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On the Sobolev quotient
of three-dimensional CR manifolds

Jih-Hsin Cheng, Andrea Malchiodi and Paul Yang

Abstract. We exhibit examples of compact three-dimensional CR manifolds of pos-
itive Webster class, Rossi spheres, for which the pseudo-hermitian mass, as defined
by Cheng—Malchiodi—Yang (2017), is negative, and for which the infimum of the
CR-Sobolev quotient is not attained. To our knowledge, this is the first geometric
context on smooth closed manifolds where this phenomenon arises, in striking con-
trast to the Riemannian case.

1. Introduction

The Yamabe problem consists in deforming conformally the metric of a manifold of
dimension n > 3 so that its scalar curvature becomes a constant. Apart from being a nat-
ural conformal extension of the uniformization problem in two dimensions, the question
was introduced in [37] for trying to attack Poincaré’s conjecture. Yamabe metrics have
also been applied to other contexts, such as the study of degeneration of conformal struc-
tures. For example, in [34] it is shown that the set of Yamabe Bach-flat metrics on a
four-manifold is compact up to orbifold degeneration.
If one wishes to have Sz constant, the following elliptic problem must be solved:

Y) —% Agu 4 Squ = Su™2/@=2 on M for S € R.

Notice that the exponent on the right-hand side of the equation is critical with respect to
the Sobolev embeddings. In [37], an attempt was made to solve (¥') by lowering the expo-
nent by a small amount, but the possible weak convergence to zero of solutions was not
excluded. Another way to attack (}) was to view S as a Lagrange multiplier, considering
the Sobolev quotient

Jas(enlVeul? + Seu?)dv, _ Ju Sz dVi
(fog 2 @Ve)?"™ (Volg (M))2/2"
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where ¢, = 4(n — 1)/(n — 2) and 2* = 2n/(n — 2). If one could realise the minimum of
O (m.¢)(u) over all non-zero u’s of class W12(M, g), this would give rise to a solution
of (Y): notice that it is sufficient to consider functions in W12(M, g) that are non-
negative, therefore by regularity theory one would obtain a positive smooth solution.
Defining then

Y(M.g) := uer’zglll’f:g),u%O O (M,g) (1),
it can be proved that this quantity is independent of the conformal representative of g, and
will therefore be denoted from now on by Y (M, [¢]). Depending on the sign of the latter
quantity, (M, [g]) is said to be of negative, null or of positive Yamabe class.

It was proved in [35] that there exists a dimensional constant &, > 0 such that Y (M, [g])
is attained (and hence (Y') is solvable) provided Y (M, [g]) < &,. The result applies in
particular to all manifolds with conformal classes of metrics of negative or null Yamabe
class.

Consider the (normalized) Sobolev quotient in R”

Jrn €n|Vu|? dx

1.2 Sy = in .
(12) " uece®),uzto ([pa lul? dx)2/2*

Using the stereographic projection from S” to R”, it can be proved that the above quantity
coincides with the Yamabe quotient of the round sphere, i.e., for all n > 3 one has S, =
Y(S”", [gsn]). It was shown in [2] that one always has Y (M, [g]) < S, and that (V) is
solvable provided the strict inequality holds. It was also shown in [2] that Y(M, [g]) < S,
provided n > 6 and M is not locally conformally flat, i.e., when the Weyl tensor of (M, g)
is not identically zero. It was proved then in [26] that Y (M, [g]) < S, in all complementary
cases (provided (M, g) is not conformally equivalent to the round sphere), i.e., when
(M, g) has dimension less or equal to 5 or when it is locally conformally flat. While the
argument in [2] was based on a local energy expansion, the one in [26] relied on the
positive mass theorem in general relativity, see [27-30], which is in turn related to the
expansion of the Green function of the conformal Laplacian L near its pole, where

Leu := —451”—_21) Agu + Sgu.
In both [2] and [26], the strict inequality was proved by evaluating the Yamabe—Sobolev
quotient on (suitable perturbations of) highly concentrated extremals of (1.2) (classified
in [2,33]), suitably glued to (M, g). Such extremals, parametrized using the Mbius group
of S, can be chosen arbitrarily peaked near any point: these decay faster at infinity in
higher dimensions and therefore the correction to the quotient due to the geometry of M is
more localized in space for n large. In any case, we always have Y (M, [g]) < S, provided

conf.
that (M, g) % (S", gsn).

We consider in this paper compact three dimensional pseudo-hermitian manifolds
(M, J, 0): these are CR manifolds, i.e., endowed with a contact structure £ and a CR struc-
ture J: £ — £ such that J2 = —1. We assume (M, J) to be strictly pseudo-convex, namely
that it is globally defined a contact form 6 which annihilates &, and for which 6 A d6
is always non-zero (see [3]). We define the Reeb vector field as the unique 7' for which
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O(T) =1 and TLdO = 0. Given J as above, we can define locally a vector field Z;
such that L
JZl = iZl and JZT = —l.Zj, where ZI = (Zl)

We also let (6, 91, 91) be the dual triple to (7, Z1, Z7), so that
do =ih;7 0" A 6!  for some hi;7 > 0 (possibly replacing 6 by — 8).

In the following, we will always assume that /2,7 = 1.
The connection 1-form a)l1 and the torsion A% are uniquely determined by the structure
equations

1 _pt 1 1 1
13 {d9 =0' Aol +ALO A0,

1 1 _
a)l—l—a)i—O.

The Tanaka—Webster curvature (or Webster curvature) Rg (or, simply, R) is then defined
by the formula

dol = Ry6' A6 (mod 6).

A model with positive curvature is the round sphere (S3, Jgs, ), with $3 € C2 =
{(Z] . 22)}, and

~ 1 -
0= 51(3—3)(|le2+ 2%) =

=

2
i Z(zkdzk - dezk),
1.4 k=1
3 5, 0 4 0
Zl ZZf 22282_1_21§.

Similarly to what happens with the classical stereographic projection, the CR three-sphere
is CR equivalent to the Heisenberg group H' = {(z,1),z € C,t € R}, seee.g. [11].

The Tanaka—Webster curvature enjoys conformal properties similar to the scalar cur-
vature on Riemannian manifolds. More precisely, scaling the contact form 6 by a positive
function, one has the following law for the transformation of the Webster curvature:

(1.5) Lyu == —4Apu + Rgu = Rzu®; 6 =u?0.

Here, Rj is the Tanaka—Webster curvature corresponding to the pseudo-hermitian struc-
ture (J, 8), and Ay stands for the operator defined as follows:

Apf = fiy' +va1 = fa1 + fa1s
where we have used h!'! = h,7 = 1 to raise or lower the indices, and where we set
fi=fi=2if fai=ZiZif —oi(ZDZif and  fo=Tf.
The CR-invariant sub-Laplacian transforms covariantly as follows:
ib(ﬁl)) -y (@+2)/(0-2) Ly (ue): f = 126,

where Q = 4 is the homogeneous dimension of the manifold. By (1.5), finding 6 with con-
stant Webster curvature corresponds to solving the following analogous problem to (}):

(W) Lyu = Ru'@t2/(C=2  on M forReR, u > 0.
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In [19], the counterpart of the result in [2] was obtained, i.e., if the infimum of the
CR-Sobolev quotient satisfies

R;0 AdO 4|Vpul? + Rou?) 6 A db
yM. 7y = inp I RO Sy @IV + ReuH) 6
6 ([ O AdB)/2  uec=()u>0 (f3y 440 A dO)1/2
< Y(S3, Jg3),

then it is attained and a solution of (/) exists (indeed, this holds true in any dimension).
The same authors verified this condition when the dimension is greater or equal to five
and (M, J) is not spherical, see [21] and [20].

However, in the CR setting new phenomena appear, related to the fact that most three-
dimensional structures are non-embeddable, differently from the higher-dimensional case,
see [4,6]. In [11], some results in the above directions were proved, assuming some global
conditions related to the embeddability of the abstract CR structure.

More precisely, a notion of pseudo-hermitian mass was defined for three-dimensional
asymptotically-Heisenberg manifolds (we refer to the latter paper for precise definitions
and details) by setting

m(J,@)::iggw}/\e:z lim i o] A6,
00 A—>+o00 Sa

where Sy = {p = A}, p* = |z|* + ¢? (with (z, t) coordinates on the Heisenberg group),
and where | stands for the connection form of the structure. The above definition was
introduced considering an analogue of the Einstein—Hilbert action.

As it happens in the Riemannian case, this mass is related to the expansion of the
Green function of the conformal sub-Laplacian L; on a compact manifold M. When
Y(M, J) > 0, the latter operator is invertible, so for any p € M there exists a Green

function G, satisfying distributionally
(—4Ap + R) G, = 6476,

where 6, in the right-hand side stands for the Dirac delta with respect to the volume
measure 0 A d. In CR normal coordinates (z, t) (introduced in [21] and discussed in
Section 2), G, writes as

(1.6) Gy =202+ A+ O(p),

for some A € R, and where ,04(2, t) is as above. For the latter expansion, we refer to
Proposition 5.2 in [11] (here we use an extra factor 47 in the definition of G,), and to
Subsection 2.1 for our notation O(p). Given (M, J, ) compact and p € M, consider a
blow-up of contact form as follows:

N = (M \{p},J,G20).

As it is shown in [11], via an inversion of coordinates, the manifold N turns out to have
asymptotically the geometry of the Heisenberg group, and its pseudo-hermitian mass sat-
isfies

(1.7) m=127A

(see Lemma 2.5 there, and recall the difference of 47 in our current notation), where A is
as above.
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Using crucially a result in [18], in the same paper it was also proved that the pseudo-
hermitian mass is non-negative (and zero only when (M, J, ) is CR equivalent to S 3,
provided that the CR Paneitz operator P on (M, J) is non-negative definite. The latter
operator is

Py :=4(pi'1 +idingh,
and it has a relation to the log-term coefficient in the Szeg6 kernel expansion, and it is
pseudo-hermitian-covariant, namely Ps¢ = e*f Py for the conformal change 6 = 2/ 6
(see [17]). By a result in [9], manifolds for which P is non-negative and R > 0 can be
embedded into some C¥ (see also [7]).

The assumption on the positivity of the Paneitz operator is not technical, as in [11]
some counterexamples for the positivity of the pseudo-hermitian mass were also given
for structures (arbitrarily) close to the spherical one, and hence with positive Webster
curvature. In a recent work [32], the positivity of the Paneitz operator is shown to hold for
embeddable (M, J).

In this paper we are concerned with Rossi spheres: these are a one-parameter-family
of CR structures on the 3-sphere of the form SS3 = (S3, J(s)s é), where 0 is as in (1.4),
and where J(y) is characterized by

(1.8) J5Zis) =iZis): Zisy =21+ VAR Zi(s) =Zi+

s s
JT+52 Nk
Rossi spheres are interesting because they are simple examples of CR structures on the
three-sphere that cannot be embedded in C¥ . In [5], it was shown that all the holomorphic
functions on such structures are even functions if s % 0. On the other hand, there are
explicit embeddings in C3 of the quotient of the Rossi spheres by the antipodal map,
see [10]. By the above discussion, it follows that the Paneitz operator cannot be non-
negative here. In addition, this family of CR structures are homogeneous and if we take
the standard contact form, it is pseudo-Einstein, i.e., R 1 — iAu,I = 0, see [8] as well as
our notation for covariant derivatives in Section 2.1.
Our first main result in this paper is the following theorem.

Theorem 1.1. For |s| small, s # 0, the pseudo-hermitian mass of the Rossi spheres S2 is
negative. More precisely, one has the expansion

mg = —187s% + 0(s?) fors ~ 0.

Remark 1.2. (a) We can generalize the construction of Rossi spheres in Theorem 1.1 as
follows. According to Proposition 3.3 in [13], there exist deformations of the standard CR
structure on §3/ T (I = Z, for the case of Rossi spheres), whose universal covers are not
embeddable. These CR structures (i.e., universal covers) are likely to have negative mass.

(b) We can embed SS3 /Z into C3 (see, for instance, [10]). So according to [32], the
CR Paneitz operator P on S2/Z, is non-negative definite. On the other hand, P on S3
cannot be non-negative definite by Theorem 1.1 and the positive mass theorem in [11]
for |s| small, s # 0, so that the Webster curvature of S is positive. Thus, for |s| small,
s # 0, S3/7Z, provides an example of CR manifold having non-negative definite P while
its covering space S does not have non-negative definite P, answering a question raised
by Ngaiming Mok in a conference held in Hong Kong, 2014.
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We saw before (in both low-dimensional Riemannian and CR cases) that positivity
of the mass implies attainment of the Sobolev quotient. We also strengthen the relation
between mass and quotient by means of the following result, which is in striking contrast
with the Riemannian case.

