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Jet spaces over Carnot groups

Sebastiano Nicolussi Golo and Benjamin Warhurst

Abstract. Jet spaces over R” have been shown to have a canonical structure of strati-
fied Lie groups (also known as Carnot groups). We construct jet spaces over stratified
Lie groups adapted to horizontal differentiation and show that these jet spaces are
themselves stratified Lie groups. Furthermore, we show that these jet spaces support
a prolongation theory for contact maps, and in particular, a Backlund type theorem
holds. A byproduct of these results is an embedding theorem that shows that every
stratified Lie group of step s + 1 can be embedded in a jet space over a stratified Lie
group of step s.

1. Introduction

1.1. Overview

Classical jet spaces are vector bundles J”(R”; R¢) — R” endowed with a horizontal
bundle H™ C T J™(R"; ]RZ), such that jets of functions R” — RY are exactly those sec-
tions that are tangent to H™. See [14] for further reference.

It is well known that these jet spaces J”(R”; R%) carry a structure of stratified Lie
group for which H™ is left-invariant, see [16]. Stratified Lie groups are also called Carnot
groups, and we use the two terms as synonyms.

In Proposition 6.5.1 of [8], it is shown that a stratified Lie group of step 2 can be
embedded into a classical jet space J'(R”;R%) for a suitable choice of n and {. By
“embedding” we mean that there is a strata-preserving injective homomorphism of Lie
groups. In contrast, stratified Lie groups of step larger than 2 do not always embed in
a classical jet space, see Remark 7.1. Proceeding heuristically leads to considering the
substitution of R” in J” (R”; R*) with a stratified Lie group.

In this paper, we consider jets adapted to horizontal differentiation of smooth func-
tions f from a stratified group G into a vector space W . The stratification of G induces an
“intrinsic” notion of degree both for polynomials and for left-invariant differential oper-
ators. Following [6], it is natural to reorganize the derivatives of f using this intrinsic
degree. Equivalently, one can reorganize the homogeneous polynomials of the Taylor
expansion of f. See also [9, 10].
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Such a reorganization allows us to construct vector bundles J”(G; W) — G endowed
with a horizontal bundle H™ C T J"(G; W) that characterizes sections defined as “hori-
zontal” jets of functions G — W. We call such spaces jet spaces over G and we prove two
fundamental facts of jet spaces, that is, a prolongation and a de-prolongation theorem.

Finally, we show that every stratified Lie group of step s + 1 can be embedded into
some J*(G’; W) for a stratified Lie group G’ of step s.

1.2. Detailed description of results

For a vector space W and a simply connected Lie group G with stratified Lie algebra g =
€P;_, Vi, bracket generated by V, our starting point is to consider the space HD* (q; W)
of k-multi-linear maps A on V; given by k-th order horizontal differentiation of smooth

functions f: G — W at the neutral element e € G. More precisely, if vy,...,v; € V7 and
U1, ..., U denote the corresponding left invariant vector fields on G, then
(1.1) AWy, ..., vx) = U ...01 f(e).

We then define HD=""(q; W) = @}'_, HD¥ (q; W), where we set HD®(q; W) = W.

If G is abelian, i.e., G = R” for some n, then HD¥ (R”; W) is the space of symmetric
k-multilinear maps from R” to W, and all the constructions and results of this paper are
standard. If G is not abelian, we do not have such a clear characterization of HD¥ (g; W),
but we do have an algorithm to construct a basis of it, see Remark 4.8.

The jet space J”(G; W) is the simply connected Lie group with Lie algebra

i"(g: W) = g x HD=""(g; W),

where the semi-direct product is given by the representation of g over HD="(g; W) that is
induced by right-contractions. If v € V; and A € HD¥ (g; W), we define the right contrac-
tion of A by v as the (k — 1)-multi-linear map v~ A € HD*~1(gq; W),

v1A(vy, ..., k1) = A(vy, ..., Vk_1, V).

In Proposition 3.3, we show that this operation v > v extends to a Lie algebra anti-
morphism g — End(HD="(g; W)). In the special case m = 0, we have {®(g; W) =g x W
and I°(G: W) =G x W.

The Lie algebra j™ (g; W) turns out to be again stratified of step max{s, m + 1}, with
layers of the form

i™(@: W) = Vi @HD" (q: W),
i™(@: W) = Vo @ HD" ' (g: W),
i™(g: W)z = V3 @ HD™ 2(q; W),

The contact structure H™ of the jet space J”(G; W) is the left invariant distribution
defined by the first layer j”*(g; W);. A smooth function f: G — W defines a section
J"f:G — J™(G; W) by evaluating at points of G the derivatives of f like in (1.1),
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and we call J” f the (horizontal) jet of f. We show in Proposition 3.8 that a section
y: G — J™(G; W) is the jet of a function if and only if dy maps Hg to H™, where Hg
is the left-invariant distribution on G defined by V;.

Once the definition and the structure of J”*(G; W) are set, we prove three main results.
First of all, we demonstrate that contact maps J”(G; W) — J"(G; W) are subject to a
prolongation theory similar to the classical case and that a Backlund type theorem holds.

Note that our “concrete” construction of J”(G; W) is diffeomorphic to the mani-
fold G x HD="(q; W), see Section 3.4. This identification allows us to define a map
Tm: PTG W) — J™(G; W) that is the projection along HD™ 1 (g; W), see Section 5.1.
Note that this map 7, is not a group morphism, however, it is a smooth submersion that
maps the horizontal bundle of J*1(G; W) to the horizontal bundle of J™(G; W).

Theorem A (Prolongation theorem). Let G be a Carnot group and let W be a vector
space. Suppose m > 0, Q C J"™(G; W) is open, and that F: Q — J"(G; W) is a contact
map. If 1wpy,: J’”+1(G W) — J™(G; W) denotes the projection along HD"™ 1 (q; W), then
there is an open set Q c gt (G; W), determined by Theorem 5.2, and a unique contact
map F:Q — mt(G; W) such that

TmoF = Fomy,.

A more precise statement is Theorem 5.2, where we give a precise definition of the
open set 2. The map F in Theorem A is called prolongation of F, see Section 5.3.

It should be noted that Theorem A loses its significance if the set €2 is not specified, as
considering the empty set would render the statement trivially true. In general, the exact
size of the set €2 stated in Theorem 5.2 remains uncertain to us. For instance, when F is
constant, 2 is empty. However, if F' is close enough to the identity map, €2 is non- empty.
Additionally, when F is the prolongation of a contact map, Q corresponds to 7,1 (), as
explained in Remark 5.4. As a consequence of the following Theorem B, this is always
the case when m > 2. We do not know if it can be proven that 7, (2) = Q2 also when
m = 1 and F is a diffeomorphism.

Theorem B (De-prolongation theorem). Let G be a Carnot group and let W be a vec-
tor space. If m > 2, then every contact diffeomorphism J™(G; W) — J"(G; W) is the
prolongation of a contact diffeomorphism J'(G; W) — JY(G; W).
Moreover, suppose that one of the following conditions is satisfied:
(A) dim(W) > 1, or
(B) for every v € V1 \ {0}, there is v’ € Vy with [v,v'] # 0.
Then every contact diffeomorphism J'(G; W) — JY(G; W) is the prolongation of a
contact diffeomorphism J°(G; W) — J%(G: W).

‘We can also state Theorem B for contact diffeomorphisms that are defined on domains
in J”(G; W), in which case the de-prolongation will only be local a priori. A precise
result is stated in Theorems 6.1 and 6.2. We show in Remark 6.3 that the second part of
Theorem B is sharp.

Finally, we prove that stratified groups embed into jet spaces. It has already been
proved by Montgomery in [8], Section 6.5.1, that every manifold of dimension n endowed
with a distribution of rank k is locally smoothly embeddable into J* (R¥; R”~¥). Our result
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differs from Montgomery’s as we seek a global embedding as stratified Lie groups, that is,
we want to reconstruct a stratified Lie group G as a stratified subgroup of some jet space.
This is simply not possible with standard jet spaces, as we explain in Remark 7.1. Indeed,
if a stratified group G with Lie algebra g = @;Zl V; can be embedded as stratified group
in a classical jet space J™(R"; W), then we must have [V;, V;] = O forall i, j > 1.

Notice that, of course, G embeds into J”*(G; W), by construction. However, we prove
that we can reconstruct G inside the jet space of a stratified group with lower step.

Theorem C (Embedding into jet spaces). Let G be a stratified group of step s + 1. Then
there exists a stratified group G’ of step s and a vector space W such that G embeds as a
stratified group in J°(G'; W).

In Theorem C, if the stratification of the Lie algebra of G is @jsi %, then G’ is the
quotient G/ exp(Vs+1) and W is the vector space V4. See Section 7 for details.

1.3. Further developments

We conclude the introduction with a list of further developments that a curious reader
might be interested to study.

Our construction of horizontal jets for functions from a stratified Lie group G into
a vector space W suggests a similar construction for horizontal jets of contact functions
valued in a stratified Lie group W, using the so-called Pansu derivatives.

The fact that the first layer V7 in g is bracket generating plays a central role, because it
allows to write all derivatives in terms of horizontal derivatives. However, the fact that g is
stratified seems to be only a technical aid. This suggests that one could consider polarized
Lie groups, that is, Lie groups whose Lie algebra has a chosen subspace that is bracket
generating. More specifically, one could carry out a similar study of horizontal jets from
a polarized Lie group into a vector space, or horizontal jets of contact maps between
polarized Lie groups.

Jet spaces are used most commonly in the geometric study of PDEs. Although our
research was mainly driven by embedding problems, we expect that in comparison with
standard jets spaces, the jet spaces constructed here should be better adapted to the study
of PDEs involving horizontal vector fields. For instance, for the study of symmetries and
equivalences (as in [2, 11, 12]) of sub-Laplacians in Carnot groups.

In this paper, we have not considered metric geometries on the spaces involved. How-
ever, once a scalar product is chosen on V;, G becomes a sub-Riemannian Carnot group
and there is a canonical choice of sub-Riemannian structure for J” (G; W). A first question
is whether the embedding we gave in Theorem C is geodesic, that is, distance preserving.
One might also try a description of geodesics in J”(G; W), as in [4, 5].

In [7, 13, 18], the fact that certain Carnot groups are jet spaces has been used to
study Lipschitz extensions and Lipschitz homotopy groups. One could wonder if a similar
strategy can be used with J”*(G; W).

1.4. Structure of the paper

In the preliminary Section 2, we introduce elementary facts, notation and conventions we
will use throughout the paper. The definition of jet spaces and their Lie algebras over
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stratified Lie groups are contained in Section 3. Section 4 is devoted to a second definition
of jet spaces using homogeneous polynomials. We prove the prolongation Theorem A in
Section 5 and the de-prolongation Theorem B in Section 6. Section 7 is devoted to the
proof of the embedding Theorem C. Finally, we present one example in Section 8.

