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Asymptotic N -soliton-like solutions of the fractional
Korteweg—de Vries equation

Arnaud Eychenne

Abstract. We construct N -soliton solutions for the fractional Korteweg—de Vries
(fKdV) equation

dru — 3x(|D|%u —u?) =0,
in the whole sub-critical range « € (1/2,2). More precisely, if Q. denotes the ground
state solution associated to fKdV evolving with velocity c, then, given0 <cj <:-- <
¢, we prove the existence of a solution U of fKdV satistying

Jim [, — S 00— p, )] 0 =0
j=1

where p/j (t) ~ c¢j ast — +o00. The proof adapts the construction of Martel in the
generalized KdV setting [Amer. J. Math. 127 (2005), pp. 1103-1140] to the fractional
case. The main new difficulties are the polynomial decay of the ground state Q. and
the use of local techniques (monotonicity properties for a portion of the mass and the
energy) for a non-local equation. To bypass these difficulties, we use symmetric and
non-symmetric weighted commutator estimates. The symmetric ones were proved
by Kenig, Martel and Robbiano [Annales de I'IHP Analyse Non Linéaire 28 (2011),
pp- 853-887], while the non-symmetric ones seem to be new.
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1. Introduction

1.1. The fractional Korteweg—de Vries equation

We consider the fractional Korteweg—de Vries equation (fKdV), also called the dispersion
generalized Benjamin—Ono equation,

(1.1) 0;u — |D|%0xu 4+ 0,(u?) =0, (t,x) e R xR,

where a € R, | D|% is the Riesz potential of order —a, which is defined by ¥ (| D|*u)(§) =
|E1*F (u)(€), and ¥ is the Fourier transform.

In the cases a = 2, respectively o = 1, this equation corresponds to the well-known
Korteweg—de Vries (KdV), respectively Benjamin—Ono (BO) equations, which are com-
pletely integrable (see [20,41]). In the case = 0, one recovers the inviscid Burgers’
equation after a suitable change of variable, while the case « = —1 corresponds to the
Burgers—Hilbert equation. Finally, the cases « = 1/2 and @ = —1/2 are somehow remin-
iscent of the linear dispersion of the finite depth water waves equation with and without
surface tension. In other words, for large frequencies, equation (1.1) corresponds in those
cases to the Whitham equations with and without surface tension (see [39] for more
details).

From a mathematical point of view, these equations are also useful to understand the
“fight” between nonlinearity and dispersion. Instead of fixing the dispersion (e.g., that of
the KdV equation) and increasing the nonlinearity (e.g., u? du for the generalized KdV
equation), one chooses to fix the nonlinearity ud,u and lower the dispersion, allowing then
fractional dispersion of the form |D|%, & < 2. As pointed out by Linares, Pilod and Saut
in [43], this viewpoint is probably more physical, since in many problems arising from
physics or continuum mechanics, the nonlinearity is quadratic with terms like (- V)u
and the dispersion is in some sense weak. Here will focus on positive values of o’s. Note,
however, that the dynamics for negative «’s is quite different with the formation of shocks
(see [30,63,65]).

Although equation (1.1) is not completely integrable outside of the cases ¢ = 1 and 2,
it enjoys a Hamiltonian structure. In particular, the mass

Mu)(t) := /uz(t,x)dx

and the energy

E)(t) := %/(|D|O‘/2u(t,x))2dx —%/uz’(t,x) dx

are formally preserved by the flow of (1.1).
Moreover, we have the scaling-translation invariance of (1.1). If u is a solution of (1.1),
then
ue(t,x) = cu(c+ro@ Ve (x —x4)) forallxg €R, ¢ >0,

is also a solution. A straightforward computation shows that [[uc|| g = ¢* 2712 ||u]| 4.
In particular, equation (1.1) is mass-critical for « = 1/2 and energy-critical for o = 1/3.
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In this paper, we focus on the mass-subcritical case « € (1/2,2). We assume that
the initial value problem associated to (1.1) is globally well-posed in the energy space
H%?(R) in the whole subcritical range 1/2 < a < 2, in the sense that for all ug €
HY2(R) and T > 0, there exists a solution u € C([0, T] : H*%(R)) of (1.1) satisfy-
ing u(0,-) = ug, which is unique in some class X7 € C([0, T] : H*/%(R)), and that the
flow : ug € H*2(R) — u € C([0, T] : H*/?(R)) is continuous. Such a result has been
proved by Herr, Ionescu, Kenig and Koch in [27] in the range 1 < o < 2, extending a
previous result of Ionescu and Kenig for the BO equation [31]. For weaker dispersion, the
global well-posedness in the energy space has been conjectured through numerical simu-
lations by Klein and Saut [40] in the whole range 1/2 < « < 1. Progress has been made
in this direction recently: Molinet, Pilod and Vento proved in [58] global well-posedness
in H*/ 2(R) for 6/7 < a < 1 (see also Linares, Pilod, Saut [43] for former results). Note
however, that the problem is still open in the case 1/2 <« < 6/7.

Finally, we mention some other interesting results concerning the fractional KdV
equation with positive dispersion «. In [17], Ehrnstrém and Wang proved long time exist-
ence for small initial data. Fonseca, Linares and Ponce in [21] proved some persistence
results in weighted Sobolev spaces. Kenig, Ponce and Vega in [38], Kenig, Ponce, Pilod
and Vega in [37] and Riano in [64] proved some unique continuation results, while Men-
dez in [53,54] proved propagation of regularity results. We also refer to Linares, Pilod and
Saut [43] and Klein and Saut [40] for other results, conjectures and numerical simulations
regarding the fractional KdV equation.

1.2. Solitary wave solutions

A fundamental property of this equation is the existence of solitary wave solutions of the
form
u(t,x) = Qc(x —ct), with Q.(x) = 0Oas |x| = +o0,

for ¢ > 0, where Q.(x) = cQ(c'/*x) and Q is solution of the non-local ODE

(1.2) IDI“0+ Q- 0*=0.
In other words, Q. satisfies
(1.3) ID|*Qc +¢Qc — 02 =0.

For some particular values of « the solution of (1.2) is explicit and unique (up to trans-
lations). For a = 2, Qkav(x) = 2 cosh (%), while fora = 1, Qpo(x) = 4(1 + x?)71.
The uniqueness result for BO is non-trivial and was proved by Benjamin [7], and Amick
and Toland [3] by combining complex analysis techniques with properties of the harmonic
extension of the Hilbert transform.

For the other values of «, there does not exist, as far as we know, any explicit formu-
lation of Q. However, the existence of solutions of (1.2) minimising the functional

(f| |D|oc/2u|2)1/(2(x)(f|u|2)(a—1)/(20t+1)
Jlul?

is well known since the work of Weinstein [70], and Albert, Bona and Saut [1]. Such
solutions are called ground states solutions of (1.2). They decay polynomially at infinity

(1.4) Jeu) =
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(see [36]), this property being related to the singularity at the origin of the symbol |&|%.
Moreover, their uniqueness is delicate and was proved by Frank and Lenzmann in [22],
relying on the non-degeneracy of the kernel of the linearized operator associated to Q.
Below, we summarize the properties of the ground states of (1.2).

Theorem 1.1 ([1,22,36,70]). Leta € (1/3,2). There exists Q € H*?(R) N C*®(R) such
that the following hold.:

» Existence. The function Q solves (1.2) and Q = Q(|x|) > 0 is even, positive and
strictly decreasing in |x|. Moreover, the function Q is a minimizer of J in the sense
that

J¥(Q)= inf J%u).
ue H*/2(R)

* Decay. The function Q satisfies the decay estimate

! <
C(l + |x|)k+1+°‘ -

C
(k) —
01 = e k=012,

(1.5)

for some C > 0.

¢ Uniqueness. The even ground state solution Q = Q(|x|) > 0 of (1.2) is unique. Fur-
thermore, every optimizer v € H o/ 2(R) for the Gagliardo—Nirenberg problem (1.4) is
of the formv = BO(y(- + y)), forsome p € C, 3 # 0,y >0and y € R.

* Linearized operator. Let £ be the unbounded operator defined on L*(R) by
fu = |D|*u +u—20u.

Then the continuous spectrum of £ is [1, +00), £ has one negative eigenvalue [Lo,
associated to an even eigenfunction Wy > 0, and ker £ = span{Q’}.

Remark 1.2. The uniqueness problem for the solutions of (1.2) which are not ground
states is still an open question when o # 1.

These solitary waves are orbitally stable under the flow of (1.1) (see Linares, Pilod
and Saut [44], and [4, 5] for other proofs) in the mass sub-critical range o € (1/2,2).
They were proven to be linearly unstable in the mass super-critical range o € (1/3,1/2)
(see [4]).

The case 0 < o < 1/3 is energy super-critical. It has been proved in Theorem 4.1
of [43] that fKdV does not posses solitary waves moving to the right and belonging to the
energy space H*/?(R).

Sometimes, we also call these solutions solitons even though they are not known to
have elastic interactions outside of the integrable case o = 1.

1.3. N-soliton solutions

An important conjecture for nonlinear dispersive equations is to prove the soliton resol-
ution property, which states that arbitrary initial data eventually resolve over time into a
finite or infinite sum of solitary waves and an oscillatory remainder of essentially linear
type. It has been proved in the KdV case for sufficiently smooth and decaying initial data
by using the complete integrable structure (see [16]). Note, however, that despite some
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recent progress (see [60,71]), it is still an open problem for the Benjamin—Ono equation
on the line.

For KdV-type equations, we are still far from a complete understanding of this phe-
nomenon. In this direction, an important question is to construct solutions behaving like
a superposition of N solitary waves at infinity. Indeed, such objects are expected to be
universal attractors in the region x > 0 for any smooth and decaying solutions at infinity.
These solutions, also called N -soliton solutions by abuse of language, were first construc-
ted by Martel in [45] for the sub-critical and critical gKdV equations by adapting the
construction by Merle in [55] of solutions blowing up at k given points for the critical
nonlinear Schrodinger equation to the KdV setting, and by relying on the energy methods
by Martel, Merle and Tsai [50]. This construction was extended to the super-critical gKdV
equations by Cote, Martel and Merle [14] (see also Combet [11]).

For the fractional KdV equations, outside of the case ¢ = 1, no result concerning
construction of N -solitary wave solutions at infinity seems to be known. Of course, in the
case o = 1, the N-soliton solutions of the Benjamin—Ono equation are explicit by using
inverse scattering methods [8, 16,41, 52, 59]. These N-solitons were also proved to be
orbitally stable by Neves and Lopes [60], and Gustafson, Takaoka and Tsai [24], and even
asymptotically stable by Kenig and Martel [35].

The main result of this paper states the existence of such N -soliton solutions for any
given set of velocities 0 < ¢ < ¢ <+ <cpn.

Theorem 1.3. We assume o € (1/2,2). Let N € N, 0 <c¢; < --- <cy < +00o. Then
there exist some constants Ty > 0, Co > 0, N functions py.,. .., pnx € C'([Ty, +00)) and
a solution U € C°([Ty, +00) : H¥2(R)) of (1.1) such that, for all t > Ty,

N Co
(16) lvey =Y 0 =pan,,, =
j=1

Hal2 — tOl/Z ’

_ Co
A7) () = ejrl <17 and 0f() — il = 5

7 forall j € {1,...,N}.

Remark 1.4. Due to the polynomial decay of the error in (1.7), it is not clear whether
we are in the case of strong interactions or not, and thus whether the asymptotic of p; (¢)
in (1.6) may be more complicated than just ¢;z. The construction introduced to understand
the strong interaction phenomenon, see, for example, [61], could provide tools to obtain
a better estimate on p’; (1.7). Recently, in a joint work with Valet in [18], we proved the
existence of strongly interacting 2-soliton for the fractional modified Korteweg—de Vries
equation. An adaptation of the construction obtained in this paper could potentially help
to improve the result in Theorem 1.3.