Theorem 1.3. For |s| small, s # 0, the infimum of the CR-Sobolev quotient of S coin-
cides with Y(S3, Jg3) and is not attained.

Remark 1.4. (a) The phenomenon in Theorem 1.3 is typical of some critical problems in
a PDE context, like the Yamabe equation on Euclidean domains with Dirichlet boundary
conditions or the case of some general elliptic operators on manifolds. However, to our
knowledge this is the first time this is displayed in a purely geometric smooth context.

(b) We recall that in [15] and [16] the CR-Yamabe problem was solved for every three
dimensional CR manifolds, but there solutions were found via variational arguments and
they are not of minimal type. Theorem 1.3 shows that the use of such methods is in some
cases somehow necessary.

Determining or estimating the mass of a manifold is in general a hard problem, since
this is deeply related to the Green function of the conformal (sub-)Laplacian, which is a
global object. The mass also appears as its zero-th order coefficient after a proper choice
of conformal representative and local coordinates. After recalling some preliminary facts
in Section 2 on CR normal coordinates (introduced in [21] and suited for the above expan-
sion) and on Rossi spheres, we specialize in Section 3 to the latter manifolds. For doing
this we need first to derive a suitable conformal factor satisfying a list of conditions, and
then express pseudo-hermitian coordinates depending on s. By the special expression of
the Green function in these coordinates, we are able to determine it quite precisely near
the north pole, up to the constant term A appearing in (1.6). However, as we remarked
before, also some global features of the Green function have to be understood.

For doing this, by a Taylor expansion in s worked-out at the beginning of Section 4 it
is possible to characterize formally the Green function for the conformal sub-Laplacian on
Rossi spheres up to an order O(s3). One problem with this expansion is that it generates
singular terms, with a particularly bad behavior near the pole, if expressed with respect to
the standard complex coordinates of C2, where S3 embeds. Also in this case non-local
terms appear, which we are able to evaluate at the pole via some integral formula.

Via a careful analysis of all terms of order 1, s and 52, we verify then in the second
part of the section that the global singular expansion on S matches with the one done
in CR normal coordinates up to an order O(s3). This allows us to prove Theorem 1.1.

In Section 5, arguing by contradiction, we analyse the possible behaviours of min-
imizers for the CR Sobolev quotient. Due to a non-degeneracy result from [24], the
analysis of minimizers can be reduced to a finite-dimensional one, and we show that the
CR-Sobolev quotient of all candidate minimizers is strictly above the spherical one, i.e.,
Y(S3, Jg3). With negative mass, this is expected for highly concentrated profiles, revers-
ing the expansion in [26]: however such a property has to be obtained in all cases, i.e., even
for non-concentrated profiles, in order to guarantee that the infimum of the CR-Sobolev
quotient is not attained. In Proposition 5.5 this is proved for s small in a fixed compact set
of the CR maps of S3. This is done starting with the expansion of the quotient on Rossi
spheres over the extremals of the quotient on the standard S3, adding to them a correction
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term that improves their accuracy as approximate critical points for s non-zero. One needs
then to analyze the quotient in a regime with loss of compactness, which is particularly
delicate due to the following reason. It is known from [26] that the mass of a (given) man-
ifold plays a role in the expansion for Sobolev quotients of highly concentrated functions.
In our case this must be done uniformly in s, and the problem could be that the prin-
cipal term coming from the mass could become negligible as s — 0. To solve this issue
we exploit a symmetry s — —s for Rossi spheres, discussed in Section 2, which implies
that all variational expansions are indeed even in s and hence the mass, which vanishes
with s, gives still a dominant sign to the asymptotic expansion of the CR-Sobolev quo-
tient. Two appendices are devoted to the estimates of the latter quantity in two different
scaling regimes. To make the above arguments rigorous, we employ a finite-dimensional
reduction of the problem, via a fixed point argument, which allows to solve for the CR-
Yamabe equation on Rossi spheres up to a Lagrange multiplier. We obtain in this way
a manifold of approximate solutions containing by construction all possible minimizers:
our expansion shown then that on this manifold the CR-Sobolev quotient is strictly higher
than ¥(S3, Jg3), yielding our result.

2. Background material

In this section we recall some useful facts about CR manifolds and the properties of CR
normal coordinates, constructed in [21]. We then describe some general features of Rossi
spheres.

2.1. Preliminary facts on CR manifolds

Let us begin by recalling the following commutation relations on tensors, see Lemma 2.3
in [23] (we also refer to this paper for our tensorial notation):

Cc,1—Ci1=1ic0+kcR,
c,01—C10= ¢, A1 —kcAn.g,
€01 — Csip = €1 Agi +hcAipa

Here, c is a tensor with 1 or 1 as sub-indices, k is the number of 1-sub-indices of ¢ minus
the number of 1-sub-indices of ¢ and where, we recall, we are assuming that 7,7 = 1 (so
Aif = A% and A1 is the complex conjugate of A57).

In the system of coordinates we will describe below, for (z, 1) € H! near zero we
will set

104 — |Z|4 4 t2.

For k € Z we denote by 0~(,<2k) afunction f(z,Z,t) for which | f| < CpF for some C > 0;
we use instead the symbol O’ (o) for a function f(z,Z, 1) such that

1f1=Cok, 0. f1 < Co* azpl, 1021 < Co* dzpl, 10, f] < CoF 0ipl.

One can define similarly the symbols 0" (p), 0" (pF), etc. We will use O(pk) for a
function which is of the form OU) (p*) for every integer j, or for j large enough for our
purposes.
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Large positive constants are always denoted by C, and the value of C is allowed to
vary from one formula to another and also within the same line. When we want to stress
the dependence of the constants on some parameter (or parameters), we add subscripts
to C, as Cg, etc. Also constants with this kind of subscripts are allowed to vary.

Let us recall the notions of pseudo-hermitian geometry from [36] and [22]. We would
need the following result in [21] (Proposition 2.5 in p. 313). For a differential form 7, let
us denote by 1) the part of its Taylor series that is homogeneous of degree m in terms
of parabolic dilations (see [21] for more details).

Proposition 2.1. Let Z; be a special frame dual to 61 (with ﬁﬂ =2), andlet ' = V261
be a unitary coframe (h,7 = 1). Then in pseudo-hermitian normal coordinates (z,t) with
respect to Z1 and 01, we have the following.

(a) Form > 4,
Oy =0. 03 =0, Opm = %ﬁ(l‘zei —iZ0Y )
(b) Form > 3,
04y =V2dz, 04 =0 0}, = %(\/Ezwll +2tAy7 0" — V22 Aty 0)(m).

) (@) =0.
(c2) Form > 2,

1 — —
(@) m) = a(ﬁle(ze)l —26")+ Ay, 1(V220 210" — Ayy 1 (V226 —2161)) .

Here, 0 = di + izd% — iz dz.

Definition 2.2. Given a three dimensional pseudo-hermitian manifold (M, 8), we define
a real symmetric tensor Q as

0 =0t/ ®6%, jkelo1,1},

with 6% := 6, whose components with respect to any admissible coframe are given by

On = Q11 =3idn, 041 =01 =hiR,
Qo1 = Q10= 041 = Q1o =44, +iR1. Qoo =16ImA;; "' —2A,R.
We have then the following result, see Theorem 3.1 in p. 315 of [21].

Proposition 2.3. Suppose M is a strictly pseudo-convex pseudo-hermitian manifold of
dimension three, and let ¢ € M. Then for any integer N > 2, there exists a choice of
contact form 6 such that all symmetrized covariant derivatives of Q with total order less
or equal than N vanish at q, that is,

Qukayy =0 arqif O(kl) <N.
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By CR normal coordinates of order N, we mean the pseudo-hermitian normal coordin-
ates with 6 chosen as in Proposition 2.3. We recall ([21]) that for a multi index [/ =
(l1,...,15), we count its order as

OW) =0W) +---+ 0y,

where O(1) = O(1) = 1 and where Q(0) = 2. The symmetrized covariant derivatives
are defined by

1
Qn =4 Y Qotr 0l =Uoq)---lots)-

" oeSy

In Proposition A.5 of [11], the following result was proved.

Proposition 2.4. In CR normal coordinates of order N = 4, we have a contact form 0
such that

0= (14 0(p*)8 + 0(p°) dz + 0(p°) dZ,
01 = (1 + 0(p*) V2dz + O(p*) dZ + 0(p*) 6,
0} = 0(p>) dz + 0(p®) dz + 0(p?) 6,
) ) a

Zi=(1+00p"Zi+ 0" Z; + 0(p°) %

4y, 0 3\ 5 3\ 5
T'=>0+0(@ ))54‘0([’ )Z1+ 0(p”) Z1,

where we recall that

o o 1 3 a
1) O=dt +izdz —izdz, Z;= —(— tiz —) and p* =12 + |z|*.
0z ot

2.2. Rossi spheres

We recall here some properties of Rossi spheres, introduced in [25] as a non-embeddable
example of CR manifold (see also [5]). These are families of CR structures on S 3, con-
taining the standard one, obtained in the following way.

Considering the complex vector field Z; as in (1.4) and its conjugate Z7, one defines
the CR structure J(5) by setting J5) Z1(5) = i Z1(s), Where

S S
(2.2) Zisy =21+ ———=2: and Z; =27+ —o27;-
SV, s A &= 7 et

Corresponding to these vector fields, we have the dual forms

0l = (1 +5)0" —svV1+5260" and 6L = (1 +5)01 —sv1+5201,

1

where 0! = z2dz! — z1dz2. Compute

2.3) P04 A O = (1+52)i0' A0T = (1 +52)dé,
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where d = i0! A 91, i.e., hy; = 1. Hence, from (2.3) we get

() _ 11 . (=1 _ 2
hy = and  hy = (hj7)" =1+

1+ s2

By taking
1

Oy = ——=100,.
(S) 2(1 +S2) (S)

we have ﬁisi) = 2. The Webster curvature R of (J, é) is identically equal to 2. Then we

should take a)ll = —2i in the structure equation (1.3), such that da)l1 =201 A O We
can then determine, from the structure equation for (J(y), 6), that

ol =-2i(1+2528, hi} Ajj =4isV1+s2 and Rg =2(1+25?).

Dual to ' = z2dz! — z1dz?, we have

_osi_ 39 70
ATA =TT

The sub-Laplacian associated to (J(y), 0) reads
8 =W (Ziw) Zigy + Zit Z1w) = (14257 A + 25V 1452 (23 + Z3).

It follows that, at s = 0, the first-and second-order derivatives of A,()S) with respect to s
are given by

(2.4) —Ap =2Z;Z; +conj. and — Ay = —4A,.
Moreover, since Ry = 2(1 + 2s2), it follows that, still at s = 0,
(2.5) R=0 and R =38.

We next analyze a symmetry property of Rossi spheres, that will imply in particular
the symmetry of the mass in s. Consider the diffeomorphism ¢: 3 — S3 defined by

(2.6) (2!, 2%) = (iz', 2%),
which fixes the point (0, 1). A direct computation shows that 1, Z is' ‘=iz ig 3, and hence

L*Zig3 = (—i)Zfs. By (2.2), we compute

2.7 L*Zl(s) =121+ L*Zi =iZy+ (—i)ZI = iZl(_s).

s s
V1 + 52 V1 + 52

It follows that
_ by Q7)) _ . _
) Ziw = 6 o Zi) = G (i Z1cs) = 5 (—Zicy)
(by the inverse of (2.7)) . )
yRemEee D) Zi) = iZis) = J5) Z1(s)-
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Hence we have shown
(2.8) J(S) = L*J(_s).

Let v(s) denote the conformal factor in é(s) = ezv(x)é, yielding CR normal coordinates
with respect to J(y. It then follows that

(2.9) V) = . U(—s) and é(s) =" é(_s),

and hence G; = L*é_s by observing

Write 5
Gs = 2p;% + As + O(ps)

in §-CR normal coordinates near (0, 1). Then py = t*p_s = p—s o ¢, and
As =1"A_ s =A_ 501 = A
near the point (0, 1). So, we have obtained
m(J sy, Os)) = 12mAs = 12mA_5 = m(J(—s), O—s))>

where 0 = é(zs) é(s). This property (and other related ones) will be crucial in the last
section of the paper.

3. CR normal coordinates on Rossi spheres

In this section, we will find the main-order terms of CR normal coordinates on Rossi
spheres. We first determine the principal term in the required conformal factor, then dis-
cuss pseudo-hermitian coordinates and finally CR normal coordinates. This will allow us
to express with a good precision the Green function of the conformal sub-Laplacian near
its pole.

