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Spans of translates in weighted £7? spaces

Karim Kellay, Florian Le Manach and Mohamed Zarrabi

Abstract. We study the cyclic vectors and the spanning set of the circle for the
Zg(Z) spaces of all sequences u = (up),ez such that (uy, (1 + |n|)ﬁ)nez e tP(7),
with p > 1 and § > 0. The uniqueness set of the distribution on the circle whose
Fourier coefficients are in £7 8 (Z) is the spanning set for the £ Z (Z) spaces, where g is
the conjugate of p. Our characterizations are given in terms of the Hausdorff dimen-
sion and capacity.

1. Introduction and main results

Cyclic vectors are, amongst others, an important tool in the study of invariant subspaces
and their characterization [1, 20, 25]. For the shift operator, the problem of cyclic vectors
in the space of sequences £7(Z) goes back to the works of Wiener [26] for p = 1 and
p = 2, Beurling [3] and Salem [24] for | < p < 2, and Newman [18] for p > 1. This
problem is still far from being resolved.

A vector u € £P(Z) is called cyclic in £P (Z) if the linear span of its translates,

{(un+k)neZv k e Z},

is dense in £7(Z). The Fourier transform of u € {7 (Z) is given by 1i(t) = ), c7 Un eint,
where the trigonometric series is to be interpreted as a distribution on the circle group
T =R\ 2xZ.Foru € £P(Z) with 1 < p <2, i becomes a function. We denote by Z(i1)
the zero set of 71 in T. Notice that for u € £!(Z), the set Z(ii) is well-defined, since 7
is continuous. The cyclicity can be viewed as an approximation problem or a unique-
ness/removable singularities problem. Following Newman [18], a closed subset £ C T is
called p-spanning if every u € £'(Z) with Z(il) C E, is cyclic in £?(Z). On the other
hand, E is called a g-uniqueness set if E does not support any non-vanishing distribution
> ez Cn €™ with (cy)nez in €9(Z). It is well known that E is p-spanning if and only
if E is a g-uniqueness set, where g is the conjugate of p.

Wiener [26] characterized the cyclic vectors in £!(Z) and in £2(Z). Further, Beurling,
Salem, and Newman [3, 18, 24] provided either necessary or sufficient conditions for u

2020 Mathematics Subject Classification: Primary 28A12; Secondary 43A15.
Keywords: Cyclicity, weighted 2 spaces, spanning set, uniqueness set, Hausdorff dimension, capacity.


https://creativecommons.org/licenses/by/4.0/

K. Kellay, F. Le Manach and M. Zarrabi 1926

to be cyclic in £7(Z) for p > 1. These conditions were given in terms of the size (capa-
city and Hausdorff dimension) of the zero set of the Fourier transform #. However, Lev
and Olevskii [14-16] showed that for 1 < p < 2, the problem of cyclicity in £7(Z) is
more complicated even for sequences in £!(Z): we cannot characterize the cyclicity of u
in £7(Z) in terms of Z(i) alone, which contradicts Wiener’s conjecture.

We summarize the results of the previous works cited above. We denote by ¢ the
Holder conjugate of p > 1, with 1/p + 1/¢q = 1, and write dim(FE) for the Hausdorff
dimension of a subset £ C T.

(1) (Wiener): u is cyclic in £ (Z) if and only if # has no zeros on T.

(2) (Wiener): u is cyclic in £2(Z) if and only if # is non-zero almost everywhere.

(3) (Beurling): Let 1 < p <2.1f dim(E) < 2/q, then E is a p-spanning.

(4) (Salem): Let1 < p <2.For2/q <« <1, there exists £ C T such that dim(F) = «
and E is not p-spanning

(5) (Newman): There exists a p-spanning set E for all 1 < p < 2 such that dim(E) = 1.

(6) (Lev and Olevskii): If 1 < p < 2, there exist  and v in £!(Z) such that Z(i1) = Z(?),
u is not cyclic in £7(Z), and v is cyclic in £7(Z).

In this paper, we shall focus on the cyclic vectors on weighted €7 (Z) spaces, namely
Eg(Z), the space of sequences u = (uy)nez for which (u, (1 + |n])?) € £7(Z) for p > 1
and B > 0, endowed with the norm

nez

Note that the space El’; (Z) (but not the norm) is invariant under translations. A vector u €
€5(Z) is called cyclic in £ (Z) if the linear span of {(un+k)nez, k € Z} is dense in £5(Z).
For every closed subset E of T, E is called (p, B)-spanning if every u € £(Z) N Eg (2)
such that Z(i1) C E is cyclic in KZ (Z), and E is called a (g, B)-uniqueness set if E does
not support any non-zero distribution ), .5 cpe™ with (¢p)nez in E‘iﬂ (Z). If E is a
(g, B)-uniqueness set, then E is (p, B)-spanning, where 1/p + 1/g = 1 (see Remark 2.5
below). Observe that the shift operator does not act as an isometry on Zg (Z) unlike on
£P(Z) spaces; this represents a difficulty for the study of cyclic vectors in Zg (7).

Notice that Eg (Z) is a Banach algebra if and only if 8g > 1 (see [6]). Hence, in this
case we have an analogue of (1) in Wiener’s theorem: a vector u € ﬁfg’ (Z) is cyclic if and
only if # has no zeros on T. Thus in the sequel of the paper we will only be interested in
pairs (p, B) such that 8¢ < 1.

Richter, Ross and Sundberg [23] gave a complete characterization of hyperinvariant
subspaces of the weighted harmonic Dirichlet spaces Z% (Z),0 < B < 1/2. Their charac-
terization and a relation between capacity and Hausdorff dimension led to the result that
u € Ly(Z) is cyclic in £3(Z) if and only if dim(Z(@)) < 1 — 2f. Their result may be
considered as an analog of Wiener’s theorem about the cyclic vector of £2. Hence, we

study the case of p # 1 and p # 2. Our main result for 1 < p < 2 is the following (see
Theorem 3.3).
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Theorem A. Let 1 < p <2 and B > 0 be such that Bq < 1, and let E be a closed subset
of T.