2. Preliminaries

In this section, we introduce stratified Lie groups and we fix basic notation, conventions
and a few known results.

2.1. Notation choices

If V and W are vector spaces, we denote by Lin*(V; W) the vector space of all k-
multilinear maps from V to W. In particular, End(V') = Lin(V; V) is the Lie algebra
of all linear maps V' — V' with Lie brackets

@2.1) [A,B] = AB — BA.

If E — G is a vector bundle over a manifold G, we denote by I"(E) the space of smooth
sectionsof E.If X e I'(E) and p € M, we write X(p) or X, for the evaluation of X at p.
If G, M are manifolds, we denote by C°°(G; M) the space of smooth maps G — M.
If G is a Lie group, we denote its identity element by eg or e, and we identify its Lie
algebra with the tangent space at the identity element; if p € G, then L,: G — G is the
left translation L,(x) = px. If g is a Lie algebra, we denote by Der(g) the space of
derivations of g and by Aut(g) the group of Lie algebra automorphisms of g. If G is a Lie
group, we denote by Aut(G) the group of Lie group automorphisms of G.

If V is a vector space, let T(V) = @;’il V®J be the tensor algebra of V. We define
the tensor spaces T (V) = V®™ and T="(V) = Pr—, Tk(V). It is clear that we have
TV =T™(V*).

2.2. Vector fields

Let G be a smooth manifold and W a finite-dimensional real vector space. We consider
the differential of a smooth map f: G — W as amap df: TG — W. More precisely,
ifveT,G,then df(v) = %|,=0 f(y(@)) € W for any y: R — G smooth with y(0) =
and y’(0) = v.

Vector fields v € I'(T'G) are differential operators C*°(G; W) — C®°(G; W): if
f:G — W is smooth, then v f: G — W isthe map ¥ f(p) = df(9(p)). The Lie bracket
of vector fields v, w € I'(T'G) is defined as the commutator in the algebra of differential
operators, i.e.,

2.2) [§, 0] = 01 — Wd.

2.3. Vector fields on a Lie group

Let G be a Lie group with Lie algebra g. If X € C*°(G; g), i.e., X is a smooth func-
tion G — g, we denote by X the corresponding vector field on G defined by X(p) =
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dL,[X(p)]. The vector field X is characterized by means of the Maurer—Cartan form wg
as the only vector field X € I'(T'G) such that wg (X (p)) = X(p) forall p € G. The (left)
Maurer—Cartan form is the vector-valued 1-form wg: TG — g such that v = DL ,[wg (v)]
forall p e G and v € T,G. We define Lie brackets on C *°(G; g) as follows: if X, Y:G—g,
then we define [X, Y](p) = dL, 1[X,Y](p) € g. Notice that left-invariant vector fields
X:G —> I'(T G) correspond to constant functions G — g, and that if X,Y:G — g are
constant, then [X, Y](p) = [X(p), Y(p)] for all p.
If f,g € C>®(G)and X,Y:G — g are constant, then

2.3) [fX.gY]=f -(Xg) Y —g-(Y f)-X + fg[X.Y].

Sometimes we will use right-invariant vector fields. For x € g, we denote by x the
right-invariant vector field on G with xT(eg) = x.

2.4. Derivatives along vectors and linear vector fields

Let V be a vector space. As vector spaces are instances of abelian Lie groups, we are
consistent with the notation introduced in Section 2.3 by setting

5= | s+

t=

for any vector v € V.

We will need the following elementary observation. Notice that a linear map X €
End (V) defines a vector field X (p) = Xp. So, if X, Y € End(V'), then we have two ways
of taking Lie brackets: as linear maps in (2.1), [X, Y]gna(v) = XY — YX € End(V) and
as vector fields in (2.2), [X, f’]p(TV) =XY-YX eT(TV).

Lemma 2.1. If X,Y € End(V), then [X, ?]F(TV) = —[ﬂ]EHd(V).
Proof. Let f:V — R be a smooth function and p € V. Notice that

S| TN+ sxp =
S

dr

d d
T dtli=ods s=of(p + sXp +1tYp + stYXp)
d d
= 2 limo T oo /(25X +1YP) + f(p +1Yp + 51YXp))
d d
= 2o Ty (P + XD +1YD) + f(p +1¥p) + f(p + 51YXp))
d d

= drli=o ds s=0(f(p +sXp+1Yp)+ f(p+1Yp) +sf(p+1YXp)),

XY f(p) = F((p+5sXp)+tY(p + sXp))

tOdSsO

where we used the formula & i |r 08, 1) = 4r1,_,(g(r,0) + g(0,r)). Similarly,

d d

YXf(p) t=0 ds

o O(f(p-l-sXp +1tYp)+ f(p+1tYp)+ sf(p +1XYp)).
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Hence,

[X.Y1f(p) = XY f(p) ~ Y X f(p) = %Lzo(f(ertYXp)—f(p+tXYp))

d ———
= |,y /P +1(YXp = XYp)) = (=[X.Y]p) f(p). -

2.5. Vector-valued differential forms

Let G be a smooth manifold and W a vector space. We define W-valued 1-forms as
QYG; W) :=T(Lin(TG; W)),

where Lin(7'G; W) is the vector bundle over G whose fiber at p € G is the space
Lin(7,G; W) of linear maps from 7,,G to W.

Suppose that G is a Lie group with Lie algebra g. Via the Maurer—Cartan form, we
identify TG with G x g, and thus Lin(7'G; W) with G x Lin(g; W). In particular,

QYG; W) ~ C®(G;Lin(g; W)).

In other words, if w € C®°(G;Lin(g; W)), then we define ® € Q1(G; W) as &(p)(v) =
w(p)(dL, ) forv € T,G.

A left-invariant W-valued 1-form is an element @ of Q!(G; W) such that, for all
p.g €G,ao(gp) =w(p)o dL;l. In particular, left-invariant W-valued 1-forms corres-
pond to constants in C*°(G; Lin(g; W)).

Any W-valued 1-form @ € Q1(G; W) defines a subset Ker(@) € TG given by all
vectors v € TG such that @(v) = 0. In particular, Ker(®) is a subbundle of TG if @ is
left-invariant.

2.6. Anti-semi-direct product

Let g and §) be Lie algebras, and v: g — Der(}) an anti-morphism of Lie algebras, that is,
a linear map such that ¥ ([x, y]) = —[¥ (x), ¥ ()]. For a given ¥, we obtain a Lie algebra
i = g Xy b consisting of the vector space g x h equipped with the bracket

[(x. X). (. )] = ([x. y]. = [X. Y] + ¥ (D)X — ¥ (x)Y).

Let G and H be the corresponding connected simply connected Lie groups of g and §.
Then there is a anti-morphism of Lie groups ¢: G — Aut(H) (thatis, ¢p(ab) = ¢(b)p(a))
such that ¢ (exp(x))« = e¥® € Aut(h) for all x € g. We obtain a Lie group J = G xg H
on G x H with Lie algebra j = g x, h) by setting (a, A)(b, B) = (ab, B¢(b)A).

Assume that j is abelian, that is, a finite-dimensional vector space. Then

[(x, X), (. V)] = ([x, y]. ¥y ()X — ¢ (x)Y),
(a, A)(b, B) = (ab, B + ¢(b)A),
(2.4) (exp(x), A)(exp(y), B) = (exp(x) exp(y), B + ¥ 4).
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If (a, A) € J and (x, X) € j, then the differential of the left translation L, 4) at (eg., 0)
applied to (x, X) is

JL x\ _(dLs O x\ X(a)
@4)l(ec.0) X) \v(hHAa 1dJ\X) \v(x)A+X)"’

where X(a) is the left-invariant vector field X generated by x and evaluated at a, i.e.,
X(a) = dL,4[x]. Hence, if (x, X) € j, the corresponding left-invariant vector field (x, X)
computed at (a, A) € Jis

(x, X)(a, 4) = (F(a), ¥ (x)A + X).

In order to describe the exponential map exp;: j — J, we need to find a curve ¢ —
(a(t), A(t)) € Jsuch thata(0)=eg, A(0)=0,a’(t)=%(a(t)) and A’ (t) =y (x)A@t) + X.
By standard considerations, we get

1
(2.5) exp;(x, X) = (exp(x), / U=V ) x ds).
0

2.7. Stratified Lie groups

A stratification for a Lie algebra g is a direct sum decomposition g = V; @ --- @ Vs,
where [V1, Vj] = Vi, for 1 < j <s,and [V;,V;] = 0 fori + j > s. The projection
g — V; will be denoted by I1;. A stratified Lie group is a connected, simply connected
nilpotent Lie group whose Lie algebra is stratified. Stratified Lie groups are also known
as Carnot groups and we use the two terms as synonyms.

The subbundle of TG given pointwise by {v(p) € T,G : v € V1, p € G} is called the
horizontal bundle and denoted Hg . Furthermore, for every A > 0, the dilation §;:gq — g
is the Lie algebra isomorphism defined by IT; o §; = A'II;. By conjugating the Lie
algebra dilation with the exponential map, we get a corresponding dilation G — G, also
denoted &, which by definition, is a group isomorphism.

Lemma 2.2. Let U C G be an open set, let F:U — G be a smooth map such that
dF(Hg NTU) C Hg, and let po € U be such that dF |5, (py) is injective. Then d F(po)
is a linear isomorphism.

Proof. We say that two vector fields X 1 and X > are F-related if

dF(p)X1(p) = X>(F(p))

for all p. If X; and Y; are F-related to X, and Y5, respectively, then [)? 1, 171] is F-related
to [X», 2], see Proposition 1.55 in [17].

Up to shrinking U, we assume that U is a neighborhood of po, where d F|g¢(p) is
injective for all p € U. For p € U, define dg F(p): ¢ — g by setting

d F(p)v = dL(,)(dF (p)(dLyv)).

Since dF(Hg N TU) C Hg and dF |4, (p) is injective for all p € U, then we have a
smooth function dg F'|y,: U — GL(V1), where GL(}) is the group of invertible linear
maps V73 — Vi. Given X,: G — V; smooth, define XIF: U — Vj as

XF (p) = (d6 F(p)lv)) " X2(F(p)).
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It is clear that the corresponding vector fields X IF and X, are F-related.

Now, since there is a basis of Tr(,,)G whose elements are evaluations at F'(pg) of
iterated Lie brackets of some horizontal vector fields, each element of such a basis is in
the image of d F(po). Therefore, d F(po) is surjective, and thus a linear isomorphism. m

3. The jet space over a Carnot group

In this section, we will construct the jet space J” (G ; W) of m-order jets of functions from
a stratified Lie group G to a vector space W. To highlight the difference from the stand-
ard jets, we sometimes specify that these are horizontal jets, that is, they are constructed
using horizontal derivatives. The Lie group J”(G; W) is derived from its stratified Lie
algebra " (q; W) = @y, ™ (a; W)k At the end of the section, we characterize by means
of jets of functions the left-invariant distribution H™ C T J"(G; W) generated by the first
layer j" (g; W)1.

