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Transport equation in generalized Campanato spaces

Dongho Chae and Joerg Wolf

Abstract. In this paper we study the transport equation in R” x (0,7), T > 0,n > 2,

df+v-Vf=g f(.00=fo inR",

in generalized Campanato spaces L;( .N) (R™). The critical case is particularly inter-
esting, and is applied to the local well-posedness problem for the incompressible
Euler equations in a space close to the Lipschitz space in our companion paper [Ann.
Inst. H. Poincaré Anal. Non Linéaire 38 (2021), no. 2, 201-241]. In the critical case
s =q = N =1, we have the embeddings Béo,l (R"?) — L%(p,l)(]R{”) — COL(R"),
where Béo’l (R™) and C%1(R") are the Besov and Lipschitz spaces, respectively.

For fo € L}(p HRM),ve LYo, T;L}(p py(R™)) and g € L1(0, T;L}(p 1 RM)).
we prove the existence and uniqueness of solutions to the transport equation in

L>®0,T; Li(p’l)(R”)) such that

”f”L°°(0,T;L%(pyl)(R"))) = C(”v”Ll(O,T;L}(I]’I)(R")))’ ”g”Ll(O,T;L}(p’l)(R"))))'

Similar results for the other cases are also proved.

1. Introduction

Let 0 < T < 400 and @ = R” x Ryn with n € N, n > 2. We consider the transport
equation

(L hf+@-V)f=g inQ,

’ v = Vg on R” x {0},
where f = f(x1,...,Xy,t) is unknown, while v = (vy,...,v,) = v(x, ) represents a
given drift velocity, and g = g(x1,..., Xy, ) is a given function.

Our aim in this paper is to obtain estimates of solutions to (1.1) in generalized Cam-
panato spaces. Our proof relies on a key estimate in terms of local oscillation of solutions.
As a byproduct we get existence of solutions in Besov spaces and Tribel-Lizorkin spaces,
which can be estimated by the data belonging to these spaces.
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One of the main motivations to study the transport equation in such generalized Cam-
panato spaces is to apply it to prove local well-posedness of the incompressible Euler
equations in function spaces embedded in the Lipschitz space, which includes linearly
growing functions at spatial infinity. We refer to [1] for the study of the transport equa-
tions for the non-Lipschitz vector fields.

For recent developments of the local well-posedness/ill-posedness of the Euler equa-
tions in various critical function spaces embedded in C O’I(R"), we refer to [2,4, 5,8,
12—14,17,18]). We also refer to [9] for the study of transport equation with drift velocity
in a less regular space. For the application of our new function spaces in the critical case
to the Euler equations, see our companion paper [7]. Obviously, our results could be also
useful for many other equations which can be written in the form (1.1).

Let us introduce the function spaces we will use throughout the paper. Let N € N U
{0, —1}. By £y (respectively Pn) we denote the space of all polynomial (respectively all
homogenous polynomials) of degree less than or equal to N. We equip the space # with
the norm || P||(p) = || P ||L»(B(1))- Note that, since dim(Py) < +o00, all norms || - [|(p), 1 <
p < oo, are equivalent. For notational convenience, for N = —1, we use the convention
P_1 = {0}, which consists of the trivial polynomial P = 0.

Let f € L? (R"),1 < p < +4o00.Forxyg € R” and 0 < r < oo, we define the oscillation

loc
. - -1/p ; _
(1.2) ose(f:x0.7) == |BO)T inf |1 = PllLoatsory.
From our convention above, we note that in the case N = —1, we have
ose (f:%0.1) = [BOWP I f e aesa.ry-
Then we define, for 1 < ¢, p < oo and s € (—oo, N + 1], the spaces

s ®) = {1 e LL®" |

e =[SO gr:-207) ] < oo}

JEZ

when 0 < ¢ < 400, and

Coopy®") = {F € LERM [ 1f 12,y = | sup(2 ose(f3+:2) o < oo,

oo(p.N)

Furthermore, by L];ip N)(]R{"), k € N, we denote the space of all f € Wk’fc’p (R™) such that

k, . . .
Dk f e L;(p,N) (R™). The space Lq(sp,N)(R") will be equipped with the norm
_ k k,s n
1Lk = 1D Fleg, vy 1S lran:  f € Lk ) R

According to the characterization theorem of the Triebel-Lizorkin spaces in terms of oscil-
lation, we have

S n 0 —Sj . ] q l/q
f € Fy®) = 1 lpmra + | (30 @7 ose(r:.20)7) 7| < oo
Jj=—00
1 1 1 1
0<r <+4o0, 0<g=<o0, s>(———>, s>(———)
r p/+ q p/+
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(cf. [16, Theorem, Chap. 1.7.3]), and we could regard the spaces L;(p N) (R™) as an exten-
sion of the limit case of F;’,(R") as r — +oco0.
In fact, for ¢ = +o00 and s > 0, we get the usual Campanato spaces with the isomorph-
ism relation (cf. [6,11])
LNTPOPRY) 2 L5, py R).

Furthermore, in the case N = 0, s = 0 and ¢ = oo, we get the space of bounded mean
oscillation, i.e.,
0 ~
’Coo(p,O) (R") =~ BMO.

For N = —1 and s € (—n/p, 0), the above space coincides with the usual Morrey space
MPtPs (Rn ) .

We note that the oscillation introduced in (1.2) is attained by a unique polynomial
P, € Py.

According to Theorem 3.6 (see Section 3 below), for the spaces £ }( p.l)(]Rn)’ we have
the following embedding properties:

BT £l (RT) = LY o ®™) = COLR™)  forall r > 0.

Accordingly,

< .
IVulloo < cliull ey, -

Furthermore, for every f € L]f(p 0 (R™), k € {0, 1}, there exists a unique Pfo(f) P
such that for all xo € R”,

f converge asymptotically to Pfo (f) as |x| = +oo.

The precise meaning of this asymptotic limit will be given in Section 3 below.
We are now in a position to present our first main result.

Theorem 1.1 (The case N = 0). Let 0 < T < +o0. Let s € (—n/q.,0), 1 < p < +o0,
1 <q <400 LetveL'(0,T; L? (R")), with

loc

T
(1.3) / IVU(T)]|loo dT < +00.
0

Then, for every fo € Ly, 0)(R") and g € L0, T; L3 p.0)(R™)), there exists a unique
solution f € L*(0,T; Ly, 0)(R")) to the transport equation (1.1). Furthermore, for
almostall t € (0,T),

qa(p,0) —

T T
A4 1101z, = flfiley, + [ 18@ley,, de)exp(c [ 1V0@ I dr).
The second main result deals with the case N = 1.
Theorem 1.2 (The case N = lands =1). Let0 < T < +oocand 1 < p < 400, 1 <

g < 4oo. Letv € L'(0,T; L;(p 1)(}R”)) satisfy (1.3) and

T 0 . - \1/q
a5 [ s (3 T ose(w(eixe. ) dr < ov.
0 oo p.l

xo€R”



D. Chae and J. Wolf 1728

Let fy € L;(p,l)(Rn) and g € L'(0, T L;(p,l)(Rn)) satisfy the condition

T
(1.6) sup osc( fo; x0, 1) + / sup osc(g(7);x0,1)d1 < +00.
xo€R” P 0 0 xo€eR” p,0

Then there exists a unique solution f € L*(0,T; L} 2. 1)(]R")) to the transport equa-
tion (1.1). Furthermore, for allt € (0, T),

T T
an 1ol =iz, + [ el deen(c [ cmar),

where we set

CO) = Voo + sup (362 500,20 .

xo€ER” jez

J~ = —min{j,0}, and |Z|51( N stands for the semi norm
q(p,
12123, = 17le1,, + SUP IVPy 1 ().

xo€ER”
Our third main result concerns the case s > 1.

Theorem 1.3 (Thecase N > lands > 1). LetO0 <T < +o00, 1 <s <400, | < p<+o00
and 1 < g < +o00. Set N = [s]. Let v € L'(0, T; LS a(p.n) (R™)) satisfy (1.3), and let
Jo € Lyp.ny(R") and g € L0, T; L3 p.n)(R™)) satisfy the condition

T
IV folloo + / IVe() oo dT < +00.

Then there exists a unique solution f € L*°(0,T; Ly, ny(R™)) to the transport equa-
tion (1.1), together with the estimate

T T
A9 11 Oley,,, =c{ifoley,, + [ 16z, bexe(e [ 1oz, dv),

where |z| 200 stands for the semi norm defined by
q(p,0

2l = 2lesgm + 192 0oo.

From Theorem 1.2 we get the following corollary for the special case s =g = N =1,
which will be useful for our future application to the Euler equations in the critical spaces.

Corollary 1.4. Let 0 < T < +ocoand 1 < p < +o00. Let v € L'(0, T; Ll(p 1)(]R”))
fo € Ll(p l)(R”) and g € L'(0, T; L 1. 1)(]R")) Then there exists a unique solution
felL®(0,T; Ll(p 1)(IEK”)) to the transport equation (1.1). Furthermore, forallt € (0,T),

T T
a9 1Olg,, <cfi+ [ poly,, drfen(c [ 19001 dr).

where .
¢ =c(lfiley,, + [ Ie@ey, , dv).

with ¢ = const > 0 depending on n and p.
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Remark 1.5. First, using the well-known characterization of BOIO’1 (R™) in terms of oscil-
lation, we easily verify the embeddings

Bl (R") — L}(p’l)(R”) N L®(R") — L{(p,l)(]R").

Indeed, referring to the theorem of Chapter 1.7.3 in [16], we see that

0
v E Béo’l(R”) = Z 277 H 51))510(1);-,21')HLOo + lv|lLe < +o0.

j=—00
This shows, for x € R”, that
jezzz" ose(v; x,2/) = j;oof] I osc(v: 27| oo +;2‘J ose(v; x,2/).

On the other hand, it is readily seen that oscp 1 (v; x,2/) < 2|v||L~. Accordingly, the
second sum on the right-hand side is bounded by ||v||ze. This yields

lolley,, = D27 ose(ix. 2) + lolloay = 35277 ose(v:x,2)) + cf[vlles
JEZ JEZ
0
< 27/ ;-2 o < :
<c 3 27 oseui 2 ot elvle < clvlpy,
Jj=—00

Secondly, according to [15], p. 85 (see also [2]), we have the embedding
Bl | (R") < C'(R") N L™ (R").
On the other hand, there exists a function f € £!  (R") which is not in C1(R")

1(p,1)
1

(see Appendix B). This clearly shows that £; (1) (R™) contains less regular functions than

Bl (R™).

Thirdly, since L}( » 1)(IR”) contains linearly growing functions at infinity, in particu-

1
1(p,1
Bolo L (R™) in terms of asymptotic behaviors as infinity. We also note that the use of our

generalized Campanato spaces to handle the bounded domain problem is quite convenient
as in the case of usual Campanato spaces.

lar, polynomials of degree less than or equal to one, £ )(R") is strictly bigger than

2. Preliminary lemmas

Let X = {X;};ecz be a sequence of non-negative real numbers. Givens € Rand 0 < ¢ <
400, we denote . _

{2]5}'XI= {ZJSXj}jez, Xq = {X]q}jez.
We define Sy 4: X ={X;}jez = Y ={Y;}jez, where

& ; 1/q
Y = (Saq(0); =27%(3o@7x)7) " ez
i=j
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From the above definition, for « = 0, it follows that
[1S0.q(X)llgee = [ X llgeo < | X[lge  forall X € £9.
Clearly, for all o, 8 € R,
@D 2P (Saq(X)); = Sarpg (2P Xi});. j €.

Given X = {X;}jez. Y ={Y;}jez, we denote X <Y if X; <Y, forall j € Z.
Throughout this paper, we frequently make use of the following lemma, which could be
regarded as a generalization of the result in [3].

Lemma 2.1. Forall B <aand0 < p <q < +o0,

1
(2.2) Sp.q(Se.p (X)) = 7=y S84 (X).
Proof. We first observe

(N 1/
@3)  (Spa(SepX)); =23 2789(5, , X)! !
i=j

: ad . . s _ 1/pqqy1/q
- 2!/3{22 lﬂ‘I[z“’(Z(z “xpr) )
_2//3{22:«1 ﬂ)q(Zz @—B)ply- BplXp)q/p}

=i
= (So,q(saf,s,p({z Pixiy),.