Remark 1.5. The construction in the case o € (1/2,6/7) is conditional to the well-
posedness of the equation in the energy space, which is still an open problem for this
range of o’s.

Remark 1.6. Since the solitons Q; are smooth, we expect the N-soliton solution U to
be also smooth. To obtain the convergence (1.6) in higher Sobolev norm, one possibility
could be to follow the method in [45] based on a Gronwall argument and modified ener-
gies. However, it is not clear how to construct such modified energies in the non-local
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setting. Related to this question, the uniqueness of these N -soliton solutions is an inter-
esting open problem.

Similar construction of N -soliton-like solutions have already been performed for other
nonlinear dispersive equations. Outside of the gKdV equations commented above, we
refer to Martel and Merle [46] and Cote, Martel and Merle [14] for the non-linear Schro-
dinger (NLS) equation, and more recently to Ferriere [19] for the logarithmic-NLS equa-
tion. We also refer to the works of Martel and Merle [49], and Jendrej [34] for the wave
equation, to the works of Cote and Mufioz [15], Bellazzini, Ghimenti and Le Coz [6],
and Cote and Martel [13] for the Klein—-Gordon equation, to the work of Rousset and
Tzvetkov [57] for the water-waves equation, and, lastly, to the work of Valet [67] for the
Zakharov—Kuznetsov equation.

A different method of construction of multi-solitons, based on the fixed point argument
of Merle in [55], has been introduced by Le Coz, Li and Tsai in [42] for the NLS equation
to construct an infinite sum of solitary waves. This strategy has also been used by Chen
for the wave equation [9] and by Van Tin for the derivative NLS [68].

Recently a new version of the Liapunov—Schmidt reduction in the setting of dispers-
ive equations has been obtained by Jendrej, Kowalczyk and Lawrie in [33] to derive a
complete classification of all kink-antikink pairs in the strongly interacting regime for the
classical nonlinear scalar field models on the real line.

Finally, let us observe that the result of Theorem 1.3 would be the first step to study
the collision of multi-soliton solutions in the cases o € (1/2,2), o # 1. We refer to the
works of Martel and Merle [47,48] for the study of the inelastic collision of two solitons
of the quartic KdV equation.

1.4. Outline of proof of Theorem 1.3

The proof of Theorem 1.3 follows the strategy of [45, 50, 55]. After fixing a sequence of
time (S,) " 400, one considers the sequence (u,,) of solutions to (1.1) evolving from the
initial data Z?]:] Qc; (- —¢;Sp) at time S,. As long as the solution remains sufficiently
close to the sum of N solitary waves, one introduces modulated translation parameters
(Pjn (t))JI.V=1 allowing to satisfy suitable orthogonality conditions. The goal is to obtain
backwards uniform estimates for the difference u,(¢) — Z]N= 1 Qc; (- — pj (1)) on some
time interval [Ty, S,], for some Ty independent of n. The N -soliton is then obtained by
letting n — +o00 and using a compactness argument. Moreover, it is worth to observe that
the uniform estimate relies on monotonicity properties for suitable portions of the mass
and energy of the solution.

Compared to the previous constructions, we have to deal here with two major new dif-
ficulties. First, due to the singularity at the origin of the symbol |£|* related to the non-local
operator | D|%, the solitary waves have only polynomial decay of order (1 4 |x[)~(0+) !
As a consequence the uniform estimates on the parameters p; , (¢) are only polynomial and
thus cannot be integrated directly. Relying on a topological argument introduced in [14],
we need then to adapt carefully the initial data of the translation parameters p; , at time S,
to be able to close the bootstrap estimates.

I'The decay of the solitary waves of gKdV is always exponential.
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Secondly, observe that the monotonicity techniques introduced by Martel and Merle
for gKdV are local in space, and therefore tailored for differential but not integral (non-
local) equations. To adapt these techniques to the fKdV equations, one need to use suitable
weighted commutator estimates (see Lemma 3.1). Those estimates were introduced in
the symmetric case by Kenig and Martel [35] in the case o = 1, and Kenig, Martel and
Robbiano [36] for the general case 0 < o < 2 (see also [51] for an application to the crit-
ical modified Benjamin—Ono equation). Note, however, that to derive the monotonicity
property of the energy, one needs a non-symmetric version of these estimates (see estim-
ates (3.6)—(3.7)), whose proof is based on pseudo-differential calculus and follows the one
of Kenig, Martel and Robbiano for the symmetric case.

The paper is organized as follows. In Section 2, we modulate the geometrical trans-
lation parameters for a solution close to N solitary waves, set up the bootstrap setting
and close the construction of the N -soliton solution after assuming the main bootstrap
estimate. In Section 3, we state several weighted estimates whose proofs are given in the
appendices. These weighted estimates are useful to derive the monotonicity properties and
to prove the bootstrap estimate in Section 4.

Notation 1.7. ¢ From now on, C will denote a positive constant changing from line to
line and independent of the different parameters. We also denote by C a positive con-
stant changing from line to line and depending only on the parameters {ci,...,cn}.

* Unless stated otherwise, all the integrals will be over R with respect to the space
variable.

 For x € R", we recall the definition of the Japanese brackets (x) := /1 + |x|2.

* Wedenote || fllzs = (f1/17)"/7 and || fllzzs := {-)*/>F (f)(-)l| 2, where F (f)
is the Fourier transform of f. Finally, § (R) denotes the Schwartz space of real-valued
functions.

e Wefix(0<cy <---<cp and set

I .
B = Emm(cl,cz—cl,...,c}v —CN—1).

2. Construction of the asymptotic /N -soliton

Notation 2.1. ¢ For L > Oand N € N, we define
@ RY ={(y),eRY 1y, —yj1 > Lforall j €{2,....N}}.

e ForY = (Yj)]N=1 € R¥, we denote

N N
2.2) Ry(x) =) Ry;(x) =) Qc(x—Y)).
j=1 Jj=1

e LetM = (mi,j)ff'jzl € My(R)bea N x N matrix.
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2.1. Modulation of the geometrical parameters

Proposition 2.2 (Modulation). There exist Ly, y1, T1 > 0 such that the following is true.
Assume that u is a solution of (1.1) satisfying, for L > L1, 0 <y <y, S >t* > Ty,

) <y
Hoz/z

Then there exist N unique C! functions pi:[t*.S] =R, j e{l,..., N}, such that

2.3) sup ( inf
;)

N N
t*<t<S iz ERY

N
u(t,) =Y 0ci(-—Y))
j=1

2.4) n(t,x) = u(t,x)— R(t, x),
where
N N
(2.5) R(t.x) =) Ri(t.x):= Y 0ci(x—p;(1)
j=1 j=1

satisfies the following orthogonality conditions:

(2.6) /(8ij)77 =0 forallje{l,...,Nyandt € [t*, S].
Morveover, forallt € [t*, S],
2.7 In(. ) ger = Cy,
L
2.8 inf i+1(t) —pj () = —.
(2.8) et (D) = p(0) = 5
Remark 2.3. A solution u satisfying (2.3) lives for all time ¢ € [¢t*, S] in the tube
T e a/2 . : _
(2.9) TyL = {ve HY*R): nzg_flu”v Ry |l grarr < 7).

The proof of Proposition 2.2 is an application of the implicit function theorem to the
functional

(2.10) ®: T, xRY RN, (0 Y)— (/(v —Ry)Q, (- — Y_,-))JI_V:l.

Note that a direct application of the implicit function theorem at the point (Ry, Y) for
Y € RY would imply

(2.11) VY e Ry, 3ey > 0,31(pj)I., € C'(Ty,L N B(Ry,ey)) : R),

such that ®(v, (p; (v))ll-\;l) = 0 for v € B(Ry, ey). This would not be enough to con-
clude the proof of (2.6) due to the lack of control of &, uniformly in [¢*, S]. Indeed,
an application of (2.11) to a solution u satisfying u(S,-) = Z]N:l Qe (- — p}':n) for
(p}'}n) € ]R’LV , and a continuity argument would provide the existence of ¢ > 0 such that
u(t,-) € B := B(Zj-vzl O (-— p;"n) ¢) forall ¢ € (¢, S], where ¢4 is the first time before
S with u(t1,-) ¢ B. Nevertheless, nothing would guarantee that u(z1, -) belongs to a ball
B(Ry,ey) forsome Y € RILV.
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B(Ry,ey) ult,) TrL
Ry

B(Ry',ey’)

Figure 1. Implicit function theorem.

To bypass this difficulty, we will use the following quantitative version of the implicit
function theorem (see Section 2.2 in [10]). We refer to Lemma 3 in [12], Lemme 3.3
in [32], Proposition 3 in [25], and Proposition 3.1 in [56] for applications of this theorem
in a similar context.

Theorem 2.4. Let X,Y and Z be Banach spaces, let xo € X, y9 € Y, y,8 > 0 and let
®: B(xg,y) X B(y9,8) — Z be continuous in x, continuously differentiable in y, sat-
isfying ®(xo, yo) = 0, My := d, ®(xo, yo) has a bounded inverse in £(Z,Y). Assume
moreover that, for all B(xg, V),

|

(2.12) Mo — dy®(x, V) £v.2) < §||M0 "etzyy V€ B(yo.d).
8.

(2.13) 190, yo)llz = S 1M 2z, )-

Then there exists y € C'(B(xo,y) : B(yo.8)) such that for x € B(xo,y), y(x) is the
unique solution of the equation ®(x, y(x)) = 0 in B(xg, y).

Before giving the proof of Proposition 2.2, we need the following lemma.

Lemma 2.5. There exist C > 0 and L, > 0 such that for all L > L,, and all Y =
(Yj)j.v=1 € Riv, we have

C .
(2.14) ‘/(axRY,j)(axRY,k) = 11 L2+a J#k,
with Ry,; defined in (2.2).
Moreover, let (pj)]]-\’:1 € Cl([t*, S] : R), satisfying pj+1 — p; > L/2 for all integers
joke{l,...,N —1}, with j # k. Then

C
(2.15) ‘/(aij)(aka)’ =11 e
C
2
(2.16) )/Rj(aka)‘ =11 Lite
C
2
(2.17) ‘/Rij(ale)’ =17 i+

with R; defined in (2.5).
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Furthermore, if the functions (,oj)]l.V | satisfy |pj+1(t) — pj (t)| = Bt, with B > 0, then

C

(2.18) ‘/(aij)(aka) = (Br)2+e’
c

. 2 —_—

(2.19) ‘/R,(Bka) = B+’
c

. 2 —_—

(2.20) ‘ijRk(ale) = (Boyite

Proof of Lemma 2.5. By symmetry, we can suppose j < k. Let

Y; +7Y,
Q::{xeR:x<g}.

By (1.5) and Y; — Y; > L, we deduce that

C C
)/Q(axRY,j)(axRY,k)‘ = T (Yk _ Yj-iz-Yk)2+(x /Q|axRY,j| = 11 L2+

On the other hand, by (1.5) and Y; — Y < —L, we get on Q¢

C C
‘/;zc(axRY,j)(axRY,k)‘ = -~ (Yﬂz_Yk —Yj)2+a /QE|8XRY,k| < 11 2+’

which concludes (2.14). To prove the other estimates, we use the same argument on
Q= {x € R:x < 232} with estimate (1.5), pj+1 — p; > L/2 for (2.15), (2.16), (2.17)
and (1.5), |pj+1(t) — pj ()| = Bt for (2.18), (2.19), (2.20). ]

Proof of Proposition 2.2. We decompose the proof in two steps. First, using Theorem 2.4,
we show that we can find N unique functions p; continuous on 7y, 7 , defined in (2.9), sat-
isfying (2.6)—(2.8). To obtain the regularity of the functions, we use the Cauchy—Lipschitz
theorem.

First step: Existence of the functions p;. We recall the definition of Riv and Ry given,
respectively, in (2.1) and (2.2). First, we check that the functional ® defined in (2.10)
satisfies the hypotheses of Theorem 2.4. It is clear that, for all ¥ € RY,

®(Ry.Y) = 0.