In order to help the reader in the following abstract discussion, we shortly present our
algebraic construction of jet spaces when G is abelian, that is, G = R” for some 7.

If f:R" — W is a smooth function, then we have partial derivatives of order k at
p € R” defined as

A% 10,0 03] = 0 - 05, £ ()

Notice that A; » is a symmetric k-multilinear map and that every symmetric k-multilinear
W-valued map A represents the derivatives of order k of a function f at any point p (take
the homogeneous polynomial f(x) = %A[x — p.....x — p]). Denote by Sym*(R"; W)
the space of all symmetric k-multilinear maps valued in W. When k = 1, we have that
Sym! (R”; W) = Lin(R"; W), and when k = 0, we set Sym®(R”; W) := W. We extend
these notions to the non-commutative setting in Section 3.1.

We construct the Lie algebra

i"(R": W) = R" @ W & Lin(R": W) & Sy’ (R": W) & - @ Syn™ (R": W),

with Lie brackets given by the following rule: if A € Sym*(R”; W) and v € R”, then
[4,v] € Sym*~!(R”; W) is the contraction by v, that is,

[4,v][vy,...,v—1] = Alv1, ..., Vg—1,V].

Since we are dealing with symmetric maps, it does not matter which slot of 4 we contract,
whereas in the non-commutative setting the slot choice does matter, see Section 3.2.

With these Lie brackets, j”* (R"; W) turns out to be a stratified Lie algebra with strati-
fication

TR W) =R*"® {0} & ...{0} ® {0} & Sym™ (R"™; W),
PM(R": W), = {0} @ {0} @ ... {0} & Sym” L (R"; W) & {0},

"R W)me1 = {0y W @ {0} & ...{0} & {0}.

In Section 3.3 we develop the same construction in the non-abelian case.
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The jet space J”(R™; W) is then the simply connected Lie group with Lie algebra
i™(R"; W). The semi-direct product structure easily facilitates the construction of a model
of J™(R™; W) using j” (R"; W) and exponential coordinates of the second kind, see Sec-
tion 3.4. These are the standard coordinates on jet spaces: we denote by x the coordinates
in R”, u the coordinates in W and u; coordinates in Symk (R™; W), where [ = (Iy,...,1,)
is a multi-index with Z;zl I; = k. In other words, if u: R” — W is a smooth function,
uy should represent the derivative uy(p) = 8{1 8£”u( p)- The horizontal distribution
on J™(R"; W) (also called Cartan distribution) is the intersection of the kernels of the
1-forms

n
oy = dujy — Zu1+e_,. dx’.
Jj=1
We use a formally similar formula to define the horizontal distribution in Section 3.5.

The above 1-forms can be understood as follows: if u: R” — W is a smooth function
and y: R — R” is a smooth curve, then the chain rule gives

d " ,
@)= Y urie; (r(0) A [y ().

j=1
It follows that the curve R — J(R”; W) given by
1 (), uly@),....ur(y@)),...)

is tangent to the kernels of the 1-forms wy. In fact, this is a characterization of the Cartan
distribution, and we prove the same in the non-abelian setting in Section 3.6.
A non-abelian example is described in Section 8.

3.1. Horizontal derivatives

For f: G — W smooth, k € N and p € G, we define AJ’ﬁp as the k-multi-linear map
from V; to W defined by

Al i) =B T f(p).

If k =0, we set A%p := f(p). Notice that if we define f,(x) = f(px), then the left
invariance of the vector fields v; implies that Ajli, » = AJ’ﬁp’e.

For k > 1, we denote by HD* (q; W) the vector subspace of Lin¥ (Vy; W) of all such
k-multi-linear maps. For k = 0, we set HDO(g; W) = W, coherently with the definition
of A}’,, - We then define

m
HD="(g: W) = @D HD" (g: W).
k=0

Elements of HD="(g; W) are a priori only sums of derivatives of functions G — W.
Corollary 4.6 will show that every element in HD=""(g; W) is the derivative of a function,
that is, for every p € G, there is f: G — W smooth such that the k-th component Ak
of A,is A% .

We call elements of HD=""(q; W) (horizontal) jets of order m. Since we do not use
other notions of jets, we will often drop the specification “horizontal”.
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3.2. Right contractions

Ifk >2and A € Link (V1; W), then for v € V1, the right contraction of A by v, denoted
by v114, is the element in Link~!(V;; W) given by

vi1A(y,...,0—1) = A(vy, ..., Vg_1,0).
Moreover, if k = 1,then v1A4 = A(v), andif k = 0, thenv~4 = 0.

Lemma 3.1. If A € HD*(q; W) and v € Vy, then v1 A € HD¥"1(q; W). Furthermore, if
k>1land A = A;Ep, then it follows that

d k-1
3. V1A = I o Af,pexp(tv)'
Proof. The first assertion of the lemma is a consequence of (3.1) since ¢ > AX~ fpexp( tv)
a smooth curve in the vector space HDK~1(g; W).
Turning to the proof of (3.1), we note first that if vy, v, € V7, then

d
D1 fp(0) = 0H0) = G| 1) explsava))
d

dS2

f(Py exp(s2v2) exp(s1vy)).
s2=0 dSl

Iterating this procedure, we obtain

d
s1= —0 dsk

(3.2) U1 fple) =

rn S (pexp(skvi) -+ - exp(s1v1)),
S1 0

k=

where the derivations d‘; ] _o commute with each other. We now obtain (3.1) by direct
calculation as follows. If k = 1, then (3.1) is trivial since AO = f(p).Ifk > 2, then

d

k—
E t=0 Af,plexp(tv)(vl""’vk—l)
d d d f( tv) ( ) ( )
=3 - exp(7v) exp(si_1Vg_1) - - - exp(sqv
di lr=0 dsy Isy=0  dsg_q Isx_1=0 pexp P(Sk—1Vk—1 p(s1v;
= G010 f(p) = Af (01 01, 0) = VAL V). .

Lemma 3.2. The linear span of the image of the bilinear map ~: Vi x HD*(q; W) —
HD*~(g; W) is HD* =\ (g; W), for all k > 1.

Proof. Let J = span{v-1A4:v € Vy, A €HD¥(q; W)}. Foragiven f € C®(G; W), define
Yr:G — HDF1(g; W) by ¥r(p) = Aj’ﬁ;l. If y is a smooth horizontal path in G and s
is in the domain of y, then there is v € V; such that y’(so) = 0(y(s9)). Hence, by (3.1),

d d k
(3.3) Tl @) = | UG explrv) = vadf .
Since V) bracket generates g, every pair of distinct points g1, g, € G are connected by a

k—1
horizontal curve and (3.3) implies that qu Af’q2 e H.
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For any B € HD*"!(q: W) and p # e, there exists f such that B = Aji;l. Let ¢ be
a smooth cut off function with value 1 on a neighborhood of p and 0 on a neighborhood
of eg. Applying the argument above, we have Vs (p) — ¥y r(eg) € J¢, which implies

Ver(p) = B € K since Yyr(eg) = 0. -

Given v € V;, we now extend the definition of the right contraction by v to a map
va:HD="(q: W) — HD="(q: W), where for each A € HD="(gq;: W), we set (v1A)k =
vaA**! fork < m and (v21A4)" = 0.

In the following proposition, we extend the notion of right contraction v-14 to vec-
tors v that are not in V/;. The spirit of such an extension is based on two observations. On
the one hand, vectors in a higher layer Vj are derivations of order k. On the other hand,
higher order derivations are compositions of derivations of order 1. A look at the example
in Section 8, and Section 8.5 in particular, can help the reader to clarify the picture.

Proposition 3.3. The map V| — End(HD=""(q; W)), v > v 7, extends uniquely to a Lie
algebra anti-morphism ¢ — End(HD="(g; W)), i.e., to a linear map that satisfies

[v,w]7 = —[va, wA]

for every v, w € g. Furthermore, the map v +— v - satisfies the following properties:
(i) IfveVyand A € HD="(q; W), then

A =0 forallk >m—1¢,
andif A = Af’; for some f and p, then

d

k _
Wad)" = | _ OAf,pexp(tv)

forall 0 <k <m—{¢.

(i) If v € Vo, w € Vp, A € HD="(q; W), and if A = A7) for some [ and p, then

d

m OAjipeXp(t[v wl) = (wA(a4) —va(waA))* forall 0 <k <m—a—b.
(=0 S ;

Proof. We will show that there exists an extension of v — v satisfying (i) and (ii), and
then we will show that this extension is a Lie algebra anti-morphism.
We start with the map v — v 1 defined only for v € V7. Recall that if f: G — W and
v, w € g, then
82
3.4 —‘
(3-4) dsat

d
(f(eXp(sv)eXp(lw))—f(eXp(lw)eXp(sv)))=@ h=0f(e><p(h[v,w]))-
Moreover, if v, w € Vi, then
2

k+1
3501 (wady )

$5=0 f,p exp(sv)

k+1 k+2
o Af,pexp(sv)) LU‘I(U‘IA ),

(3.5)

5.0=0 Af,pexp(sv)exp(tw) = g

0
=w—|($
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where we used Lemma 3.1 and the linearity of w . It follows that (ii) holds fora = b = 1.
Clearly, (i) holds for £ = 1, by Lemma 3.1 and the definition of -.
Let 1 <n < s — 1, and suppose that we have already extended - to a bilinear map

n
1 : @V x HD="(g: W) — HD="(g: W)
j=1

satisfying both (i) for £ < n, and (ii) for a,b < n. For u € V41 and A € HD=""(q; W),

define
d

k
(u-4) dl = OAfpexp(tu)

fork <m —n—1,and (u1A)¥ := 0 for k > m —n, where f determines A at some p. If
u = [v,w] € V41 withv € V; and w € V,,, then (ii) implies that (u 1 A)* = (w~(v-14) —
va(w- A))k for k <m — n; hence, u 1 A does not depend on the choice of f and p. Since
u +— u1A is linear and V;,4; is linearly generated by [V7, V;], u1 A does not depend on
the choice of f and p for every u € V4.

The newly defined bilinear map

n+1
1 : @ V; x HD="(g: W) — HD="(g: W)
ji=1

satisfies (i) for £ < n + 1 by construction. If v € V,; and w € V}, witha,b <n + 1, then
we can carry out the same computations as in (3.5) and apply (3.4). Thus, we obtain that
this partial extension - also satisfies (ii) fora,b <n + 1.

By iteration, we have proven that an extension of - satisfying (i) and (ii) exists.
Finally, (ii) implies that v — v~ is a Lie algebra anti-morphism, which must be unique
because V; Lie generates g. ]

Remark 3.4. From part (i) of Proposition 3.3, we see that if v € V; and 4 € HD* (q; W),
then v A € HD¥F~¢ (g; W) (or 0 if k — £ < 0). In particular, A € HD* (g; W), which is a
k-linear map on V7, defines a linear map V; — W. This observation is an expression of
the known fact that derivatives along V} are “intrinsically” derivatives of order k.

