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Carleson perturbations for the regularity problem

Zanbing Dai, Joseph Feneuil and Svitlana Mayboroda

Abstract. We prove that the solvability of the regularity problem in L9 (3<2) is sta-
ble under Carleson perturbations. If the perturbation is small, then the solvability is
preserved in the same L7, and if the perturbation is large, the regularity problem is
solvable in L™ for some other r € (1, 00). We extend an earlier result from Kenig
and Pipher to very general unbounded domains, possibly with lower dimensional
boundaries as in the theory developed by Guy David and the last two authors. To be
precise, we only need the domain to have non-tangential access to its Ahlfors regular
boundary, together with a notion of gradient on the boundary.

1. Introduction

1.1. History and motivation

In the last 40 years, and even more in the last 10 years, there have been impressive devel-
opments at the intersection of harmonic analysis, elliptic PDEs, and geometric measure
theory. Their main goal is to understand as much as possible the interaction between geom-
etry of (the boundary of) a domain and bounds on solutions of boundary value problems.

The first important result beyond the complex plane is due to Dahlberg in [13, 14],
and it states that the Dirichlet problem is solvable in L? whenever the domain is Lips-
chitz. Since then, considerable efforts have been devoted to weakening the conditions on
domains €2 and theirs boundaries, and to replacing the harmonic functions (that are solu-
tions to —Au = 0) by solutions of elliptic operators in the form L = —div AV. These
two directions are not independent from each other, because with the help of changes of
variables, we can make 02 smoother, and the price to pay is rougher coefficients for the
matrix A.

As far as the Dirichlet boundary value problem is concerned, mathematicians in the
area have a pretty clear picture. When the operator is the Laplacian, the solvability of
the Dirichlet problem in L? for some large p € (1, c0) is equivalent to the fact that the
boundary of the domain d<2 is uniformly rectifiable of dimension n — 1 (see [23,24] for the
definition) and the domain has sufficient access to the boundary. A non-exhaustive list of
works that helped to arrive to this conclusion includes [4,5,21,43,57]. One cannot replace
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the Laplacian by a general uniformly elliptic operator and still preserve the L”-solvability
of the Dirichlet problem (see [7, 54]). The uniformly elliptic operators L = —div AV
that preserve the L7 solvability of the Dirichlet problem fall into two classes. The first
one is the ¢-independent operators (see for instance [42,45,47]), and the second one is
related to Carleson measures, either via perturbations (e.g., [15,32-34], and more recently,
for domains satisfying the capacity condition, [1, 8]), or via the oscillations of A (also
known as Dahlberg—Kenig—Pipher operators, see [28,51]). Many of the results have been
extended to complex valued elliptic operators and elliptic systems ([26,29,30,41]). For an
interested reader, who is new to this area, a nice and detailed discussion on those topics
can be found in the introduction of [37].

A natural question to ask is whether those results for the Dirichlet boundary value
problem have analogues for other boundary value problems, such as the Neumann problem
and the regularity problem. However, those problems appear to be considerably more
complicated; some results are shown in [2,3,31,41,46,49, 50, 60], but they do not go as
far as one would expect, for instance they do not go beyond Lipschitz domains.

In the recent impressive breakthrough [56], Mourgoglou and Tolsa have shown the
solvability of the regularity problem in some Sobolev spaces for the Laplacian on open
bounded domains satisfying the corkscrew condition and with uniformly rectifiable bound-
aries. The key point is the use of an alternative to the classical boundary Sobolev space
(called the Hajtasz—Sobolev spaces) to bypass the lack of connectedness of the bound-
ary of the domains. The importance of the Hajtasz—Sobolev spaces is supported by a
counterexample from the authors, that shows that the result is false when one uses the
classical Sobolev spaces. Mourgoglou and Tolsa complete their article by giving addi-
tional geometric conditions (that we interpret as connectedness on the boundary —like
the validity of a Poincaré inequality on boundary balls) for which the classical Sobolev
spaces and the Hajtasz—Sobolev spaces are the same, which ultimately give the existence
of some non-Lipschitz domains where the regularity problem is solvable for the Lapla-
cian in the classical Sobolev spaces. After the submission of our article, the two new
manuscripts [25] and [55] successfully extended the solvability of the regularity problem
to all the Dahlberg—Kenig—Pipher operators, hence generalizing some results from [31]
and [56].

In our article, we look at the stability of the regularity problem under Carleson per-
turbations [50] on a ball, and we prove that we can extend it in several directions: first
we consider operators which are not necessarily symmetric; second, we extend the geo-
metric setting to uniform domains (which are domains with non-tangential access and
Ahlfors regular boundaries, using as Mourgoglou and Tolsa the Hajlasz—Sobolev spaces);
and third, we allow low dimensional boundaries, which were studied for the Dirichlet
problem by Guy David, Zihui Zhao, Bruno Poggi, and the two last authors (see [18-20,
22,35-37,52,53]). Combined with another paper under preparation ([16]), we ultimately
prove the solvability of the regularity problem on the complement of a Lipschitz graph of
lower dimension.

The purpose of this article is to adapt the method used by Kenig and Pipher in [50] to
a more general setting, by relying on the elliptic theory developed in [22].
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1.2. Introduction to the setting

The aim of this subsection is to introduce results from [19] and [20] and to give basic
definitions adapted to the setting at hand.

As mentioned in the previous subsection, we understand now that we can character-
ize the uniformly rectifiable sets I' C R” of dimension n — 1 via some bounds on the
oscillations of the bounded harmonic functions on €2 (or the solvability of the Dirich-
let problem), where I' = 92 and 2 has enough access to its boundary. Guy David and
the two last authors launched a program to extend this characterization of uniform rec-
tifiability to uniformly rectifiable sets of lower dimension d < n — 2. In this case, the
domain 2 = R” \ T has plenty of access to its boundary (see Proposition 2.4). However,
a bounded harmonic function in €2 is also a bounded harmonic function in R”, and thus
does not “see” the boundary I'. For that reason, the authors developed in [19] an elliptic
theory that is adapted to low-dimensional boundaries by using some operators whose coef-
ficients are elliptic and bounded with respect to a weight. Let us give a quick presentation
of this theory.

Consider a domain 2 C R” whose boundary is d -dimensional Ahlfors regular, that is,
there exist a measure ¢ supported on 2 and C, > such that

(1.1) C;lrd <o(A(x,r)) < Cyr? forxedQ,r>0,

where A(x,r) := B(x,r) N 0N is a boundary ball. If (1.1) holds for some measure ¢, then
it works also with ¢’ := J(“gg, the d-dimensional Hausdorff on d€2. The incoming results
would also be true for bounded domains when we ask (1.1) only when r < diam(£2), but
the proof would require splitting cases (even though the two cases are fairly similar) and
we do not tackle it here.

Observe that when d < n — 1, we necessarily have that Q2 =R” \ €2, and the domain
automatically has access to its boundary (see Proposition 2.4). When d > n — 1, we
assume that €2 satisfies the interior corkscrew point condition and the interior Harnack
chain condition (see Definitions 2.1 and 2.2), which means that 2 is 1-sided NTA and
hence uniform.

Consider a class of operators £ = —div AV on 2, where the coefficients are elliptic
and bounded with respect to the weight w(X) := dist(X, 9Q2)¢ 17", To be more precise,
we assume that there exists A > 0 such that

(12) AEPw(X) = AX)E-§ and JAX)E-¢ <A 'w(X)IENIE], §.¢eR", X eQ.

If we write # for the rescaled matrix w1 A4, then the operators that we consider are in the
form £ := —div[wAV], where # satisfies the classical elliptic condition

(13) AP = AX)E-§ and |AX)E-Cl<AT'EL]L £CeR™ X Q.

A weak solution to Lu = 0 lies in Wl’z(Q) and satisfies

loc
/ AVu-Vodm =0 forp e C5°(R),
Q

where dm(Y) = w(Y)dY.
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The weak solutions to £Lu = 0 satisfy De Giorgi—Nash—Moser estimates (interior and
at the boundary). We can also construct a Green function for £, an elliptic measure on 9<2,
and derive the comparison principle, also known as CFMS estimates. The full elliptic
theory is presented in Subsections 2.3 to 2.6.

There are two fairly standard ways to construct weak solutions. The first one is using
the Lax—Milgram theorem in an appropriate weighted Sobolev space (see Lemma 2.8).
The second one, that will be the one used in the present article, is via the elliptic measure,
which is a collection of probability measures {w¥ }xeq such that, for every compactly
supported continuous function f on d€2, the function defined as

(1.4) up(X) = /BQ F(x)doX (x)

belongs to C%(2), and is a weak solution to £u = 0, and satisfies u = f on 9. Note
that (1.4) will be used to provide a formal solution to

Lu=0 inQ,
u=f ondQ.
We are ready to introduce the Dirichlet boundary value problem.

Definition 1.1 (Dirichlet problem). The Dirichlet problem is solvable in L? if there exists
C > 0 such that for every f € C.(9%2), the solution uy constructed by (1.4) satisfies

(1.5) INwA)llLro2,.0) < ClfllLro2.0),
where N is the non-tangential maximal function defined as

(1.6) N(@)(x) := sup |v]
y(x)

and y(x) :={X € Q, | X — x| < 28(X)} is a cone with vertex at x € 2.

In Definition 1.1, the data f lies in C.(df2) instead of L?(3€2, o), so that we have a
way to construct u s a priori using the harmonic measure. Once we know that (1.5) holds
forany f € C.(352), we can construct a posteriori the solutions uy forany f € L?(02,0)
by density, and those solutions will satisfy (1.4) and (1.5).

1.3. Main results

We shall use §(X) for dist(X, 9S2), w(X) for §(X)4 1", dm(X) for §(X)?+t1~"dX,
and By for B(X,8(X)/4). In this section, we consider two elliptic operators £¢ and £ in
the form £; = —div[we; V], where #; is real, not necessarily symmetric, and uniformly
elliptic (1.3).

We define the disagreement between 4o and 4 as:

(1.7) a(X) = sup 18(Y)], E(Y) = so(Y) — A (Y).
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Assume that §(X)?™"|a(X)|2dX is a Carleson measure, that is, there exists M > 0 such
that

dX
(1.8) / la(X)? ——— < Mr? forx €dQ,r>0.
B(x,r)NQ S(X)n—

The stability of the solvability of the Dirichlet problem under Carleson perturbations
was established in [34] (when 2 is a ball), [9] and [10] (when €2 is a uniform domain
in with n — 1-dimensional boundary), [1] and [8] (for domains satistying the capacity
condition), [52] (when €2 is uniform with lower dimensional boundary), and [37] (1-sided
NTA domains and enough basic bounds on the harmonic measure, a setting that includes
all the previous ones and more). These results are as follows:

Theorem 1.2 ([10,34,37,52]). Let Q2 be a uniform domain, and let £y and £, be two
elliptic operators whose coefficients are real, not necessarily symmetric, and uniformly
elliptic in the sense (1.3). Assume that the Dirichlet problem for the operator £y is solv-
able in LP° (see Definition 1.1). If the disagreement (1.7) satisfies the Carleson measure
condition (1.8), then there exists p1 € (1, 00) such that the Dirichlet problem for £ is
solvable in LP'.

Moreover, there exists eg > 0 (that depends on py and £¢) such that if the Carleson
norm M in (1.8) is smaller than &, then the Dirichlet problem for £ is solvable in the
same LPO.

We know that if the Dirichlet problem is solvable in L?, then it is solvable in L" for
all r € (p, o0). In this sense, p; is a priori larger than pgy. The second part of the theorem
says that if the disagreement is small enough, then we can preserve the solvability of the
Dirichlet problem in the same L?° space.

Our main theorem addresses this type of perturbations for the regularity problem. The
only forerunner in this case is [50]. However, contrary to [50], here we treat domains
with rough and/or low dimensional boundaries, and operators whose coefficients are not
necessarily symmetric. Let us state exactly what we prove.

Theorem 1.3. Let Q be a uniform domain (see Definition 2.3), and let £ and £ be two
elliptic operators whose coefficients are real, not necessarily symmetric, and uniformly
elliptic in the sense (1.3). Assume that the Dirichlet problem for the adjoint operator £7
is solvable in LY (see Definition 1.1).

If the disagreement (1.7) satisfies the Carleson measure condition (1.8), then for any
J € Cc(3R2), the two solutions ug 5 and uy, r to Louo, f =0and L1uy, f =0 constructed
by (1.4) satisfy

(1.9) IN (Vur £)lLa@e.o) < CM|IN (Vi £)lLa@e.0)-

where N is the averaged non-tangential maximal function defined as

~ 1/2
(1.10) N@)(x) := sup (f |v|2dX)
Xey(x) “JBx
The two quantities in (1.9) can be infinite, but the left-hand side has to be finite as soon as
the right-hand side is finite. The constant C > 0 depends only on n, the uniform constants
of R, the ellipticity constant A, the parameter ¢, and the constant in (1.5).
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The above theorem assumes the solvability of the Dirichlet problem for £7. It is not
very surprising, because it can be seen as a partial converse of Theorem 1.5 below. That
is, if the Dirichlet problem for £7 is solvable in Lq/, and if £ satisfies extra conditions,
then the regularity problem for &£ is solvable in L4.

We wanted to state the above theorem independently of the notion of regularity prob-
lem. We remark that it can also be used for the Neumann problem, although not directly,
and we leave this question for a future article.

We turn now to the definition of the regularity problem, which is long overdue.