Let us define
My = My(Ry,Y) :=dyP(Ry,Y)= A+ B,

where

)

S o
0 JQ,)? 0 - 0

0 0 f(Q‘;N)Z
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and
0 @ - Q1N
@21 0 @3 Qs N
B=BY):=| : .
ANy ... QANn,N-1 0

with @ := f 0x Ry, ;0x Ry k. The matrix A is invertible, and by (2.14), forall L > Lo,
we get

Q| = T4 L2ra
Then for L > L3, with L3 big enough, M| is invertible. Moreover, the matrix A is inde-
pendent of ¥ € RY, and limz o0 || B|lso — 0. Then there exists x independent of L > 1
such that for all ¥ € RY,

o0
IMo(Ry 1) oo = LA™ 004 B oo = 147 o Y[ € 143

n=0

—1 n
|4 ||oo} -

Thus, to verify conditions (2.12), (2.13), since || - | ¢ gy V) = || - |00, it suffices to prove
that for v € B(Ry,y),

L

(2.21) [Mo — dy ®(v, Z) oo < SK_ . Z e B, Cry),
Ciy _
(2.22) 19w, Y)lloo < ==,
for a positive constant C; to be chosen later. First, we show (2.22). Let j € {l,..., N}.

By Cauchy-Schwarz and since v € B(Ry, y),
| (v, Y)] = flv — Ry|[0xRy,j| < [lv = Ry |28 Ry, j[lL2 = y[19x OQ¢; [l 2.
which implies (2.22) by choosing C; = 3k sup; ||0x O¢; [|z2- Since the constant Cy does

not play any role in the rest of the paper, we write C instead of Cj.
Now, let us verify (2.21). First we define

Qu(Z.Y) 1= [(0:R2)0: Rz = Os Ry ) (0x ).
with Z = (Z))I_,,Y = ()L, € R}, and
Pu0.2) = (000 = R (1) 22 R
with Z = (z;) € R¥Y, v € B(Ry,y). The matrix My — dy ®(v, Z) is given by
PU0.7)  @,(Z.Y) Q% (Z.7)

QiN(Z.Y) Ay n(ZY) Pn(v.2)
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For j € {1,..., N}, by Cauchy-Schwarz, since v € B(Ry, y),

(2.23) [P (v, Z)] < /lv — Rz||92Ry,j| < llv — Rz|l12[102Ry,llz> < Cy.
For j.k €{l,....N}, j # k, by (2.14),
(2.24) |C‘Z;k(Z, Y)| <

T 14 L2t
Gathering (2.23) and (2.24), we get

C 1
Mo — Dy ®(,Y)||oo < Cy + W < gK

for y < y» small enough and L > L4 big enough.

Then for L > max(L,, L3, L4) and y < y, we deduce from Theorem 2.4 the existence
and uniqueness of (0;);ef1,...n3 in CL(B(Ry,y) : B(Y,Cy)) satisfying (2.6). Moreover,
since y can be chosen independently of Y € ]RILV , we can extend (0;)eq1,..., v} (by unique-

ness) to the whole tube 7, ; defined in (2.9). Furthermore, for all v € 7,1, there exists
Y =(;) € IRILV such that (p; (v))je(1,...ny € B(Y, Cy). Therefore,

(2.25) lpj+1(W) = pj ()| = [Yj11 = Yj[ = |pj+1(v) = Yj1] — |p; (v) — ¥}
L
>L—-2Cy > —.
= r=5
Now, by abuse of notation, we define p;j(¢) := p; (u(z,-)). Then it is clear that p; is
CO([t*, S] : R), since u(z,-) € C°([t*, S] : H*%(R)).
Let us prove estimate (2.7). By the construction of (p; (t));.V:l, we have that for all
t € [t*, S], there exists (¥; (t))j-v=1 € RZLV such that
lpj @) =Y; (@) = Cy, |lu(t,-) = Ryllgar < y-

By the triangle inequality and the mean value theorem, we deduce

In(. Igar < llu.-) — Ry@llgoz + [IRy@) — Rl gar

N
<y+ > o) = Y;Ol19x Ol grer < Cy.
j=1

This finishes the proof of (2.7). Note also that (2.8) is a direct consequence of (2.25).
Second step: Regularity of the functions p;j. We assume that the N functions p; are
C'([t*. S] : R). First, we compute the equation for 5 using (1.1) and (2.4):
0 =05 +|DI*R—R) + > ppdcRs,
0<k<N

where
9(n) :=|D|*n—2Rn—n>.

R? = Z R? 42 Z R, Ry,

1<k<N 1<l<m<N

Moreover, since
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this implies, by using (1.3), that
226) 9= 8x<‘§(n) - Y gRe-2 Y RZR,,,) + 3 pdxRe.

1<k<N 1<l<m<N 1<k<N

Furthermore, by differentiating in time the relation [(dxR;)n = 0, we obtain

d
(2.27) 0= 5 [@ron=—5; [@Rom+ [@.R00n

Replacing (2.26) in (2.27), and integrating by parts, we obtain that

(2.28) o=—/(a§R,-)<§(n)— Y aRe-2 Y R,Rm)

1<k<N 1<l<m<N

+ X o [Gro@ar) - [ @R

1<k<N

Finally, we deduce that, forall j € {1,..., N},

> b [ @ro@:R) -5 [@ER)n

1<k<N
=/(8§Rj)(§(n)— > aRe=2 Y RiRn).
1<k<N 1<l<m<N
We can rewrite this ODE system in the matrix form
(2.29) AY' = B,
where Y := (p;)I_,, A := Ao + Ay, with
—f(a)chl)ﬂ f(ale)(axRZ) f(ale)(axRN)
o JOxR2)(@xR1) = [(@2R)n -+ [(3xR2)(3xRN)
y,.= . . 9
f(axRN)(ale) _./(aychN)rl
f(aan)z 0 0
0 f(achN)z,
and
B ([@r)(s- ¥ arc-2 ¥ RiRy))
1<k<N 1<l<m<N 1=j=N

In order to prove that A is invertible, it suffices to prove that Ay is invertible and || 45|l
can be taken small enough. By using the Cauchy—Schwarz inequality and (2.7), we have

‘/(3361%‘)77‘ <Cy.
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By (2.15), we obtain
C )
‘ (0x Ri)(0x Rj)| < Ty 27 k # J.

Taking L > L5 big enough, and y < y3 small enough, the matrix A is invertible and we
can rewrite (2.29) as
Y =A7'B.

Now, we have to prove that A~ B is globally Lipschitz. Let us begin with the term
J(@2Ry)n. Let (pj);vzl, (0 )j-vzl € R¥ . Then, by the Plancherel identity and the Cauchy—
Schwarz inequality,

‘/3§(ch(x = pu) (e, ) - >0, )
j=1

N
= 92(Qey (x = 50) (u(t, ¥) = D Qc, (x — 7)) dx

Jj=1

N
< 160100 1l e g + Y~ [1612100 1100 16101+~ /5G] ag
j=1

< |p1—51|[|$|3|Qc1||ﬁ|dé+(Ipl—ﬁll+ZIP;—5JI)Z/IEI3Ich||chIdS
j=1

j=1
N

<C Z|Pj — 251103 Oy llz2(luollz2 + 1Qc; ll22).
j=1

where in the last inequality, we have used that ||u(z,)|z2 = |[uollz2-

Using the same argument for the other term in A and B, we get A~!B is glob-
ally Lipschitz. Therefore, we obtain N unique C! functions p;: [t*, S] — R satisfy-
ing (2.27) with p; (S) = p;(S) as initial condition, where (p_,-)jl-v=1 is given by the first
step. Since (2.6) is satisfied at time S with p; (S), we deduce that for all € [¢t*, S],

/ (8x e, (x — B ()t — O, (x — B (1)) = 0.

By the uniqueness statement of the first step, we conclude that the N functions p;, con-
structed in the first step, are C! functions. This concludes the proof of Proposition 2.2 by
taking y < y; = min(y,,y3) and L > L1 = max(L,, L3, L4, Ls) . ]

2.2. Bootstrap setting

Let (Sn);fi% be a non-decreasing sequence of time going to infinity, with S, > T, for
Ty > 1 large enough to be chosen later. We define by u, the solution of (1.1) satisfying

N
un(Snv ') = Z QCj(' - p}?n)’
j=1
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with
(2.30) Py € Lini=1lc;Sn— Sy, ¢;Sn + Sy forall j €{l,....N}

to be fixed later.

For ¢t < S,, as long as the solution u,, exists and satisfies (2.3) for suitable 0 < Yy < y1
and Lo > L, (which will also be fixed later), we consider the C' functions (Pj,n)j'v=1
provided by Proposition 2.2 and satisfying (2.4)—(2.8). At S,, the decomposition satisfies

(2.31) n(Sn) =0, pjn(Su) =pi. Jj=1.....N.
We introduce the bootstrap estimates at ¢ < S,, assuming that u,, satisfies (2.3):

(2.32) In@. )| grer2 < Vo,
(2.33) sup  |pja(t) —cjt| < plme/4
je{1,..,N}

with 7 defined in (2.4).
For Ty > 1, to be chosen later, we define

t*

n

= inf{Ty <7 < S, : 3&, > 0 such that (2.32)~(2.33) holds for all # € [7, S, + &,]}.

Note by (2.31) and by continuity that there exists &, > 0 such that (2.32) hold on
[Sy — en, Su + €,]. Moreover, if pj, € Ioj,,, for all j € {1,..., N}, then by possibly
taking &, smaller, (2.33) holds also on [S, — &,, Sy + €], so that ¢, is well defined. In
the case where pj,» € 01}, for some jo € {1,..., N}, it follows from the transversality
property (see (2.40) below) that 7 = Sj,.

The main result of this section states that there exists at least one choice of (p;'il ) szl ~
(cj S,,);V=1 such that #; = Tp. In other words, the bootstrap estimates (2.32)—(2.33) are

valid up to a time T independent of 7.

Proposition 2.6. Let o € (1/2,2). There exist Ty > 1, Co > 1 and yy > 0, satisfying
Co/ T:/z <y0/2, and Loy := BTo/2 > L1, such that the following is true. For alln € N,
there exists (pj-,’;l)jN:l € I, with I}, defined in (2.30), satisfying

(2.34) i —ciSul < ST je{l,....N},

andt; =Ty

Sections 2.3 and 2.4 are dedicated to the proof of Proposition 2.6. In every step of the
proof, Ty will be taken large enough and y¢ > 0 small enough independent of 7.

2.3. Modulation estimates

Proposition 2.7. For all pl', € I, and all t € [y, Sp), we have

2.35 inf ; t) — pin(t)| > Bt,
( ) je{llf.l..,N}|pj+l’n() pin()| =B

/ _ 1 1 2\!/2 2
@30 10 =1 = geer + (| ey )+ o)
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Proof. By the triangle inequality and (2.33), for ¢ large enough, we deduce that
10j+1,n(1) = pjn(O)] = (i1 — ) = |pjt1,0 — i1 t] — |pjin — 51|
> 281 —2t'7* > Bt.
Now, we prove (2.36). We deduce from (2.28) that
237) (p},—¢)) f (0xR;)* = f (3§Rj)(§(n) - Y aRe-2 ) RlRm)

1<k#j<N 1<l<m<N
o Z p;c,n/(aka)(aij) —l—p},n /(aiRj)r]
1<k#j<N

forall j € {1,..., N}. By using the fact the operator | D|* is self adjoint and the Cauchy—
Schwarz inequality, we deduce

| [@rpsa|+ | [@ron| < caml + i),
Moreover, by (2.18), (2.19), (2.20), and (2.35), we get

Z(Ck’ [(BiRj)Rk) + 0] /akaaijD +2 lgn:SN’ /(8§R1)R1Rm’ = —(ﬂ;Ha'.

k#j 1<
Gathering the two former estimates, we deduce, for all j € {1,..., N}, that

L+ |0
(BTo)1*e )’

A /(aij)2 = C(Vo(l o)+ D

I<k#j=<N

which implies, after summing over j,

N
2105l = Cu
k=1

Finally, by reinjecting the former estimate in (2.37), for all j € {1,..., N}, we have

1 1 1/2
/' t)—c; <C* - f 2 2 ,
=1 = (g + ([ e gmapree) Il
which yields (2.36). [

2.4. Proof of Proposition 2.6

The proof of Proposition 2.6 relies on the following result which will be proved in Sec-
tion 3.

