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Interior estimates for the Monge–Ampère type
fourth order equations

Ling Wang and Bin Zhou

Abstract. In this paper, we give several new approaches to study interior estim-
ates for a class of fourth order equations of Monge–Ampère type. First, we prove
interior estimates for the homogeneous equation in dimension two by using the par-
tial Legendre transform. As an application, we obtain a new proof of the Bernstein
theorem without using Caffarelli–Gutiérrez’s estimate, including the Chern conjec-
ture on affine maximal surfaces. For the inhomogeneous equation, we also obtain a
new proof in dimension two by an integral method relying on the Monge–Ampère
Sobolev inequality. This proof works even when the right-hand side is singular. In
higher dimensions, we obtain the interior regularity in terms of integral bounds on
the second derivatives and the inverse of the determinant.

1. Introduction

We study the regularity of the following fourth order equations of Monge–Ampère type:

(1.1) U ijwij D f;

where ¹U ij º is the cofactor matrix ofD2u of an unknown uniformly convex function, and

(1.2) w D

´
ŒdetD2u��.1��/; � � 0; � ¤ 1;

log detD2u; � D 1:

When � D 1=.nC 2/, this is the affine mean curvature equation in affine geometry [7].
When � D 0, it is Abreu’s equation arising from the problem of extremal metrics on toric
manifolds in Kähler geometry [1], and is equivalent toX

i;j

@2uij

@xi@xj
D f;

where ¹uij º is the inverse matrix of D2u. The regularity of (1.1) has been extensively
studied before, see [4, 5, 10, 18, 19, 32–35]. This equation is usually treated as a system of
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a Monge–Ampère equation and a linearized Monge–Ampère equation. Therefore, in pre-
vious works, its regularity relies heavily on Caffarelli–Gutiérrez’s deep result on the inte-
rior regularity of the linearized Monge–Ampère equation [3], which was later extended
by [13, 14, 24] to the boundary and to higher order estimates. In this paper, we investigate
the interior estimates of (1.1) by several new approaches. We will mainly concentrate on
the case � 2 Œ0; 1� due to the interesting geometric background.

We first consider the case of the homogeneous equation

(1.3) U ijwij D 0;

where w is given by (1.2). We apply the partial Legendre transform to give a new proof of
the interior estimates of (1.3) in dimension two.

Theorem 1.1. Assume n D 2 and � 2 Œ0; 1�. Let � � R2 be a convex domain and let u
be a smooth convex solution to equation (1.3) on � satisfying

(1.4) 0 < � � detD2u � ƒ:

Then for any �0 b �, there exists a constant C > 0, depending on sup� juj, �, ƒ, � and
dist.�0; @�/, such that

kukC 4;˛.�0/ � C:

The partial Legendre transform for the fourth order equation was first used in [25],
where the authors deal with the second boundary value problem. After the partial Legendre
transform, equation (1.3) becomes a quasi-linear second order equation (see (2.3)) for the
determinant. The main ingredient in our proof is an interior integral gradient estimate
(Theorem 2.2). When � 2 Œ0; 1=4�, condition (1.4) holds by the determinant estimates
and arguments of strict convexity [32,34]. By Theorem 1.1 and a rescaling argument as in
Theorem 2.1 of [32], we obtain a new proof of the following Bernstein theorem [17,32,34]
without using Caffarelli–Gutiérrez’s theory.

Theorem 1.2. Assume n D 2 and 0 � � � 1=4. Let u be an entire smooth uniformly
convex solution to (1.3) on R2. Then u is a quadratic polynomial.

In the case of the inhomogeneous equation and in higher dimensions, the partial
Legendre transform does not work. We will investigate the interior regularity by an integ-
ral method motivated by De Giorgi–Nash–Moser’s theory. Consider the inhomogeneous
equation with general right-hand side term

(1.5) U ijwij D f .x; u;Du;D
2u/;

where w given by (1.2) with � 2 Œ0; 1�. This equation is introduced by [21,22] in the study
of convex functionals with a convexity constraint related to the Rochet–Choné model for
the monopolist problem in economics. It is said to be singular since the right-hand side
term depends on D2u. A typical example considered in [21, 22, 25] is

(1.6) f D div .jrujp�2ru/C f 0.x; u/:

Note that when f 2 L1.�/, once we have the determinant estimate (1.4), we can use
Caffarelli–Gutiérrez’s theory to get the interior regularity. The assumption on f can be
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weakened to f 2Ln=2C".�/ by [23]. Hence for f defined as (1.6), when nD 2 and p� 2,
we can obtain the interior regularity of u directly by using interior W 2;1C"-estimates of
the Monge–Ampère equations [9,29]. To settle the more singular case 1 < p < 2, Le [20]
established the interior estimate of the linearized Monge–Ampère equation with right-
hand side term in divergence form in dimension two. One of the main tools in [20] is
the Monge–Ampère Sobolev inequality (see Lemma 3.2). In this paper, we will use the
Monge–Ampère Sobolev inequality and the W 2;1C"-estimates for the Monge–Ampère
equation directly in the fourth order equation to obtain a W 2;p-estimate of the solution
(Theorem 3.3). Then we can apply the regularity theory of second order elliptic equation
of divergence type to obtain a new proof for the interior estimates of (1.5).

Theorem 1.3. Assume n D 2 and � 2 Œ0; 1�. Let � � R2 be a convex domain. Assume

f D div .g/C h;

where g WD .g1.x/;g2.x//W�!R2 is a bounded vector function and h2Lq.�/ for some
q > n=2. Suppose u is a smooth convex solution to equation (1.5) on � satisfying (1.4).
Then for any �0 b �, there exists a constant C > 0, depending on sup� juj, �, ƒ, � ,
kgkL1.�/, khkLq.�/ and dist.�0; @�/, such that

kukW 4;q.�0/ � C:

Remark 1.4. (1) It is clear that the above theorem applies to the case (1.6) for any p > 1
in dimension two. The higher dimensional case is still open.

(2) When f 2 W 1;q.�/ and � D 0 or 1, we give another new proof in Section 3
inspired by [6] for the complex setting. More precisely, we get a C 2-estimate of u in
terms of the W 2;p-bound (Theorem 3.4), which makes (1.5) become a uniformly elliptic
equation. Then the classical theory of uniformly elliptic equations can be applied.

In higher dimensions, the interior regularity and the Bernstein theorem are still widely
open. In fact, according to the counterexample in [32] for the affine maximal surface
equation, there may be no interior estimates if no further assumptions are made. More
precisely, (1.4) may not hold. We give a partial result by assuming integral bounds on the
second derivatives and the inverse of the determinant.

Theorem 1.5. Let � � Rn be a convex domain and let u be a smooth uniformly convex
solution to equation (1.3) with � 2 Œ0; 1� on�. Assume that p; q > 0 satisfy n=pC 1=q <
2=n. Then for any�0 b�, there exists a constant C , depending only on p, q, � , sup� juj,
kukW 2;p.�/, k.detD2u/�1kLq.�/ and dist.�0; @�/, such that

kukC 4;˛.�0/ � C:

As an application, we obtain a Liouville type theorem in higher dimensions.

Corollary 1.6. Let u be an entire smooth uniformly convex solution to (1.1) with � 2 Œ0; 1�
on Rn. Suppose there are p; q; C > 0 such that n=p C 1=q < 2=n and

(1.7)
Z
BR.0/

jD2ujp C .detD2u/�q dx � CRn ; 8R > 0:

Then u is a quadratic polynomial.



L. Wang and B. Zhou 1898

The structure of the paper is as follows. In Section 2.1, we apply partial the Legendre
transform to (1.1) in dimension two to derive a new equation. The key interior gradient
estimate (Theorem 2.2) for the new equation is established in Section 2.2. Then we prove
Theorem 1.1 in Section 2.3 with this key estimate. In Section 3, we first derive the W 2;p-
estimate of u (Theorem 3.3), and then we prove Theorem 1.3. Section 4 is devoted to some
study on interior regularity in higher dimensions.

2. The homogeneous equation in dimension two

In this section, we present a new proof for the interior estimate for the homogeneous
equation without Caffarelli–Gutiérrez’s theory.

2.1. The new equation under partial Legendre transform

We first focus on the dimension two case. Write u.x/ D u.x1; x2/. The partial Legendre
transform in the x1-variable is

(2.1) u?.�; �/ D x1ux1.x1; x2/ � u.x1; x2/;

where
y D .�; �/ D P .x1; x2/ WD .ux1 ; x2/ 2 P .�/ DW �?:

We have

@.�; �/

@.x1; x2/
D

�
ux1x1 ux1x2
0 1

�
and

@.x1; x2/

@.�; �/
D

�
1=ux1x1 �ux1x2=ux1x1
0 1

�
:

Hence,

(2.2) u?� D x1; u?�� D
1

ux1x1
; u?� D �ux2 ; u?�� D �

detD2u

ux1x1
; u?�� D �

ux1x2
ux1x1

�

The partial Legendre transform has been used widely in the study of the Monge–Ampère
equation [8, 11, 12, 24, 26]. Here we apply it to equation (1.3).

In order to derive the equation under the partial Legendre transform, we consider the
associated functionals of (1.3):

A� .u/ D

8̂̂<̂
:̂
R
�
ŒdetD2u�� dx; � > 0; � ¤ 1;R

�
log detD2udx; � D 0;R

�
detD2u log detD2udx; � D 1:

The case of � D 0 is essentially included in [25].