More generally, A € HD="(g; W) defines a linear map A: g — HD<”‘_1(g, W) by
setting A(v) = v A. From (i) in Proposition 3.3, we see that if A = A— andk + 5 <m,
where s is the step of G, then

d
dr

k

k
3.6) (vaA)* = =0 Af,pexp(tv)'

Remark 3.5. We denote by Ad, the differential at eg of the map ¢ > pgp~'. For every
feC®G;W),peG,x egandk € N, we have

(3.7) A = (Ad, 1(x)mf"“)

k
xtfp ™
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Indeed, we have that the curves ¢ — p~!exp(tx)p and t > exp(t Ad;l(x)) have

equal derivative at t = 0. Therefore, using the formula (3.2), which is still valid for non-
horizontal vector fields, and (3.6), we get that for every vy, ..., v € Vi,

Aﬁfﬁp[vl, coUk] = g ---51(XTf)p(‘3)

d d

= sy lsimo " dse SkZO(XTf)(P exp(sxvg) - - - exp(s1vy))
d d

= Oy lsmo” " dsg lsio E‘t:@ S (exp(tx) p exp(sgv) - - exp(s1v1))
d d _

= E s E 50=0 d7 |1=0 F(pp~"exp(tx) p exp(skvk) - - exp(s1v1))
d d _

= Oy lsimo g lse=o0 dr li=o f(pexp(t Ad, " (x)) exp(svg) - - exp(s1v1))
d k

= 3120 A pexpit adg oy V1- - -+ V)

_ k
= (Ad, () 475) (w1, ),

that is, we get (3.7).

3.3. The Lie algebra of the jet space

If we consider the vector space HD="(g; W) as an abelian Lie algebra, then the space
of its derivations coincides with the space of linear endomorphisms End(HD=""(g; W)).
Hence, by Proposition 3.3, the map v + v is a Lie algebra anti-morphism from g to
Der(HD="(g; W)). Applying the results listed in Section 2.6, we obtain the Lie algebra

i"(q: W) 1= g x HD=""(g; W),
where
(3.8) [(v, A), (w, B)] = (Jv,w], w14 —vaB).

Lemma 3.6. j"(g; W) is a stratified Lie algebra of step max{s,m + 1}, where s is the
step of g. The k-th layer of i (g; W) is

i (@ W)k == Vi x D" K (@ W),
where Vi, = {0} if k > s and HD" 1% (q: W) = {0} if k > m + 1.
Proof. One easily sees that
(7 (g W1, 3™ (@ Wil €37 (8 Wkt

Moreover, in the previous equation, the linear span of the left-hand side is equal to the
right-hand side because of Lemma 3.2. ]
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3.4. The jet space

The simply connected Lie group corresponding to the Lie algebra j” (g; W) is the semi-
direct product J”*(G; W) = G x HD="(g; W) with group operation given by (2.4) in
Section 2.6 as

(exp(v), A)(exp(w), B) = (exp(v) exp(w), B + eWw —')A).

Using the inverse map log: G — g of the exponential map, we may also express the mul-
tiplication directly on G by

(a,A)(b, B) = (ab, B + e(log(b)‘l)A)_

The group J”*(G; W) will be called the W-valued (horizontal) jet space over G of order m.

Since J™(G; W) is the product of G and the vector space HD="(g; W), it is a smooth
vector bundle over G, where for each (a, A) € J™(G; W), we have the following canonical
identifications for the tangent and cotangent spaces:

T(a,A)Jm(G; W) ~ TaG X HDSM(Q’ W),

For (x, X) € {"(g; W) and (a, A) € J™(G; W), the differential of the left translation
L4, 4) at (0, 0) in the direction (x, X) is given by

X dL, O X X(a)
dLanloo |\ x =154 19)\x)=caat+x)

where X(a) is the left-invariant vector field X generated by x and evaluated at a, i.e.,

X(a) = dLg4[x]. The left invariant vector field generated by (x, X ), denoted (x,\X ), when
evaluated at (a, A) € J™(G; W), has the following form:

(x, X)(a, A) = (¥(a), x4 + X).

Since G is simply connected and nilpotent, the exponential map exp: g — G is a dif-
feomorphism and it is common to identify g with G via exp. In other words, one can
reconstruct G on g using the BCH formula. This identification is very useful. How-
ever, notice that the exponential map g x HD="(g; W) = j"(q; W) — J"™(G; W) =
G x HD=""(g; W) is not the identity map, but it is described in (2.5).

3.5. The Cartan distribution

For 0 < £ < m, we define a vector-valued form w® € Q1(J™(G; W); HD'(g; W)), where
for each (a, A) € J™(G; W) and all (x, X) € T(4,4J™(G; W), the value of w'(a, A) is
given by
m—L{
w'(a, A)(x. X) = X' =Y (dL; x) 1A,
k=1
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where (dL;1x); = Mg (dL,;'x) € V} is the projection of dL ! x to Vj. The sum of these
forms gives the 1-form w € Q1(J™(G; W);HD=""1(g: W)), with

m—1
w(a, A)(x.X) =Y o'(a. A)(x.X) = X" — (dL;"x)7A.
(=1

Forevery j € {1,...,s}, define the V;-valued forms 6/ e QLI™(G; W), Vi) by
67 (a, A)(x, X) := T;(dL;'x).

Lemma 3.7. The forms , and thus its components w*, and the forms 67 are left invariant
under the group operation of 3™ (G; W).

Proof. We show that the forms w and 6/ are constant on left-invariant vector fields. To
this end, let x € g and X € HD="(g; W). For every (a, A), we have

w(a, A)[(x, X)(a, A)] = w(a, A)[F(a), x 1A + X]
= @14+ X)) — x4 = x5

where we used that x 14 = (x14)=™"!, Therefore, w is constant on left-invariant vector

fields (x\)g ), and so w is left invaria~nt. '
Similarly, from 67 (a, A)[(x, X) (a, A)] = 07 (a, A)[X(a), x 1A + X] = x;, it again
follows that 87 is constant on left-invariant vector fields. [ ]

The Cartan distribution or contact jet structure' on J™(G; W) is the distribution
m—1 K}
H™ = m kerw® N ﬂ ker 67
£=0 j=2

In other words, if (a, A) € J”(G; W), the space j‘%, 4) consists of points of the form
(9(a), B), where v € V; and Bt —v~A4! = 0forall0 <€ <m — 1.

Notice that H' is left-invariant by Lemma 3.7 and that J—Cf’;’o) =™ (g; W) is the first
layer of the stratified Lie algebra j™ (g; W).

Next, we describe a frame for H"™. If vy,..., v, isabasis of Vj and BY?,..., By isa
basis of HD" (g; W), then a basis of }Cz”a A is given by the vectors

Xj(a, A) := (Vj(a),vjq4), je{l,....r},

3.9
G2 Yj(a. A) := (0, B"), jell,....N}.

To compute the Lie brackets of the vector fields at (3.9), we first consider vector fields of
the form X, (a, A) = (v(a), v1A), for v € V;. From Lemma 2.1 and Proposition 3.3, it
follows that

Xy, Xu)(@, 4) = [v, w](@), w1 (v714) = va(w4) = (v, w](@), [v, w] 1 4),

I'We call the subbundle H™ a “contact structure”, although the term “contact” is also used in the literature
to indicate more specific distributions. However, our use of the word “contact” is definitely not uncommon, in
particular with reference to jet spaces; see, for instance, [12].
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which gives the Lie brackets [X;, Xy]. The remaining brackets are
[X;,Ye] = (0,v;7BY") and [Y;, Y] =0.

If 71 I TG W) — J™(G; W) is the projection along HD™ 1 (g; W), then we have
span dp, (FH{™T1) = H™, by Lemma 3.2 (cf. Section 5.1). Moreover, if ng: J™(G; W)
— G is the projection onto the first factor, then dwg(H™) = Hg, where Hg is the left-
invariant distribution on G defined by V.

3.6. Characterization of jets of functions

Recall that J™(G; W) — G is a vector bundle. For a smooth function f: G — W, the
(horizontal) m-jet of f is the section of J”*(G; W) defined by

m _ <m
7" f(p) = (p. AT™).
Recall also that Jg is the left-invariant distribution on G defined by V.

Proposition 3.8. Let y: G — J"(G; W) be a smooth section. The following statements
are equivalent:

(1) There exists f:G — W smooth such that y = J™" f,
(i1) )/*(,()e|j-fc =O0forevery0 <{<m-—1,
(iii) dy(Hg) C H™.

Proof. To begin, note that since y is assumed to be a section of J”(G; W), (ii) and (iii)
are equivalent. So, we only need to prove (i) < (ii).

(i) = (ii). Assume y = J" f and let p € G and v € V;. Computing the differential
dy(v(p)), we get

ay(p) = L] _ vipew)

_ < (= <m+1
= 3|, P EXPV). AFT ) = (0(p). v AZTT,

-
where we applied (3.1) in the last identity. It is clear that dy (0(p)) is a linear combination
of the vectors in (3.9).

(i) = (i). We write y(p) = (p. Y_j—o ¥’ (), where y/ (p) € HD/ (g; W). Since y is
smooth, the function f = y° is a smooth function G — W. We need to show that y =
J™ f. To this end, we show by induction that the claim yk = A'} istrue fork =0,...,m,
starting with the fact that for k = 0, the claim is true by definition, i.e., y* = f.

Let k < m and assume y* = Af,; we shall show y*+1 = A;EH. Since (ii) holds, for
all p € G and v € V7, we have

d
0= Gy (PP = 3| _ v (pexpv) = vy (p).
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Let p € G and vy, ..., vk, v € V;. Then, using the inductive hypothesis and (3.1), we get

Y ) (V1 vk v) = @AY TN () (01 k)

d d
= (5 (=0 yk(p exp(tv)))(m sy Uk) = (5 =0 A;pexp(tv))(vl’ s 'Uk)
= (U‘IA;—;I)(UL...,U]{) = Ajlﬁ’zl(vl, ety Uk, V).
We conclude that y*+1 = A}f‘H and the proof is complete. |

4. Jets via Taylor expansions

In this section, we build a link between our notion of horizontal jet of a function and
the notion of weighted Taylor expansion developed in [6]. We will gain both a second
perspective on horizontal jets and a few existence results that are needed to develop a
theory of horizontal jets.

Throughout the section, G is a stratified Lie group and W a finite-dimensional real
vector space.