Proposition 2.8 (Bootstrap estimate). Ler « € (1 /2,2). There exist Co > 1,0 < yp < y1
and Ty > Ty such that for all p’,, € Ijn, allt € [t;, Sp], all 0 < yo < y2, and Ty > T>,

(2.38) ‘

N Co
un(t.) = Y Oy (= pin )| =
j=1

He/2 — pe/2”
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Proof of Proposition 2.6 assuming Proposition 2.8. Let 0 < yo < y» and Ty > T, be such

that CO/T(;)’/2 < Yo0/2. First, we show that u,, satisfies (2.3) with Ly = $7,/2 and that
(2.32) is strictly improved on [¢;7, S,]. Indeed, it follows from (2.38) that

Moreover, (2.35) implies that

N
Co Yo
17._2 (=i S —0 <.
up(t,) j:1Qc,( Pjn( ))HH“/Z T(;x/Z 2

inf  |pj+1.n(ty) = pin () = BTo = 2Lo.
J'E{l,.l..r}N—l}}|p}+l’n(") p],n(n)| _ﬂ 0 0

Now, we prove that there exists pi' = (p}':,,);vzl e R¥, satisfying (2.34), such that
ty = Ty. Assume by contradiction that for all choices p)! satisfying (2.34), the associated
maximal time £ (o) > To.

First, we remark that p}‘}n =c;jSp+ Ajn S,}_a/4 for a unique A;, € [—1, 1] and we
denote t*(A,) := t,; (p)) (which will also be denoted * when there is no risk of confu-
sion), with A, = (A}, );V=1. By definition of * and the fact that (2.3) and (2.32) are strictly

improved on [t*, S, ], we have that
(2.39) pjon (%) — cjot*| = (¢*) 724,
for at least one jj € {1,..., N}. Then we define
O [-L 1Y -1 1Y, X ((pa(t* (M) - le*(l))(l*)““_l(l));vzl-

We set

fR=>RY s> sup ((pjnls) — cjs)s“/4_1)2.

We claim that if for s¢ € [Ty, S,], (2.39) is satisfied in s for at least one j € {1,..., N},
then

(2.40) f is a decreasing function in a neighborhood of s,
and
(2.41) ®eCO(-1, 11, 0[—1,1]Y).

Let us assume (2.40) and (2.41) and finish the proof of Proposition 2.6. For any A €
9[—1,1]", we have that

| ;‘(’)n —¢jySul = S}7%/% foratleast one jo € {1,..., N},

which implies by (2.40) that 1* = S,. Hence, we deduce that ®5_; ;v = Id. However,
it is a well-known topological result that no such continuous function ®: [—1, 1]V —
9[—1, 1]V can exist (see Theorem 1.4, Chapter 3, in [28]). This concludes the proof of
Proposition 2.6.
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Now, we prove (2.40) and (2.41). Let f;(s) = ((pj,n(s) — c,-s)s”‘/“_l)2 for all integer
J €{l,....N}. Let s € R. Note that for all j € {I,..., N}, the functions f; are con-
tinuously derivable. Then, to prove (2.40), it is enough to show that for a time s¢ satisfy-
ing (2.39), forall j € {1,..., N} such that f;(so) = f(s0), we have that f/(so) <O.
By direct computations, we have that

fi; () = 2((pjo,n(s) - Cjos)sa/4—1)
) ((p}o," (S) - ch)saM_l + (% B 1>sa/4_2(pjo,n (S) - Cjos))

o _ —
= 2(5 = 1) (i (5) = €1o)5™/ 27 + 20pjo0(5) = ¢1y5) (0 (5) = )52,

Moreover, inserting (2.38) in (2.36), for all j € {1,..., N}, we get

Cs
/
(2.42) 1P n(s) —¢j| < w72’
which, combined with (2.39) in 59, implies that
o _ o o /A—
fin(s0) < 2(Z - l)s(j1 + 2s8‘/4 1|,o}0,n(s0) —¢jl < 2<Z — l)sg1 + 2C*s00‘/4 !
Since o < 2, for Ty large enough, we conclude that

fj:) (So) < 0.

The same computations yield
fJ/1 (so) < 0.

Then we conclude that f’ (s(;r ) <0and f'(sy) < 0, in other words f is a decreasing
function at so. Note that for so = S, and A € d[—1, 1], we get that f is a decreasing
function at S,.

To show (2.41), we prove that the map A € [—1, 1]¥ > ¢*(1) is continuous. The
continuity of * (1) follows from the transversality property (2.40). Indeed, by (2.40), for
all ¢ > 0, there exists § > 0 such that f(t*(A) —¢&) > f(t*(1)) + 6 = 1 + &, and for all
t € [t*(A) + &, Sp] (possibly empty), f() <1—36.

Note that f depends on the parameter A since pj,(t) = pj»(u(t,-)). Moreover, the
functions p; , are globally defined. _

_ Then, by the continuity of the flow , there exists 7 > 0 such that for all [A — A| < 5, with
A € [—1,1]%, the corresponding f satisfies | f(s) — f(s)| < 8/2 for s € [t*(A) — &, S,].
We deduce that

FEQ) +e) < [f@*Q) +e) — f* Q) + o) + fC* ) +¢)
) S )
<1—§=f(t ()L))—E.
In other words, #*(1) < t*(1) + &. Furthermore,
f@*R) —e) > f*R)—e) = | f* Q) —e) — f* ) —e)| > 1 + g

Then t*(A) — & < t*(A). This finishes the proof of (2.41). (]
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Remark 2.9. The choice of the exponent 1 — «/4 used in (2.33) is related to the algebraic
decay $7%/2 obtained on p]’-,n in (2.42). If one could integrate directly estimate (2.42), one
would expect a bound of the form |p; (1) — ¢;jt| < Ct'~%/2. However, since /2 < 1, a
direct integration of the quantity (2.42) is not possible to close the bootstrap estimate. For
this reason, we make use of a topological argument, which allows us to adjust carefully
the initial conditions plj“n to integrate (2.42). The key point is the transversality condi-
tion (2.40). The sign of the derivative of f is obtained by comparing the quantity o; , — ¢;
and pj, — c;jt. Therefore, one could get an estimate of the form |pj, — cjr| < r17%/2+e,
with ¢ € (0, ®/2). By convenience we choose ¢ = «/4, which yields the bound in (2.33).
Note, however, that this choice does not affect the bound in (1.6).

2.5. Proof Theorem 1.3 assuming Proposition 2.6

First, we state the weak continuity property of the flow of (1.1). Relying on the well-
posedness result in [58], this result is proved in Appendix A for the case « > 6/7. The
weak continuity property of the flow of (1.1) will be admitted for o < 6/7.

For sake of clarity, we recall the well-posedness result stated in [58]. To do so, we need

to define X ;’b, the Bourgain space restricted on a time interval [0, T]. First, we introduced
the Bourgain space X% as the completion of the Schwartz space S (R?) under the norm

laellyso = I1(6)* (v — £1&1%)° F ) 2,

where F; . the Fourier transform with respect to both variables ¢ and x. The restriction
space X }’b is the space of functions u: R x (0, 7)) — R satisfying

el gss = inf{l[Tllxse | 7 : R xR > R, Fgx(0,r) =t} < +00.

Now, we state the well-posedness theorem obtained in [5 8].2

Theorem 2.10 (Global well-posedness in the energy space). Let o € (6/7,2), and T > 0.

« Existence. For any ug € H*%(R), there exists a solution u of (1.1), with the initial
condition ug, belonging to the class

Yr = C°([0, T]: H*2(R)) N X¥>711 0 L2((0, T), We/4~1/2=(Ry)),
* Uniqueness. The solution u is unique in the following class:
Zr = L®((0,T) : H*2(R)) N X§/>741 0 L2((0, ), we/4= 12 (Ry).

Moreover, u € CI? (RT : H*2(R)), and the flow-map data solution wg — u is continuous
from H*'2(R) into C°([0, T] : H¥2(R)).

Note that the uniqueness statement is slightly stronger than the one in Theorem 1.2 in [58], since we only
need to assume that u € L°((0, T) : H%/?) instead of u € C°([0, T] : H%/?). This statement, however, follows
directly from the proof of Theorem 1.2 in [58].
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Lemma 2.11 (Weak continuity of flow in the energy space). Let o € (6/7,2). Suppose
that zo, — zo in HY2(R). We consider solutions z, of (1.1) corresponding to initial
data zo , and satisfying z, € CO(R™ : HY2(R)). Then z,(t) — z(t) in H**(R), for all
t >0, where z € CO(RT : H¥/2(R)) is the solution of (1.1) emanating from zq obtained
in Theorem 2.10.

By Proposition 2.6, there exist Cx > 0, Ty > 0 independent of n, and p1 », ..., pN,n €
C([To. Sp]) satisfying (2.6), (2.33) and (2.38) for all Ty <t < S,. Then, for all ¢ €
[T()v Sn]s

0. g2 =<

) — i 0, (-—pine)], ¥ | i 0o =pia®)| ., =Cu.
j=1 /=t

Ha/2 ™

Thus, up to a subsequence, there exists Uy € H o/ 2(R) such that
un(To) — Uy in HY2(R).

Now, we prove the convergence of the modulation parameters. Let ¢ € [Ty, +00) and
set T such that Ty <t < T < 4o00. By (2.33), we find that for all j € {1,..., N} and
neN,

o] = T4 4 ;T
Moreover, from (2.42), we see that p;’n is uniformly bounded independently of time. Thus,

by the Arzela—Ascoli theorem, there exists r; (1) € C°([To, T]) such that, after extracting
a subsequence if necessary, we have

(2.43) Pjn (1) = 1 (1).

Let U € CO([Ty, +00) : H¥2(R)) be the solution of (1.1) satisfying U(Tp, -) = Uy,
obtained in Lemma 2.11. We set R* := Z]N=1 Qc;(x —r;j(t)) and let 1 € [T, 00). By
Lemma 2.11, we know that

(2.44) un(t) = U(r) in H¥2(R),
for all t > Ty. We deduce then from (2.38) and (2.43) that

U, ) = R*(t, )| a2 < liminf‘
n

N
Un(t,) = D 0y (- = prn()]
j=1

Hao/2

N
. Co
HHmind Y 10, = pjn(0) = Qo (=17 Nl = 707
]:

By Proposition 2.6, we have that Co/ T < yo/2 and 8Ty > 2L;. In addition, since
|0j+1,2(t) — pjn(t)| = BTo, wehave rj 1 (¢t) — rj(t) = BTo > 2L,. Therefore, U(t,-) €
Ty, forallt € [Ty, 00). By Proposition 2.2, there exist N unique functions py, ..., p, €
C ' ([To, +00) : R) such that (pj)}'=1 satisfy (2.6). On the other hand, since the solution u,
satisfies also (2.6) with (pj,n)ﬂy=1, we deduce, by passing to the limit and using (2.43)—
(2.44), that r; satisfies also (2.6). Hence, by the uniqueness statement in Proposition 2.2,
we see that 7;(t) = p;(¢) for all ¢+ € R. Therefore, R*(t, x) = Z}V=1 Oc; (x — p; (1)),
which concludes the proof of (1.6). The first estimate in (1.7) follows passing to the limit
in (2.33), while the second is derived by arguing as in Proposition 2.7 and using (1.6).
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3. Weighted estimates

We define N functions to localize the information around each solitary waves. Let

X

d +o0 d -1
3.1) ¢(x)=1—C¢/ (y)% WhereC¢=(/_ y ) .