(1) If dim(E) < %(l — Bq), then E is (p, B)-spanning.

(2) If dim(E) > 1 — Bq, then E is not (p, B)-spanning.

(3) For %(1 — Bq) < a <1, there exists a closed subset E C T such that dim(E) = o
and E is not (p, B)-spanning.

@ If p=2k/(2k —1) for some k € N \ {0}, there exists a (p, B)-spanning E C T
such that dim(E) = 1 — Bq.

The property (4) shows that the constant 1 — B¢ obtained in (2) is sharp. Indeed, on
one hand, there is no cyclic vector u such that dim(Z(#)) > 1 — ¢, and on the other hand,
we can find some cyclic vector u with dim(Z (1)) = 1 — Bq. However, this is only proved
when p = 2k /2k — 1 for some positive integer k. The proof is based on the construction
of a closed subset E of T whose k-sums E + --- + E are of zero capacity and of given
Hausdorff dimension (see Lemma 3.2). The arithmetic structure of E allows us to reach
the best constant 1 — B¢ only for p = 2k/(2k — 1).

Next we will deal with the case p > 2. Newman in [18] showed that for all ¢ > 0,
there exists a p-spanning set £ C T which has a Lebesgue measure |E| > 2w — ¢. The
existence of g-uniqueness sets of arbitrary large measure for the spaces £9(Z), 1 < g < 2,
was established by Katznelson [11] (see also the Theorem in Chapter 1V, Section 2.5,
in [12]). Extensions of their results to a more general setting were given in [7], where they
studied the uniqueness set of £7 P (Z). We have the following result.

Theorem B. Let p > 2 and B > 0 be such that Bg < 1.

(1) If B> 1/2—1/p, then every closed subset E of T of positive Lebesgue measure is
not (p, B)-spanning.

(2) If B < 1/2—1/p, then for every ¢ > 0, there exists a (p, B)-spanning set E C T
such that |E| > 2w — e.

Nikolski, in Corollary 6 of [21], considered the weighted space

8(2) = {(nez € C: ulf = Y hual?wf < o0,

nez

where w, = log(e + |n|)?, y > 0. He showed thatif p >2/(1 — y), 0 <y < 1, then there
exists £ C T with large Lebesgue measure which is a uniqueness set for the dual of ££ (Z),
which implies the cyclicity in £5(Z) of every u € {1 (Z) satisfying Z(#l) C E. As a by-
product of Theorem B, we show in Corollary 5.1 that the result of Nikolski remains valid
forall p >2and y > 0.

This paper is organized as follows. In the next section, we present the background
and recall some properties of distribution spaces. Section 3 is devoted to the proof of
Theorem A. We construct in Lemma 3.2 a Cantor type set of zero capacity whose k™
sum remains of zero capacity. Section 4 provides the proof of Theorem B based on the
estimation of power sums of unimodular complex numbers (see Lemma 4.1). Finally,
Section 5 is dedicated to some results on the £? spaces with logarithmic weights.
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2. Notations and preliminaries

2.1. Background on {? weighted spaces

Let 1 < p < oo and B € R. We denote by D'(T) the set of distributions on T, and
by M(T) the set of measures on T. For § € D'(T), we denote by S = (S (n))nez the
sequence of Fourier coefficients of S, and we write S =), S (n)e,, where e, (t) = ™.

Notice that we use the same notation 7 and S to denote respectively the Fourier transform
of u € £7 and of S € D'(T). The space Ag (T) will be the set of all distributions S €

D'(T) such that S belongs to Ef; (Z). We endow Ag (T) with the norm

~ ~ 1/p
_ _ B
ISlagery = ISleg = (X2 1S@1P (1 + )7

nez

We will write A? (T) for the space Aop (T). By construction, the Fourier transform u — #
is an isometric isomorphism between Eg (Z) and Ag (T). We prefer to work with Ag (T)

rather than £%(Z). In this section, we establish some properties of Afg’ (T) which will be
needed to prove Theorem A and Theorem B.
For 1 < p < oo and B > 0, we define the product of f € A/l3 (T)and S € Ag(T) by

S=3F+Hmen=3 (X708 -h)e.
nez ne€Z keZ
and we see that ||fS||Ap(T) ||f||A1 (T)”S”AI’(T) Note thatif S € Apﬂ (T), we can also
define the product fS € Aﬁ (T) by the same formula and obtain a similar inequality:
||fS||AIjB(1r) = ||f||A/13(T)||S||Afﬂ('Jr)-
For p # 1, the dual space of Ag(T) can be identified with A‘iﬂ (T),1/p+1/q =1,
by the formula

Ty=Y SmT(-n), SeALT), T €Ay (T).

nez

We need the following lemma, which gives us different inclusions between the A/’; (T)
spaces.
Lemma 2.1. Ler1 <r,s <ooand B,y € R.
(1) If r <s, then AZ(T) C A} (T) ifand only if y < B.
Q) If r > s, then A%(T) C Ay (T) ifandonly if B—y > 1/s —1/r.

Proof. (1) Suppose thatr < s.If y < f, then A (T) C A} (T). Since || - [les < [| - [|er, we
get A%(T) C A5(T). Now suppose y > f. Let S € D'(T) such that Sn)(1 + In|)? =
(14 m)~2/" if [n| = 2™ and §(n) = 0 otherwise. Then we have S € A;} (T) \ A5(T).