4.1. Homogeneity on stratified Lie groups

In this subsection, we introduce polynomials and homogeneous differential operators. We
have chosen a synthetic definition of polynomials on stratified Lie groups. However, our
definition is equivalent to the one given by Folland and Stein in [6]. Other approaches to
polynomials on Lie groups have been considered; see [1] for a discussion of their equival-
ences. We provide a sketch of some well-known results and concepts with the particular
goal of proving the second assertion in Proposition 4.3, which links homogeneous oper-
ators to the spaces HD" (g; W), which were introduced in the previous section. From the
combination of Propositions 4.1 and 4.3, we obtain an identification of HD”*(g; W) with
the space of polynomials P} (G; W), for each p € G.

Dilations §,: G — G and left-translations L,: G — G define linear operators 4}, L;:
C®(G; W) = C*®(G; W) via pre-composition, that is,

Syf =/f08 and Lyf=folL,.
We define dilations centered at p € G by
.1) 8pa=Lpo8yoL,".

A function f € C*®(G; W) is a homogeneous polynomial of weighted degree m € N at
peGiféy,f=A"f forall A > 0. We denote the vector space of all homogeneous
polynomials of weighted degree m € N at p € G with values in W by P7'(G; W). One
can easily check that for every p € G and m € N, we have

4.2) Lo (PG W) = Pgy (G W).

We finally define the space P="(G; W) = @r—o PX(G; W) of polynomials of weighted
degree m € N on G. Notice that P& (G: W) = PK(G:R) @ W.



Jet spaces over Carnot groups 2307

A linear operator E: C*°(G) — C*°(G) is homogeneous of degree k € 7. if
§oEo()™ =AFE

forall A > 0.

One can easily check that if E£q, E, are homogeneous operators of degree k; and k,
respectively, then the composition £q E; is homogeneous of degree k; + k,. Moreover,
if f € PJ'(G), then the multiplier operator ms(u) = fu is homogeneous of degree m.
If v € Vg, then the differential operator ¥ is homogeneous of order —k.

Let U(G) be the universal enveloping algebra of G, that is, the algebra of all left-
invariant differential operators on C°°(G). Elements of U(G) are linear combinations of
operators of the type X -+ X1, where each X 7 1s a left-invariant vector field on G. For
m € N, we denote by UW"(G) the space of elements in U(G) that are homogeneous of
degree —m. One can show that W(G) = P,,_,; U™ (G).

In [6], Folland and Stein gave an apparently different definition of homogeneous poly-
nomials on graded groups using exponential coordinates. However, looking at the Taylor
expansion of smooth functions at e, one can easily see that their definition is equivalent
to ours. For reasons of convenience, we postpone the proof of this fact to Section 4.3,
precisely to Lemma 4.7, where we discuss these objects in coordinates.

We take from [6] two properties of homogeneous polynomials. First, Proposition 1.25
in [6] gives us that P7* (G; W) C DBr—o (Pf; (G; W) for every p,q € G. In turn, this implies
that P=<"(G; W) = Br—, fP’; (G; W) forall p € G. Second, Proposition 1.30 in [6] gives
us that U (G) is the dual space of P}’ (G), as we summarize in the following proposition.

Proposition 4.1 (Proposition 1.30 in [6]). For every p € G, the pairing

(-1)p : W(G) x PJ(G) > R, (D|f)p :=Df(p).

defines a linear isomorphism Y from P} (G) to the dual U™ (G)*. Moreover, Yrp, extends
to an isomorphism from P} (G; W) to U™ (G)* ® W, for every finite-dimensional vector
space W.

Corollary 4.2. If f € C®(G; W), p € G and m € N, then there exists a unique P},”p €
PY(G; W) such that

Df(p) = DP{,(p)
forall D € U™ (G).

Corollary 4.2 follows directly from Proposition 4.1, because D — Df(p) defines an
element of (U"(G))*. The polynomial > ;' P}f » € P=m(G; W) is the homogeneous
Taylor expansion of f at p of order m.

For the definition of 77 (V7), see Section 2.1.

Proposition 4.3. For every m € N, the function
:T"(V) > U™(G), (11 ® @ Vp) = Upy -y,
is surjective, and its transpose maps W™ (G)* onto HD™ (g; R) C T™(V}¥), that is,

T U™(G)* — HD"(g: R)
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is a linear isomorphism. Moreover, t* extends to a linear isomorphism from U™ (G)* @ W
to HD" (q: W) C T"™(V{*) @ W.

Proof. The fact that t is surjective is standard and we do not prove it here.

Since 7: 7™ (Vy) — W"(G) is a surjective linear map, its transpose t* is a linear
embedding of U"(G)* into T (V}*). The proof that t* maps U”(G)* onto HD"'(g; R)
is divided into two parts.

First, we show that 7*(U"(G)*) C HD"(g; R). Let @ € U™(G)*. By Proposition 4.1,
there is f € P7(G) such that «(D) = Df(e) for all D € UW"(G). Then

)V @ Q@Up) =a(t(Vy ® -+ ® Vy))
= Up---0U1 f(e) = A}'?e(ul R ® Up).

Second, we show that t*(U™(G)*) D HD™(g; R). If A € HD™(g; R), then there is f €
C°°(G) such that A = A7,. Then, the computation above shows that 7*(a) = A, where

o« = Yp(PLL). -

4.2. The polynomial jet space
For P € P="(G;W) and v € g, define

vaP =v'P e PG W),

where vT denotes the right-invariant vector field on G with v¥(eg) = v. There is no risk
of confusion with the right contraction defined in Section 3.2; in the expression “v1X”,
the nature of X determines the nature of .

Remark 4.4. One can easily show that if P € PJ'(G; W) and v € V%, then v~ P is an
element of fP;"_k (G; W). Notice that, in the latter claim, e cannot be substituted with any
point p € G. The reason is that, for p # e, the spaces P7'(G; W) depend on the choice of
left over right translations in the definition of §, 3, see (4.1).

As a direct consequence of the standard equality [vT, w] = —[v, w]" for v, w in a
Lie algebra g, it follows that the map v > v € End(P="(G; W)) is a Lie algebra anti-
morphism of g, i.e.,

vawa —wAava = —[v, w]q,

for every v, w € g.
Therefore, we can apply the construction presented in Section 2.6 with ¥ (v) = v .
Define j7 (g; W) as g xy P=""(G: W) with Lie brackets

(4.3) [(v, P), (w, Q)] = ([v,w],w~P —v10) = ([v,w],w P —vT0).

In parallel to Lemma 3.6, the Lie algebra j’f (g; W) is stratified with layers
i@ Wk = Vi ® PEHHGW),

where Vi = {0} if k > 5, and P +1=K(G; W) = {0} if k > m + 1. Define

IP(G W) =G x P"(G; W)
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as the Lie group with operation

(exp(v). P)(exp(w). Q) = (exp(v) exp(w). @ + e”' P).

Theorem 4.5. (i) For every p € G, the map op: P (G; W) — HD"(g; W) given by
op(f) = A7 . is a linear isomorphism.”

) If peG, f eP"(G;W)andv € g, then
(4.4) op(v1f) = Ad, ' (v)0,(f) € HDZ"(G: W).

(iii) The map o:i%(g: W) — i"(g: W) givenby o (v, f) = (v, AS,L") is an isomorphism
of stratified Lie algebras.

(iv) The map ®:IF(G; W) — J™(G; W) given by ®(p, f) = (p, Af;") is the iso-
morphism of Lie groups with ®, = o.

Proof. The composition of the isomorphisms v, form Proposition 4.1 and t* from Pro-
position 4.3 gives the linear isomorphism

1// *
0p : PP (GIW) = UM (G W) = BD"(: W), 0p(f) = AT,

foreach p € G.

The identity (4.4) follows from Remark 3.5. Notice, in particular, that o.(x1f) =
x10¢(f). Thus, o is an isomorphism of stratified Lie algebras. Finally, the last statement
is proved by checking that

®(exp;,, (x. P)) = exp;(o(x, P))
for every x € g and P € P="(G), which is a computation with (2.5). L]

An immediate consequence of Theorem 4.5 is the following statement.

Corollary 4.6. Forevery p € G and A € HD=""(q; W), there is f € C*(G; W) such that

AE;’ = A and A;‘f’p = 0 for all k > m. In particular; if f € PF(G; W), then Ajlﬁ’p =0

fork # m.

4.3. Bases

Let B = (b1, ..., b,) be a basis of g adapted to the stratification @j V;,ie., there is a
non-decreasing sequence of integers {w; }7_, such that b; € Vy, forall i. If I € N" is
a multi-index, define w(/) = Z;-'zl w; ;. We denote by x; the exponential coordinates
given by B, i.e., smooth functions G — R such that exp(}_; x;(p)b;) = p forall p € G.

The homogeneous degree of a monomial x! = ]_[;l -1 x;j is deg(x”) = w(I).

Lemma 4.7. Using the above notation, {xl}w(1)=m is a basis of PJ'(G;R).

Notice that the space HD=""(g: R) does not depend on p, but the way it is identified with T;m (G) does.
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Proof. Ttis clear that {x” },,(;)=p, is a linearly independent subset of P (G;R). To prove
the claim, we set |1 | = Z;-’zl I;,sothat [I| <w([) <s|I|because 1 < w; < s foralli.
Given f € P7(G;R), we write the Taylor expansion of f at 0 in exponential coordinates
up to order m, that is, f(x) = mem fix! + p(x), where p € C*®(G) is such that
lo(x)| < C(|x|™*1) for |x| < 1 and some C > 0. Here | - | denotes the Euclidean norm.
We rearrange this sum as

fe)y =) fixl+p)=)" Y fixl+ Y D fix! +p).

|I|<m k=0 w(l)=k k=m+1 w(I)=k
[I|<m

Therefore, for x fixed and A > 0, we have

f(5)tx) Z fx Zkkm Z flx 4 Z Ae—m Z frx P(5Ax)

w(l)=m k=0 w(l)=k k=m+1 w(l)=k
[I|<m

Notice that the left-hand side of the latter identity is constant in A, while on the right-hand
side, we have

lim
A—0t

5
lim Z MmN fixl =0, lim POY) _

+ + A
R S w(l)=k A=0
[I|<m

Z/\k " Z fix! ‘—oo if Z fix! % 0 for some k,

w(l)=k w(l)=k

where the last limit follows from the fact |5, x| < A|x|. We therefore obtain that f(x) =
Zw(]):m fI xl . ]

For a multi-index / € N”, define b/ = bI‘ bl e U(G). Notice that we obtain
@ A) bl = ADpl By the P01ncare—B1rkh0ff Witt theorem, see Theorem 1.2.7 in [3],
{b }renn is a basis of U(G). Since bY € U™(G) if and only if w(I) = m, we have that
{bI : w(l) = m} is a basis of U (G).