1.4. The regularity problem

Informally speaking, the regularity problem in L4 reduces to a bound on || N (Vu lLeoo)
in terms of the tangential derivatives of s on the boundary (i.e., in terms of the derivatives
of £).If 3Q = R¥ is a plane, then we want to show that

(1.11) IN (Vup)llLa@ay < ClIVra £l Laays

where here V. is the classical gradient in R4. Similarly, on a more complicated bound-
ary, the regularity problem would correspond to the estimate

(1.12) IN (Vus)le@e.o) < CliVaa.qfllLa@g.0),

where Vjq 4 is a notion of (tangential) gradient that may depend on 92 and ¢. If 0Q2 =T’
is the graph of a Lipschitz function, then we can extend the notion of gradient from R¢
to T, for instance by finding a bi-Lipschitz map p: I' — R and define

Vr f(x) := Vga[f oplop '(x) foralmostevery x € IS2.

On the other hand, let us take 92 := P; U P, to be the union of two low dimensional
planes that do not intersect (and then 2 = R” \ 9€2). We have a well-defined gradient
Vp,up, on Q2 (because we have a gradient on planes), and we also have elliptic opera-
tors and solutions thanks to the elliptic theory from [19]. However, since P; U P is not
connected, Vp,up, f = 0 does not necessarily imply that f is constant on P; U P,, and
thus we can never have

(1.13) IN(Vug)llzapurs < ClIVE,UP, f lLacp,upy)-

Recall that Theorem 1.3 only requires €2 to be uniform, and so nothing can stop 2 from
being very rough (even purely unrectifiable) and not connected. So if we do not want to
lose too much from Theorem 1.3, we would prefer a notion of gradient that exists for any
set, and for any function obtained by restricting the ones from C5°(R") to 9<2.

Fortunately for us, Lipschitz functions exist on every metric space, and a notion of
gradient was derived from it. For a Borel function f: 02 — R, we say that a non-negative
Borel function g is a generalized gradient of f if

(1.14) | f(x) = fOD)I =< Ix —y[(g(x) + g(y)) foro-ae. x,y € Q.



Carleson perturbations for the regularity problem 2125

The collection of all generalized gradients is denoted by D(f). Then for any p > 1, the
space WP (32, o) is the space of Borel functions that have a generalized gradient in L?,
and we equip it with the semi-norm

(1.15) ||f||W1,P(8Q,0') = geilf)lff) gl 2,0

Hajtasz introduced those spaces in [39], that is why they are often called Hajtasz—Sobolev
spaces. We refer an interested reader to [40] for more information on Sobolev spaces on
general metric spaces.

It should not a big surprise to bring up Hajtasz—Sobolev spaces here, since they have
already been used to study boundary values problems in [44] and recently in [56]. In
the latter article, the authors proved that in bounded domains with (n — 1)-dimensional
uniformly rectifiable boundaries, the solvability in L? of the Dirichlet problem for the
Laplacian is equivalent to the solvability of the regularity problem, defined below with the
Hajtasz—Sobolev space.

Note that any function f which lies in a Hajtasz—Sobolev space supports a Poincaré
inequality, that is, for any p € [1, oo] and for any boundary ball A = A(x, r), we have

1.16 — <C inf ,
(1.16) If = fallLra,o) < pr ot lgllLra,o
where
fa = f fdo.
A

The proof of this fact is immediate. Indeed, if g € D(f'), we have
fir=nlras < § {150 - s dot dow)
A AJA
< f ][ |x = 7 (g(x) + g(»))? do(x)do(y)
AJA

<G fA g(x)? fA x = y[P do(y) do(x) < Cpr? J[A ¢(0)? do(x).

where we used the symmetry of the roles of x and y between the first and the second line.

Definition 1.4 (Regularity problem). The regularity problem is solvable in L7 if there
exists C > 0 such that for every compactly supported Lipschitz function f, the solution u ¢
constructed by (1.4) satisfies

(1.17) IN(Vup)llroe.0) < CIS i @g.o)

wherg WL (092, 0) is the Hajtasz—Sobolev space defined above, and the maximal func-
tion N is defined in (1.10).

The regularity problem targets the question whether the oscillations of u can be con-
trolled by the oscillations of its trace, in a similar way that in the Dirichlet problem,
u is controlled by its trace. We replace N by N because, contrary to uy which lies in
L (€2) thanks to the Moser estimate (2.7), we can only be certain of the fact that Vs
lies in L ().
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It would be reassuring to know that the Hajtasz—Sobolev spaces are the classical
Sobolev spaces in the basic settings, which is not obvious at first glance. We have indeed:

when 0€2 is a plane or the graph of a Lipschitz function,

1.1 .
(1.18) WLP(dQ,0) is the classical homogeneous Sobolev space.

The proof of the equivalence' is a consequence of Lemma 6.5 in [56].

Note also that the Hajtasz—Sobolev spaces contain the compactly supported Lipschitz
functions, so they cannot be too small. Besides, we have the following duality result
between regularity and Dirichlet problems, proven in the appendix.

Theorem 1.5. Let Q2 be a uniform domain, and let £ = — divwAV] be an elliptic oper-
ator whose coefficients satisfy (1.3).

If the regularity problem (defined with the Hajlasz—Sobolev spaces) for £ is solvable
in L9 for some q € (1,00), then the Dirichlet problem for the adjoint £* is solvable in LY ,
where 1/q + 1/q" = 1.

The combination of Theorems 1.2, 1.3, and 1.5 gives the following corollary.

Corollary 1.6. Let Q2 be a uniform domain, and let £o and £, be two elliptic operators
whose coefficients are uniformly elliptic in the sense of (1.3). Assume that the disagree-
ment (1.7) satisfies the Carleson measure condition (1.8). Then the following holds.

(1) If there exists qo € (1, 00) such that the regularity problem for the operator L
is solvable in L1 for any q € (1, qo], then there exists q1 € (1, 00) such that the
regularity problem for £ is solvable in L4 for any q € (1, q1].

(2) If there exists qo € (1, 00) such that the regularity problem for the operator £ is
solvable in L9°, and if the Carleson norm M in (1.8) is smaller than ¢y (depending
only on qo and L), then the regularity problem for £ is solvable in the same L9°.

Remark 1.7. When the boundary is smooth (flat or Lipschitz), then the Hajtasz—Sobolev
spaces and the regular Sobolev spaces are the same (1.18), and the solvability of the regu-
larity problem for an operator £ in L¢ immediately implies the solvability of the regularity
problem in L7, p € (1, q]. The proof of this result is the same as that of Theorem 5.2
in [49] (see also [27]), which treats the case of bounded domains with smooth boundary.

However, the proof cannot be directly adapted to our context, because the proof relies
on the properties of Hardy—Sobolev spaces on the boundary, which are not constructed yet
in our setting that uses the generalized gradient.

Proof of Corollary 1.6. Let f € C.(R") and let ug s and u; s be the two solutions to
Louo,r = 0and £1u;,r = 0 constructed by (1.4). Theorem 1.5 shows that the Dirichlet

problem for £ is solvable in L%, and then Theorem 1.2 implies that the Dirichlet prob-

lem for £7 is solvable in L% for some g7 € [qq, 00). Theorem 1.3 further provides the
estimate

(1.19) IN(Vuy £)llLa ¢ge.0) < CIN (Vi Lo (99.0)»
where 1/g1 + 1/q; = 1.

!'The equivalence is established in a much more general situation, involving uniformly rectifiable sets and
Poincaré inequalities.
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Since ¢} > g, we have go < ¢; and hence the regularity problem for £ is solvable
in L9, that is,

(1.20) IN (Vo ) e 92.0) < CIV S |91 (92.0)-

We combine (1.19) and (1.20) to get that ||]V(Vul,f)||q1 < C||V f|lg,» which concludes
the first part of the corollary.

When M is small, Theorem 1.2 says that we can take g; = ¢ (hence g1 = ¢qo) in the
above reasoning. The second part of the corollary follows. ]

1.5. Conditions on the operator implying the solvability in L? of the regularity
problem

1.5.1. Combination with [16]. In another article [16], we use the perturbation result
from the present article to show that the regularity problem is solvable in L2 for a certain
class of elliptic operators on R” \ R4, d < n — 1.

Theorem 1.8 (Theorem 1.1in[16]). Letd <n — 1 and Q@ = R" \Rd ={(x,1) € R x
R4t % 0). Assume that the operator £ = — div[|t|? '™ AV] satisfies (1.3) and is
such that the matrix 4 can be written

_ . _ °(8|\ 0
(1.21) A=B+€, with B= ( 0 bldn_d),
and
dtd
(1.22) / / (1t1|IV8| + [€]) _; <Mr? forxeR? r>o0.
B(x,r) Jlt|<r |t|n

There exists g9 > 0 depending only on n, d, and the ellipticity constant A such that if
the constant M in (1.22) is smaller than g, then the regularity problem for &£ is solvable
in L2,

Thanks to (1.18), the solvability of the regularity problem above means that for any
compactly supported Lipschitz function f on 02, the solution uy constructed by (1.4)
satisfies 5

IN(Vur)llpzmay = CIVefllL2may

where the constant C > 0 depends only on d, n, and A, and where V; is the (tangential)
gradient on R,

If the matrix € is not included, Theorem 1.8 can be seen as the higher co-dimensional
analogue of Theorem 5.1 in [31]. The perturbation theory that we developed here allows
us to add such term € to the coefficients of the operator.

The objective of the project that includes both the present article and [16] is to prove
the solvability of the regularity problem when Q and £ are like those in [18], that is,
when 2 is the complement of a Lipschitz graph of low dimension.

In domains with codimension 1 boundary, such results are classically obtained by
using a change of variables that turns the Lipschitz domain into R’} (if the domain is
unbounded) or a ball (if the domain is bounded). Such gain in regularity on the boundary
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is paid for by less regularity on the coefficients of the elliptic operators &£. In the case of
Lipschitz domains with codimension 1 boundary, the change of variable used to flatten
Lipschitz boundaries turns smooth operators like the Laplacian to operators in the form
—div BV with 8 like in (1.22), see [51]. That is, the perturbation theory is not needed in
this case.

However, the change of variable from [51] is not suitable to flatten Lipschitz graphs of
low dimension, and another change of variable is needed, like the one in [18]. This second
change of variable is almost isometric in the non-tangential direction, and the conjugate
elliptic operator will have coefficients in the form (1.21) and (1.22). Thus we can deduce
from Theorem 1.8 the solvability of the regularity problem on the complement of a small
Lipschitz graph of low dimension.

Corollary 1.9. Letd <n — 1. Let T" be the graph of a Lipschitz function ¢. Consider the
domain Q2 :=R" \ T and the operator Loy = —div Dg' TV where Dy, is the regularized
distance

Dax)i= ( [ 1x =y ased )

H is the d-dimensional Hausdorff measure, and o > 0.

There exists g9 > 0 that depends only on o and n such that if the Lipschitz constant
|V@lloo is smaller than &g, then the regularity problem for £ is solvable in L?, which
means that, for any compactly supported Lipschitz function f on 0S2, the solution uy
constructed by (1.4) satisfies

IN(Vup)llzzqy < CIVefll2qy.

where the constant C > 0 depends only on a and n, and where V; is the (tangential)
gradient on I.

Proof. We use the bi-Lipschitz change of variable p constructed in [18]. So the solvability
of the regularity problem for Ly (defined on R” \ I') in L4 is equivalent to the solvability
regularity problem in L? for an operator &£, = —div[|¢ |d+1-n A, V] (defined on R™ \ R%),
where 4, satisfies

_ (3B 0 _
Ap_(o bldn_d)+€_:8+€

and

dtd
(1.23) / / (e1IV8] + [€])? —’; < CyllVolloor? forx e R?, r>0.
B(x,r) Jjt|<r |e|"=

The corollary follows now from Theorem 1.8. ]

1.5.2. Combination with [56]. In uniform domains, Corollary 1.6 and part (a) of Corol-
lary 1.7 in [56] give’:

The results in [56] are stronger because they do not require the existence of Harnack chains inside the
domain, like we do.
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Theorem 1.10 ([56]). If Q be a bounded uniform domain with a uniformly rectifiable
boundary, then the regularity problem (defined with the Hajtasz—Sobolev spaces) for the
Laplacian is solvable in L1 for any q € (1, qo], where qo > 1 sufficiently small.

Thanks to Corollary 1.6, we know that the above result can be extended to perturba-
tions of the Laplacian as well.

1.6. Plan of the article

A brief summary of this article is as follows. In Section 2, we state the precise statement
of the assumptions on our domain, and we recall the elliptic theory that shall be needed
for the proof of Theorem 1.3. In particular, we construct the elliptic measure and we link it
to the solvability of the Dirichlet problem. In Section 3, we construct the elliptic measure
and Green function with pole at infinity, which are very convenient tools to deal with
unbounded domains. Section 4 is devoted to the proof of Theorem 1.3, where we shall
follow the strategy of [50] to our more general setting.

In the rest of the article, we shall use A < B when there exists a constant C such that
A < C B, where the dependence of C > 0 into the parameters will be either obvious from
context or recalled. We shall also write A &~ B when A < B and B < A.

2. Our assumptions and the elliptic theory

2.1. Our assumptions on the domain

In addition to the fact that the boundary 92 is d-dimensional Ahlfors regular, see (1.1),
we assume two extra hypotheses on the domain: the interior corkscrew point condition
(quantitative openness) and the interior Harnack chain condition (quantitative connected-
ness).

Definition 2.1 (Corkscrew point condition). We say that €2 satisfies the corkscrew point
condition if there exists ¢g > 0 such that, for any x € dQ2 and any r > 0, there exists
X € B(x,r) N Q such that B(X, cor) C Q.

Such a point X is called the corkscrew point associated to x and r. Sometimes, the
pair (x, r) will be given by a boundary ball A, that is, we say that X is a corkscrew point
associated to a boundary ball A if X is a corkscrew point associated to x and r where
A = A(x,r) := B(x,r) N oR.