3.1. Conformal factor in normalized contact form on Rossi spheres

Fix p = (0,1) € §3 € C?, and consider a contact form QVES) — 029 0, where 0’ = 20 =
i(d—9)(|z'|? + |z2|?), yielding CR normal coordinates (see Proposition 2.3) with respect
to J(5) for N = 4. We are going to solve an equation for v(s) as in Lemma 3.11 of Jerison—
Lee’s paper ([21]). Write

(31) v(s):v2+v3+...,

where v, € R, C P, and vz € P3. Recall that, in the notation of [21], &, denotes the
vector space of polynomials in (z, ) that are homogeneous of degree m in terms of para-
bolic dilations (for which ¢ has homogeneity 2), and R,, C &, denotes the subspace of
polynomials independent of ¢.
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First, write vy € Ry as v, = az? + bzz + cz2 ((z,1) being pseudo-hermitian normal
coordinates for 0’ at p), satisfying
Lov, = —22Q11 —ZzQH —zz2Q1—2zQ7; and L, = —2|z|2(8285 + 030,) — 12.
Here Q11 =3i A%} ¢ = Qirand Qi = leli(s) = (71, are with respect to the Jerison-Lee
coframe 6y = 6/, /+/1 + s2, with h%

11(s)
on p. 315 1in [21] and (2.3). We compute

= 2 with respect to 6’ by the formulas for Q ;i

~ ) 125 ~ ~ 1+ 2s?
On = 3idy) = it Qi1 and Qi = Ryj) = h(fi)R(s) =204

with respect to the co-frame 9(1S). A direct computation shows that
Lyvy = —12az* — 12¢2% — 16b|z|?,

where Q11 = 12a, Q37 = 12¢, Q1 = Q7; = 8b, and

1
(3.2) a=c=sv1+s2 and b:Z(1+2s2).

For v3, we observe that all Qi ;’s for j,k,l being 1 or 1 vanish since the space derivatives
of the constant R is zero. On the other hand, Qg and Q¢ for k = 1 or 1 also vanish
since they involve space derivatives by formulas on p. 315 in [21]. Altogether, the right-
hand side of the equation in Lemma 3.11 in [21] for m = 3 equals zero, so we have

L3 V3 = 0.
By Lemma 3.9 in [21], we learn that L3 is invertible on #5. It follows that
(3.3 vz = 0.

Therefore, from (3.2) and (3.3), we get the following result.

Lemma 3.1. In pseudo-hermitian coordinates, the conformal factor expands in homogen-
eous powers as

_ 1
V(s) :s\/l+s2(22+22)+Z(1+232)|Z|2+v4+~~

3.2. Pseudo-hermitian normal coordinates on Rossi spheres

Recall that, on Rossi spheres, we have

9(1S) =(1+s26" —sv1+s20" and a)ll(s) = —i(1 +25%)20,
and that pseudo-hermitian coordinates near (0, 1) are defined by the equation

(3.4) Vso =2¢T', 0(0) = (0,1),
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where 7" is the unique vector field such that 6'(7") = 1 and d6'(7”,-) = 0. Recall also
that

é’—ii(zidfi—fidzi) and f’——Im(zli—{—zzi)—lii(zii—iii>
- - 9z1 0z2/) 2 « 0z; 0z; /"

i=1 i=1
Setting

L A
6= otZl(s) +1821(s) +yT,

equation (3.4) becomes

20T = Vz6 = (@ + awl(s)(o)) Zl(s) + (,3 + ,Bwl(s)(o)) Zl(s) + ))f"
(3.5) = (& —ia(l +257)y) Z{(;) + (B +iB(1 +257)y) Zi, + + 97"

If © parametrizes the curve o, the above formulas imply that

y = 2cT, g =i(l+2s*)y and g =—i(1 +2s5%)y,
which in turn yields

a(t) = a(0) eic(1+2s2)z2 and ,B(t) — /3(0) e—ic(1+2s2)r2_
Therefore, we obtained

& = a(0) e U2 ZIL 4 B(0) eTI(IH2)T Z{, + 27T
Recall also that Zy5) = Z(o) + \/72 1(0)- Hence we need to solve for
z1(t) = dz1(6 (7))
= a(0) 02T gz (Z1)) + B(0) e UHEIT dzy (231 ) + 2eT dzi ()

=+1+s2 (a(O) e87 Zo(7) + B(0) emi87 + ctiz1(7),

N _
)

where § = ¢(1 + 2s2). Similarly, we obtain

Z(t) = V1 + 52 <— a(0) 87 z1(t) — B(0) L S zl(r)) + cti z5(7).

s
V1452
Once we will solve for this system, the pseudo-hermitian coordinates will be given by the
map

t
(3.6) (z.2.0) = @O)TpO)T.ctd) > (0.1)+ [ &(n) dn.
0
Setting, for simplicity,

A() = OK(O), B() = ,3(0) C() = 2C,

¢1+—2
Fo(t) := VT4 52 (A9 €™ + Bye™87%) = fo(1) + igo().
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we have then the system of ODEs
21(r) = Fo(r) Z2(r) +iCotz1(T), Z2(7) = —Fo(r)Z1(7) +iCo1z2(7),
which in real form becomes
x1(7) = fo(v) x2(7) + go(7) y2(7) — Cot y1(7),
V1(1) = go(v) x2(7) — fo(7) y2(7) + Corx1(7),

X2(1) = — fo(r) x1 () — go(r) y1(r) — CoT y2(T),
V2(7) = fo(r) y1(r) — go(r) x1(r) + Cot x2(7).

We rewrite this system as )
X(7) = A(r) X(v),

h
e 0 —Cot  fo(r) go(r)
| GCot 0 go(r) —fo(7)
AO=1_ 10 —g@ 0 “Cor

—8o(r)  fo(r)  Cot 0
We can Taylor-expand the solution to an arbitrary order in t. Differentiating the above
ODE, we obtain

2(r) = W(0) X (0) + A(0)2 X(7).
() = A(0) () + (A(0)A(7) + 2% (2) A (1)) (1) + A (1) X(7).
‘We have that

0 0 Redo +ReBy  ImAg + ImBg
0 0 ImAg + ImBy —ReAdp —ReBy
_ 2
AO) = VI+5*  pedo—ReBy —ImAg—ImBo 0 0
—ImAg —ImBy ReAdg + ReBy 0 0

0 —Co O 0

. Co¢ O 0 0
*O) = 0 0 0 —Co
0 0 Co 0
0 0 2d(ImBO - Ion) —Zd(ReBo—Rer)
QI(O) _ 0 0 —2d(ReBp—ReAp) 2d(ImAo—ImByg)
2d(ImA9—ImBg) 2d(ReBg—ReAyp) 0 0 ’
Zd(ReBo—Rer) Zd(lmBo—lon) 0 0

where d = §+/1 + s2. In conclusion, looking at the first three terms in the Taylor expan-
sion of X(7) near (0, 1), we find that

T(ReAo + ReBy)
%(ImA() —|— ImBO) 5 )
#2 ((ImAo + ImB,)? + (Redg + ReBo)?) | T0(T). T=VI+sor

Cofz 1

X(r) = 1-1
2 2(1+s2)

Recalling (3.6), we then obtain the following result.
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Lemma 3.2. Pseudo-hermitian normal coordinates near (0, 1) on Rossi spheres with
respect to 8’ = 26 are given by the following map:

VAd+s52)(z+ —E=zZ
(z,Z,1) —> ( . ) ( s1+sf 2) . : + 0(p?).
1-2(1+ 5|z + T_Szz‘ +i%
Inverting in the first component, we have in particular that
1 s
3.7 2= —o— (145 (z ——Z)—i—o 2).
e ra T ) ety

3.3. CR normal coordinates

Recalling (3.1), Lemma 3.1 and using (3.7), we get

1
v2 = (BGf +2DsVs2+12s% + 1) — [z]*(12s* + 125> — 1))
= A1 (27 + 2 + Bilz?,
where
1 1
Ar=g 2(s2+ 1V2352s2 +1) and B, = -3 2(125* + 1252 = 1).
Recall that also
2
é(lo) =z2dz' —z'dz? and 0 =i Z(zid? —zldzh),
i=1
and that
H1 2y 51 / H1
Q(S) =(1+s )9(0)_S 1+S2 9(0).
Conformally changing the contact form and recalling Appendix 1.1.1 in [11], we have
that Q(IS) transforms as

(3.8) 0y — €' (0, +2iv'0).

A ~:)l
where d 0’ = 2i 9(0)

A1
A 9(0) and
1 11 5
v = h/(S) ZI(S)U i —

By computing explicitly, it turns out that

(a)! = <(s2;_ 1) EZS(ZAISzl:_lBIEI) (52;_ 1) QAL F + 3121)),
which can be written as
(3.9 (2)' = Azz122+ Boz1Z2 4+ CaZ1 20 + D2y 2o,
with

1 1
A2=5(s2+1)31, By=s5A1Vs2+1, Co=A;(s*+1), Dzzszn/s2+1.
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Up to higher order terms, we have that
(v2)! = (42 4+ B2)z1 + (C2 + D) 7.

Taylor expanding (3.8), up to higher-order terms, é(ls) transforms into
é(lj,) + [UZ é(ls) + 2i(v2)1 é/].

We now multiply by a complex unit factor ¢?¥, and impose a closeness condition on eV
multiplied by the latter form, up to higher-order terms, since by Proposition 2.4 it should
be approximately a constant multiple of d Zcg, up to higher order terms. We then find

0=d{e' (Bl + [v2 04, +2i(v2)" 1)}
(3.10) =V {idy AL +idy Ava 8+ 2i(v2)! 0]
+ eV {dOL) +dva A B +v2d Bl +2id((v2)") A +2i(v2)'dE} +hoot,
We also have

dé(ls) =2(1+s*dz?> Adz' —2sy/1 +52dz*> ndZ.

We expand d and éls in homogeneous powers of the (z, ¢) coordinates (with respect
to parabolic scaling, including differentials) as follows:

dy = (dy)o + (dy)r + (dy)2 +---.
Taylor-expanding the above system up to order one, we obtain the relations

(dy)o A B, =0,

i(dy) A Bl +dBL) + (dva) A B +2i(v2)'d 0’ + 2i(d(v2)") A0 = 0.

(3.11)

The first component is easy to solve setting (dy)o = 1 é(ls) for some p € R.
For the second component, recall that we have

bl =—i(1+25%)80 and Ay =2isV 1452
It then follows that
Aok, =0k Aol + At O ABLy = —i(1+252) 00 A0 +2isv1+520 A,

Moreover, we have that

~ ~ AT 2i ~ AT
I "3l 1 1 _ 1 1
do’ = 2lh11(s) Q(S) VAN H(S) = 1—}——52 G(S) AN 0(3),

and that (up to é’)

d(v2)' = Zy(5)(v2)" Oy + Zi(5)(02)" by)-
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By the above expression of (v3)! and (3.9), this becomes
d(w2)' = [(*+3) Bi(1z2* = |21) + B2 23 — Co 2} + 5V 1 +52 41 23 — 52 A, 23] 6,
+ [sx/ 1+ 52B(|z2)* = |21)%) — Bzzl2 + szAlég —svV1+ szAlif
+ Cy 73] é(is) mod 6.
We next write
(dy)1 = (Asz1 + BaZ1) Oy + (A3Z1 + B3z1) 0y + C30'. A3 =—A3. By =—Bj.
The (égs) A é(ls))-component of the second equation in (3.11) is given by

6

i(71321 + 3321) + m(vz)l = 0.
This determines A3 and B3 by
i A Cy+Dy)=0, iB Az + By) =0,
i 3+1+s2( >+ D2) i 3+1+s2( 2+ Ba)
giving
3 2is 3
Ay = —= ——(7+ 65> d Bs;=->2i(1-6s5%.
s= o 768 ad By=—2i(1-657)

Next, the (é’ A é(ls))-component gives
iCs3 +i(1 4 25%) + Tvy — 2i Zy(5)(v2)! = 0.
Finally, the (é’ A ési )-component of the second equation in (3.11) is given by
2isy/1+ 52 —2i Zi(;(v2)" = 0.

This is true because, as one can check,
K

Zi(s)(UZ)l = (C2+ D) + ﬁ (A2 + B3),
5 N
Zis(2)' = (42 + By) + e (C2 + D»).

By a direct computation, it follows that
7 S 1
Zi)' = sG>+ DY2 and  Zy(5)(v2)' = g 252 + 1).

