
tion of G over E. There is a 1-to-1 correspondence (described in Theorem 3.14.3 of [25])
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between y-crossed representations of G over E and modules for the ring E¥ [G], which
we define as the free profinite £-module with basis {g : g € G}, and multiplication defined
distributively by gh = gh, gA = Vg (A)g. We will identify y-crossed representations with
modules for this twisted group ring via this correspondence.

Let E be a finite field and let V' be a finite-dimensional E-vector space. A pro-
Jective crossed representation p of G on V is a map G — I'Lg (V) such that there is
o€ Z)%(G, E™), where Z)% (G, E*) is the group of 2-cocycles for G with respect to some
action y of G on E, such that p(g)p(h) = a(g, h)p(gh) for all g,h € G, and p(1) = 1,
see [25], p. 55, for the definition of 2-cocycles. When it is clear, we may suppress the
subscript y from the notation. The G-action induced on E by p, as described above, is the
same as Y. We may say p is an «-representation of G over E. For F a subfield of E, we
will also say that p is F-linear if y(G) < Autg (E). As above, there is a 1-to-1 correspond-
ence between «-representations of G over E and modules for the ring E*[G], which we
define as the free profinite £-module with basis {g : ¢ € G}, and multiplication defined
distributively by gh = (g, h)gh, gA = yg(A)g (see Theorem 3.14.3 in [25]). We will
identify o-representations with modules for this crossed product via this correspondence.

Finally, let V' = E". A projective representation of G of degree n over E is a project-
ive crossed representation p: G — I'L g (V') with trivial G-action y on E. Hence, such a
projective representation induces a homomorphism G — PGL,,(E), which we also write
as p. If E is a finite field, we define the size of p to be |E|". To every homomorphism
p: G — PGL, (E) there is attached a well-defined cohomology class a € H?(G, EX)
with respect to the trivial action of G on E*. This p lifts to a representation exactly if the
associated cohomology class « is trivial. When we speak of a faithful projective repres-
entation, we mean one such that ker(p: G — PGL,(E)) € Z(G); a non-trivial projective
representation will mean one such that the induced map p: G — PGL,, (E) is non-trivial.

We say two projective representations p;, po of G of degree n over E are project-
ively equivalent if there is some x € PGL,(E) such that the induced maps p1, p2: G —
PGL, (E) satisfy x 1 p;(g)x = p2(g) forall g € G.

Lemma 2.1. Let G be a profinite group with an action y on E.

(1) Let p be a projective crossed y-representation of G on V with cocycle o. Then the
dual representation on V* = Homg (V, E) is a projective crossed y-representation

of G with cocycle cohomologous to ™.

(ii) Let p1, p2 be two projective crossed y-representations of G on E-vector spaces
V1, Vo with cocycles oy, an. Then py Qg pa is a projective crossed representation
on Vi Qg Va with cocycle a105.

Proof. This follows from simple calculations. For instance, the projective crossed repres-
entation of G on V* is defined as (¢ f)(v) = y¢(f(g"'v)), and thus

E ) = vea(F (€ 0)))) = ven(flat™, g7 (gh) " v))
= Yen(@(h™', &™) yen(¢" f(v)).

It follows from the cocycle identity that (g, h) > ygn(a(h™t, g71)) is cohomologous

to o~ L. [ ]



G. Corob Cook, S. Kionke and M. Vannacci 1526

The first assertion of the lemma allows one to transform simple E*[G ]-modules into

simple E®" [G]-modules by taking duals. If & represents the trivial class in H2(G, EX),
then E4[G] = EY[G]. In particular, V ® g V* is an E¥[G]-module.

2.3. Quasiequivalent representations

Recall that two representations p; and p, of a finite group G over a field F are said to be
quasiequivalent if there exists ¢ € Aut(G) such that p; and p; o ¢ are equivalent. Note
that quasiequivalence is an equivalence relation and, for faithful representations p; and p»,
p1(G) and py(G) are conjugate in GLF (V) if and only if they are quasiequivalent (see
Lemma 2.10.14 in [27]).

‘We say in addition that two projective representations p; and p, of G over F are quasi-
equivalent if there exists ¢ € Aut(G) such that p; and p; o ¢ are projectively equivalent.

2.4. PFG, PFR, UBERG, PFP,,, ...

In this section we recall some basic definitions. The reader can find more information
in [26] and [8].

2.4.1. PFG, PFR, UBERG. We say that a profinite group G is PFG (positively finitely
generated) if there is a positive integer k such that the probability of k Haar-random
elements of G generating the whole group is positive. This condition has been studied
extensively, see for example [12, 36, 37] and references therein. Additionally, follow-
ing [8], we can define PFG modules. A profinite module M is said to be PFG if there
is k € N such that the probability that the submodule generated by k Haar-random ele-
ments is the whole M is positive; here the Haar measure on M arises by considering M
as an abelian profinite group.

Remark 2.2. Note that there are unfortunate naming conventions fixed in the literature
here. ‘Polynomial’ growth in similar contexts always means ‘at most polynomial’ growth
(see, for example, [34]), so we include, in our definition of PFG, groups which have
maximal subgroup growth slower than any polynomial. On the other hand, ‘exponen-
tial’ growth (which we will encounter below) usually means that the function in question
has the growth type of an exponential function: that is, it is bounded above and below by
exponentials.

In the spirit of the Mann—Shalev theorem, two of the present authors study in [26] a
related property called PFR (positively finitely related). We list below some of the condi-
tions considered there that we will need; the interested reader may check [26] for more
details.

A profinite group G:

(i) is PFR if it is finitely generated, and for every epimorphism f: H — G with H
finitely generated, the kernel of f is positively finitely normally generated in H;

(i) has UBERG if there exists a constant ¢ > 0 such that, for every finite field F' and
everyn € N, r(G, F,n) < |F|".

Recall that UBERG stands for uniformly bounded exponential representation growth
(over finite fields).
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Proposition 2.3 ([26]). Let G be a profinite group. Then:
(i) G has UBERG if and only if the group algebra Z[[G]] is PFG;
(i1) if G is finitely presented, then G is PFR if and only if it has UBERG.

Note that the equivalence of UBERG to Z[G] being PFG is only stated in [26] for
finitely generated groups, but the proof for general groups goes through without change.

In [8], it was shown that there are groups with UBERG which are not PFG. In Sec-
tion 4.2 we will show that there are non-finitely generated groups with UBERG.

We also recall the following result from [8].

Proposition 2.4 (Proposition 1.3 in [8]). If G has UBERG, then it is countably based.

2.4.2. Type PFP,. The notion of a profinite group of type PFP, was introduced in [8].
We report the definition here for convenience. Let R be a profinite ring and let M be a
profinite R-module. We say that M has type PFP, over R if it has a projective resolution
o> Py —> oo —> Py > Py > M — 0 with Py,..., P, PFG profinite R-modules.

A profinite group G has type PFP, over R if R has type PFP, as R[G]-module.
Unless specified otherwise, type PFP, will mean over 7.

2.4.3. APFG. Finally, the notion of APFG group was introduced by Damian in [11]. We
recall here the definition. A profinite group G is said to be APFG if the augmentation ideal
15 [G] of the completed group algebra Z[G] is PFG as a Z[G]-module. This is equivalent
to G having UBERG and type FP; by Proposition 1.10 in [8].

2.4.4. Frattini subgroup. The Frattini subgroup ®(G) of a profinite group G is

*G)= (| M

MeM

where M is the set of all open maximal subgroups of G. Since the Frattini subgroup
of a finite group is nilpotent, it follows that the Frattini subgroup of a profinite group is
pronilpotent (see Corollary 2.8.4 in [41]).

2.4.5. Frattini covers and PFG. An epimorphism f: H — G is called a Frattini cover
of G if ker(f) < ®(H). The Frattini covers of G form an inverse system whose inverse
limit, called the universal Frattini cover of G, is again a Frattini cover of G and is a
projective profinite group. See [14], Chapter 22, for background on this.

Lemma 2.5 (Lemma 1.15 in [8]). A Frattini cover H of a profinite group G is PFG if
and only if G is.

2.5. Crowns in groups

2.5.1. G-equivalence. Let G be a group. A G-group A is a group together with a homo-
morphism 6 : G — Aut(A) and we write 6(g)(a) = a¥ for convenience. Two G-groups
A and B are said to be G-isomorphic (in symbols A ¢ B) if there exists an isomorphism
¢: A — B suchthat ¢(a®) = ¢(a)® forall g € G,a € A. Two G-groups A and B are said
to be G-equivalent (in symbols A ~g B) if there exist two isomorphisms ¢: A — B and
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W: A x G — B x G such that the following diagram is commutative:

]l—A—AXxG—GC——>1

b

]—=B——>BxG——G——=1.

2.5.2. Crowns. Let G be a finite group and let X/Y = S’ be a chief factor of G. If S
is abelian and § = C,, then conjugation gives a f-dimensional irreducible representation
of G over F,. If S is non-abelian instead, remembering that Aut(S*) = Aut(S) ¢ Sym(z),
conjugation gives a transitive permutation representation of G of degree ¢.

We now recall several definitions that will be used in many proofs throughout the rest
of the article. The theory of crowns in profinite groups is developed in [12], where the
reader can find more details and relevant proofs. Recall that a finite group L is called
monolithic if L has a unique minimal normal subgroup N . In this case the socle soc(L) is
the unique minimal normal subgroup. If in addition N is not contained in ®(L), then L is
called a monolithic primitive group.

Remark 2.6. Let L be a monolithic primitive group with minimal normal subgroup N £
®(L). Then there exists a maximal subgroup M of L which does not contain N . It follows
that M is core-free in L, and hence that L has a faithful primitive permutation action on
the (left) cosets of M.

We say that a chief factor X /Y of a finite group G is Frattini if ®(G/Y) > X/Y.
Any non-abelian chief factor is non-Frattini, and any abelian non-Frattini chief factor is
complemented.

Now, given a non-Frattini chief factor A of a finite group G, we define Ly = G/ Cg(A)
if A is non-abelian, and L4 = (G/Cg(A))A if A is abelian. Then L4 is a monolithic
primitive group, and we say it is the monolithic primitive group associated to A.

Let L be a monolithic primitive group and let N be its minimal normal subgroup. For
a positive integer k, the crown-based power of L of size k, Lg, is the preimage of the
diagonal copy of L/N in the k-fold direct product (L/N)*, under the projection map
LK — (L/N)*.

For A a non-Frattini chief factor of G as before, let V4 be the set of normal subgroups
N of G such that G/N = L4 and soc(G/N) ~g A. Then, setting R (A) = (\yen, N>
we have that G/ Rg (A) is isomorphic to the crown-based power (L 4)s,(4), Where G (A)
is the number of non-Frattini chief factors of G G-equivalent to A (in any chief series).

We recall a standard lemma that we will need later.

Lemma 2.7 ([24]). Let T be a monolithic group with non-abelian minimal norlgml sub-
group N = S and fix a copy Sy of S in N. Then T embeds in Aut(S) 2 T/K, where
K = corer (N7(S1)).

2.6. The constant c4

In this article we will make a heavy use of the constant c4 that appears in [22], therefore
we record some of its properties here for the convenience of the reader. In [22], ¢4 is
defined to be 16 + max{3, c3}, for another constant c3. In particular, ¢4 > 19.
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The existence of c3 is one of the main results of [29]; in fact they show this result
for c3 an explicit constant. We do not know what values c3 can take.

3. Conditions for UBERG

Recall that a profinite group G is said to have UBERG if the completed group ring Z[[G]]
is positively finitely generated as a (left) module for itself. Whereas PFG groups are closed
under extensions, this has hitherto been unknown for UBERG groups.

In this section we give related conditions, one necessary and one sufficient, for a
finitely generated profinite group G to have UBERG.

We need the following definition from [22]: the maximal number r such that a non-
abelian normal section of G is the product of r chief factors of G isomorphic to K will
be denoted by rkx (G). We remark that the statement of Proposition 4.1 in [22] can be
sharpened as follows.

Lemma 3.1. Let G be a finite d-generated group and let T be a transitive group of
degree n. Then there are at most 169" |T |r epimorphisms from G onto T, where r is the
maximum of tkg (G) over all K = Alt(b)* such that bs < n.

This is the same idea as that of Remark 4.2 in [22], but in the form we need for our
purposes.

Suppose K is a non-abelian characteristically simple finite group, say K = S*, with S
simple. As in [22], we write [(K) for the minimal degree of a faithful transitive per-
mutation representation of K. We define the projective length [P°I(K) of K as follows: let
[Pi(S) be the smallest size of a non-trivial irreducible projective representation of S (over
any field); define [P(K) = [P™i(S)* (cf. Proposition 3.11). Note that /P™i(S) is also the
smallest size of a non-trivial linear representation of the universal central extension of S
(see, e.g., Proposition 5.3.1 in [27]).

Lemma 3.2. Suppose K = S, with S a non-abelian simple group. Then [P/(K) > [(K).