Definition 2.2 (Harnack chain condition). We say that 2 satisfies the Harnack chain con-
dition if the following holds. For any K > 1, there exists an integer N such that for
any X,Y € Q that satisfies | X — Y| < K min{3(X), §(Y)}, there exist at most Ng balls
B1,..., By such that

(1) X € BiandY € By,
(2) 2B; e Qforl <i < Ng,
(3) BiNBjy1 #Pforl <i < Ng—1.

Definition 2.3 (Uniform domain). We say that €2 is uniform if €2 satisfies the corkscrew
point condition and the Harnack chain condition, and if 9€2 is d-Ahlfors regular.
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The constants in (1.1), Definition 2.1, and Definition 2.2 are referred as “the uniform
constants of 7.

Lemmas 11.7 and 2.1 of [19] show that:

Proposition 2.4. Letd <n—1, andlet Q = R" \ T". If I = 0Q is d -dimensional Ahlfors
regular, then Q2 is uniform.

2.2. Quantitative version of absolutely continuity

In this article, we focus on doubling measures on 9€2, which are non-negative Borel mea-
sures u that satisfy

2.1 H(R2A) < Cyuu(A) for any boundary ball A C 0Q2.

Two measures that will be considered in this paper are the Ahlfors regular (hence dou-
bling) measure o and the elliptic measure with pole at infinity @ that will be constructed
in Section 3 and is doubling according to Lemma 3.4. These two measures will be compa-
rable, more precisely, A°°-absolutely continuous with each other; the definition is given
below.

Definition 2.5 (A4,,-absolute continuity). Let v, 4 be two doubling measures on 2. We
say that p is Aeo-absolute continuous with respect to v (or € Ago(v), in short) if for
each ¢ > 0, there exists £ = £(g) > 0 such that for every surface ball A, and every Borel
set E C A, we have that

U(E)<$ - w<s.

v(A) n(A)

The A°°-absolute continuity is related to the following stronger property.

2.2)

Definition 2.6 (The reverse Holder class RH,). Let v and u be two doubling measures
on 9<2 that are absolutely continuous with respect to each other. We say that v € RHp, (1) if
there exists a constant C,, such that for every surface ball A, the Radon—-Nikodym deriva-
tive k = dv/du satisfies

1/p L v(A)
2.3) (fA |k|1’du) < C,,fAkdu =Gooay

The Ao and RH,, classes satisfy several important properties, which are recalled here.

Theorem 2.7 (Properties of Ax, measures; Theorem 1.4.13 of [48], [59]). Let u and v be
two doubling measures on 02, and let A be a surface ball. The following statements hold.

(1) If p € Axo(v), then v is absolutely continuous with respect to v on A.

(ii) The class Ax is an equivalence relationship, that is, L € Aeo(V) implies v €
Ao (W)

(iii) We have that 1 € Ao (v) if and only if there exist a constant C > 0 and 6 > 0 such
that for each surface ball A and each Borel set E C A, we have that

W(E) V(E)\?
A = C(v(A)) :
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(iv) n € Axo(v) if and only if we can find p > 1 such that . € RH, (v), ie.,
(1) = (_JRH,(v).
p>1

(v)  u € RH,(v) if and only if the uncentered Hardy—Littlewood maximal function with
the measure |, defined as

(M) () = supf \f ] d.

satisfies the estimate

IMu Sl ooy < CINfLreaw forf e L7 (39, v),
where p' is the Holder conjugate of p, thatis, 1/p + 1/p’ = 1.

2.3. The basic elliptic theory

To lighten the notations, in the rest of the article, we shall write §(X) for dist(X, 0Q2),
w(X) for §(X)4T17" dm(X) for w(X)dX, and By for B(X,§(X)/4). The measure m
is doubling, as shown in Lemma 2.3 of [19], but more importantly, m satisfies some
boundary and interior Poincaré inequalities (see Lemma 4.2 in [19] when d <n — 1,
and Theorem 7.1 in [20] for the statement in any dimension).

The correct function spaces to study our elliptic equations are the weighted Sobolev
space,

(2.4) ={ue Ll () : lulw = VullL2@.dm) < +00}

and the space of traces

@5 H={f:1fln //'ff‘i |§J(r);)|d0(x)d0(y)<oo}.

For these spaces, we can construct a bounded trace operator Tr: W — H . By trace operator
we mean that Tr(u) = u whenever u € W N C 9(Q), which is uniquely defined by the
density of W N C%(Q) in W (see Lemma 9.19 in [20]). We shall also need

={u e W, Tr(u) = 0},

which is also the completion of C§°(£2) with the norm ||.||w, and the local versions of W
defined for any open set £ C R” as

Wo(E) :={ue Ll (ENQ),oue W forallg € cg°(E)}.
Note that E is not necessarily a subset of €2, and that W,.(R") = (Q dm) & W.

We are now ready to talk about weak solutions to £u = 0. Recall that £ =—div(wAV)
for a matrix + that satisfies (1.3). Let F' C €2 be an open set. We say that u is a weak
solution of £u = f in F if u € W, (F) and for any ¢ € Cg°(F),

loc

/ AVu-Vodm = 0.
Q

We can always construct a unique weak solution via the Lax—Milgram theorem.
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Lemma 2.8 (Lemma 9.3 of [19]). Foranyh € W= := (Wy)* and f € H, there exists a
unique u € W such that Tr(u) = f and

/ AVu-Vodm = (h, @)1y, fore € W.
Q
Moreover, there exists C > 0, independent of h and f, such that

lullw = CULf & + Ihllw-1).

Let us now recall several classical results (Caccioppoli’s inequality, Moser’s estimate,
and Harnack’s inequality inside the domain) that will be useful later. Since they are interior
results, that is, where the weight w has no degeneracy, they are direct consequences of the
classical theory. The precise statements can be found in [19] and [20].

Lemma 2.9 (Interior Caccioppoli inequality and Moser estimate). Let B be a ball of
radius r > 0 such that 2B C Q, and letu € W, (2B) be a weak solution to £u = 0in 2B.
Then

(2.6) / |Vu|2dm < Cr_z/ u?dm,
B 2B
and
2.7) sup |u| < Cf |u| dm,
B 2B

where C > 0 depends on the dimensions d and n, and on the elliptic constant A.

The interior Caccioppoli inequality (and the Moser estimate) holds if we replace 2B
by @B in (2.6), and the constant C will then depend on « > 1 too. Note also that we can
very well replace a ball by a (Whitney) cube, that is, a cube I € R” for which 21 C €,
and that we can replace dm by d X, since the weight w is non-degenerated on B.

Corollary 2.10. Let B be a ball of radius r > 0 such that 4B C 2 and let u € W,(2B)
be a weak solution to £u = 0 in 2B. Then

1/2
(fwvupax)”<c f vuiax
B 2B

where C > 0 depends on the dimensions d and n, and on the elliptic constant A.

Proof. First, observe that w(X) ~ w(Y) for X, Y € 2B, that is, fy vdm ~ fp vdX
whenever v is nonnegative and E C 2B. Therefore, if u;p = f2 gl dX, then

(]i |Vu|2dX)l/2 A~ (fB IV (u —u23)|2dX>1/2 < %(ng lu —u23|2a’m>1/2

1 1
5—][ |u—u23|dm§—][ |lu —uspldX,
2B r J2B

r

where we invoke successively (2.6) and (2.7) and use the fact that we can replace 2B by
a B in those inequalities. The lemma follows then from the L!-Poincaré inequality. |
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Lemma 2.11 (Harnack inequality). Let B be a ball suchthat2B C 2, and letu € W, (2B)
be a non-negative solution to £u = 0 in 2B. Then

supu < C infu,
B B

where C > 0 depends on the dimensions d and n, and on the elliptic constant A.

We also have a version of Lemma 2.9 for a ball B centered at the boundary, and in this
case, the solution u € W, (2B) has to satisfy Tru = 0 on 2B N 3L2. In order to keep our
article short, we will not present the result explicitly, but it is worthwhile to mention the
Holder continuity of solutions at the boundary.

Lemma 2.12 (Holder continuity at the boundary; Lemmas 11.32 and 15.14 in [20]). Let
B := B(x,r) be a ball with a center x € 02 and radius r > 0, and let X be a corkscrew
point associated to (x,r/2). For any non-negative solution u € W, (B) to Lu = 0 in
B N Q such that Tru = 0 on B N 0%, there exists « > 0 such that for0 < s <r,

S\ %
sup u < C(—) u(X),
B(x,s) r

where the constants o and C depend on the dimension n, the uniform constants of 2, and
the elliptic constant A.

We shall mention quickly that weak solutions are also Holder continuous inside the
domain, and so the solutions u that satisfy the assumptions of Lemma 2.12 are Holder
continuous in B N Q.

2.4. Elliptic measure

For solutions u € W to £u = 0, we have a maximum principle that states

(2.8) supu <supTr(u) and infu > inf Tr(u),
Q 0 Q Q2

see Lemma 12.8 in [20]. The maximum principle and the Riesz representation theorem
can be used to construct a family of positive regular Borel measures w* on 92, which is
called the elliptic measure.

Proposition 2.13 (Elliptic measure, Lemmas 12.13 and 12.15 in [20]). There exists a
unique collection of Borel regular probability measures {w* }xeq on Q2 such that, for
any continuous compactly supported function f € H, the solution us constructed as

(2.9) ur(X) = /3 . F(x)dw® (x)

is the solution to £u = 0 and Truy = f given by Lemma 2.8.
Moreover, the construction (2.9) can be extended to all bounded functions on 02 and
provides a weak solution to Lu = 0.

Since the elliptic measure is a family of measures, the classical definitions of A
and RH,, should be adapted to fit the scenario of elliptic measure.
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Definition 2.14 (A, and RH,, for elliptic measure). We say that {a)X }xeq is of class Ao
with respect to the measure o, or simply {®* }xeq € Aoo(0), if for every & > 0, there exists
& = &(&) > 0 such that for any boundary ball A = A(x,r) and any £ C A, we have

o(E)

Xo
o) <& = w'%E)<e,

where X is a corkscrew point associated to A.
We say that {&* }xeq € RH,(c), for some p € (1, 00), if there exists a constant C > 1
such that for each surface ball A with corkscrew point Xy € €2, we have

(2.10) (O(IA) /A (kX0 da)”" <C- (IA) /A k%o do.

Let us recall a result from [52] showing that in higher co-dimension, the solvability of
the Dirichlet problem in L?’ is equivalent to the fact that 0¥ € RH, (o). It is an analogue
of Theorem 1.7.3 of [48].

Theorem 2.15. Let w*X be the elliptic measure associated to £, and let p, p' € (1,0) be
such that 1/ p + 1/ p’ = 1. Then, the following statements are equivalent:

(1) The Dirichlet problem is solvable in L?, that is, for each f € C.(0R2), the solu-
tion uy constructed by (2.9) satisfies
||N(u)”Lp,(aQ,g) = C”f”Lp,(aQ,o')’

where N(u) is the non-tangential maximal function —see (1.6)—, and the constant C
is independent of f.

(ii) We have that w < o and X € RH,, (0) (see Definition 2.14).

2.5. Green functions

The Green function is a function defined on €2 x € which is morally the solution to
£u = 8§y, where dy is the Dirac distribution, with zero trace. Its properties are given
below.

Theorem 2.16 (Lemma 14.60 and 14.91 in [20]). There exists a unique function G: 2 x
Q — R U {+o00} such that G(X,.) is continuous on Q \ {X}, locally integrable in 2 for
any X € Q, and such that for any f € C§°(S2), the function defined by

(2.11) ur(X) :z/G(X,Y)f(Y)dY
Q
belongs to Wy and is a solution to £u = f in the sense that
/ AVur - Vodm =/ fodm forp e W.
Q Q

Moreover,
(i) foranyY € 2,G(.,Y) e W,(R* \{Y}) and Tr[G(.,Y)] = 0.
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(i) ForY € Qand g € C§°(Q),
/ AV G(X,Y) - Vo(X)dm(X) = ¢(Y).
Q

In particular, G(.,Y) is a solution to Lu = 0in Q \ {y}.
(iii) ForeveryY € Q, G(.,Y) € WL2(Q \ By.dm), and

| 9GP dmx) = Cory.
Q\By
(v) ForY € Qandq € [1,n/(n—1)), G(..Y) € WI4(2By), and
(f IVxG(X,Y)[ dm(X))l/q < C 8(Y) .
2By

In the inequalities above, C > 0 depends on n, the uniform constants of <2, and the ellip-
ticity constant A, while C; depends on the same parameters and q.

We only provide a condensed version of Theorem 14.60 from [20]. Indeed, we also
have explicit pointwise bounds on G, but it turns out they are not useful in our article. So
we omit them here.

Lemma 2.17 (Lemma 10.101 of [19]). Let G4« be the Green function associated with
the operator £* (defined from the matrix AT). For any X,Y € Q, X # Y, we have
G(X,Y) = G«(Y, X). In particular, the function Y — G(X,Y) satisfies the estimates
given in Theorem 2.16.

‘We need a last technical lemma.

Lemma 2.18. Let X € Q and ¢ € C§°(R" \ {X}). Then

/ ATYG(X.Y) - Vo(Y) dm(Y) = — / 0() do* (7).
Q Q

Proof. Take p < 8(X)/2 such that B(X, p) N supp ¢ = @. Construct G2(., X) to be the
function in W, that satisfies

(2.12) / ATVGL(Y,X)-Vo(Y)dm(Y) = f ¢dm forp e Wy
Q B(X,p)

as given by Lemma 2.8 and which was constructed in Section 14 of [20]. As shown in
the proof of Theorem 14.60 from [20], we have that Gf” (., X) converges to G«(., X) =
G(X,.) uniformly on compact sets of Q \ {X} for a subsequence p, — 0, and by the
Caccioppoli inequality, we also have that VG4" (., X ) converges to VG4 (., X) = VG(X,.)
in L (@ \ {X}).