These also imply
3 3 3
Ci=->(1+2s%)=-Zs>"—"=.
3= g2 =5y

Let us now try to integrate for the phase . There holds

é(ls) = (1 +s%)dz; —sv1+52dz; +hot,
§' = i[(z1dZ) — Z1dz)) + (dZ; — dzp)] + hoot.
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In this way, we have that (dv); becomes
[(A3z1 + B3Z1)(1 4 s?) + (A3Z1 + B3z1) sV 1 4+ s2 —iC3Z1] dz,

+ conj. —iC3(dzy — dZ;)

={[d+ 543 +sV1+52B3]z1 + [(1 +5%) B3 + sV1 + 5243 —iC3] 21} dz,

+ conj. —iCs5(dzp — dZ,).

Since (1 + s2)B3 + s4/1 + 5243 —iC3 = 0, we get
(dyr)1 = Agz1dzy 4+ Badzy + conj.,
with 3
Ay = —6isv/1+s2 and By =—iCs = 1 i(142s?%).

Integrating, we find

1 .
(W)z = 5 A4Z% + B422 + conj.

Taylor-expanding, we then get
(3.12) dzlg = 04 (1+ va +i(¥)2) + 2i(v2)' 6 + hoovt.

Writing the homogeneous 0-th and 2nd order terms in (z, ¢) of the right-hand side, we
obtain

[14+ A1(z§ + 2D + 3ids(z] —2}) + Bilz1> + iBa(z2 — 22) |

X {(l + 5N zodzy —sV1 +522dz — (1 +5%)z1dzy + 541 —i—széldiz}
—2[(1‘12 + Bz)Zl + (Cz + Dz)fl] [Z] dz1—zZ1dz1 +dz, —de].

Further expanding this, gives

(313) (1 +82)22 le — SV 1 +S222 le — (1 +S2)Zl de + 5V 1+ 52 21 dfz
_ 1. - . -
+ AT+ + 3 iA4(z] = 2}) + Bilz21|* + iBa(z2 — 7))

x [(1 4+ 82)dzy —sv1 + s2dZz]
—2[(A2 + B2)z1 + (Co + D2) z1][z1dZy — Z1dzy + dZy — dz3].

We next set
W=z — I,
and rewrite the terms involving z, as

1 1 1 1
22=l+§w—§|21|2, Zzzl—zw—§|21|2,

1 1 1 1
(314) de Edw—5(21d21+21d21), d22=—§dw—§(21d21+21d21).
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Here, Lemma 3.2 has been used. Write (3.13) as
(315) C6(22 le —Z1 de) + De(fz le —21 dfz)
_ 1. - . _
+[A1(zE + 2D + 3 iA4(z3 —2) + B1|z11* + iBsw][Cs dzy + Dg dZ]
—2[(A2 + B2)z1 + (C2 + D2) Z1][z1d 21 — Z1dzy — dw],

where

Ce=Cg=1+s*> and Dg= Dg=—sv1+s2.
We now substitute Ce(z2dzy — z1dz2) + De(Z2dz1 — Z21dZ2) = Ce[(1 + %w)dzl +
122dz, — izidw] + De[(1 — fw)dZ; + 122dzy + 1z dw] into (3.15) and collect
terms involving w as follows:

(3.16) (iB4 Cs + % C6> wdzy + [2 (As + By) — % C6] z1dw
+ (1'341)8 - % D6) wdz, + [2(02 + Do)+ %D(s]él dw.

A direct computation shows that

, 1L 1L sl 3, 1
(3.17) zB4Cg+§C6—2(A2+Bz)—§C6—(1+s)(—Es _Z)'
Similarly, we have

, 1 1 3, 5
(3.18) zB4D8—§D6:2(C2+D2)+§D6:s«/l—l—s(Es +Z)'

In view of (3.17) and (3.18), we can write (3.16) as
3 1 3 5
—Esz—z)zlw—i—s\/l —}—s(zsz—i— Z)le].

On the other hand, we can write terms only involving z; and Z; in (3.15) as

(3.19) d[(l + s2)<

(3.20)  (K1122 + K5727 + K ilz113) dz1 + (N11 22 + Nip 22 + Ny lz12) dz,

where

1. 1 1.
Ky = (Al + 51A4) Cs. Kii=5Ds+ (Al - E’A“) Ca +2(C2+ Do),

1 1
Kii = BiCs +2(A2+ Ba). Nu=3Co+ (Al + Ez‘A4) Ds —2(A2 + B»),

1.
Nﬁ = (Al - EZA4) Dg, Nli = By Dg —2(Cy + D).
Observe that
1 34 3,
Kii = = Nij :SV1+S2(—S + - —1),
2 2 4
(3.21) 1 3 9 1
Nll = EKH = (1 +S2)(—§S4—ZS2+ Z),
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and

3 15 3 9
_ 2\3/2 (2 2 = 2 2y (Z¢2_Z
(3.22) K1 =51 +59) (2s + 4), Nii S (l+s)<2s 4).

In view of (3.21) and (3.22), we can express (3.20) as

1 1 _ _ _
(3.23) al{§ Kuz+ 3 Nii 2] + Kii 212 +Nuzle}.
Altogether, from (3.19) and (3.23) we obtain Z¢cr (see (3.12)) as follows:

3 1
(3.24) Fr=(14+5)z1—sV1+52Z1 + (1 + 5% (— Z52— —) Z1w

2 4
3 5 5
+s\/1+s2<§s2+4)le+s(1+s2)3/2<2s +4)
3 3 3
—s2(1+s2)< s ——)Zl-f-S\/l-I—Sz( Yr s —1)2%21
4 20 Ty
9 1 _
+(l+s2)<—§s4—zs2+z)zle+h.o.t.

The CR normal coordinate z, with respect to Jerison—Lee’s frame reads

. Zcr
(R= FT77—"
1+ 52

We want next to determine the #-component of CR normal coordinates. Recall the
definition of 8 and (3.14): after some cancellations, one can check that

0 = i{zldil —Zi1dz; —dw + = |zl|2du) 1 w(21d21 + zldzl)}

We now need to consider the conformal change of contact form
0/ =e®0' =1 +2v,+--)0.
Recalling that v, = A;(z% + Z2) + By|z1|?, we obtain that
0" =i (1 424,22 +2%) + 2By |z, %)

X {(21 - % wzl) dz, — (21 + %wél) dz, — (1 — % |zl|2> dw} + h.o.t.

From straightforward computations, one finds
0 = i(zl + 24123 + 2921 + 2By |21 P21 — % w21> dzy
—1(21 —}—2A1(z1 + 2)21 —|—231|21| Z1 + ; wzl) dz;

i (1 +2A4,(z2 +22) + 2By |z 2 — 5 121 |2) dw + hot.
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Therefore, from (3.24) we deduce
3 1
dicg = (1 +5%)dzy —svV1+s2dz; + (1 + 52)<— Esz - Z) (wdzy + z1dw)

+ S\/l—}-—s2<; 52+ %) (wdZy + Z1dw) + Ky 22 dzy + Ny 22 d 5
+ K372, 21dZy + 23 dzy) + N1t (22121 dzy + 22 dZy) + hout,
One can then expand 6’ + i Zepdzeg — 1Z¢gd Z(g to find that
(3.25) ttg = —iw(l + 1/2]|z1|?) +is|z12(z3 — 23) + is*(Z] — z]) + hot.
We can summarize the above discussion into the following result.

Proposition 3.3. The CR normal coordinates on Rossi spheres with respect to 6 =29’

are given by the formulas z{-x = J%’ with Zcg as in (3.24) and tly as in (3.25).

We next collect some useful formulas derived from the latter proposition. Taylor-
expanding z(.x one finds

1 _ _
zel? = 1212 (1 4 5 1212) =5 2+ 2 + w(zE —2D)
1 _
+ 3 s2(4)z12 = 4)z1|* = zf = 2D + hoot,,
while taking its square we obtain
(326) [zxl* = 21141+ [21) = 5|21 23 + 2@ + [21P) + 2w(zF — D)
+52((2f + 2D~ |21 ) + 2121 * G — |21 ) + 2w(z} — 21)) + hout.
The square of t( is given by
(ttr)* = —w(1 + |z1%) + 2sw|z1|*(z7 — 27) + 25%w(Z] — z) + ho.t.
Summing the latter formula and (3.26) we obtain that, up to higher-order terms
() = (1 + 2P (21 [* = w?) = 5|21 P (22 + 2D @ + |21 ?)
+52 [+ A=z P) + 20z G = 2]

It is also useful to expand the quantity e"? (p'CR)_Z, related to the conformal covariance for
the Green function, which up to higher-order terms is given by

€V (pl) % = 212 + 4 G20 + 8] 2 — 6w?)
AR D ) 8P+ D = w?) P
2
5 4 =4 6 4
+ z7 +27)(20|z¢|° + 8|z
8P+ D — oy (G T A0l

(3.27) +4w? = 5)z1Pw?) — 4|21 |0 +58|z1|Cw? + 24|z [* w? — 24|z, P w?].

Note that, with respect to the contact from é = %é’ , the CR normal coordinates and
the Heisenberg distance would be (zcr, tcr) = (Zpg/ V2, tog/2) and pcr = ppg /N2,
respectively.
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4. Proof of Theorem 1.1

In this section, we determine the Green function for the conformal sub-Laplacian on Rossi
spheres, up to an error of order s3. This allows to estimate the mass of Rossi spheres, which
turns out to be negative for s # 0 small. This is done by deriving a formal expansion in s of
the Green function G, globally away from the pole with respect to the standard coordinates
(z1.2z2) of §3, and comparing this with the expression for G in CR-normal coordinates.

4.1. Formal expansion of the Green function in powers of s

Let L denote the conformal sub-Laplacian for the J)-structure on § 3. For s = 0, the
fundamental solution of L&, = 6475, with pole at p = (0, 1) is given by

%o =2((1—22) (1 —Z2))7/2.

We next solve formally, up to an error O(s3), LyGs = 0 away from p in power series of s
in the form

1
“.1) Gs =9+ 59 + §s2(§2+a§0—§3)+0(s2),

where & € R, §; and §, are suitable explicit singular functions near p, and 3 is a Holder
continuous function near p for which we would need to determine only §3(p). We chose
to expand the second-order term including separately oy this will be useful later in order
to fix the distributional component of the solution at the pole p. In principle, this should
be done also for the first-order term, but by our choice of §;, this further correction will
not be necessary.
For the above expansion, the following formulas will be used:
42) Z1Z128 (1 —22)°(1 = 2)°
=2{2 (1= 2" 2 (1= 22)° (0122 = D QaZ2 (22 = 1) = 22> + 1)
+ (a — l)aig (zo— 1%+ b2(|22|2 - 1)2),
43) ZiZ128(1—22)° (1 = %) = (c — D282 (1 = 22)" (1 — 2,)°72,
@4d) ZiZ128 (1 —22)P (1 = 55)°
= z{ (1-22)" 7 (=(1=2) ) (@(z2 = D((c + DZ2 — D +b(c(|z2[>— 1)
+ (22 — 1) 22)),
@45) Z1 Ziz{ (1 - 22" (1 = 22)° = —ez{ (1 = 22" (1 = 22) (@ + DZa(z2 = 1)
+b(|z2* = 1)),

with similar ones for z{ (1 — 22)2(1 — 2,)¢, passing to conjugates.
To find the first-order correction §;, we differentiate the relation LGy = 0 with
respect to s, evaluating it for s = 0. Using (2.4) and (2.5), this yields

Logl = —Lﬁo = 8212150 -+ SZIZI% on S3 \ {p},



On the Sobolev quotient of three-dimensional CR manifolds 2039

where [ = % |s=0Ls. The right-hand side is given by

12((Z2 = 1D)?27 4+ z7 (z2 — 1)?)
(22— 1) (z2 = 1)>/2
By formulas (4.2)—(4.5), the first-order correction &, to G can be chosen as

1 1 1 !
46) G =57+ 2 '
(4.6) =5 G s ]((l—zZ)(l—fz))‘/z

We pass next to the second order expansion for G,: we will find it up to a smooth
function that can be determined at p, which is enough for our purposes. Differentiating
the relation LGy = 0 twice with respect to s and evaluating at s = 0, we obtain (with
analogous notation to above for the s-derivatives)

LoG = —2LG — L%,.
Recalling from (2.4), (2.5) that L= 4L, we have
Lo(G +48) = —2LG = 167,12, 6, + 16Z7Z1 6.