(2) Suppose that r > s. If 8 —y > 1/s — 1/r, then by Holder’s inequality, we obtain
AZ(T) C A5(T). Now suppose that f —y < 1/s —1/r.Lete > Obe suchthat f —y + ¢

<1/s—1/r,a=—1/s—y +e¢ andlet S € D'(T) be such that S(n) = n®. We have
S € Ap(T)\ 45(T).
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Suppose now that B—y = 1/s—1/r,and let S € D'(T) be such that §(n)’(1 +|n|)Pr
=1/(1+ n])In(1 + |n])'**, withe = r/s — 1> 0. We have S € AR (T) \ 4}(T), which
proves that A/’3 (T) & A} (T). L]

2.2. Cyclicity in A g (T)

We denote by P (T) the set of trigonometric polynomials on T. We say that S € Ag (T)
is a cyclic vector in Ag(T) if the set {PS, P € #(T)} is dense in A/’;(T). It is clear that
the cyclicity of S in A/I; (T) is equivalent to the cyclicity of the sequence S in 6/’; (Z).

Moreover, for 1 < p < ocoand 8 > 0, S is cyclic in Ag (T) if and only if there exists a
sequence (Py,) of trigonometric polynomials such that

We obtain the first cyclicity results for the spaces Ag (T) when A g (T) is a Banach algebra.
More precisely, we have the following (see [6]).

Lemma 2.2, Let 1 < p < o0 and B > 0. Then Ag (T) is a Banach algebra if and only
if Bg > 1. Moreover, when Bq > 1, a vector f € Ag(T) is cyclic in Ag(T) if and only
if f hasno zeroson T.

Let f € A}; (T) and S € D'(T). We denote by Z( f) the zero set of the function

Z(f)={CeT: f(§) =0}.
Lemma23. Let1 < p<ooand0 < B <1/2. Let f € A},(T) and S € Afﬁ(T). If for
alln € Z, (S, e, f) = 0, then supp(S) C Z(f).

Proof. Recall that e, (f) = ¢''. We have

(S.enf) = (fS.en) =0.

Hence fS = 0.Let ¢ € C°°(T) be such that supp(¢) C T \ Z(f). We claim that ¢/ f €
A},(T) C A%(T), where 1/p + 1/g = 1. So we obtain

(S.0) = (fS.9/f) =0,

which proves that supp(S) C Z(f).
Now we prove the claim. Let ¢ = min{| f(¢)|, ¢ €supp(¢)} > 0, and let P € (T) be
such that | f — P|| A4(T) < ¢/3. By the Cauchy—Schwarz and the Parseval inequalities,

[1-8
1+8 /
(2.2) Iglaycry = llglloo +2 =25 18" lloo

for every g € C1(T). As in [19], by applying (2.2) to ¢/ P", we see that

P —f)!
=Yg e A,

which finishes the proof. ]

n>1
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Lemma24. Let]l < p <ocoand [ € Allg (T) with B > 0. We have:
(1) If f is not cyclic in Ag(T ), then there exists S € A‘iﬂ (T) \ {0} such that supp(S) C
Z(f).
(2) If there exists a nonzero measure | € A‘iﬂ (T) such that supp(r) C Z(f), then f
is not cyclic in AZ(T).
Proof. (1) If f is not cyclic in Ag (T), by duality there exists S € A? 8 (T) \ {0} such that
(S,enf)=0, VnelZ.

Thus, by Lemma 2.3, we have supp(S) C Z(f).
(2)Letpu e Azﬂ (T) N M(T) \ {0} be such that supp() C Z( f). Since p is a measure
on T, we have (i, e, f) = 0foralln € Z. So f is not cyclic in Ag(T). |

Remark 2.5. If we suppose that ' € A'(T) (instead of f € A}g (T)), then the result (1)

of Lemma 2.4 remains valid. To prove this, it suffices to show that A'(T) N AZ(T) is a
Banach algebra and we can make the same proof of Lemma 2.4.
Now, let us show that the space Al (T)yn Ag (T), p>1, g >0, endowed with the norm

||f||A1(T)nA§(T) =/ llarery + ||f||A§(1r)’ feA(T)n AZ(T)
is a Banach algebra. Since
A+ Ik +1D)P <A+ kD + A+ 1P and [ fglLazery < 1S larn g lLazer)-

if we write f = Y ane, and g = 3" bye,, where e, (t) = ', we get

”fg”Ag(’[)
1/p

) (Z [ lnmmi+in =T+ [ 3 |an_mbm|(1+|m|)"]p)

neZ mez neZ mez

1/p

= (Z [ Z |bm| |an—m|(1 —+ |n _m|)ﬁ]p)

neZ meZ

1/p
+ (Z [ > an-m||bm| (1 + |m|)ﬁ]p)
neZ mez

= lglarery 1/ gy + 1/ larer) Igllag(ry.  for fig € AN(T) N AZ(T),
which allows us to conclude.

Recall that A}g (T) is a Banach algebra. Let I be a closed ideal in A;, (T). We denote
by Z; the set of common zeros of the functions of /:

Zr =) Z2(f).
fel

We have the following result about spectral synthesis in All3 (T), for the case B = 0, also
called the Beurling—Pollard technique, see [9], pp. 121-123.
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Lemma 2.6. Let 0 < 8 < 1/2. Let I be a closed ideal in A/ls (T). If g is a Lipschitz
function which vanishes on Zp, then g € I.

Proof. Notice first that since g is Lipschitz function, Bernstein’s theorem (see [8], p. 13)
gives that g € A}g (T). Let I be the set of all S in the dual space of A}, (T) satisfying

(S, f) =0forall f e I.Hence, S € I+ and supp(S) C Z;, see Remarque 1.3 in [4].
For h > 0, we set S, = S * Ay, where Ay:t — —|t|/h? + 1/h if t € [<h, k], and O
otherwise. We have

1 4sin(nh/2)?

E,(O) =1/27 and E,(n) = (nh)?

forn # 0.