The case p =1, = 0. Let X be sequence with X; = 0 except finite j € {m,m +1,...}.
With the aid of Holder’s inequality, we get

(So.g(Sa1 (X))} = Z (2 Z relxg) =Yy ey (Yol x)
i=j I=i I=i

=Jj

1/q

8

oo

_ Z Hiqa Z yal+iy, . ( Z 2—ale>q
1=0

i=j I=i

=y o ZX,+ (2 Zz—“lxl)q

-1

8

-1

=0 I=i
=> _alZXl+iSa,l(X)?_l
1=0 i=j
= > (a—1)/
=S () (S0
1=0 j:j
< 7570 (50.0(X)); (So.q (S (X))

where we used the fact that (Y72 ; X/ )4 < (372, X1)1/9 = (So,4X); forall [ > 0.

Dividing both sides by (So,4(Sg, 1(X)))q , we get (2. 2)
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In the general case Sp4(X); < 400, we obtain, from (2.2) for the truncated sequence,
the property So,4(Sq¢,1(X)); < 4o00. This shows (2.2) for the general case.

The case 0 < p < q < +00, B < a. Recalling the definition of Sy, ,(X), we find
jap ¢ —iap y P 1/p Py 1/P :
Q4 Sup(X); = (27327 0XL) T = (Sapa (X)) j e,
i=j

From (2.4), first with &« — B in place of «, and then for § = 0 and p = ¢, we obtain the
following two identities for j € Z:

2.5) (Sap.p(27P1Xi), = (Stampypa (27PPIX})17.

26 [Soq(Sa-ppa (@7 X/ D)7 = [S01((Swa-prpa (2777 X7 D))},

Applying Sp 4 to both sides of (2.5) and then using (2.6) together with (2.1), and the
inequality from the first part of the proof, we arrive at

(S0 (Sa—p.p (2P X)), =[S0 (S-prpa (PP X))}
— [Soa((Sw-pypa (277 XP1)77)] V0
= (Soa/p(S-prpa (2771 X)) "7

! —Bpi 1/p
= (1 —2-@=B)p)1/p (So.q/p(127P7" Xip}))j

—Bj )
) 277 (Sp.q(X));
where we used the fact (1 — x%)!/4 > 1 — x forall 0 < x < I and @ > 1. Combining this
with (2.3), we have (2.2). [ ]
3. Properties of the spaces Lfl (» N)(]R”)

In this section our objective is to provide important properties of the space Ll;’é,, M (R™)
such as embedding properties, equivalent norms, interpolations properties and product
estimates. First, let us recall the definition of the generalized mean for distributions f € §/,
where 8 denotes the usual Schwarz class of rapidly decaying functions. For f € 8’ and
¢ € §, we define the convolution

fro) = (fip(x—1)), xeR",

where (-, -) denotes the dual pairing. Below we use the notation Nog = N U {0}. Then
f x ¢ € C°(R"), and for every multi-index « € N7,

DY(f x @) = f x(D%) = (DY) * ¢.
Given xg € R",0 < r < +oo and f € 8, we define the mean

[f15., = F * D%pr(x).
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where ¢, (y) =r"¢(r~1(y)), and ¢ € C>°(B(1)) stands for Friedrich’s mollifying kernel
such that [, ¢ dx = 1 and ¢ > 0. Note that for f € Ll (R"), we get

loc

1= [ e=nemdr = [ f0denn .

B(x,r)
where ¢x , = ¢, (- + x). Furthermore, from the above definition, it follows that
(3.1) (/1% = (D f) % ¢ (x) = [D* 13,
For f € Ll (R") and & € N/, we immediately get
(32) [£1%, < er ™ fllLisery forallx € R",r > 0.

Lemma 3.1. Let xg e R"”, 0 <r < +ooand N € Ny. For every | € 8, there exists a
unique polynomial P ,( f) € Pwn such that

(3.3) [f = PY (NS, =0 forallla| <N.
Proof. Set L = ("}). Clearly, dim Py = L. We define the mapping Ty: Py — R by
(TN Q) = [Q1%,r+ |2l =N, Q € Py

In order to prove the assertion of the lemma, it will be sufficient to show that Ty is
injective, since by dim #y = L, this implies that T is also surjective. In fact, this can be
proved by induction over N. For N = 0, we see this by the fact that

(T()l)() - [l]xo r— L.

This Ty stands for the identity in Py =~ R. Assume that Tx_; is injective. Let Q =
ZlalsN agx® € Py be such that Ty (Q) = 0. Using (3.1), for || = N, this implies

0=1[01%,., = [ Z agD%x B] L= [@!ag]?, , = ala,.
[BI=sN

Here, we used the formula D*x# = a!dyp forall [B] < N.
Accordingly, O € #n_1, and we have Ty—1(Q) = Ty (Q) = 0. By our assumption,
it follows that O = 0. This proves that T is injective and thus surjective. ]

Lemma 3.2. (1) Let f € 8. Then, forall |B| < N,
(3.4) pN- 'ﬂl(Dﬂf) DEPN ().

X0," X0,F
(2) The mapping P)ﬁzr L?(B(xg,r)) = #n,1 < p < 400, defines a projection, i.e.,
35) P 0r(Q) Q forall Q € Py
3.6) 1PN (H)lLrBixoary _C”Pxo,r(f)”Ll’(B(xo,r)) <cll Pl f e Bexory-

where

I1Po (@) lLrBay I1P3y + (@)|Lr (Bxory)

||P01Y1 I, = =
eerrB(y)  lgllLrBay geLP(B(xo,r))  18lLP(B(x0,r))
g#0 g#0
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(3) Forall f € W/P(B(xg,7)), 1 <p<+4+00,1<j<N+1,

G Nf =P (Ollr@ery < cr’ Z ID* f = D*PY (F)lLrBixory-

lae|=J

Proof. (1) Let y € Nj be a multi-index with |y| < N — |B]. Obviously, |8 4+ y| < N.
From the definition of PV . observing (3.3), and employing (3.1), we find

[PNTBU(DE £ = [DPf1L,, = DP f % DY (x0) = f * DPT7 g, (xo)
=18 = (PN (ML = [DP PN ()1,

As we have seen in the proof of Lemma 3.1, the mapping Ty —|g: Pn—|g| = PN—|p] IS
injective. This yields (3.4).
(2) We show that PN _is a projection, i.e., PN (Q) = Q for all Q € Py. Indeed,

X0,F X0,F

given Q € Py, by the definition of Pg,r (3.3), it follows that
[0 - P3 ()%, =0 forall jo| < N.

Consequently, Tnx (Q — Pg’r(Q)) = 0. Since Ty is injective, we get Pg,r(Q) = Q.
Inequality (3.6) can be verified by a standard scaling and translation argument.

(3) We prove (3.7) by induction over j. For j = 1, (3.7) follows from the usual Poin-
caré inequality, since [ f — P)ﬁf’, (f)]go’r = 0. Assume (3.7) holds for j — 1. Thus,

B.8) S = Pa  (DlLr@deory <cr’™ Y ID*f = D*PY (NlLrBxo.ry-
loe|=j—1

Thanks to (3.5), for all |¢| = j — 1,
DUPY (f) = P/ THDYS).

Hence, [D* f — D"‘Pg’, (f )]gw = 0. An application of the Poincaré inequality gives
3.9) D% f = D*Pgy . (NLrBerory < crlDDYf = DD*PE (f)llrBixor)-
Combining (3.8) and (3.9), we get (3.7). [
Remark 3.3. From (3.7), with j = N + 1, we get the generalized Poincaré inequality

I/ = PE (O Lr@eorn < eV TIDY £ llLo B
forall f € WNTLP(B(xq,71)).
Corollary 3.4. Forall xo e R",0 <r < 400, N € Ny, and 1 < p < +o0,
(B.10) [If = PN (llLesirory <c QielgNHf = OllLrBxo.r)) = Crn/pg’sls(f;m,rl

Proof. Let Q € £y be arbitrarily chosen. In view of (3.5), we find

f=-PY.(H=f-0-PY.(f-0.
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Hence, applying the triangle inequality, along with (3.6), we get

If = P& (e Born < 1f = Cllrdeory + 1P, (f = O)lLr @B
<c|f = QllLrBxo.r)-

This shows the validity of (3.10). [ ]

In our discussion below and in the sequel of the paper, it will be convenient to work
with smooth functions. Using the standard mollifier, we get the following estimate in

L ) (RM) for the mollification.

Lemma 3.5. Let ¢ > 0. Given [ € 8, we define the mollification

fe(x) = [f18 = [ *pe(x), x €R™.

(1) Forall f € ck: (R™) and all ¢ > 0,

q(p N)

(3.11) IfalL;,(sp,N) <c|flghs

q(p,N).
(2) Let f € L{ (R™) be such that for all 0 < & < 1,

(312) |fg|Lk,s < Cop.
q(p.N)

Then | € ok )(]R") and we have | f| ks < co.
q(p.N)

q(p N

Proof. (1) We may restrict ourself to the case k = 0. Let xo € R” and j € Z, and set
0 < r < 400. By the definition of P)fzjr(f) (cf. (3.3)), together with (3.1), it follows that
for all || < N and for almost all y € R”,

f * Da(ﬂr(xo _y) = [f]zo—y,r [ xX0— yr(f)]xo —y,r P)gz—y,r(f) * Da¢r(x0 _y)

Multiplying both sides by ¢ (), integrating the result over R” and applying Fubini’s
theorem, we get, for all || < N,

[f&‘]go,r = (f * ¢e * D) (x0) = (f * D%@r * @¢)(x0)

= [Rn(f * DYpr)(x0 — y) @e(y) dy

Pj‘g_y,,(f) * D%r(x0 — y) 9e(y) dy

/R,,
J

J
J.

R
[ L yr(f)(x_J’)%(y)dy]

—yr () D%pr(x0 — y — x) pe(y) dxdy

n n

=

PXO*y,r (f)(x —y)D%pr(x0 — x) s (y) dx dy

n n

=

%\w\%\

PY L (f)(x = y)ge(y) dyD*gp(xo — x) dx

n
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This shows that
PN (f)(x) = /R PN (DG = D)) dy

=/R vo—ey.r ()X —ey)p(y)dy, xeR"

Accordingly,
| fe(x) = P i (f))IP < / |fx—ey) =Py, zj(f)(x—sy)lw(y)dy) :

Integrating both sides over B(xg,2/) and multiplying with 1/|B(27)|, using Jensen’s
inequality with respect to the probability measure ¢ dy, we find

ose(ixo2) = (f ([ 11G—en - Py (D—enlo v ax)

B(x0,27)

- /l‘v (]l;?(xo—sy,zf)|f(X) Pry—ey,2i (f)(x)|1’dx) e(y)dy

< c/ osc(f xo —£y:2))p(y) dy.
B(1) PN

Multiplying both sides by 27/%, applying the £¢ norm to both sides of the resultant inequal-
ity, and using Minkowski’s inequality, we are led to

(2(2_’52§§(f8;xo, 2f))q)l/q =c /B( )(Z(2_’52§§(f;xo —ey; 2’))q)l/qco(y) dy

jez D ez

<c|fles

a(p,N)*
Taking the supremum over all xo € R” in the above inequality shows (3.11).

(2) Let f € L{ (R") satisfy (3.12). This implies that f € Wl(lfc’p(R”). Let xo € R"
and /,m € Z, l < m. From the absolutely continuity of the Lebesgue measure, together
with (3.12), it follows that

E /s osc(D fi1x0,27 )1 = hm E (778 osc(Dkfs,xo 27)) < ¢f
»N N
j=l

This shows that {2_” oscy N (D¥ £ x0,27)}jez € €9, and its sum is bounded by co.

Accordingly, f € Lq(p N) (R™), and we have |f|L;(;,(Sp’N) < cg. |

We are now in a position to prove the following embedding properties. First, let
us introduce the definition of the projection to the space of homogenous polynomials,
PN .8 — Py, defined by

X0,r"

B0 = X G xR

la|=N
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Clearly, for all f € §/,

(3.13) D*PYN (f) = PN(D*f) forall o] <k.
Theorem 3.6. (1) For every N € Ny, the following embedding holds true:
N— .
a1 LN &) > CN-LIRY) N = 1,
1(%0)([@ ) < L*®(R") if N =0.