Let now u, be the weak solution in W to £u, = 0 in Q with Tru, = ¢ given by
Lemma 2.8 . By Proposition 2.13, we have that

/ () do* () = 1y (X).
I
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Since u, € Wy is a weak solution to £u, = 0, we have

/ATVG,‘Z(.,X)-Vgodmz/ ATVGE(, X) - V]p —u,)dm
Q Q

:f [qo—uw]dm:—f Uy dm
B(X,p) B(X,p)

by (2.12) and the fact that ¢ = 0 on B(X, p). As previously mentioned, we have the con-
vergence VG (., X)—> VG(X,.)in L2(supp ¢, dm), but we also have fB(X’p) U, dm —
u,(X) because u,, is a solution, hence is continuous. The lemma follows from taking the
convergence p — 0 in (2.13). ]

(2.13)

2.6. The comparison principle

Theorem 2.19 (Lemma 15.28 of [20]). Let x € 02 and r > 0, and let X be a corkscrew
point associated to x and r. There exists a constant C > 1 depending on n, d, the uniform
constants of 2, and the elliptic constant A such that, for Y € Q \ B(x,2r),

(2.14) C1ra71G(Y, X) < 0¥ (A(x, 1)) < Cri7'G(Y, X).

The next result in line should be the fact that the elliptic measure w* is doubling.
We need the doubling property for the elliptic measure with pole at infinity constructed
in Section 3, but we shall prove this result without going through the fact that the elliptic
measure is itself doubling.

At this point, it is time to introduce the comparison principle. There are two different
versions of it.

Lemma 2.20 (Change of poles, Lemma 15.61 of [20]). Let A := A(x, r) be a boundary
ball, and let X be a corkscrew point associated to A. If E C A is a Borel set, then for
Y € @\ B(x,2r),

¥ (E)

-1 X
2.15) Clw (E)fwy(A)

< CwX(E),

where C > 0 depends on n, the uniform constants of 2, and the ellipticity constant A.

Theorem 2.21 (Comparison principle, Lemma 15.64 of [20]). Let x € 0Q2 and r > 0 be
given, and take X a corkscrew point associated to x and r. Let u,v € W, (B(x,2r)) be
two non-negative, not identically zero, solutions of £u = £v = 0 in B(x,2r) N Q such
that Tru = Trv = 0 on A(x,2r). Forany Y € Q N B(x,r), one has

_; u(X) - u(y) <C u(X)
v(X) T u@) T v(X)’

where C > 0 depends only on n, the uniform constants of 2, and the ellipticity constant A.

The next corollary is a generalization of Corollary 6.4 of [17]. Even though Corol-
lary 6.4 in [17] is proved for a specific operator £, the proof of it can be adapted to any
uniformly elliptic operator, because it is a direct consequence of Theorem 2.21.
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Corollary 2.22 (Corollary 6.4 of [17]). Under the same assumptions on u and v as in
Theorem 2.21, forall X,Y € B(x,p) N Qand0 < p <r/4,

u(X)v() 1) < C(P)“’

u(¥) v(X) r

where a > 0 and C > 0 depend also only on n, the uniform constants of 2, and the
ellipticity constant A.

3. The Green function and elliptic measure with pole at infinity

The elliptic measure, contrary to what its name suggests, is a collection of measures. This
is pretty inconvenient: every time when we consider the elliptic measure and its properties,
we have to pick a right one from the collection. It would be way more practical to have a
single measure o that will capture the (interesting) behavior of all the measures {w* }xcq.
As we can see in (2.15), taking a pole Y further away from the boundary set £ will not
really matter, as long as we rescale accordingly. For bounded domains €2, it suffices to pick
a pole Xq which is roughly at the middle of the domain in order to have a measure w :=
X2 from which we can recover many properties that the collection {&w*X }xecq possess.
For unbounded domains, we want to morally take “Xq = 00”. This section is devoted to
the construction of the measure w®° —called the elliptic measure with pole at infinity — and
its Green counterpart G$°, which satisfies (2.14) with “Y = co”.

Definition 3.1. We say G2° and w® are the Green function and the elliptic measure with
pole at infinity’ if G € W, (R") is* a positive solution to £*G2° = 0 in Q with zero
trace, and »° satisfies

/ ATVG® .- Vodm = —/ pdw™, forg e CS°(RM).
Q Q2

Lemma 3.2 (Existence and uniqueness of G*° and w®). Let Q be a uniform domain
and let £ be an operator that satisfies (1.3). There exist a Green function and an elliptic
measure with pole at infinity, and they are both unique up to multiplication by a positive
scalar.

Proof. The proof of the following lemma is adapted from Lemma 6.5 of [17]. One key
difference is that we consider a general operator &£, which is not necessarily symmetric.

Choose a boundary point x € €2 (the choice is not important). Pick X¢ € B(x,1) N Q
a corkscrew point associated to x and 1, and then for i > 1, pick X; € Q \ B(x, 2i) to be
a corkscrew point for x and C2'. Fori > 1, we define GL(X) := G(X;, X)/G(X;, Xo),
where G (., X) is the Green function of £. Thanks to Harnack’s inequality (Lemma 2.11),
G(Xi, X1) > 0fori > 1. So G'(X) is well defined.

3If we want to be accurate, the elliptic measure with pole at infinity is for £ while the Green function with
pole at infinity is for its adjoint £*. Indeed, we want to take ¥ = oo in G(Y, X) = G« (X, Y), that is, when the
pole of the Green function associated to £* is co.

W, (R7) is the set W22 (R, dm).
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First, we show the existence of the Green function with pole at infinity. Let B; :=
B(x,27). Observe that for j < i, one has X; ¢ 2B, , so in particular G% is a solution
in 2B; N Q and hence is Holder continuous on B; N  (see Lemma 2.12). Using the
Holder continuity, the Harnack inequality (Lemma 2.11), the existence of Harnack chains
(by assumption on the domain), and the fact that G%(X,) = 1 for all i, we also deduce
that the G are uniformly bounded on B i M Q. Thus, the sequence {Gl}is j s uniformly

bounded and uniformly equicontinuous (follows from the Holder continuity), and by the
Arzela-Ascoli theorem, there exists a subsequence {Gi"} that converges uniformly on
B; N 2. By a diagonal process, we conclude that G, converges uniformly on all compact
sets of €2 to a non-negative continuous function GZ°(X) satisfying G°(Xp) = 1.

Using the boundary Caccioppoli inequality (see Lemma 11.15 in [20], analogous of
Lemma 2.9 but at the boundary), we can see that VG is a Cauchy sequence in L?(K)
for all compact set K € €2, and thus VG;" converges to a function V € L2 (S_Z, dm).

. loc
Since VG, converges to both VG2 and V in the sense of distributions, we deduce that
VG =V, hence G € W,.(R").
From the previous paragraph, VG, converges strongly (hence weakly) to VG in
Lﬁ)C(Q), so we easily have

(3.1 / ATVG® - Vodm = — lim [ ATVGL.-Veodm =0
Q 1—>00 Q

whenever ¢ € C§°(2) and i large enough so that X; is outside of supp ¢. We deduce
that GZ° is a weak solution to £*G2° = 0. We can now invoke the Harnack inequality
(together with the existence of Harnack chains and the fact that GJ°(Xp) = 1) to obtain
that Gg° is positive in 2.

We claim that G is the unique positive solution to the operator £* with zero trace
(up to a positive scalar multiplication). Take another weak solution v € W(R") to £*v =0
in  with zero trace and v(Xo) = 1. Applying Corollary 2.22 with Y = Xy, one has

G X) 1‘ < C(p)“

v(X) r

3.2) ‘ .

whenever X € Q, B(x, p) > X, and r > 4p. There is no limitation to take p/r as small as
we want, hence (3.2) implies that G2° = v. The uniqueness also proves that, in the Arzela—
Ascoli theorem, G is the only adherent point of the relatively compact sequence {G.}.
So we actually have that

(3.3)

i G(X,', ) 00 . Ie) 3 n

= m converges to G2° uniformly on compact subsets of 2 and in W, (R").

i» X0
Now, we deal with the elliptic measure @ with pole at infinity. Let us set o' =
wXi /G(X;, Xo). Theorem 2.19 entails, fori > j, that wXi (B; N9Q) <2/¥@-DVG(X;, X7),
hence ‘ . _
o' (B; N9Q) < C2/VGL(X;)) < C,

because G converges to G2 uniformly on compacts. Thus, there exists a measure ©>
such that a subsequence w'" converges weakly-* to ®*°. Lemma 2.18, the convergence



Carleson perturbations for the regularity problem 2139

of VGL to VG in L%(Q, dm), and w™ X 0™ all together imply that

(3.4) / ATVG® .- Vodm = —/ pdw™.
Q Q

The uniqueness of @ follows from the uniqueness of G* and (3.4). Moreover, the
uniqueness also shows the convergence of @’ (instead of a subsequence), that is,

(3.5) o > »® and o (E) > w™(E) forany Borel set E C 092.
The lemma follows. ]

The Green function and elliptic measure with pole at infinity satisfy the following
CFMS-type estimates (see [0]).

Lemma 3.3. Let X € Q be a corkscrew point associated to a boundary ball Ay :=
A(x,r). Then

C1ra71G62(X) < 0®(Ax) < Cri ' GX(X).
If moreover E C Ay is a Borel set, then

M < Ca)X(E),

1 Xy <
€ b= w®(Ax)

At last, when Y € Q \ B(x,2r), we have

@ <CG(, X).

-1
CTOX) = s <

In each case, C > 0 depends only on n, the uniform constants of €2, and the elliptic
constant A.

Proof. Thanks to the convergences (3.3) and (3.5), the first two results follow directly
from the estimates of Theorems 2.19 and 2.20 respectively. The third one is an easy con-
sequence of Theorem 2.19 and the first two estimates. ]

Let us show now that the elliptic measure with pole at infinity is doubling.

Lemma 3.4 (Doubling property of w®). There exists C > 0 depending only on n, the
uniform constants of 2, and the elliptic constant A, such that

w*®(2A) < Co®™(A) for any boundary ball A.
Proof. By Lemma 3.3, if 74 is the radius of A, then
0®Q2A) & (2ra)? T G®(X2p) and  0™(A) & (ra)* T G (Xa).

where XA and X;a are corkscrew points for A and 2A respectively. The lemma follows
from the existence of Harnack chains (since €2 is uniform) and the Harnack inequality
(Lemma 2.11). u
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The measure w™ is convenient, because it allows to capture the A.-absolute conti-
nuity and the reverse Holder estimates for a collection of measures (see Definition 2.14)
with a single measure (Definitions 2.5 and 2.6).

Lemma 3.5. We have
{0 xeq € As(0) = ®™® € Ax(0),

and
{0¥}xcq € RH,(0) < 0™ € RH,(0).

Proof. The change of pole estimate (the second one) in Lemma 3.3, Definition 2.14, and
Theorem 2.15 easily give the results. ]

Corollary 3.6. Let 2 be a uniform domain, let o be as in (1.1), and let £ be the elliptic
operator that satisfies (1.3). Write w for the elliptic measure with pole at infinity of L.
For any fixed p € (1, 00), the following two statements are equivalent:
e the Dirichlet problem of operator £ is solvable in L?', that is, for each f € C.(dQ),
the solution uy constructed by (2.9) satisfies

INW Ly 92.0) = CIS Ly 99.0):
where C is independent of f;
* w® K 0 and ™ € RH,(0).

4. The proof of Theorem 1.3

We recall that we write §(X) for dist(X, 992), w(X) for §(X)4 17" dm(X) = w(X)dX,
and By for B(X,§(X)/4).

For the proof of Theorem 1.3, we will follow the method developed by Kenig and
Pipher in [50]. In this section, £¢ and &£ are two operators in the form — div[w; V] that
satisfy (1.3). Since we assume that the Dirichlet problem for &£7 is solvable in L9 (0), by
Corollary 3.6, the elliptic measure w7, with pole at infinity satisfies the reverse Holder
bounds

(G

The notations u and u; are reserved for solutions to £yuo = 0 and £1u; = 1 that satisfy
the same trace condition Trug = Tru; = f € C.(d2) N H. We shall use the quantity
F(X) defined as

q 1/q o (A)
d < ’
(’) =G0

for any boundary ball A.

42)  F(X)= /Q VyGi(X.Y) - E(Y)Vuo(Y) dm(Y) = uy(X) — uo(X),

where G is the Green function associated to the operator £, and & := Ay — A is the
disagreement between £o and £;. One important fact is that F' is the difference of u;
and u, that is,

4.3) u1(X) —uo(X) = F(X) foralmostevery X € Q.
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Indeed, we “morally” have that
L1(u1 —uo) = (Lo — L£1)uo = —div(w & Vuy),

and so, using the properties of the Green function and the fact that u; — u has zero trace,
u1(X) —up(X) = —/ G1(X,Y)div(w&EVug)(Y)dY
Q
= / VyGi1(X,Y) - EX)Vue(Y)w(¥)dY = F(X).
Q

The actual proof of (4.3) can be found in Lemma 3.18 from [9] (for codimension 1) and
Lemma 7.13 from [52] (for higher codimension).
We assume that the disagreement satisfies the Carleson measure condition

X
(4.4) / sup |E(Y)[? ———— < Mr? forany x € 9Q and r > 0.
B

(x,/)NQ Y By S(x)yn—d ~

The condition (4.4) is well adapted to the non-tangential maximal function N because of
the Carleson inequality

d / ~
a9 [ ([ 1emPper ) dew < MIF@)I.
y(x

which is proved as Lemma 2.1 in [11] in the case where the boundary is flat (but the proof
easily extends to our setting).
Similarly to the method found in [50], the plan of the proof is as follows:

(1) Lemma 4.1:
I8P, s/ﬂwm-ﬁ(zmz,

where 7 is constructed by duality to have the above estimate (and so depends on F
and q).