Since S is in the dual of Aé (T), S, € A(T). Moreover, we have supp(S;,) C supp(S) +

supp(Ay) C Z}' := Z1 + [—h, h]. Let g be a Lipschitz function which vanishes on Zj.
We have

sl = [, s

< (’é Smme)( [ ey L)

Since Z; C Zg, for every x € Z%, |g(x)| < ch for some positive constant c. Thus

§ 2
(1.0 = (X 20 (2 2@,

nez
Hence limy,_, (S, g) = 0. By the dominated convergence theorem, we obtain that

lim (5, ) = lim 3" 5,0 &(-n) = 5 Y S @m) = 5 (5.8,

nezZ nezZ

So (S, g) = 0. Therefore, g € I. |

We also need the following lemma, which is a consequence of Lemma 2.6. Newman
gave a proof of this when 8 = 0 (see Lemma 2 in [18]).

Lemma 2.7. Let 0 < B < 1/2 and consider a closed set E C T. There exists a sequence
of Lipschitz functions ( f,) which vanish on E such that

Jim | fo = 1l apery = 0
if and only if every f € Ab (T) satisfying Z(f) = E is cyclic in Ag (T).

We finish this subsection with the following result of Newman (see the proof of The-
orem 5 in [18]).

Lemma 2.8. Let p > 2. Assume that for every ¢ > 0, there exists a Lipschitz function f
such that |Z(f)| > 2m — € and

/- 1||A§(1r) <e.

Then for every ¢, there exists a (p, B)-spanning closed set E C T with Lebesgue measure
|E| > 2w —e.
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2.3. Generalized Cantor set and capacity

Given E C T and a non-decreasing continuous function 4 such that #(0) = 0, we define
the h-measure of E by

Hyy(E) = gi_rz})inf{ZhﬂUiD, Ec|JU. Uil < 5},
i=0 i=0

where each U; is an open interval inside T and |U; | denotes its length.
We also define the Hausdorff dimension of a subset E C T as

dim(E) = inf{a € (0, 1), Hy(E) = 0} = sup{a € (0, 1), Hy(E) = oo},

where Hy, = Hj, for h(t) = t* (see [9], pp. 23-30).
Let 1 be a probability measure on T and let & € (0, 1). We define its «-energy by

1) _[/ du(t)c;’/;l(S)

Note that I, (1) € [0, +00]. Simple calculations shows that

g [i(n)?
INMEDY T

n>1
The a-capacity of a Borel set E is given by

1
{inf{la (). p € Mp(E)}

where Mo (E) is the set of all probability measures on T which are supported on a com-
pact subset of E.

An important property which connects capacity and Hausdorff dimension is (see [9],
p. 34) that

Co(E) =

(2.3) dim(£) = inf{o € (0, 1), C4(E) = 0} = sup{e € (0,1), Cy (E) > 0}.

For E C T, we denote by Ag (E) the collection of S € Ag (T') such that supp(S) C E,
where supp(.S) denotes the support of the distribution S. The following lemma is a direct
consequence of the definition of capacity and the inclusion A7 (T) C A? @—1) /Z(T) when

q22and0§a<§(l—,3q).

Lemma 2.9. Let E be a Borel set, B > 0 and g > 2. If there exists ¢ € R with0 < a <
g(l — Bq) such that Co(E) = 0, then A? 4 (E) = {0}.
Let us recall Salem’s theorem (see [24] and [9], pp. 106-110).

Theorem 2.10. Let 0 < @ < 1 and q > 2/a. There exists a compact set E C T which
satisfies dim(E) = « and there exists a positive measure 1 € A4(T) \ {0} such that

supp(u) C E.
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The following theorem is due to Korner (see Theorem 1.2 in [13]).
Theorem 2.11. Let h: [0, o0) — [0, 00) be an increasing continuous function such that
h(0) = 0, and let ¢: [0, 00) — [0, 00) be a decreasing function. Suppose that
(D) [°¢(x)%dx = oo,
(2) there exist K1, Ky > 1 suchthatforall1 <x <y <2x, K1¢(2x) <¢(x) < K2¢(y),
(3) there exists y > 0 such that limy_,oo X7V ¢(x) = o0,
(4) there exist 0 < K3 < K4 < 1 such that for all t > 0, K3h(2t) < h(t) < K4h(2t).

Then there exists a probability measure | with support of Hausdorff h-measure zero such

that ~ | X "
[u(n)| < ¢(W)(ln (W» . Vn#0.

We finish this section by describing the construction of the generalized Cantor set. Let
(kj)j=0 be a sequence of integers and let (/;);>0 be a sequence of positive numbers such
that kg = 1 and

kj > 2, and kjlj <lj_1, j > 1.
Let Eg =[0,lp]. We dissect the interval Eg = [0, ] in 2k — 1 intervals of lengths respect-
ively 11 and d] = (l() — klll)/(kl — 1)1

0,1i]; 1. di+ 4Ll
[mdy +mly,mdy + (m+ 1) L] |mdy 4+ (m + 1)1y, (m + 1)dy + (m 4+ 1) 11 [;

llo—10i —di.lo—ULl; [lo—1I1.1lo]

We delete the k; — 1 open interval of length d; and we keep the k; equidistant closed
intervals of length /1. We set

k1—1
Ey = U [mdy +mly,mdy + (m + 1)11].

m=0

Suppose that the set E,—; , n > 1, has already been constructed, and that this set consists
of p,—1 closed intervals of length ,,_;:

DPn—1

Ey1 = U laj,aj + I,—1].
=1

We operate the same dissection on each of the intervals [a;,a; + [,—1] with the parameters
(14, k) instead of (I, k1), thus we obtain

Pn kn—1
En=\J U laj +sUn +dn).aj + 5n + dn) + ).
j=1 s5=0
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where d, = (Iy—1 — knln)/(kn — 1). The compact set
E=()En
n>0

is called the generalized Cantor set.
Ohtsuka [22] obtained a criterion for vanishing Cy (E), see also [S]:

Theorem 2.12. Let E be a generalized Cantor set. Then

1
Cy(E) =0 <— - -
a(£) ’;(kokl...kn)lg

3. Proof of Theorem A

3.1. Cyclicity and the set of all sums of &k elements from Z (f')

Fork €e Nand E C T, let k x E denote the set of all sums of k elements from E,
k
kxE=E+E+-~+E={an,xneE}.
n=1

We have the following result (the case § = 0 was considered by Newman in [18]).
Lemma 3.1. Let1 < p <2and B > 0 be such that Bq < 1, and let f € A;; (T).
(a) Let k € N\ {0} be such that k < q/2. If Cy(k x Z(f)) = 0 for some o < %1(1 -
Bq)k, then f is cyclic in Ag(T).
(b) Let k € N \ {0} be such that q/2 <k < 1/Q2B). If Cy(k x Z(f)) = 0, where
o = 1—2kB, then f is cyclic in Ag (T).