2) gonr every f € LIIV(p,N)(R”), there exists a unique POIX € Py such that for all xg €
lim P;‘g,(f) — PY(f) inPy.
Furthermore, P I/lv(p N)(R") — P is a projection, with the property
(3.15) D*PYN(fy= PN7(D®f) forall|a| < N.
(3) Forallg, f € L 1. 1)(]R"

(3.16)  P(g0kf) = Pu(@)0k Poo(f) = PL(PL(kf), k=1,....n.
In addition, for g € C%Y(R";R") and for all f € L 1(p, 0)(R ),
(3.17) P2 (g0 f):= lim PO, (g0 f) =0, k=1,...,n

r—00 >

where g0y f = 0k (gf) — kg f € 8.
(4) Forallv € L} 1,y R R™), with V - v = 0 almost everywhere in R", and all f €
Lip.nR™),
(3.18) PO(Vu-V[f)= P2(Vv)- PL(Vf).
Proof. (1) Let ¢ > 0 be arbltrarlly chosen. Let f € Ll( N)(R”). Set f, = f * ¢. By
Lemma 3.5, we get f; € Ll(p N)(]R"), and we have

[feleny <clflen

1(p,N) — 1(p N)

Let xo € R” be fixed. Let j € Z. Clearly, f; € C*°(R"). Let « € N be a multi-index
with |¢| = N. Then

DUPYN ,,(f) = P2 L, (D¥(f) = [D*(f)), o, = DUPY , (fo).
Let m € Z. Since D? f, is continuous, we have

D% fe(x) = hm [D“fg for all x € R".

x,27

Using the triangle inequality along with (3.5) and (3.11), and using (3.2), we get

(.19) D £e(x) = D" £l an| = | Z[D“fm,l D% 112,

j=-00

= Z |Daf8x2/ 1 [Daf8x2/|

j=—00
m

D FA I VA

j=—00
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Z |[f8 zj(fe)]xzj 1_[f€ zj(fE)]xzj‘

j=—00
Yol = PN (S| <c Z 2" ’Nosc(fs,x 27)
Jj=—00 Jj=—00

§C|fs|511\’( |f|L11V( "

Thus, {D¥ f,} is bounded in L*(B(r)) for all 0 < r < 4+00. By means of the Banach—
Alaoglu theorem and Cantor’s diagonalization principle, we get a sequence g \ 0 as
k — +ooand f € W]é\é’w(R”) such that for all 0 < r < 400,

DNfsk —DNf weakly-* in L*°(B(r)) as k — +oo.

Furthermore, from (3.19), we get, for almost all x € R” and all m € Z,

(320) DM@ <elfley + D01l

le|=N

Let xo € R” be fixed. We now choose m € Z such that 27! < |xo| < 2™. Then, noting
that B(xg,2™) C B(2™*1), and employing (3.5) and (3.2), we get
1% 2m| = 1115 2m ]| < [ 1% 2m = (15, 0m
= “f - PO 2m+1]§0 m [f - P(fvzm+l]g,2m|

<c2” mN 0, 2m+1 <
27 ose(fs )=clflen -

Similarly, for all j € Z, we get

LA 152m = 1152l < €l f I

1N

Thus, combining the two inequalities we have just obtained, and using the triangle inequal-
ity, we find, for all j € Z,

YLl =clfley o+ D115

la|=N la|=N

This, together with (3.20), for all j € Z, yields

(2D 1DV flleo = clf ey +e 2 W Taal clfley el (.

le|=N

This completes the proof of (3.14).

(2) Let xo € R". Let m,l € Z, | < m. Noting that P ,; (Q) = Q forall Q € J
and PxO 5 (Q) = 0forall Q € Py_1, we get the following identity for all j, k € Z:

BY (PN () = PY ().
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Using the triangle inequality together with the above identity, (3.2) and (3.10), we estimate

1Y () = B an (Dl = ZII v (= PN (N

j=l+1

=c Z 2 IN= ]n/p” 0,20~ l(f P x0,27 (f)) 2/ (f P x0,27 (f))”LP(B(xo,ZJ))

j=I+1
<c Z 2” ’Nosc(f x0,27).
j=l+1

Owing to f € Ll(p N)
m,l — +o00. This shows that {szm (f)} is a Cauchy sequence in Py and converges to

(R™), the right-hand side of the above inequality tends to zero as

a unique limit % . We claim that

(3.22) PY ., = PXo=1PL(N).

o0,X0

In fact, for m € Z such that |xo| < 2™, we obtain
1PN o (f) = Poym ()
< camN=mn/p PN (f — P&’zmﬂ(f)) — P (f — P(szm-%—l(f))”Ll’(B(xo,Z’”))

< 2N osls(f;O,Z”’H) -0 asm — 4oo.
»,

Consequently, (3.22) must hold. Identity (3.15) is an immediate consequence of (3.13).

(3) Now, let g, f € Ll(p (R"™). Let xo € R". Let o € N with |or| = 1. We first show
that {[gakf]xo’zj }jen, k € {1,...,n}, is a Cauchy sequence. Let j € N be fixed. We
easily calculate

(80 /1%, 211 — g0 S1%, s

= [g0kf = P i @0k 119, 5150 251 = [80 S = P 5s (@0k f19 25 150 20
Furthermore, applying integration by parts, we get

o

[gakf Pl 2](g)[8kf]00 2]]x°,21 1
= [(g_ xO 27 (g)([akf] 021)]x0 21 + [g (akf [3kf]20 2])])60 21

=" /R (&= P} (@) [k £1%, ,)) D% pxp i1 dx
- /]R 8Ok S = 10k 1% 2) D% Py pi1 dx
- /D; (g = P} i (@) [0k 19, 1) D*Pry 2i-1 dx
[ 0l = Ph o () =1 = Pl oy (Dl 2) Dy d
+/Rng(f‘ Pl () =1f = Pl i ()]s 21) 0k D Py 21 dix.
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This, together with (3.10), yields

[g0k f — P15y @0k /1%, 5/ 1% 51
< Cll f loo2 ™ 05603 30,27) + €| V0|27 056( %0, 2).
D, D,

By an analogous reasoning, we find

[gakf Pozj(g)[akf]x() 2]]x0 27
< eIV flloo2 ™ 05c(vix0.27) + | Vlloo2 ™ 05¢(f 1 %0.27).
D D,

Let [,m € Z with [ < m be arbitrarily chosen. Using the triangle inequality together with
the two estimates we have just obtained, we estimate

![gakflx[,zl g9k £1%,2n
= | Z g0k £1% 4im — (g0 /1%, )
j=Il+1

=Vl E 2- JOSC(g x0.2") + ¢[V¢lloo E 2- fOSC(f x0.27).
p,1
j=l+1 j=Il+1

Since g, f € Li(p 1)(]R") the right-hand side converges to zero as [, m — +oo. Thus,
{[g 0k f 1%,.2/ } is a Cauchy sequence, and has a unique limit, say ax,. Let j € N be such
that 2/ > |xo|. Thus, B(xo,2’) C B(2/*!). Reasoning as above, we estimate
|[gakf]x0 2J [gakf](),z,i+1|
= IV £ 11027 056(5:0.2/ 1) + ¢ Vg o2 osc(£:0,2/41).
P, P,

Since the right-hand side converges to zero as j — +o00, we get ay, = ao. By setting
[g0k f1% = ao, we complete the proof of (3.16).

Next we prove (3.17). Let g € C®!(R") and f € £?
by parts and the product rule, we calculate

(g0 12, = — /B RO U1, Jortro =) dy

1(0.0) (R™). Applying integration

+ / SO = /10, )0k (x0 — ») dy.
B(xo

,I‘

Applying Holder’s inequality, we easily get

180k f1%,.-1 < cllVglloo gsg(f: x0.7) + cr gl (Bxory) 3sg(f: Xo,T).
By noting that 7~ 1||g|lL=(B(xo.r)) < clg(x0)| + ¢||Vglloo, and by using the fact that
0s¢p,0(f;x0,7) = 0as r — 400, we obtain (3.17).

It remains to show the identity (3.18). Let v € Ll(p p(R";R") with V- v = 0 and
f e Ll(p 1(R™). Using (3.15) together with V - v = 0 and (3.16), we obtain

[0kv -V f1%,. = 8 Py (k) 1) = 8; P, ((Okv)) f)
— 3 PL(0kv)) P (f) = PL(3kv) - PL(VS) asr — +oo.
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This shows that

P @kv-Vf) = lim [0 - VI3, , = PL(0kv) - PL(V 1),

X0.r
which completes the proof of the lemma. ]

Next we prove the following norm equivalence which is similar to the properties of
the known Campanato space.

Lemma3.7. Let1 < p<+o00,1<g<+00, NNN' eNg, N<N',se[-n/p,N +1).

k, .
If fe Lq(;’N,)(R”) satisfies

(3.23) Jim Plom(D¥f) =0 forallL=N +1,....N’,
then f € L];’(;’N)(R”) and

(3.24) k, < k. <c k. .
I/ |Lq(sp,1v’> o |Lq(sp,1v) I |Lq(Sp,N’)

Proof. We may restrict ourself to the case k = 0. First, let us prove that for all s €
[-n/p, N) and for all f € Lf](p N)(R”) such that

(3.25) lim P, (f) =0,
m—o0 ’
it follows that f € Lf] . N_l)(]Ri"), together with the estimate

(3.26) | fles <clfles

q(p.N-1) — a(p.N)"

Let xg € R?,0 < r < +00. Noting that Pg,zr(f) — Pg,zr(f) € Pn—1, we see that

PN (PN () = PN (PN ()= PN o (/) + PN (PN, () =PY,.(f)

By a scaling argument and the triangle inequality, we infer
reNT PPN (e B — CH TN T PIUPY S (O lLrBeo.2ry)
= 1PN (O = 1PN (O < I1BN.(f) = PN L. (Ol
= 1PN . (f = PY . (DOl = c@r)y™ 2| f — PN, (F)lLrBxe2r

<cr N osc(f; xo,2r).
p,N

Let j,m € Z, j < m. Using the above estimate, we deduce that

2NN (Do = 2N T PIPY v ()Lr B2y

m—1 m—1

<c E 27N osc(f1x0, 201 < 2V Z 27N osc(f: x0,2).
— p.N — p.N
i1=j 1=Jj

Observing (3.25), we see that

—mN-— 5N . 5N
lim 2~"N-mnlp| p 028 (LrBeo,2my = 1 1Py 5m (f)I = 0.

m—o0 X



Transport equation in generalized Campanato spaces 1741

Thus, letting m — 400 in the above estimate, we arrive at

327 NIBN (NI =27PNBY (e

< c2/N 22 iN osc(f x0.2") = C(SNl(I?SC(f xO)))

i=j
where osc,, v (f; Xo) stands for a sequence defined as

osc(f:x0); = osc(f:x0.2"), i€Z.
DN p,N

Using the triangle inequality together with (3.27), we obtain
3.28 X0, 27
(3.28) L0 1(f Xo,27)

= 2‘j”/”P igf ||f — PllLrB(xo.27)

<27 f = PN () + PN L (D@
= 2PN S = PO (Do) + €27 PIPG 51 (Do seso.20)
< cosc(f x0,27) + 2jN”P 0,27 ()l

< - X0, 27 S : ..
=< CS’SIS(f x0.27) + ¢( N’I(S,Szf/:(f Xo)))]
Noting that osc, y (f; X0, 2j) < Sn,1(oscp v (f; X0, 2j)), from (3.28), we infer
(3.29) pg\;gl(f:xo)j = pf)lggl(f;xO,2j) < C(SN,I(I?,SIS(f;XO)))j7 A
Applying S 4 to both sides of (3.29), and using Lemma 2.1, we get the inequality
| fles = sup Ssq( osc AoE X0)) < ¢ sup Ssq(OSC(f x0)) = | £z
xp€ER” p.N—

N-1
q(p, ) xo€R”

a(p.N")’
which implies (3.26). We are now in a position to apply (3.20) iteratively, replacing N by
N + 1 to get

Flesg o S elfles, oy << elfles, .

This completes the proof of the lemma. ]

Remark 3.8. Forall f € L;(,,,N)(R")’ I1<p<+4o00,1<g<+oc0,s€[-n/p,N +1),
the condition (3.23) is fulfilled, and therefore (3.24) holds for all f € L; . N)(]R”) under
the assumptions on p, g, s, N and N’ of Lemma 3.7. To verify this fact, we observe, for
f e L;(p’N)(]R"), that

sup 274" 0sc(£:0.2") < 1/ Ly, -
meZ
Then, for L € N, L > N, we estimate for the multi-index «, with |«| = L,

D% Pgn ()] = 1D Pn (f = Pol))| = €271 056(£.0,2")

< c2"W=D) 1), ;(pN)—>0 asm — +oo.

Hence, (3.23) is fulfilled.
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Remark 3.9. For ¢ = oo, the space L3, y)(R") coincides with the usual Campanato
space. Therefore, the statement of Lemma 3.7 is well known and its proof can be found
in [11], p.75.

A careful inspection of the proof of Lemma 3.7 gives the following.