Proof. Since [(K) < I(S)* (here, in fact, equality holds), it is enough to show that /P™(S)
> [(S). Given a non-trivial projective representation S — GL(M) of minimal size over
some finite field F', we have an action of S on the projective points of M, i.e., the orbits
of M \ {0} under the action of F*. This action is non-trivial because S has non-trivial
image in PGL(M); since S is simple, each non-trivial S-orbit of this action is a faithful
transitive permutation representation of S of size at least /(S), and strictly less than |M | =
[PrI(S). L]

For completeness, we include the following lemma, which was mentioned in The-
orem 11.1 of [22].

Lemma 3.3. Suppose T is a monolithic group with non-abelian minimal normal sub-
group K = S”, with § a non-abelian simple group. Then | Auty (T)| < r| Aut(S)|", where
Auty (T) denotes the group of automorphisms of T which induce the identity on T/ K.

Proof. The automorphism group Aut(K) is isomorphic to the wreath product Aut(S)” x
Sym(7). The homomorphism from Aut(7') to Aut(K) is injective, see Lemma 2.10 in [22].
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Since K is minimal, T acts transitively on the direct factors Sy x --- x S, of S”. We
observe that the image of f € Aut;(7) in Sym(r) is uniquely determined by f(S7).
Indeed, suppose S; = tS1t~ fort € T;then f(t) = tk for some k € K, and hence we
have f(tS1t™Y) = F() F(S) f@)™! = tkf(S)k™1t7! = ¢tf(S1)t~!. Thus, the image
of Aut;(7T') in Sym(r) has at most r elements and the assertion follows. |

Let T be an irreducible linear subgroup of GLy, (V') and let G be a profinite group.
Write Epi(G, T')r for the set of T-conjugacy classes of epimorphisms G — T'. The next
lemma is essentially Lemma 7.2 in [22].

Lemma 3.4. [Epi(G,T)|/|T| < [Epi(G, T)r| < [V|[Epi(G.T)|/|T].

Proof. Suppose T' < GLg, (V). Then Z(T') < CGL[F,,(V)(T) < End7(V), and | Endr (V)]
< |V| because V is an irreducible T-module. The result follows by the orbit-stabiliser
theorem. ]

We can now give a sufficient condition for UBERG, roughly analogous to the implica-
tion (4) = (1) in Theorem 11.1 of [22]. Let c4 be the constant defined in Section 5 of [22]
(see Section 2.6). Also recall that, for a monolithic primitive group L with minimal normal
subgroup N, we say that L is associated with A if A is isomorphic to N.

Theorem 3.5. Let G be a d-generated profinite group. Suppose there is some b such that,
for all finite monolithic groups L with non-abelian minimal normal subgroup K, if the
crown-based power Ly, is a quotient of G, then k < [P®/(K)b. Then there is some ¢ such
that, for T an irreducible linear subgroup of GLy,(V), | Epi(G,T)| < |T[|V|° and G
has UBERG.

Proof. By the implication (4) = (1) of Theorem 10.2 in [22], there is some a such that,
for any transitive group Q of degree k

(3.6) |Epi(G, Q)| < |Q|a*.

Let dimp, V' = n. Let H be a subgroup of T such that the representation of 7' is
induced from a primitive representation of H. Denote by W a primitive H-module such
that V' = Indz W. Let P be the image of H in Endp,(W) and let m = dimg, W. Put
K = core(H). Then T/K is a transitive group of degree s = n/m and T is a subgroup of
P:T/K.

Case 1. Suppose that | K| < |V]¢.

Then | Epi(G, T/K)| < |T/K|a* by (3.6), and hence, by the hypothesis,

|Epi(G,T)| < |T/K|a®|V|? < |T||V|lep@tesd

Case 2. Suppose that | K| > |V |¢.

Since |K| = |T|/|T/K| < | P|*, we have |P| > |W|, and so we can use Proposi-
tion 5.7 in [22]. We use the notation of that proposition. Denote E(B)/Z(E(B)) by S,
where E(B) is the layer of B (see Section 2.1). Let K = (T N E(B)*)’. As in Proposi-
tions 6.1 and 7.1 of [22], K is normal in 7" and is a subdirect product of E(B)*, and T
acts transitively on the factors of E(B)®; in particular, K/Z(K) = S”, for some r < s,
and T/ Cr (K) is the primitive group associated with K/Z(K) (cf. Section 2.5).
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By Lemma 7.7 in [18],
0ut(S)] < 3log(I(S)) < 3log(IP™(S)).

It follows that T/ KC7 (K) (which embeds into Out(S) ? Sym(r)) is a transitive group of
degree at most 3r log(/P™(S)) = 3log(/P™(K/Z(K))), so by (3.6),

|Epi(G, T/KCr(K))| < |T/KCr(K)| a3"2¢™ K/Z(EK))
= |T/KCr(K)|I"(K/Z(K))3"e@,

Fix some ¢ € Epi(G, T/KCr(K)),let ¢1,...,¢; be its preimages in Epi(G, T/Cr(K)),
and note that (¢1,...,¢;):G — [[/_, T/Cr(K) is a quotient map from G to a crown
power of K/Z(K); writing Auty (T/C7 (K)) for the group of automorphisms of 7/Cr (K)
which induce the identity on 7/ KC7(K), we deduce using Lemma 3.3 that

J < IPNK/Z(K))P |Auty (T/ Cr(K)| < 1K/ Z(K)) r |Aut(S)]"
and therefore
|Epi(G., T/Cr(K))| < |T/KCr(K)|I™(K/Z(K))*"¢@ [P°I(K / Z(K))" r | Aut(S)]".
Again, by Lemma 7.7 in [18], |Out(S)| < [(S) < IPi(S), so

|Epi(G., T/Cr(K))| < |T/Cr(K)|I"™(K/Z(K))3"e@+b+2
<|T/Cr(K)| |V|310g(a)+b+2

because [P(K /Z(K)) < |V |: indeed, [P(K/Z(K)) =[P (S) and |V| = |W|5,s > r,
so it is enough to show that /P™(S) < |W|, which holds because (by Proposition 5.7
in [22]) W is an E(B)-module, defined over some finite extension of F,, on which
Z(E(B)) acts by scalars, so it is a projective representation of S = E(B)/Z(E(B)).
Finally, as in Case (2) of Proposition 7.1 in [22], we have that |C7(K)| < |V|3, so
| Epi(G.T)| < |T| |V|310g(a)+b+2+3d.
To conclude that G has UBERG, we apply Lemma 3.4 and Proposition 6.1 in [22]. =

Remark 3.7. Note that the case K = 1 does not occur in the proof of the previous theorem
(or in Proposition 7.1 of [22]), while it does in Proposition 6.1 of [22], because here we
are using |K| > |V instead of |P| > |V|. That is, in the notation of Proposition 6.1
in [22], |[K| = |T N N| > [V[. But|N| = [NoLg, w)(E(B))[*, and

|NoLg, W) (E(B))] = |CoLg, w)(E(B))[| Aut(E(B))| < [W||Out(E(B))||E(B)]

by Proposition 5.7(5) in [22]. Also, [Out(E(B))| < |W| by Lemma 7.7 in [18]. Then
IN/N| < |W|?* = |V|?. Therefore |T N N| > |V|“~2 > |V| (note that ¢4 > 3), whereas
|Z(E(B))|* < |W|* =|V|.So we cannothave T N N < Z(E(B)).

For our necessary condition, we work parallel to Lemma 9.2 in [22]. While /P™(S)
measures the size of the smallest projective representation of a non-abelian simple group S,
we now need to measure the size of the smallest faithful linear representation of S
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Lemma 3.8. Let F be finite field of characteristic p and let T be a finite group. Let V
be a faithful finite-dimensional linear F -representation of T. Every element of T which
acts trivially on all composition factors of V lies in O, (T). In particular, the smallest
faithful linear representation of a finite group with a non-abelian unique minimal normal
subgroup is irreducible.

Proof. Let p: T — GL(V) be a finite dimensional faithful linear representation of 7'
defined over the finite field F'. Let C be the common centraliser of all composition factors
of V. Then, with respect to a suitable basis of V', the image p(C) lies in the group of
unimodular upper triangular matrices and thus is a p-group. As p is faithful, we deduce
that C is a normal p-subgroup of T and C € O,(T).

Suppose that 7 has a unique minimal normal subgroup K, which is non-abelian.
Since the center of O,(T) always contains a minimal normal subgroup, it follows that
O, (T) = {1}.We deduce that every faithful representation admits a composition factor
on which some k € K acts non-trivially. Since K is the unique minimal normal subgroup,
it follows that the representation on this composition factor is faithful. ]

Given a non-abelian characteristically simple finite group K = S*, S simple, we define
a new function /'""(K): if the smallest non-trivial projective representation S — GL(V')
of S has dimension k over the field F = Endg(V), let /""(K) = |F |** if this representa-
tion is (projectively equivalent to) a linear representation, and /'"™"(K) = |F |k25 if not. As
justification for this definition when s = 1, we offer the following lemma.

Lemma 3.9. There is a positive constant e such that, for any non-abelian simple group S,
the smallest faithful irreducible linear representation of S has size at least lin(SYe and
at most 1" (S).

Proof. We first prove the lower bound. This is clear for the sporadic groups, and for the
groups S for which ["(S) = [P©i(S), where the smallest faithful irreducible linear rep-
resentation has size /''"(S) by definition. This second type includes the alternating groups.

It remains to consider only simple groups of Lie type for which the natural module is
not linear, which we subdivide into:

(i) exceptional groups of Lie type;
(i1) classical groups of Lie type.

For (i), the lower bound follows from Proposition 5.4.13 in [27]: there is some e
such that any non-trivial irreducible projective representation S — PGLy (F) has size
at least |F|ek2.

For (ii), the lower bound follows from Proposition 5.4.11 in [27]: apart from modules
quasiequivalent to the natural module of dimension d, the smallest projective representa-
tion of these groups (and hence the smallest linear representation) has dimension at least
d(d —1)/2 — 2 for large d. It is easy to see that the linear representations of S, as a subset
of the projective representations of .S, are invariant under quasiequivalence, so the result
follows.

For the upper bound for (i) and (ii), let p: S — PGLg(F) be the smallest faithful
projective representation of S. We compose p with the adjoint representation PGLy (F) —
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GL;2(F) to obtain a faithful linear representation for S of size | F |k2. Again, the assertion
follows from Lemma 3.8. ]

Lemma 3.10. There is some ¢ such that, for any non-abelian simple group S, Aut(S) has
a faithful irreducible projective representation of size <1 Pl (§Y¢ and a faithful irreducible
linear representation of size < ['™(S)°.

Proof. This is clear for sporadic and alternating groups; we assume S is of Lie type.
For this we can apply the description of Aut(S) from Sections 2.5 and 2.7 of [16]: the
automorphisms of S, and of its perfect central extensions S, are generated by inner auto-
morphisms, diagonal automorphisms, field automorphisms and graph automorphisms.

Suppose S is defined in degree k over a field F of characteristic p: then some per-
fect central extension S of S acts naturally and faithfully on V of dimension k over F,
and [P°(S) = |F|*. We identify S with its image in GLz (V). Fix a basis of V. From
Section 2.5 of [16], we see that the diagonal automorphisms of S are induced by conjug-
ation by the subgroup 7' of the diagonal elements of GLz (V) which normalise S. Now
ST <GLp(V) < TLp(V) (recall that TL (V) is the semilinear group) is acted on by
the Frobenius automorphisms U < 'L g (V) of F acting componentwise on the matrix
entries. Thus V becomes a crossed ST U-module over F , and also a crossed module for
the universal central extension R of ST U , via restriction.

Also from Section 2.5 of [16], Aut(S) is the semidirect product of R/Z(R) by a
group I of graph automorphisms of order at most 6, and these automorphisms of R/ Z(R)
extend to automorphisms of R. Form the semidirect product R x I' using this action, so
that (R x T')/ Z(R) = Aut(S). So W = IndR®*T (V) is a faithful representation of R x T
of size |F|¥IT!. A simple quotient of this on which S acts non-trivially must be an irre-
ducible representation of R x I' with kernel < Z(R), because S is the unique minimal
normal subgroup of Aut(S), so this gives a faithful irreducible projective crossed repres-
entation X, over some extension of F, of Aut(S), of size at most | F' |6k . The restriction of
this to IF,, gives a faithful irreducible projective representation of Aut(S) of size [P™/(S)°®,
which is linear if V is.

For the case where V is not linear, write X* for the dual module to X. The class
of the cocycle of X* is the inverse of the cocycle of X and so X ® p X* is a crossed
representation of Aut(S') with trivial cocycle (see Lemma 2.1). Restriction of scalars to F,,
provides us with a faithful linear representation of Aut(S) of size at most | F |36k2. Since S
is the unique minimal normal subgroup of Aut(S), it follows from Lemma 3.8 that there
is a faithful irreducible composition factor. ]

We can now justify our definitions of /P (K') and /""" (K), in the form of the following
lemma. Suppose that 7" is a monolithic group with non-abelian minimal normal subgroup
K =S¥, for some non-abelian simple group S.