Proof. Let k € N\ {0}. Suppose that f is not cyclic in Ag(T). Then there exists L €
AZB(T), the dual of Ag(T), such that L(1) = 1 and L(Pf) = 0, forall P € £(T).

Since B < 1/2, by (2.2), we get C1(T) C A;} (T) c Ag(T). Moreover, by [17] (see
also Lemma 5 in [18]), there exists ¢ € L?(T) such that

L) = [ (09 +500) dr. g (D),
Since L € Aiﬂ (T) which implies (L(ep))nez € Z‘iﬂ (Z), we obtain

3.1 > lnd@)? (1 + a4 < oo,

nez

Moreover, we have
/T ((en f) (¥ $() + (en f)(X)) dx = 0, 1 € Z,

and hence (¢’ — 1,e, f) = 0, where ¢’ is defined in the sense of distributions. By (3.1),
o —1¢ A’iﬁ (T), by Lemma 2.3, we get supp(¢’ — 1) C Z(f).
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For m € N, we denote by ¢*™ the result obtained from convolving ¢ with itself m
times. Using the fact that S’ « T = S * T’ and 1 x S’ = 0 for any distributions S and 7T,
we have

(@' =D (@)D 4 ()71 = (™)™ + (D)™
By induction and by the formula supp(7T * S) C supp(T’) + supp(.S), we get that

(3.2) supp((gb*m)(m) +(=D")CmxZ(f), m=>1

Note that (¢*%)®) (n) = i*n¥ a(n)k fork > 1landn € Z.
(a) Suppose that 0 < k < ¢g/2 and Cy(k x Z(f)) = 0 for some o < %(1 — Bq)k. We
rewrite (3.1) as

3 (I F)* (1 + n)EP* < 0.

nez
Setting ¢’ = ¢/ k >2and B’ = Bk, we have (¢*¥)®) ¢ A‘fﬂ,(T). By (3.2) and Lemma 2.9,

we obtain that (¢**)*) = (—1)k~1. This contradicts the fact that (¢**)®*)(0) = 0.

(b) Now suppose that k > ¢/2 and Cy(k x Z(f)) = 0, where « = 1 — 2kp. Since
q < 2k, we have by (3.1),

S eI (1 + n) " < .

neZ

So (p*F)®) ¢ Azkﬂ (T) and (¢**)®) = (—1)¥=1, which contradicts (¢*¥)®(0) =0. =

3.2. Construction of generalized Cantor set

We need to compute the capacity of the Minkowski sum of some Cantor type subset of T.
We denote by [x] the integer part of x € R. For A € [0, 1] and k € N \ {0}, we define

Kf={meN,3jeN, me[2/,27(1+A+1/j)—k+1]},

and we set, in R/Z ~ [0, 1],

oo
S/’{ = {x = Z% (xi) € {0, 1} such that i € K])f =X = O}.
i=0
We denote K, = K} and S; = S;. We have the following lemma.
Lemma 3.2. Forall k > 1, we have
(1) k xS, C Sk,
(2) Ca(SK) =0 ifand onlyif a = (1—2)/(1+ 2),
(3) dim(k x Sy) = (1 =A)/(1 +A) and C—py/a+a)(k xS§3) =0.
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Proof. (1) We prove this by induction. If k = 1, we have S} = S /{ We suppose the result
true for k — 1 for some k > 2, and we will show thatk x S; C S )’f . Observe that we have

kxS; C(k—1)xS; 4+ Sy CSE1 455

Letx € S)’f_l, y € Sy and z = x 4+ y. Denote by (x;), (y;) and (z;) their binary decompos-
itions. Let m € K])f. Then there exists j € N such thatm € [2/,27 (1 + A +1/j) —k +1].
Since m € Ki‘ andm,m +1 € Ki‘_l C Kj, we get X, = Ym = Xm+1 = Ym+1 = 0.
Therefore, we write

m—1 Xi + yi 00 Xi + yi
14 1 1 1
Z=X+Y=ZZI-T+ > i
i=0 i=m+2
For infinitely many i > m + 2, we have x; + y; < 2, and hence
o~ Xi + Vi 1
Z il " gmtl
i=m+2

Denoting by [s] the integer part of s, we have

m—1 Xi + Vi
[2m+lz] — 2[2mz] — 2m+1 Z ﬁ
i=0
Therefore, we obtain by the uniqueness of the decomposition that
Zm = [2"1z] = 2[2"z] = 0.
This proves thatz = x + y € S)’f andk x S) C S)If.
(2) We will first show that the set S i‘ is a generalized Cantor set. Let
=R/ +A+1/))—k+1]+1

and No, depending only on k and A, be such that for all j > No, 2/ < v; < 2/T1 We set

for N > N,
> /1 1
lN - Z (2,11 22j+1).
=N
Since . .
22A+A+1/)—k+1<v;, <270 4+Ar+1/j)—k+2,
we have
> 1 1 1 > 1 1
,; 22/(1+A+ )(22 k 221(1—1—})) ZZsz/(HAJr )(21 —k 22/‘(1—1—}))'