(2) Lemma 4.6:

/Q VF(Z)-7(Z)dZ < MIN(Vuo)ll S0y

where v is the solution to £]v = div h with Tr(v) = 0.
(3) Lemma 4.7 and Corollary 4.8:

IS@llg S IN@) g + IN GV g + Mo (Tl L 3,0

where My, is the Hardy-Littlewood maximal function with respect to the measure

W= a)1°°* and where T(ﬁ) is defined in (4.13) and looks a bit like a square func-
tional.
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(4) Lemma 4.10:

[N@)llg + ||ﬁ(8Vv)||qr < ||Mw(T(}_i))”L‘I/(BQ,0-)'

(5) By the property (v) of Theorem 2.7,

[ Mo (T(;l)) ||Lq’(agz,g) < IT(h) ||Lq/(agz,g)-

(6) Lemma 4.4:
IT(MWlg < 1.

(7) Ttems (1) to (6) prove that, for f € C.(dR2) N H,
(4.6) IN(VF)l|e@.0) < CIN(Vito)l|Lao2.0)-

that is, by (4.3),

4.7 IN (Vu)||za@e.0) < CIN (Vo) |La09.0)»

which is the desired result.

The constants in this section are independent of f and depend on £ and £; (and
hence on u( and u1) only via the ellipticity constant A and the reverse Holder constants ¢
and C; from (4.1). The dependence in M will only appear in Lemma 4.6 and will be
explicitly written.

4.1. Notation

We start this section by giving the definition of cones that we shall use. The basic cones
are simply y(x) :={X € Q, |X — x| < 28(X)}, but it will be also convenient for us to
use cones constructed from Whitney cubes.

So we construct a family of Whitney cubes 'W. We use the following convention: if
Q € D is adyadic cube in R”, then £(Q) denotes its diameter and

kQ :={X e R", dist(X, Q) < (x — 1)¥(Q)} fork > 1.

In particular, if Q* is the dyadic parent of Q, then Q* C 2Q. We say that the dyadic
I € D in R” belongs to ‘W if I is a maximal dyadic cube with the property that 10/ C €.
As such, a cube I € d satisfies

4.8) 10/ CQ and 201 NI # 0.

We define then y; (x) as the union of the Whitney cubes that intersect {X € @, |X — x| <
35(X)}, that is, if

Wy :={I € W, |X —x| <36(X) forone X € I},
then

4.9) ya) = |J I.

IeW,
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4.2. Duality and the function £

The first step is to use duality to write || N (VF)|4 as an integral against a function. Since
we do not know a priori that || N (V F)| 4 is finite, for the rest of the section, we choose a
compact subset K of 2 and we define the truncated (localized) function N as

~ 1/2

Ne(VF) = sup 1g(X) (][ |VF|2dY) .
Xey(x) Bx

The quantities ﬁK(VF)(x) —for x € 92 — and ||1VK(VF)||q are all finite, and this is

only a consequence of the fact that F = u; —ug € Wlic’z(Q). We shall obtain bounds

on || Nx (VF)|\4 that are independent of K, hence a bound on ||N(VF)||q thanks to the
monotone convergence theorem.

Lemma 4.1. Let g > 1 and let K € Q. There exist a compact set K' € 0R2, a bounded
vector function & € L (2, R") with ||&||oc = 1, @ non-negative function p(.,x) € L'()
with [o B(X,x)dX =1 for all x € dQ, and a non-negative function g € L9 (3S2) with
Igll e 9q) = 1 such that

4.10) Nk (VF)|Le < C / VF(Z) h(Z)dZ.
Q

where C depends only on n and A, and where h is defined as

3 ) dXx
@@= [ @D [ o oa P D £ d0 0

Remark 4.2. The function , as well as the functions g and B, depend on the compact K.
It is necessary to guarantee the a priori finiteness of all | Nx(V F)||Le, and so of all the

quantities we shall manipulate in the future. Moreover, the function /4 is compactly sup-
ported and bounded by a constant that depends on K (see Lemma 4.3), which will make

future manipulations of I easier. However, the constants in the core results of this section
(Lemlnas 4.1,4.4,4.6,4.7,4.9) shall never. depend on K, so that the bound that we obtain
on ||Nx(V F)| L« will be transmitted to | N (V F)| L.

Proof. First, recall that F is just u; — ug, see (4.3), so we can use the reverse Holder
inequality for the gradient (see Corollary 2.10) to obtain that

Ng(VF)(x) < Cp NA(VF)(x) forx € 09,

where

NA(VF) := sup 1g(X) IVF|dY.
Xey(x) 2By

Of course, this also gives that

INk(VE)lg S INg(VE)lq.
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The rest of the proof relies on duality. Since L7 (32, 0) is the dual space of L7 (32, 0)
and N 11<(V F) is non-negative, we have

”ﬁll((VF)”q: sup /NII((VF)ng'.

0§g€L‘1,
gl =1

We are able to selecta g € L4 with g > 0 and llgllgs = 1 such that
IRV Py < IFR VP, <2 [ FATP)gdon

By density, we can even take g to be continuous and compactly supported. We set K’ to
be the support of g and we obtain

18V P, 5 [ FkVF)gdo
Since L is the dual of L1, for each x € 92, we have

@12 NRHVFR)0 = swp /][ IVFIAZ) BX. ) Ly (X) dX.
”ﬂ('sx)”Ll(Q)=1 2By

It also means that we can find a function B > 0 which satisfies fg B(X,x)dX =1 forall
x € 092, and such that

|k (VF)llg < / NL(VF)gdo
KI
< /Klg(x)/K(][ZBX |VF|dZ),B(X,x) 1 (X) dX do(x)

oy TN 51000 5

the last line is due to Fubini’s theorem, since X € y(x) is equivalent to x € 2 N 8 By.
We now take @ = VF /|V F| and, by Fubini’s theorem again, we have

INk(VF)lq

< /K ( / VF(Z)-8(2) 12, (2) dZ)( /K A5 do(v) 5(;(),1

/ VE(Z). / / G(Z) Loy (Z) B(X. ) g(x) do (x)
K'N8Byx

S(X)")
= /Q VF(Z)-i(Z)dZ.

The lemma follows. [

In the previous construction, we made sure that % is nice enough, that is, bounded and
compactly supported, as shown in the next result.
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Lemma 4.3. The function h defined in (4.11) is bounded and compactly supported.

Proof. Since Z € 2By, we have §(Z)/2 < §(X) < 28(Z). Combined with |@] < 1, we
deduce

il <827 [ etdow [ porvax < ce.

So the function # is indeed bounded. .

It is also compactly supported because, in order for / to be non-zero, we need Z € 2By
with X € K. And that is possible only when Z is in a compact set that is slightly bigger
than K. |

We want now to bound the integral fQ VF - hdZ. However, as one can expect, a lot

of information is hidden in 7. Why do we use the quantity h? Because, even if h depends
on F (and K), we are able to bound it independently of F' (and K), as shown in the lemma
below. We define first 7'(h) as

(4.13) T (x) =Y 41" dsup|h|

IeWy

where ‘W, is the collection of Whitney cubes that intersect y3(x) := {x € Q, |X — x| <
38(X)} and £(7) is the side-length of I, which is equivalent to dist(/, 9€2). To build

intuition, we observe that if the supremum was replaced by a L!-average, then T(l_i) (x)

would be essentially fyd(x) |i;|dX/8(X)d, that is, the integration of |f7| over the radial
direction(s).

Lemma 4.4. We have
||T(h)||Lq/(aQ’g) < Cy,
where q is the one of Lemma 4.1 and is used to construct h.

Proof. We first remove @ from the estimate on /1, because we will not be able to do any-
thing with it, so we have

» D)= [ an@) [ Bt vgdow 5

ax
5(X) ) do(x).

— [ ([ 122 B0 )
Pick a Whitney cube / € W. Construct /* as
= {X € @, there exists Z € I suchthat Z € 2By}.

Check that /* is a Whitney region larger than 7, but still has a finite overlapping. So if
by (x) denotes fl* B(X, x)dX, we have the nice control

(4.15) D bi(x) $1 forany x € 0Q
Iew
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because, by definition, fQ B(X,x)dX =1 for any x € dQ2. We take now Z € I, in this
case, any X that satisfies Z € 2By lies in the Whitney region I*, which implies that
8(X) ~ £(I). So (4.14) becomes

sup [i1] < (1)~ / ¢ br(y) do(y).
21 aQN10371

We inject this bound in the expression of T(E) to obtain

(4.16) Th(x) < > )™ /

gy)br(y)do(y).
= aQN1037

We compute then the L4 -norm of T(fz) by duality. Let ¢ € L9(d2, o) be any non-
negative function such that ||¢|l; = 1. We claim that

@.17) /3 T 9 do(x) 5 1.

which is exactly what we need to conclude the lemma. We use the bound (4.16) and then
Fubini’s theorem to write

> —d
/a T $0) da () 5 /3 REDNT /a

g(y)br(y)do(y)do(x)
IeW, 1

QN103

< /a _80) X b0 L ) U0 /a )

¢(x)do(x)do(y).
IeWw, 1

n1o3

where the last line holds because I € W, implies x € 1000/ (we are not trying to be
optimal here). Let M, denote the Hardy—Littlewood maximal function with respect to the
d-dimensional Ahlfors measure o. Since y € 1031, we easily have

1ergs (1)~ /

aQN10

| o) S Mo(@))
and hence

/8 T $(x) do(x) 5 /3 80 3 i) Me(@)() do ()

Iew

< / ¢() Mo ($)(y) do (7).
Q

by (4.15). We invoke now Holder’s inequality and the L4-boundedness of the operator M
to deduce

/8 T () d0() % gl a0 1Mo @090

S ||g||Lq’(aQ,g) ¢lle@e.0) =1

because, by definition, ||g||;s = 1 and ||¢||; = 1. The claim (4.17) and the lemma follow.
[
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4.3. The solution v

Our goal is to bound the expression fQ VF -hdZ from (4.10). However, this expression
is lacking derivatives. Indeed, the techniques employed here rely on integration by parts,
that is, moving gradients and derivatives from one term to another, with errors that can be
controlled. So the more terms with derivatives we have, the more possibilities we get. That
is why we introduce v, which is essentially the solution to the inhomogeneous Dirichlet
problem
@18 {;ﬁ;v:divﬁ in Q,
Tr(v) =0 on 0€2,

where 7 is the one constructed in Lemma 4. 1.

We shall ultimately use two distinct representations of v. So we need to prove that
those two definitions of v coincide, which is very classical in the bounded codimension 1
case but more delicate in our context (which allows higher codimensional boundaries, and
the elliptic theory is not as developed).

We write G for the Green function associated to £ as defined in Theorem 2.16. We
define v on 2 as

(4.19) v(X) = —/ VzG(Z,X) -h(Z)dZ,
Q

which is well defined because /2 (Z) is bounded and compactly supported (see Lemma 4.3)
and VzG(X,.) = VzG (., X) € L] () for r sufficiently close to 1 (see items (iii)-(iv)
of Theorem 2.16).

loc

Lemma 4.5. The function v(X) constructed in (4.19) lies in Wy and satisfies
/ AlTVv-Vy)dm = —/ I;-VgodX forp € Wp.
Q Q

Proof. The idea of the proof is: if l; were smooth, there would be no difficulty. Thus, as
expected, we mollify /i and we check that we can take all the desired limits.

We construct the mollifier by using a non-negative radial function p € C§°(R") sup-
ported in B(0, 1) and satlsfylng fRn p = 1, and then we define ,og(Z ):=¢e"p(e"'Z) for
e>0and Z € Q. We set hg = h * pe € C5°(82). The fact that h is compactly supported
in 2 is true only for small ¢ > 0 (but it does not matter since we intend to take limits)
because /1 is already compactly supported in the first place.

We fix p € (n,00), so that VzG1(Z, X) is locally in L? (see item (iv) in Theo-
rem 2.16). Note for later that

(4.20) he — hin LP(Q),

which is a classical result and essentially equivalent to the density of smooth functions
in L?.
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We define

@421  v(X) :=—/QVZG1(Z,X)-}_{8(Z)dZ =/QGI(Z,X)div(iia)(Z)dz.

Since now div(fzg) € C5°(82), by (2.11) (and Lemma 2.17), we have that v, is the function
of W, that satisfies

(4.22) / A{VUS -Vodm = / div(ﬁs)tp dX = —/ l;s -VodX forp e W,.
Q Q Q

In addition, we also know the following convergences.

(1) We can pass the limit as ¢ — 0 in the expression [, VGi(., X) - l;s dZ, because
VGi(.,Z) € LII?)/C(Q), all the &, are supported in the same compact subset of €2,
and &, converges to  in L?(2) (see (4.20)). So we deduce v, — v pointwise (and

thus in the distribution sense).

(2) The functions div(ﬁg) converge to div(fz) in W1, Indeed, if K € Q is a compact set
that contains the support of all the i, and p € (2, 00), then

I div(he) — div(i) |1 =  sup ‘ / (h —he) - Vo dX
lellwy<1'J/Q

< ||h —hellLe ||V<p||L,,r(K) <Ck|h—he]lr >0 ase—0.

(3) The previous convergences combined with the Lax—Milgram theorem (Lemma 2.8)
imply that v, converges in W.