Proposition 3.11. Let ¢ be the constant from Lemma 3.10, and let e be the constant
from Lemma 3.9. The smallest size of a faithful irreducible linear (respectively, projective)
representation of T is:

(i) atleast I'™(K)¢ (respectively, [P (K));
(i) at most I'""(K)€ (respectively, IP™I(K)°).
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Proof. We give a proof for linear representations; the proof for projective representations
is similar.

(1) For the lower bound, suppose V is a faithful irreducible 7-module, and let W be an
irreducible summand of V' as a K-module. Some subset 4 of the set {1,...,s} of (indices
of the) copies of S acts non-trivially on W; by Lemma 5.5.5 in [27], W is a tensor product
(over the field F = Endx (W) = Endg; (X;)) of non-trivial modules X; for each of the S;
in 7. Each X; has size at least /'"(S)¢, by Lemma 3.9, so (because dimg (X;) > 2) W
has size > ['in(§)el4l.

Now each irreducible summand W; of V, considered as a K-module, has size |W|,
thanks to Clifford theory (see for instance Theorem 2.2.2 in [25]). Moreover, for each W},
the subset A; of the copies of S acting non-trivially on it has size |A|. Each copy of S
acts non-trivially on V/, so there is some W; on which it acts non-trivially; hence U i Aj =
{1, ..., s}, so the number of W; is at least 5/|A|. Therefore V has size > |W|s/141 >
Jlin (S)es .

Note that, in the case of projective representations, each X; has size at least /P™i(S)
by the definition of /P,

(ii) For the upper bound, pick one of the copies S of S in K. By Lemma 2.7, T
embeds in Aut(S) 2 7/ K, where K = core(N7(S1)). By the previous lemma, Aut(S) has
a faithful irreducible representation V of size I'"(S)¢. By allowing T/ K to permute the
copies of V¥, we get a faithful irreducible representation of Aut(S) 2 7/ K of size I""(K)¢.
The restriction of this representation to L has a faithful composition factor by Lemma 3.8;
this irreducible representation has size < /' (K)°. n

Theorem 3.12. Let G be a profinite group. Suppose that, for all b, there is some mono-
lithic group Ly with non-abelian minimal normal subgroup Kp such that some crown-
based power Ly of L is isomorphic to a quotient of G and k > ["(Kp)?. Then G does
not have UBERG.

Proof. By Proposition 3.11, each Lj has a faithful irreducible representation of size <
[I'"(Kp). On the other hand, from projecting onto the factors of the crown power, we
have more than /'"(K})? epimorphisms G — L; with different kernels, and thus more
than /""(Kp)? G-modules of size < ['"(K})¢. Since this is true for all b, we conclude
that G does not have UBERG. (]

We can show that the gap between our necessary and sufficient conditions for UBERG
is the best one can do by considering only crown-based power quotients of G with non-
abelian socle.

Theorem 3.13. Let G be a d-generated profinite group. The universal Frattini cover G
has UBERG if and only if there is some b such that, for all monolithic groups L with non-
abelian minimal normal subgroup K, the size of a crown-based power Ly of L occurring
as a quotient of G is k < [P®(K)P.

Proof. As every crown-based power Ly of a monolithic group L with non-abelian socle is
Frattini-free, Epi(G, Ly ) is canonically isomorphic to Epi(G, L). So the ‘if” part follows
immediately.
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Suppose for all b there is some monolithic group L with non-abelian minimal normal
subgroup K, such that the size of a crown-based power of L occurring as a quotient of
G is > [P (K)P. By Proposition 3.11, L has a faithful irreducible projective representa-
tion of size </ pr‘)j(K )¢, so as in Theorem 3.12, the crown-based power of L gives more
than [P (K)? different projective representations of this size. On the other hand, G is a
projective profinite group and thus every projective representation of G lifts to a linear
representation. Since this holds for all b, this shows G does not have UBERG. [

For later reference, we say that a profinite group has proj-UBERG if it satisfies the
condition on crown-based powers in the previous theorem.

As an application for our sufficient condition, we give a slight sharpening of the known
result that PFG implies UBERG.

Corollary 3.14. For finitely generated profinite groups,
PFG = proj-UBERG — UBERG.

Proof. Suppose G is PFG. By Theorem 11.1 in [22], for monolithic group L associated
with non-abelian minimal normal subgroup K, there is some a such that the size of a
crown-based power of L occurring as a quotient of G/N is [(K)%, which is less than
[P (K)* by Lemma 3.2. The second implication holds by Theorem 3.5. |

4. Infinite products of finite groups with UBERG

In this section we give a criterion which allows to verify that an infinite product of finite
groups has UBERG. Our approach is rather direct and relies on elementary calculations.
The method can be used to reprove results of Damian ([11], Example 4.5), which rely
on the machinery of [22]. We use our method to construct a UBERG group which is
not finitely generated. In addition, we use it to show that groups with UBERG are not
closed under extensions; indeed, we construct a product of special linear groups which
is procyclic-by-UBERG but which does not have UBERG. We show that both normal
subgroup and quotient are finitely presented and hence PFR by Theorem A in [26]. This
answers in the negative an open question from [26]. The next section, however, contains
conditions under which extensions of groups with UBERG do have UBERG.

4.1. A criterion for UBERG

Here a family of power series (Sq4)q is a sequence of power series with S; € Z[X] for
every prime power ¢ = p¥, where p runs through all primes.

Definition 4.1. A family of power series (Sy)4 is uniformly bounded if there are constants
¢, B > 0 such that
Sq(q°) < B-q°

for all prime powers q.

Let G be a profinite group. Recall that a representation p of G over a field E is said
to be absolutely irreducible if L @ g p is irreducible over L for every extension L/E. We
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write 7*(G, F, n) to denote the number of absolutely irreducible representations of G of
dimension 7 defined over F. Assume that r*(G, F,n) < oo for all n € N and all finite
fields F'. For instance, all finitely generated profinite groups have this property. For every
finite field I, we consider the power series

(o)
SHG) =) r*(G.Fe.m)X "' e Z[X].
n=1
Lemma 4.2. Let G be a profinite group with the property r*(G, F,n) < oo foralln € N

and all finite fields F. The group G has UBERG if and only if the family of power series
S, (G) is uniformly bounded.

Proof. Assume G has UBERG, then there is a constant ¢ > 0 such that r*(G,F4,n) < ¢"¢
for all » € N and all finite fields IF,. In particular,

o0 o0
Sq*(G)(q—c—l) — Zr*(G,Fq,n)q_(CH)("_l) < Zq—n+c+1 —g°+! 4q < gt
n=1

n=1
and (S (G))g is uniformly bounded.
Conversely, assume that S (G) is uniformly bounded and S;(G)(¢™¢) < ¢°B. Then
in particular 7*(G,F,, n)g=®~Y < ¢¢B, and (since ¢ and B are independent of ) this
shows that G has UBERG by Lemma 6.8 in [26]. [

Lemma 4.3. Let (Gi)ien be a family of profinite groups such that the power series
S, (Gi) are defined. If the family of power series

Sq=[]S:G
ieN
is well-defined and uniformly bounded, then G = [[; G; has UBERG.
Proof. We claim that for every real number x € [0, 1) such that S, converges at x, we

have
S;(G)(x) < Sg(x).

This suffices to conclude that G = [ [; <y Gi has UBERG.

The absolutely irreducible representations of G are outer tensor products ) V; of
absolutely irreducible representations of the factors G;, such that almost all V; are trivial.
In particular, we obtain

r*(G.F.n)= Y []r*(Gi.F.d).

deD, i

where the sum runs over the set D,, all sequences d = (d;,d>,...) such that almost all d;
equal 1 and []; di = n. We observe that for all such sequences d we have

i(d,-—l)f(ﬁd,-)—l:n—l

i=1 i=1



Counting irreducible modules for profinite groups 1537

and so, for all x € [0, 1), we have < IL x9%=1 Therefore

S7(G)(x) = Z D" ‘Hr (Gi.Fy, d)

n=1deD,

<3 Y [T G ) = 5,00 .

n=1deD, i

4.2. An infinitely generated UBERG group

In this section we give the first example of a profinite group which cannot be finitely
generated but has UBERG. This group G is of the form

G = H pon

for certain finite metabelian group G;l_ .n;- We begin by describing the building blocks.
Let p > 3 be a prime with p = 3 mod 4. Let C,, be a cyclic group of order p. Define
Aut(Cp)° to be the subgroup of Aut(C,) which consists of automorphisms of odd order.
The group Aut(C,)° is cyclic of order n(p) = (p — 1)/2 (since p = 3 mod 4). Consider
the group
G, = Cy xAut(Cp)°

with Aut(Cp)° acting diagonally on C;'. We observe that Aut(C;)® is non-trivial (since
p > 3) and it is the abelianisation of G ,.

Lemma 4.4. Let G, , = C; x Aut(Cp)°. Then d(G, ) > n.

Proof. Letd = d(G,,) and let (v, 1), . (vd, ag) be a set of generators. Since the
action of Aut(Cp)° on C; is diagonal, vy, ..., vg have to generate C;/ and hence d > n.
[

We take a closer look at the representations of these groups. Let £ be a fixed prime.
We start by studying the irreducible representations of G, ,, over an algebraically closed
field K of characteristic £. The one-dimensional irreducible representations of G , are
exactly the ones which factor through the abelianisation, i.e., through Aut(C,)°; there is
one of these for each n(p)-th root of unity in K. In particular, if F is any field finite field,
we obtain

r*(Gpp F.1) = ged(n(p), |F| = 1).

If the characteristic £ = p, then every irreducible representation V of G, over K is
one-dimensional. Indeed, V' |y is trivial, since it is semi-simple and the tr1v1a1 represent-
ation is the only irreducible representation of a p-group in characteristic p.

Assume that £ # p. Let (p, V) be an irreducible representation of G , over K that
does not factor through Aut(Cp)°. Restriction to C;; gives

Vig=e- @ °U.

a€Aut(Cp)°
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with U an irreducible representation of C 1:’ over K. Since (p, V) is not one-dimensional, U
is not the trivial representation; U is one-dimensional, and the action of a non-trivial
o € Aut(Cp)° has no non-trivial fixed points in Cj. It follows that *U is not isomorphic
to U for any @ # id, and hence the inertial subgroup is C, itself. Therefore e = 1 (see
Theorem 2.2.2 (iii) on p. 84 of [25]).

G*
It follows that V' = Ind ;" (U) and that
P
dimg (V) = |G;,n : €| -dimg, U = [Aut(Cp)°| = n(p).

Now note that the non-trivial representations (p, V')’s as above correspond to non-trivial
Aut(Cp)°-orbits on Irr(C)}, K). In particular, for every field F of characteristic { we find
r*(G,,, F.n(p) < p" — 1.

We have proved the following.

Lemma 4.5. For all x € [0, 00) and all prime powers q, we have

$7(Gp ) () = ged(n(p).g = 1) + (p" = D",
Now we are able to construct the infinitely generated UBERG group G. Let py, p2,. ..
be an increasing sequence of primes p > 3 satisfying:
(1) p;i =3 mod 4, and
(i) (p1—1)/2,(p2—1)/2,... are pairwise coprime.
Recall that (p;) = (p; — 1)/2. Additionally, pick an increasing and unbounded sequence

of integers n; such that
p;'i —1< 21 (pi)

Lemma 4.6. For p; and n; as above, the group

oo
G=[]6Gy -

i=1

has UBERG, does not have type FPy, is not finitely generated and does not have type PFP;.

Proof. Clearly, G is not finitely generated, as d(G) > d(G, ,,) > n; and the integers n;
tend to infinity. Since G is soluble, by Corollary 2.4 in [11] and the remark after it, it must
not have type FP;.
For every prime power g, we have (by Lemma 4.5)
(e9) oo
[15:6G; 0@ < [[(gedmpi).g — 1) + (p}'" — g 21@)=D)
i=1

i=1

ac oo
< H(ng(n(Pi),CI -1+ qﬂ(m)—z(n(m)—l)) <(g-1 l—[(l + q—n(pi)+2)

i=1 i=1

=@-D[Ja+a) =@-Dexp(}a7) =@~ De.
i=1 i=1

So the family of power series [[72,; S 7 (G, »,) is uniformly bounded; using Lemma 4.3,

we deduce that G has UBERG. [
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4.3. A non-UBERG procyclic-by-UBERG group

For m > 1, we consider the direct product SL;, (F;)™ and the factor group G,(q, m) =
SL,(Fg)™/Cn(q, m), where C,(q, m) is the image of the diagonal embedding of the
centre C < SL,(IF;). The centre C consists of scalar matrices Al,, where A € IF; is
an n-th root of unity. In particular, the group C,(g, m) is cyclic of order |C, (g, m)| =
ged(n, g — 1).