We have two ways to build a basis of HD™ (g; W): we can take {o, (xl)}w(1)=m, or the
basis dual to {Z;I tw(r)=m- These are not the same, because it is not true that (Z;I lx7)y =0
ifandonlyif I = J. _

We choose to describe the second basis, that is, the basis dual to {bI bw(1)=m, for both
HD™(g:R) and P7'(G;R). In other words, we will get { A7 }wr)=m C HD"*(g;R) such that,
forevery f € C*°(G) and p € G,

A7 = Y (' f)(p)-Ar
w(l)=m
And, for each p € G, we will get { Pp,1 }w(1)=m C P (G;R) such that
(4.5) PR o= > (" f)p)- Py

w(l)=m
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We can obtain the polynomial P, ; by imposing bTp7 (p) = 85 and then compute
Ar = A'I')le,l, .- The identity (4.5) gives us the homogeneous Taylor expansion of f €
C>®(G)atpas
f~Y Y ") P
m=>0 w(I)=m

However, we can compute A; without taking derivatives and exploiting the algebra
structure of U(G). Indeed, compute the functions z;: T (V;) — R given by

(4.6) @ =Y u@b

w(l)=m

for £ € T"(V1). If { Py, 1 }w(1)=m is the basis of iP;,” (G) dual to {l;l}w(l)=m, then

(T" Pp.11§) = (Pp.rlT(§)) = m (§).

Therefore, Ay is given by

4.7 (Ar1&) = @ (§)

for all £ € 7"(V1). Notice that A; does not depend on p, while P, ; does. Moreover,
we can compute A; without computing P, ;. Clearly, the isomorphism o, is given by
UP(PP,I) = A].
Remark 4.8. We now summarize an algorithm to compute a basis for HD”* (g; W):
(1) Choose a basis B = (by, ..., b,) of g adapted to the stratification @;:1 Vi; we
denote by E™ the basis of 77 (V1) induced by B.
(2) Compute the list of multi-indices I = {I € N" : w(I) = m}.
(3) For each £ € E™, write 7(£§) in the basis {El}legm as in (4.6), so that we obtain
{t1(§)}regm gemm.
(4) Foreach I €™, compute Ay =) sccgm 7 (£)E™, where £ is the element of T (V")
dual to £ with respect to the basis &".

(5) The resulting {Aj}segm is a basis of HD™(g; R). Since HD"*(g; W) is the tensor
product HD (q; R) ® W, a basis for HD" (q; W) is {A; ® c}1egm, cec, for a basis €
of W.

See Section & for an application.

5. Prolongation of contact maps

5.1. Projection to lower order jet bundles

In this section, we will simultaneously consider J”(G; W) and J™*1(G; W), and there-
fore, we will denote objects on J”™T1(G; W) with a hat symbol “"”. For instance, we
use p to represent a point in J™(G; W) and p to represent a point in J+1(G; W). Sim-
ilarly, w* refers to a contact form on J™ (G; W), while Ik represents a contact form on
J"T1(G; W), and so on.
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We denote by 7,,,: " T1(G; W) — J™(G; W) the projection along HD"* 1 (q:; W). This
map is not a morphism of Lie groups because HD”* ! (q; W) is not an ideal of i1 (q; W).
On the other hand, the projection does map the horizontal distribution to the horizontal
distribution, although it is not onto.

In particular, if p € 7,,'(p) then dnm|1;(9{g’+1) # 33 (as one can see from (5.2)
below), however J(77 is the closure of the union of d 7, |13(9-C;;‘+1) forall p € 7' (p). In
fact, in the previous statement, as the next lemma shows, it is enough that p mearly ranges
over any relatively open subset of 7, (p).

Lemma5.1. If p € ™(G; W) and U C J"tY(G; W) is open and satisfies

7 (P) N U # 0.

then
(5.1 3y = span(U{dnmlﬁ(ﬂ-C;’H) cpen, (p)N U}).

Proof. “D” Let p = (a, AS™*1) € 7, 1(p) N U. Since elements of J—Cg““ have the form
(¥(a), v A= 4 BmH1) where v € V; and B™t! € HD"F1(g; W), it follows that

(5.2) At 5((5(a), v AS"H 4 B"H)) = (§(a), v 4" € 1O

Since p € m,,'(p) N U is arbitrary, we can conclude that the right-hand side of (5.1) is a
subset of .

“C” By Lemma 3.2, if {vq,...,v,} C Vi is a basis for V| and {By,..., By} C
HD"*1(g; W) is basis for HD"*1(g; W), then {v;B; :i =1,...,r,j =1,...,N}
contains a basis for HD™(q; W). Given p = (a, AS™*1) € 7, 1(p) N U, define §; €
J"H(G; W) by §; = (a, AS™T + B;). It follows that §; € n,,'(p) and by scaling
if necessary, we can assume that each B; is close enough to 0 so that §; € U.

The left invariant field generated by (v;, 0) evaluated at §; is

(Bi(a). vi (A" + B))),
and by definition belongs to 9—((’; *1 Furthermore,
d7m|z, (0 (), v; /(AS" T + B)))) = (§(a),v;"A="*! 4 v;1B;) € H,

where H denotes the right-hand side of (5.1). Since (9 (a), v; 1 AS™*1) € H forall j, it
follows that (0, v; 7 B;) € H for all j, and we conclude that HD"* (q; W) C H. [

5.2. Contact maps

Given a smooth map F:Q — J”(G; W) from an open set 2 C J”(G; W), we write it
componentwise as

F(a,A) = (Fg(a, A), F%a, A), ..., F™(a, A)).
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where Fg: Q — G and F*:Q — HDK(q; W) are smooth maps. Furthermore, F is said
to be a contact map if dF(H™) C H™, which in the case m > 1, is characterized by the
following conditions:

a)z(F(p))(dF(p)Xj(p)) =0, 0<{{<m-—1,forallje{l,...,r},
a)Z(F(p))(dF(p)Yj(p)) =0, 0<f<m-—1,forallje{l,...,N},
Ok(F(p))(dF(p)Xj(p)) =0, 2<k<s, foralje{l,...,r},
Ok(F(p))(dF(p)Yj(p)) =0, 2<k<s, foralje{l,...,N},

(5.3)

for all p € Q. See (3.9) for the definition of X;(p) and Y;(p). In the case m = 0, the
conditions reduce to those given by the forms 6% and simply mean that F is contact map
of some open set 2 € G x W, where i]-(?eG,O) = i%g; W) = V; x W. Note that, in the
case G = R”, the definition is consistent with the usual contact system as defined in [12],
Chapter 4.

5.3. Prolongation

Suppose that & C J™(G; W) is open, and that F': 2 — J™(G; W) is a contact map. IfQc
J™HL(G ;W) is open and satisfies 7, (€2) C €2, then a smooth map F: Q2 — J™+1(G; W)
satisfying

54 anﬁzFonm

L

is called a prolongation of F if F is a contact map. Since ¢ = T otfort=1,....m—1,

and 6% = Ty * 0k for k = 2,...,s, every map F that satisfies condition (5.4), immedi-
ately satlsﬁes all the contact condmons (5.3) on J"T1(G; W) except those corresponding
to @™. In particular, Fg = Fg o mtpm, F' = Fiom, fori =0,...,m, and F"T! is
determined by the contact conditions corresponding to ®™. More pre01sely, the conditions

(5.5) O™ (F(P)(AF(PY;(p) =0 forall j €{l,...,N}
are trivial, since from (5.4), we have, for every j € {1,..., N},
drtm(F(p) d F(p) Y;(p) = dF (p) dmm(p)Y; (§) = dF (mm($))0 = 0,
which implies that o .
dF(p)Y;(p) € kerdmm(F(p))
or, equivalently,

(5.6) dF(p)Y;(p) € span{Wi(F(p)) : k =1,..., N},

giving (5.5). .
It follows that the determining conditions for F*! are the equations

(5.7) OM™(F(P)AF(P)X,;(p)) =0 forall j €{l,....r}.

The existence of prolongations is governed by the following result.
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Theorem 5.2 (Prolongation theorem). Suppose m > 0, Q@ C J™(G; W) is open, and that
F:Q —>~J’"(G; W) is a contact map. Let vy, . . ., v, be a basis of V1 and, for j €{1,...,r},
define N;: 7, (Q) — TG as

N; () = dFG (tm(P)) drm (D) X; (P).

Define Qc 7,1 (Q) C I™TY(G; W) as the open set, where Ni. ..., N, are pointwise
linearly independent. Then there is a unique contact map F:Q — J"YV(G; W) such that

TmoF = F omy,.

Moreover, if F is a diffeomorphism, then F is also a diffeomorphism and F~Vis the
prolongation of F~L.

The proof will be given after the proof of Lemma 5.5.

Remark 5.3. Uniqueness of the prolongation F is proved only on Q (ct. (5.16)). For
instance, a constant map F is contact and admits infinite prolongations, but Q = @.

Remark 5.4. We do not know the size of  in general. If F is itself a prolongation
of a contact map on J"*"Y(G; W), then Q= 7,,1(2). Notice that, by the results in the
following Section 6, F is a prolongation as soon as m > 2.

Let us prove the above statement about 2. First, notice that if p = (a, AS™*1) and
P = m(p), then

drm(P)X;(P) = (§(a), v; 1AS™ + v, 7 A" = X (p) 4 v; 1 A",

where v; 1AM+ € HD™ (g; W).

Second, if 7g: J"(G; W) — G is the projection onto G, then it follows that the restric-
tion drg(q)|sem: H™(q) — Hg (g (g)) is surjective with kernel HD™ (g; W), for every
q € J™G;W).

Third, if F is a prolongation, then it satisfies (5.6) (without hats). In particular, the
span of the vectors dF(p)X;(p) is transversal to HD"*(g; W). Hence, dng (F(p)) is an
isomorphism between the span of the vectors d F (p)X;(p) and Hg (g (p)).

Thus,

Nj(p) = dF6 (zm(p)) dm(P)X; () = dmG (F(p)) dF (p) X;(p)
are linearly independent.
For the proof of Theorem 5.2, we need the following technical lemma.

Lemma 5.5. Assuming the hypothesis of Theorem 5.2, for every f:G — W smooth and
a € G such that J"F! f(a) € Q, there exist a smooth function h: G — W and a neigh-
borhood U of a such that

(5.8) Fol"fly =3J"hoFgol"f|y.

Moreover, Fg o J™ f(U) is an open subset of G and Fg o J™ f is a diffeomorphism on U .
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The following diagram illustrates the functions involved in the lemma:

MG W) —E— (G W)
/r
(5_9) J fT Fo ﬂGl: Jmp

G G
FgoJ™ f

Proof. First, notice that if p = (a, A1) and p = 7,,(p) = (a, AS™), then
drin (D)X} (D) = (5(@), v; 1A= + ;24 = X (p) + (0,02 4™ ) € 307,

where v; 1A™*! € HD™(q; W). Since F and the projection 7 to G are contact, Fg =
7 o F is also contact. Thus, N; takes values in Hg. Define

(5.10) Nj(p) = dLg} ) Ni(p) € V1.