It is possible to show by direct computation, again from (4.2)—(4.5), that 16 Z,7Z,%, +
16 Z7Z1%, equals

-1

((1 = 22)(1 = 23))7/2
+21(30GE -1’ +6(E— 1D (22— 1) — 12(Z, — 1) (z2 — 1))

430G —1)° +30(z2— 1) + 118G —D*(za = 1) + 18(za — D* (2 — 1)
+6(22—1)°(22—1)> +6(z22—1)° (22— 1)* = 18(22 — ) * (22— 1)> = 18(22 — 1)*(z2 — 1)*
—12(z2 = 1)’ (22 = 1)’ = 12(z2 = )’ (22 = )],

where we grouped the terms by homogeneity in z; — 1 and z, — 1.

We can invert Lo explicitly for the terms with factors z} and Z}. The solution is
given by

[21 (30(z2 — 1) + 6(z2 — D*(Z2 — 1) — 12(z2 — 1)*(Z2 — 1))

Gy = (z§ + 21D &2.1

T (1=2) (1 =2,))%
where

3 _ 3 1 _ 3 _
82.11=¢ (Z2— 17+ 3 (22— 1)+ 2 (z2=DE2—-1+ 3 (22— 1) (Z2— 1)
3 _ 3 _
— (22— 1) G- =S (22— D(E2— D
4 4
For the other terms, we can only find an explicit approximate solution. We set
_ 4 _ 4 _
2= —-D'+(EG-D - 3 (z2—-D*E@ -1 — 3 (Z2—D*(z2— 1)
+4GE - 1D (-1 + 4z - 1) G- 1)?

@D G- DS G- D e - 1 46 - ) G- D)
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and
82,2

(1= 2) (1 — 7))

gz,z =

Blw

Defining
G =91+ %,

still by (4.2)—(4.5), one finds that
s (22-12+ (22 -1 =3z - 1D (E - 1)
(1=2)(1-2)'"?

Lo$ — 162,216 —16Z; 216 = —1

(47) = E(Zz,fz),

with the right-hand side now bounded on S3.

It will be now sufficient to add a more regular correction (which is Holder continu-
ous by standard regularity theory) to solve the equation for &, pointwise, away from p.
From (4.7), setting §3 = LO_1 E(z,w), we then find that

Lo(6, —93) —16Z,1Z,6, —16Z:Z76, =0 on S>\ {p},

which corresponds to (4.1) up to the term s?a§y, which will be determined later. To
obtain 93(p), we use the Green representation formula, convoluting E(z5, Z,) with §y:

(22— D2+ (EZ—1)2=3(z2—1)(E2— 1) 4
— 0
/S3 o () (1-2) "

The Taylor expansion of the integrand in z5, Z5 is

do.

9(p) = 6dn2

(24 — 2475 — 2473 — 2473 —2472) + (2425 + 2475 + 2473 + 2423 + 48%,) 2,
+(242y —24) 23 + (247 —24) 23 + (2475 — 24) 25 + (2475 —24)z5 + - .

Integrated, this gives
/ (24 + 48|2,)2) O A dO = 48 - 272 + 96 72 = 19272,
3

which implies that
(4.8) G3(p) =3.
In conclusion, we found that
G=2%-%9+a¥%.

i.e., (4.1), where « is a real number to be determined later. We proved therefore the fol-
lowing result.

Proposition 4.1. For every compact set K in S3\ {p}, p = (0, 1), there exists a constant
Ck > 0 such that the function & := §y + sG; + %sz (%2 + a8y — G3) in (4.1) satisfies

|Ls & < Cxs® onK.
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4.2. Rigorous estimates

We prove next that the function & in Proposition 4.1 well matches with the expression of
the Green function of L in CR normal coordinates. Recall from the end of Section 3 that
per = 3 (peg)?. Then, from (3.27) we obtain that

b2 = |z1|? + 4 ; (22 + 22 (12]21|* + 8|z1]* — 6w?)
CR —
VP + 1) (z1]* = w?) 2((|2112 + 1) (|21 = w2))*?
) 1
2((12112 + 1) (|14 = w2))*/?
. [(Zi1 +21) (20121 + 8|z |* + 4w* — 5|21 *w?)
—41z1]"% + 5821 |%w* + 24 |z¢|*w? — 24|z, [P u?]
+ 0(s*p72),

4.9) 4e¥

where w = z5 — Z,. Given the covariance property of the Green function (that is, G(é) =

"Gy if f = e2"), we aim to compare this expression to the function & in Proposi-
tion 4.1 on a suitable small annulus centered around p. We do it term by term for the
Taylor series in s, and for this purpose the following formulas will be useful. Since z; — Z5
is purely imaginary, we can write

Iz11* 1z — 2 = |21 — (2 — 22)2 = (|z1]* + (22 — 22)) (|217 — (22 — 22)).
As |z1]? + |22]* = 1, we get
(4.10) 21— =z + 2 — 2 = (A + 22) (1 + 2) (1 - 22) (1 — 22).

Setting v = z5 + Z — 2 (which is real), we have that z, = 1 4+ v/2 + w/2, which implies

v WP
221> = 1+ v+ = +o(p?).
Squaring this relation, we obtain
v ovw?
(4.11) |21|4=V2+?—T+0(P6)-

We also have that |z5|> = 1 4 v up to an error O(p*), so v? = |z1|* + 0(p*). These imply
that

_ 1 1 1 1
@4.12) |2+ 1-(2+2) = 7 |z1|* — sz +o(p*) = 2 |z |* + 2 lw|? + o(p™).
Furthermore, there holds

413) 14 zo+ 2+ 2P 23+ v+ |z 2242z =42z + 0(p?).

Recalling our notation from Section 2, we have then the following result.
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Lemma 4.2. For « = —3/4, the following estimate holds:

1
@.14) eV plt = (ﬁo +59+ 5575+ aﬁo)) +0(s2) 0"(p™2) + 0,(1),

where 0,(1) = 0 as p — 0.

Proof. We analyse separately different orders in s for the left-hand side, and the first term
in the right-hand side of (4.14).
Zero-th order in s. Recalling that o = 2((1 — z2)(1 — Z,))~"/2, we need to compare
the two quantities
|Zl |2 +4 2
and 1z
V(22 + 1D (jz1]* —w?) (1 =2z2)(1 = 22))

Taylor-expanding the terms involving |z;|? in the left-hand side, we are left with compar-
ing

(4.15)

A0 -gaP) 2 ,
NN (1 = 22) (1 = Z))1/2

Using (4.10) and multiplying by ((1 — z5) (1 — Z5))/2, we are left with the comparison of

41— 312117 and 2
(1 +22) (1 + 2))V/2 '
From (4.13), we are left with comparing
4(1—Lzy2
( 4| 1) and 2,

(4—2]z,>)1/2

which holds true up to an error of order O(p*). Therefore, the two quantities in (4.15)
coincide up to an error of order O(p?).

First order in s. Recalling (4.6), we have that

1 _
9 ZZ(Zf'f‘Zf)[

4—322 —322 +2|22|2
(1—=2z2)(1 —22)

Considering the first-order term in s of (4.9), we need to compare the two quantities

|%o.

(23 +2}) (1221 |* + 821> — 6w?)
2((Iz2117 + D (|z1]* = w?))>2

4—32,—-32, +2|22|2]
0

1 2 52
and - (z1 + 21)[ (1—22)(1 —2)

Using the expression of %, dividing by (z7 + Z7) and multiplying by 2, we need to
compare

(12|z1]* + 8|z1]* — 6w?) [4—322—352+2|22|2]
(2117 + D) (|z1]* = w?))3/2 (1 = 22) (1 = 22))3/2
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Using (4.10), this is equivalent to the comparison of

(12]z1|* + 8]z1 > — 6w?)
(212 + DA + 22) (1 + 22))3/?

Using (4.13) and Taylor-expanding the left-hand side, we arrive to comparing

and 4 — 322 — 322 + 2|Zz|2.

(1= 32112 (12|z1]* + 8z1|* — 6w?)
8

Using instead (4.12), we transform the right-hand side, arriving to the comparison of

and  4—3z, — 37, + 2|22

(1=21z1) (12]z1|* + 8|z1 > — 6w?)
8

3 3
and |Zl|2 + i |21|4 — sz,

which is again true up to an error of order O(p®). Therefore, we get matching of the
first-order terms in s in both sides of (4.14) up to an error O(p?).

Second order in s. Recalling again (4.9) and the fact that ¥, comes with a factor 1/2,
let us first compare

(z‘l‘ +Ef) (20|24 |6 +8|z; |4+4w2 —5|z; |2w2)
2((|212 4 1) (|21 4 = w2))*'?

(zt +2}) g2.1
(1—22) (1—25))%/?"

1 1
d =% 1:==
an 5 2,1 )
where, up to order O(p?),
3 3 1 _ 3 _
g1 =G+ (- +-(2-1)CE2-1) == (22— D*E2— 1)
8 8 4 4
3 _
—7E=DE =D

Factoring out (z‘l1 + Z‘l‘) and using (4.10), we need to compare

(20|Zl|6+8|21|4+4W2—5|21|2W2) 1
2 and = g21.
2((Iz1P + D (1 + 22) (1 + 22)) 2

Using then (4.13) and Taylor-expanding the denominator in the first term in |z{|?, we
arrive to comparing

(1 5 Iz |2) (20]z1® + 8z |* + 4w* — 5|21 [*w?)
4! 64

Expanding g, and using (4.11), we come to the comparison of

and — .
2 82,1

5 20|21 |04 8]z |4+ 4w? —5|z1 |?w? 11
(1—Z|21|2>( 2l |Zl|6: i 2 7w) and EE(_3V3+4V2+3VW2+2W2),
which is correct, up to an error of order O(p'?).

We need next to compare

13 82,2
24 (1—22) (1—-22))%/%’

[—4|21|1° + 58|21 [0 w? + 24 |zq |*w? — 24 |z¢ 2wt

2((Iz112 + D) (|z1|* — w2))5/2 ] and
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where, up to higher order terms,
4 = s 4 4= 4 4
g2=(22-1D)"+ (-1 —3(22—1) (22—1)—3(22—1) (z2—1)
+4G =13 (2= 1D +4(z - 1) (G — DA

Using again (4.10), we then need to compare

|:—4|Zl|10 + 58|21|6W2 + 24|21|4 2 _ 24|21|2W4
2((|z1 2 + 1) (1 + 22) (1 + 2,))>/2

As before, we are then comparing

3
d - .
] an 3 82,2

(1 5| |2) —4 |z "0 + 58z1|Ow? + 24|z [*w? — 24|z |>wt
2z

3
d - .
4 64 an ] 82,2

In fact, we can add to §, any multiple of §. In the latter formula, we can then replace g5 »
with g >, where
822 =822-2(22—1)* (22— 1)*.

It turns out that 3 {

Z g0 = —v(vt —4vZw? + 6vw? + 3u?).

877 16
Using (4.11) and the previous formula to expand |z1|? as |z1|> = —v — $ v? + 1w?, the
left-hand side in the above formula becomes

v 3viw? viw? 3vwt

o _ 012’
TR 7t e TowD)

so it coincides with the right-hand side, i.e., with %gm up to error terms of order O(p!?).

Therefore, also the second-order terms in s of both sides of (4.14) coincide up to an error
of order O(p~2).

It is standard to check that the above matching also holds up to computing first- and
second-order derivatives, which then implies the conclusion. ]

Proof of Theorem 1.1. Consider a small annulus of the form
Ap ={r < p<2r},
and a smooth cut-off function y, satisfying

xr=1 on{p=r}
xr =0 on{p>2r}
[Voxr| <C/r and |V§Xr|+|VTXr| <C/r%.

If v is the conformal factor as in Proposition 2.3 then, with obvious notation, the Green
function conformally transforms as Gy = ™" G 5. Consider then the function

~ _ 1 _
Gs = xr <2IOC1% - 533(17)32) + (1= xr) e "Gy
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From the conformal covariance of Ly, Proposition 4.1 and Lemma 4.2, it follows that,
applying the conformal sub-Laplacian with respect to the contact form 6,

|LYGs| < C, 0(s?) pointwise on S°.

It then follows from standard regularity theory that the Green function Gy of the conformal
sub-Laplacian satisfies [|Gg — Gs||poo(s3) = 0(s?). Sending s to zero and recalling that
G3(p) = 3, we deduce

3
(4.16) A= —Es2 + o(s?).

Therefore, given that m = 121 A (see (4.8) and (1.7)), we obtain the conclusion. [

5. Proof of Theorem 1.3

In this section, we prove Theorem 1.3 by an implicit function argument and some asymp-
totic expansions, which crucially use also Theorem 1.1.