The combination of three convergences shows that
(4.23) ve > v in W,

so in particular, v € Wy and we also have
/QAITVU-V(pdm = —/QE-prdX for p € Wy

by taking the limit in (4.22). The lemma follows. ]

We return to the estimate of the non-tangential maximal function. Recall that at this

point, we want to bound fQ VF -hdZ. The next step will involve the square function
of v, which is defined as

dY /
(424) S)(x) = (/( VP W)l 2
y(x

Even though the next lemma is an analogue of Corollary 2.9 in [50], we provide here
an alternative proof which is self contained (up to some basic results on the Green func-
tions) and does not rely on taking the limit of a sequence of elliptic operators with smooth
coefficients.
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Lemma 4.6. Recall that M is the constant in (4.4). We have

/Q VF-hdZ < CM |8 (Vuo)lewey IS®)ll0 gg).
where the constant depends only on the constant in (4.5). Hence, thanks to Lemma 4.1,

1Nk (VF)llaag) S MIIN (Vuo)llLa@g) ISW) Lo oag)-

Proof. We claim that
(4.25) /VF-ﬁdzz/ &Vug - Vvdm.
Q Q

To see how (4.25) proves our lemma, we first observe that for any positive function ¢
on €2, by Fubini’s theorem,

dx .
/m< y(x)¢(X)W)do(x)z/ﬂ¢>(X)8(X) 4 58By N 0R) dm(X)

2 [ pxyamen)
Q
because, if X is such that |X — %| = §(X), then 0(8Bx) > o(A(%, 8(X))) = 8(X)¢

by (1.1). As a consequence, by successively applying the Cauchy—Schwarz inequality
and the Holder inequality, the claim (4.25) implies

- X
VF-hde/ &||Vug||Vv de/ / El|Vup||Vv| =——— ) do(x)
| 1envuolivelam s [ ([ 1e1vuolivel gii)

dX \a4/2 1/q
< & |Vuo|? do(x S(v ey
([, ([ tervunel 5)™ o) 1@ ive

The lemma follows then from the Carleson inequality (4.5).

So it remains to show the claim (4.25). Formally, the claim is just a permutation of
integrals, that is, by using the definition (4.2) of F(X) and (4.19), one has

/VF-EdXZ/ F div(h) dX
Q Q
=/ / VyGi(X,Y) - &(Y)Vuo(Y)div(h)(X) dm(Y)dX
QJQ
:/ 8(Y)Vu0(Y)-V(/ Gi1(X, Y)div(ﬁ)(X)dX) dm(Y)
Q Q
:/ EVugy-Vodm.
Q

However, the assumptions of Fubini’s theorem are not satisfied, so the justification will
end up being way more delicate.

The issue mainly comes from the Green function G, which has a degeneracy when
Z =Y that we cannot control very well. So instead, we shall use approximation of the
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Green function. We use the same mollifier as the previous lemma. Let p € C§°(R") sup-
ported in B(0, 1) and satisfying fR” p = 1, and then define p,(Z) := n"p(n~'Z) for
n>0and Z € Q. We also construct a cut-off function ¢, € C5°(£2) such that ¢,(Z) =0
if §(Z) < 2n, 9y(Z) = 1if §(Z) > 4n, and |V, | < n~1. Check that the map ¢ € Wy —
on * (g ¢)(Z) lies in W1 = (Wy)* for all > 0 and all Z € Q. By the Lax-Milgram
theorem (see Lemma 2.8), for each n > 0 and X,Y € €2, we can construct’ Gp(..Y)and
G, (., X) as the only functions in Wp such that

(4.26) /Q MVZGy(Z,Y) - V§(Z) dm(Z) = py * (gy$)(¥) for § € W,
and similarly,

(427) /s2 AVH(Z) - V2G(Z, X)dm(Z) = py * (g $)(X) for ¢ € Wp.
The combination of the two above lines easily gives the nice identity

Gn(X.Y) = [og * (9n G (. XIY) = [og * (97 Gp) (. Y)I(X)

(4.28)
=/ AVG(Z,Y)-VGE(Z, X)dm(Y).
Q

Note that the identity implies that the function §, lies in W, and is smooth both in X
and Y, which will make &, a nice tool for the next lines. We define v, as in (4.21) and

Ve (Y) := —/QVXG,,(X, Y)-he(X)dX.

We plug in G, (., Y) as the test function in (4.22) to get

Ven(Y) = / ATV, - VG, (., Y)dm = py * (9yue)(Y)
Q
by (4.26). By (4.23), we have that v, — v in W}, and a classical convolution result yields

that v, ; converges to vg , 1= py * (¢,v) in Wy (as ¢ — 0 and uniformly in 7). The fact
that Vvg , — Vv in L? is also well known. So by a diagonal argument, the function

Vee(Y) = —/ VxGe(X,Y) - he(X) dX = (div(h), G (. Y)) w1,
Q
converges to v in Wy as ¢ — 0. The same proof gives that
FoeX)i= [ GIOX) () div(pe x (€Vua)(¥) dim(Y)
Q

= (d1v(8Vu0), gs(X» '))W_I,Wo

converges to F in Wj.

Sfrom here and forward, we drop the index 1 on G, since any Green function will always be associated

to £ or £7.
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All these convergences show that the claim (4.25) would be proven once we establish
that

(4.29) / VFee-hdX = / EViug - Vvge dm
Q Q

for any £ > 0. Observe that if we replace p; by pj * py in (4.26) and (4.27), then we replace
Gy(Z,Y) by (py * Gy(Z,.))(Y) and G (Z, X) by (py x G;(Z,.))(X). We deduce that
we can make G,(Z,Y) and G, (Z, X) as smooth as we want in the second variable, and
hence quantities like Vy (VxG;)(X, Y) make perfect sense and lie in L‘{,"(L}(). From
these remarks and (4.28), the identity (4.29) is just a permutation of integrals and two
differentiations under the integral symbol. ]

4.4. The S <N estimate

The aim of this subsection is to bound ||S(v)|, by the non-tangential maximal function
of v, §Vuv, and a term that depends on T (%) defined in (4.13).

For the first time, we shall use (4.1), but in a weaker form (see Theorem 2.7) which
says that there exist C, 6§ > 0 such that

7% (E) <C(0(E))9 and o(E) <C(w1°?*(E))9

(4.30) o = o) a(A) = T \wP(A)

for any boundary ball A C 02 and any Borel set £ C A.

In the next lemma, M, and M, are the Hardy-Littlewood maximal functions for the
elliptic measure @ := {7, and for the Ahlfors regular measure o. Moreover, Sy and N,
are respectively the square function and the averaged non-tangential maximal function,
but defined with a wider cone y*(x) = {X € Q, |X — x| < C«8(X)}. The value C, of
the aperture does not matter much, and will be chosen to match our purpose in the next
proof. The important and well-known facts are

@30 [Ny S IN@) s Ny S IN@lp,  and  [|Sx@)p < [1SW)]p.,

for every p € (0, 00) and every u for which the considered quantities make sense (the
constants depends on p but not u). The proof of (4.31) —in the case 42 = R” — can be
found in Chapter II, equation (25) of [58] for the non-tangential square function, and in
Proposition 4 of [12] for the square function. Although the proof is written when 42 = R”,
it can be easily extended to all doubling metric spaces.

Lemma 4.7. For the function v constructed in (4.19), define the set

(4.32) Epo := {Nu(v) + Nu(8|V]) + Mo (T(h)) > Ba} C 3R.

There exist 1, Bo > 0 such that for all @ > 0 and 8 € (0, Bo), we have

(4.33) o{x €02, S()(x) > 20 and Ms(1E,)(x) <1/2} < CB"0{S«(v) > a},

where C is independent of a and B.
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The above “good-A” argument entails the following L? bounds.

Corollary 4.8. For any p > 0, we have
/ [ISW)|? do §C/ |N(v)+1§7(8|Vv|)+,Mw(T(E))|pdo.
aQ aQ

Proof of Corollary 4.8. Let Eg, be the set defined in Lemma 4.7. Recall that the Hardy—
Littlewood maximal operator M, is bounded from L! to weak-L!. Then

(4.34) o{Mo(1E,,) > 1/2} < / 1, do = 0(Egy).
Q2

According to Lemma 4.7, we have, for § < B, that

o{S(v) > 20} < 0{Mo(lg,,) > 1/2} + 0{S(v) > 20, Mo (Lgy,) < 1/2}

(4.35)
< 0{Mq(1g,,) > 1/2} + CBa{S:(v) > a}.

The last two computations imply, for any p > 0, that
o0
/ [SW)|? do = c/ aP 1o {S(v) > 2a}da
a0 0
o0 o0
< C/S”/ aP 1o {S,(v) > a}da + C/ a? Lo (Egy) da
0 0

< n p £ N ~ =
<CpB /mlS*(v)l do+ﬂp{/m|N*(v)+N*(8|Vv|)+mw(Tp(h))| dg}

C ~ ~ -
(4.36) < C//B”/ [ISW)|P do + —{/ |N (v) + N(§|Vv|) + Mw(Tp(h))|pd0}
Bl B? \ Jse
by (4.31). Choose 8 < o small enough so that C’ 8" < 1/2. Hence, we can hide the square
function of the last inequality of (4.36) to the left-hand side. The corollary follows. ]
Proof of Lemma 4.7. Fix o > 0. Define
S:={Sx@)>a} and S :={S(v)>2a, Ms(1E,,) < 1/2}.

Take any surface ball A of radius r. It suffices to show that there exists a constant C such
that for any surface ball A that intersects d<2 \ §, we have

(4.37) W (F) < C B> 0,(A),

where F := §’ N A. Indeed, the bound (4.30) - which comes from the qu-solvability of
the Dirichlet problem for £] - immediately turns (4.37) into

(4.38) o(F) < CB"a(A).

Why is (4.38) enough? Because we can construct a Whitney decomposition of § in the
following way. For any x € §, we can build the boundary ball A, := A(x,dist(x, $¢)/40).
Since the radius of a ball A, that intersects a compact subset of § is uniformly bounded
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(depending on the compact), the Vitali covering lemma allows us to obtain a non-over-
lapping sub-collection {A; } of { A} for which | ; 5Ay; = 8. Eachball 50Ay; intersects
92\ § and so, if F; = §" N 50A,;, we have by (4.38),

a(8) <Y o(Fj) < CB"a(50A;) < C'B"a(A;) < C'"0(S),
J

which is the desired bound (4.33).

Step 1. Let A be a surface ball of radius r that contains a point xpo € dQ2 \ S, i.e., a
point satisfying S« (v)(xa) < a. We write F := AN S’.
Observe that for any x € A and X € y(x) \ B(x,r), we have

1X —xal <X — x|+ |x —xa| <28(X) + 2r < 28(X) +2|X — x| < 68(X).

Consequently, y(x) \ B(x,r) C y*(x) as long as the aperture C, > 6 (which we choose
as such). So if S”(v)(x) is a truncated square function defined as

dY 1/2
ST(v)(x) := / Vo> ——— ,
( )( ) ( y(x)ﬂB(x,r)| | 8(Y)n_2)

then we easily have

IS () () = [S@))? — [Sx(v)(xa)[* = &?,  forx € F.
that is,
(4.39) S"(v)(x) >, forx e F.

Step 2. In the sequel, to lighten the notation, we shall write @ for w77, the elliptic
measure with pole at infinity associated to £7. In a similar way, G(Y) will denote the
Green function with pole at infinity associated to &£;. Both of them are linked together by

Lemma 3.3. Let Q r be the saw-tooth region over F defined as Qr := |, cp y(x). Then

1 1 dY
(4.40) w(F 5—/ S’vzdwf—// Vu|? do(x
()= [ @Pdos 5 [ - veP g det)

1
< — Vo2 o(B(Y,28(Y)) N 3Q) ————
S DR
If y € 02 is a point such that |Y — y| = §(Y), then
(4.41) w(B(Y,28(Y)) NIQ) ~ o(A(y,8(Y)) ~ §(Y)?'G(Y)

by the doubling property of w (Lemma 3.4) and then Lemma 3.3. We use the above esti-
mate in (4.40) to obtain

dY
w(F) < —/ vVolPG —.
( o2 JQpn{s)<r} Vol §(y)yr—a-1
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Let us recall that dm(Y) = §(Y)4T17"dY . Together with the ellipticity of matrix A7,
we have

(4.42) w(F) < iz / ATVY .V G dm.
az Jopn{s(y)=r}

Choose a cut-off function ¢ € C°(R") such that, 0 < ¢r <1, ¢r =1 on QF,
and ¢ is supported on a larger saw-tooth region Q3. := | ¢ y3(x), with y3(x) :=
{X € Q, |X — x| <38(X)}. In addition, we can always pick the cut-off function ¢f so
that |[Vor (Y)| < 1/6(Y). Pick another smooth function ¢, such that 0 < ¢, <1, ¢, = 1
when §(Y) < r and ¢, = 0 when §(Y) > 2r and |V¢,| <2/r. Define ¥ = ¢ ¢,. Then
we have

Ip,(¥Y) | Ip,(Y¥)
§(Y) 8(Y)

(4.43) VU (Y)| <

where Dy :={Y € Q% \ Qp.,8(Y) <2r}and Dy :={Y € Q%,r <§(Y) < 2r}. By the
product rule, the term (4.42) can be rewritten as

1
w(F) < —2/ ATVY - Vo (GW)dm
(04 Q
1
= —2(/<A1TVU-V[vG\IJ]dm —/ ATVY-VG W) dm —/ AITVv-V\D(Gv)dm)
o Q Q Q
1
= — (I+ 11+ 1)
o

The lemma will be proven once we show that I, IT and III are all bounded by C(a8)%?w(A).