— (y)tte

We have 0 < ¢ < 1. Using the function ¢, we set, for A > 1 to be fixed later,

X — ;i ()+pj 1)

—mj(t
(3.2) ¢jalt.x) = ¢(+) — ¢(XTW) for j e {l,....N — 1},
and ¢y, 4 := 1, where the p;’s are defined in Section 2 (in particular, they satisfy (2.35)).
The function ¢; 4 follows the first j solitary waves. Finally, for j € {1,..., N}, the func-

tion ¥; 4 is localized around the j th solitary wave. Let

(3.3) V1,4 = 1,4, Yj4a=¢ja—@j—1,4, YNa=1—¢N-1,4.

In this section, we state some important estimates involving to the weight ¢; 4 and
its derivative ¢}, 4- These estimates will be crucial in the proof of the monotonicity of a
localized part of the mass and the energy (see Proposition 4.1 in Section 4).

3.1. Weighted commutator estimates

Lemma 3.1. Let o € (0, 2). In the symmetric case, there exists C > 0 such that

(34) )/(lDl“u)u|¢},Al—/(IDI“”(M\/W)Y( = %fuzl%l

and

-1 C
65 | [aprwuga+ 5= (01 o 0] = 2 [oi0)al

foranyu e S(R), A>1land j € {1,...,N}.
In the non-symmetric case, there exists C > 0 such that

6o | [wple—aprvmig|
_ | SR )i if @ € (0,1],
3% S 407+ ADI2uPIg) 4l if o e (1.2),
and
(.7) | [ @D + (D)0,
@1 [1D12u fig] DD 0 1].4])
_ | S )i if @ € (0.1],
T 555 S@P +0E+ (D)) ¢ 4l if @ e (1,2),

foranyu,v € S(R), A>1land j €{l,...,N}.
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Remark 3.2. Instead of (3.6), we can obtain that fora; + o = a — 1, with 0 < a1, 0 <
o —land a € (1, 2), there exists C > 0 such that for all u, v € S(R),

C
| [@p = (Dol al| = 75 [0 407 + (D02 + (D018

Moreover, estimates (3.6) and (3.7) are given with | D|*/2 instead of |D|*~!. This is
done to simplify the computations, terms with | D|%/2 appear naturally in the proof of
Proposition 4.1.

Let us explain why we choose to force a dissymmetry on the right-hand side of (3.6)
and (3.7). These two estimates will be applied with the function v = | D|*u. However, the
natural quantities appearing to prove Proposition 4.1 are [ u?(] 4|, [ (/D™ 2u)?|¢) 4
and | (|D|“u)2|¢]’., 4|- Therefore, to control the remainder terms in (3.6) and (3.7), we
need to impose a dissymmetry to avoid an extra derivative on the function v.

Estimates (3.4), (3.5) are proved in Lemmas 6 and 7 in [36] for « € [1,2]. Observe,
however, that their proofs extend easily to the case a € (0, 2). Note also that while only
one side of the inequalities in (3.4)—(3.5) is stated in Lemmas 6 and 7 in [36], both sides
are actually proved.

While estimates (3.6) and (3.7) seem to be new, their proofs follow the lines of the
ones of Lemmas 6 and 7 of [36]. For the sake of completeness, we will present them in
Appendix C.

Lemma 3.3. Let o € (0,2). There exists C > 0 such that

68 | [p1 60 - [aprw2ie

B {Ai J@? + (ID*w)?)|¢) 4 if @ € (0,1],
&5 [? + (D2 u)? + (IDI*w)?)|@) 4| if e € (1,2),
forallu e S(R), A>1land j €{l,...,N}.

Lemma 3.4. Let o € (0,2). There exists C > 0 such that
O IO IR N )]

C
= [aDrw16a1+ g7z ( [ 02 + QD107 + (D219} ).
forallu e S(R), A>1land j €{l,...,N}.

The proofs of Lemmas 3.3 and 3.4 are also given in Appendix C.

3.2. Weighted estimates for the solitary waves

Lemma 3.5. Let p,q > 0. Then, forall j,k € {1,..., N} withk # j, we have

C
(3.10) RIRY < —————
k (Br)(1+e)min(p.q)’

c
q -
(3.11) / WROR = o Gram
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(3.12) / RV 4 < (ﬁ,)mm(fma) R
Moreover, forall j, k € {1,..., N}, we have

(3.13) /R5I¢},A|" = Wufw
(3.14) / Ox R |9} 417 < (ﬂt)min(q(lc-;ot),p(Z—i-a))’
(3.15) / RY(1—(¥;,0)7) < (ﬂt)min(i,p<1+a)>’
(3.16) faxR_f’(l - .07 = (ﬁt)m(fm

Lemma 3.5 is proven by arguing exactly as in the proof of Lemma 2.5.

3.3. Weighted estimates for the non-linear terms

Lemma 3.6. Let o € (0,2) and let n € H*'%(R) be defined in (2.4) and satisfy (2.3). Then
we have

can [l = er( [+ [00r2 o)) + s

and

(3.18) / Inl*165.41 < € ( / u?l¢j.al + f (D172 (e f16,.4)°) + ﬁ

Lemma 3.7. Let o € (0,2) and let u satisfy the hypotheses of Theorem 2.2. Then there
exists C > 0 such that

| [10172 gy aD D17 gD
/(u + DI ) 4]) + /<|D|“u> P E——c—

<C()’ + Aa/Z (ﬁt)H'O‘

forall A>1and0 <y < y;.

The proofs of these lemmas are also based on pseudo-differential estimates and are
given in Appendix D.

4. Proof of the bootstrap estimate

The goal of this section is to prove Proposition 2.8. We work in the bootstrap setting of
Section 2.2. In particular, the solutions u, admit the decomposition of Proposition 2.2
on the time interval ¢, S,]. We also recall the definitions of the weight functions ¢; 4
and v, 4 in (3.2) and (3.3).
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In every step of the proof, the values of 7y and A will be taken large enough independ-
ently of n, while the value of y will be chosen small enough independently of n. Moreover,
for simplicity of notation, we drop the index n of the functions u, and (,oj,n);\':1 and of
the time ¢, and the index A of the weight functions ¢; 4 and ¥ 4.

Finally, we define the part of the mass M; and of the energy E; localized around the
Jj th solitary wave R; by

M;(t) == /u(t,x)zl//j(t,x)dx, E; (1) :=/(1u|D|°‘u—lu )(r X); (1. x) dx,

so that forall j € {1,...,N},

J J
];Mk(t) =/u(t,x)2¢j(t,x)dx, ];Ek(t) =/(%M|D|°‘u— %u3)(t,x)¢j(t,x)dx.

We also define
4.1 Ex = Ex + ooMp,
with

c CN CiCj+1
02 o= (9,2 _aun
“4.2) O el N-D\ 4 4 (e + 1)

4.1. Monotonicity
Proposition 4.1 (Monotonicity). Under the bootstrap assumptions (2.32)—(2.33), we have

/ C
(4.3) ;<Mk(sn) = M(t0) 2~z
and

L ~ C
(4.4) ;(Ek (Sn) = Ext0)) =~z

forall j € {1,...,N}, ty € [t*, Sy].

Remark 4.2. From Proposition 4.1, we see that M; (S,) is almost larger than M; (¢o) for
to < Sy. In other words, when the time decreases, the portion of the mass on the left of the
(j + 1)th solitary wave also decreases. A similar phenomenon occurs also for the energy.
This can be seen as a manifestation of the dispersive character of KdV-type equations:
if a wave moves to the right, then the dispersion effect pushes some mass to the left, see
Figure 2. Moreover, if u is a solution of fKdV, then u(—¢, —x) is also a solution. Therefore,
if a wave move to the left, then the dispersion effect pushes some mass to the right.

Proof of Proposition 4.1. We remark that for j = N, the inequalities (4.3) and (4.4) are
easily verified since M and E are preserved by the flow of (1.1). Then we can always
assume 1 < j < N — 1.
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t=3S,
¢;
| \ |
Pj pitpj+1 Pj+1
2
t=1ty
of
S
Pj PitPj+1 Pj+1
2

Figure 2. Monotonicity of the mass.

First, we give the proof of (4.3). By using (1.1), integration by parts and ¢ is non-
increasing function, we get

!/

3 m'.
M(ZMk(t)) [ (iDrua.ug; +ulafh - g1+ L i),
Then we deduce, from (3.4), (3.5), that
C
@3) [ (DI uC-a.us; +ulgih) =~ [ i1+ 5= [(D1 e fig)))

Observe from (2.36) that m} > C’ﬁ# Thus,

3 . . 1
s (Do) == [ S S Lt =L [0y

Now, we estimate the nonlinear term. With the notation of Proposition 2.2, we have

N

juf? SC(ZRiHnP)-

k=1
Therefore, by (3.13),

N
347 C
,;/ Relds| = Gyt
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and by (3.17),

[kt =cr( [+ [Q01 6 l0))?) + e

Hence, we can conclude that

d [ < c
E(Z Mk”)) = T

k=1

Thus, by integrating between f¢ and S,,, we have

J J Sn C C
3 M) = 3 M) = —/m i = G

which proves (4.3).
Let us prove (4.4). We differentiate E; with respect to time to find that

%(i Ek(t)) - /((%B,u|D|"‘u n %u|D|"‘8,u> - a,uu2)¢,
k=1

1 1
/ 3 /
+m; /(§M|D|au — Eu )|¢j|
= 11 +m312

Using (1.1), for I, we obtain that

1
I8 %/(lm“axu — 0 (?)(IDU) ¢y + 5 [ u[ D|*(|D|*dxu — 0x(u?)) §;

- [apra.u - asa iy,
=D+ 5L+ 1.
First we compute /1 ; by integrating by parts:
6 ha = [0oraig =5 [ o601,

since the functions ¢; are non-increasing. Now we decompose /1> as

1 1
I, = 5/”(|D|2aax”)¢j - E/u(|D|aax(uz))¢j =lp1+ 1125

First we deal with /1 > ;. By using integration by parts, we get

1 1
Iipg = —3 / 8xu(|D|2“u)¢j + 5/”(|D|2a’4)|¢j/‘| = 111,2,1 + 112,2,1~
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On the one hand, using estimate (3.7) with v = | D|%u and integration by parts for the last
integral, we get

1y = [ @l DR+ (DI, DIu) g,
1
=45 [ 1D flgipE o1 o)
—1
+ 52 [l Sl (D1 figg) + 5 [@alpl0aprng,
1 —1
> /(|D|“u)2|¢,’-|dx + = /|D|°‘/2(u\/|¢_;|)|D|“/2((|D|“u) ;1)
[ 62 4D + (D) gl

o Ae/2

On the other hand, from (3.6) with v = | D|*u, we deduce

I$y, = /(MIDIZ“ (ID[*w)*)g;| + /(IDI"‘M)2|¢>,|

I \/

C
> [(|D|rxu)2|¢]{| ST / (u2 + (|D|a/2u)2 + (|D|au)2)|¢;|.
Now, we deal with I; » ». Using integration by parts,
1 1
haa =3 [0ulDFadg; -5 [ulDla)ig)l
Arguing similarly, as for /; » 1, from (3.6), (3.7) with v = u?, we get that
I >_a_1 |D|(x/2( / Dot/2 2 / _l 2 DO{ /
1222 ——F7— u |¢|)| | (“ |¢j|) 2 u“(|D| u)|¢j|
C
-1 / 002D gy~ ez [ (4 u* + (DIT) g

Hence, gathering these estimates, we conclude

@n  naz; [0l -5 [ ey -5 [wlneg)
(/1651012 (4%, /195)

/2 /16 1) | D172 (1 DI"w) I} 1)

[+ + D07 + (D)6

o Ae/2

Finally, we compute /; 3 by integrating by parts:

1
@8 ha= [(I0aa s~ [0+ 5 [utlg
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Therefore, combining (4.6), (4.7) and (4.8), we deduce that

n= [aoraigl =3 [waplrwig+ 5 [uti)
(u /121D (2 fig5)
(/18 DIDI>((1D 1) 15)