Let (n;);en be an increasing sequence of pairwise coprime integers > 12 and let ¢; =
pfi be a sequence of prime powers for pairwise distinct primes p; > 5. We may assume
;%]

that ged(n;, g; — 1) > 1 for every i. We define the sequence (m;)ien as m; = q; '

2
Observe that m; grows faster than ql.c " for every ¢ > 0, but slower than ql.n‘ as i tends

to oo.
We consider the profinite groups

G = [[SLunFy)™ and H =[] Gn (gi.m).
ieN ieN

We note that H =~ G/Z, where Z = [[; Cy,(q;i, m;). The group Z is a procyclic group,
since Cy; (¢i, m;) is a cyclic group of order gcd(n;, ¢; — 1) and these orders are pairwise
coprime (indeed, the integers n; were chosen to be pairwise coprime).

Theorem 4.7. The groups G and H are 2-generated and finitely presented. The group H
has UBERG, but G does not have UBERG.

4.3.1. First part of proof of Theorem 4.7.

Proof that G does not have UBERG. 1t is clear that the group SL,,; (IFg, )™ has at least m;
absolutely irreducible representations of degree n; over IF,, i.e.,

1n?]

i (G, Fg) >mi =q; "
L 3/2

We observe that qini ! grows faster than ¢, for every ¢ > 0 and we conclude that G

does not have UBERG. [

cn;

Proof that G and H are 2-generated. 1t suffices to prove that G is 2-generated. We note
that, since G is perfect, the group G is 2-generated if and only if

G/Z(G) = [ [ PSLx, (Fg)™

is 2-generated. Since the finite simple groups PSLy, (IF;,) are pairwise non-isomorphic,
this group is 2-generated exactly if each block PSLy, (IFy, )™ is 2-generated. By The-
orem 1.3 in [39], this is the case if

| PSLy, (Fy)|
log(| PSLy, (Fy,))
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We will establish the inequality 61”3/2 < /|PSL,(IF,)| for all # > 9 and all g; this implies
the required inequality, since «/x > log(x) for all x > 1. We observe that | PSL, (IF,;)| >

¢"* "2, so we only have to prove that

23?2 <n?—n-2
holds for all n > 9. This follows easily by induction. ]

Proof that G and H are finitely presented. It suffices to prove that G is finitely presented,
since H = G/Z where Z is procyclic. We already know that G is finitely generated, so
by Theorem 0.3 in [33] it is sufficient to show that there is a constant C > 0 such that

dimg, H*(G,V) < C dimg, V

for every prime £ and every finite irreducible representation V of G over ;. Extend-
ing scalars, we see that it is sufficient to establish such an upper bound for the second
cohomology for every absolutely irreducible representation V' over some finite field.

Let V be an absolutely irreducible representation of G over some finite field F. As V
is continuous, it factors over a finite product of components of G, i.e., we can write G =
G x -+ x G; x K, where K acts trivially on V' and each G; is of the form SL,, (Fy,)
(for some i) and acts non-trivially on V. As V is absolutely irreducible, it decomposes as
a tensor product

t
V=weQV
j=1

where each V; is an absolutely irreducible representation of G; and W is the trivial
1-dimensional representation of K. By Kiinneth’s formula (see Proposition 1.(0.8) in [5]),
we have
H%*(G,V) = $H HY(K.W)® Q) HY (G;. V).
f+ditetd =2

Since each SLj, (¢;) is the universal central extension of PSL,, (¢;) (see Corollary 2 in §7
of [43], recall p; > 5), the group K is a universal central extension of some product of
projective special linear groups. We deduce that H2(K, W) = 0. Since each V; is non-

trivial and irreducible, we have H 0(G 7, Vj) =0.In particular, for # > 3 atleast one d; =0
and we have H2(G, V) = 0. Suppose that t = 1. Then

dimp H*(G,V) < dimp H?(SLy, (F,,), V) < 8.5dimp V

by Theorem 8.4 in [17]. If # = 2, then, since the special linear groups are 2-generated, we
have dimp H'(G;, V;) < 2dimg V and

dimp H?(G, V) < 4dimg (V) dimg (V) = 4 dimg V. "

It remains to show that H has UBERG. This is more difficult and we need some more
information on the representation theory of special linear groups.
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4.3.2. Representation theory of SL, (F,).

Definition 4.8. Let G be a finite group and let F be a field. The minimal degree md(G, F')
is the degree of the smallest non-trivial absolutely irreducible representation of G over F,
if it exists; otherwise, we set md(G, F) = oc.

Let p be an odd prime number and let ¢ = p/ be a power of p. Let n > 3 denote
a natural number. We consider the special linear group SL, (IF,;). We are interested in
absolutely irreducible representations of SL;, (IF;) over finite fields Fy; (where £ is some
prime number). We will use the following facts:

(a) In defining characteristic ({= p), then md(SL, (Fy),F,;) >n, with equality if | ;.
Assume that f | j. Then the standard representation of SL, (F,) on IF;’j ,its dual and the f
Galois twists of these representations are the only irreducible representations of minimal
degree n over the algebraic closure. For n > 12, every other non-trivial irreducible repres-
entation has degree > n(n — 1)/2; see Theorem 5.1 in [32]. If f 4 j, then it follows from
Proposition 5.4.6 (i) in [27] that every absolutely irreducible representation over IF,,; has
degree at least n™x(2.//1)

(b) In non-defining characteristic ({ # p), for n > 5 the minimal degree satisfies

n_

md(SL, (F,), Fe/) > "q -

see Proposition in §2 of [42].
(c) The number of absolutely irreducible representations of SL, (IF;) over any field is

at most the number of conjugacy classes in SL, (F,) which is smaller than 28¢"~! < ¢"*3;
see Theorem 1.1 in [15].

This also allows us to bound the minimal degrees for the factor group G, (g, m) =
SL,(F4)™/Cn(q, m) where Cy, (g, m) is the image of the diagonal embedding of the centre
C < SL,(F,).

Lemma 4.9. In non-defining characteristic { # p, the minimal degrees of SLy, (Fy)™ and
G, (q.m) are bounded from below by q"~". In defining characteristic { = p, the following
hold:

(i) md(SL,(Fy)™, Fy;) > n and there are exactly 2 fm representations of degree n
ifrl.
(i) if ged(n,q — 1) > 1, then md(G,(q,m),Fyj) = n(n —1)/2.

Proof. In non-defining characteristic { # p, the absolutely irreducible representations of
SL, (Fg)™ over ]Fej are tensor products ®F,; Vs ®F,; *** ®F,; Vi of absolutely irre-
ducible representations of SL, (IF,); see for instance [13]. Hence, md(SL, (F,)™,Fy;) =
md(SL, (Fg), Fyj) and the representations of minimal degree are of the form V; ®r,,
Vo QF PR RF o Vi with exactly one non-trivial V; which is of minimal degree.

Since every representation of G, (g, m) lifts to representation of SL, (IF,)™ we have
md(Gy (g, m), Fys) > md(SL, (F))™, Fy).

It remains to consider the defining characteristic case £ = p.Let V = V] Qp i Vs ®F,;
“+- ®F,; Vm be an absolutely irreducible representation of SLy, (Fg)™ and let w;: C — Fj
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denote the central character of V;. The representation V factors through G (g, m) if and
only if wjws -+ wpy = 1.

Assume that ged(n, g — 1) > 1, so that the centre C < SL,(F,;) is non-trivial. In
particular, the standard representation of SL,(IF4) on F; and its dual have a non-trivial
central character. In particular, an absolutely irreducible representation V' of SL; (IF,)™
which factors through G, (g, m) and contains a tensor factor V; with dim(V;) = n involves
another non-trivial tensor factor. We deduce that dim(V') > md(SL, (F,),F,;)? > n?. We
observe that any other non-trivial absolutely irreducible representation V' of SL, (F,)™
which factors through G, (g, m) contains some V; of degree at least n(n — 1)/2. This
completes the proof. ]

This result implies bounds on the number of irreducible representations of bounded
degree, which are conveniently expressed in terms of the family S*(G,(q, m)) of power
series.

Lemma 4.10. In non-defining characteristic £ # p, we have
SZ‘]- (Gn(g.m))(x) = (1 + q"+3xq”‘1—1)m

forall j and all x € (0,1).
Assume that ged(n,q — 1) > land £ = p. If ], then

o
S;,- (Gu(g.m)(x) =1+ kaqk(”+3) 1y mg" 3=/
k=2

and if f} ], then

o0
S (Gnlg.m)(x) < 14 Y- mk ghers) ™/
k=1
forall x € (0,1).
Proof. Assume that £ # p. Let x € [0, 1), then we obtain
875 (Gn(g,m))(x) < Sy (SLa(Fg)™)(x) < S7; (SLa(Fg))(x)™

as in the proof of Lemma 4.3. By Fact (b), the minimal degree md(SL, (F,),F,;) > q"_l R
and by Fact (c), there are at most q"+3 non-trivial representations, hence

S*(SLy(Fyg), Fyi)(x) < 1+4¢"H3x0"' 1

forall x € [0, 1).

Now consider the defining characteristic case £ = p. Assume f |j. The absolutely
irreducible representations of G, (g, m) are the representations of SL, (IF,)™ with trivial
restriction to C, (g, m). We know from the proof of Lemma 4.9 that the representations of
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degree n do not factor through G, (¢, m), and from Fact (a) that the remaining ones have
degree at least n(n — 1)/2. Using Fact (c), we obtain

o
Sy (Gu(g,m))(x) <1+ Z('Z) (@)X g3 D2
k=2
o0
<14+ Z mkq("+3)kx"k_1 + mqn+3xn(n—1)/2—1
k=2

forall x < 1.

Assume f t j. By Fact (a), the absolutely irreducible representations have degree at
least n™*2://7)  and so

oo
m femax(2, f/j) _
55 Galgm) <1+ 30 (gt
k=1
w .
<1+ Z mkq(n+3)kxnkmax(2af/])_1. .
k=1

4.3.3. Second part of proof of Theorem 4.7.

Proof that H has UBERG. We want to apply Lemma 4.3. To this end we show that the
family of power series

o0
Se =[] 57 (Gui (gi.mi)),
i=1
where ¢ varies over all prime powers, is uniformly bounded. We claim that the constant
¢ = 2 works.

Fix a prime power ¢ = £/. Suppose the £ # p; for all i, then by Lemma 4.10 we obtain

o0 o0
. .oonj—1 . . .oonj—1
S () < | | (14 gr 3 2@’ —Dym < exp( E mi gl _1)).

i=1 i=1
A short calculation yields

o0 o0
ni+3 p—2j(ql ' 1) P ani43 ol )
D_mig) =24 e

i=1 i=1
° 3/2 n;—1 e
< Zzlogz(qi)(n,-/ +ni+3)-20¢;" - < 4 Zz*i =C+1
i=1 i=1

for some C, since obviously

10g,(qi)(n>? +ni +3) = 2(¢" " —1) < —i

1

for all large i. In particular, this series converges and is bounded above independently
of ¢7.
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Assume £ = p;. In this case, there is an additional factor. If f| j, then

_ _ _ M
S (Gnl(qlsm ))(E 2]) <14+ ka k(ﬂz+3)p 2](n 1) +m 'qnl+3p- 2j +1

m;g; i
k=2

3/2 3/2 n; (n

2k —2 -1 2n: —21=—+1
1+Z n; (n )+qinl q; +

IA

—2nk(1—n;k—knd?7Fy  pp?2pnili 4y
I+ Z +q; " :
k=2

1+ Z ~@/InE | 540

IA

IA

where we use the rough estimates 1 — ni_k — kn?/z_k > 1/3 and 2”1‘2/3 — ”12 +n;+1<
—40 (forn; > 12 and k > 2).
Assume f } j. We note that

j k max(2,f/j 1
F "I =1 = S -,

For f/j < 2thisisclear. If f/j > 2, then

Joksl 2k] nk 1D o 1 lzkzlnl;k+i
S f =3 2 S

using n; > 12. We deduce, as before,

N =

i kmax (2,11
S (G gim) () <14 S mbgt s e

k=1

3/2 _ L( ff'“ax&’f/j)—l) n;/z _(nizk_l)

) 00 ok
Z 24
k=1 k=1

This factor is independent of £ and j and so the claim follows. ]

<2.

5. UBERG-by-UBERG groups

In this section we study conditions under which extensions of groups with UBERG have
UBERG. We show that split UBERG-by-UBERG groups, and UBERG-by-(finitely gen-
erated proj-UBERG) groups, have UBERG.

We proceed using the machinery of Clifford theory, for which our main reference
is [25]. Since any finite G-module is fixed pointwise by some open normal subgroup of G,
we may think of such a module as the restriction of a module for some finite quotient of G.