We start by analysing the relation of the CR Sobolev quotient on Rossi spheres with
the minimizers on standard spheres found in [20]. Recall that in [19] it was proved that for
any three-dimensional CR manifold one has ¥ (M, J) < Y(S 3.7 53), which in particular
implies

5.1 Y(S3, Ji5) < Y(S3, Jgs = J(o))

In [20], it was proven that ¥(S?3, Jg3) is precisely attained by the following functions, up
to composing (z1, z2) with elements of SU(2):

2 1 2\2 _5.)2 1/2

5.2) Yr = A( 2(|Zl|2 tlat |2)2 (Z42 22)— 2) , A>0.
(A% |z1? + 22 + 1]2)? = A% (22 — Z2)

Recalling that 6 A d0 is a volume form double with respect to the Euclidean one, the ¢, ’s

satisfy the following normalization condition:

/ (pié/\dé =472 forall A > 0.
S3

On the standard S3, see [14], the Folland—Stein space &'?(S?) is defined as the comple-
tion of the (complex-valued) C* functions on S3 with respect to the norm

~ N 1/2 A~ N\ 1/2
lulleis := (/3(7,1,151,1 +ugiig) 0 Ade) n (/3 u|? 6 A dQ)
S S

Notice that, for |s| small, this defines an equivalent norm on Rossi spheres too: from now
on, this will be assumed understood.

We show next that, if a minimizer for the CR-Sobolev quotient on Rossi spheres exists
for |s| small, it must be close in ©!:2(S?3) to some function ¢, as in (5.2). We have indeed
the following result.
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Lemma 5.1. Fix s € R, |s| small. Assume us > 0 attains inf Q 5y = Y(S3, J(5)). Then,

if ug is normalized so that jS3 ut0 Ado = 42, up to a homogeneous action on S* there
exists A > 0 such that

[us — pallerz(s3) = o0s(1),

where 0g(1) = O as s — 0.

Proof. Itis sufficient to notice that, if Zy) is as in (1.8), then for all smooth u’s one has
[3(Zl(s) u Zi(s) u+ Zi(s) uZis) u) é A dé
S
=1+ os(l))/ (ZyuZiii+ Zyu Z 1) 6 A db.
S3

Since we are assuming u to be normalized in L*(S?) as in the statement, its &2 (S3)-
norm is uniformly bounded from above, and therefore

[ (Zyus Zyiig + Zyug Zyits) O Adb
S3
= /SS(ZI(S)uS Zi(s)ﬁs + ZI(S)US Zl(s)ﬁs)é A dé + OS(I).

This relation implies that us is nearly a minimizer also for the Sobolev-type quo-
tient in (5.4) on the standard CR-sphere (S3, Jg3 = J(g)). By the Ekeland variational
principle (see, e.g., Chapter I in [31]), uy is close in G12(S3) to a minimizing Palais—
Smale sequence for such quotient. Palais—Smale sequences for problems involving critical
Sobolev embeddings can be characterized by a well-known decomposition due to Struwe.
For the subelliptic case, this feature is analyzed e.g. in Theorem 2.1 of [12] for domains of
the Heisenberg group and functions vanishing at the boundary (the same arguments apply
in the present case using dilations in normal coordinates as those introduced in [19]), or
for CR manifolds in Proposition 8§ of the later paper [16]. The minimality condition implies
that u can only develop a single bubble profile, which is precisely our conclusion. ]

5.1. Finite-dimensional reduction

Let @), be as in (5.2), and define the following family of functions:
5.3) M ={p(U()) : A >0,Ue SUQ2)}.

Even though SU(2) is a three-dimensional Lie group, since ¢, is invariant by a complex
rotation in z1, the result of these compositions is also a set of three dimensions. We previ-
ously saw that the functions in M are global minimizers of the CR-Sobolev quotient Q (y)
on the standard S> when s = 0, where

Js3 uLuf Adb '
(fs u4é/\dé)l/2

(5.4 Q(s) (u) =
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In Lemma 5 of [24], it was proved that the linearization of the Yamabe equation
(with s = 0) at M is minimally degenerate, in the sense that its kernel coincides with
the tangent space to M.

As a consequence, one has that the CR-Sobolev quotient on the standard sphere is
non-degenerate in the sense of Bott on M. Thanks to this fact and to Lemma 5.1, for s
small we can characterize with particular precision all the solutions of the CR-Yamabe
equation lying in a fixed neighborhood (in &!:2) of the manifold .M, and in particular
the (hypothetical) minimal ones. We first show that the CR-Yamabe equation is always
solvable, in a fixed neighborhood of M, up to a Lagrange multiplier: see [1] for a general
reference on this method.

Proposition 5.2. For ¢, as in (5.2), there exists a unique w; € GV2(S3), depending
smoothly on A, such that |w, ||g12(s3) < Cs, and which satisfies

2 0pa
A

for some £ € R. Moreover, there exists § > 0 with the following property: if there exists
a critical point of Q) in a §-neighborhood of M (in &% norm), then it must be of the
form @; + wj, up to a homogeneous action on S> and up to a scalar multiple, with wy, as
above.

(5.5) /(pk—wké/\dG—O and Lg(pp + wy) — 2(@x + w;y)3 —Efp)t

Proof. For A > 1, ¢, has a global maximum at (z1, z2) = (0, 1). Locally near these func-
tions, all other extremals can be obtained composing on the right with elements of SU(2).
When also A varies, the extremals can be described locally near the ¢, ’s by

Zay ={0an(z1.22) = a(Ualz1,22)) = @€ (—y.y)>. A € [1/2,2A]} C M,

where

o —ias ay+iap Z1 _
(56) Ua(ZI’ZZ) - (eXp (—al +1i as ia3 ))( zp >’ a= (al’a27a3).

Consider next the CR-Yamabe equation on the standard sphere,
Lou =2u> onS3.
It was proved in [24] (see Lemma 5 there) that solutions of the linearized equation at ¢,
Lov = 6(p§v on S3,

are of the form

_ agoa/l_i_zl a@ak

where [; € R and where the latter derivatives are evaluated ata = 0.
Define W = W), to be the space of functions w satisfying the four constraints

(5.7) /¢:Aaaxk~é/\d6’—0 /¢:Aa§ak~é/\d6’=0; =123,
S3 S3 aij

where, again, the derivatives are evaluated at a = 0.
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It follows from the classification result in [24] and Fredholm’s theory that the operator
Aj 20 > Pg[Lah — 693 10],

where Pﬁ/ denotes the projection onto W is invertible from W in itself, endowed with
the @1-2(S3)-norm.

Setting S, 2 (D) := Lg(pa + W) — 2(gax + W)3, equation (5.5) has a relation to the
condition Pg; S, 5 (W) = 0, as we will explain below. Since Ay is invertible (with the
norm of the inverse uniformly bounded), we have that

Pﬁ‘,SajA(uN)) =0 <= w="Tw),

where

Taa(®) = —(A5) " {8a.2(0) = 2[(pap + D) — @3, — 307, W]}
From the smoothness in s of the J(s) structures, it follows that |7, 1 (0)|| = O(s), where
here and below || - || = || - [|g1.2¢s3). Moreover, it is quite standard that for s and § small,

1Tan(W1) = Taa(2) || = o(D) [0y — w2, [l1]], [0z < 8.

It follows that for s small, T, , is a contraction in a normed ball of radius Cs for C > 0
large and fixed, so in such a ball there exists a unique fixed point wy, of T, ;.
In this way we found a (unique) solution to the problem

p 2 9¢a2
Lol +w2) — 2p +ws)* = €43 22 +Z 7

a=0

for some Lagrange multipliers £, £;. However, the last three vanish by Palais’ criticality
principle. In fact, let us recall that, being (S3, J(5)) a homogeneous space, Q ) is invariant
under the maps U, as in (5.6). Therefore, with obvious notation, we have with the same
Lagrange multipliers that

3
Ls((p)t,a + w/\,a) - 2((p/l,a + w)l,a)3 = (0)% a a(pk 2 Z i a(pa A
for a in a neighborhood of zero. Differentiating with respect to a; and then scalar-multi-
plying by d¢, 1 /0a;, one obtains an invertible system for ({;);, yielding that £; = 0 for
i =1,2,3, as desired.

Let now u be a critical point of Qs in a §-neighborhood of M for s small. Then
it satisfies Lyu = pu> for some Lagrange multiplier . Since u is close to the family
of @,’s, satisfying Loy, = 2(,0;, the multiplier & must be §-close to 2.

Defining & = p~/2u, this is still close of order § to M, and it satisfies Lyii = 2>,
i.e., the second equation in (5.5) with £ = 0. By uniqueness of the fixed point, we must
then have 7 = @3 + wj, up to a homogeneous action on S3. This concludes the proof. m

Remark 5.3. In Proposition 5.2, it is possible to replace the ¢, ’s with other approximate
solutions to the CR-Yamabe equation on Rossi spheres. With a better approximate solu-
tion, for example, one would then require a correction as in (5.5) of smaller norm, yielding
a more precise expansion for the quotient Q (5y. This observation will be crucially used in
the next two sections.
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5.2. Expansion of the CR Sobolev quotient

Recalling the second statement in Proposition 5.2, we analyze the CR Sobolev quotient on
functions of the form ¢, + w,, showing that it is strictly higher than the standard spherical
one. We first show that the latter expansion is always even in s.

Lemma 5.4. Let s > 0 be small, and let w)(f) and wg_s) denote the counterparts of w) in
Proposition 5.2 for s and —s, respectively. Then one has that

Q) (e + wk)) = Qs(pr + wf1 ).

Proof. Leti:S3 — §3 be the diffeomorphism given in (2.6). We notice that ¢, is invariant
under ¢ and that, due to (2.7), (2.8) and (2.9), for any u € &?(S3) one has

Q) ("u) = Qg (u).

From this covariance property and the uniqueness in Proposition 5.2, it follows that w(s)

L wi 5) , and therefore we get

O (pn + W) = Qo) (*(n + ™)) = Oy + wi ™).
which is the desired conclusion. [

We analyse next two situations. The first is when the parameter A in the previous
lemma tends to infinity or to zero, and the second when log A remains bounded. In the latter
case, we will show that the CR Sobolev quotient would be strictly higher than ¥(S3, Jg3),
which would give a contradiction to (5.1). On the other hand, we can also rule out the
former case using the estimates on the Green function in Section 4, and in particular the
negativity of the mass of (S3, J(s)) for s small and non-zero. The proofs of the next two
results, beginning from the latter case, are given in Appendices A and B.

Proposition 5.5. Let A > 1 be a fixed number. Then there exists Cp > 0 such that, for
A € [1/A, A] and for s small, one has Q (5)(¢5 + w;) = 47 + s2A, + B 5, where

167423 + 1242 + 24% + 121° + 318)

Ay = ,
A (1 + A2)

and where |8, 5| < Ca s>.

Notice that the minimizers in [20] stay unchanged when we compose with the anti-
podal map on S and replace A by 1/A: this symmetry implies that 4, = ;. Therefore,
in the next proposition it is sufficient to consider large values of A.

Proposition 5.6. The following expansion holds true, uniformly in s (small):

2 2 2

8 m Aa)_4n+48n_(1+0S(1))+0(A3)

Qs)(pr +wp) =4m — I

+0(

for A large.
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Remark 5.7. The above function A + # is positive and strictly decreasing for A > 1,
see Figure 1. Notice that the matching of the first-order correction terms for A large in the
above two propositions: the expansions are indeed obtained with two completely different
approaches. However, while the mass does not appear in the expansions of Appendix A,
it is somehow hidden in the fact that there we are using standard coordinates on S3, and
not CR normal coordinates.

Figure 1. Graph of the function 4.

We can finally prove our second main result.

Proof of Theorem 1.3. Assume by contradiction that u is a minimizer of the CR-Sobolev
quotient Q) for s # 0 small. By Lemma 5.1, » must then lie in a §-neighborhood of the
manifold M defined in (5.3). From the second part of Proposition 5.2 we have also that
u = @, + wy up to a homogeneous action on S>, where w; is as in the first part of the
proposition. The conclusion then follows from Proposition 5.5 and Proposition 5.6, which
cover all ranges of A for s small enough. ]

A. Proof of Proposition 5.5

We consider the Cayley map from S3 into H! given by

z1 1=z
e = (e 52)
F(z1,22) (l—I-Zz ell—i—zz

with inverse

. B 2iz —4+i(1—]z)?)
Fren= <r+i(1+|z|2)’ t+i(l+1z?) )

Using %, we can derive explicit expressions for the CR maps on S3. Letting d; denote
the natural dilation in the Heisenberg group,

(2. 0) = Az, A21), A >0,
consider the map ®,: S3 — S3 defined by
®u(p) = (FodroF)(p).
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By explicit computations, one finds that the inverse is given by

2A(Z2 + )2y Mz + 1P =2 —|z1P 42 )

Al @7z, 2 =( _ : -
@1 r (1 22) A2 2o+ 11242+ |21|2 — 22" A? |z + 112+ Z2+ 21|12 — 22

For later purposes, the following formula will be useful:

_ _ 1. _ 1+ z5]? 1/2
&7z, 2 3=_ 1( ) .
I N e N e 52
Notice also that ¢3—; = 1 on S3.
A.1. Approximate solutions

We construct next, on every compact interval in the range of A, approximate solutions
to the CR-Yamabe equation with s # 0 up an order O(s?), improving the accuracy of
the ¢, ’s (approximate up to order O(s)) for s # 0.