Corollary 3.10. Let NN’ € No, N < N'. Let f € L?_(R") satisfy (3.23) with k = 0.
Then, for all xo € R" and j € Z,

(3.30) ose(f3x0.27) = e(Sw1.a( 03¢ (/5 0)));-

s

loc

Proof. Setk = N’ — N. Using (3.29) with N’ in place of N, we find
;x0,27) < c(Sn ; L jeL.
p’%slc_l(f x0.27) < ¢( N,l([?j\%(f xo)))] J
Iterating this inequality k-times and applying Lemma 2.1, we arrive at
osc(f:xp) = osc 1x0) <cS S oSN lose(fx
p,N(.f 0) p,N,_k(f 0) N1, (Sh12.1 N ,1(p,N/(f 0)))
<cS ; .
=c N+1,1(£§VC/(f xo))
Whence, (3.30). [

We have the following growth properties of functions in £? a(0.N) (R") as |x| — +o0.

Lemma 3.11. Let N € Ny. Let also [ € L;(p’N)(R"), 1 <g <400 1=<p<+oo

s €[N,N+1).
(1) Fors € (N,N + 1),
(3.31) @<+ WP Nes, , forallx €R”.
(2) Fors = N,

(332 S = +log( + DT XN fllgy - forall x € R
q(p,

Here q' = q/(q — 1), ¢ = const > 0, depending on q, p, s, N and n.

Proof. (1)Lets € (N, N + 1).Let xo € R”. Let j € Ny, such that2/ <14 |xo| <2/F1.
Let o be a multi-index with || = N. Verifying that

D* f(xo) = _lim D“PNz, f)

and using the triangle inequality, we find

1D f(x0)| < Z ID*PY i (f) = DPY i (N + D*PY ()]

i=—00

J
<c Yy 27N ose(f1x0,2') + D" P, ()]

i=—00
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With the aid of Holder’s inequality, we find

Z 27N osc(f x0,2") = Z 27 N=9)p— ’Sosc(f x0,2")

i=—00 i=—00

< (26- N)|f|Ls( , <1+ |xol*™ M f Les

N q(p,N)"

On the other hand,

IDYPY L, (D = ID*PY i (f = Poyier ()
+ [D* (P (f) = PO ()] + D PRy ()
< 2NN f = P (P)lreo 2+

+c22 i(N— ”2‘”osc(f 0.2°) + ¢l fllLr By
i=0

= 0sc(/30, 2/t +CZZ N - ”2_”080(1” 0,2") + ¢l f ey
i=0

< e+ %ol ™)1 f s

a(p,N)*

Accordingly,
IDY FEoll < e+ [xI"™™)1 fll

q(p.N)"
This implies (3.31).

(2)_ We now conside_r the case s = N. Let xo € R”. As above, we choose j € Ny such
that 2/ <1+ |xo| <2/

In this case, we first claim

(3.33) IDY P (NN < (log(1 + o) I fllgn

Indeed, arguing as above, using the triangle inequality along with Holder’s inequality,
we get

J
IDYBY (NI <Y IDNBY (O = 1DV BY (DI + IDVEY ()l

i=1

J
<y oM ose(f3x0,2) + IDYBY ()]
i=1
Jj+1

< ZZ Ni osc(f x0,2’)+||DNP L (N
i=1

< flgy 1DV B (]

Similarly, )
IDN By (NI < ej VY flen 0t IDY P (-

Combining the two inequalities we have just obtamed, we get (3.33).
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Leti € Z. Then, by the triangle inequality together with (3.33), we find

2—n/p IN” X0,2¢ (f)”Ll’(xo 21) = CHDN X0,2! (f)”

seZ IDYBY (NI =IDNEY i (OI) + I DV BY ()]
I=i
1

SCZ(IIDN N ()= DNBY (D) + el DY EY ()]

<c22 Nlosc(f x0,2") 4+ ¢c||DV P Igl(f)”
I=i

< il fley o+ elog(l+ x| fllen
This shows that

(3:34) 277D ose (f3%0.2)
<2 z(N ) osc(f x0,2') + 277 || P PN (D) lLro2i)
<27/ V=D ; X0, 2" 2 (1i1V4" + (log(1 1/’
< 2,513(]( x0.2") 4+ 2" (Ji|"? + (log(1 + |xo)) )”f“LfIV(p,N)

Summing both sides from i = —oo to i = 1 and applying Holder’s inequality, we get

(3.35) Z 2 IN=D o5 (f x0,2%) <C(1+(10g(1+|x0|))1/q)||f||LN

i=—00

Let a be a multi-index with |o| = N — 1. Since D% f(x¢) = lim; o D"‘P;Z 2,1 f),
using the triangle inequality together with (3.35), we infer

D f(x0)| < [D*PY SN +¢ Z 1D PN () = DUPN L ()]

i=—00

<[D*PN (Pl +c Z 2~N-D ose, (f:%0.2%)

i=—00

< IDYTUBN NN + e (1 + (log(1 + lxoD)”q')“f Lo,

Arguing as above, using the triangle inequality and (3.34), we find

IDNTT RN NI <cZz W= ”’ osc (fx0.2") + DM PRSI

X()21
i=0
Jj+1
<c22 (D ose (fix0.2) 4 27T ose (£,0.2) + IDYTRITH )
i=0 i=0

< o) e < c(1 +log(1 Ve :
<2l ||f||L{1;;(p,N)_c( + log(1 + |xol) Ixol)llfllgg(p,,v)
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Combining the above inequalities, we obtain
IDV7! f(xo)| < (1 + log(1 + |X0|)1/q,|x0|)”f||ﬁév(p v

This yields (3.32). u

Using Poincaré’s inequality and Lemma 3.7, we get the following embedding.
Lemma 3.12. Let 0 <5 <00, k € Ny, 1 < p <400, 1 <g < +4o00. For N = [s], the
following hold:

(1) Forq =ocoands ¢ N,

(3.36) Loo(p vyRY) = CrFlsls=Ishrmy,
(2) For g = oo and s an integer, i.e., s = N, we have

(3.37) LEN (R™) 2 BMOg 4y (R"),

00(17 N)

where
BMOy = {f e L. (R | sup sup (Z_Nj osc(f;xo,Zj)) < —}—oo}.
x0€R” jeZ LN
={f e W¥NR") | VN f € BMO}.

loc

(3) For1 < g < oo,

k+ ks
(3.38) q(p Sy RY) = LoE0 I RY) > L vy (R™).

Proof. (1) For k = 0, note that the space Lio( N (R™) coincides with the Campanato
space L7757 (R™), where N = [s], which is isomorphic to C I1s=IsI(R™) (cf. Chapter I
of [11] and [6]). For k > 1 and f € ok )(R") we get D f ¢ Loo( N)(]R”) ~
Cs1s=s1(R™), which shows (3.36).

(2) For k = 0 and s = N, the space L, n)(R") coincides with the Campanato
space L7 N:P(R™). According to Chapter III of [11], this space coincides with the space
BMOy. For k € N, we argue as above to verify (3.37).

(3) Let Lk(s N)(]R{") Using the Poincaré inequality (3.7) with j = k, we find that

a(p,
oscy Nk (f3x0,27) < c27k 0SCp, N (D £ x0,27). Accordingly,

oo(N

12707 gse (£30.2)) | = €27 0560 £ 70270}

where

os}s(f Xo) = {OSC(f x0,2’ )},ez

p,

Taking the supremum over all xo € R” on both sides of the above estimate, we get the
first embedding.
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It remains to show the second embedding. We first notice that Lq (p.N+k) (R") —
LIS iy (R™). Indeed,

—(s+k) . j —(s+k)j .
27 ’p,gvsik(f,xm’)s2 s ’(Sk+s,q(p,<1>vs$k(f,xo))) [/ Lges

PN+
Taking the supremum over all j € Z and xo € R”, we get the embedding

k+ k+
Lolpnio®") = Lo, nay R™).

: k+ ~
On the other hand, for s € (N, N + 1), from (3.36), it follows that Loo(; N+k) (R") ~

CrHNs=N(Rm) ~ Loo(p N)(]R"). For s = N, using (3.37), we also getLoo(p N+k)(]R”) o
LI;OI(VP N)(]R”). This shows the desired embedding. [ ]

Using the Gagliardo—Nirenberg inequalities, we can get the interpolation properties.
First let us recall the Gagliardo—Nirenberg inequalities.
Lemma 3.13. Ler j, N € Ng,0 < j <k. Let 1 < p, pg, p1 < +00, and 0 € [j/N, 1],
satisfying

1 j 1-6 1 k
—=Ly +(—-2)e.

P n Po pr n
Then, for all f € LP(B(1)) N W5P1(B(1)),

17 £ loan < elF 1Erecaanl S 1em ey

Notice that, using the generalized Poincaré inequality, under the assumption of Lem-
ma 3.13, forall £ € LPo(B(1)) N Wk-P1(B(1)),and N € Ny, N > k — 1, the following
inequality holds:

(3.39) ID7(f = PeL (D ILrsay
<cllf = Poy(D L ap I PF £ = D* P (O o sy -

By a standard scaling and translation argument, we deduce from (3.39) that for all xo € R”,
0<r <400, NeNo, N>k—1,and forall f € LP°(B(xq,r)) N W5P1(B(x,r)),
the following inequality holds:
(3.40) [|D/ f — P)gzr/(D]f)”LP(B(xo,r)) =D/ (f = PY . (DILrBcxory

< clf = Py, D Lr0 8o I DX f = Pay i (DF DL o1 (8xo.r)-

Theorem 3.14. Let j, k,N € Ny, 0 < j <k <N+ 1. Let 1 < p, po, p1 < +00, 1 <
4,490,491 < +00, —00 < §, $9,51 < N + 1, and 6 € [j/N, 1], satisfying

1 j 1-6 1 k
(3.41) —=L4 + (— - —)9,
P n Po pron
1 1-6 0
(3.42) - = + =,
q q0 q1
(3.43) s+j=0-=0)so+ 60(s1 + k).
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S0 k,s1
Then, for all qu(pojN)(R") N qu(pl’N)(R"),

3.44 ; <c||lfII'=e 0
(3.44) ||f||L.;(sp,N7j)_ A1l 5o N)IIfIILk,s1

q0(po, q1(p1,N—k)

Proof. Observing (3.41) and (3.42), thanks to (3.40), we find

2750 s (Djf;x0,2l) < 27 1s0(=0)=ls10 0 (f;xo,Zl)l_e 0sc (Dkf;xo,Zl)e
p,N—j po,N p1,N—k

= c[277% osc (f;x0,21)]1_0[2_ls‘ osc (Dkf;x0,2l)]0.
po;N p1,N—

According to (3.43), we may apply the £9 norm to both sides of the above inequality and
use Holder’s inequality. This gives

; 1/q
(3@ ose (D7 fix0.2h)")
p,N—j
leZ
(1-6)/q0 0/q
(T B (T g 0oy
lez po-N pp PLN—k

Taking the supremum over all xo € R”, we get the assertion (3.44). -

Remark 3.15. Consider the special case

N=k, p=po=p1, 0=j/k, s=s0=51=0,
1 <g<+00, qo=+o0, q1=gqk/j.

Then (3.44) reads
1—j/k ilk 1—j/k ilk
J:0 =c . =c .
IIfIIL;(p’kfj) IIfIILgo(p!k) ”f”Uq‘;f/j(p,O) I/ lgnio ”f”U;;‘,’,,O)

Under the assumption
lim PL,.(D/u)y=0 forallL=1,...,k—j
m—00 >

we estimate the term on the left-hand side using (3.24) with N = 0and N’ = k — j. This
yields

1-j/k jlk
i,0 <c
||f||L;(p’0) I/ Ignio ||f||L1;,&O)

We are now in a position to prove the following product estimate.
Theorem 3.16. Let 1 < p < 400. Let N € Ny and s € (—oo, N + 1). Then, for all

K,
fig € LES W RM) N LO®R™),

3.45 koS e T aiomy’
(3.45) ”fg”Lq(,,,N) (”f”oo”g”Lq(p,N) ||g”°°”f”Lq(,,,N))

Proof. Leta, B € NJ' two multi-index both are not zero with |o 4+ 8| = k. Set |a| = .
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Using the triangle inequality, we see that

(3.46) ID* fDPg — PN =1 (D* /PN (DP &)l Lo (Bxo.r
<c|(D®f — PNTE=I(D® £))(DP g — PN (DP 9))l|Lr(Bixory)

N+k—j N+j
+cl|(DYf = PNTRI (DY ) PN (DP &) Lo (B(xo.r)
+ || PN (D f))(DP g — PNE(DP @) Lr(B(xour
=1+ 11+ III.