For a field F and an F-algebra A, we write r (A, F,n) = |Irr(A, F,n)| to denote the
number (isomorphism classes) of simple A-modules of F-dimension n and R(A, F,n) =
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Z?:l r(A, F,n).If E/F is a finite field extension such that £ C A is a central subfield,
we have R(A, E,n) = R(A, F,n[E : F]). For a profinite group G, we write r (G, F,n) =
r(F[G], F,n) and R(G, F,n) = R(F[G], F,n).

Lemma 5.1. Let F be a finite field, let A be an F-algebra and let ¢ > 0. Then
(Vn e N) r(A, F,n) < |F|*" = (Vn € N) R(A, F,n) < n|F|" < |F|€+Dn,

A profinite G has UBERG if and only if there is a constant ¢’ such that R(A, F,n) < |F|<"
for all n and all finite fields F.

Proof. The first assertion follows from the inequality Z;;l |F| <n|F|".1f R(G, F,n)
<|F |C/” holds for all » and all finite fields, then in particular (G, Fp, n) < p‘:/" for all
prime numbers p and so G has UBERG. Conversely, if G has UBERG, then the inequality
r(G,F,n) < |F|"/" follows from the proof of Lemma 6.8 in [26] using that every irredu-
cible representation of degree n is absolutely irreducible over a field extension of degree
at most n. |

Lemma 5.2. Let A be an F-algebra and let B C A be a subalgebra. Suppose that A can
be generated by d elements as a right B-module. Then

(i) R(A, F,n) <dR(B,F,n),

(i) R(B, F,n) <dR(A, F,dn).

Proof. (i) For every finite dimensional simple A-module V, let ¥ (V) be some simple
submodule of V|p. This defines a map y: | J;_; Irr(A4, F,i) — J;_, Irr(B, F,i). We
claim that the number of elements in each fibre is bounded by d from above. Consider the
fibre over ¥ (V') and assume that V' has minimal F-dimension of all modules in the fibre.
Suppose that ¥ (V) == y(V'), then

0 # Homg (¥ (V). V'|p) = Homy(4A ®p ¥(V), V')

and V' is a simple factor of the induced module A ® g ¥ (V). Since dimg (V') > dimg (V)
and dimp (A ®p ¥(V)) < d dimp (V), there are at most d elements in each fibre. We
deduce that

R(A, F,n) <dR(B, F,n).

(ii) For every finite dimensional simple B-module W, we choose a simple factor 6 (W)
of A ®p W. This defines a map 0: | J;_, Irr(B, F,i) — U;-iil Irr(A, F, j). Again, we
claim there are at most d modules in each fibre. Let W have minimal dimension in the
fibre over 6(W). Suppose that (W') = 6(W), then

0 # Homy(4 ®p W', 0(W)) = Homp (W', 6(W)|5)

and W’ is a simple submodule of 8(W)|p. Since dim(W) < dim(W"’), there are at most d
such simple submodules, i.e.,

R(B,F,n) <dR(A, F,dn). n

Corollary 5.3. Let G be a profinite group and let H be an open subgroup of index h =
[G : H]. Then R(H, F,n) < hR(G, F,nh).
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Proof. Since F[G] is h-generated as F[H ]-module, Lemma 5.2 implies R(H, F,n) <
hR(G, F,nh). [

To proceed, we will need the language of crossed representations and crossed pro-
jective representations. The notation is explained in Section 2.2; details can be found in
Section 3.14. A of [25].

Corollary 5.4. Let E be a finite field and let F be a subfield with |E : F| = e. Let y be
an action of G on E which fixes F. Then R(EV[G], E,n) < eR(G, F,ne).

Proof. Since EY[G] can be generated by e = [E : F] elements over F[G], Lemma 5.2
shows that
R(EY[G],E,n) = R(EV[G], F,ne) < eR(G, F,ne). n

Proposition 5.5. Suppose G is a profinite group, with an action y on a finite field E.
Suppose a € Z*(G, E®) is a 2-cocycle with respect to this action. Suppose the smallest
E-dimension of an irreducible E*[G]-module is j1(ct). Then

R(E®[G]. E.n) < u(@)R(E?[G], E.np(@))
for all n.

Proof. Let W be asimple E* ' [G]-module of minimal dimension dimg (W) = p(w); the
existence follows from the remark below Lemma 2.1. We define a map p:Irr(E¢[G], E, n)
— Ir(EY[G], E, u(o)n). For a simple E*[G]-module V', we consider V ®g W and
choose some simple quotient p(1'). Note that dimg (p(V)) < p(a)n. We will bound the
number of elements in each fibre. Suppose that p(V) = p(V’) and assume that V' has
minimal dimension in this fibre. We observe that

0 # Homgyjg)(V @ W, p(V')) = Homge[g)(V, p(V') @ W),

i.e., V is a simple submodule of p(V') ® g W*. The a-representation p(V') ® g W* has at
most dimg (W*) = u(«) many isomorphisms classes of simple submodules of dimension
> dimg (V). Each fibre contains at most () elements, and so

R(E*[G], E,n) < u(@)R(E”[G], E, u(x)n). m

For K < G, if we are given y: G/ K — Aut(E) ora € Z2(G/ K, EX) as above, we will
also write y and « for the restrictions of y and « to G. The next theorem extends Clifford
theory to twisted modules and it is our main tool to deal with extensions of UBERG
groups.

Theorem 5.6. Let G be a profinite group, let K < G, and let W be an irreducible F[G]-
module. Write V for an irreducible summand of Resg W, E for the field Endp gy (V),
and H for the inertial subgroup of V. Then there exist an action y of H/K on E, a
2-cocycle a € Z*(H /K, EX) with respect to this action, an extension ext(V) of V to an
E®[H]-module, and an irreducible E* ' [H/K]-module U’ such that

W = Ind% (U’ ®F ext(V))
as F[G]-modules.
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Proof. By Theorem 2.2.2(iii) in [25], it is enough to prove the result for H = G, and we
will assume for the rest of the proof that this is the case.

Recall that the Schur index of V over F is 1 since we are in positive characteristic (see
Theorem 2.5.22 in [25]), so we can apply Theorem 3.14.7 in [25]. By Theorem 3.14.7 (i)
in [25], V extends to an a-representation ext(V') of G over E with respect to some action y
of G on E, which is F-linear by Lemma 3.14.6(ii) in [25]; by Lemma 3.14.6(iii) in [25],
the action of K on E is trivial, so we may think of y as an action of G/K on E. This gives
the first part of the statement.

From now on we consider W as EY[G]-module. Let ext(V)* = Homg (ext(V), E)
be the dual of ext(V); this is an £% ' [G]-module; see Lemma 2.1. Define

U =W ®g ext(V)")K;

the space of K -invariants in the E% ' [G]-module W ® g ext(V)*. This is an E* [G/K]-
module. Since V is absolutely irreducible over E, we have dimg (V ® g V*)X = 1. For
some m, we have Resg( W) =~ V™ and it follows that U’ has dimension m over E.

On the other hand, the trace ext(V)* ® g ext(V) — E induces a canonical homo-
morphism W ® g ext(V)* ® g ext(V) — W of EY[G]-modules which restricts to a homo-
morphism

o:U' Qp ext(V) — W.

It is easily checked that ¢ is surjective. We observe that
dimg (W) = mdimg (V) = dimg (U') dimg (V) = dimg (U’ ®g ext(V)),
and we deduce that ¢ is an isomorphism. ]

Theorem 5.7. Suppose G is a profinite group, K < G, K and G/ K have UBERG, and
the extension of K by G/K is split. Then G has UBERG.

Proof. Fix a suchthatr(K, F,n) <|F|*" foralln and F, and b such that r(G/K, F,n) <
|F|b" for all n and F.

We will count the irreducible F[G]-modules of dimension n. Let us suppose that
€ Irr(G, F,n). Let V be an irreducible summand of Resg W, of dimension m, say, and
let H be the inertial subgroup of V' with |G : H| = h. Write E for the field Endrx)(V)
of degree e < m over F.

By Theorem 5.6, we can fix some extension ext(V) of V to an E%[G]-module, some
2-cocycle a € Z%(G, E™) associated to an action y of G/K on E, and write W in the
form Ind% (U’ ® g ext(V)), for some U’ irreducible E o [H/K]-module of dimension
n/hm over E.

Let yu(a~ ") be the minimal E-dimension of an irreducible E* ' [H/K]-module. Tak-
ing duals gives p(a) = u(a™'); see Lemma 2.1. We claim that j(ar) < m/e. Since the
extension K — G — G/K is split, K - H — H/K is too, so there is a complement
H' =~ H/K of K in H. Restricting ext(V) to H’, we obtain an E¥[H/K]-module
of dimension m/e. Any irreducible factor is an irreducible E*[H/K]-module of E-
dimension at most m /e.
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By Lemma 5.1, Corollary 5.3, Corollary 5.4 and Proposition 5.5 we have

r(E ' [H/K], E,n/mh) < R(E® ' [H/K], E,n/mh)
< uw(@)R(EV[H/K], E,nu(x)/mh) < u(a)e R(H/K, F,nu(x)e/mh)
< u(@)ehR(G/K. F.nu(a)e/m) < mhR(G/K, F,n) <n*|F|’",
where we use the inequalities (o) < m/e and mh < n in the last two steps. So there are
at most 7 (K, F,m) < | F|*™ choices for V, and at most n%| F |>" choices for U’. Hence the

number of possible W € Irr(G, F, n) whose restriction to K has irreducible components
of dimension m is at most 72| F|%™| F |>", and therefore

n
r(G, F,I’l) < Z n2|F|am+bn < n3|F|(a+b)n < |F|(a+b+3)n

m=1
for all n and F, as required. [ ]

Corollary 5.8. Suppose G is a profinite group, K < G has UBERG, and the universal
Frattini cover Q of G/K has UBERG. Then G has UBERG.

Proof. Consider the diagram

K—)L—)Q

N

K——G——=G/K,

in which the right-hand square is a pull-back, and the rows are short exact. The map
L — G is epic, so it is enough to show L has UBERG, since quotients of UBERG groups
are UBERG. Since Q is projective, the top row is split, and the result follows from The-
orem 5.7. ]

Corollary 5.9. Suppose G is a profinite group, K < G has UBERG, and G/ K is finitely
generated and has proj-UBERG (in particular, this holds if G/K is PFG by Corol-
lary 3.14). Then G has UBERG.

Proof. This follows from Corollary 5.8 by Theorem 3.13. ]

Since PFR profinite groups are precisely the finitely presented profinite groups with
UBERG, and positively finitely presented profinite groups are precisely the finitely presen-
ted PFG profinite groups, we get:

Corollary 5.10. PFR-by-positively finite presented profinite groups are PFR.

The concept of relative PFP,, type groups was introduced in [8], Section 5.4. Using
the same arguments, we can show similarly:

Theorem 5.11. Let G be a profinite group, and let K < G. Suppose G/ K has UBERG,
the extension splits, and K has type PFP,, over a commutative profinite ring R. Then K
has relative type PFP,, in G over R.
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Proof. We can assume that R is PFG as an R-module; if not, K does not have type PFP
over R, so the result is vacuously true. Summands of modules of type PFP,, over any ring
have type PFP,, by Theorem 4.9 in [8], since the Ext-functors are additive, so it suffices to
show R[G/K] has type PFP, over R[G].

Start with a type PFP, resolution for R as an R[K]-module, and apply Indg: we
just need to show Ind$ P is PFG for P a PFG projective R[K]-module.

For an irreducible R[G]-module W, from the definition of IndIG( we have

Homg(g(Ind§ P, W) = Hompgk}(P.Res§ W),

so by Theorem 4.10 in [8] it is enough to polynomially bound the number of (isomorphism
types of) irreducible R[G]-modules W such that Homg[x} (P, Res¢ W) is non-trivial.
Clifford theory (see, e.g., Theorem 2.2.2 in [25]) tells us Resg W is a direct sum of irre-
ducible R[K]-modules, so a non-trivial map P — ResIG( W shows that some irreducible
summand V appears as a quotient of P. Since P is PFG, the number of possibilities for V'
is polynomially bounded in the order of V. So we fix V, and consider only the irreducible
R[G]-modules W such that ResIG( W contains V' as a summand. Since G/ K has UBERG
and the extension is split, the proof of Theorem 5.7 shows that the number of possibilities
for such W is polynomially bounded in the order of W (uniformly over the possible V'),
and the conclusion follows. ]

Corollary 5.12. In the situation of the theorem above,
(i) if G/K has type PFP,,, G has type PFPpinm n),
(ii) if G has type PFP,,, G/ K has type PFPyinn.n+1)-

Proof. This follows immediately by Theorem 5.22 in [8]. ]

As for Corollary 5.9, we get results analogous to Theorem 5.11 and Corollary 5.12
when we consider G with K <1 G of type PFP,,, such that G/K is finitely generated and
has proj-UBERG.