Second, since F is contact, it follows that for all 0 < £ <m — 1 and all p € Qc
J"FL(G; W), we have that

0 = " (F(p)(dF (p)dmm(p) X;(p))
= dF'(p) dnm(p)X; (P) — (AL} () AFG(p) dmm(P) X; (P17 FH (p)
= dF'(p) dmm(p)X; (P) — AL}y Nj (P F(p)
= dF'(p) dmm(p)X;(p) — N; (H) F(p).
that is,
(5.11) dF*(p)(dmm(P)X;(p)) = N;j(p)~F T (p).

Next, let f: G — W be a smooth function. Notice that

d <m
(5.12) d(Fg o J" f)(a)t;(a) = dFG(Jmf(a))(ﬁj(a)v E‘tzoAZaexp(tvj))
= dFs(3" f(a))(5(@). v; 7 AZ"H)
= N; (3™ f(a)).

Since the vectors N (3™ *1 f(a)) are linearly independent, Lemma 2.2 ensures that
the map Fg o J” f: G — G is a diffeomorphism from a neighborhood U; of a to a neigh-
borhood U of Fg o J™ f(a) in G. Let ¢: U — U be its inverse. The computations above,
now read as

(5.13) ilu, = dp o Njo I fly,.
Define h: U — W by h = F% 0 J™ f o ¢. We shall prove that for all 0 < k < m,
(5.14) I"h)* = Fko 3" f o ¢,

which then implies (5.8).



S. Nicolussi Golo and B. Warhurst 2316

We prove (5.14) by induction on k. For k = 0, the identity (5.14) is the definition of /.
So we assume (5.14) holds for k = £ < m — 1 and consider it for k = £ + 1 < m. Let
beU,a=¢(b)and j €{l,...,r}. Then

(5.15) Nj(a, A<m+1) (Jmh)f+1(b) = %‘z: (Jmh)[(bexp(zNj(a A<m+1)))
Z%’ (F o™ f)($(bexp(iN;(a, AT 1))
d
- E’t:o(F 0 J" f)(¢(b) exp(tv;))

= dF"| (g 4zm) (3 (@) v; 2 470 1)
= Nj(a, A3 F5 Y a, AZ),

where the first computation follows from (3.1), the second is the inductive hypothesis, the
third follows from (5.13), the fourth is simply the computation of the differential, and the
last one follows from (5.11). Since the vectors N; form a basis of V;, we conclude that
(") (b)) = F(a, AF)), thatis, (5.14) holds for k = € 4 1. "

Proof of Theorem 5.2. The determining conditions at (5.7) become
(5.16) dE™()X;(p) = N; ()~ F™F1(p) forall j,

where N; are defined in (5.10). Given that {N;(p) : j = 1,...,r} is a basis of V;, there
exists a unique F™T1(p) € Lin™T1(Vy; W) that satisfies (5.16).

We need to show that F™t1(5) € HD"H1(g; W). Write p = (a, AS™H1) € , let
f:G — W be a smooth function with A= +1 = A/fmJrl which exists by Corollary 4.6,
and let s be a smooth function as in Lemma 5.5. We can perform again the computations
in (5.15) with £ = m until the second to last step and obtain

Nj(a, A7 )2 (" )" (Fg (a, AS™) = dF™|,, azml(v;(a). v 1Az,

which is (5.16) with F™+1(p) = (J"h)"T1(Fg(p)) € HD" 1 (g; W).

Finally, suppose that F is a dlffeomorphlsm Then d F (J-C ) = HF(p forall p € Q,
and thus F~! is also a contact map. Let Qr denote the domain of F' and let 2 F-1 denote
the domain of the prolongation of F~! as defined above.

We claim that F(Qr) C Q2 p-1. Indeed, let p € Qr and set § = F (). By the previous
discussion, we know that § = J™*1/i(a), where & is given by Lemma 5.5. Now notice that,
by (5.12), the linear independence of the vectors N i (p) is equivalent to the non-singularity
of the differential d(mg o F o J™ f)(a). Since the diagram (5.9) commutes, the differen-
tial d (g o F o J™h)(b), where b = 7 (g), is also non-singular. By (5.12) again this
time with F~! replacing F, we conclude that the vectors N (q) defined for F~! are also
linearly 1ndependent and thus § € Q F-1.

Let H: QF 1 — J™T1(G; W) be the prolongation of F~!. Since H o Fis aprolong-
ation of F~ " o F' = Idg, and since the prolongation of a map is unique, H o F =1dg Fo
ie, H=F"1onF(QF) C Qp-1 andthus F isa diffeomorphism. By symmetry, we get
also H(Qp-1) C Qp and H™! = F.In particular, F(QFr) = Qp1. m
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6. De-prolongation of contact maps: Biacklund’s theorem

6.1. The de-prolongation theorems

This section is devoted to the de-prolongation Theorem B, which extends the well-known
Lie—Bicklund theorem (or Bicklund’s theorem) to horizontal jet spaces. For the classical
statement of the theorem, see Theorem 3.1 in [16]. See also Theorem 4.32 in [12], the
notes at the end of Chapter 5 in [11], or Section 7.2 of [15] for a discussion on the standard
result.

The Bicklund theorem classically states that, for m > 1, contact transformations of
J™(R"; R¥) are prolongations of contact transformations of J'(R”; R¥). We extend this
result in Theorem 6.1. Further, if k > 1, then contact transformations of J! (R™; R* )
are prolongations of contact transformations of J*(R”; R¥), i.e., prolongations of diffeo-
morphisms Rtk _ Rntk while, if k = 1, there are contact transformations of J! (R™;R)
that are not prolongations. Our generalization is Theorem 6.1.

Let G be a stratified Lie group with stratified Lie algebra g = @j —; Vj,andlet W be
a vector space. The first part of Theorem B follows by iterating the following result.

Theorem 6.1. Assume m > 1. Denote by m,,: " (G; W) — J™(G; W) the projec-
tion along HD™ 1 (q: W). Let Q@ C J™Y1(G; W) be an open set, define Q' = m,(Q) and
assume that 7, (q) N Q is connected for every g € Q. If F:Q — J"T1(G; W) isa
contact diffeomorphism, then there is a contact diffeomorphism F': Q' — J™(G; W) such
that o F = F' o 7y, Le., the following diagram commutes:

QL G w)

The following theorem states that, with further assumptions, contact diffeomorphisms
of J1(G; W) are prolongations of contact diffeomorphisms of J°(G; W). This is a more
precise restatement of the second part of Theorem B.

Theorem 6.2. Suppose that one of the following conditions is satisfied:

(A) dim(W) > 1, or

(B) dim(W) = 1 and for every v € Vi \ {0}, there is v’ € Vi with [v, V'] # 0.
Denote by 1o: I (G; W) — J°(G; W) the projection along HD (q; W). Let Q C I (G; W)
be an open set, define Q' = 7o(2) and assume that 7y ' (q) N 2 is connected for every
g € Q. If F:Q — JY(G; W) is a contact diffeomorphism, then there is a contact diffeo-
morphism F': Q' — J°(G; W) such that g o F = F’ o my, i.e., the following diagram
commutes:

QLG w)

6.1) ﬂoJ/ lﬂo

Q' —— I%G;W).
F/
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Remark 6.3. Theorem 6.2 is sharp, that is, if both conditions (A) and (B) are violated,
then there exists a contact diffeomorphism F:JY(G; W) — JY(G:; W) that is not the lift
of a contact diffeomorphism J°(G; W) — J%(G; W).

The construction of such a contact map F is the following. If both conditions (A)
and (B) are violated, then W = R and there is 0 € V; such that [0, V1] = {0}. It follows that
g is the direct product of a stratified Lie algebra g” and R (take V] such that V; = V| ® R?
and g’ the Lie span of V). Then

i'(g: W) ~ (¢ xR) @R @ ((8)* x R¥),
with Lie bracket

[((v, %), z, (2, y))., (v, X), Z, (@, )] = (([v, v]. 0), (V) — @(v) + (Yx — yX). (0,0)).
Define
(v, x),z, (2, y)) = (v, =), z, (@, x)).
Then ¢ is a Lie algebra automorphism of j!(q:; W). Indeed,

[P((v.x),z, (e, ), ¢((V, %), Z, (@, )]
= [((v,=y).z, (@, x)), (v, —¥), Z. (@, X))]
= (([v,v].0),2(v) —a(v) + (=yx + yx).(0,0))
= [((v,x). 2, (@, y)), (v, %), Z, (@, y))].
The map F:J'(G; W) — J'(G; W) is the unique Lie group automorphism with
Fyx = ¢. Since ¢(j'(g: W)1) = j!(g: W), F is a contact diffeomorphism. By construc-
tion, there is no F’ that makes the diagram (6.1) commute, not even locally.

6.2. Characteristic vector fields and proof of Theorem 6.1

De-prolongation results are based on the existence of a particular type of characteristic
vector field.

Foranopenset Q@ CJ"(G; W), let TIG = U,eqTpI"(G; W) and HG = U ,cq 37
Starting with ng = I'(HZ), we define a filtration of I'(7J3) inductively by setting
LEH = ’Q + [lez L’Q] fori =1,...,s = 1L.If F:Q — J™(G; W) is a smooth contact
diffeomorphism, then F, L5, = L}(Q), since FiL§, = L}V(Q).' A Cauchy characteristic of
order i over € is a vector field X € I'(L{,) such that [X, I'(Lg,)] C I'(Lg,). The set €, of
all Cauchy characteristics of order i over €2 is a Lie algebra thanks to the Jacobi identity.
If F:Q — J™(G; W) is a smooth contact diffeomorphism, then F.€(Q) C €/ (F(RQ)),
since

FuX, T(Lg)] = [FuX, FT(LG)] = [F X, T (Lip )] C FxT(Lg) = I'(Lir(g))-

The particular notion of characteristic we use here is a vector field X e F(L}z) such
that [X,[X, Y]] C T'(L%) forall Y € T'(LL). The characteristic property of these vector
fields is preserved by contact transformation. Indeed, if F: Q — J™(G; W) is a smooth
contact diffeomorphism, then

[Fu X, [FuX. T (L)) = [Fe X, [Fu X, FT(Lg)]]

= FX,[X.T(LY]l C FT(LY) = T (L q)-
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This observation together with the characterization of characteristic vector fields, that
is proved in Lemma 6.4 below, allow us to prove the de-prolongation result in The-
orem 6.1.

Once again, we will heavily use the conventions described in Section 2.3 to repres-
ent vector fields on Lie groups. In particular, notice the difference between “[X,, Y,]”
and “[X,Y],”.