Using Holder’s inequality together with the Gagliardo—Nirenberg inequality (3.40), we
estimate

L= cll D f = Py T (D% )| kot (Bewo,rn |1 PP 8 = PR F (DP )| oot (g 0y
= c|[D* f = D*PY T () kot (Bxo,rp 1 PP & = DP PN (@) Liora—n (B (xo.ry)
< clDI(f = P TN ko oo I1D* ™ (8 = PO T (@) kit Bexo.ry)
<cllf = PO pamn IDEC = PR DI oy

xcllg = PN ()7 5ixn 1 DX (€ = PR @) oty
< el f 1 5o DEF = PY (D DI K 5oy
< 1128 oI5 8 = P (DX D ot -

Applying Young’s inequality, we obtain

k N k
IL<c| fllLeoBxo,rn D" g — Pxy (D" OLr(B(xo.r))
k N k
+cllgllLoe o, IIP" f = Pyy (D" llLr(Bxo.r))-
In order to estimate II, we make use of the inequality

IPYF (DP ) LoBirory < cr P lglLo .-

which can be proved by a standard scaling argument. Together with Poincaré’s inequality,
we find

1L < cr* 7| D*=1(D* f — PN YT (D ) Lo 8ot gl B

< cllgllizoBeomlI DX £ = PN (DX f)llLrBxor)-

By an analogous reasoning, we get

1T < || £l (Bero.rn | D* g = Py - (D* ) Lo (Bxo.r)-
Inserting the estimates of I, II and III into the right-hand side of (3.46), we arrive at

(3.47) ID* fDPg — PN =i (D* £)PN T (DP &)l Lo(Bxory)

< |l fllzBeom NP g = PN (DX Lo (Bxo.ry
+ cllgllzeoBao.m I D f = PY (DX F)llLoBrg.ry-
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Let y € Ny be a multi-index with |y| = k. Using the Leibniz formula, we compute
v B
Y — o
D't =Y ,5,)1) fDPyg
a+p=y
Thus, employing Corollary 3.4, and using the triangle inequality together with (3.47), we
obtain
1Y (fg) = PEN(DY (@) lLr (Bero.ry
<c inf |ID"(f8) = QliLrBxory

Q€PN +k

se|prim- 2 [ 7 )Pk (D% ) PN (D)
R

a!B!

L7 (B(xo,r))

= 2 ( .,g,)(D“fD’gg PP D% )P (0P|
a+B

sc||f||oo||D"g PN (D) Lo 8oy + lgllool DX £ = PN (DX F)lLrBxo.r)-

L7 (B(xo,r))

This yields the product estimate

(3.48) osc (DF(fg):x0.7) < |l flloo 0sc(D¥g:x0.7) + ¢|Iglloo 05c(DX £ x0.7).
Dp,2N+k p,N p,N

In (3.48), we insert 7 = 2/, j € Z, and multiply this by 27%/. Then, applying the £ norm
to both sides of (3.48), we are led to

, <c , + , .
el el lollglgrs  + lglooll Fllgrs )

Verifying (3.23) for N’ = 2N + k, we are in a position to apply Lemma 3.7 with N' =
2N + k. This gives (3.45). [ ]

4. Proof of the main theorems

We start with the following energy identity for solutions to the transport equation. Let
1 <p<+00,x0€Rand0 < r < +oo. We denote ¢y, , = ¢(r~(xo — -)). We define
the following minimal polynomial ngf (f), f € LP(B(xp,r1)), by

4.1) I = PO @xorllp = Jnin (/' = Q)gxo.rlp-

The existence and uniqueness of such polynomial is shown in the appendix.
We recall the notation ¢y, , = r " @(r~(xo — -)). We have the following.

Lemma 4.1. Given v € L'(0, T; CO'(R"; R")) and g € L'(0, T; LIOC(IR”)), let f €
L>®(0,T; C%Y(R™) N C([0, T]; L?_(R™)) be a weak solution to the transport equation

loc

4.2) Of+@-VYf=g inQr.
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Let N € Ny. Define,

a1 Nz
~]o if N =0.

Then, forallt € [0, T],

t

4.3) e(t) =e(0) + / V- Voxorlf — P)ﬁ]”’:(f)|pg0)€ofrle(r)17” dxdrt
0
1 t
+ [ VU = PR, o)
X0,r

[0 VPG @)1 = PEIGTES — PEI e, e o) dxd
0 JB

, (x0,7)
T / / (6= PN ()|f — PLE(IP2(f — PLA(f DL e(0) P dxdr
0 JB(xo,r)
= ¢(0) + 1+ 11 + I + 1V,

where
e(r) = (S () = PEE(f@N¢xorlp. T €[0,T].
In addition, the following inequality holds for all t € [0, T]:

(4.4) osc (f(t); X0, C) < cosc(f(0); xo,r)
p,L 2 p,L
t
ter [ 1@ lmian o/ (@00, 20) do
0 N
t
+ C/ IV - v(t)|Loo(B(xo,r)) Ssjg(f(f)moﬂ")df
0 )
t
+owoc [ osev(:x0. IV P (W) m(aoary
0 P

+c /Otg’s}\c[(g(r); Xo,r)drt,
where §yo9 = 0if N = 0 and 1 otherwise.
Proof. Let xg € R",0 < r < 400 be fixed. For § > 0, we define
Fs(z) = 8 + |z])?P2/22, 7 e R™.

Let N eNg.Set L=0if N=0and L =2N —1if L > 1.For§ >0, by P,é)’fi(f(r)) e P,
0 <t < T, we denote the minimal polynomial, defined in Appendix A (cf. Lemma A.1),
such that

4.5) F; (f(r)—P)ﬁ]”‘i (f(r))-Q¢® .dx=0 forallte[0,T]andall Q € Pr.
)

X0,r
B(xo,r

Furthermore, for all T € [0, T],

(4.6) PLS(f(0) = PLr(f(x) in LP(B(xo, 7)) as § \, 0.
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According to (A.6), the function s P)é)’fi (f(s)) is differentiable for § > 0, and
from (4.2), we get

@7 3 —PLI( ) + w-V)(f = PEL(F) + (- V)PES(f)
=g—0,PLA(f) inQr.

First, let us verify that d; P){;)’fi (f(r)) € £ for all T € [0, T]. In fact, for any multi-
index & € Ng with || = L + 1, recalling that P£S(f) € Pr, we get D?8, PES(f) =
9; D PES(£) = 0. This shows the claim.

We multiply (4.7) by Fs(f(r) — P,é’fi (f(x)) @k, ;. integrate over B(xo, r) and apply
integration by parts. This, together with (4.5), yields

0: 6+ 1£(0) = PEES @D 2 pror |, 6+ £ () = PEIF@ND 2 g r |2

% 3G +1/@ = PEL @) Ponrs

/B D) a6+ ) PELG IR Pl
X0,r

P
4 [9 O VPESO ()~ PEAG 0 ol d

+ l/ V(@)@ + () = Py (f)P)P ek, dx
B(x0,7)

+ /B &)= P OV~ PELG @), d.

In the last line we used identity (4.5) for O = PN (g(1)).

X0,"

Multiplying both sides of the above identity by es(t)! ™2, where
es(r) := |6+ | /(@) = PR (F@)D)? pxo v |

integrating the result over (0, t), t € [0, T'], with respect to 7, and applying integration by
parts, we find

es (1) = e5(0)

t
[ o0 Ve 6+ 110 = PELGDPY 2 0l L es(0) P dxd
0 B(xo,r)

pv

+ l /t/‘ Vv + | f(r) — Péli(f(fmz)p/zfpﬁo,r65(T)1_pdxdr
P Jo JB(xo.r)
t
+ / / v(2) - VPES (F(0) F5(f(2) = PEL(F(0)) P, , e5(2)' P dxd
0 JB(xo,r)

t
4 / / (¢(0) = PY (g Fs(f(2) — PLA(f(0) @, ,es(x)' P dxdr.
0 JB(xo,r)

In the above identity, letting § — 0 and making use of (4.6), we obtain (4.4).
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(2) Using the triangle inequality, we estimate

t
I<c [0 1050 - ¥ loo| £(2) — PEEF@) | Lraorye@)? e(0) P dx
<c /0 V020 - 0@ llooll £() = PEECF @) 1oy d T
t
<c [0 19620 - 2@ llool(£(2) = LS (F@)roarlpd T

t
e / 1020 - ¥ oo PEECS) — PES (FO) Lo (Bsnry dT = 1t + L.
0

Thanks to the minimizing property (4.1), we get

t
I <cr! / [v(D) [l Borp | F (1) = PE 5 (@D LrBxo2ry dT-
0
On the other hand, for estimating I,, making use of (A.9), we see that for all ¢ € [0, T'],

PLX(f(0)~PL5, (f(0) = PEX(f(0) = PE , () - PLS.(fF(0) = PL . f(0)).
This, together with (A.7) and (A.1), yields

IPE*(f(0) = P, (F O Lr(Bxo)

N,
<IPEX(f(@) = PE 5 FOLrBory + IPL 5. (f(0) = PE . (@D ILrBeror)
<cllf(r) = PL 5 (FO)Lr(B(xo,2r)-

Consequently, I, has the same estimate as I, which gives

t
1207 [ Il 110 = Ph o (FE) o banary .
0

Using (A.1), we immediately get

t
II < C/O IV - v (@) |20 (Bxo,n 1 (F (1) = PEECS () xo.rlLr(Brory AT

t
< C/O IV - ()| Lo B o) 1S (@) = P 0 (FO) L Bxo2ry AT

We proceed with the estimation of III. Clearly, for N = 0, since P)ﬁ]’; (f(r)) = const
for all T € [0, T'], the integral III vanishes. Thus, only the case N > 0 remains. Let ¢ € [0, T']
be fixed. Making use of (4.5) with § = 0, we find

/B( | v(7) - VP){?,’,t(f(r)) 1 f@) = le(;’j(f(‘[))|p*2(f(r) _ P)ﬁ)’;(f(f)))tpfo’, i
= /B( )v(r) V(PE(f(0) = PN (f(2))) - Fo(f(2) — PEX(f(0) 92, , dx

+ / v(1) - VPN (f(0) Fo(f(r) = PE*(f(1) L, , dx
B(xo,r)
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- /B D VPEI ) PO B0 PEIS ) gk, dx
+ /B( )(v(r) — PN (@) VPY (f(x) Fo(f(x) = PEX(f(0) ¢ , dx
=J1+ />

Using the fact that P55 (Q) = PN ()= Qforall Q € Py, for 0 = PN (f(r))and
forall t € (0,¢), we get

IV (f@) = Poy o (fF @ Lo oy < e L (@) = Poy - (f (@) lLr(Bxory-

Then Holder’s inequality yields

Ji < er M@ e Bom | F () = Py () LrBxorpe ()P

Similarly,

Jo < clv(@) = PN @) Lr 3o IV P (f@) oo Bxorpe(D)? "

Inserting the estimates of J; and J; into the integral III, we obtain
! N
m<cr! / o) Lo B o) I F(T) = Prg 2r (f ) L2 (B(xo,2r)) d T
0
t
+c / lv(z) = PN @)L Bxosn IV P (F ) L0 (Bxo,r) AT
0
To estimate IV, we use Holder’s inequality. This leads to
! N
vV = [ g = P (@) riaonry
0
Inserting the estimates of I, I, II and IV into the right-hand side of (4.3), we find
t
4.8) e(t) <e(0)+cr! / o () Lo B 1/ (@) = PR 50 (SN Lr(Bxg2r) d T
0
t
e [ IV 0O i |10 = Py D aisgamy d
t
+c / lv(z) = PN (0Dl LrBro,n IV P (F )L (Bxo,ry AT
0

t
e / lg(0) = PY (gD |Lr s dT.
0
Noting that

LF@) = Pl s (FONlLrBor/2) < I (1) = Peg s (f(O)xorlp = ce(t),

and using (A.1), recalling that L = 2N — 1, inequality (4.4) follows from (4.8). |
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Remark 4.2. Given v € L'(0, T; C%'(R";R")), and = € L' (0, T; W22 (R"; R™)), let

loc

f € L®0,T;C% (R";R")) with V - f = 0 be a weak solution to the system
8:f+@-V)f =-Vr inQr.