6. Equivalent conditions for FP; and PFP,

In this section we give a semi-structural condition which is necessary and sufficient for
a finitely generated profinite group G to have type PFP;. As a preparation, we briefly
discuss an equivalent condition for type FP;.

6.1. Type FP;

A necessary and sufficient condition for a profinite group to have type FP; is given in
Corollary 5.10 of [8].

Proposition 6.1. A profinite group G has type FPy if and only if there exists d € N such
that (§g(M) + hg(M))/rg (M) < d forany M € Irt(Z[G]). For f: P — Z a projective
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cover in the category of 7 [G]-modules, the minimum number of generators of ker(f) is

8¢ (M) + hig (M)
[t e

sup
Melr(Z[G])

Here Irr(Z[G]) is the set of irreducible Z[G]-modules, § (M) is the number of non-
Frattini chief factors G-isomorphic to M in a chief series of G, rg(M) is defined by
M 2 Endg(M)"¢™M) as Endg (M )-modules, and h’(M) is the dimension over Endg (M)
of HY(G/Cg (M), M).

We can reformulate Proposition 6.1 in terms of the crown-based powers appearing as
quotients of G.

Corollary 6.2. A profinite group G has type FPy if and only if there exists d such that, for
any monolithic primitive group L with abelian minimal normal subgroup M, the size k of
a crown-based power Ly of L which occurs as a quotient of G is at most drg(M).

Proof. Let M € Ire(Z [G]). Note that h;(M)/rg(M) < 1 by Theorem A in [1]. So, by
Proposition 6.1, G has type FP; exactly if §g(M)/rg(M) < d for some d which does
not depend on M.

If Ly is a crown-based power of a monolithic primitive group L with abelian minimal
normal subgroup M which appears as a quotient of G, then, by Theorem 11 in [12], k
is at most the cardinality of the set of chief factors of G which are G-equivalent to M.
For abelian chief factors, G-equivalence is the same as G-isomorphism by the remark
after Definition 1 in [12], i.e., kK < §g(M). On the other hand, for every k' < §g (M) the
crown-based power L appears as a quotient of G by Theorem 11 in [12]. ]

It is interesting to compare this result with the equivalent condition for PFG given in
Theorem 11.1(3) of [22], which is expressed entirely in terms of sizes of the crown-based
powers of monolithic groups with non-abelian minimal normal subgroup which appear
as quotients of G. On the other hand, the minimum number of generators for a profinite
group can be determined by the crown-based powers of all monolithic primitive groups
which appear as quotients of G (see Lemma 4.2 in [11]).

We will see below, in Remark 6.10 (ii), that whether a finitely generated profinite group
with at most exponential subgroup growth has type PFP; can also be determined by the
crown-based powers of all monolithic primitive groups which appear as quotients of G.

6.2. Type PFP;

Recall from [8] that a finitely generated profinite group G has type PFP; if and only if
there is some constant ¢ such that, for all m, the number of irreducible G-modules M of
order m such that H'(G, M) # 0 is at most m¢. To control the number of such G-modules,
we use the following result.

Proposition 6.3 (See (2.10)in [1]). |[HY(G,M)| = q"|H'(G/Cg(M), M)|, where q =

| Endg (M)| and n is the number of non-Frattini chief factors of G that are G-isomorphic
to M.
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It follows that we may consider separately the irreducible G-modules M such that
HY(G/Cg(M), M) # 0, and the M such that n # 0. (Note these sets need not be disjoint.)

Definition 6.4. We say a profinite group G satisfies condition (A) if there is some con-
stant a such that, for all m, the number of G-isomorphism classes of non-Frattini abelian
chief factors M of G of order m is at most m?.

Lemma 6.5. If G has type FPy and satisfies (A), there is a constant a’ such that, for
all m, the number of non-Frattini abelian chief factors M of G of order m is at most m? .

Proof. Since G has type FPy, there is some a” such that |H (G, M)| < |M|%". So by Pro-
position 6.3, there are at most m? " non-Frattini chief factors of G which are G -isomorphic
to M, and hence at most m?T% non-Frattini abelian chief factors of G of order m. [ ]

We progress by recalling the following result.

Proposition 6.6 (Lemma 5.2 in [17]). Suppose T is a finite group, and M is a faithful
T-module such that H' (T, M) # 0. Then T has a non-abelian unique minimal normal
subgroup.

Note that, for such a 7 with non-abelian unique minimal normal subgroup K, Cr(K)
is a normal subgroup of 7' so must be trivial. So T is the monolithic group associated
with the non-abelian characteristically simple group K. For the rest of the section, 7" will
denote such a monolithic group, and K its non-abelian minimal normal subgroup.

We define the H'-length of T, 17 ' (T), to be the order of the smallest faithful irredu-
cible T-module M (over any field) such that H Nr, M) = 0. If no such M exists, we set
1HY(T) = .

Given a profinite group G, we define the T-rank of G, k7 (G), to be the maximal
r > 0 such that there is an epimorphism ¢ from G to a subdirect product of 7" such that
K" < ¢(G).

Lemma 6.7. rk7(G) coincides with the number of non-abelian chief factors A of G such
that G/ Cg(A) = T (and thus A = K).

Proof. If there are s such chief factors Ay, ..., As, pick a map G — G/Cg(4;) for
each i. Then the product ¢: G — [[; G/Cg(A;) of these maps has as its image a sub-
direct product, with K* < ¢(G). So s < k7 (G).

Conversely, given ¢: G — T with r = rky (G) such that K" < ¢(G), the image ¢ (G)
has r composition factors K; such that ¢(G)/Cy(c)(K;) = T': these are the r copies of K.
So G has at least this many, and s > tk7(G). n

Definition 6.8. (i) We say that G satisfies condition (B) if there is some b such that for
all m and all vector spaces M with |M | = m, the number of GL(M )-conjugacy classes of
irreducible subgroups L of GL(M ), with H'(L, M) # 0, appearing as quotients of G is
at most m?. Note, by Proposition 6.6, that in this case L must be a monolithic group with
a non-abelian minimal normal subgroup.

(i) We say that G satisfies condition (C) if, for all monolithic groups L with non-
abelian minimal normal subgroup, there is some ¢ such that rky (G) < IHl(L)C.
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Write Epi(G, T')r for the set of T-conjugacy classes of epimorphisms G — 7. Then,
as for Lemma 3.4, we get that Epi(G, T)r = | Epi(G, T)|/|T|, because T has trivial
centre, so acts faithfully on Epi(G, T') by conjugation; we will use this repeatedly in the
proof below.

Theorem 6.9. Assume G has type FPy. The following are equivalent:
(1) G has type PFP;.
(i1) There is some ¢ such that the number of simple G-modules M of order n such that
HY (G, M) # 0is < n®.
(iii) G satisfies (A) and (B), and there is some ¢ such that for any group L associated
with a characteristically simple non-abelian group A, |Epi(G, L)| < |L|lH1 (L)c.
(iv) G satisfies (A), (B) and (C)

Proof. (i) < (ii) is in Corollary 5.13 of [8].

(ii) = (iii): For any L, there is some simple L-module M such that |[M| = [# l(L)
and H'(L, M) # 0. Now, for each conjugacy class of epimorphisms G — L, restricting
the L-action to G gives a G-module M such that H!(G, M) # 0 by Proposition 6.3.
So (ii) implies | Epi(G, L) | < i (L)¢. G satisfies (A) by Proposition 6.3; (B) is clear
from the definition.

(iii) = (ii): For any L, we have that | Epi(G, L) | < [H (L)¢. Since G satisfies (A), it
follows that there is some a such that the number of simple G-modules M of order n such
that H'(G/Cg(M), M) = 0 and H'(G, M) # 0 is < n®. If M is a simple G-module
of order n such that H'(G/Cg(M), M) # 0, by (B), there are < n® possibilities for
L = G/Cg(M) up to conjugacy in GL(M ). Fix one such possibility. By Proposition 6.6,
L = G/Cg(M) is the monolithic group associated to its non-abelian minimal normal
subgroup A; clearly 7 ' (L) < n,so |Epi(G, L)1| < n°. We conclude that condition (ii)
holds with constanta + b + c.

(iii) = (iv): If for all ¢ there is some L with rk; (G) > I# 1(L)c , we have an epi-
morphism ¢ from G to a subdirect product of L™:(%) such that A*2(G) < $(G). The
projections from G onto each factor of the subdirect product have different kernels, so we
know | Epi(G, L), | > {H'(L)¢; therefore | Epi(G, L)| > |L|IH"'(L)°.

(iv) = (iii): By Lemma 2.12 and Remark 2.14 in [22], we know that | Epi(G, L)]| is
at most tkz (G) (5| Out(S)|)*|L|, where A = S* with S simple. We have | Out(S)| < I(S)
by Lemma 7.7 in [18], and clearly /(S) > 2 for all S, so

(510ut(S))* < (51(8))° < 1(S)* < 1Pei(a)* < 11" (L)*;
hence | Epi(G, L)| < |L|IH" (L)*+*, as required. n

Remark 6.10. (i) In the proof of Proposition 7.1 in [22], to which (iv) = (iii) in our
theorem is analogous, the inequality 5| Out(S)| < [P™i(S), for all non-abelian simple S,
is implicitly used. In fact, this is not true: for instance, S = PSL3(IF,) has [P™i(S) = 8
and | Out(S)| = 2. But it is true ‘up to a constant’, and this makes no difference to the
argument, as here.

(i1) We would like to have an equivalent condition for PFP; using crown-based powers,
along the lines of Theorem 3.5 or Theorem 11.1(3) in [22]. Those conditions work because
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PFG and finitely generated UBERG groups have at most exponential subgroup growth
(see Theorem 10.2 in [22] and Proposition 5.4 in [26]). This fails in general for finitely
generated groups of type PFP;: see Corollary 8.12 below. If we restricted to finitely gen-
erated groups with at most exponential subgroup growth, an equivalent condition in terms
of crown-based powers would hold.

(iii) Note, from the proof of the theorem, that the only place we require G to have type
FP; is in (ii) = (i). With no assumptions on G, (i) = (ii) & (iii) < (iv).

Corollary 6.11. Let (Q,)n be a sequence of finite quasisimple groups, and let (a(n)), be
a sequence of natural numbers. Let Z,, be the center of Q, and assume that all Q,/Z,
are pairwise distinct. Then G =[], QZ(”) has type PFP if and only if there is ¢ > 0 such
that a(n) < 12" (0, /Zn)¢ for all n.

Proof. Clearly, ®(G) =[], Zn ™ and G does not have abelian non-Frattini chief factors.
Using Proposition 6.1 and hg; (M)/rg(M) < 1 (see Theorem A in [1]), it follows that G
always has type FP; and satisfies condition (A).

We verify that condition (B) is satisfied. By Proposition 6.6, for any vector space M,
|M| = m, any irreducible subgroup L of GL(M) with H'(L, M) # 0 appearing as a
quotient of G must be isomorphic to some Q,/Z, and is thus 2-generated. By Proposi-
tion 6.1 in [22], there is some b such that, for all M, the number of 2-generated irreducible
subgroups of GL(M) up to conjugacy is < m?, so G satisfies (B).

The monolithic primitive factors of G are exactly the groups 7, = Q,/Z, and we
have tk7, (G) = a(n). So condition (C) holds exactly if there is ¢ > 0 such that a(n) <
1H(T,,)¢ for all n. .

Corollary 6.12. Suppose G is finitely generated. The following are equivalent:
(1) G has type PFP;.
(ii) G satisfies (A) and (C).

Proof. For G finitely generated, (B) holds by Proposition 6.1 in [22]. ]

We can use Theorem 6.9 to re-prove the following result, which was proved in [8] in
a different way.

Corollary 6.13. Suppose G is has UBERG and type FP1. Then G has type PFP;.

Proof. We show that G satisfies (A), (B) and (C). Since G has UBERG, there is some a
such that the number of irreducible G-modules of order m is at most m“. So (A) and (B)
are immediate. By Theorem 3.12, there is some b such that, for all monolithic groups L
with a non-abelian minimal normal subgroup, the size of a crown-based power of L occur-
ring as a quotient of G is < /'"(K)?. As in Theorem 3.5, we deduce from Lemma 3.3 that
tkz (G) < I'"(K) for some constant c. Finally, by Proposition 3.11, [#'(T) > [lin(K)®
for the constant e used in that proposition, so we conclude G satisfies (C). ]

In fact, in Theorem 9.2 we will prove a stronger result: a profinite group with UBERG
and FP; must be finitely generated. Now, we will deal with extensions of groups of
type PFP;.
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Theorem 6.14. Let G be a profinite group and N 1 G. If N and G/ N have type PFPy,
then G has type PFP;

Proof. Since FP; is preserved under extensions, we know that G has type FP;. Let r be
such that |H'(N,U)| < |U|" for all finite N-modules U. Since N is of type PFPy, there
is d > 0 such that the number of simple N-modules of order < m is at most m9 (and
similarly there is a constant d’ for G/N). In view of (ii) in Theorem 6.9, we need to count
the finite simple G-modules V with H!(G, V) # 0 and |V| = m. We will distinguish
whether or not N acts trivially on V.