C
T f (u? +u* + (DIu) + (ID["u)?)Igf -

By using the identity
1 3
204/ 4 47 2047
/(IDI“M) |¢j|+§/u |¢,~|——/(|DI°‘M)M |¢; |

1 2
= [(GIpru= ) g1+ 1 [aplwllegl - [utie
e=1 ¢ [—%, %], and Lemmas 3.4, 3.7, we conclude that
1
Bz g [aprurig - [utig)
C
_ /2, \2 -
C(qam +77) [0+ QDI -
Using (3.4) to control /5, we obtain that
d : 1 o N2 4/ 1 2 2 a/2.\2 ’
(X Ew) = 7 [(DFurigfl - € (7 +7?) [ 62+ ADI 1))
k=1
m’; C
J 3 47 4,7
—7/|M| |¢j|—9/u |¢j|—(ﬂt)—1+a~

We need to add the mass to the energy in order to control the remaining terms:

+y? /(u (D))

d (< s
—(; Ek(z)+ooMk(r)) > -9 [utig}] - € (4

dt
5 g = 0o [ 1Dy — uld)
3 'j 0 X 'j 'j
1 , , C
—oo [ ShuPle)+oom; [ le) - e

Thus, by using (4.5), we deduce
(5 B+ o)) 2~ [ wig}1 + (oom) — - —7) [ w10
a1 k 0o My =z u”lg; Oom; 1072 14 u”leg;
k=1
3 -« 2
/u3|¢;-| 400 /(|D|“/2(u\/|¢;|))

C
+72) [ DI -

m); + 0o
3

(e
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Observe from (2.36) that

Thus, by (3.8), we deduce that

/ /

d J oom’; m’ + op
E(ZEHI)%—UOM/((Z)) > — /u2|¢}|—9/u4l¢,’-|— = /”3|¢’}|
k=1

- C
+ 09 3 4“ [(|D|“/2(u /|¢_;.|))2— BT

From Lemma 3.6, we get
d iE (1) + ooMi(1) ) = (0°m} c )/u2|¢’| ¢
dt ~ k 0Mk = 4 Y J (Bt)1+e

20— er) [0 o)

+ (Uo
- C
=

Thus, by integrating between #¢ and S,, we have

M~

- o S: ¢ c
Eg(Sn) — ) Ex(to) > — —dt > ———
1 1; /lo (B (Bto)

4.4). ]

x~
Il

which proves

~

4.2. Mass and energy expansion

Lemma 4.3. There exist C > 0 such that the following hold:

@9 o~ ([ 03 +2 [ 10w+ [rew o) <

C
(B
@10) [£50 - (E@o)—¢; [ 1080+ [GOIDENO-2R0P0O)050))

C
< G T CylInOze-
and
@1y (B0 + LM0) - (EQe) + LMQc)) = 3 H ()]
c
< G T CyInOl3a
where

(4.12)  H;(t) := Hj(n(1),n(t)) = /(U(I)IDI"‘??(I) + (1) = 2R; (0 () ¥ ().
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Proof. Using u = R + n in the mass, we get

M;(r) = /(R2 +2Rn + n*)y;.

Thus, by direct computations,

o= ([ oz +2[nri+ [ ) = [y - 02)+2 [y - Ry
=1 +20.

We use the translation invariance of the L? norm of ch, and (3.10), (3.12), (3.15) to
deduce

C
h< > /RiRij +/R?<1 V) = e
(ki) J)
By the Cauchy—-Schwarz inequality, (3.12), (3.15), for I, we obtain

C
1121 = 2l ( 2 IReW o + IR, (1 = ¥l ) = o
k#j

Combining these two inequalities we conclude the proof of (4.9).
To prove (4.10), we expand E; as

1 1 1
£ =5 [ RADER; + 5 [ a0l + 5 [(®IDEn+ DI RY,

—%fRSwj—[R%w,-—/an—éfn%-

50~ (E@e) —c; [ ar; + 5 [alprn-2ri?y)|

1 3
+3] ]
1
45| ferpEn s wprryg ~2 [ Koy + 26, [ oy
=L+ L+ s

Hence,

< ‘ [(%RlDIO‘R - §R3)wj - E(Q¢)

We use the translation invariance of E(Q¢;), (3.12), (3.15) and [|[D[*Rg||L= < C to
bound |J1|, up to a constant, by

/(R,-| IDI*R; | + R3)(1— )

v Y| [ raprrow

@R)#G.J)

+ Z fRiRlewj.

@k DF#dsd)
Thus, we get

C

4.13 J —.
(4.13) 1] = Boe
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Replacing |¢j’| by ¥ in (D.1), we have

|12 < CYIny/¥)l13e-

Arguing as in (D.4), it follows that
(4.14) 2] < Cynllzarn-

By using (1.3), we get
2121 = | [ RIDIn + 0D Rw; =2 [(DI Ry | +2| [[(Ron— B2
<| [ ®aolww; - [appe Ry
+| [napieryw, — [apRr| +2| [ Kon— 22w,
= [J31] + |J32] + [3.3].
By using the Cauchy—Schwarz inequality, we obtain
[ T3] + 13,50 < Inllzz (11— ¥)IDI* Ry llz2 + |RF (1 = v)l.2)

Il (DI DI Rellzz + Y. IReRiv; ez )
k#j (k,D)#(,J)

From (1.3), we rewrite |D|*R; = R]z —¢j Rj. Thus, it follows from (3.12) and (3.15) that

C
(4.15) [J32] + [J3,3] < B

Now, we estimate |J3,1|. By using the Cauchy—Schwarz inequality,
/31| < Z]/Rkum“n)w,-\ + ]/R,-(|D|“n)(1 ~¥))
k#j

< DIl ( YoM (Recy) Iz + 11D 1%/ (R; (1= 9) 12

k#j

By interpolation, ||| ge2 < |Ju]|
deduce that

(416) 3l = 11Dl (D IR 12 1 Rkv; 157
k#j

—a o C
IR A=y IR (= I < e

1—a/2

12 ||u||°;1/12. Thus, from estimates (3.13)—(3.16), we

Gathering (4.13), (4.14), (4.15) and (4.16), we conclude the proof of (4.10).
To prove (4.11), by gathering (4.9) and (4.10), we get

(E50 + L0~ (EQe) + LM(0e)) 5 Hy o)

=

C
G+ CrIO s + | [ R R)w, |
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Then, by Cauchy—Schwarz, (3.12) and the Sobolev imbedding L*(R) — H/4(R), we
obtain that

C
| [P R=Rows| < Wil S Rews 1 =
= (B1)
which concludes the proof of (4.11). [

4.3. Control of the R; directions

We recall that Cy is a positive constant changing from line to line and depending only on
the parameters {c1,...,cn}.

Proposition 4.4. Forall j € {1,...,N}, to € [t*, Su],

J
C
@.17) > | [ 1t Reo)| = 5+ Collnio)
k=1 0

Proof of Proposition 4.4. The proof is by induction. For j = 1, by (4.9) at time t = fg
and t = §,,, we deduce that

C
2f?7(lo)R1(lo) < Bro)? —/7)2% —/ Q2 + M (1)
< (,316:))“ —/772%—Ml(Sn)-I—Ml(to)-i‘Ml(Sn)—/Q?1
< (,BZC(;)"‘ —/ﬁzwl — M(Sy) + My (to).

Moreover, by using estimate (4.3), we deduce that

C 2 ¢
2[,7(;0)1%1(;0) < B0 —/77 Y1 < (Bto)*”

Now we want to obtain a lower bound of this scalar product. We recall that Ek and og
are, respectively, defined in (4.1) and (4.2). By (4.9), (4.10) attime t =ty and t = S, we
observe that

C 1
(c1=200) [ 1Ry = =i = Cyllyas = Eat) + EQe)+ 5 [ nDFmy

—/Rﬂzlﬂl —00M1(10)+00/ 0?2 +00/7121ﬂ1

C. - -

Z 7@~ CulnlZer2 — E1(to) + E1(Sn)

0

1
+ E/n(|D|a77)1/fl —/ant/fl +00/n2wl.

Thus, from (4.4) and the fact that || R Y1 ||ec < C, we deduce

Cy 1
(c1 _200)/;7R1 > T C*||r]||12qa/2 + 5/77(|D|0”7)W1.
0
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Note that replacing ¢j’. by ¥; in (D.2), we deduce

DIyl < Clinllggar,

so that c
(e1=200) [ 1Ry = =22~ ol
0
Combining the lower and upper bound, we conclude that

Cx
| [ o Riw)] = T+ Cullla
0

t
Now, we prove the inductive step. We assume that (4.17) holds true for some j €
{1,..., N — 1}, and then we prove it for j + 1. Arguing similarly, as in the case j = 1,
by (4.9) at time t = 9 and t = S, (4.3) and then the induction hypothesis (4.17) in j, we
deduce
j+1

+ Y (Mtto) = Me(5) — [ 9
k=1

2 [ new Ry = i

J J J
- (Z(Mk(ro) ~msn -y [ Uzl//k) -3 [w
k=0 k=1 k=1

C

J
= B0 +2§/”R")

Cy
=4+ C*||77||§1a/2~
Ly

Arguing similarly, as j = 1 for the lower bound, from (4.9), (4.10) at time ¢ = 7, and
t = §,, we obtain
(cj+1 —200)/77Rj+1

Cy

> @ E;j+1(to) + Ej+1(Sy) + 00 / V)41
0

1
45 [DI = 2R = Clilye

c. . AR
> - Clilun + o 3 [P
0 k=1
i+ _ 1j+1
+ Y (Eesn) — Bt +5 3 [alplmn -2k
k=1

k=1

I _ 1 J J
- (Z(Ek(sn) By +5 Y [@pFn-2r+ o0y | nzwk).
2k=1 k=1

k=1
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Thus, by using again (4.9), (4.10) at time ¢ = fy and = S, (4.4), and then the induction
hypothesis (4.17) in j, it follows that

C. 4
(¢jt1— 200)/7)Rj+1 zZ e Cellnlyars = Y (cx — 200)‘ / an‘
k=1

0

Cx
z = C*”’?”Ha/z
%

This concludes the proof of (4.17) in j + 1, and thus the proof of Proposition 4.4 by
induction. u

4.4. Proof of Proposition 2.8

Recalling the notation n = u — R, it suffices to prove that

(4.18) 11 7ar2 < t—;‘

0
Proof of (4.18). The proof of estimate (4.18) relies on the quadratic form H, () defined
in (4.1 2). On the one hand, from (4.11), we have

N

N .
a1 3L 3 10 = 3 5 (B0 50500 = 3 5 (F(0)+ 5 M(0,)
j=1 ] j=1 j=1"J

Cy
+ Tt C*)’”’Y”Ha/z
7y

On the other hand, by a direct resummation argument, we observe that

j=17 j=1 k=1
1 0o
— 1—2—) M
+ 2cN( > My
k=1
Combining these two identities, since E; = E; + oo M, we deduce
N-1 1 1 J 1 N
2= (E+2M)=Z(C—g—cz—)z kT2 2 B
j=1 j=1 J JHL k=1 N k=1
N-1 J
1,1 1 1 1
D e [ e Gt ) | DR
= 2 Cj Cj+1 Cj Ci+1 k=1
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Note that all the coefficients in front of the partial sums on the right-hand side of the above
estimate are positive by the definition of oy in (4.2). Therefore, from (4.19), (4.9), (4.10)
attime t =ty and ¢t = S, and the monotonicity results (4.3) and (4.4) in Proposition 4.1,
we deduce

N
1 C.
(4.20) > S Hilt0) = =5 + Coylnlifpar-
j=0 "7 0

On the other hand, by Corollary E.3 and (2.6), there exists 1o > 0 such that
N

1 G 1L 2
2 *
> Hjlw) 210”77”11«/2—E—E;)(/U(IO)RKIO)) .

j=0"J
The control of the R; directions derived in Proposition 4.4 yields

N

1 C 1 C 1
421 —H;(t0) = AollnZan — — — — == — — CulInl* /2
@20 3 ) 2 Dol — g =5 a3 Colrle

Therefore, we conclude the proof of (4.18) by combining (4.20) and (4.21), which finishes
the proof of Proposition 2.8. u

A. Weak continuity of the flow

In this appendix, we give the proof of Lemma 2.11, where the IVP associated to (1.1) is
globally well-posed in the energy space (see [58]). We follow a general argument given
by L. Molinet (see also [23]).°

Proof of Lemma 2.11. Leta > 6/7. For T > 0, we recall the definition of Y}, the resolu-
tion space

Yr = C°([0, T]: H*>(R)) N X¥/>711 0 L2((0, T), We/4~1/2=(Ry),

and let || - ||y, be the norm associated to Yr.