Proposition 2.1. Let u be a uniformly convex solution to (1.3) in �. Then in�? DP .�/,
its partial Legendre transform u? satisfies

(2.3) w?w?�� C w
?
�� C .� � 1/w

?
�
2
C
� � 2

w?
w?�

2
D 0;

Here, w? D �u?��=u
?
��

.
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Proof. As

detD2u D �
u?��

u?
��

and dxdy D u?�� d� d�;

we have

A� .u/ D

Z
�?

�
�
u?��

u?
��

��
u?�� d� d�

D

Z
�?
.�u?��/

�u?��
1��

d� d� DW A?� .u
?/; � 2 .0; 1/I

A0.u/ D

Z
�?

log
�
�
u?��

u?
��

�
u?�� d� d� DW A

?
0.u

?/I

A1.u/ D

Z
�?

�
�
u?��

u?
��

�
log

�
�
u?��

u?
��

�
u?�� d� d� DW A

?
1.u

?/:

Since u is maximal with respect to the functional A� , u? is maximal with respect to the
functional A?

�
. It suffices to derive the Euler–Lagrange equation of A?

�
. See [32, 34] for

the case of the Legendre transform.
First, we consider � 2 .0; 1/. For ' 2 C10 .�

?/, by integration by parts,

dA?
�
.u? C t'/

dt

ˇ̌̌
tD0
D

Z
�?
Œ.1��/.�u?��/

� .u?��/
��'�� � �.�u

?
��/

��1u?��
1��

'��� d� d�

D

Z
�?

®
Œ.1 � �/.�u?��/

� .u?��/
�� ��� � Œ�.�u

?
��/

��1u?��
1��

���
¯
' d� d�:

Denote w? D �u?��=u
?
��

. Then the equation, after the transformation, becomes

��.w?
��1

/�� C .1 � �/.w
?� /�� D 0:

After simplification, this is (2.3). Similarly, for ' 2 C10 .�
�/,

dA?0.u
? C t'/

dt

ˇ̌̌
tD0
D

Z
�?
�
u?
��

u?��

�
�
'�� u

?
��
� u?�� '��

u?
��
2

�
u?�� C log

�
�
u?��

u?
��

�
'�� d� d�

D

Z
�?

'�� u
?
��
� u?�� '��

u?��
C log

�
�
u?��

u?
��

�
'�� d� d�;

and the equation, after the transformation, becomes

�Œ.w?/�1��� C .logw?/�� D 0:

After simplification, we obtain (2.3). Finally,

dA?1.u
?C t'/

dt

ˇ̌̌
tD0
D

Z
�?
.1C logw?/

�
�
'��u

?
��
�u?��'��

u?
��
2

�
u?��Cw

? logw?'�� d� d�

D �

Z
�?
.1C logw?/.w?'�� � '��/C w? logw?'�� d� d�:
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so the equation becomes
�w?�� � .logw?/�� D 0;

which is equivalent to (2.3).

2.2. The interior gradient estimate of (2.3)

For simplicity, we change notations in this section and write (2.3) as

(2.4) uuxx C uyy D .1 � �/u
2
x C

2 � �

u
u2y :

It is easy to see that this is a quasi-linear equation with right-hand side depending on the
gradient. We prove the following interior gradient estimate.

Theorem 2.2. Assume u is a solution to (2.4) with � 2 Œ0; 1� onBR WDBR.0/ and satisfies
0 < � � u � ƒ. Then there exist ˛; C > 0 depending on �, ƒ, R and � , such that

(2.5)
Z
BR

jruj3.R2 � x2 � y2/˛ dV � C:

Proof. Let w D v��, where

v D
q
u2x C u

2
y C 1 and � D .R2 � x2 � y2/˛; ˛ > 3;

and � D �.u/ is a positive function of u to be determined later.
A direct calculation yields

uwxx C wyy

D .uvxx C vyy/��C 2Œuvx.��/x C vy.��/y �C Œu.��/xx C .��/yy �v:(2.6)

It is clear that

vx D v
�1 .uxuxx C uyuxy/; vy D v

�1 .uxuxy C uyuyy/;(2.7)

vxx D �v
�3 .uxuxx C uyuxy/

2
C v�1 .u2xx C uxuxxx C u

2
xy C uyuxxy/;(2.8)

vyy D �v
�3 .uxuxy C uyuyy/

2
C v�1 .u2xy C uxuxyy C u

2
yy C uyuyyy/:(2.9)

Differentiating the equation, we have

uxuxx C uuxxx C uxyy D 2.1 � �/uxuxx �
2 � �

u2
uxu

2
y C

2.2 � �/

u
uyuxy ;(2.10)

uyuxx C uuxxy C uyyy D 2.1 � �/uxuxy �
2 � �

u2
uyu

2
y C

2.2 � �/

u
uyuyy :(2.11)

By the Cauchy inequality, we have

(2.12)
.uxuxx C uyuxy/

2
� .v2 � 1/.u2xx C u

2
xy/;

.uxuxy C uyuyy/
2
� .v2 � 1/.u2xy C u

2
yy/:
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Then by (2.7), (2.8), (2.9), (2.10), (2.11) and (2.12), the first term in (2.6) satisfies

uvxx C vyy

D uŒv�1.u2xx C u
2
xy/ � v

�3.uxuxx C uyuxy/
2�C v�1u.uxuxxx C uyuxxy/

C Œv�1.u2xy C u
2
yy/ � v

�3.uxuxy C uyuyy/
2�C v�1.uxuxyy C uyuyyy//

� v�1
�
2.1 � �/ux.uxuxx C uyuxy/C

2.2��/
u

uy.uxuxy C uyuyy/ � .v
2
� 1/uxx

�
� v�1 2��

u2
.u2xu

2
y C u

4
y/C v

�3
�
u.u2xx C u

2
xy/C u

2
xy C u

2
yy

�
D 2.1 � �/uxvx C

2.2��/
u

uyvy �
2��
u2

v2�1
v
u2y �

v2�1
v
uxx

C v�3
�
u.u2xx C u

2
xy/C u

2
xy C u

2
yy

�
� 2.1 � �/uxvx C

2.2��/
u

uyvy �
2��
u2

v2�1
v
u2y � vuxx C v

�1uxx C v
�3uu2xx

� 2.1 � �/uxvx C
2.2��/
u

uyvy �
2��
u2

v2�1
v
u2y � vuxx � Cv;

where C > 0 depends on �. By integration by parts,Z
BR

.uvxx C vyy/� � dV

� �

Z
BR

2.1 � �/Œuxxv��C uxv.��/x � dV

�

Z
BR

2.2 � �/
huyy
u
v�� �

u2y

u2
v� �C

1

u
uy v.��/y

i
dV

�

Z
BR

�2 � �
u2

v2 � 1

v
u2y ��C vuxx ��C C��v

�
dV

D

Z
BR

uxx v� � dV �

Z
BR

2.2 � �/
1

u

h
.1 � �/u2x C

2 � �

u
u2y

i
v� � dV

�

Z
BR

h
2.1 � �/ux v.��/x C 2.2 � �/

�uyv.��/y
u

�
u2y v� �

u2

�i
dV

�

Z
BR

h2 � �
u2

�
v �

1

v

�
u2y ��C C��v

i
dV

D

Z
BR

uxx v� � dV �

Z
BR

h
2.1 � �/�0 C

2.2 � �/.1 � �/

u
�
i
u2x v� dV

�

Z
BR

h
2.2 � �/

�0

u
C .2 � �/.3 � 2�/

1

u2
�
i
u2y v� dV

�

Z
BR

h
2.1��/uxv��xC

2.2��/

u
uyv��y C C��v

i
dV C

Z
BR

2��

u2
v�1u2y�� dV

�

Z
BR

uxx v� � dV �

Z
BR

h
2.1 � �/�0 C

2.2 � �/.1 � �/

u
�
i
u2x v� dV

�

Z
BR

h
2.2 � �/

�0

u
C .2 � �/.3 � 2�/

1

u2
�
i
u2y v� dV

� C
h Z

BR

jruj2.R2 � x2 � y2/˛�1 dV C

Z
BR

jruj.R2 � x2 � y2/˛ dV C 1
i
:
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Here C > 0 depends on �, ƒ, R and � . For the third term in (2.6),

Œu.��/xx C .��/yy �v

D v
�
�00.u/.uu2x C u

2
y/�C �

0.u/.uuxx C uyy/�C 2�
0.u/.uux�x C uy�y/

C � � .u�xx C �yy/
�

D v
h
�00.u/.uu2x C u

2
y/�C �

0.u/
�
.1 � �/u2x C

2 � �

u
u2y

�
�C 2�0.u/.uux�x C uy�y/

C � � .u�xx C �yy/
i

�

h
.�00uC .1 � �/�0/u2x C

�
�00 C �0

2 � �

u

�
u2y

i
v�

C C
�
jruj2.R2 � x2 � y2/˛�1 C jruj.R2 � x2 � y2/˛�2

�
:

Here C > 0 depends on �, ƒ, R and � . Integrating by parts the second term in (2.6),