Lemma A.1. Let A > 1 be a fixed number. Then there exist Cp > 0 and regular func-
tions Wy, depending smoothly on A, such that, for A € [1/A, A] and for s small, one has

Lg(pp + sp) —2(pa +s02)* = fa.
with ||f,\||Loo(S3) < CASZ.

Proof. Recall that the extremals of the CR-Sobolev inequality (up to a homogeneous CR-
action of $3) have the expression in (5.2), namely

= ( (21 + 122 + 111 = (22 — 22)? )1/2
TR EP F R+ 1P A G - )

_zx( 1+ 2] )1/2
B (A2|z112 + |22 + 1]?)2 = A4 (22 — 22)? '

and for all A > 0, they satisfy the equation

(A.2) Logs = —4Ap9p + 295 =2¢; onS>.

Our goal is to find a correction s W, such that ¢, + s W, satisfies the CR-Yamabe equation
on (S3, J(s)) up to an order s2. Recalling (2.4) and (2.5), it is sufficient to solve for

—4Ap by + 20y — 692 by = G, := 8Z1 Z 93 + conj.
From a straightforward computation, one has that

G(21,22)
1924 (A% = 12 |1 + 228 Re[z2 (1 + z2 + A%(z2 — 1))?]
[(A2]21]2 + |22 + 112)2 = 2% (22 = Z2)25/2[(|21? + |22 + 1[?)2 — (22 — 22)?]3/2
3.4 A2=1D%Re[z2(1 + 22 + A% (22 — 1))?]

_ = 5
T3 @EE PP MG -z A
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It is useful to evaluate this expression after composing with the inverse CR map defined
in (A.1): by direct computation, using also (A.1), one finds that

_ 3. _ 114 25]2 3/2
G, (P! =132 -1)?
2031 2) = 70 - D (o s o)
(A.3) x[23(1=Z2 + A2 (1 +2)* + 21 (1 — 22 + A2 (1 + 22))*].

Let us recall the covariance of the conformal sub-Laplacian Lg: for a conformal contact
form 0 = u*/(2=2 9, one has

Lip = u@/@2 [, ),
Let £, be the linearized CR-Yamabe operator at ¢, on (S 3 Jy). ie.,
(A4) Lo v = —4Apv + 20 — 693 v,
and let w), denote the pull-back of W, via ®,, namely
(A.5) w;(2) = @5 (P (2)) WA (P} (2)).
Then the covariance of Ly implies that
(A.6) (Lo=1wa)(x) = @2(07 1 (1) 7 (L, W) (@7 (x)).

It follows from this formula and (A.3) that the pull-back w, satisfies the following equa-
tion on S3, which has constant coefficients on the left-hand side:

(1-Z + A2 (1 +22)) 2}

A7 —4A — 4w, = 12(%* - 1)2>R
(A7) bWy — 4w ( ) U=z 1 22(1 1 22))°

This last equation can be solved explicitly in w, via Fourier decomposition: in fact, the
right-hand side in (A.7) is given by

2 _1)2 201 _ 153 _ 92
A*=1) z1(1=TZ) withF:l /\‘

12
2112 (1=Tz)? 1+ A2

Since we have the expansion

1

m :1+3F22+6F223+10F3Z§+15F4Z§+ ’
- 2

we obtain that

A2 =1)? _ z2(1-TZ,)
(¢
(A2 +1)2 (1—Tz,)3
=12 > - Re{z{[1 + 3Tz + 61223 + 101323 + 15T%z5 +---
(A2 +1)?
—TZ(1 43024+ 6Tz + 10723 + 15T 25 +--+)]}.
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While the set of functions of the right—hand side in the first line are spherical harmonics,
i.e., satisfying

(A.8) —Ap(2225) = (k +2) 222K,

the functions on the second line of the right-hand side are not. However, they can be easily
modified in order to satisfy an eigenvalue equation. More precisely, one has that (see [21])

k+1 k+1
k = k _
(A9) —Ap (22 <2222 — k——|-4)) = (10 + 3k) (22 (2222 - k——|-4))
Hence we rewrite the right-hand side in (A.7) in the following way:
A2-=1?%_ z3(1-T2zy)
e
A +1)> (1-Tz)’

_ o, 21y
“Porre

T2 —372 (2.5, — 1) — 63 s 2\ _jorts2(zz, -2
'z, —3I'" (222> 1 6T°25(222, z 10T%z5 (2222 c + ...

Re{zf[l +3T 25 + 67222 + 107323 + 157425 + -+

1 2 3
—302- — 673z, = — 10T422 2 —]}
4 5 6

The latter expression can in turn be rewritten as

S (k+ 1)k +2 k+3
12F2Re{zf[l§%ﬁ‘22)k(1—F2k—j_4)
2, (k4 2)(k +3) k41

(A.10) -2y f(rzz)k (zzzz—m>]}.

k=—1

Recall that by (A.7), to obtain w,, we need to invert the operator —4Aj; — 4 on the latter
expression, so we have to divide the coefficients of the spherical harmonics respectively
by (using (A.8) and (A.9)) 4(k +2) —4 =4(k + 1) and by 4(3k + 10) — 4 = 12(k + 3).
We then find

w; = %rzRe{z% [i(k 1+2)(Tz)k (1 —r? k—“)

k+4
(A.11) =
e 3k +2) (Tzo) (2252 — ’il)]
3 = k+4/1]
with

I'=(1-21%)/(1+ 2.

Notice that since |I'| < 1 all the above series are absolutely converging on S 3. Finally, the
correction W), to ¢, for the CR-Yamabe equation can be obtained from (A.5). [ ]
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A.2. Second order expansion of the CR Sobolev quotient
We want next to analyse the order s? in the expansion of the CR Sobolev quotient.
Lemma A.2. If QO is as in (5.4), then we have that

167A%2(3 + 1242 +24% + 121° + 318) E
(1+242)¢

Os)(pa +swy) = 4m + + B; .

with | B;, 5| < Chs3.

Proof. Recall that, at s = 0, from (2.5) one has <4 Is Ry = 0 and dz > Ry = 8. We use the
choice of contact form

2

.1 o O

0=21 ;(zidzi —Zidz), O AdO=2dog..
From the expression of —Ap (in (2.4)) and of R, we have that the second derivative Q (e2)
of Q) (@a) at s = 0 is given by

O(py) = /.5‘3 o1 (—4Ap05 + Rpp) O ndb = /S3 01 (=16 Ap 01 +891) 8 AdE.

Using (A.2), this also becomes
(A.12) O(gy) = 8/ 0} OAdO =3272,
S3

since the integral is independent of A and since ¢3—; = 1.
Our next goal is to expand to second order in s the quantity Q) (@) + s Wy). We
claim that
§2

Ouo(n +511a) =4+ 3 (5 0 = [ a2y, 020 1 d6) + 0(6?)

2
_ STl s _ A A 2
(A.13) =4+ 3 (2 Olon) ~ | wity, U:u@/\de)-i-o(s ).

Here, w), is given in (A.11) (see also (A.5)), and £, is given in (A.4). The latter equal-
ity follows from the covariance property (A.6). To check this claim, we want to expand
O s)(@a + s Wy), which we write as

fs3((p;t +sw,) (Lo +sL + 2L) (o2 +sw,1)6 /\d@
([s3(or + suh)“ 0 A aI@)l/2
Expanding in s, we find that this quantity is equal to

Os)(@a + sy)
_ Jss [@aLogr +5(paLoa+2WaLogr) +5*(paLor+20a Loy +1y Loy ] dndb
L% + 4593 W) + 652902102 O A dB 1/2
RENZ ) A Wi

+ 0(s?).
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The first-order term in s vanishes, as one can see using the Euler equation for ¢, so we
will just consider the second-order term. Since w) only consists of spherical harmonics
of positive order, see (A.11), using (A.5) it also turns out that

/(p;mméz w6 A db =0,
S3 S3

so there is no contribution to the expansion of the denominator from the first-order term
(in s) in the denominator.

Since [g3 @aLo@r 0 AdO = 8x and [g; 93 O A dO = 4%, we can collect these
numbers in the numerator and denominator respectively to get that

872 l+;—;fsg(%go,\i(p,x+21f))LL(p)L+If)AL011A))L)é/\dé
211/2 1/2

(4m2)V/ (1+ 4”2 fS36g0)LwA9/\d9) /

+ o(s?).

O (pa +sWy) =

Taylor-expanding, one finds

N 8m?
Q) (pn +sp) = an 2)1/2 / AL§0A+2wa‘PA+wAL0wA)'9/\d9

—/S 6¢; W3 )] + o(s?).

We now use the fact that w;, satisfies

gmlf),x = Lolf)x —6(p§ﬁ),1 = —L(p,l
to deduce that
. 8n? 52 1. . Na oA 5
Outen +302) = s (1455 ( [ (G 0aLon =i, ) i nd) ] +o(s)
A.14 L P Lo 9 )éAdé (s
(A.14) = (4712)1/2[ +@( 53(5(“ PA— WKy W) )]+05 )-

We next compute the last integral. To explicitly integrate spherical harmonics, we need
the following explicit formula (see Proposition 5.3 in [21]):

2

A A 8
A.15 N0 Adh = .
(A15) /S Z117]z2 k+ D)k +2)(k +3)

Both w, and £, w, consist of two types of spherical harmonics, orthogonal to each-other.
For the first series, taking real parts, we need to compute integrals of the form (notice that
only products of conjugate terms contribute)

472

k+Dk+2)k+3)

1
—/ (z2 2% +2122)29Ad9—
4 Js3
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For the second series, still taking real parts, we need to compute instead

%/3[212212‘ (zzzz—k_—i_l) +z2z% (2222 k__i_l)]zé/\dé
S

k+4 k +4
1 4 2k 4 >k k+1 k+1 A A
=5 [ el (Jzalt ~ 202l g + (5g) ) 6 16
Using (A.15), the expression becomes
1272
k+2)(k+3)(k+ D2k +5)
Therefore, from (A.10) and (A.11) we obtain
—/ IIJ,\EWID)L é N dé
S3
(k + 1)k +2)? k +3\2 272
42 — = (1-1? r2
2 {Z 2 ( k+4) k+1)(k+2)(k+3)
672
+ —k+22k+31“2k }
kg—:l 6 ( ) ( ) k+2)(k+3)(k +4)2%(k +5)

After some simplification, this gives

—[ m,12¢1m,1éAdé
S3

k42 k 4 3\2 > ¢ (k +2)
= 3672 — T (1-r2 ) r+— = |
r {k=0k+3< k+4) +k;1 (k+4)2(k+5)}

Notice that the last series starts from k = —1, so after relabelling we get

—/ In/xg(plm)LéAdé
S3

2 k+2 k +3\2 > 2k +1)
= —36T*x2 ——“(1-12—"=) r* rr—— -~ 1\
g {k:0k+3( ) +k§ (k+3)2(k+4)}

After some manipulation, the series reduces to a finite one, and we find
) A @ 2742
—/ W)Ly, w) 0 AdO =8x° T (I'" = 3).
S3

Collecting this formula and (A.14), from (A.12) and (A.13) we obtain the second order
expansion

§2
Ouy(n +511) =4+ 3 (5 0o~ [ wiywid nd) +o(s)

1-2A2

1+ A2

This concludes the proof. ]

=47 + 4752 (T —3T*+2) +0(s?), withT =
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We display next, see Figure 2, the graph of the function 477(I'® — 3T# 4 2) in I'. This
shows that the second-order correction of the Sobolev quotient is always positive in A, and
tends to zero as A — oo.

S S NI R ‘R o
0.2 0.4 0.6 0.8 1.0

Figure 2. Graph of the function 47 (C° =374 +2).

A.3. Conclusion

We can use the observation in Remark 5.3 to work out the contraction argument in Propos-
ition 5.2 starting from ¢, + s, instead of from ¢, only. Given the improved accuracy
in Lemma A.1, the contraction can be performed in a ball of radius O(s?) in G1:2(S3),
yielding a corresponding correction w, of that order. By Lemma A.1 and the smoothness
of Q(s), we then have that

Q) (pa + sy + W) = Q) (@a + s1Wa) + dQs)(@a + s W] + O(|[wa]?)
= Q()(pa + sy) + O(s*).