Assume zp, — zo in H o/ 2(R). By the Banach—Steinhaus theorem, we deduce that
there exists C > O such that ||zo,x|| ez < C. Moreover, by the global well-posedness
result, Theorem 2.10, there exists C > 0 such that the solution z, of (1.1), associated
to zo,n, satisfies

(A.1) |zn(®)|ly, < C forallt €0, T].
Thus, by the Banach—Alaoglu theorem, there exists
z€ Zp = L™((0,T) : H¥>(R)) N X221 0 L2((0, T), w4~ 1/2-(R))

such that z, — z in L®([0, T] : H¥/2(R)), up to extracting a subsequence. By (A.1), we
get
”Daax Zn ”L(T’_OH—a/z—l <C,

3Personal communication.
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and since z2 € L'(R) < H~Y/2 (R), we have that
||3x(23)||L4;°H—3/2‘ <Clzlj. = C.

Then, by (1.1), we obtain that

(A2) 10:2n [l L5 prmine-3/27~er2-1) = C.

Therefore, by the Aubin—Lions theorem (Theorem 1.71 in [62]), we deduce that z,, — z
in L2([0, T] : L?([—k,k]), for all k € N. In particular, this implies z2 — z2 in L'([0, 7] :
L' ([~k, k])).

Since z, is a weak solution of (1.1) in the distributional sense satisfying z, (0, ) = zo,,
we know that for all ¢ € CX°([-T, T] x R),

T T
_ o 2 _ —
/0 /R(E),(p x| D|*P)zy dxdt+/0 /R(axqﬁ)zn dxdt /qu(O,x)zo,n(x)dx 0.

Thus, passing to the limit, we conclude that

T T
_ o 2 _ —
A‘é@¢ mw|@uum+A A@mﬂdmh A¢mm%umx 0,

which proves that z is a weak solution of (1.1) corresponding to the initial datum z.
Since z € Z1, we deduce, from the uniqueness part in Theorem 2.10, that z € Y7 and that
Zn — zin L®([0, T] : H*/2(R)) for the whole sequence.

Finally, let ¢ € C2°(R). From the Arzela—Ascoli theorem and the bounds (A.1)-
(A.2), it follows that the function v,:1 € [0, T] = [ ¥ (x)z4(t, x) dx converges up to
a subsequence in C°([0, T] : R). Moreover, by uniqueness, this limit holds for the whole
sequence and it is equal to [ z (¢, x)¥ (x) dx, which implies that z, (1) — z(¢) in HY2(R)
forall r € [0, T]. (]

B. Pseudo-differential toolbox

In this section, ¥ will denoted a function in § (R). First, we recall some well-known results
on pseudo-differential operators (see [2] or Chapter 18 in [29]). Let D = —i d,. We define
the symbolic class $™4 by

a € C®(R?),

a(x,§) e8! — K Jevm—
Yk, B €N, 3Crp > 0: [0k0falx, §)] < Crplx)?7 ()P,

For all u € §(R), we set the operator associated to the symbol a(x, §) € §™4 by

ax. Dyu = % / 5 (x, £)F (u)(€) dE.

We state the following three results:
e Leta € §™9. There exists C > 0 such that for all u € §(R),

(B.1) la(x, Dyullzz < Cl(x)T{(D)"ul .
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e Leta € ™9 and b € §4 . Then there exists ¢ € $”+"-4+4" guch that
(B.2) a(x,D)b(x,D) = c(x, D).

e Ifa € 8™%and b € ™4 are two operators, we define the commutator by

[a(xD),b(x, D)] := a(x, D)b(x, D) — b(x, D)a(x, D).
Moreover, there exists ¢ € §™Tm ~1.4+4'~1 gych that
(B.3) [a(x, D),b(x, D)] = c(x, D).
As a consequence of (B.2), (D)™ (x)4 (D)™™ e §%4. Therefore, by (B.1), we have
(D)™ {x) ull L2 = I{DY™ (x)? (D)™™ (D)"ullL> < C2l(x}?(D)"u] 2,

for C, > 0. By the same computations with (x)? instead of (D)™, there exists C; > 0
such that
Cill(x)(D)Y"ullL2 = (D)™ (x)Tul 2.

Gathering these two estimates, we conclude that

(B.4) Cill{x) (D) ull 2 < (D)™ (x)ull 2 < Coll(x)T(D)"ull 2.

C. Proof of the weighted commutator estimates

This section is devoted to the proofs of Lemmas 3.1, 3.3 and 3.4.
In this section, u is a function in H%/2(R). Let ¢ be defined as in (3.1) and for 4 > 1,
¢;j,4 as in (3.2). Moreover, we define

O(x) = VIg' ()] ~ (x) 70T and @4 = /I¢] 4.

Finally, let y € C°(R) be such that x(§) = 1 on [—1,1] and x(§) = 0 on [-2, 2]°.

The proof of Lemma 3.1 is an extension of the proof of Lemmas 6 and 7 in [36]. Note
that, while the estimates in Lemmas 6 and 7 in [36] are stated for « € [1, 2], their proofs
extend directly to the case « € (0,2). This yields estimates (3.4) and (3.5). However, since
estimates (3.6) and (3.7) are not symmetric in #, we cannot use Claim 3 in [36]. Instead,
we use the following estimates (which are also derived from the techniques in [36]).

Lemma C.1. Leta € (0,2), T = |D|*¢pD — Dp|D|*. Then there exists C > 0 such that
forallu,v € §(R), we have

€D i/(Tu)v =—(a - 1)[|DI“/2(u®)|D|“/2(v®) +R,
with
2 2 / .
(C2) |R|§{Cf(“2+“ )|¢1| . o a1l
C([u?|¢'] + o5 (DI ?u)?|¢'| + A% [v2|¢']) if o € (1.2),

forall A > 1.
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Proof. The proof of (C.1) is a combination of the proofs of Claim 1 and Claim 2 in [36].
Following [36], we split T = T} + T3, where

Ty = |D|*(1 = x(D)¢D — D¢(1 — x(D))|D|*,
T, = |D|*x(D)¢D — D¢y (D)|D|*.

First, we have arguing exactly as in Claim 2 in [36] that, for any « € (0, 2),
i [0 = ~@=1) [1DI DY@ 0®) + e
with
Rl =C [0+

Now, we deal with the operator 77. Let us define a(x,£) = ¢(x)|£]*(1 — y(§)) € §%0.
Then, following the computations in the proof of Claim 1 in [36], we have

i [y =@ [1D1720 - x DY@ DI200) + [ T + R,
with

T = —%(aiaga)(x, D)D — ®[®,|D|*(1 — x(D))], |Ri| <C /(u2 +v7)¢'].
To estimate | [ (flu)v|, we cannot use Claim 3 in [36] due to the lack of symmetry.
Instead, we use classical pseudo-differential calculus estimates. Observe that the symbol

11(x, £) of Ty belongs to the class $*~1%~2 Inthe case 0 < & < 1, 11 (x, £) € §%~(@+D),
Thus, the Cauchy—Schwarz inequality and (B.1) yield

|[@on| =| [@ Tuneo| < 1o Tuulizl@vlze = € [0+ 021,

In the case | < o < 2, 1;(x, §) € §%/2~(1+9) By the Cauchy—Schwarz inequality, (B.1)
and then Young’s inequality, we get

~ L~ 1
’f(T]M)U‘ < ||<I> 1T1”||L2||(DU||L2 < C(Aot/Z /((D)a/2u)2|¢/| + Aa/2/02|¢/|),

for any A > 1. Moreover, by pseudo-differential calculus, (B.2), (B.1), and since the sym-
bols of the operators ®y(D)(D)*2®~1 and ®(1 — y(D))(D)¥?|D|~%/2®d~" belong
to $%0 we have

(C.3) / (D) ?u)?|¢/| <2 [ (x(D){D)*?u)*|¢'] +2 / ((1 = x(D)(D)*?u)|¢/|

<2 / (®2(D)(D)*/20~! (du))?

2 / (®(1 — x(D)(DY2|D["2® (| D|*/u))?

=c( [+ [apiarie1).

Gathering these estimates concludes the proof of Lemma C.1. ]
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Lemma C.2. Let o € (0,2), S = ®[D, | D|*]. Then there exists C > 0 such that for all
u,v € S(R), we have

‘/(Su)v‘ + ( /(Sv)u

{c J? +v2)|¢] if o € (0.1],
C([u?1¢'| + oz [(IDI*2u)?|¢)| + A% [v2|¢']) if & € (1,2),
forall A > 1.

<

Proof. We split S = S + S,, where
S1 = @[D,[D|*(1 = x(D))], Sz = @[D,|D|*x(D)].

We first deal with the high frequency terms involving S;. Since 1 — y is supported
outside 0, S; is a pseudo-differential operator of symbol s (x, £), which belongs to the
class $¢71722 Inthe case 0 < o < 1, s1(x, &) € §0=(@+D andinthecase 1 < a < 2,
s1(x, §) € §%/2=@+1D) Thys, by arguing as in the proof of Lemma C.1, we deduce that

’/(S W < C [ +v?)|¢ ifo<a<l,
U (e SUDY 2+ A2 [ 2] il < <2,

Observe that the same estimate also holds for | [(S1v)u|. Indeed, the proof is exactly the
same as the case 0 < o < 1. Inthe case 1 < o < 2, ®~1(|€])7*/ 25, (x,£) € §O~(@+D/2
1

so that
‘/(Slv)u‘
172 f(<D>“/2u)2|¢>’| +A“/2fv2|¢’|.

Moreover, by using (C.3), we deduce that

‘/(Slu)v‘ + )f(slv)u(

C [(u* +v?)|¢'| ifa €(0,1],
<
e[S+ g JUDIPu)? ¢ | + A2 [19)]) if e € (1,2),
Now we deal with the low frequency term involving S,. We follow the proof given

in [36] for the same type of operator. We remark that [D|% y(D)u = k * u, with k =
|€]% x(§). Then we can rewrite

IA

10~ (D)2 S 0]l 2| @(D)*/*u| .2

IA

[@.[D|* x(D)]u = /k(x = (P(x) — P(y)u(y) dy.
We want to prove that the operator defined by the kernel

Alx,y) = k(x = y)(@(x) = 2() P~ ()

is bounded in L2(R). For this, we need the three following results.
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Theorem C.3 (Schur’s test, Theorem 5.2 of [26]). Let p, q be two non-negative measur-
able functions. If there exists o, B > 0 such that

(D) [gIK(x, »)lg(y)dy < ap(x) foraex €R,

) JrIK(x, »)|p(x)dx < Bq(y) foraey R,
then Tf = fR K(x,y) f(y)dy is a bounded operator on L*(R).
Claim C.4 (Claim 8 of [36]). There exists C > 0 such that

((x) lx(;))y(]xﬂ)/z if [x — y| = l((36) +(»),

|P(x) — ()| =C

— N

[®(x) — D(y)| < + if |x — y| > 5(()6) +(»).