2

Z
BR

uvx.��/xCvy.��/y dV D�2

Z
BR

ux.��/xvdV � 2

Z
BR

Œu.��/xxC.��/yy �v dV;

and hence,Z
BR

uwxx C wyy dV

D

Z
BR

.uvxx C vyy/�� dV � 2

Z
BR

ux.��/xv dV �

Z
BR

Œu.��/xx C .��/yy �v dV

�

Z
BR

uxx v� � dV C

Z
BR

h
.�5C 3�/�0 �

2.2 � �/.1 � �/

u
� � �00u

i
u2x v� dV

C

Z
BR

h
� 3.2 � �/

�0

u
� .2 � �/.3 � 2�/

�

u2
� �00

i
u2y v� dV

(2.13) �C
hZ
BR

jruj2.R2 � x2 � y2/˛�1 dV C

Z
BR

jruj.R2 � x2 � y2/˛�2 dV C1
i
:

Note that the left-hand side term satisfies

(2.14)
Z
BR

uwxx C wyy dV D

Z
BR

uxx v� � dV:

Now we choose
�.u/ D Au��2 �

u

2�2 � 9� C 9
;

with

A �
ƒ3��

2�2 � 9� C 9
C 1:

Then it is clear that �.u/ > 0. Furthermore, since � 2 Œ0; 1�, we have

.�5C 3�/�0 �
2.2 � �/.1 � �/

u
� � �00u D 1
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and

�3.2 � �/
�0

u
� .2 � �/.3 � 2�/

�

u2
� �00 D

2.2 � �/.3 � �/

.2�2 � 9� C 9/u
� C0 > 0:

Combining them with (2.13) and (2.14), we obtainZ
BR

jruj3.R2 � x2 � y2/˛ dV

� C1

Z
BR

jruj2.R2 � x2 � y2/˛�1 dV C C2

Z
BR

jruj.R2 � x2 � y2/˛�2�dV C C3

� C 01

� Z
BR

jruj3.R2�x2�y2/˛ dV
�2=3
CC 02

� Z
BR

jruj3.R2�x2�y2/˛ dV
�1=3
CC3:

Hence, (2.5) follows.

2.3. Proof of Theorem 1.1

In order to use the partial Legendre transform, we first recall the modulus of convexity.
For a convex function on Rn, the modulus of convexity mu of u is defined by

(2.15) mu.t/ D inf ¹u.x/ � `z.x/ W jx � zj > tº;

where t > 0 and `z is the supporting function of u at z. For a strictly convex function,
mu must be a positive function. A result of Heinz [16] implies that in two dimensions,
when detD2u� � > 0, there exists a positive function C.t/ > 0 depending on � such that
mu.t/� C.t/ > 0. Now for the partial Legendre transform (2.1), we consider the mapping

(2.16) .�; �/ D P .x; y/ D .ux ; y/ W BR.0/! R2:

The following important property is revealed in [26].

Lemma 2.3 (Lemma 2.1 in [26]). There exists a constant ı > 0 depending on the modulus
of convexity mu defined in (2.15), such that Bı.0/ � P .BR.0//.

Proof of Theorem 1.1. For any p 2 �, let R D dist.p; @�/=2. Without loss of generality,
we assume P .p/ D 0. It is clear that supBR.p/ jDuj � C for some constant C depending
on R and sup� juj. By Lemma 2.3, there exists ı > 0 such that Bı.0/ � P .BR.p//.
According to Proposition 2.1, u? satisfies (2.3) in Bı.0/ with

0 < � � w? D �
u?��

u?
��

� ƒ:

By Theorem 2.2,
kw?kW 1;3.B7ı=8.0//

� C:

Note that n D 2. By the Sobolev theorem, we have the C ˛ estimate of w?. And by the
interior W 2;p-estimate of the uniformly elliptic equation (2.3), we have the estimate

kw?kW 2;3=2.B3ı=4.0//
� C;
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which implies the W 1;6-estimate of w?. Again by the interior W 2;p-estimate of the uni-
formly elliptic equation (2.3), we have

kw?kW 2;3.Bı=2.0//
� C;

which implies the C 1;˛ estimate of w?. Then by the Schauder estimate of (2.3), we have

kw?kC 2;˛.Bı=4.0// � C

and all the higher order estimates of u?. Transforming back by the partial Legendre trans-
form, we obtain the lower bound of ux1x1 by (2.2). Since we can do partial Legendre
transforms of u in any direction, we can obtain the lower bound for the smallest eigen-
value of D2u, which implies the boundedness of D2u by (1.4). Then we have all the
higher order estimates of u.

3. The inhomogeneous equations in dimension two

In this section, we will study the interior estimate for the inhomogeneous equation (1.5).
We first recall the regularity theory of the second order elliptic equation in divergence

form,

(3.1) Dj .aij .x/Diu/ D Dig
i
C h in �;

where g D .g1; : : : ; gn/ is a vector valued function and ¹aij .x/º satisfies

0 < �.x/ j�j2 � aij .x/�i �j � ƒ.x/ j�j
2; 8� 2 Rn n ¹0º

and can be discontinuous. When ¹aij .x/º is uniformly elliptic, a fundamental regularity
theory was established by De Giorgi, Nash, Moser, etc. In [28,31], the classical De Giorgi–
Nash–Moser theory was extended to degenerate linear elliptic equation with �.x/�1 2
Lp.�/ and ƒ.x/ 2 Lq.�/, where 1=p C 1=q < 2=n. We denote by SCn the set of n � n
nonnegative definite matrices.

Theorem 3.1 (Theorem 4.2 in [31]). Let ¹aij ºW�! SCn be such that ��1 2 Lploc.�/ for
some p > n. Let g 2 L1.�IRn/ and h 2 Lq.�/. Assume p and q satisfy 1=p C 1=q <
2=n. Suppose that u is a subsolution (supersolution) to (3.1) in BR D BR.y/ � � and
that u � 0 .u � 0/ on @BR. Then

sup
BR

u.�u/ � Ck��1kLp.BR/
�
kgkL1.BR/R

1�n=p
C khkLq.BR/R

2�n=q�n=p
�
:

In [27], the author investigated the linearized Monge–Ampère equation with right-
hand side f D Digi C h, i.e., aij .x/ D U ij in (3.1). Under the stronger assumption that
detD2u is sufficiently close to a positive constant, he can use the W 2;p-estimate of the
Monge–Ampère equation and Theorem 3.1 to obtain the interior regularity. It was later
shown in [20] that when n D 2 we only need the determinant to be bounded from above
and below.
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Now we turn to the fourth order equation (1.5). By the divergence free property ofU ij ,
i.e.,

P
i DiU

ij D 0, we can rewrite equation (1.5) in divergence form:

(3.2) Dj .U
ijDiw/ D Dig

i
C h:

Note that in dimension two, it holds

detD2u

�u
I � U ij � �uI:

In view of Theorem 3.1, it suffices to get the Lp-bound of �u for sufficiently large p.
In the following, we will use an integral method directly in (1.5) to derive it. Instead
of the classical Sobolev inequality, we will need the following Monge–Ampère Sobolev
inequality.

Lemma 3.2 (Proposition 2.6 in [20]). Assume n D 2. Let u be a smooth, strictly convex
function defined in a neighborhood of a bounded domain � � R2. Suppose u satisfies

(3.3) 0 < � � detD2u � ƒ:

Then for any � > 2 there exists a constant C > 0, depending only on �, ƒ and �, such
that � Z

�

jvj� dx
�1=�

� C
� Z

�

U ij vivj dx
�1=2

for all v 2 C10 .�/:

The above inequality is the two-dimensional counterpart of the Monge–Ampère Sobo-
lev inequality in higher dimensions derived by Tian and Wang [30].

Theorem 3.3. Assume n D 2 and � 2 Œ0; 1�. Let g 2 L1.�IRn/ and h 2 Lq.�/. Let u
be a uniformly convex smooth solution to equation (3.2) in BR satisfying (3.3). Then for
any p � 1, there exists a constant C > 0 depending on �,ƒ, R, � , kgkL1.BR/, khkLq.BR/
and p such that

k�ukLp.BR=2/ � C:

Proof. We first consider the case � 2 Œ0; 1/. Denote

v D �u; w D .detD2u/�.1��/; � D R2 � jxj2:

We consider
z D vˇ '�˛;

where ˛; ˇ > 0 are constants and ' D '.w/ is a positive function to be determined. Then

zi D ˇvi v
ˇ�1'�˛ C vˇ .'�˛/i ;

zij D ˇ.ˇ � 1/vivj v
ˇ�2'�˛ C ˇvij v

ˇ�1'�˛ C ˇviv
ˇ�1.'�˛/j

C ˇvj v
ˇ�1.'�˛/i C v

ˇ .'�˛/ij :
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By integration by parts with (1.5) and choosing ˛ > 2, we have

0 D

Z
BR

U ij zij dx

D ˇ.ˇ � 1/

Z
BR

U ij vi vj '�
˛ vˇ�2 dx C ˇ

Z
BR

U ij vij '�
˛ vˇ�1 dx

C 2ˇ

Z
BR

U ij viwj '
0�˛ vˇ�1 dx C 2˛ˇ

Z
BR

U ij vi �j '�
˛�1vˇ�1 dx

C

Z
BR

U ijwiwj'
00�˛vˇ dx C 2˛

Z
BR

U ijwi�j'
0�˛�1vˇ dx C

Z
BR

f '0�˛vˇ dx

(3.4)

C ˛

Z
BR

U ij �ij '�
˛�1vˇ dx C ˛.˛ � 1/

Z
BR

U ij �i �j '�
˛�2vˇ dx:

Note that for any m,

uij .umm/ij D u
il ukj umij umkl C .ln detD2u/mm

D uil ukj umij umkl C
1

1 � �

w2m
w2
�

1

1 � �

wmm

w
�

We haveZ
BR

U ij vij '�
˛ vˇ�1 dx D

Z
BR

detD2uuil ukj umij umkl '�
˛ vˇ�1 dx

C
1

1 � �

Z
BR

detD2u
jrwj2

w2
'�˛ vˇ�1 dx

�
1

1 � �

Z
BR

detD2u
4w

w
'�˛ vˇ�1 dx:

By integration by parts, we haveZ
BR

detD2u
4w

w
'�˛ vˇ�1 dx D

Z
BR

w�
2��
1��4w'�˛ vˇ�1 dx

D
2 � �

1 � �

Z
BR

w�
3�2�
1�� jrwj2'�˛ vˇ�1 dx �

Z
BR

w�
2��
1�� jrwj2'0�˛ vˇ�1 dx(3.5)

� ˛

Z
BR

w�
2��
1�� wi �i '�

˛�1vˇ�1 dx � .ˇ�1/

Z
BR

w�
2��
1�� wi vi '�

˛ vˇ�2 dx:

By changing coordinates at each point, say x0, we can assume that D2u.x0/ is diagonal.
Then

uil ukj umij umkl D
u2mij

ui iujj
�

u2mmi
ui iumm

�
v2i
ui iv

D
uij vivj

v
;(3.6)
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where we used the Cauchy inequality in the second inequality. Hence by (3.5) and (3.6),
we haveZ

BR

U ij vij'�
˛vˇ�1 dx

�

Z
BR

U ij vivj'�
˛vˇ�2 dx C

1

1 � �

Z
BR

w�
2��
1��

�
'0 �

'w�1

1 � �

�
jrwj2�˛vˇ�1 dx

C
˛

1��

Z
BR

w�
2��
1�� wi�i'�

˛�1vˇ�1 dx C
ˇ�1

1��

Z
BR

w�
2��
1�� wivi'�

˛vˇ�2 dx:(3.7)

Then putting (3.7) into (3.4) yields

0 � ˇ2
Z
BR

U ij vivj'�
˛vˇ�2 dx C

ˇ

1 � �

Z
BR

w�
2��
1�� .'0 �

'w�1

1 � �
/jrwj2�˛vˇ�1 dx

C
˛ˇ

1 � �

Z
BR

w�
2��
1�� wi�i'�

˛�1vˇ�1 dx C
ˇ.ˇ � 1/

1 � �

Z
BR

w�
2��
1�� wivi'�

˛vˇ�2 dx

C 2ˇ

Z
BR

U ij viwj'
0�˛vˇ�1 dx C 2˛ˇ

Z
BR

U ij vi�j'�
˛�1vˇ�1 dx

(3.8)

C

Z
BR

U ijwiwj'
00�˛vˇ dx C

Z
BR

f '0�˛vˇ dx C 2˛

Z
BR

U ijwi�j'
0�˛�1vˇ dx

C ˛

Z
BR

U ij�ij'�
˛�1vˇ dx C ˛.˛ � 1/

Z
BR

U ij�i�j'�
˛�2vˇ dx:

Now we choose '.w/ D ee
Aw

, where A > 0 is to be determined later. Then we know that

(3.9) '0.w/ D AeAw'; '00.w/ D .A2eAw C A2e2Aw/ ':

We will estimate the right-hand side of (3.8) term by term.
By (3.9), the two terms of the third line in (3.8) satisfyˇ̌̌

2ˇ

Z
BR

U ij viwj '
0�˛ vˇ�1 dx

ˇ̌̌
D

ˇ̌̌ Z
BR

2ˇAeAwU ij viwj '�
˛ vˇ�1 dx

ˇ̌̌
�

Z
BR

ˇ2
eAw

1=2C eAw
U ij vi vj '�

˛ vˇ�2 dx

C

Z
BR

�A2
2
eAw C A2e2Aw

�
U ij wiwj '�

˛ vˇ dx;

andˇ̌̌
2˛ˇ

Z
BR

U ij vi �j '�
˛�1vˇ�1 dx

ˇ̌̌
�

Z
BR

ˇ2

8.1C 2eAw/
U ij vi vj '�

˛ vˇ�2 dx

C

Z
BR

8.1C 2eAw/˛2U ij �i �j '�
˛�2vˇ dx:
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Note that

jr�j2 �
4u

detD2u
U ij�i�j and jrvj2 �

4u

detD2u
U ij vivj :

The two terms of the second line in (3.8) satisfyˇ̌̌̌
˛ˇ

1 � �

Z
BR

w�
2��
1�� wi�i'�

˛�1vˇ�1 dx

ˇ̌̌̌
�

Z
BR

ˇ

.1 � �/2
w�

3�2�
1�� jrwj2'�˛vˇ�1 dx C

Z
BR

1

4
˛2ˇw�

1
1�� jr�j2'�˛�2vˇ�1 dx

�

Z
BR

ˇ

.1 � �/2
w�

3�2�
1�� jrwj2'�˛vˇ�1 dx C

Z
BR

1

4
˛2ˇU ij�i�j'�

˛�2vˇ dx;

and ˇ̌̌ˇ.ˇ � 1/
1 � �

Z
BR

w�
2��
1�� wi vi '�

˛ vˇ�2 dx
ˇ̌̌

�

Z
BR

.ˇ � 1/2

3.1 � �/2
.1C 2eAw/w�

3�2�
1�� jrwj2'�˛ vˇ�1 dx

C

Z
BR

3ˇ2w�
1
1��

4.1C 2eAw/
jrvj2'�˛ vˇ�3 dx

�

Z
BR

.ˇ � 1/2

3.1 � �/2
.1C 2eAw/w�

3�2�
1�� jrwj2'�˛ vˇ�1 dx

C

Z
BR

3ˇ2

4.1C 2eAw/
U ij vivj '�

˛ vˇ�2 dx:

By (3.9), the last term of the fourth line in (3.8) satisfiesˇ̌̌
2˛

Z
BR

U ijwi�j'
0�˛�1vˇ dx

ˇ̌̌
�

Z
BR

A2

2
eAwU ijwiwj '�

˛ vˇ dx C

Z
BR

2˛2eAwU ij�i�j '�
˛�2vˇ dx:

Note that f D div .g/C h, where g is a bounded vector field. We denote

jgj D

qP
i .g

i /2:

Then by integration by parts, we haveˇ̌̌ Z
BR

f '0�˛vˇ dx
ˇ̌̌

D

ˇ̌̌ Z
BR

h'0�˛vˇ dx �

Z
BR

gi .wi'
00�˛vˇ C ˛�i'

0�˛�1vˇ C ˇvi'
0�˛vˇ�1/ dx

ˇ̌̌
�

Z
BR

1

2
w�

3�2�
1�� jrwj2'�˛vˇ�1dx C

Z
BR

1

2
.A2eAwCA2e2Aw/2w

3�2�
1�� jgj2'�˛vˇC1dx
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C

Z
BR

˛

2
w�

1
1�� jr�j2AeAw'�˛�2vˇ�1 dx C

Z
BR

˛

2
w

1
1�� jgj2AeAw'�˛vˇC1 dx

C

Z
BR

jhj'0�˛vˇ dx C

Z
BR

ˇ2w�
1
1��

16.1C 2eAw/
jrvj2'�˛vˇ�3 dx

C

Z
BR

4.1C 2eAw/A2e2Aww
1
1�� jgj2'�˛vˇC1 dx

�

Z
BR

1

2
w�

3�2�
1�� jrwj2'�˛vˇ�1dx C

Z
BR

1

2
.A2eAwCA2e2Aw/2w

3�2�
1�� jgj2'�˛vˇC1dx

C

Z
BR

˛

2
U ij�i�jAe

Aw'�˛�2vˇ dx C

Z
BR

˛

2
w

1
1�� jgj2AeAw'�˛vˇC1 dx

C

Z
BR

jhj'0�˛vˇ dx C

Z
BR

ˇ2

16.1C 2eAw/
U ij vivj '�

˛ vˇ�2 dx

C

Z
BR

4.1C 2eAw/A2e2Aww
1
1�� jgj2'�˛ vˇC1 dx:

Hence, (3.8) reduces to

0 �

Z
BR

ˇ2

16.1C 2eAw/
U ij vivj '�

˛ vˇ�2 dx

C ˛

Z
BR

U ij�ij '�
˛�1vˇ dx �

Z
BR

jhj'0�˛vˇ dx

C

Z
BR

�ˇAweAw
1 � �

�
.ˇ � 1/2

3.1 � �/2
.1C 2eAw/ �

2ˇ

.1 � �/2
�
1

2

�
� w�

3�2�
1�� jrwj2'�˛ vˇ�1 dx

C

Z
BR

�
˛.˛ � 1/ � .8C 18eAw C

1

4
ˇ/˛2 �

˛

2
AeAw

�
U ij�i�j '�

˛�2vˇ dx

�

Z
BR

1

2
.A2eAw C A2e2Aw/2w

3�2�
1�� jgj2'�˛vˇC1 dx

�

Z
BR

˛

2
w

1
1�� jgj2AeAw '�˛ vˇC1 dx

�

Z
BR

4.1C 2eAw/A2e2Aww
1
1�� jgj2'�˛ vˇC1 dx:

Now we choose A sufficiently large such that

ˇ

1 � �
AweAw �

.ˇ � 1/2

3.1 � �/2
.1C 2eAw/ �

2ˇ

.1 � �/2
�
1

2
> 0;

i.e.,

.3ˇ.1 � �/Aw � 2.ˇ � 1/2/eAw � .ˇ � 1/2 � 6ˇ �
3.1 � �/2

2
> 0:
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Note that
U ij�i�j � v

n�1
jr�j2 and jU ij�ij j � 2nv

n�1:

Then we haveZ
BR

U ij vivj �
˛ vˇ�2 dx

� C

Z
BR

�˛ vˇC1 dx C C

Z
BR

�˛�2vˇCn�1 dx C C

Z
BR

jhj�˛ vˇ dx:

Since

U ij .vˇ=2�˛=2/i .v
ˇ=2�˛=2/j

D
ˇ2

4
U ij vivj �

˛ vˇ�2 C
˛2

4
U ij�i�j�

˛�2vˇ C
˛ˇ

2
U ij vi �j �

˛�1vˇ�1

�
ˇ2

2
U ij vivj �

˛ vˇ�2 C
˛2

2
U ij�i�j�

˛�2vˇ ;

we haveZ
BR

U ij .vˇ=2�˛=2/i .v
ˇ=2�˛=2/j dx

� C

Z
BR

�˛ vˇC1 dx C C

Z
BR

�˛�2vˇCn�1 dx C C

Z
BR

jhj�˛ vˇ dx

� C

Z
BR

vˇCn�1 dx C C
� Z

BR

jhjq dx
�1=q� Z

BR

.vˇ=2�˛=2/
2q
q�1 dx

�1�1=q
:

Choosing � � 2q
q�1

and using Lemma 3.2 with n D 2, we have

(3.10)
h Z

BR

.vˇ=2�˛=2/� dx
i2=�
� C

Z
BR

vˇC1 dx C C:

By the interior W 2;1C"-estimates for Monge–Ampère equation [9, 29] with (3.3), we
know that there is a small "0 > 0, that depends only on � and ƒ, such that kvkL1C"0 �
C.�;ƒ/. Then in (3.10), we choose ˇ D "0 and � D 2p="0 for p 2 . q

q�1
"0;C1/ to get

k�ukLp.BR=2/ � C .
For � D 1, we know that w D ln detD2u, and we can obtain the Lp-bound of �u

following the same method used above. Alternatively, we can apply the Legendre trans-
form to u for the case � D 1 to get the estimate ofD2u by the strictly convexity of u with
condition (3.3).

Now we establish higher estimates of u in terms of the W 2;p-estimate. By chaining
together a sequence of balls, in a standard fashion, we know �u 2 L

p
loc.�/ for any fixed

p 2 Œ1;C1/. Then by Theorem 3.1 and the same arguments as in Proposition 6.1 of [27]
or Theorem 1.3 in [20], we get the Hölder continuity of w and all the higher order estim-
ates of u.

As we mentioned in the introduction, there is another approach to establish the C 2-
estimate from W 2;p when f 2 W 1;q.B1/, which holds in any dimension.
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Theorem 3.4. Let u be a uniformly convex smooth solution to equation (1.5) in B1 with
� D 0 or 1. Assume that f 2 W 1;q.B1/ for some q > n=2. Suppose u satisfies (3.3).
Assume that k�ukLpn .B1/ is bounded for some pn > n.n � 1/=2. Then there exists a
constant C > 0, depending on �, ƒ, k�ukLpn .B1/ and kf kW 1;q.B1/, such that

sup
B1=2

�u � C:

Proof. The proof is inspired by [6]. We consider the case � D 1. The case � D 0 then
follows by using the Legendre transform. Denote vD uklwkwl , where ¹uklº is the inverse
matrix of D2u. By direct calculations,

vi D �u
ks utl ustiwkwl C 2u

klwikwl ;

vij D u
kp urs utl uprj ustiwkwl C u

ks ulp urt uprj ustiwkwl � u
ks utl ustij wkwl

� 2uks utl ustiwjkwl � 2u
ks utl ustj wikwl C 2u

klwijkwl C 2u
klwikwjl :

For any x0 2 B1, we can choose a coordinate transformation so that uij .x0/D ui i .x0/ıij .
Then

uij vij .x0/ D 2u
i i ukk urr ul l ukri ulriwkwl � u

i i ukk ul l ui iklwkwl

� 4ui i ukk ul l ukliwikwl C 2u
i i ukkwi ikwk C 2u

i i ukkw2ik :(3.11)

Differentiating ln detD2u D w twice, we have

(3.12) uij uijkl � u
is utj uijk ustl D .ln detD2u/kl D wkl :

Note that (1.5) can be written as uijwij D e�wf . Differentiating the equation respect to
xk-direction directly yields

(3.13) �uip urj uprkwij C u
ij wijk D e

�w.fk � wkf /:

Inserting (3.12) and (3.13) into (3.11), we have

uij vij .x0/ D u
kkul lui iujjukjiulj iwkwl � 2u

i iukkul lukliwikwl C u
i iukkw2ik

C ui iukkwikwik � u
kkul lwklwkwl C 2u

kke�w.fk � wkf /wk

D ui iukk
�X

l

ul luiklwl

�2
� 2ui iukk

�X
l

ul luiklwl

�
wik C u

i iukkw2ik

C ui iukkw2ik � u
kkul lwklwkwl C 2u

kke�w.fk � wkf /wk

D ui iukkjwik �
X
l

ul luiklwl j
2
C ui iukkw2ik � u

kkul lwklwkwl

C 2ukke�w.fk � wkf /wk :(3.14)

Next, we compute

uij .e
1
2wv/ij .x0/

D
1

4
e
1
2w ui iw2i u

kkw2k C
1

2
e
1
2w ui iwi i v C e

1
2w ui iwi vi C e

1
2w ui i vi i :(3.15)
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Note that

ui iwivi D �u
i i ukk ul l uiklwkwlwi C 2u

i i ukkwkiwkwi

D ui i ukkwkwi .wki �
X
l

ul l uiklwl /C u
i i ukkwkiwkwi :(3.16)

Combining (3.14), (3.15) and (3.16), we have

uij .ew=2v/ij .x0/ D u
i iukk

ˇ̌̌
wik �

X
l

ul luiklwl C
1

2
wiwk

ˇ̌̌2
ew=2 C ui iukkw2ike

w=2

�
3

2
e�w=2f v C 2e�w=2ukkfkwk :(3.17)

By (3.12), we have

uij .�u/ij .x0/ D u
i iujju2ijk C�w:(3.18)

Let z D ew=2v C�u. Note that

�w D
X
k

wkk �
1

2
.ukk/2w2kke

w=2
C
1

2
u2kke

�w=2

�
1

2
.ukk/2w2kke

w=2
C
1

2
.�u/2e�w=2:

Then by (3.17) and (3.18), we have

uij zij .x0/ � �C jf jv � C jfkjv � C jfkj C u
kkul lw2kl e

w=2
C�w

� �C.jf j C jfkj/v � C jfkj C .u
kk/2w2kk e

w=2
�
1

2
.ukk/2w2kk e

w=2

�
1

2
.�u/2e�w=2

� �C.jf j C jfkj C�u/z;(3.19)

where C D C.�;ƒ/. In the last inequality we used

z � �u � n.detD2u/1=n � n�1=n:

Since (3.19) is valid at every point in B1, by (3.3), we have the following inequality:

(3.20) Dj .U
ijDiz/ � �gz � C�uz in B1;

where g D C.jf j C jfkj/ 2 Lq.B1/.
Next, we derive the upper bound of z by integration and iteration. Let � 2 C10 .B1/

be a cutoff function. Multiplying (3.20) by ' D �2zˇ�1 with ˇ � 2 and by integration by
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parts, we have

.ˇ � 1/

Z
B1

U ij zizj �
2 zˇ�2 dx

� �2

Z
B1

U ij zi�j�z
ˇ�1 dx C C

Z
B1

�u � �2zˇ dx C

Z
B1

g�2 zˇ dx

�
ˇ � 1

2

Z
B1

U ij zizj �
2 zˇ�2 dx C

2

ˇ � 1

Z
B1

U ij�i�j z
ˇ dx

C C

Z
B1

�u � �2 zˇ dx C

Z
B1

g�2 zˇ dx;

which impliesZ
B1

U ij .�zˇ=2/i .�z
ˇ=2/j dx

� Cˇ
� Z

B1

U ij�i�j z
ˇ dx C

Z
B1

�u � �2 zˇ dx C

Z
B1

g�2 zˇ dx
�
:

Then by the Monge–Ampère Sobolev inequality [30] and .U ij / � .�u/n�1I , we have

k�zˇ=2k2Lp.B1/

� C0ˇ
� Z

B1

.�u/n�1jD�j2 zˇ dx C

Z
B1

�u � �2 zˇ dx C

Z
B1

g�2 zˇ dx
�
;(3.21)

where p D 2� D 2n
n�2

for n > 2 and p > 2 for n D 2. Then by Hölder’s inequality,Z
B1

g�2 zˇ dx �
� Z

B1

gq dx
�1=q� Z

B1

j�zˇ=2j
2q
q�1

�1�1=q
:

Since q > n=2, we have 2 < 2q
q�1

< 2�. By Hölder’s inequality and Young’s inequality,
we obtain

k�zˇ=2k
L

2q
q�1 .B1/

� "k�zˇ=2kLp.B1/ C C.n; q/ "
� n
2q�n k�zˇ=2kL2.B1/:

Then we choose " D .4C0 kgkLq.B1/ˇ C 1/
�1=2. By (3.21),

k�zˇ=2k2Lp.B1/

� Cˇ˛
� Z

B1

.�u/n�1jD�j2zˇ dx C

Z
B1

�u � �2zˇ dx C

Z
B1

�2zˇ dx
�
;(3.22)

where ˛ D 2q
2q�n

. Then by Hölder’s inequality, we haveZ
B1

.�u/n�1jD�j2 zˇ dx � k�ukLpn .B1/ � kjD�jz
ˇ=2
k
2

L
2pn

pn�nC1 .B1/

;(3.23) Z
B1

�u � �2 zˇ dx � k�ukLpn .B1/ � k�z
ˇ=2
k
2

L
2pn
pn�1 .B1/

:(3.24)
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Combining (3.22), (3.23) and (3.24), we get

k�zˇ=2kLp.B1/

� Cˇ˛=2
�
kjD�jzˇ=2k

L
2pn

pn�nC1 .B1/
C k�zˇ=2k

L
2pn
pn�1 .B1/

C k�zˇ=2kL2.B1/

�
� Cˇ˛=2

�
kjD�jzˇ=2k

L
2pn

pn�nC1 .B1/
C k�zˇ=2k

L
2pn

pn�nC1 .B1/

�
:

Now for any 0 < r < R � 1, we choose a cutoff function � 2 C10 .BR/ such that

0 � � � 1; � � 1 in Br and jD�j �
2

R � r
�

Then we obtain

kzˇ=2kLp.Br / �
Cˇ˛=2

R � r
kzˇ=2k

L
2pn

pn�nC1 .BR/
:

By the assumption pn >
n.n�1/
2

, we know p > 2pn
pn�nC1

. Denote

� D p
pn � nC 1

2pn
> 1:

Then

kzk
L

ˇpn
pn�nC1

�
.Br /
�
C 2=ˇˇ˛=ˇ

.R � r/2=ˇ
kzk

L
ˇpn

pn�nC1 .BR/
:(3.25)

We iterate (3.25) to get the desired estimate. Set

ˇi D 2�
i and Ri D r C

R � r

2i
; i D 0; 1; 2; : : : ;

i.e.,

ˇi D �ˇi�1 and Ri�1 �Ri D
R � r

2i
; i D 1; 2; : : :

By (3.25),

kzk
L

2pn
pn�nC1

�iC1
.BRiC1 /

� C

Pi
jD0

2

ǰ �

iY
jD0

ˇ
˛= ǰ

j � 4

Pi
jD0

j

ǰ
1

.R � r/
Pi
jD0.2= ǰ /

� kzk
L

2pn
pn�nC1 .BR/

:

Letting i !1, by Young’s inequality, we have

kzkL1.Br / �
C

.R � r/
�
��1

kzk
L

2pn
pn�nC1 .BR/

D
C

.R � r/
�
��1

kzk
pn�nC1
2pn

L1.BR/
� kzk

pnCn�1
2pn

L1.BR/

�
1

2
kzkL1.BR/ C

C

.R � r/
�
��1 �

2pn
pn�nC1

kzkL1.BR/:
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Set f .t/ D kzkL1.Bt / for t 2 .0; 1�: Then for any 0 < r < R � R < 1,

f .r/ �
1

2
f .R/C

C

.R � r/
�
��1 �

2pn
pn�nC1

kzkL1.BR/:

We apply Lemma 3.5 below to get

(3.26) f .r/ �
C

.R � r/
�
��1 �

2pn
pn�nC1

kzkL1.BR/:

It remains to show kzkL1.BR/ � C . It is clear that �u 2 L1.BR/, hence it is suffices to
estimate the integral of v. Let � 2 C10 .B1/ be a cutoff function such that � � 1 in BR.
Multiplying (1.5) by ' D �2w and integrating by parts, we haveZ

B1

U ijwiwj�
2 dx C 2

Z
B1

U ijwi�j�w dx D

Z
B1

f w�2 dx:

Then by the Cauchy inequality, we get

1

2

Z
B1

U ijwiwj�
2 dx � 2

Z
B1

U ij�i�jw
2 dx C

Z
B1

jf jw�2 dx

� 2

Z
B1

.�u/n�1jD�j2w2 dx C

Z
B1

jf jw�2 dx:

Hence Z
BR

uklwkwl dx � C

follows by�u2Lpn.B1/, f 2Lq.B1/. Then we complete the proof by choosing r D 1=2
and R D R in (3.26).

Lemma 3.5 (Lemma 4.3 in [15]). Let f .t/� 0 be bounded in Œ�0; �1�with �0 � 0. Suppose
that for �0 � t < s � �1 we have

f .t/ � f̌ .s/C
A

.s � t /˛
C B

for some ˇ 2 Œ0; 1/. Then for any �0 � t < s � �1, there holds

f .t/ � C.˛; ˇ/
° A

.s � t /˛
C B

±
:

Remark 3.6. Note that for nD 2, we have already got anLp-bound of�u in Theorem 3.3
for all p 2 Œ1;C1/. However, it is still unknown how to obtain Lp-bound of �u when
n � 3 by the integral method used in Theorem 3.3. We also do not know how to obtain
higher estimates for other exponents � by the above method.



L. Wang and B. Zhou 1916

4. An interior estimate in higher dimensions

In this section, we will prove Theorem 1.5. By [2,3], it suffices to get the interior estimates
on the upper and lower bound of detD2u. Note that there exists a constant cn > 0 such
that

(4.1)
detD2u

cn ��u
I � U ij � cn.�u/

n�1 I:

In view of (3.2) and (4.1), we first consider the following degenerate linear elliptic equa-
tion:

(4.2) �Dj .aij .x/Diu/C c.x/u D f .x/ in �:

Lemma 4.1. Assume ¹aij .x/º satisfies

(4.3)
d.x/

�.x/
� aij .x/ � �.x/

n�1 in B1;

where �.x/ 2 Lp.B1/, d�1 2 Lq.B1/. Assume c.x/; f .x/ 2 Lp0.B1/. Let u 2W 1;p.B1/

be a subsolution in the following sense:

(4.4)
Z
B1

aijDiuDj' C cu' dx �

Z
B1

f ' dx for any ' 2 W 1;p
0 .B1/ and ' � 0:

Suppose p, q and p0 satisfy n=p C 1=q < 2=n and p0 � p=.n � 1/. Then

sup
B1=2

u � C
�
kuCkL1.B1/ C kf kLp0 .B1/

�
;

where C depends only on p, k�kLp.B1/, kd
�1kLq.B1/ and kckLp0 .B1/.

Proof. For some k > 0 and m > 0, set u D uC C k and

um D

²
u; u < m;

k Cm; u � m:

Let � 2 C10 .B1/. We choose a test function

' D �2 .uˇmu � k
ˇC1/ 2 W

1;p
0 .B1/

for some ˇ � 0 to be determined later. Substituting ' into (4.4), we have

ˇ

Z
B1

aijDiuDjumu
ˇ�1
m u�2 dx C

Z
B1

aijDiuDjuu
ˇ
m�

2 dx

� �2

Z
B1

aijDiuDj� u
ˇ
mu� dx C

Z
B1

�
jcj�2uˇmu

2
C jf j�2uˇmu

�
dx:
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Note that Du D Dum in ¹u < mº and Dum D 0 in ¹u � mº. By the Cauchy inequality,
we have

ˇ

Z
B1

aijDiumDjumu
ˇ�1
m u�2 dx C

Z
B1

aijDiuDjuu
ˇ
m�

2 dx

�
1

2

Z
B1

aijDiuDjuu
ˇ
m�

2 dx C 4

Z
B1

aijDi�Dj� u
ˇ
mu

2 dx

C

Z
B1

�
jcj�2 uˇmu

2
C jf j�2 uˇmu

�
dx:

Then by (4.3),

ˇ

Z
B1

d

�.x/
jDumj

2uˇm�
2 dx C

1

2

Z
B1

d

�.x/
jDuj2uˇm�

2 dx

� ˇ

Z
B1

aijDiumDjumu
ˇ�1
m u�2 dx C

1

2

Z
B1

aij DiuDjuu
ˇ
m�

2 dx

� 4

Z
B1

�.x/n�1 jD�j2uˇmu
2 dx C

Z
B1

c0�
2uˇmu

2 dx;(4.5)

where c0 D jcj C jf j=k. Choose k D kf kLp0 .B1/ if f is not identically 0. Otherwise
choose arbitrary k > 0 and let k ! 0C. Let

w D uˇ=2m u:

There holds

jDwj2 D
ˇ̌̌ˇ
2
uˇ=2�1m umDum C u

ˇ=2
m Du

ˇ̌̌2
� .1C ˇ/.ˇ uˇmjDumj

2
C uˇmjDuj

2/:

Therefore, by (4.5),Z
B1

d

�.x/
jDwj2�2 dx � 8.1C ˇ/

Z
B1

�.x/n�1jD�j2w2 dx C 2.1C ˇ/

Z
B1

c0w
2�2 dx:

By
jD.w�/j2 � 2 jDwj2�2 C 2 jD�j2w2;

we haveZ
B1

d

�.x/
jD.w�/j2 dx

�

Z
B1

� 2d
�.x/

C 16.1C ˇ/�.x/n�1
�
jD�j2w2 dx C 4.1C ˇ/

Z
B1

c0w
2�2 dx

� 18.1C ˇ/

Z
B1

�.x/n�1jD�j2w2 dx C 4.1C ˇ/

Z
B1

c0w
2�2 dx:(4.6)
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Next, we deal with the �.x/ in the above estimate. By the assumptions � 2 Lp.B1/ and
d�1 2 Lq.B1/, we have �d�1 2 L

pq
pCq .B1/. By Hölder’s inequality, we have

kD.w�/k2

L
2pq

pqCpCq .B1/

� k�d�1k
L

pq
pCq .B1/

�

Z
B1

1

�.x/d�1
jD.w�/j2 dx;(4.7) Z

B1

�.x/n�1jD�j2w2 dx � k�kLp.B1/ � kwD�k
2

L
2p

p�nC1 .B1/

;(4.8) Z
B1

c0w
2�2 dx � kc0kLp0 .B1/ �

� Z
B1

.�w/
2p0
p0�1 dx

�1�1=p0
:(4.9)

Combining (4.6)–(4.9), we get

kD.w�/k
L

2pq
pqCpCq .B1/

� C.1C ˇ/1=2
�
kwD�k

L
2p

p�nC1 .B1/
C kw�k

L

2p0
p0�1 .B1/

�
� C.1C ˇ/1=2

�
kwD�k

L
2p

p�nC1 .B1/
C kw�k

L
2p

p�nC1 .B1/

�
for C depending on k�kLp.B1/, kd

�1kLq.B1/, kckLp0 .B1/. Here we used p0 � .n� 1/=p.
By the Sobolev inequality,

kw�kL˛.B1/ � C.1C ˇ/
1=2

�
kwD�k

L
2p

p�nC1 .B1/
C kw�k

L
2p

p�nC1 .B1/

�
;

where

(4.10)
1

˛
D
pq C p C q

2pq
�
1

n
�

Now for any 0 < r < R � 1, we choose a cutoff function � 2 C10 .BR/ such that

0 � � � 1; � � 1 in Br and jD�j �
2

R � r
�

Then we obtain

kwkL˛.Br / �
C.1C ˇ/1=2

R � r
kwk

L
2p

p�nC1 .BR/
:

By (4.10) and the assumption n=p C 1=q < 2=n, we have ˛ > 2p
p�nC1

. We can do the
iteration as follows.

Recalling the definition of w, we have

kuˇ=2m ukL˛.Br / �
C.1C ˇ/1=2

R � r
kuˇ=2m uk

L
2p

p�nC1 .BR/
:

Set 
 D ˇ C 2 � 2. By um � u, we obtain

ku
=2m kL˛.Br / �
C
1=2

R � r
ku
=2k

L
2p

p�nC1 .BR/
:
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Letting m!1, we get

ku
=2kL˛.Br / �
C
1=2

R � r
ku
=2k

L
2p

p�nC1 .BR/
;

i.e.,

kukL
˛=2.Br / �
.C
/1=


.R � r/2=

kuk

L


2

2p
p�nC1 .BR/

:

Denote
� D ˛ �

p � nC 1

2p
> 1:

Then

(4.11) kuk
L


p
p�nC1 �.Br /

�
.C
/1=


.R � r/2=

kuk

L

p

p�nC1 .BR/
:

We iterate (4.11) to get the desired estimate. Set


i D 2�
i and Ri D r C

R � r

2i
; i D 0; 1; 2; : : : ;

i.e.,


i D �
i�1 and Ri�1 �Ri D
R � r

2i
; i D 1; 2; : : :

By (4.11),

kuk
L

2p
p�nC1 �

iC1
.BRiC1 /

� C

Pi
jD0

1

j �

iY
jD0



1=
j
j � 4

Pi
jD0

j

j

1

.R � r/

Pi
jD0

2

j

� kuk
L

2p
p�nC1 .BR/

:

Letting i !1, by Young’s inequality, we have

kukL1.Br / �
C

.R � r/
�
��1

kuk
L

2p
p�nC1 .BR/

D
C

.R � r/
�
��1

kuk
p�nC1
2p

L1.BR/
� kuk

pCn�1
2p

L1.BR/

�
1

2
kukL1.BR/ C

C

.R � r/
�
��1 �

2p
p�nC1

kukL1.BR/:

Set f .t/ D kukL1.Bt / for t 2 .0; 1�: Then for any 0 < r < R � 1,

f .r/ �
1

2
f .R/C

C

.R � r/
�
��1 �

2p
p�nC1

kukL1.B1/:

We apply Lemma 3.5 to get

f .r/ �
C

.R � r/
�
��1 �

2p
p�nC1

kukL1.B1/:

The lemma follows by choosing r D 1=2 and R D 1.
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Now we can use Lemma 4.1 to obtain the interior estimates for (1.1). For simplicity,
we only consider the homogeneous equation.

Proof of Theorem 1.5. Denote aij D U ij , �D�u and d D detD2u. Firstly, we consider
the case 0 � � < 1. We apply Lemma 4.1 to equation (1.3), which yields

sup
B1=2

w � CkwkL1.B1/ � CkwkL
q
1�� .B1/

:

Since w D .detD2u/�.1��/ 2 L
q
1�� .B1/; we know supB1=2¹.detD2u/�1º � C . For the

upper bound of the determinant, we set w D 1=v. A direct calculation yields

wi D �
vi

v2
and wij D

2vivj

v3
�
vij

v2
�

Then v satisfies

0 D U ijwij D
2

v3
U ij vivj �

1

v2
U ij vij � �

1

v2
U ij vij ;

i.e.,
�Di .U

ijDj v/ � 0 in B1:

Similarly, we use Lemma 4.1 to obtain

sup
B1=2

v � CkvkL1.B1/ � Ckvk
L

p
n.1��/ .B1/

;

which implies supB1=2 detD2u � C .

Next, we consider the case � D 1. Write w D log d , where d 2 Lp=n.B1/. Then we
have

wi D
di

d
and wij D �

didj

d2
C
dij

d
;

which yields

0 D U ijwij D �
1

d2
U ijdidj C

1

d
U ijdij �

1

d
U ijdij ;

i.e.,
�Di .U

ijDjd/ � 0 in B1:

Similarly, write w D � log z with z D .detD2u/�1 2 Lq.B1/. We have

wi D �
zi

z
and wij D

zizj

z2
�
zij

z
;

which means

0 D U ijwij D
1

z2
U ij zizj �

1

z
U ij zij � �

1

z
U ij zij ;

i.e.,
�Di .U

ijDj z/ � 0 in B1:

Then we use Lemma 4.1 to obtain the bounds of detD2u.
Once we have the determinant estimates, all the interior estimates follow.
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Remark 4.2. To get the upper bound of detD2u, we only need u 2 W 2;p.B1/ with
p > n2=2. In fact, by taking detD2u D v1=.1��/ .0 � � < 1/, where v defined as in the
proof of Theorem 1.5, condition (4.3) in Lemma 4.1 becomes

v1=.1��/

�.x/
� aij .x/ � �.x/

n�1

Then the upper bound can be obtained by similar arguments as in Lemma 4.1 without
assumption on .detD2u/�1.

Remark 4.3. We can also consider the inhomogeneous equation

(4.12) Dj .U
ijDiw/ D f in B1;

where f 2 Lp0.B1/: For the lower bound of detD2u, if we assume p0 � p=.n � 1/, we
can apply Lemma 4.1 to (4.12) directly for all � 2 Œ0; 1/. However, for the upper bound of
detD2u, v D 1=w satisfies

(4.13) �Dj .U
ijDiv/ � f v

2 in B1:

Even we assume p0 D 1, we only know f v 2 L
p

n.1��/ .B1/. Then we can only apply
Lemma 4.1 to the equation (4.13) to get the upper bound of detD2u when 1=n � � < 1.
Hence, we have all the higher interior estimates for � 2 Œ1=n; 1/. Note that the case � D 0
(Abreu’s equation) and � D 1=.nC 2/ (affine mean curvature equation) are not included.

Finally, we prove a Liouville type theorem.

Proof of Corollary 1.6. For u in any BR �Rn, define uR.x/D 1
R2
u.Rx/. Then we know

that U ijR .wR/ij D 0 in B1: Since u satisfies (1.7), we know uR satisfiesZ
B1

jD2uRj
p
C .detD2uR/

�q dx � C:

Applying Theorem 1.5 to uR, we find that there exists a C > 0 independent of R, such
that kuRkC 4;˛.B1=2/ � C . In particular, we know that kD3uRkL1.B1=2/ � C . Hence

kD3u.Rx/kL1.B1=2/ �
C

R
;

i.e.,

kD3u.x/kL1.BR=2/ �
C

R
�

Let R!C1, we have D3u � 0; which means u is a quadratic function.

Acknowledgements. The authors would like to thank Guohuan Qiu for some valuable
discussions.

Funding. This research is partially supported by National Key R&D Program of China
SQ2020YFA0712800 and NSFC grants 11822101.



L. Wang and B. Zhou 1922

References

[1] Abreu, M.: Kähler geometry of toric varieties and extremal metrics. Int. J. Math. 9 (1998),
no. 6, 641–651.

[2] Caffarelli, L. A.: Interior W 2;p estimates for solutions of the Monge–Ampère equation. Ann.
Math. 131 (1990), no. 1, 135–150.