There exists C > 1 such that, forall j > N,
1 1 1 1 1

— < — _ < — _ < C
C — 22—k 22/ (1-A—1/j) — 21—k 227 (1-A=1/j) —
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And for N > N,

oo oo

—1 < 1 < >
22V (1+A+1/N) — Z 22/ (1+A+1/j) — 22N(1+A+1/N) Z (22N+‘(1+A)>
j=N =0

- 1 1 Jj+1 - 1 2
= 22N (1+A+1/N) + Z (22N+1(1+A)> — 22N (1+A+1/N) + 22N F1(14+4)
j=0

< —3 .
— 22N (1+A+1/N)

Hence we obtain that /y is comparable to 272V A+A+1/N) that is,

33 1 <y < 3C
(3.3) C22N(+i+1N) = N = nRNaAT1/N)
Moreover, we have
1 > 1 1 1 1
34 V=g 2. (ﬁ_ﬁ><2w =
j=N+1
For N > Ny, we set
2N 1
ENz{Z ST +Inz 2 €01 X e (0.1}, zeKA:>x,—O}
i=0

Observe that we can write Ey as a union of disjoint intervals:

Ev=|J EJ.
(efo, 132"
iekk=x;=0

where

2N 1 o

i) _ i

D DI N T
i=0

Since by (3.4), [y < 1/22N, the intervals E](\),Ci) are disjoint:

ES)nES =0, (x) # (x)).
For fixed N > No, let (xi)g<i<ov—1 € {0, 112" and (yi)g<i<ov+1_; € {0, 132"
claim that:

. We

EQ), CESY ifand only if x; = y; forall 0 <i <2V, and y; = 0 forall 2V <i < wy.

Indeed, suppose that E i) Y CEy G andletu € EV . We have

N+1°
oN+1_4 2N _q

_ i Xi
u= E 51 +Int122 = E Si+T + In 21,
i=0 i=0
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where z1, 2z, € [0, 1[. By (3.4), [y < 1/2"N, and using the uniqueness of the binary rep-
resentation, we obtain x; = y; forall 0 <i < 2N and y; = 0 for all 2N < < vy. Now
suppose x; = y; forall0 <i <2V and y; = 0forall 2V <i < vy.Letu El(gg_l We
write

2N _1 oN+1_q
U= Z 2z+1 21+1 +1N+1Z z€ [0’1['
i=vy
Since
N+1_
2 1 1 1
Z 2l+1 +1N+1 = 21’_N_ 22N+1 +1N+1 :lN,
i=vy
we get
2N . 2N —1 2N+l
1
> 2iFT = Z 21+1 + 2 2:+1 tint1z = Z 2z+1 +IN,
i=0 i=ZN

andu € Ej(\)f"). This concludes the proof of the claim.
By the claim, for fixed (x;) and for N > Ny, we have the following properties:

(i) the interval EI(;C") contains precisely

} _ 22N+1_VN

knt1=#{(i)yy<i<ov+i1: yi €{0,1}

intervals of the form EI(\;Q 1

(i) The intervals of the form Ey i) '/, contained in E}(\),‘i) are equidistant intervals of
length /x41; the distance of two consecutive intervals of the form E1(vy:L)1 is equal to
1@ —lys).

(iii) Writing El(\f") = [a, b], there exist (y;) and (z;) such that EI(\%A [a,a + IN+1]
and ES), = [b — In+1,b].

Finally, we can write S )’f as

() Ew-

N=>Ny

This shows that S /If is a generalized Cantor set. By Theorem 2.12, we have for 0 < o < 1
that Co(S¥) = 0 if and only if

- 1
N OO,
N:ZNO (kng -+ -kn—1) I}y
where ky, = 1. Since

2(k—2)(N—N0)+(2N—2N0)(1—A)—aN <kng - kyoy < 2(k—1)(N—N0)+(2N—2N0)(1—A)—JN’
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where
N-1 2]
ON = >
j=No 7

we have, by (3.3), that Cy (Si‘) = 0 if and only if

[
Z 22N (@(1+A)—(1-A))+a2N /N +oy —(k—1)(N—Ny)+2No (1-1) —

00.
N=No
Therefore, Ca(S)’f) =0ifandonly ifa > (1 —A)/(1 + A).
Finally, (3) follows from (1), and (2) by the capacity property. |

3.3. Proof of Theorem A

We are now ready to prove Theorem A. It follows immediately from the following the-
orem, stated in Ag (T) spaces.
Theorem 3.3. Let 1 < p <2 and B > 0 be such that Bq < 1.

(D) If f € Ap(T) and dim(Z(f)) < 2(1 = Bq), then f is cyclic in AZ(T).

Q) If fe A;} (T) and C1_p4(Z(f)) > O, then f is not cyclic in AZ(T).

(3) For %(1 — Bq) <« <1, there exists a closed set E C T such that dim(E) = o and

every f € Allg (T) satisfying Z(f) = E is not cyclic in A/’; (T).
(4) Letk = [q/2]. Forall ¢ > 0, there exists a closed set E C T such that

(3.5) dim(E) > max (%(1 — Bk —e, 1 =2(k + 1)B)

and every f € A;i (T) satisfying Z(f) = E is cyclic in Ag(T). Furthermore, if
p =2k/(2k — 1) for some k € N \ {0}, E can be chosen such that dim(E) =1 — fBq.

Proof. (1) Note that, by (2.3), dim(Z(f)) < %(1 — Bq) if and only if there exists o <
%(1 — Bq) such that Cy (Z(f)) = 0. If C4(Z(f)) = 0, by Lemma 2.9, there isno S €
A‘iﬂ (T) \ {0} such that supp(S) C Z(f). So, by Lemma 2.4 (1), f is cyclic in Ag(T).