Then, repeating the proof of Lemma 4.1 for the case p = 2 and N = 1 in the vector
valued case, we find
t

49)  e(t) = e(0) + / U Vool f — PLE ()P gure(@) dxdr
0
1 t
w5 [ [ vels - PP e dxde
2 Jo JB(xo.r) ’ ’
t
s [ VREL = PN, e drds
0 JB(xo,r)

w [ Pl TN - PR e dxd
0 JB(xo,r)

=e(0) + I+ 11+ I+ 1V,

where
e(®) = [I(f(¥) = Py (S (@)¢xorll2, 7 €[0,T].
The integrals I, IT and III can be estimated as in the proof of Lemma 4.1. For the estimation
of IV, we proceed as follows.
Assume that the mollifier ¢ € C2°(B(1)) is radial symmetric. Let u € L' (B(xo,1)).
It can be checked easily that the minimal polynomial le(;jk, (u) is given by

1
P15*<u)<x)=—/ ug?,  dy
w000 = Ty Ja o

n
+ g2 Ix()—ylzdy/ng ugz, - (vi — x0,4) dy(xi — x0,:).-
R” ¥xo,r n

For u = (uq,...,uy), with V- u = 0 almost everywhere in B(xg, r), recalling that ¢ is
radially symmetric, by Gauss’ theorem, we get

n

VPl ) =
f]R” ¢)%0,r|x0 - J/|2dy

X0,"

/ u-(y —xo) ¢z, ,dy =0.
B(xo,r)

Using integration by parts together with V - leé,*r (f(r)) = 0, and applying the Sobolev—
Poincaré inequality, we get

[B ) = Pl (TR ) = PO gl o) d

=— /B( )(N(T) — P2 (N[ (@) = Pi5(f(0)) @xorr - Voxore(t) dx

(n+2)/(2n)
ser ([ a@ - Pl (V@) d)
B(xo,r)

<cr? osc (Vr(1); x0,7).
2n/(n+2),1
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This yields
t

IV < cr"/2/ osc  (Vr(t);xo,r)dr.
o 2n/(n+2),1

Inserting the estimates of I, II, III and IV into the right-hand side of (4.9), and arguing as
in the proof of Lemma 4.1, we arrive at

t
r _
2?10<f(t)§xo, §> < cgflc(f(O);xO,r) +er 1/0 V(D)L (B(x0.r) gff(f(f);xO,Zr)df
t
+c / IV - v(t)||Loo(B(xo,r)) gsi:(f(r); Xxo,2r)dt
0 s
t
+e [ gt 0. nIVPY, (0] de
0 >

t
+c/ osc  (Va(r);xo,r)dr.
0 2n/(n+2),1

Proofs of the main theorems
1. Existence and uniqueness in terms of particle trajectories. Assume fy € L;(p N)(R" ),

g € LY(0, T;Lfl(p’N)(R")), and Vv € L1(0, T; L®(R")). Let (x,t) € Qr be fixed. By

X¢(x,-), we denote the unique solution to the ODE
d
(4.10) d—X,(x,r) =v(X¢(x,7),7), T€]0,T], Xi(x,t) = x,
T

which is ensured by Carathéodory’s theorem. We define the flow map &, : R” — R” by
D, (x) = X¢(x,7), xeR" 7, el0,T]
By the uniqueness of this flow, we get the inverse formula
P, 1 (x) = Dy ().

Furthermore, from (4.10), we deduce that
d
4.11) I D r(x) =v(Pse(x), 1), TE[0,T], D s(x) = x.

Let (x,1) € Q7. Weset y = Py o(x), which is equivalent to x = Pg;(y). We define

t

4.12) £t = foly) + /0 (G0 (7). 5) ds.

Recalling that f(¢) is Lipschitz for almost all z € (0, T'), we see that f is differentiable
with respect to time almost everywhere in (0, 7). Recalling the inverse formula, we have
x = ®g(y). Consequently, for y € R” fixed, from (4.12), we get

t

“13) F(@oa().1) = foly) + [0 ¢(@0,5(y).5)ds forall r € (0.T).
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Differentiating (4.13) with respect to ¢, and observing (4.11), we obtain

At f(Pos(¥), 1) + (0(DPos (¥), 1) - V) f(Por(¥), 1) = g(Pos (), 1).

This shows that f solves (1.1) in Q7. In addition, by verifying that @ o(x) = x, we get,
from (4.13),
f(x,0) = fo(x) forall x € R".

This solution is also unique. In fact, assume that there is another solution f_ that
solves (1.1). If we set w = f — f, then w solves (1.1) with homogenous data. In other
words, for every y € R”, the function Y (¢) = w(®Po(y),t) solves the ODE

Y =0, Y(0) =0,

which implies ¥ = 0, and thus w(®Dg;(y),?) = 0. With y = D, o(x), we get w(x,7) =0
forall (x,7) € Or.

2. Growth of the solution as |x| — +o00. Applying V, to both sides of (4.11), and using
the chain rule, we find that

di V&, . (x) = Vu(Dy - (x), T) - Vs 1 (x).
T

Integration with respect to t over (s, t) yields
t
Vo, (x) =1+ / Vo (P, (x),7)- VO (x) d,
s
where I stands for the unit matrix. Thus, for all s,¢ € (0, T),

t
Vs, (x)] < 1 + / IV0(0) oo Vs 2 (1) .
5

By means of Gronwall’s lemma, it follows that for all s,¢ € (0, T),

t
(4.14) V(0] < exp( [ VoDl ).

From definition (4.10), we deduce that
t
V(1) = V fo(@10(x) - Vro(x) + [ V(oo (Pro(x)). 1) d
0
= VfO(CDt,O(x)) . VCD,,O(x)

4 /0 Y g(Bo.x (B1.0(x)), 7) - Voo (B0 (x)) - Vb 0(x) d.

Thus, for V fo € L>®°(R") and g € L' (0, T; L>(R")), in view of (4.14), we get, for all
te(0,7),

T T

@15) 19Ol = (IV Al + [ 1920 ) exp(2 [ 19001 ).
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Using integration by parts, from (4.11), we get, for all s,¢ € (0, T),
t t
D (x) —x = Dy p — Py 5(x) = [ V(D5 (y),7) —v(0,7)dT + / v(0,7)dT.
S S

This leads to the inequality

T t
1@y, ()] < |x|+/0 10 0, r>|dr+[ 1V0(0) oo ®5.0 ()] .

By means of Gronwall’s lemma, we find, for all 5,7 € (0, T),

@416 19000l = (W1 + [ . 0tar)exn( [ 190w dr) = 4 1o

Letx e R®andt € (0,7). For N =0, s € [0, 1), using Lemma 3.11, we get

(4.17) o)l = e +1x) folles, -

(4.18) lg(x, )] <c(l+ |X|S)||g(f)||ﬁf,(p,,v)'

For N =1,s =1land1 < g < oo, we get, by Lemma 3.11,

(4.19) | fo(o)l < el +Tog(1 + XN IxDll folles,, -
4.20) g0r, )] < e(1 + log(1 + [x)Y |xDllg(@lles,, -

with ¢’ = g /(g — 1). In the remaining cases, for V f, € L®°(R"), Vg € L' (0, T; L®(R")),
we find

(4.21) fo(O] < U+ [xD(Ufolles, . + 1V olloo):
(4.22) g D)) < e+ xDUg@lles, )+ IVED) o).

Setting y = @4 0(x), we get, from (4.13),

t
0= 10 + [ le@as(r). o)l ds.
Employing (4.17)—(4.22), together with (4.16), we see that for all (x,¢) € O,

1 min{s,1} if 1,
(4.23) [ <e EERED T #
(1 +1log(1 + x4 |x|) ifs =1,
where ¢ stands for a constant depending on s, ¢, p, N, n, and fy, g and v.
3. Local energy estimation. Let xo € R". Let £ € C2([0, T]; R") be a solution to the ODE
(4.24) () =v(xo +£(1). 7). T€[0.T].
We set
Fx.7) = f(x +£(0). 1), V(x, 1) =v(x +£(1). 1) — £(),
G(X,S) = g(x + S(T)’T)’ ()C,S) € QT'
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It is readily seen that V' solves the transport equation

(4.25) F+ (V- -VYF=G inQr.

In particular, from (4.24), we infer

(4.26) V(xg,t) =0 forallz €0, T].

Set L=2N —1if N >0and L =0if N = 0. According to (4.4) of Lemma 4.1 with

r =2/%1 j € Z, and noting that in view of (4.26), we have 27/ | V(T)|| oo (B(x.2/+1)) <
¢||Vv(t)]|co, we find

4.27) osc(F(t): x0,27)
p,L t
< cosc(fo(- + £(0)): x0,27 1) + c/ V() |loo 05c(F(7); x0,2/ T2) dt
p,L 0 N
t
+5N0c/0 gs}g(V(r);xo,2’“)IIVP)fX,r(F(f))IILOO(B(xo,21'+1))df
t
+cf 0sc(G(1): x0,2/ ™) dt,
o »:N

where o = 0if N = 0 and 1 otherwise.

Proof of (1.4) in Theorem 1.1. Inequality (4.27) gives

(4.28) osc(F(1): x0,27) < ¢ osc(F(0); xo,2/ 1)
p,0 p,0
t
+c / IV (T) oo os(():(F(t); x0,.2' 72 dt
0 P,
t
+c / 0s¢(G(1); x0,2' Th dt.
o PO

Observing (4.23), since s < 1, we get Sy,1(0scp,0( f(7); X0)) < +o00. Thus, applying
S1,1 to both sides of (4.28), we obtain

(4.29) Sl,l(gfg(F(t);xo)) < cS1,1(g§g(F(0);xo))
+e [ IVu@ i (o) dr

t
+ c/ S1.1(0sc(G(1); x0)) d .
0 P50
Applying Gronwall’s lemma, we deduce, from (4.29),

(4.30) 0sc(F(1); xo) < S1,1(0sC(F(1); Xo))
p,0 p,0

t t
< e{S11 (0se(F (0):x0) + /0 $1.1(05¢(G(x): x0)) d 7 exp(e /0 IVo(0)lloo d7).
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Lett € [0, T]. Clearly, the constant in (4.30) is independent of the choice of the character-
istic for £. Therefore, we may choose & such that £(t) = 0, which implies F(¢) = f(¢).
Hence, we may replace F(¢) by f(¢) on the left-hand side of (4.30). Afterwards, with the
help of Lemma 2.1, we are in a position to operate Sy 4 to both sides of (4.30), verifying

F(0) = fo(-—£(0)), that yields

(Ss,q(g?g(f(l); xo)))j = C{(Ss,q((l)fg(fo(‘ —£(0); xo))))j

+ /Ot(ss,q(g%(G(f);xo)))j dr}exp(c /Ot”vv(z)uoodr).

Multiplying both sides by 2775, we get

> . . 1/q
431 (> %0:2))7)
@31 Z( 0se(f(1); %0;2"))

- t t

= c{lfilegy + [ 160z, dehexp(c [ 19000 7).
Passing j — —oo and taking the supremum over xo € R” in (4.31), we get (1.4). ]

Proof of (1.7) in Theorem 1.2. Recalling that V(xo, 7) = 0 forall = € [0, 7], we see that
27V (D)l oo (Bxg.2i+1)) < €lIVV(T)[loo and 277 0s¢p,0(V(1): X0, 27 t) < ¢[[VV(7) [l0o-
Thus, (4.13) leads to

(4.32) osc(F(t) x0.27)

< cosc(F(O) x0,2/ 1) —i—c/ ||Vv(r)||ooosc(F(t) x0,2' ) dt
t
e [ oseV (@i 2 VB (@) d
0
t
+c/ 0s¢(G(1); x0,2' TH d .
0o »l

For j > 0, using the triangle inequality, we get

VP! i (F(D)| < c22 0se(F (¢); x0.2") + [VPL [(F(7))]
i=0

<c2” ](SS,I((I))Sf(F(T);XO))) +VP  (F(D)].