By uniqueness in the fixed point of the contraction, it must be @), + s W), + Wy = @, + wy,
so the conclusion follows from Lemma A.2.

B. Proof of Proposition 5.6

The goal of this section is to expand Q) on the functions ¢; + w, given by Proposi-
tion 5.2 for large values of A. Since the estimates of the previous section deteriorate for A
in this range, we choose approximate solutions in terms of CR normal coordinates, better
suited for highly-concentrated profiles.

Recall from the results in Section 5 of [11] that, given p € M, the Green function of
the conformal sub-Laplacian satisfies, in CR normal coordinates

Gy, =2p"2+ A+ 0(p).
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B.1. Approximate solutions

Forpe S 3. fix a small number r > 0 and define in CR normal coordinates a function F
such that

F(z,t)=|z> forp=<r,

F=0 for p > 2r.
In this way, F can be extended via cut-offs to all of S* as the zero function away from p,

so F' can be written as
F(z.t) = |z]> + 0(p").

For A > 0 large, let us consider a test function in CR normal coordinates as follows:

A

B.1 by = —,
®-1) 2 (14+A2F +2A4G)V/2

where G = G, 2,
Lemma B.1. In CR normal coordinates, one has the expansion
Lygp = @3 2+ 0(p*) + 172 0(p*))
FE[- SRR+ AP A+ 00 + 06T
Proof. By direct computation, we have that

1 A3
2 (14 A2F(z) + A4G)3/2

. . 1. 3
Or1=— [F1+A*G,] = ) @ F1 + 212Gl

and similarly for its conjugate. As a consequence, we have that

. 1. ~ 3. ~
Pr1l = 75 @i [Fi1+ A2 G i) + 1 GrIF1+ 272G,

which implies
. 1. ~ 3. ~
Mpfr=— @3 [ApF + A% ApG] + 5 PilFa+ 22G
By direct computation, one finds (with G = G)
ApG =-2GA,G+12G7*G,1G .
‘We then deduce
593 2 —4 i} -3 5 24 |2 o
Lp@r =2¢;[ApF +A7(12G77G1G 1 —2G77 ApG)]| =693 |[F1 +A°G1|” + R¢y.

‘We can next write
R =R@G(A 2+ F+A*G3G).
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Since G satisfies L, G = 0, we get some cancellation and find that
Ly@s =@ Q2ApF + AR+ RF)
+6¢;[4G*G1G1(1+A*F(z) + A*G) — |F.1 + A*G 1*].
Using some further cancellation, we then obtain

Ly$r =¢; QAF + 2R+ RF)
+6¢3[4G*G1G (1 +A*F(z)) — F1F;—A*(F1G;+G,1Fy]

From Proposition A.5 in [11] (where a different but analogous notation is used), one has
that, in CR normal coordinates,

) ) a
Zi = (14 0(6") Z1 + 0(p) Z1 + 0(6°) .
0} = 0(p®) dz + 0(p*)dz + 0(p) 6,

see (2.1). By direct computation, one then has

iv2z z
G1=———F—— +0(Q), F1=—+0(p"h,
1 TEEDYS (1) =5 (0")
- 2727 (|22 + it) p 3
Gi=—F+0 , NpF=1+0 .
1 A2 127 + 0(p°) b + 0(p”)

Using these expressions in the above formula for Lj ¢, one finally finds
Ly@r = ¢; 2 +2720(p%) + O(p%))
F6g5[— L PR @+ AP A+ 00 + 0620
which is the desired result. u

If thq contact form 6 involved in the definition of CR normal coordinates writes as
0 = e2v0, setting

(B.2) ¢ =e€" P,

and by the covariance property of the conformal sub-Laplacian, one has that

B3) GOAdI =g dndd, GLP30nd0 = G3LG O ndb, Ly=LP.
These imply the invariance

Jss P2 Ls@ 0 AdD [ L) 326 ndb
(fgs §2O A dOV2  ([g3 ¢ 6 AdO)2

O (@r) =

We then get the following consequence of Lemma B.1, concerning the differential of Q)
at @,.
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Corollary B.2. There exists a constant C > 0 such that, for all s small and A large, one
has the inequality |d Q ) (@) [v]| < ,%”UHGLZ for every v € G12(S3).

Proof. By direct computation, for v € G@12(S?), one has

2 ~ o

Q@] = ————— [ / 540 7 db) Ly,

(B4) (IS3 (pi 6 A d9)3/2 S3 [( S3 )

—</ @ALs@é/\dé)(ﬁf]véAdé.
S3

From (B.3) and Lemma B.1, it follows that
/ @Ls@20 AN dO
S3
=2 [ 16 nd0+ [ 150G +32 007 + 5 (0(p*) + 12 O] 6 A do.
s3 s3
Using a change of variable, it is possible then to show
/ ¢30ndO = —/ G LGy 0 AdO + O(A72).
S3 S3

Therefore, inserting the latter estimate and the result of Lemma B.1 into (B.4), we find
that

140 (@] < /S 73 [0(0?) + 0A72) + 35 (0(p*) + 220(%))] [v] 6 A d6.

Applying Holder’s inequality, we get that
_ _ . 3/4 . 3/4
400 @bl = [0 + ([ a1 06") "+ ([ 6 06
S3 S3
. 3/4
w2 [ a2 06h) " Jivle.

where all integrals are computed with respect to the volume form 6 A d6. By the expres-
sion of ¢y, all terms are integrable and of order A~2, which concludes the proof. |

B.2. Expansion of the CR Sobolev quotient

We expand next the CR Sobolev quotient O 5y on the approximate solutions ¢ in (B.2),
obtaining the following result.

Lemma B.3. Let ¢y, be defined in (B.1). Then for A large, one has the expansion

? 1
Q) (@) = 47 + 487 % (1 + og(1)) + 0(,1_3)-
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Proof. We use (B.3), Lemma B.1 and integrate: expanding the numerator in Q ), we find
that

/ G L350 Ado
S3
3 o, © o
:2/ ¢i‘0Ad@——A/ 1212 (4 + A%|z[P) p? 9§ O A dB
S3 2 H!
4 / o (02 %) + 0(0™) 0 A d6 + / $5(0(p%) + O(A2 7)) 6 A df,
S3 S3

where
° A

¥y = . (z,1) e H'.
(1+A2|z[2 4+ 324 (|z|* + 12)1/2

For the first term, which also appears in the above expression, we Taylor-expand G as

- 2+ 4p%\2 1
G = (p—z) = 104(1 — Ap*) + 0(p®).

Therefore, ¢, expands as

A
(142222 + 0(p%) + A4 [p* (1 — 4p2) + 0(p®)])'/*

v

1 A,OGA“ p12 8 °
=(1+_ o L iaa " ( 442))‘“
8 1+A2|z]2 4+ A% (I +A4p%)

1238

o 1 612 °3 o
=@+ Ap’A ¢x+0<m)¢’x-

8

Taylor-expanding the integral of the fourth power of ¢, and using a change of variable we
get that

o o o 1 o o o
/@;‘eAde:/ <pjeAd9+—Ax2/ % @S O AdO + O(1/2%).
S3 H! 2 H!

Hence, using the fact that [, (?th 5 Ad 5 is independent of A, O (5)(¢1) becomes

o

2( S é‘*ﬁ OAdO+ AN [ p50S O AdB) — 34 [ |22 24 + A2|2?) ¢S 0 A d B

(Jin <Z4ﬁ(3 AdO+LAN2 [, 558 6 A dB)

+ 0(1/4%).
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We can expand the denominator in the latter expression as

(/ IQAd9+ A)LZ/ pme/\de)

o 1/2 _AAZ 9/\d9 o o —1/2
:</ 9450 nab) (1+ fin 795 9/\d9)
Hl

1/2

fH1<p19/\d9

o o

1/2 1 SO AdO
=(/ Ppbrdb) (1—1A12W—{JAO)+0(1/A3),
fH1§01 do

which gives
_ 1/2 o, o .o
Q(s)(w)=(/ 4[9/\419) [2/]}Hl<p:‘/59/\d9
1 o, © o 1
+§A)&2/ p %eAde_-A/l|z|2p2(4+12|z|2)¢?9Ad9]+0(F),

equivalent to

B 1/2
B5) 04 (@) = (/H f9/\d9) [2/Hl go[emze

1 o, © o 1
- A/ (lz2 (4 + A2)z]2) — A2 p*) p2 ¢S 6 A de] + 0(—).
2 H! A3

The computation on page 177 in [19] (where 6, in their notation, equals 2@) shows
that (;):‘/5 is the scaling factor for the volume of the Cayley map. Recalling that 6 Adbis

twice the (induced) Euclidean volume on S$3, this implies

B.6 Oadd=| 6rndd=an

( ) / f /S3 s

We now make the following change of variables: Az > 2z , A2t > 2¢/, and notice that
o A V2
pu(z.1) = — = —=9 5. 1).

V2 (A+1ZPP+ )7 f

In this way, we have

[H] Blz12 (4 + A2 |z]%) — 22 p*) p? 9§ 0 A dB(z,1)
4

=2 /Hl GlZPQ+1217) = (") (1) ¢S5 0 AdO( 1.
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One checks by direct computations that the primitive with respect to ¢ of the integrand is
3(121° + 812/1* + 191/ +8)|2'|°
2(12'1 + D2 2|22 + 1)3/2
% log (r2(|z’|4+4|z’|2+2)—2r<|z’|2+ DV2AZPHT VTP + (2 2+ 1)2|z/|4>

FEE+ (7R
(AT
(7B + DA CIZE+ D@+ (F + D22
X (12(3|Z/|8+4|Z/|6—17|Z/|4—4|Z/|2—|-2)+(|Z/|3+|Z/|)2(3|Z/|6—8|Z/|4—55|Z/|2—24)).

As a consequence, we deduce that

n2 N2y _ 4 "2 °6
LGP @+ P = ) (0 d
_3(|+'16 /|4 "2 6 |2'[4 =2 (/212/2+1-2) |z/[P~2 4/2]z'|2+1+2 )
3P +8IZT+ 19117 + 8) |21 log(\z/\4+2(¢z\z/\2+1+2)\z/\2+2(\/2|z/|2+1+1)
2(1z'7 + D3 212/ |2 + 1)3/2
42+ 1) V21272 + 132/ + 4121 = 17|2'|* — 4]2/|> + 2)
2(1z2 + 1)° 2]/ + 1)3/2

Multiplying this quantity by 27 |z’|, its primitive with respect to |z’| is

3 (22 +2) |28 log (EE2G2EPHIDIER 2V AE AL )
21442 (/2 12/ 2+ 14+2) |2/ [2+2 (/2 ]2/ 2+ 1+1)

2(|1212 + D* 21212 + 1
4 2|12 + 1(]2']° + 6|'|* + 6|2/ + 1)
2(12’12 + D* /212’12 + 1

whose difference between the values |z'| — +o00 and |z’| = 0 is 8. Therefore, recalling

that the volume form 5 Ad 5 is four times the Euclidean one, we obtain that
/ GlzP(4 + 22|z2) — 22 p*) p2 S 6 A db = 3271
Hl

Recalling (B.6) and the fact that A = —% 52(1 + o,(1)), from (4.16) and (B.5) we deduce
that

00 (@) =41 =24 21 40,1 + 0(55) = 47+ 2L 21 + 0,1 + 0 (5 ).

A2 A3 A2 A3

This concludes the proof. ]

B.3. Conclusion

We can use the observation in Remark 5.3, to perform the contraction argument in Pro-
position 5.2 starting from ¢, instead of from ¢, only. Given the improved accuracy in
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Lemma 5.5, the contraction can be performed in a ball of radius O(1/A2?) in G12(S3),
yielding a corresponding correction W, of that order. By Lemma 5.5 and the smoothness
of Qs), we then have, similarly to Subsection A.3,

2 - o v o 1
Q) (@ + W2) = Q(5)(@2) + O Wal*) = Qs)($2) + O(F).
By uniqueness of the fixed point, it must be ¢, + W) = @) + wy, so from Lemma B.3
we get that
2 1

(14 05(1) + O(F).

N

(B.7) Os)(pr +wy) =4m + 487 P

Notice that
Q) (pr +wy) = Qo)(pa) = 4m,

and therefore the term O(1/A3%) appearing in (B.7) is identically zero for s = 0, even
and smooth in s. It therefore must be of the form O(s%/A%). Hence the statement of the
proposition holds true.
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