[3] Caffarelli, L. A. and Gutiérrez, C. E.: Properties of solutions of the linearized Monge–Ampère
equation. Amer. J. Math. 119 (1997), no. 2, 423–465.

[4] Chau, A. and Weinkove, B.: Monge–Ampère functionals and the second boundary value prob-
lem. Math. Res. Lett. 22 (2015), no. 4, 1005–1022.

[5] Chen, B., Han, Q., Li, A.-M. and Sheng, L.: Interior estimates for the n-dimensional Abreu’s
equation. Adv. Math. 251 (2014), 35–46.

[6] Chen, X. X. and Cheng, J. R.: On the constant scalar curvature Kähler metrics (I). A priori
estimates. J. Amer. Math. Soc. 34 (2021), no. 4, 909–936.

[7] Chern, S. S.: Affine minimal hypersurfaces. In Minimal submanifolds and geodesics (Proc.
Japan-United States Sem., Tokyo, 1977), pp. 17–30. North-Holland, Amsterdam-New York,
1979.

[8] Daskalopoulos, P. and Savin, O.: On Monge–Ampère equations with homogeneous right-hand
sides. Comm. Pure Appl. Math. 62 (2009), no. 5, 639–676.

[9] De Philippis, G., Figalli, A. and Savin, O.: A note on interior W 2;1C" estimates for the
Monge–Ampère equation. Math. Ann. 357 (2013), no. 1, 11–22.

[10] Donaldson, S. K.: Interior estimates for solutions of Abreu’s equation. Collect. Math. 56
(2005), no. 2, 103–142.

[11] Figalli, A.: The Monge–Ampère equation and its applications. Zurich Lectures in Advanced
Mathematics, European Mathematical Society (EMS), Zürich, 2017.

[12] Guan, P. and Phong, D. H.: Partial Legendre transforms of non-linear equations. Proc. Amer.
Math. Soc. 140 (2012), no. 11, 3831–3842.

[13] Gutiérrez, C. E. and Nguyen, T.: Interior gradient estimates for solutions to the linearized
Monge–Ampère equation. Adv. Math. 228 (2011), no. 4, 2034–2070.

[14] Gutiérrez, C. E. and Nguyen, T.: Interior second derivative estimates for solutions to the lin-
earized Monge–Ampère equation. Trans. Amer. Math. Soc. 367 (2015), no. 7, 4537–4568.

[15] Han, Q. and Lin, F. H.: Elliptic partial differential equations. Second edition. Courant Lecture
Notes in Mathematics 1, Courant Institute of Mathematical Sciences, New York; American
Mathematical Society, Providence, RI, 2011.

[16] Heinz, H.: Über die Differentialungleichung 0 < ˛ � rt � s2 � ˇ <1. Math. Z. 72 (1959),
107–126.

[17] Jia, F. and Li, A. M.: A Bernstein property of some fourth order partial differential equations.
Results Math. 56 (2009), no. 1-4, 109–139.

[18] Le, N. Q.: Global second derivative estimates for the second boundary value problem of the
prescribed affine mean curvature and Abreu’s equations. Int. Math. Res. Not. IMRN (2013),
no. 11, 2421–2438.

[19] Le, N. Q.: W 4;p solution to the second boundary value problem of the prescribed affine mean
curvature and Abreu’s equations. J. Differential Equations 260 (2016), no. 5, 4285–4300.

https://doi.org/10.1142/S0129167X98000282
https://doi.org/10.2307/1971510
https://doi.org/10.1353/ajm.1997.0010
https://doi.org/10.1353/ajm.1997.0010
https://doi.org/10.4310/MRL.2015.v22.n4.a3
https://doi.org/10.4310/MRL.2015.v22.n4.a3
https://doi.org/10.1016/j.aim.2013.10.004
https://doi.org/10.1016/j.aim.2013.10.004
https://doi.org/10.1090/jams/967
https://doi.org/10.1090/jams/967
https://doi.org/10.1002/cpa.20263
https://doi.org/10.1002/cpa.20263
https://doi.org/10.1007/s00208-012-0895-9
https://doi.org/10.1007/s00208-012-0895-9
https://doi.org/10.4171/170
https://doi.org/10.1090/S0002-9939-2012-11210-9
https://doi.org/10.1016/j.aim.2011.06.035
https://doi.org/10.1016/j.aim.2011.06.035
https://doi.org/10.1090/S0002-9947-2015-06048-6
https://doi.org/10.1090/S0002-9947-2015-06048-6
https://doi.org/10.1007/BF01162942
https://doi.org/10.1007/s00025-009-0387-8
https://doi.org/10.1093/imrn/rns123
https://doi.org/10.1093/imrn/rns123
https://doi.org/10.1016/j.jde.2015.11.013
https://doi.org/10.1016/j.jde.2015.11.013


Interior estimates for the Monge–Ampère type fourth order equations 1923

[20] Le, N. Q.: Hölder regularity of the 2D dual semigeostrophic equations via analysis of linearized
Monge–Ampère equations. Comm. Math. Phys. 360 (2018), no. 1, 271–305.

[21] Le, N. Q.: Singular Abreu equations and minimizers of convex functionals with a convexity
constraint. Comm. Pure Appl. Math. 73 (2020), no. 10, 2248–2283.

[22] Le, N. Q.: On singular Abreu equations in higher dimensions. J. Anal. Math. 144 (2021), no. 1,
191–205.

[23] Le, N. Q. and Nguyen, T.: Global W 1;p-estimates for solutions to the linearized Monge–
Ampère equations. J. Geom. Anal. 27 (2017), no. 3, 1751–1788.

[24] Le, N. Q. and Savin, O.: Boundary regularity for solutions to the linearized Monge–Ampère
equations. Arch. Ration. Mech. Anal. 210 (2013), no. 3, 813–836.

[25] Le, N. Q. and Zhou, B.: Solvability of a class of singular fourth order equations of Monge–
Ampère type. Ann. PDE 7 (2021), no. 2, article no. 13, 32 pp.

[26] Liu, J. K.: Interior C 2 estimate for Monge–Ampère equations in dimension two. Proc. Amer.
Math. Soc. 149 (2021), no. 6, 2479–2486.

[27] Loeper, G.: On the regularity of the polar factorization for time dependent maps. Calc. Var.
Partial Differential Equations 22 (2005), no. 3, 343–374.

[28] Murthy, M. R. V. and Stampacchia, G.: Boundary value problems for some degenerate-elliptic
operators. Ann. Mat. Pura Appl. 80 (1968), 1–122.

[29] Schmidt, T.: W 2;1C�-estimates for the Monge–Ampère equation. Adv. Math. 240 (2013),
672–689.

[30] Tian, G.-J. and Wang, X.-J.: A class of Sobolev type inequalities. Meth. Appl. Anal. 15 (2008),
no. 2, 263–276.

[31] Trudinger, N. S.: Linear elliptic operators with measurable coefficients. Ann. Scuola Norm.
Sup. Pisa Cl. Sci. (3) 27 (1973), 265–308.

[32] Trudinger, N. S. and Wang, X.-J.: The Bernstein problem for affine maximal hypersurfaces.
Invent. Math. 140 (2000), no. 2, 399–422.

[33] Trudinger, N. S. and Wang, X.-J.: The affine Plateau problem. J. Amer. Math. Soc. 18 (2005),
no. 2, 253–289.

[34] Zhou, B.: The Bernstein theorem for a class of fourth order equations. Calc. Var. Partial Dif-
ferential Equations 43 (2012), no. 1-2, 25–44.

[35] Zhou, B.: The first boundary value problem for Abreu’s equation. Int. Math. Res. Not. (2012),
no. 7, 1439–1484.

Received January 7, 2022; revised May 28, 2022. Published online July 27, 2022.

Ling Wang
School of Mathematical Sciences, Peking University, Beijing 100871, China;
lingwang@stu.pku.edu.cn

Bin Zhou
School of Mathematical Sciences, Peking University, Beijing 100871, China;
bzhou@pku.edu.cn

https://doi.org/10.1007/s00220-018-3125-9
https://doi.org/10.1007/s00220-018-3125-9
https://doi.org/10.1002/cpa.21883
https://doi.org/10.1002/cpa.21883
https://doi.org/10.1007/s11854-021-0176-1
https://doi.org/10.1007/s12220-016-9739-2
https://doi.org/10.1007/s12220-016-9739-2
https://doi.org/10.1007/s00205-013-0653-5
https://doi.org/10.1007/s00205-013-0653-5
https://doi.org/10.1007/s40818-021-00102-5
https://doi.org/10.1007/s40818-021-00102-5
https://doi.org/10.1090/proc/15459
https://doi.org/10.1007/s00526-004-0280-y
https://doi.org/10.1007/BF02413623
https://doi.org/10.1007/BF02413623
https://doi.org/10.1016/j.aim.2012.07.034
https://doi.org/10.4310/MAA.2008.v15.n2.a10
https://doi.org/10.1007/s002220000059
https://doi.org/10.1090/S0894-0347-05-00475-3
https://doi.org/10.1007/s00526-011-0401-3
https://doi.org/10.1093/imrn/rnr076
mailto:lingwang@stu.pku.edu.cn
mailto:bzhou@pku.edu.cn

	1. Introduction
	2. The homogeneous equation in dimension two
	3. The inhomogeneous equations in dimension two
	4. An interior estimate in higher dimensions
	References