(2) Suppose that Ci_g,(Z(f)) > 0. There exists a probability measure 1 of energy
I1_p4(p) < oo, such that supp(p) C Z(f).Sopu € Aiﬂq/z(T) \ {0}. Since |zi(n)| <1
forall n € Z and g > 2, we have u € A’iﬂ (T). By Lemma 2.4 (2), f is not cyclic in
AS(T).

(3) Suppose that %(1 — Bg) <« < 1. There exists ¢ > 0 such that %(l —Bg)+e<a.
Letg’ besuchthat2/q —28 +&=2/q’.Since $ > 1/q —1/q’, by Lemma 2.1, A7 (T) C
A‘iﬂ (T). By Theorem 2.10, as ¢’ satisfies ¢’ > 2/a, there exist a closed subset E C T

such that dim(E£) = « and a non-zero positive measure j € A?(T) c A2 8 (T) such that
supp(u) C E. Now (3) follows from Lemma 2.4 (2).
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Now if @ = %(1 — Bg) and y > 2/q, then, by Theorem 2.11 with ¢(¢) = (¢ In(et)) /2
fort > 1 and h(t) = ﬁ for ¢ € [0, 00), there exists a probability measure @ with
support of Hausdorff #-measure zero such that

[m(n)] < ¢(m><ln (m»l/z < (|n]* In(e|n])*)~V/2,

forn # 0. So

DA+ )P < C Y [n| 7427 P e In(e|n]) 742
n#0 n#0

1
<y Lo
p— /2 9
Z nlTn(eln])?

with C a positive constant. Hence, 1 € AZ P (T). We set E = supp(u). By Lemma 2.4 the
result is proved.
(4) Let k = [q/2]. Suppose first %(1 — Bk >1—-2(k+ 1B andlet0 <& <¢
satisfy 1 —2(k + 1) < %(1 — Bq)k — ¢'. Consider the set S, where A satisfies
1—2A

2 ) 2
;](l—ﬁq)k—s <17 ° ;](1—/3Q)k-

By Lemma 3.2(3), we have dim(S3) = (1 —A1)/(1 + A) and C1—p);a+x)(k x S;) = 0.
Therefore, by Lemma 3.1 (a), every f € A;, (T) such that Z( f) = S is cyclic in Ag (T).

Now, suppose %(1 —Bg)k <1—2(k + 1)B. We consider S,, where

1-A4
—— =1-2(k+1)B.
1+A (k+Dp
By Lemma 3.2(3), we have
. —A
dim(Sy) = ——=1-2(k + 1) and C(l_,x)/(1+,1)((k +1)xS;)=0.

1+A

Thus, by Lemma 3.1 (b), every f € A}; (T) such that Z( f) = S, is cyclic in Ag (T).
Suppose now that p = 2k /(2k — 1) for some k € N \ {0}. As before, we consider S},
where

1—2
ST kB =1-8q.
) kp Pa

Again by Lemma 3.1(b), every f € A/lg (T) such that Z(f) = S is cyclic in Ag (T).
Note that the set £ which was considered in Theorem 3.3 (4) satisfies Co(E) = 0,

where
azmax(%(l—ﬁq)k—s, 1—2(k+l),3). m
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4. Proof of Theorem B

4.1. Some power sum
To prove Theorem B, we need the following lemmas.

Lemma 4.1. Let R be a prime power and m a positive integer. We set k = R™ and
= (R — )(R™ + 1). Then there exist N roots of unity z1, . . ., zx such that

k
‘ZZ} <k

j=1

Proof. The proof is inspired from a result by Andersson, see Lemma 1 in [2]. Let F =
{x;, 1 < j <k} be a finite field of order k, and let E be an extension field of F of
order k2. Let @ be an element that generates the multiplicative group E*, and let y be a
multiplicative character on E of order k2 — 1. We set

zjz)(d(a)—}—xj), 1<j<k,

where d = Zm R’ Since Nd = k? — 1, the z; are N roots of unity. For | <r <N — 1,
the characters " are non-trivial on E, thus by Theorem 1 in [10] we get

k
>
j=1

Lemma 4.2. With the notation of Lemma 4.1, we set

k
=‘Zx’d(w+x;)'§«/l?, r=1,....,N—1. -
j=1

k .
ey = Tz F) (sineni N2 -y
k an/N
Then -
N1t+B8p
B .
D leal? At nDP? = =0
neZ\{0}
Proof. We have
. _ (Z};lzf) ( sin(zwr/N) )2
rENe= k ar/N + nt

and

N—-1
Z Z lerenel? (14 [NC+ r])PP

te
~ |

> denl” (1 4 |n)P?

nezZ\{0}

2\
,_.—

(1+|NL+r|PP.

_1 J{ | sin(mr/N)|?P
Z n2P|r/N + £)?P

~
Il
—-
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To estimate
| sin(zr/N)|??

72P|r/N + £)?P
we will consider two cases.

Case 1. N > 2r. In this case,

sin” ((r/N)x)) g _ (/NP
/N + 0 0TI = T

(14 |NC+ r|)P?,

(r/N + r?/N + |[€|r)?

£ +1/2)F
(/2 +r/2 + |6]r)P < 221_ﬂ ((||K||J_r 1;52 (1+ 1P,

1
@D =g g2

Therefore,

| sin(zrr/N)|?? 8 1 (€] + 1/2)PP
4.2 = (14 |N¢ P < 1+ r)Pr.
( >kXZjn2p|r/N+£|2p( +INC+7)) _z(z_ﬂ)l,gzj(w_l/z)zp( +r)

Case2. N <2r.For |r +{N| < N,
sin?((r/N)))
72(r/N +£)?

We remark that there are at most two integers of the form r + {N with |r + {N| < N.
Thus,

(L+]r +ENDE < (1 4+ NP <281+ 1)k

| sin(wrr/N)|?P
b3

PN £ 7 (1+|NC+r))PP < 2B (1 4 r)bP.