For j < 0, using the triangle inequality along with Holder’s inequality, we find

VB, (F(0))] <c22 ose(F (7); x0.2") + |VPL [(F(0))
i=0

< (Y s P30, 20)7) 4 1V AL (PO

i=j
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Summing up the above estimates, we arrive at
(433)  osc(V(v): X0, 27 THIVP] L (F(1)]

<27/ osc(V(r) x0,2’+1)(53 l(osc(F(t) xo))) c(jHVe osc(V(t) x0,27 1)
p1 1

X{(; 2_iq(C;flC(F(r);xo,2"))q)1/ +|VP 01(F(f))|}

where j ~ = —min{j,0}. Applying the operator S5 ; to the both sides of the above inequal-
ity, and making use of Lemma 2.1, with p = ¢ = 1, « = 3 and = 2, we obtain

S2.1({ose(V(@):x0. 2 Y VEL sy (F@)I))

< C|U(T)|L;(p,1)52,1((I)JSE(F(T); x0)) + ¢S ()Y (1>7SIC(V(T);XO, 2)})
0
<{( X 2_iq(gsf(F(T);X0»2i))q) L VBl ((F@l)

Observing (4.23), all sums in the above estimates are finite. Again appealing to (4.16), we
are in a position to apply S>,; to both sides of (4.32) to get

S (gff(F(t); X0))

t
< eSa1(gse(FOix0) + ¢ [ (V00 + [0y, )52 (056(F(0): x0)

t 0
e [} Saaltin gt (3 27 (g0 2))

0
F VP Ol(F(r))|}dr+c/ S2.1(05e(G(1): x0)) d

Applying Gronwall’s lemma, we are led to

(4.34) 0sc(F(1); x0) < Sa,1(0sc(F(1); x0))
b1 p,1
S{CSzl(C;SIC(fo( w80 0) +e [ 520016777 oseV (2. 20)

( Z i osc(F(r) x0,2’ ) +c|VP 01(F(r))|]

i=—00 .
re [ SaaloseGor ) deh oo [ Vs@ln + b0y, ) dx

Observing (1.5), using Lemma 2.1, we may apply Si,4 to both sides of (4.34). Accord-
ingly,

sup S; q(osc(F(t) x0)) < +oo.
t€l0,T]
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For given ¢ € [0, T], we may choose & such £(¢) = 0. Thus, the same holds for f(¢) in
place of F(¢). Now, we are able to apply S 4 to both sides of (4.33), which yields

Sl,q({OSC(V(f) X0, 2FHIVP] L (F()I})

< clv(t)lL;(p,l)Sl,q(gslc(F(t);xO))cSl,q({(i’)”"' osc(V(7): xo. 2})
X {( Z 2_"‘1(?’s§.‘(F(t);)co,2’-))q)1 +|VP] Yo, 1(F(r))|}

Applying S1,4 to both sides of (4.32) multiplying the result by 27/ and letting j — —oo0,
we infer

“35) ( Z 279 (ose(F(1): x0.2)) )l/q

i=—00

/
<C|f0|L1 - —i—c/ ||Vv(r)||oo< Z 27 osc(F(t) x0,2’)) )1 Tt

i=—00

/[( Z(z R ose(V(r)ix0.2)) ) ( 22 4 ose(F(7): x0.2) )

+|VPL [(F(o) dr—i—c/o 8@l dr

Next, we require to estimate |V 1(F (1))| by the initial data fo and g. We apply
P1 1t both sides (4.25). This gives

(4.36) (Pl (F) + Po(V-VF) = P (G) inQr.

Noting that P 1(leo (V). VP 1(F)) = XIO,I(V) . VPXIO’I(F), and applying V to
both sides of (4 %6) we infer

d
4.37) = VP1 1(F)+(V (V) Vpxlol(F)
—VvbL (PL (V)-VPL (F)=V-VF)+VPL (G) in[0,T].
On the other hand,
VAL (Pl V) VL (F) =V -V F)

=VP! ((PL1(V)=V)-VP}! [(F))+ VP (V- V(P |(F)—F))
= VP [(PL (V)=V) VPl [(F))=VPL (V-V(P} ((F)—F)).

Inserting this identity into the right-hand side of (4.37), and then multiplying the result by
VP1 ((F)/|IVP, 1(F )|, we get the following differential inequality:

IV ot (F)] = ¢ V0]|oo| VP OI(F)|+C||VU||OOOSC(Fx071)+|v 0.1 (G)].
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Integrating this inequality over (0, ¢) and applying integration by parts, we obtain
4.38) [VPy (F(0))

< VAL (FO)| +¢ / 1Yo el VAL, (F(x))] d
/||Vv(r)||ooosc(F(r) Xo; 1)dr+/ |V 1(G(‘C))|d‘[

t
< Iillzy,, +e [ 1Yol etF@. D+ [ gl do
where |z| 2o stands for the semi norm
q(p,

= Izl + swp VAL, ()]

2] z1
Lq xoG R

(p,1)
Combining (4.35) and (4.38), we arrive at

o 14
( 3 2“4(?]?10(1’(!);)6072’))4)1 + VP (F(0))]

i=—00

/
<clfolzs, +c/ 190 (@) o ( Z 27 (ose(F (1); x0.2)) )" ar

i=—00

/ ( Z(z Y =1~ osc(V(r) x0,2’))q) {( 22 iq OSC(F(‘E) x0,2’)) >/q

+IVEL [(F() dr+c/ 5@z, |

Applying Gronwall’s lemma and for given ¢ € [0, T'], choosing & such that £(¢) = 0,
and taking the supremum over x¢ € R”, we obtain the desired estimate (1.7). ]

Proof of (1.8) in Theorem 1.3. We first define

x(xo,1) = sup2~7 osc(F(1);x0,27), (xo,1) € R" x [0, T].
jEZ P50

Clearly, thanks to (4.23), y(xo,?) is finite. Noting that ||VPN 2+ (F ()l Loo(B(xp,2i+1y) <
cy(xo, T), from (4.27) with L = 2N — 1, we get

(4.39) osc (F(1);x0,27) < c osc(F(0); xo,27 1)
DP,2N—1 PN
t
+c/ ||Vv(r)||ooosc(F(f);xo’szrz)dT
0 p,N
t
+c2_j[ OSC(V(‘L’) XO,ZH—I)){(XO 0 dt
o »N

t
+c/ 0sc(G(7); x0,2' T dr.
o PN
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First let us estimate the term oscp,o(F(); xo. 2/F1) In view of (4.28), with j + 1 in place
of j, and recalling that V fo € L®(R"), g € L'(0, T; L>®(R")), we see that

(4.40) osg(F(t);xo,ZjH)
2

t t
= VIV folls + ¢ [ IVOOllow 03P 0.2 ) d 4 ¢ [ 2 IVe (@)
0 ’ 0

Multiplying both sides of (4.40) by 27/ and taking the supremum over all j € Z, using
the triangle inequality, we obtain

t t
(441 x(xo.1) = |V folleo +C/ ||VU(T)||00X(x0aT)dT+C/ VgDl dt.
0 0

Thanks to (4.23), we have Sy1,1(0scp, v F(t); x9) < 400 for all ¢ € [0, T]. Applying
SN+1,1 to both sides of (4.39), and using Corollary 3.10 with N’ = 2N — 1, we get

(4.42) S,SA(/;(F(I);XO) < SN+1,1(p’§)1§/C_1(F(f);xo))
t
< eSn41,1(0sc(F(0): x)) + C/ V() llooSn+1,1(08c(F(T); x0)) d T
PN 0 PN

t t
e [ Swana(osV@i) z. e+ [ Swin(ose(G o) de
0 p,N 0 N

Next, once more using (4.23), we see that Sy 4 (0scp, v (F(1); x0)) < 400, forall ¢ € [0, T].
Thus, we apply S 4 to both sides of (4.42) and use Lemma 2.1. This combined with (4.41)
gives

(4.43) 2_js(5s,q(S,S]$(F(l)§xo)))j + x(xo0.1) < C|f0|z;(p,N) + x(x0,0)

q(p,1)

e [ ey, + 19027 (Soq(g56(F @ 30), + 2630 0]

t
+e [ 10l ,, + V2@l v
By virtue of Gronwall’s lemma, we deduce, from (4.43),

277 (S g (0se(F(1): x0))); + X(x0.1)
p,N
T
< c{lfola;(pw) + IV folloo +/O Ig@les, ) + ||Vg(f)||oo)df}

T
cexp( [ (v0ley,, + V0o ).
Whence, (1.8). [ ]

Proof of (1.9) in Corollary 1.4. In view of Theorem 3.6, we have V fy € L*°(R"), Vg €
L'(0, T; L°(R™)). More precisely, (3.21) yields

IV folloo < cll foll o1

1))’

T
| 1950 ledr < cligluioriay,
0 p.1)
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In particular, this shows that condition (1.6) of Theorem 1.2 is fulfilled. Furthermore,
since v € L1(0, T; Ll(p 1 (R™)), condition (1.5) of Theorem 1.2 is also satisfied. Now,
we are in a position to apply Theorem 1.2, which yields f € L*°(0,T; Ll 1) (R™)). This
allows to apply S1,1 to both sides of (4.27). This, together with Gronwall lemma and the
inequality |VP1 2 (FO)] =27 TNV f(0) ]l 0o, yields

(4.44) (51,1(255(17([);)60)))1'
< C{(Sl,l((l))?f(F(O);x())))j -|—/(; (S1,1((1)7?IC(G(T);XO)))]' dt
+/0 (31,1((;?10(1/(7);)“0)))1'”vf(f)”‘x’dr} exp(c/o IV (T)]loo dr).

Choosing £ so that £(t) = 0, multiplying both sides by 27/, letting j — —o0, and taking
the supremum over xo € R”, we deduce, from (4.44),

a9 1y, < eflhley,, + [ Iy, d

+ [0l 19Ol e exp(c [ 1vo@ )

Combining (4.45) and (4.15), along with (4.23) in order to estimate || f(¢)||»(B(1)), We
get the desired estimate (1.9). [

Below we prove the uniqueness parts of Theorems 1.1-1.3 and Corollary 1.4. In fact,
we prove the stronger version of it, namely, the strong-weak uniqueness.

Proof of strong-weak uniqueness. Let fe L2 (R™) be a weak solution to (1.1). Then

w = f — f solves the transport equation with homogenous data:

dw+ (@ -VYw=0 inQr, w=0 onR" x {0},
in a weak sense, i.e., forall 7 € (0, T) and all p € L°(0,1; W12(R™)) N W 1-1(0,2; L2(R™))
with supp(¢) € R” x [0, ],

t
(4.46) —/ / wa;p + (v-V)ow + V-vpwdxds = —/ w(t)p(t)dx.
0 JR~ R~

Let ¢ € C°(R™) be a given function. Using the method of characteristics, for every & > 0,
we get a solution ¢ € L*®(0,t; WL2(R™)) N WL1(0, t; L?(R")) of the following dual
problem:

(4.47) 09 +v-VopP +V-v,90°=0 inQy, () =v inR",

Noting that || Vv (1) |lco < [|VV(7) |00, and using Gronwall’s lemma, we see that ||@||; +
l¢fllo < ¢, with a constant ¢ > 0 independent of ¢ > 0. Since v(0, ), |[Vv(+)|lco €
L'(0,T), using (4.16), we get anumber 0 < R < 400 such that supp(¢®) C B(R) x [0,1].
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In (4.46), putting ¢ = ¢, and using (4.47), we infer

t
(4.48) / w)y dx = / / wdr@e + (V- V)gew + V- ve®wdxds
R~ 0 JR~

t
:/ / V-(v—ve)pfwdxds.
0o JB®R)

Noting that V - (v(s) — vg(s)) — 0in L2(B(R)) as & N\, 0 for almost all s € (0, ¢), with
the aid of Vitali’s convergence theorem [10], p. 180, it follows that

t
/[ V.-(w—ve)p®wdxds -0 ase\ 0.
0o JB®R)

Letting £ N\ 0 in (4.48), we deduce that [p, w(f)¥dx = 0. Whence, w = 0. This
shows the uniqueness. ]

A. Minimal polynomials

Let]l < p < +00.Letxg € R and 0 < r < 400 be fixed. Set ¢ = (r~!(xo —-)), where
¢ € CX(B(1)), being radial symmetric, stands for the standard mollifier. For § > 0, we
define the functional Js: L? (B(x¢,r)) — R by

Js(f)=/B( (GG dx f < LB,

Recall that Pn, N € Ny, denotes the space of all polynomial of degree less that or
equal to N. Since J; is strict convex and lower semi continuous with Js( f) — 400 as

| fllLr(B(xo,ry) = +00, foreach f € LP(B(xp,r)), there exists a unique P,fgj‘i (f)ePwn
with

(A.1) Js(PN3(f)— f) = min Js (P — f).

€PN

Clearly, the mapping Js_r: P +— Js(P — f') is differentiable as a function from £y into R.
Since the first variation must vanish at each minimizer, we get

(DJs s (PN3(f),P)) =0 forall P € Py.

X0,F

This shows that

(A2) / F3(P)£Z’f(f)—f)-P¢1’dx=0 forall P € Py,
B(xo,r) ’

where

Fs(u) = (8 + [u]>)®2/2y, ueR™

It is well known that Fs is monotone and continuously differentiable for each § > 0.
Furthermore, there exists a constant ¢ > 0 independent of § such that for all u, v € R™,

(A.3) (Fs(u) — Fs())(u —v) = c(p — 1)(8 + |u| + [u—v])?"2|u —v|?,
(A4) |Fs(u) — Fs(v)] < cp(8 + |u| + [u — o)) P22y —y].



D. Chae and J. Wolf 1766

We now define the mapping Gg: L? (B(xg,7)) x Py — (Pn) by
(Gs(f. P). Q) = /B( )Fs(f(x)— P)-Q¢*(x)dx, f € LP(B(xo,r), p.Q € Pn.

Clearly, (A.2) is equivalent to
(A3) Gs(f. Pyt (f)) = 0.