Case 1. Resg(V) is non-trivial.

In this case, the restriction is semisimple and contains a non-trivial direct summand U .
Then

Homy (Res$ (V), U) = Homg (V, Coind§, (U))

and V is a simple submodule of the coinduced module Coindg (U). We fix U and define
t(G,U) to be the number of simple G-modules V which contain U and satisfy H'(G, V)
# 0. Define S to be the sum of all simple submodules of Coindg (U). Then t(G,U) <
|H'(G, S)|. The short exact sequence S — Coindg U) — Coindg (U)/S givesrise to a
long exact sequence

H°(G, Coind$ (U)/S) — H'(G,S) — H'(G,Coind$ (U))

where the right-hand side is isomorphic to H!(N, U) by Shapiro’s lemma (see 6.10.5
in [41]). We note that the composition factors of Resg (Coindg (U)) are G-conjugates
of U and, in particular, are non-trivial. This means that all the composition factors of
Coindg (U)/S are non-trivial and H°(G, Coindf,(U)/S) = 0. We deduce (G, U) <
|[HY(G,S)| <|H"(N,U)|and so,if t(G,U) # 0,then H'(N,U) # 0and |H'(N,U)| <
|U|" < m". Since N has PFP;, there are at most m¢ distinct modules U with |U| < m
and HY(N,U) # 0.

Case 2. The action on V factors through G/N.

Say V is an F,[G]-module. Consider the initial piece of the five term exact sequence
of the Lyndon—Hochschild—Serre spectral sequence (see, e.g., Theorem 3.7 in [7])

0— HY(G/N,V) — HY(G,V) — HY(N, V)GV,
and observe that the last term is
H'(N,V)%/N = Homg,n (N.V) = Homg,y (Hy(N.Fp). V).

Soif HY(G, V) # 0, then either H'(G/N, V) # 0 or V is a G/ N-factor of H;(N,F,).
Since G/N has PFPy, there are at most md’ simple G/N-modules of order m of the
former kind. Moreover, since | H1(N,Fp)| < p”, it follows that H; (N, F,) has at most r
distinct simple factors; this means that there are at most » modules of the latter kind.

In total there are at most

! ’
m'td —i—rmd Smr(d+al)

simple modules V of order |V | = m and H'(G, V) # 0, i.e., G has type PFP;. |
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7. FP;, UBERG and pronilpotent groups

Types FP,, and PFP,, will always be understood to mean over 7 in this paper, except when
we specify otherwise. In this section we take a closer look at these properties for groups
with normal pronilpotent subgroups.

Theorem 7.1. Let G be a profinite group with a normal pronilpotent subgroup P < G
such that G = G / P is finitely generated. If G is FPy, then G is finitely generated.

The following proposition covers the special case where P = A is abelian and Gisa
split extension. The general result will be reduced to this situation.

Proposition 7.2. Let G be a finitely generated profinite group and let A be a profinite
G-module. If G = A x G is FPy, then G is finitely generated.

Proof. For every G-module M, the sequence
0— HY(G,M)— HY(G,M)—> Homg(4, M) —> 0

is exact. This follows from looking at the 5-term exact sequence and the observation that
the map H?(G, M) — H?(G, M) admits a splitting. In particular,

[H'(G.M)| = |H"(G.M)| - |Homg (4. M)].
The head A” of A is an infinite product of simple G-modules,
ar= ] Mmoo,
M simple

where each finite simple module M occurs a certain number of times. For every finite
simple G-module M, we have

|H' (G, M)| = |H" (G, M)| - |Endg (M)|"™™).

By assumption, G has FPy, and the finiteness of H'! (C~;, M) implies that m(M) is finite
for every simple module M. If M is a simple F,[G] module, then Endg (M) = Fy,, for
a prime power gy = p/™ (with fyy € N and |M| = g*M = p/mku with kpy € N). We
observe that M occurs exactly kps times in the head of Z[G]. In particular, a module of
the form M™ is generated by no less than [m/kjs | elements.

We claim that m(M) /kp is bounded independently of M, so that A is a finitely gen-
erated G-module and is a finitely normally generated subgroup of G.In particular, G is
finitely generated.

Since G is of type FPy, there is a constant b such that, for all primes p and all simple
modules M of order | M| = p€, we have

|M|” = |H'(G. M)| = | Endg (M)|"™D.
Let M be a simple module and write |M | = pk™/ Then
prka |M|b |EndG(M)|m(M) — prm(M)’

and we deduce bfyrkar > fyym(M) and hence b > m(M)/kas. |
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Proof of Theorem 7.1. Let CIJ(CZ) be the Frattini subgroup of G. Then G is finitely gener-
ated if and only if G /(P N ®(G)) is finitely generated. As factor group of an FP; group,
G/(P N ®(G)) is still FPy. In particular, we may assume that ®(G) N P = {e}. In this
case we also have ®(P) € P N &(G) = {e}, i.e., P is a product of profinite abelian
groups of prime exponent.

We claim that G is a split extension by P. As a first step, we find a minimal supple-
ment.

Let § be the set of closed supplements to P in G, i.c., the set of closed subgroups
K <. G with PK =G. Every descending chain C in § satisfies P (g K = G. Indeed,
this follows from compactness: for all g € G and K € C, the set Ke={keK|ge Pk}
is compact and hence (g Kg # 9. By Zorn’s lemma, there is a minimal supplement
K <.GtP.

We show that a minimal supplement is a complement; i.e., K N P = {e}. Suppose
for a contradiction that K N P is non-trivial. Since @(5) N P = {e}, there is a maximal
subgroup H < G which does not contain K N P. Note that K N P is normal in G, since K
is a supplement and P is abelian. Therefore H(P N K) = G. Letk € K. Then k = hq
withh € Handg € KN P.Henceh € KN H. Wededucethat K C (H N K)(K N P)
andso(HNK)P =KP = G. This means that H N K isa supplement to P and provides
a contradiction to minimality of K.

AsGisa split extension by P, Proposition 7.2 concludes the proof. ]

As an application, we deduce that the properties of interest to us are all equivalent for
pronilpotent groups.

Theorem 7.3. Let P be pronilpotent group. The following are equivalent:
(1) P is finitely generated,
(i) P has UBERG,
(iii) P is of type PFP;.
(iv) P is of type FPq,

Proof. The implications “(iii) = (iv)” and “(i) = (iv)” are clear. If P has FPy, then The-
orem 7.1 implies that P is finitely generated (since the trivial group is finitely generated).
If P is finitely generated and has UBERG, then it has type PFP; (by Proposition 1.10 and
Lemma 5.13 in [8]). A finitely generated pronilpotent group P has UBERG by Corol-
lary 6.12 in [26].

It remains to show that (ii) implies (i). We argue by contraposition and assume that P
is not finitely generated. Consider the Frattini quotient P/®(P) of P: this is a product
of the form ]—[p (Z] pZ)4r®) | where dy(P) is the minimal number of generators of the
Sylow p-subgroup of P. If some d,(P) is infinite, P surjects onto (Z) pZ)%P) and
thus admits infinitely many one-dimensional representations over I, if p divides g — 1.
In particular, P does not have UBERG. From now on assume d,(P) < oo for all p. Asa
function of the primes p, d,(P) is unbounded. We will show that P /®(P) does not have
UBERG. We will show that the number of irreducible representations of order at most k
grows faster than polynomially in k.
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For each p, write M, for a non-trivial irreducible Z/pZ-module of minimal order.
The number of quotients of P isomorphic to Z/pZ. is

(p?® —1)/(p—1) = pW P71,

and the restriction to P of the action of each of these copies of Z/pZ on M), is different
because the kernel of the action is different.

By Linnick’s theorem [31], there is a constant ¢ such that, for all primes p, there is
a prime ¢ = 1 mod p with ¢ < p°. Standard arguments of representation theory show
that Z/pZ has non-trivial modules in dimension 1 over F,, giving at least p(P)—1
non-isomorphic irreducible G-modules of order < p¢. But p%(P)=1 grows faster than
polynomially in p€ for any ¢, because d), (P) is unbounded. |

Proposition 7.4. Let G be a finitely generated profinite group without UBERG. Then
there is a finitely generated profinite group G which is abelian-by-G that is not PFP;.

Proof. Let A be the product over all finite simple G-modules. Note that 4 is a 1-generated
profinite G-module. Let G=AxG.Then Aisa finitely normally generated subgroup
and with finitely generated factor G, so that G is finitely generated.

We claim that G is not PFP;. Let M be a simple G-module. Then (as in the proof of
Proposition 7.2) we have the exact sequence

0— HY(G.M) — H'(G,M) —> Homg (A, M) —> 0.

Since M is a factor of A, we have |H'(G, M)| > |Endg (M)|. Summing over all modules
of order p¢ we obtain

Y JHYG. M) -1 = (p—1D)re(G.Fp).
|M|=p°

Since the last term is not polynomially bounded in p¢, we deduce that G is not of type
PFP; (see [8]). |

8. Universal Frattini covers and examples

Theorem 8.1. Suppose w: H — G is a Frattini cover of G. Then H has type FPy if and
only if G does.

Proof. Clearly, if H has type FP;, G does. For the converse, we use Proposition 6.1.
Any non-Frattini chief factor of H is a non-Frattini chief factor of G. So if M is an

irreducible H-module, either §i (M) = 0 or M is a G-module, in which case there is

some d such that g (M) /rg(M) = §g(M)/re(M) < d. |

Corollary 8.2. Suppose G has type FPy. The universal Frattini cover G of G has type FP.

Proof. G has type FP1, and since it is projective, it has cohomological dimension 1. m
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This is interesting because we have profinite groups of type FP; which are not finitely
generated. Proposition 6.1 shows that any infinite product of non-abelian finite simple
groups has type FPy; Example 2.6 in [11] gives A = [ ] Alt(5), a countably infinite product
of copies of Alt(5), as an example which is not finitely generated —but countability is not
needed: we can take products over indexing sets of arbitrary cardinality and the result still
holds. So the universal Frattini cover A of A has type FP but is not finitely generated.

Analogously to these results for type FP, we may prove results for type PFP;.

Theorem 8.3. Suppose n: H — G is a Frattini cover of G.Then H has type PFP1 if and
only if G does.

Proof. Clearly, if H has type PFP;, G does. For the converse, we use Lemma 5.2 in [17].

Recall that the kernel of a Frattini cover is pronilpotent by Corollary 2.8.4 in [41].
So for any group L associated with a characteristically simple non-abelian group A,
rky (H) = tk; (G), and for any H-module M, the non-Frattini chief factors of H that
are H-isomorphic to M are precisely the non-Frattini chief factors of G that are G-
isomorphic to M. By Theorem 6.9, if G has type PFP;, H does too. ]

Corollary 8.4. Suppose G has type PFP,. Then the universal Frattini cover G of G has
type PFP.

Proof. G has type PFPy, and since it is projective, it has cohomological dimension 1. m

We finish by using these results to construct groups G of type PFP; that do not have
UBERG: then the universal Frattini cover G of G has type PFP but does not have UBERG.
We first give an example with G not finitely generated.

8.1. Products of special linear groups

For every prime number p, let m(p) be a non-negative integer. We consider the profinite
group
G = [[SL.@E,)m.
P

Theorem 8.5. The group G = ]_[p SL, (]Fp)'”(l’) has the following properties:

(1) G is finitely generated if and only if m(p) grows at most polynomially in p.

(i) G is PFPy if and only if m(p) grows at most exponentially in p.

(iii) If G is PFP,, then G is finitely generated.

(iv) G has UBERG if and only if G is finitely generated.

Corollary 8.6. For m(p) = 22, the group G is PFP; but not finitely generated and not
PFP,. The universal Frattini cover of G is an infinitely generated projective profinite

group of type PFP.

We collect some observations in order to prove the theorem.

Proposition 8.7. Let p > 5 be a prime number. Let k be a field and let V be a non-trivial
simple k[SL,(Fp)]-module.
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(i) If char(k) # p, then dimi (V) > 1(p —1).
(ii) If char(k) = p and H'(SLy(F,), V) # 0, then dimg (V) > p — 2.

Proof. Assume that char(k) # p. Extending scalars, we may assume that k is algeb-
raically closed. Every absolutely irreducible representation of SL,(IF,) gives rise to an
irreducible projective representation of PSL,(IF,) and so the assertion follows from [42],
p. 234.

Assume that char(k) = p. Let M) be the irreducible representation of weight A €
{0,..., p— 1}. Recall that M} has degree A + 1; in particular, My is the trivial represent-
ation. Let R, denote a projective cover of M. It is known that the composition factors
of Ry are My, Mp_1—5, M), M,_5_, (the last term only occurs if p —3 — A > 0); see [21]
and references therein. Let

"'—>P2—)P1—)P0—>k
be the minimal projective resolution of k as k[SL,(F,)]-module. Then
H ' (SLa(Fp). V) = Homy(sL, @, (P1. V).