4.3)
L:|r+fN|<N

Assume now that |[r + £N| > N and £ € Z. We note that in this case |r/N + £| =
|r +£¢N|/N > 1. We have

sin?(rm/N) 1
—— (1 INP < ————  NBQ/N N + )8
w2/N 4o TN = e N /N /N L)
226
<= B
T w2|r/N + 2P
Then we get

| sin(zrr/N)|??
)

44 AT
“4) 72P|r/N + £)?P

(1+ N+ r[)Pr
LeZ:r+{N|>N
22Bp

> :
- 2 2-8)
CeZ:r/N+L=1 " Plr/N + £ ’

22Bp+1 1

Bp r
2P 2=B)p
>1

Bp

Combining (4.3) and (4.4), we obtain
22ﬂp+1 1

2P k2-B)p
k>1

| sin(zr/N)|?P
Z B R S e B

722 |r/N + €|?P (LN E+r)P? < max (21+ﬂp’

)(1 +r)Pe.
LeZ

CB.p
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Therefore,

N—-1 .
|2_1 |sin(rr/N)|??
S deal? A npfr =3y =2 §jﬁﬂﬁN+wpaﬂNu4MP
neZ\{0} r=1

_1 N1+8p
<Cﬂpz 5 (1+V)ﬂp<cﬁp k2 .

4.2. Proof of Theorem B

To prove (1), we suppose that p > 2 and § > 1/2 — 1/p. It suffices to check that the
characteristic function of E, y g, is in £7 8 the dual space of Kg . By Holder’s inequality,

Y 7@+ < (S 1amP)” (S )

nez nez nez

28
The sums Y_,cz |7E()|? and >, (1 + |n|)_ﬁ converge since yg is in L2(T) and
B>1/q—1/2.
In order to prove (2), using notations from Lemmas 4.1 and 4.2, we first define

f(x) = ch

nez

The function f is the sum of k triangles each with base 47t/ N and height N/ k, then f is
a Lipschitz function and its support has measure 47k /N .

We recall that k = R™*1 and N (R—1)(R™! +1).Let0<B<1/2—1/pand
1 mt1

choose m such that 8 < Amiz "7 We have

N1+Bp  Rm+2)(1+8p)

e - RPMTDB+5—3 755
p R P

Since Lm+1
m ) 0.

ﬂm+”@*“§ﬁ:§

we have that

N1+Bp
W —)O, as R — oo.

By Lemma 4.1, we have
N1+B8p

—1II? -
1 =Wy = 73
On the other hand, k/N — 0 as R — oo, and hence, for every ¢ > 0, there exists a
Lipschitz function f such that || f — 1| Ap(r) <€ and with support of measure less than .

Finally, Lemma 2.8 concludes the proof.
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5. Remarks

We say that (wy,) € R is a weight if there exists a constant C > 0 such that w, > 1 and
Wntk < Cowywy forall k,n € Z. For a weight w and 1 < p < oo, we set

An(m) = {1 e €)1 £y = D 17017 0f < oo},

nez

Note that
1/ Slazery < 1 arcry ISIazery for f € AL(T)and S € AZ(T).

Hence we have the same result as (2.1) to characterize cyclicity in A2 (T) by norm.
When w, = O((1 + |n|)?) for all ¢ > 0, for instance, by letting w, = In(e + |n|)?,
where y > 0, we can show the same result as Lemma 2.7. By noting that

AB(T) C AD(T) C AP(T)

forall p > 1 and B > 0, we obtain the following result by Theorem A and Theorem B:

Corollary 5.1. Let @ = (wn)nez be a weight such that lim,_, 1 oo 2228 = 0

logn
(1) Let1 < p < 2.
(@) If f € AL(T) and dim(Z(f)) < 2/q, then f is cyclic in AL(T).
(b) For2/q < a < 1, there exists a closed subset E C T such that dim(E) = «
and every f € AL(T) satisfying Z(f) = E is not cyclic in AL(T).
(c) Forall 0 < e < 1, there exists a closed subset E C T such thatdim(E) =1—¢
and every f € AL(T) satisfying Z(f) = E is cyclic in AL(T).
(2) Let p > 2. Forevery € > 0, there exists a closed subset E C T such that |E|> 2w —¢
and every u € A}; (Z) satisfying Z(i1) = E is cyclic in Ag (7).

Proof. (1) Suppose that 1 < p < 2.
(a) Let f € AL (T) be such that dim(Z( f)) < 2/q. Then there exists 0 < 8 < 1/2 such

that dim(Z( f)) < %(1 — Bq). By Theorem 3.3(1), every g € A;3 (T) satisfying Z(g) =
Z(f) is cyclic in Ag (T). Therefore, by Lemma 2.7, there exists a sequence of Lipschitz
functions ( f,) which are zero on Z( f') such that

Jim | fo = Hlapery = O
Moreover, w, = O((1 + |n|)#), therefore,

nlggo | fn — 1”,45(11“) = 0.

Again by Lemma 2.7 in A2 (T), we obtain that f is cyclic in A5 (T).
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(b) By Theorem 2.10, there exists a closed set £ C T such that dim(E) = « and every
f € AY(T) satisfying Z(f) = E is not cyclic in A?(T). Let f € AL(T) be such that
Z(f)=E.Since f € A(T), f is notcyclic in A?(T). However, | - |lar(T) < | - 42 (Ty>
therefore f is not cyclic in A5 (T).

(¢) Let 0 <e <1 and B > 0 be such that 1 — 2([¢/2] + 1)B8 > 1 — &. By The-
orem 3.3 (4), there exists a closed set £ C T such that

dim(E) > 1 —=2([q/2] + DB = 1 —¢,

and every f € Ap(T) satisfying Z(f) = E is cyclic in AZ(T). Since AZ(T) C AG(T),
by Lemma 2.7, we get our result.
(2) If p > 2, then the result immediately follows from Theorem B. ]

Note added in proof. Mohamed Zarrabi passed away in December 2021. The remaining
authors sadly dedicate this article to his memory.
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