We obtain the following properties of Gg.

Lemma A.1. (1) For every f € L?(B(xo,r)), the mapping Gs(f,-): PN — (Pn)’ is
strictly monotone and bijective, and for § > 0, strongly monotone and a C' diffeo-
morphism.

(2) Foré >0, the mapping f +— Pg:é (f):LP(B(xg,r)) — Py is Fréchet differentiable,
and its derivative, for f € LP(B(xq,1)), is given by
(A6)  DPEL(f) = —[DaGs(f. Py (I o DiGs(f. Piyy(f)),

where D1Gg(f, P) € L(L?(B(xg,r)), (Pn)’) stands for the derivative with respect
to the first variable, while D2 Gg(f, P) € L(Pn ., (Pn)’) stands for the derivative with
respect to the second variable. Furthermore, for every f € LP(B(xo,r)),

AT IPE N s pienrsy <2 [ 6+ 1277 dx.
B(xo,r)
(3) Forall f € LP(B(xg,1)),
(A8) PYI(S) = PLT(f) in Py as8 N0,

where Pay7(f) = Payp (/).
Proof. (1) Observing (A.3), for all f € L?(B(xo,r)) and P, Q € Py, we get
((Gs(f. P) = Gs(f. Q). (P = Q))

>c(p—1 )(5+IP—f|+IP—QI)”_ZIP—QI2¢20’X-
B(xo,r

This immediately shows that Gg( f, -) is strictly monotone, and for § > 0, strongly mono-
tone. Here we have used the fact that || P ||12(p(x,,r)) defines an equivalent norm on Py .
Furthermore, if § > 0, we see that Gs(f,-): Py — (Pn)’ is continuously differentiable

and coercive, i.€.,
(Gs(f. P). P)
P
Applying the theory of monotone operators, we see that Gg( f,-) is bijective and a C!
diffeomorphism.
(2)Let§ > Oand f € L?(B(xo.r)). Let PN3(f) € £y denote the minimizer of the

functional J5(- — f) in . In view of (A.5), we have G ( f, P;X’,f (f)) =0. Since DGy
is an isomorphism from Py into (£y)’, by the implicit function theorem we infer that the
mapping P;{X”f: LP?(B(xg,r)) — P is Fréchet differentiable, and we have (A.6).

— 0 as||P| — 4o0.
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Proof of (A.7). Since Js is convex and recalling the minimizing property of ng‘ﬁ f),
we get

pNs 1
J(S(#) < SUs(PYI) = )+ Ts(f) < Js(f).
This shows that

2 / PN (F) P dx < T5(f).
B(xg,r)

Whence, (A.7).
(3) Now, let §x \( 0 as k — +o00. By (A.7) we see that {Pﬁg’fi" (f)} is bounded. Thus,

there exists a subsequence, and Pvx(f) € Py such that P;X’,‘Ekj (f) — PY*in Py as
Jj — +oo. Since

Fy (f(x) = PN () — Fo(f(x) — PN*(f)) asj — +o0,

for all x € B(xg, r), by Lebesgue’s theorem of dominated convergence, it follows that
0= Gs,. (PNS (£)) — Go(f, P;Zf) Since Go(f,-) is strictly monotone, the zero is
J

X0,F

unique, and thus Pg’; (f) = pho (f)- Thus, the convergence property (A.8) is verified.

0,7

Furthermore, in (A.7) letting § \ 0, we see that
1PN (e Berors2) < 20 fDlLrBxor)-
This completes the proof of the lemma. ]
Remark A.2. The mapping ngf: L?(B(xg,r)) — Pn fulfills the projection property
(A.9) PNS(Q)=Q forall Q € Py.
In fact, this follows immediately from (A.1) by setting f = Q therein.
B. Example of a functionin £ | (R") \ C'(R")

The following example shows that L}( » 1)(]R”) is not in C ! (R"). For simplicity, we only
consider the case n = 1, since the general case n € N can be reduced to n = 1. We define

pe
f(x)= / u(y)dy, xeR,
0
where
1-2?"x =27 ifxel, meN,m>2,
u(x) = .
0 otherwise,
and I, = [27" — 272" 27" 4 272" ;€ N,

Proof of f €L }(p 1y(R). Thanks to (3.38), it will be sufficient to show that u GL(I’(p o(R).

In what follows, we estimate oscp,o(#; x,7) for x € [0,1] and 0 < r < 4o00.
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We start with the case x = 0. Clearly, there exists a unique m € Z such that 27"~ <
r < 27" With this m, we get

1/p 1/p
. p
g§g(u,0,r)§2 / )P dy) " =2 Zr/ Z 11, d)

j=max{2,m}
> \1/p
< cr_l/p( Z 2_21) < cmin{Z_m/I’,Zm/I’}.
Jj=max{2,m}
This yields
+o0 1
B.1 10,27) = J
(B.1) Z (I),?(():(u,O,Z) Z 0sc(u02)+Zosc(u02)
Jj=—00 Jj=—00 j=2
1 00
<c Z 2J/p +622_1/” <c¢ < +4oo.
j=—00 j=2

Let x € (0, 1]. Then there exists m € N such that 27 < x <271 Let0 < r < +o0.
We consider the following three cases.

(1) For 271 < r < 400, by the triangle inequality, we get

osc(u; x,r) < cosc(u;0,8r).
p.,0 p,0

(2) For 272™ < r <27~ again by the triangle inequality, we find
1 [xtr 1/p 1 ! 1/p
c;)sg(u:x,r) =< 2(5/ Iulpdy) =< 2(5/0 (X Lnsr + X1 +)(1m71)dy)
> x—r
< cr~VppT2mip,
(3) For0 < r <272m, using Poincaré’s inequality, we obtain

1
osc(u;x,r) < cr(—/
p.0 2r

X—r

x+r 1/p
' ()I” dy)

1 1/p
< Crl_l/p(/ 2Dy 22, 22(m_1)X1m,1)de>
0

/ /
< crl/p'p2mlp"

where p’ = p/(p —1).
Using the estimates above together with (B.1), we obtain

[ee] —m —2m

Zosc(u x,20) = Z osc(u x,27) + Z osc(u x,27) + Z osc(u; x,27)
JGZ j=—m+1 o j=—2m+1 Jj=—0o0 P0
[es} -m —2m
< -0.2/ 13 n—2m/p 2=i/p 4 92m/p’ 2ilP <
<c Yy ose(u: 0.2/ %) + ¢ > + > <e,

Jj=—m+1 j=—2m+1 Jj=—00
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where the ¢ stands for an absolute constant. Accordingly,

(B.2) sup Z osc(u x,27) < +o0.

x€[o, I]JGZ

For x < 0, there exists m € Z such that —2™ 1 < x < —2™_Using the triangle inequal-
ity, together with (B.1), we easily see that

o0
Zosc(u x,27) < Z osc(u x,27) <CZ osc(u 0,2/) <ec.
JEZ j=m ]GZ

Similarly, with the aid of (B.2), we get

Zosc(u x,27) <CZ osc(u 1,2y <e¢

JEZ jEZ
for all x > 1. This shows that u € L‘l)( 0)(R"), and thus /" € L}(p (R")but [ ¢ Cl(R)
since u is not continuous in 0. n

Funding. Chae was partially supported by NRF grants 2021R1A2C1003234, while Wolf
has been supported by NRF grants 2017R1IE1A1A01074536.

References

[1] Bahouri, H. and Chemin, J.-Y.: Equations de transport relatives 4 des champs de vecteurs non-
lipschitziens et mécanique des fluides. Arch. Rational Mech. Anal. 127 (1994), no. 2, 159-181.

[2] Bahouri, H., Chemin, J.-Y. and Danchin, R.: Fourier analysis and nonlinear partial differential
equations. Grundlehren der mathematischen Wissenschaften 343, Springer, Heidelberg, 2011.

[3] Bourdaud, G.: L? estimates for certain nonregular pseudodifferential operators. Comm. Par-
tial Differential Equations 7 (1982), no. 9, 1023-1033.

[4] Bourgain, J. and Li, D.: Strong ill-posedness of the incompressible Euler equation in borderline
Sobolev spaces. Invent. Math. 201 (2015), no. 1, 97-157.

[5] Bourgain, J. and Li, D.: Strong illposedness of the incompressible Euler equation in integer
C™ spaces. Geom. Funct. Anal. 25 (2015), no. 1, 1-86.

[6] Campanato, S.: Proprieta di una famiglia di spazi funzionali. Ann. Sc. Norm. Sup. Pisa CI.
Sci. (5) 18 (1964), 137-160.

[7] Chae, D. and Wolf, J.: The Euler equations in a critical case of the generalized Campanato
space. Ann. Inst. H. Poincaré Anal. Non Linéaire 38 (2021), no. 2, 201-241.

[8] Chemin, J.-Y.: Perfect incompressible fluids. Oxford Lecture Series in Mathematics and its
Applications 14, Clarendon Press, Oxford, 1998.

[9] DiPerna, R.J. and Lions, P.-L.: Ordinary differential equations, transport theory and Sobolev
spaces. Invent. Math. 98 (1989), no. 3, 511-547.

[10] Folland, G.B.: Real analysis. Second edition. Pure and Applied Mathematics, John Wiley &
Sons, New York, 1999.


https://doi.org/10.1007/BF00377659
https://doi.org/10.1007/BF00377659
https://doi.org/10.1007/978-3-642-16830-7
https://doi.org/10.1007/978-3-642-16830-7
https://doi.org/10.1080/03605308208820244
https://doi.org/10.1007/s00222-014-0548-6
https://doi.org/10.1007/s00222-014-0548-6
https://doi.org/10.1007/s00039-015-0311-1
https://doi.org/10.1007/s00039-015-0311-1
https://doi.org/10.1016/j.anihpc.2020.06.006
https://doi.org/10.1016/j.anihpc.2020.06.006
https://doi.org/10.1007/BF01393835
https://doi.org/10.1007/BF01393835

D. Chae and J. Wolf 1770

(11]

[12]

[13]

[14]

[15]

(16]

(17]

(18]

Giaquinta, M.: Multiple integrals in the calculus of variations and nonlinear elliptic systems.
Annals of Mathematics Studies 105, Princeton University Press, Princeton, NJ, 1983.

Lemarié-Rieusset, P. G.: Euler equations and real harmonic analysis. Arch. Ration. Mech.
Anal. 204 (2012), no. 2, 355-386.

Lions, P.-L.: Mathematical topics in fluid mechanics. Vol. 2. Oxford Lecture Series in Math-
ematics and its Applications 10, Clarendon Press, Oxford, 1998.

Pak, H.C. and Park, Y.J.: Existence of solution for the Euler equations in a critical Besov
space Béo.l (R™). Comm. Partial Differential Equations 29 (2004), no. 7-8, 1149-1166.

Taylor, M. E.: Tools for PDE: Pseudodifferential operators, paradifferential operators, and
layer potentials. Math. Surveys Monogr. 81, American Mathematical Society, Providence, RI,
2000.

Triebel, H.: Theory of function spaces. 1I. Monographs in Mathematics 84, Birkhduser, Basel,
1992.

Vishik, M.: Hydrodynamics in Besov spaces. Arch. Ration. Mech. Anal. 145 (1998), no. 3,
197-214.

Vishik, M.: Incompressible flows of an ideal fluid with vorticity in borderline spaces of Besov
type. Ann. Sci. Ecole Norm. Sup. (4) 32 (1999), no. 6, 769-812.

Received December 12, 2021; revised August 10, 2022. Published online January 17, 2023.

Dongho Chae
Chung-Ang University, Dongjak-gu Heukseok-ro 84, Seoul 06974, Republic of Korea;
dchae @cau.ac.kr

Joerg Wolf
Chung-Ang University, Dongjak-gu Heukseok-ro 84, Seoul 06974, Republic of Korea;
jwolf2603 @cau.ac.kr


https://doi.org/10.1515/9781400881628
https://doi.org/10.1007/s00205-012-0504-9
https://doi.org/10.1081/PDE-200033764
https://doi.org/10.1081/PDE-200033764
https://doi.org/10.1007/978-3-0346-0419-2
https://doi.org/10.1007/s002050050128
https://doi.org/10.1016/S0012-9593(00)87718-6
https://doi.org/10.1016/S0012-9593(00)87718-6
mailto:dchae@cau.ac.kr
mailto:jwolf2603@cau.ac.kr

	1. Introduction
	2. Preliminary lemmas
	3. Properties of the spaces L^s_{q(p, N)}(R^n)
	4. Proof of the main theorems
	A. Minimal polynomials
	B. Example of a function in L^1_{1 (p, 1)} (R^n) \C^1(R^n)
	References