In this case, Pp = R and P; is the projective cover of the kernel W of Ry — k. Therefore
every homomorphism into a simple module factors through W, and we have

H'(SL2(F,), V) = Homgsp, @, (W. V).

Every simple factor of W is a composition factor of Ro. If H!(SL»(F,),V) #0, then V is
either M,,_3, M,,_; or the trivial module M = k. However, for p > 5 the group SL,(F,)
is perfect and so H;(SL>(FF,), Mo) = 0. We conclude that V' is M,_; or M,_3 and has
dimension at least dimy M,_3 = p — 2. m

Lemma 8.8. Let p > 3 be an odd prime. There is an irreducible representation V of
SL,(F,) over F5 such that

dimp,(V) < p and H'(SLy(F,), V) # 0.
Moreover, the centre of SL,(IFp) acts trivially on V.

Proof. Let B < SLy(IF,) be the subgroup of upper triangular matrices. Since IF, is a

factor of B, we have H!(B,F,) = Hom(B,F,) # 0. Let M = Indsz(F”)(]Fz) be the

induced representation. The centre of SL,(IF,) is contained in B and acts trivially on M.
By Shapiro’s lemma,

H'(SLy(F,), M) = H'(B,F,) # 0.
Let Vp be a simple factor of M, and consider the exact sequence
0—M —M—V,—0.

Now, the associated long exact sequence shows that at least one of H!(SL»(F), Vo) and
H'(SL, (Fp). M') is non-trivial. By induction, we deduce that some composition factor V/
of M also satisfies H'(SLy(F,), V) # 0. Since dimp, M = p + 1 and M has a trivial
composition factor, it follows that dimp, V' < p. [
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Corollary 8.9. For every odd prime p,
220~ < 1H (PSL,(F,)) < 2°.

Proof. Let M be a simple module for PSL»(F,) such that H!(PSLy(F,), M) # 0. Then
H'(SL, (Fp), M) # 0 (see Proposition 6.3), and hence the lower bound can be deduced
from Proposition 8.7 and the inequality %( p — 1) < p—2. Conversely, let V' be the irre-
ducible representation provided by Lemma 8.8. Then V is non-trivial, factors through
PSL,(F,) and H'(PSL,(F,), V) # 0 by Proposition 6.3. This proves the upper bound. m

Proof of Theorem 8.5. For all assertions, we may assume that m(2) = 0, m(3) = 0; in
particular, all factors are quasisimple.

(i) Since SL,(IF,) for p > 5 is quasisimple and the simple factors of these groups
are pairwise non-isomorphic, we have d(G) = maxp>s d(SL, (IFI,)’”(P)). It follows from
Proposition 3.4 in [44] that

log(m(p))
d(SLy(F,)™P)y - —=— 20| <¢
! log(|PSLa (Fp) )| =7
where a, < W + 1. Using Aut(PSL,(FF,)) = PGL,(F,), we can bound
the constants a, uniformly by a, < 3.

In particular, G is finitely generated if and only if

logim(p) _ _
log([PSLa (F,))) ~

for some constant ¢ independent of p. Since log(| PSL>(IF,)|) ~ 3log(p) as p tends to
infinity, we deduce that G is finitely generated exactly when m(p) grows at most polyno-
mially in p.

(i1) This follows from Corollary 8.9 and Corollary 6.11.

(iii)) Assume that G is PFP,. Let p > 5 be a prime and let Vaq denote the adjoint
representation of SL, (IF,). We have dimg, Vag = 3 and

H?(SLy(F). Vaa) # 0,

since SL»(Z/ p?Z) is a non-split extension of Vaq by SLy(IF,). Inflating these represent-
ations to G, we obtain
> IHXG. W)= 1= m(p).
|W|=p3
Since G is assumed to have PFP,, there is a constant ¢ independent of p such that

p> = m(p)
and m(p) grows at most polynomially in p. By (i), the group G is finitely generated.

(iv) Note that G does not involve every finite group as a continuous subfactor. There-
fore, assuming that G is finitely generated, it follows from Theorem 6.10 in [26] that G
has UBERG. Conversely, assume that G has UBERG. Every SL,(IF,,) has an irreducible
representation of dimension 2 over IF,. In particular, G has at least m(p) such representa-
tions and we conclude that m(p) < p2¢ for a constant which does not dependon p. =
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8.2. Products of alternating groups
In this section we study PFP; for products of alternating groups.

Theorem 8.10. For large primes b, |7 (Ali(b)) = b2

Proof. Our approach is to first enumerate the Alt(h)-modules smaller than b®~2, and then
show they have trivial first cohomology.

By [23] (restricting representations from symmetric to alternating groups), in charac-
teristic p, for large b, the only non-trivial representation of Alt(b) smaller than pbz/ 4is
the fully deleted permutation module described in [27] (Section 5.3, Alternating groups).
For large b, this is greater than 522, so we only need to consider the fully deleted per-
mutation modules M, over I, for primes p < b: for p > b, the fully deleted permutation
module has size > h?2,

We refer the reader to Section 4.6 of [38] for background on Young modules, and
to Section 5.1 of [38] for which ones belong to the principal block: given a field IF, and
A b, the Young module Y* (over p) is the indecomposable summand of the permutation
module M* containing the Specht module S*, which, when A is a restricted partition of b,
has as its unique simple quotient the simple module D*.

Fix a field I, for p < b prime. Using [23], we can describe the F,[Sym(b)]-module
Indiyh"gg) M, Since | Sym(b) : Alt(b)| = 2, using Clifford theory (e.g., Theorem 2.2.2
in [25]), there are at most 2 irreducible [F, [Sym(b)]-modules restricting to the F, [Alt(b)]-
module M. In odd characteristic, these are D®=LD and pG~1D  son, where sgn is
the sign representation. (Recall that M ®~11 is the natural b-dimensional permutation
module for Sym(b).) In characteristic 2, sgn is trivial, and it is easy to see by counting
dimensions that D®~1-1) is the only irreducible F,[Sym(b)]-module restricting to Mj,. In
either case, by the standard argument, these are the only possible composition factors of
Ind¥™® p,.

Alip) P

Since p t b, the argument of Section 5.3 (Alternating groups) of [27] shows that
DO-LD — §B=LD jg 3 direct summand of M@~ and hence it is the Young mod-
ule Y 6-1.D),

For b odd, Y ®=1-1 is not in the principal block for p = 2, so H'(Sym(b), Y ¢~1.1D)
= 0. For 3 < p, the Corollary in 6.3 of [28] shows H1 (Sym(b), YA) = 0 for all A. Finally,
Theorem 2.4 in [6] shows for 3 < p that H'(Sym(b), S®~1-1) ® sgn) = 0. We conclude
that, for all primes p < b, H'(Sym(b), D@Dy = H(Sym(b), D@~V ® sgn) = 0,

therefore H''(Sym(b). Ind}s) M) = 0. Hence, by Shapiro’s lemma, H ' (Alt(b). M)

= 0. (The Corollary in 6.3 of [28] states that H(Sym(b), Y*) = 0 for all A and all
1 <i <2p — 3, butin fact the correct bound is 1 <i < 2p — 4: see 2.4 in [20].)

The smallest Alt(b)-module not yet accounted for is the fully deleted permutation
module My, and |M}| = b?~2. Therefore [ # ' (Alt(b)) > b2, Moreover, by the Lemma
in 5.1 of [28], H(Sym(b), D®~1-1) =£ 0, and we deduce as above that H ' (Alt(b), M})
# 0, therefore i (Alt(b)) = bb2. [

Theorem 8.11. Let f:N>5 — N and let

G =[] An®)’®.
b>5
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Then the following are equivalent:
(1) G is finitely generated,
(i1) G is of type PFPy,
(iii) there is ¢ > 0 such that f(b) < (b")€ for all b.

Proof. Indeed, G is finitely generated if and only if f(b) < (b!)¢ for some c, by Section 1
of [19] (since |Out(Alt(b))| < 4 for all ). By Corollary 6.11 and Theorem 8.10, G has
type PEP; if and only if f(b) < b®=2¢ for some ¢’. Since (b!)¢ < b®=2D¢ < (b1)2¢ by
Stirling’s approximation, this is equivalent to statement (iii). ]

Using this, we obtain now a finitely generated example which has type PFP; but not
UBERG. This example has superexponential subgroup growth, in contrast to the PFG and
UBERG conditions which both, for finitely generated groups, imply at most exponential
subgroup growth (see Theorem 10.2 in [22] and Proposition 5.4 in [26]).

Corollary 8.12. Let G = ]_[sz’b prime Alt(b)?'/3, for some large N. Then G is 2-gene-
rated, has superexponential subgroup growth, does not have UBERG and has type PFP;.

Proof. By Theorem 8.11, G is finitely generated and has type PFP;. The group G is
2-generated by Corollary 1.2 in [40], and has superexponential subgroup growth by Pro-
position 10.2 in [22]. This implies that G does not have UBERG by Corollary 5.5 in [26].

|

Remark 8.13. Once again, the universal Frattini cover of G in Corollary 8.12 is a finitely
generated projective profinite group of type PFP with superexponential subgroup growth,
which cannot occur for PFG or UBERG groups.

9. FP; and UBERG

Given all the examples above, one remaining gap is an example of an infinitely generated
group which has UBERG and type PFP;. It is surprising to discover that no such examples
exist.

Lemma 9.1. There is some constant f such that, for any non-abelian simple group S,
1"n(s) < |S|7.

Note that there is no constant f’ such that | S|/ < I'"(S) for all S: the alternating
groups give a counterexample.

Proof. This is trivial for the sporadic groups. For the alternating groups, it follows from
I'n(Alt(n)) < 2" 1 < n!/2forn > 5. So we may suppose S is a group of Lie type.
Suppose S is defined over [y, g a power of a prime p. We conclude from Proposi-
tion 5.4.6 and Remark 5.4.7 in [27] that IF; is the smallest field over which a non-trivial
irreducible representation of S of minimal dimension k in characteristic p is realised, and
any irreducible representation of S in characteristic p has size at least ¢*. By compar-
ing Proposition 5.4.13 in [27] and Theorem 5.3.9 in [27], we see that except possibly in
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finitely many cases (which we can ignore), the smallest non-trivial irreducible representa-
tion of S occurs in characteristic p. So /'"(S) < qkz, where the value of k for each S can
be read from Table 5.4.C in [27]. Meanwhile, | S| can be read from Tables 5.1.A and 5.1.B
in [27]: comparing these gives the result. ]

Theorem 9.2. Suppose G is a profinite group with UBERG and type FPy. Then G is
finitely generated.

Proof. We may assume d(G) > 2; otherwise the result is trivial.

From Theorem 1.4 in [9], it follows that for any finite group H with d(H) > 2, there
is a monolithic primitive group L with minimal normal subgroup K such that the crown-
based power Ly is isomorphic to a quotient of H, d(H) = d(Ly) for some k, and for any
proper quotient J of Ly, d(J) < d(Ly). Write G as an inverse limit hm N H; of finite
groups (this is possible because G has UBERG, so it is countably based by Proposition 1.3
in [8]). So d(G) = sup; d(H;) = sup; d((L;)x;), where L; and k; are chosen for each H;
with d(H;) > 2 as above.

For each i, let K; be the unique minimal normal subgroup of L;. Suppose first that K;
is abelian. Since L; is a quotient of G, and G has type FP;, by Corollary 6.2 there is
some constant d such that k; < drg(K;). By Proposition 6 in [10], and in the notation
used there, since d(L;/K;) < d((Li)x;), d(Li)k;) = hp; k- But hp, x, < d + 2, by
Theorem A in [1].

Now suppose that K; is non-abelian, K; = S” with S simple. Because G has UBERG,
there is some ¢ such that k; < 1'"™(S)" for all L. By Corollary 8 in [10], for s greater than
max(2, d(L;/K;)), d((Li)r;) < s if and only if k; < vz, (s) (where v, (s) is defined
in [10]). For y the constant defined in Proposition 9 of [10], we have k; < ['"(§)¢" <
|S1¢/T by Lemma 9.1, which is < y|S|"¢~2) when

s = cf —log(y)/log(|Kil) + 2,
and
yISI"67 < (ISTIPTH/(r|Out(S)]) < Yr, (s)
by Lemma 7.7 in [18] and Proposition 10 in [10]. Overall, we get that
d((Li)k;) = max{d(L;/K;),cf —log(y)/log(|Ki|) + 2}.
Butd(L;/K;) < d((Li)g;), so

d(L¥) < cf —log(y)/log(|Ki) + 2 < cf —log(y) + 2,
and d(G) < max{d + 2,cf —log(y) + 2}. |

We know of no direct proof of this fact, without the use of crown-based power charac-
terisations. Recalling that UBERG plus type FP; is equivalent to APFG, we conclude that
APFG implies finite generation.
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