Step 3. The term 1. As we want to use Lemma 4.5, we need to check that vG W € W.
We have that v € W, (also by Lemma 4.5). Thanks to the elliptic theory recalled in Sec-
tion 2, we also have that v is Holder continuous close to the boundary (when we are outside
the support of };) and GV € Wy N L*®(2). So in order to get that vGW¥ € W, we only
need to explain why v € L (£2). The control of solutions for inhomogeneous Dirichlet
problem was not done in [19], but that is fine, because we only require local boundedness
inside the domain, so we can use the result from the classical (unweighted) theory, which
can be found in Theorem 8.17 of [38]. Now, we apply Lemma 4.5, which entails that

Iz_/E-V(vG\y)dY

Q

=—/ E-W(G\p)dY—/ E'.vc;(v\y)dY—/ h-VUWG)dY =1, + 1, + L.
Q Q Q

By the definition of F C §’, for any x € F, we have MJ(]lEﬂa)(x) < 1/2. Thus,
for any surface ball A’ C 9Q which contains such a point x € F, we necessary have
o(A" N Egy)/o(A’) < 1/2. This implies that o (A’ N Ega)/a(A’) > 1/2. The Ao-
absolute continuity (4.30) yields then

(4.44) o(A N E§)/0x(A) > ¢ > 0.
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The comparison (4.41) now entails that

@4 nls [ WIVeGay 5 [ hIVele(a0.80)800 .
Q% Q%
where we recall that y is a point on the boundary such that |[Y — y| = §(Y). Since Q3 7 18
a sawtooth region over F, there exists a constant Cy (Cy = 4) such thatforall Y € Q3
FNA(y,Cod(Y)) # 9.
Thus, by (4.44),
(4.46) o(A(Y,8(Y))) < o(A(y, Cod(Y))) S w(Eg, N A, Cod(Y))).

Together with (4.46), (4.45) becomes

o E¢ A(y,Coé(Y
s [ o) 2 e N 20 C8TD)

3 g(y)d—l
Vol |k
S/ (/ 1volial v|d| LdY)dw(x).
E5,nCoa Ny 8(Y)4

Recall that y3(x) C y4(x), which is used in the construction of T(i_{) in (4.13). By Holder’s
inequality,

(4.47)

Vol k| f —d
(4.48) dy < §|Vol|h|dY ) e(1)"~
ya(x) 8(Y)4T Z )

f $Volay)’ f i ay) ey < R vo 0 T )
IeW, 1

if we choose the aperture C, of the cone y.(x) that defines N, big enough so that I C
y*(x) forall I € Wy. When x € Ej , we have N+ (8|Vv|)(x) < Ba. Therefore, if xg is
any point in E; « N CoA (if the set is empty, then I; = 0 and there is nothing to prove),
then (4.47) can be further continued as

449) |4 S (Ba) [ T(hyde S (Ba)o(CoA) Mo(T(h))(x0) S (Be)?w(A),
Eg,NCoA

thanks to the doubling property of @ (Lemma 3.4) and the fact that M, (7, (};))(xo) < Ba
for xg € Ega.

The term I3 is very similar to I;. Indeed, in I;, we only use the fact that 0 < W < 1 and
is supported in Q2% . For I3, we use the fact that [VW| < 1/6 and is supported in Q%, and

we use Ny (v) instead of Ny (6|Vv]). So with the same reasoning as of I;, we also have

(4.50) II3] S (Ba)?>o(A).
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The term I, is slightly more different from I; than I3 is, so we shall write a bit more.
Observe that I, is the same as I; once you replace Vv by v VG /G. So similarly to (4.47),
we have that

v|VG||h|
(4.51) I |5/ / U4y ) do(x).
? E;aﬂcéA( ys(x) G8(Y)4~1 )

Then analogously to (4.48), we get that

v|VG| || ][ 3IVG| n—d
(4.52) /yz(x) G- 2 ay <IEXW: ( |h|dY)€(I)

2 2 .
5,; (flvzdy)l/z(fl 8|GV—2G|dY)1/2 s111p|h|£(1)"*d.

Since G is a positive solution to £!, the Harnack inequality (Lemma 2.11) and the Cac-
ciopoli inequality (Lemma 2.9) entail that

§2IVG |2 S(XI)Zf 1
4.53 dY ~ VG|?dm < ][ G?dm ~ 1
(4:33) fl G o 1, VeI = G 1,

whenever X7 is any point in /. So the bound (4.52) becomes

v|VG||h| ][ LN i
Y 3 vidY ) L))" sup || < Na(u) ()T (h)(x).
/mm G5(Y)a-T ,§x< FoRdY ) ey sup ] £ )T () ()

‘We use this last estimate in (4.51) and we conclude that
(4.54) L] S (Ba)® w(A).

Step 4. Carleson estimates for |[VW¥|. As we shall see, the terms II and III will only
involve W via its gradient. So it will be useful to have good estimates on §|VW¥/|, or on
1p,up, (which is bigger by (4.43)). We aim to prove that

(4.55) M = /C éA( 3 sup(lpup) do) = Co(d)

Iew,

where C is the constant on the right-hand side of (4.47).
Even if the inequality (4.55) is presented in an unusual way, the result is fairly classi-
cal. Let us sketch it. By simply switching the integral and the sum, we have

Mp < Z w(Ar) + Z w(Ar) == My + Ms,

Iew Iew
IND#0 IND,#0

where Ay := A(&7,200£(1)) for a point &7 € 100/ N 92 that will be chosen later. If 7
intersects D, then £(1) = dist(/, A) = r: there is a uniformly bounded amount of those
cubes, and we also have w(Ay) ~ w(A). We deduce

Myi= )7 o(Ar) S w(d)

Iew
IND,#0
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as desired. As for Ji, we use the fact that we have some freedom on the choice of &;. If
I N Dy D{X;} +# @, then we choose &1 € Q2 such that |§; — X;| = 8(X) := r;. Note
that we necessary have r; < 60€(7), so & € 100/ . Recall that X; € D means that there
exists x; € F such that | X7 — x| < 38(X;) = 3|X; — &| but | X7 — x| = 2| X — &;| for
all x € F. Consequently,

(4.56) 10€(1) < ry < dist(§;, F) < 4ry.

When I N Dy # @, we define A; = A(&r,€(1)) using the & that we constructed and
satisfies (4.56). Notice that the collection {A;} is finitely overlapping, because if x € A7,
then £(/) =~ dist(x, F) and I C B(x, 62{(1)), and there can be only a uniformly finite
Whitney cubes with this property. We conclude by writing

M= Y olAps Y w(Az)Sw( ¥ Az)sw(C&A)sw(A)-

Iew Iew Iew
IND#0 IND,#0 IND,#0

The first and the last inequalities above hold because of the doubling property of w
(Lemma 3.4), the second inequality is due to the finite overlap of {A;}, and the third
one is a consequence of the fact that all A; (and thus A) are included in a dilatation of A
when [ intersects Dj.

Step 5. The terms 11 and 111. Let us talk about III first. We can repeat the strategy devel-
oped in Step 3 for I;. We use the fact that §VW < 1p,up, and dm(Y) = §(Y)4+'1"dY,
and similarly to (4.47), we have

|VU|UHD1UD2
(4.57) | < / / YOO 2D1UD2 y) o).
E;amc(,A< vy oY)l )

Yet,

/ |VU|UHDIUD2 dY Z |VU|UHDIUD2 dY
yry ST =& ) sy

3 (fl 52 |Vv|2dY)1/2(fI v2dY)1/2 sup(1p,up,)

Iew.

N.(81Vo])(x) Na(v)(x) D sup(lp,up,)
IeWw,

<@p)’ ), sup(Lp,up,)

IeWy

A

A

when x € Ef, - We conclude that

| < () /C (X supipuny) do) £ @) ()

oA Crew, 1

by (4.55) and the doubling property of w (Lemma 3.4).
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For II, we want to use the fact that G is a solution to £, so we write
I= —/ Vu- A VGOW)dm
Q
1
= _E/ V(UZ\I/) - AIVG dm + / VA VG - VW dm =: 11 + IL,.
Q Q

The discussion at the beginning of Step 3 shows that v € Wy N L% (supp ¥). So v2 W lies
in Wy and it is compactly supported in R”. Consequently, v2W is a valid test function
for G, and thus II; = 0. Hence it remains to bound II,, which is actually similar to III.
Following again the same strategy, replacing |Vv| by v|VG|/G in the argument of III, we

have )
v |VG| ﬂDlUDz
1L s/ / VIVEILDWD: 4y oo ),
E5,NCyA ( pe  G8Y)"! )

and when x € E;ﬂ,

U2|VG|]1D1UD2 f52|VG|2 1/2 f 1/2
— PPy < SIVEE gy war)" sup(lp.op
/1’3(x) Gs(y)"! 1;;( ! G? ) ( | ) IP( 1UD,)

S N Y sup(Ip,up,) < (@B)* Y sup(p,up,),

1ew, I 1ew, 1

where we used (4.53) for the second inequality. With a similar reasoning as the one used
on III, we conclude that
1| = 12| < (@B)*w(A)

thanks to (4.55). The lemma follows. [

4.5. Bounds on N(v) and 1\7(8Vv)

In order to finish the proof Theorem 1.3, we need to bound N(v) and N Vv) by T(ﬁ).
We shall observe first that the bound on N (§Vv) is just a consequence of the bound on
N (v) because of the following Caccioppoli-type inequality.

Lemma 4.9. For any X € 2, we have

(4.58) (fB 52|Vv|2dX)1/25</23 |v|2dX)1/2+5(X)”—d(fZB |;7|2dY)1/2,
X X

X

where v is constructed in (4.19).

Proof. Take X € Q and construct a cut-off function ¥ € C§°(2) such that 0 < W < 1,
U = 1 on By, ¥ = 0 outside 2By, and [V¥| < 1/8(X). By the ellipticity of A7, we have

(4.59) T:=/ |Vv|2\112dm§/ ATVY - VoU?dm
Q Q

=/ AITVU.V[WZ]dm—/ ATVY - VO Wvdm =Ty + T,.
Q Q
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We want to use the fact that v is a solution to :C’l‘v = div h. Observe that v¥?2 lies in Wy,

hence it is a valid test function, because v € Wy lies in L{° (we refer to the discussion at

the beginning of Step 3 of the proof of Lemma 4.7) and ¥ € C§°. Lemma 4.5 entails

Tl=_/g.v(v\yz)dyz—/ﬁ-vvxyde—/E-v\p\pvdy
Q Q Q

< (S(X)"—d—l/g|ii|2\p2dy)l/2[(/g|Vv|2\y2dm)l/2+(/Q|v|2|vqf|2dm)”2]

by the Cauchy—Schwarz inequality and dm(Y) ~ 8(X)4T1""dY when Y € supp ¥ C
2By . We use the fact that W is supported on 2By and |VW¥| < 1/8(X) to further have

|ﬁ|2anv)l/2 [T1/2+8(X)—1(/ |v|2dm)l/2]

2By

@oo I1il < (s00m

2By
Similarly, 75 is bounded using the Cauchy—Schwarz inequality and the properties of W by

1/2
4.61) |T2|5T1/28(X)_1(/ |v|2dm> .

2Bx
Finally, by applying the estimates (4.60) and (4.61) to (4.59), we deduce that T <
AY2TY2 4 A where
A= 5(X)—1/ |2 dX + S(X)"—d—lf W2 dY.
2By 2Bx

Since all the quantities that we considered are finite, this bound on 7" self improves to
T < A. The lemma follows easily. ]

Lemma 4.10. Let v be the weak solution constructed in (4.19). Then
(4.62) N() + N(§|Vvl) < C Mo (T()),

where M, is the Hardy-Littlewood maximal function with respect to » := w{%,, the ellip-
tic measure with pole at infinity associated to £7.

Proof. Fix xo € 02 and then X € y.(xo), where y«(x) is a cone with a bigger aperture
so that UYEY(X) 2By C y«(x). We want to show that

(4.63) (X)[8(X)"~ < Mo (T (1)) (x0).
and
(4.64) V(X) S Mo (T(h))(x0).

Indeed, once these two estimates are proven, then the bound N |Vu]) < ,Mw(T(iz)) will
follow thanks to Lemma 4.9. The bound (4.63) is also fairly immediate. Take x such that
|X — x| =68(X), and check that X € y(y) for any y in a small boundary ball A(x,c8(X)).

Hence, we easily have |H(X)|8(X)”_d < T(fz)(y) for y € A(x, ¢§(X)) by definition
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of T(ﬁ), and A(x, c8(X)) C A(xg, C8(X)) for C large enough depending only on the
aperture of y.(x¢). The inequality (4.63) follows.
It remains to show (4.64). By definition,

v(X) = —/QVYG(Y,X).E(Y)dY,

where G(Y, X) is the Green function with pole at X associated to £;. We shall treat
differently the cases where Y is close to X and far from X. We define Sy as the union
of Whitney cubes I € W (constructed in Subsection 4.1) for which 3/ > X. The function
v(X) can be decomposed as

(4.65) v(X):—/ VYG(Y,X)-E(Y)dY—/ VyG(Y,X) - h(Y)dY =7 + vo.
Q\SX Sx

Step 1. Bound on v. By definition of Sy, we have

v (X))

> /VyG(Y, X)-h(Y)dY
1

IeWw '
X¢31

(4.66) <> (/I|VYG(Y7X)|261Y)1/2(/I|IZ(Y)|Zazy)1/2

Iew
X ¢31

B 1/2 - 1/2
<Y un 1(/21 G(Y,X)ZdY) (/I|h(Y)|2dY)

Iew
X¢31
by Holder’s inequality, and then by Caccioppoli’s inequality (see Lemma 2.9, that we can
use because G (., X) is a solution on 27).
We want now to estimate G(Y, X). Pick a point Y7 in /. By the Harnack inequality
(Lemma 2.11), we have G(Y, X) ~ G(Y7, X) forall Y € 21. So (4.66) becomes

(4.67) FOIS Y. )" G(vr. X)sup |hl.
1

Iew
X¢31

Our next objective is (4.68). We give the details, but a reader who is an expert in the
elliptic theory may want to skip them. First, we shall introduce several notations. For
j =1, let us denote by A; := A(xo,2/8(X)) the boundary balls and X; the corkscrew
points associated to A;. It is also fair to pick X; := X. We partition ‘W into | J is1 Wi,

where
Wy ={l €W, |Y;—X| <25(X)),

and for j > 2,

W, i={1 e W, 27718(X) < |Y7 — X| < 278(X)).
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Observe that we can find an integer a that depends only on n and the aperture of Y. (x¢)
such that we have

21 € B(x9,2’198(X)) forl e W, j > 1,
and 27 N B(x0,2’78(X)) =@ forl e W;,j > 2.
So, for each j > 1, we take j_ to be the biggest value for which X;_ stays within
B(x0,2/7%71§(X)),and j_ = 1 if there are none, and we take j to be the smallest value
for which X, is outside B(xo,2’/ t4+1). Note that by construction, | j — j_|+|j —j+| S L.