1
(x)(1+a)/2 (y)(l—i-a)/z

Lemma C.5 (Lemma A.2 of [36]). Let p be a homogeneous function of degree f > —1.
Let y € Cg°(R) be suchthat0 < y <1, x(§) = 1if |§| < 1 and x(§) = 0if |§| > 2. Let

1 .
ke = 5= [ e p@n© de.
s
Then, for all ¢ € N, there exists Cy4 > 0 such that, for all x € R,

q
102k (x)] < W.

Let A=A1+A,, where Ay and A, are restricted, respectively, to the regions |x — y| <
2({x) + (y)) and |x — y| = 2({x) + (»)). By using Claim C.4 and Lemma C.5,

1
(x _ y)1+a’

< 1 |x =yl (+e)/2
[A1(x. ) =C (x — y)+e ((x) + (y)@+d/2 () =C

Then, by Theorem C.3, with p = ¢ = 1, A, is the kernel of a bounded operator in L2.
Now we deal with A,. By using Claim C.4 and Lemma C.5,

I I I
(1+a)/2
AoVl = € e ((x)<1+a)/2 * (y)(1+a)/2>(y>
<y>(l+oz)/2
eyt T i Eer

< Asz(x,y) + Aalx, y).

<C

Then, by Theorem C.3, with p = g = 1, A3 is the kernel of a bounded operator in L?2.
We compute

f Asroy)x) V2 dx < C (y)~ P2, f Aalroy){y) 02 gy < € ()12,

Then, by Theorem C.3, we deduce that A4 is the kernel of a bounded operator in L2,
Gathering these estimates, we conclude that

I®. [DI*x(D)]ull2 < Cllu®| 2.
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Therefore, by Young’s inequality, we get
| [(sa0n| =] [ et 0201
sc( v+ [aeiprrom?) <c [+ gl

The estimate for | [(S,v)u| is similar. This concludes the proof of Lemma C.2. |

Proof of (3.7). By integration by parts, we get
[ @orwa -+ (DI g = [(DI @0~ dutglDIw0)0 =1 [ Tu,

with T = |D|%¢D — D¢|D|*. Hence, we deduce from (C.1) that

]/(<|D|“u>axv +(IDI*0)dxu) § + (o - 1>/|D|“/2(u/|¢_/|)|D|“/2(vJ|¢_’|)\ = |R|.

where |R| satisfies (C.2). Therefore, we conclude the proof of (3.7) by performing the
change of variable x" = =", n

Proof of (3.6). By direct computation, we get

/ ((ID1%w)w — (DI ¢] = [ V[P, [ D[*]u — / u®[®. | D|*v

= /(Su)v —/(Sv)u,

where S = ®[D, | D|¥]. Therefore, we conclude the proof of (3.6) by using Lemma C.2
and performing the change of variable x’ = "

This finishes the proof of Lemma 3.1. Now we prove Lemma 3.3.

Proof of Lemma 3.3. By direct computations, we obtain
€4 [(DIr a2 - [(D1u0s.

= [Pwuig) a1~ [ADIw21g5 1 = [ usal®y 1D

— [pP ol = [AD1u 1841~ 5 [ iy @0 DP
By applying (3.6) to v = | D|*u, we get that

€5 | [apPunigal - [apra2ier|

& [0 + (D)) 4] ifa e (0.1].
= C
5 [(@? + (ID1*?u)? + (|D|"u)?) |} 4| ife € (1,2).
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It remains then to estimate the term (C.4). By using the proof of Claim 7 in [36], we
know that for any o > 0, there exists C > 0 such that for all u, v € §(R),

6 | [ @@t xopFmn| < ¢ o + i
We observe that the symbol of the pseudo-differential operator ®~1[®, [®, y(D)|D|**]]

belongs to §20-2,—(1+)/2-2 - go.~(1+2)/2 Gince o € (0,2). Thus, it follows from (B.1),
(C.6) and Young’s inequality that

| [ vt pPu] < | [uee . fo.a - xopIDP
+| [ ule.1@. o)D)
= & [+ ca [arig

Moreover, arguing as in (C.3), we obtain that

[apywrigiax c( [+ [aproie)

By changing variable x’ = x_Amj , we deduce that

C
en | [utpalenn 0P| < 5 [+ aDE0g .

Therefore, by gathering (C.5), (C.7), we conclude the proof of (3.8). [

Proof of Lemma 3.4. By Young’s inequality and (3.8), we obtain that
| [1D1 w0000,
=5([apr@enr + [aprrig) )
< [aprw2ig)l + 5| [ DG~ [Dlw?ie) |
< [4Drwig)al + o7z ( [0 + (D07 + (DP9},

which yields (3.9). u

D. Proof of the non-linear weighted estimates

Proof of Lemma 3.6. Let j € {1,..., N}. First we prove estimate (3.17). By the Cauchy—
Schwarz inequality, the Sobolev embedding H/4(R) — L*(R) and 1/4 < /2, we get
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that

o0 fulea= ()7 (frear)”
< CylIDI"* ®j )72 < CyIn®alfyar-
From the decomposition n = u — R, we have
D.2) |[nDjallger < u®jallger + IRPj all garz = uDj allgerz + [|RPj allge.

To deal with the second term on the right-hand side of (D.2), we use pseudo-differen-
tial calculus. Observe that the symbols of ®y(D)(D)*®d~!, (1 — y(D))(D)*|D|~*d~!
belong to §%°_ It follows then from (B.4), and then (B.2) that, for all v € §(R),

(D.3) [IDI* P2 = [v®llme < CI(D)*v)P]|L2
= Clx(D)(D)*0)®|| 2+ [[(1=x(D){D)*|D|~*(|D|*v) ®|| 2
< C(llv®@lr2 + [(ID*v) Pl 2)-

. . . X—m;j
Then, we obtain, by changing variable x’ = v L,

1
11D @0l < € (g 1v@zallz + DI V)l
so that
(D4) [0®sallme = C(lv®allze + 1D @alz2),

forall v € S(R).
Therefore, combining (D.1), (D.2) and (D.4) with v = R, we deduce

[ P18, 4l < Cyllud; 420 + Cy / (R? + (IDI*R)) ).

Moreover, by using equations (1.3) and (3.13), we obtain

[apiriigg < ([ 8+ )05 <

which concludes the proof of (3.17).
Now we prove (3.18). Using the Cauchy—Schwarz inequality, the Sobolev embedding
and the former estimates, we conclude that

[t = ([at) ([ ri05.42) "

C 2
= ([ whal+ [(DIR0e,002) +

which is exactly estimate (3.18). ]



A. Eychenne 1856

Proof of Lemma 3.7. By using Young’s inequality and the decomposition u = R + 1, we
deduce that

| [1D12 w0, 101 0,0
= | [1Ipr sy <2 [0+ ¢ [(DFwe,0P
=c( [ g+ [ ®950) + 5 [aDF@R,02
Using (3.18), (3.13), (3.8), we have that

| [1D172 w0 D220

1
< C(V2 + Aa/z)(/(u2 + (ID|*"?u)* + (IDI“u)2)|¢’J/‘,A|>
. . c
+CV2/(|D| P ®;4)* + /(lDl WA+ Gy [CORE

Furthermore, by using again (3.8) with o/2 < 1, we deduce that

| [1D12 w0, 101w 0

= C<y2 + Ai/2)<[(u2 + (|D|"‘/2u)2 + (|D|a”)2)|¢},A|)

+ g [aprwig v ot (MM

This concludes the proof of Lemma 3.7. ]

E. Coercivity of the localized operator

To begin, we recall the definition of H; given in (4.12):
Hyu.u) = /(u|D|°‘u +ju? — 2RuP) .

where R; is defined in (2.5) and v} 4 is defined in (3.3), and u € H“/Z(R). Moreover, let
Liju=|D|*u+cju—2Rju and Lu = |D|*u +u—2Qu.

It has been proved in Theorem 2.3 in [22] that the spectrum of £ is composed by
one negative eigenvalue, the eigenvalue 0 and that the rest is the continuous spectrum
[1, +00). Moreover, the eigenspaces associated with the negative eigenvalue and 0 are
one-dimensional vector spaces and the eigenspace of 0 is spanned by Q’.

Furthermore, from Lemma E.1 in [69], since we are in the subcritical case, we can
replace the eigenfunction associated with the negative eigenvalue by Q to get the coerciv-
ity property stated in the following theorem.
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Theorem E.1. Let o € (1/2,2). Then there exists ju > 0 such that for allu € H*/?(R),

[t = bl - %(/ug)z - %(/MQ’)z-

Remark E.2. By using a scaling argument, the result of Theorem E.1 still holds if one
replaces &£ by £; and Q by Rj, for j € {I,...,N}.

As a consequence of the former theorem, we deduce a coercivity property for the
bilinear form H;.

Corollary E.3. There exist v > 0, C > 0 such that forall A > 1, u € H*%(R),

al C C 1 Y > >
S = o St (k) ()
Proof of Corollary E.3. Forall j € {1,..., N}, we have from Theorem E.I that
00 = [uTazei + [uplova - [(D1R i)
1 2] 2
= i Traller = ([ uvTars) = ([ uyiaoe,)
+ [utprwpa - [ (DI i)

By (3.15), (3.16), and the Cauchy—Schwarz inequality, for all j € {1,..., N}, we deduce
that

([uvimars) + ([ uviasr;)
< 2</uRj)2 +2(/u8ij)2 +2</u(1 - M)R,)z
+2(/u(1 - \/W)axkj)z
< 2(/uRj)2 + 2(/u8ij>2 + %')'}
Observe from (D)*/2 ~ 1 4+ |D|%/? that
Tl = ¢ [ G2+ AP0y~ [(DIur ;.4
o ACE )

for a small positive constant 0 < ¢ < 1. Since Zﬁ.\;l Y¥j 4 = 1, we have

N N
€0 3 [utprwvia = [(1 = 3 [ (D10 Vi)
j=1 Jj=1
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Hence, by summing over j, we deduce that

i N
;Hj(u,u) > N(cu— (ﬂ(;)a)”“”fqa/z —%;((/uRj)2+ (/u3ij)2)

N - )
+ (1 —cp) Z(/u(lDlau)llfj,A —/(|D|a/2(u\/%’,A)) )
j=1

It remains to estimate the last term on the right-hand side of the former inequality. By
using (E.1) and direct computations,

N

So( [ waprwga~ [(PI50)°)

j=1

N
=> / ((1D1*2u)/Yj.a + DI (u/1.4)) (I D1**u) /j.a — |DI* (u /). 4))
j=1

N
-3 [ ((IDI%2u) 74 + DI (u S5 2)[IDI2. firoa .
j=1

By arguing as in (D.3) and using 0 < ¥/; 4 < 1, we deduce that

N N
€2 D DIl < C Y (luv/Vralzz + 10D1u) /.4l 12)
j=1 j=1

< C||M||Ha/2.

Then it follows from the Cauchy—Schwarz inequality and (E.2) that

N N
> [ u(|D|"u) g4 — / (DI F5.40%| = Cliullgrare Y NI, iy alul 2.
j=1 j=1

Finally, to estimate the commutator on the right-hand side of the former estimate, we will
rely on pseudo-differential calculus and argue as in the previous subsection. By (B.3),
we have that the symbol of [|D|%/2(1 — (D)), /] belongs to §%/2~ 171 < §90 gince
o < 2. Then it follows from (B.1) that

D12, ylullL2 < C(lullz2 + D12 x(D), v/¥lul2).-
We recall | D|*/2y(D)u = k % u, with k= |E]%/2 5 (&), so that

DD Vi = [k = (0 = VF0ur) dy.
We want to prove that the operator 7' defined by the kernel

R(x,y) = k(x — (V@) — V().

is bounded in L?(R). By Lemma C.5, we obtain that |k(x)| < 1+a/2 Since /Y €
L*°(R), we deduce by Lemma C.3 that

1D/ x(D), ¥ lullL> < Cllula.
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By changing the variable x’ = X_Amj , we get that

C
1D, Vijalullze < o e

We finish the proof of Corollary E.3 by combining all these estimates and by choosing
v small enough. ]
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