When I € W;, the function G(Y7,.) is a solution on B(xo, 2/ T48(X)). Therefore, the
Holder continuity at the boundary (Lemma 2.12) entails that

G(Y7,X) S277%G(Yr, X;).

Our choice of X;_ and X, allows the construction of a Harnack chain of balls of (uni-
formly) finite length that links X;_ to X;, and avoids By,. So by the Harnack inequality

(Lemma 2.11), the above estimate is equivalent to
G(Y1, X) <277 G(Y1, X;,).
Lemma 3.3 implies now that

G(Yr)

G(Yr. X;,) ~ o))’
J

where G is the Green function with pole at infinity associated to £1. If Ay := A(&7,£4(1))
(with &7 such that |Y; — &;7| = 8(Yr)), we have by Lemma 3.3 that
G(Y7) ~ L)' " w(A).

Altogether, our discussion of G (Y, X)) proves that

(4.68) G(Yr, X) <277¢()' A hen T e w;.
w(Aj)
We inject our estimate (4.68) in (4.67) to obtain that
~ 27/ n—d e
ECI=DD o) > oAU sup [A].

j=>1 IE'W}'

Since x € Ay implies that I € Wy, by Fubini’s theorem, we have that
> w@antry swplil < [ Tl dot)
= I CA;
and thus, thanks to the doubling property of w (Lemma 3.4),
FO01 S 27 T do £ MolT ) o).
. CA;j
Jj=1 J

which is our desired bound on v.
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Step 2. Bound on vy. It remains to bound the term fo VyG(Y,X)- E(Y)dY in (4.65).
Since dY ~ §(X)*~4~1 dm(Y) on Sx, the bound (iv) of Lemma 2.16 shows that

/ IVyG(Y, X)|dY 58(X)”_d_1/ IVyG(Y, X)|dm(Y) < 8(X)" .
Sx

Sx

Therefore, we have

vo(X)| £ > ()" sup|hl.
1

Iew
313X

For each I € ‘W, we can pick any point Y7 € I as before and then y; such that |Y; — y;| =
8(Yy). It is fairly easy to see that I € W, for all x € A(yy, c£(I)), with ¢ small enough
independent of 7, and thus £(1)" ¢ supy |h| < T (h)(x) for x € A(yr, cf(1)). From this
we infer that
€)™ sup |h| 5][ T(h)do.

I A(yr,ctd))
If X €31 N y«(x0), we necessary have A(yy,c€(1)) C A(xg, CL(I)) for C large enough.
By the doubling property of w (Lemma 3.4), we obtain

am”wmsf T(h)y de < Mo (T () (x0).
1 A(xo,CL(I))

Since the number of Whitney cubes I € ‘W for which 37 5 X is (uniformly) finite, we can

conclude that .
[vo(X)] < Mo (T (h))(xo)

as desired. The lemma follows. [

A. The regularity problem implies the Dirichlet problem

This section is devoted to the proof of Theorem 1.5. We shall follow closely the proof of
Theorem 5.4 in [49]. Note that when the operator is the Laplacian and the domain does
not have Harnack chains, this result was proved by Mourgoglou and Tolsa as Theorem 1.5
in [56]. Since the existing literature does not cover operators more general than the Lapla-
cian, we decided to rewrite a proof in our context.

In all this section, we assume that €2 is a uniform domain (see Definition 2.3), and that
£ = —div[wAV] is an elliptic operator satisfying (1.3).

The following Poincaré inequality will needed.

Lemma A.1. Forany o € [0,1), any x € 082, any r > 0, and a function u € W(B(x,2r))
satisfying Tr(u) = 0 on A(x, 2r), we have

(M)/ wmmmwmmamﬂ’ IVu(Y)P S dm(Y).
B(x,r)NQ B(x,2r)nQ

where Cy depends on (the uniform constants of ) Q2 and «.
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Proof. Define dm’(X) := 6(X)*dm(X) on €2, and then check that the triple (2, m’, o)
satisfies the assumptions (H1) to (H6) from [20]. The result is then a consequence of
Theorem 7.1 in [20]. [

Lemma A.2. Let u € W be a non-negative weak solution to £u = 0 such that Tr(u) =0
on A(x,r). Then, for each X € Q such that |X — x| =~ §(X) ~ r, we have

u(X)
r

(A.2)

1/2 ~
~ (f |Vu(Y)|2dm(Y)> < No(Vu)(x).
B(x,r/2)NQ

Here Ny is defined with cones y*(x) := {X € Q, |X — x| < C*§(X)} of large aperture.
Besides, C* and the implicit constants in (A.2) depend only on the uniform constants of
and the constants in | X — x| ~ §(X) ~ r.

Proof. Step 1. We have that
(A.3) rz]l [Vu(Y)|?dm(Y) < u(X)>2.
B(x,r/2)NQ

Indeed, since Tr(u) = 0 on A(x, §(X)), the above bound is due to two basic results
from [20]: Lemma 11.15 (Caccioppoli’s inequality at the boundary) and Lemma 15.14,
which, used in this order, give that

rzf VU dm < ][ (V)2 dm < Ju(X)P.
B(x,r/2)NQ B(x,3r/4)NQ

Step 2. We claim that for any « € [0, 1), we have

(A4) u(X)? < rH‘f [Vu(Y)|?8(Y)* dm(Y).
B(x,r/2)NQ

Let X’ € Q N B(x, r/8) be such that §(X’) & r; such point exists because 2 satisfies
the corkscrew point condition (see Definition 2.1). Thanks to the Harnack chain condition
(Definition 2.2) and the Harnack inequality (Lemma 2.11), we have u(X) =~ u(Y) for any
Y € Byxs. So we obtain that

u(X)? < f lu(Y)|? dm ~ r—“f lu(Y)[28(Y)* dm
By

By

< r_“][ lu(Y)?8(Y)* dm < rz_“][ [Vu(Y)|?8(Y)* dm(Y),
B(x,r/4)NQ B(x,r/2)NQ

where we used the Poincaré inequality (Lemma A.1), and we can because Tr(z) = 0 on
A(x,r/2).

Step 3. Conclusion. The equivalence in (A.2) is the combination of (A.3) and (A.4) for
o = 0. It remains to prove the second bound in (A.2), that is,

(AS) ( f Vu) P dm(r))" < M.
B(x,r/2)NQ
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but this bound is an immediate consequence of

(A6) / Vu(¥)P dm(¥) < / Lstymenr [VU(Y)[2 dm(¥),
B(x,r/2)NQ B(x,r/2)N%2,

where ¢, is a small constant that depends gnly on the uniform constants of §2, because the
right-hand side of (A.6) is bounded by |N.(Vu)(x)|? if C* is large enough (depending
on £y).

In order to establish (A.6), observe that (A.3) and (A.4) give that

/ [Vu(Y)[>dm(Y) < r_“/ [Vu(Y)[>8(Y)* dm(Y)
B(x,r/2)NQ B(x,r/2)NQ

and thus

/ Vu(¥)P dm(Y) < Cle)® / Lsry<e.r [Vu ()P dm(¥)
B(x,r/2)NQ B(x,r/2)NQ

+C / Ls(ry>enr [VU(Y)[> dm(Y).
B(x,r/2)NQ

We choose o = €4/2 > 0 such that C(g4)* < 1/2, so that we can hide the integral over
B(x,r/2) N Q2 N{3(Y) < e«r} in the left-hand side. The claim (A.6) and thus the lemma
follow. "

We are know ready for the proof of Theorem 1.5.

Proof of Theorem 1.5. Suppose that the regularity problem (defined using Hajtasz—Sobo-
lev spaces) for &£ is solvable in L?. Let w4 be the harmonic measure with pole at infinity
associated to £*, that is defined in Definition 3.1. By Corollary 3.6, in order to show the
Dirichlet problem for £* is solvable in L', it suffices to show wy < o and k := dws/do
satisfies the reverse Holder inequality of order ¢q.

Step 1. Thanks to the Ahlfors regularity of d€2, for any boundary ball A, there exists K
(that depends only on the constant Cy, in (1.1) such that KA \ 3A # @.

Let A := A(x,r) be a surface ball on 2. We construct f on d<2 as
dist(y, KA\ 3A

(A7) f(») := max {0, - 1S(y—\)}
r

Note that f is a non-negative function with f =0on2A and 9Q \ (K +1)Aand f =1
on KA \ 3A. The function f is Lipschitz, and if we define g on dQ2 as g = %H(K+1)A»
we easily have that

f) = f@I =1y —z1(g(y) + g(2)).

We deduce that g is a generalized (or Hajtasz upper) gradient of f, and thus the Hajtasz—
Sobolev norm of f satisfies

(A8) 1 g < Crilat,

where C depends only on the Ahlfors regular constant C.
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Let u be defined from f as in (1.4), that is,

u()i= [ ) dof ().
191
Let Xy € Q2 be a corkscrew point for A, then
(A.9) u(Xo) ~ 1.

Indeed, the upper bound is 1 and comes from the fact that w¥ is a probability measure.
The lower bound comes from the non-degeneracy of the harmonic measure: since by def-
inition of K, the set KA \ 3A is non-empty, we can take y € KA \ 3A, and then Yy a
corkscrew point of A(y,r). The non-degeneracy of the harmonic measure (see for instance
Lemma 15.1 in [20]) gives that u(Yy) = 1, because f is nonnegative and f > 1/2 on
A(y,r/2). But Yy and X can be linked by a Harnack chain, so the Harnack inequality
(Lemma 2.11) entails that u(Xy) = 1 as well.

Step 2. In this step, we claim that for any y € A(x,r), any 0 < s < r/2, and any
z € Ay, s),

w+(A(y.5))  w«(Alx. 1))
e (A0 © Ni(Vu)(2).

(A.10)

Let G(.,.) and G*° be the Green function and the Green function with pole at infinity
respectively; in particular, G(., Y) and G* are solutions to £u = 0. Both G* and u(.)
are non-negative solutions for which Tr(u#) = Tr(G*°) = 0 on 2A, so by the comparison
principle (Theorem 2.21) and (A.9), we have,

u(y) N u(Xo) N 1

A.l11 ~ ~
A Gom) ¥ oo T GR(Xy)

for Y € B(x,3r/2) N Q.

In addition, according to Lemma 3.3,
(A.12) G®(Xo) ~ r'™ w.(A(x,r)).
Then combining (A.11), (A.12) and Lemma 3.3 again, we obtain

u) Go() Tt wl(Ays) !

(A.13) 50) S 50 mAer) S s mAG)

where s &~ §(Y) and |Y — y| < s. So if at the contrary we choose any y € Aand 0 < s <
r/2, wetake Y € B(y,s) N K to be such that §(Y) = s, (A.13) and Lemma A.2 entail

0x(A,5))  wox(Alx, 1) u(¥)  wx(Ax,1))

A.14 ~ ~
a.14) s rd=1  §(Y) rd-1

N«(Vu)(z).

The claim (A.10) follows for the Ahlfors regularity of o.

Step 3. Assume that £ C A and o(E) = 0. Since w, is Borel regular, we have
that w«(E) = infy5g w«(V). For each open set V', we cover it by the balls {B,, :=
14

open
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B(x,dist(y, 022\ V))},ev, and using Vitali’s covering lemma, we find a sequence {y; }icv
such that B, are not overlapping while 5B, covers V. By using (A.10) on the balls 5B,,,
we find that

0+ (A(x, 7))

e N«(Vu)(z) do(2),

By,

w«(5By,;) ~

and then

wx(V) ~ M / N (Vu)(z) do(2).

Since we assume that the regularity problem is solvable in L9, the function N (Vu) lies
in LY(dR2, 0), and so by (4.31), the function N.(Vu) lies in L?(3dS2, o). We invoke the
Borel regularity of o to deduce that

w«(E) = 1nf / N*(Vu) do = / N*(Vu) do =0.
Vopen
We conclude that wy < 0.

Step 4. We have shown that ws« < o, and therefore the Radon—-Nykodym derivative
k := dws/do exists. Moreover, (A.10) implies for any y € A that

. o« (A(y,5)) _ =~
k(y) := Sqom S Ne(Vu)(p).

As a consequence,
/g wye(A(x,r)) 1/q
q < q
(][Ak do) < g (][ [N« (Vu)| do)

< Ox (A(x,r))

e y—dla ||]V*(Vu)||Lq(aQ,o)~

But by using successively (4.31), the solvability of the regularity problem in L4, and (A.8),
we obtain

IN«(Vi)llLae.0) S IN (Vi) lLaan.0) S 1 f e < ¥
The two last computations show that

f wd) 1 < 28 0u()
rd o(A)

because o is a d-dimensional Ahlfors regular measure. We proved that k € RH,, as
desired, which concludes the theorem. [
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