Lemma 6.4. Assume m > 2. Denote by 113 the projection {" (g; W) — " (g; W)3 given
by the stratification of " (g; W). Let X:J"(G; W) — i™(g; W) be a horizontal vec-
tor field and write X = vX + AX, where vX: J™(G; W) — V} and AX: 7"(G; W) —
HD™(g; W). Then the following are equivalent:
i vX¥ =0,
(i1) X is characteristic, that is, T13([X, [X, Y]]) = O for every horizontal vector field
Y: 3G W) — j™(g: W)

Proof. (1)= (ii) If Y:J(G; W) — j™(G; W) is a horizontal vector field and we write
Y = vY + AY, then for every p € J(G; W),

(X, [X, Y]]p) = Ts([X,, [Xp, Y1) = [4), [4, vy 11+ [4;, [A), Ay 1] =0,

where the first identity is justified by writing X and Y in a basis of j”(G; W); and then
applying (2.3).

(i) = (i) Let B € HD"(g; W) and let Y = AY = B be a constant vector field. Then,
for every p € G,

0 = M3([X. [X.Y]],) = Ma([Xp. [Xp. Yp]]) = ¥, [v*. B]] = v* 1 (v* 1 B).
Since B is arbitrary in HD”* (q; W) and m > 2, we conclude that vX = 0. (]

Proof of Theorem 6.1. LetV C T J™1(G; W) be the left-invariant vector bundle defined
by HD"' 1 (g; W).

We claim that dF,(V) = Vg (p) for every p € Q. We let Ay, ..., A¢ be a basis of
HD’”H(g; W) and consider the corresponding left-invariant vector fields /fl, e, /Ig,
which form a frame for V. Fix k € {1,...,£{}. By Lemma 6.4, /Ik is a characteristic vector
field. Since F is contact, F /Ik is also a characteristic vector field. Lemma 6.4 implies
that F*/‘Ik|p(p) € Vr(p) for every p € Q. We have that dF,,(ffl lp), .-, de(/fglp) are
linearly independent and belong to V r(,), and thus they form a basis of this vector space.
The claim is thus proven.

Finally, notice that the fibers 7, 1 (q), for g € J™(G; W), are the integral manifolds
of V. We conclude that there exists a smooth map F” so that the above diagram commutes.
The fact that F’ is contact map follows from Lemma 5.1. ]

6.3. Proof of Theorem 6.2 with condition (A)

Lemma 6.5. Let X,Y:J"(G; W) — j™(G; W), be horizontal vector fields and let p €
J™(G; W). The commutator [X, Y], is horizontal if and only if [Xp, Y,] = 0.

Proof. Write X and Y in a basis of j”(G; W); and then apply (2.3). |
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Corollary 6.6. If V C H™ is a horizontal involutive subbundle, then, for every p €
J™(G; W), the space dL;l (V) is an abelian subalgebra of i (G; W ).

Proposition 6.7. Assume condition (A), that is, dim(W) > 1. If R is an abelian sub-
algebra of i'(G; W) contained in i'(G; W), = Vi x HD!(q; W) such that dim(R) =
dim(Vy) - dim(W), then R = HD'(g; W).

Proof. We let m = dim(V7) and n = dim(W) > 1, so that dim(R) = mn. Notice that
HD!(g; W) = Lin(V;; W) and thus dim(HD! (g; W)) = mn.

Let 7: V; x HD!(q; W) — V7 be the projection to the first factor and set @ = dim( (R))
and b = dim(R N HD!(g; W)). Notice that dim(R) = a + b since the restriction of 77 to R
is a linear map with kernel of dimension » and image of dimension a. Moreover,

b = dim(R NHD'(g; W)) = mn 4+ mn — dim(R + HD' (q; W))

>mn+mn— (mn+m) =mn—m.

Let vy,...,v, € Vi be a basis of 7(R) and define the map ¢: HD'(g; W) — W¢ as
¢(a) = (@(vy),...,a(vq)). Then ¢ is surjective and thus dim(ker ¢p) = mn — an.

Since R is an abelian Lie algebra, if (0, 8) € R N HD!(q; W) and (v;, &) € R for
some j, then

0=[0,8), (v, )] = p(v)).
Therefore, ¢(B) = 0, and so b < dim(ker ¢) = mn — an. All in all, we obtain

mn =dim(R) =a+b <a+mn—an,

that is,
0 <a(l—n).

Since n > 1, a must be zero. [
Theorem 6.2 with condition (A) is a special case of the previous proposition.

Proof of Theorem 6.2 with condition (A). Assume condition (A), i.e., dim(W) > 1. Let
V c TJ'(G; W) be the left-invariant vector bundle defined by HD!(g; W). We claim that
dF,(V) = VE(p) for every p € Q.Indeed, V is a horizontal involutive subbundle of rank
dim(V7) - dim(W), and so d F(V) is also a horizontal involutive subbundle of the same
rank since F is a contact diffeomorphism. From Corollary 6.6, we obtain that for every ¢
in the image of F, d F,;(V) is the left translation of an abelian subalgebra R, in j(g; W);.
By Proposition 6.7, we get R, = HD!(g; W), i.e., dF; (V) = V,, as claimed.

From this point, the proof concludes as for Theorem 6.1 in Section 6.2. ]

6.4. Proof of Theorem 6.2 with condition (B)

Proof of Theorem 6.2 with condition (B). Assume condition (B), i.e., dim(W) =1 and for
every v € V7 \ {0}, there is v’ € V; with [v, v'] # 0. It follows that HD(g; W) = V}* and
jl(g; W) = Vi @ V¥, while jl(g; W), =V, @& W.Forevery X € j(g; W), define

Ry ={Y €i(g:W); :[X.Y] =0} and §(X) = dim Ry.
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If X = (0, ), where « € V;* is nonzero and ¥ = (w, ) € j(g; W)1, then [X, Y] =
a(w) is zero if and only if w € ker(«). Therefore,

(6.2) 3(0,) = 2dim(V;) — 1 whenever o # 0.

If X = (,a)withv #0and Y = (w, B), then [X, Y] = 0 if and only if [v, w] = 0
and a(w) — B(v) = 0. Since ad, is nontrivial on V; by assumption, the projection of Ry
to V1 has dimension at most dim(V;) — 1. Moreover, each fiber in Ry of this projection
has dimension dim(V7) — 1, because a(w) — B(v) = 0 is a nontrivial linear equation in 3,
when w is fixed. We conclude that

(6.3) 8(v,a) <2dim(Vy) —2 whenever v # 0.
Fix p € Q. We claim that, for every X € j(g;: W)1,
(6.4) 8(FuX |F(p)) = 8(X).

IfY €j(q; W), is such that [X, Y] = 0, then Fy([X,Y]) = [Fx X, F+Y] = 0 because F
is a diffeomorphism. Since F is contact, both F*)f’ and F*I? are horizontal vector fields.
Thus, we get from Lemma 6.5 that [(F*)?)F(p), (F*f’)p(p)] = 0. Therefore, F )?F(p) €
RF, Xp,- Since F ~1 s also a contact diffeomorphism we conclude (6.4).

From (6.4) and the previous computation of §(X) in (6.2) and (6.3), we obtain that if
o € V" then Fydp(p) € Vi forevery p € Q.

From this point, the proof concludes as for Theorem 6.1 in Section 6.2. ]

7. Embedding of Carnot groups into jet spaces

In this section we prove Theorem C and compute its application to groups of step 2 and 3.

7.1. Proof of Theorem C

For this proof, we will extensively use the identification of the group with its Lie algebra
via the exponential map. More explicitly, if g is the Lie algebra of (a nilpotent, simply
connected Lie group) G, then we define, for x, y € g,

xy = log(exp(x) exp(y)),

which, via the BCH formula, has an explicit polynomial expression. If f is a smooth
function and v € g, then the corresponding left and right invariant vector fields take the
form

d
i) = 3| fw amd o= 2] @)

Let G be the stratified group from Theorem C with stratified Lie algebra g = @js:} V.
For x € g, we write x; = ITj(x) € V; and x’ = ) . _  x; € g¢’. The BCH formula gives a

j<s
map 1: g X @ = Vi1, which is a polynomial, such that

Mst1(xy) = Xs41 + Yst+1 +0(x, »).
The function n has the following properties:
(1) n(x, y) depends only on x’ and y’,
(2) n(8rx.82y) = AT In(x, y),
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(3) since
Ms+1((xy)2) = X541 + Ys+1 + Zs+1 + 0(x, y) + n(xy, z)
and
i1 (x(¥2)) = X541 + Ys+1 + Zs41 + 0¥, 2) + n(x, yz),
we have
(7.1) n(xy.z) +n(x,y) =n(x,yz) + n(y, z).

Define g’ = @j‘:l V; with Lie brackets [x, y]' = [x, y] — Is4+1([x, y]), ie., g’ =~
g/ Vs+1. We identify again the group G’ with g’ endowed with the group operation given
by the BCH formula. One can easily check that

(xy)' =y = &'y)y.
where the last term is the group operation given by the BCH formula on g’.

By Theorem 4.5, the polynomial jet space J%(G'; W) is isomorphic to the jet space
J¥(G’; W) defined in Section 3.4. We will define an injective morphism of stratified Lie
algebras ¢: g — j%(G’; Vsy1). We consider linear maps ¢ of the following form: For
every k € {1,...,s + 1}, there is a linear map ¢: Vy — f]’i;l_k(G’; Vs+1) such that for
allv € Vg,

(72) $(v) = v+ ¢ (v) € Vi ® PH1H(G Vi) = i5(as Vi )k
Notice that ¢s+1: Vi1 — Vs41. Any such map ¢ is a morphism of stratified Lie algebras
if and only if it is a Lie algebra morphism, because it already preserves the stratification.

Furthermore, ¢ is a Lie algebra morphism if and only if for every v € V; and w € V}, we
have [¢(v), ¢ (w)] = ¢([v, w]), that is, by (4.3),

(7.3) wg; (V) —vg;(w) = @iy ([v, w]) ifi +j <s+1,
(7.4) wag; (v) —vag;(w) = [v,w] + gs+1 (v, w]) ifi+j=s5+1

Forv € Vi, 1 <k <5+ 1, we define

d
(15) Bev) = ©in(e.) = +| _ nv.y),

by which we mean that ¢ (v) is the polynomial in y resulting from deriving 7 in x along
the right invariant vector field vT and evaluating at x = e. Similarly, we will also write v}:
to denote the derivation in y. Notice that since 1 depends only on y’, ¢ (v) is actually a
function on G'.

We claim that (vin)(e, y) € fPi:;,l_k (G'; Vs41) when v € V. Indeed, for every A > 0,

d d
+ _ _ —k
(vin(e.8ry) = i ‘z:o n((tv),8,y) = o n(BA(A™1v), 8, y)

d _ _x d
= A2 O ) =R (). )

=21 *win e, y).

Therefore, (vin)(e, y) € PSH1=K(G’; Vi41), and ¢ is therefore well defined.

eqg’
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Next, we show that ¢ does in fact satisfy (7.3) and (7.4). Let v € V; and w € V; for
1 <i,j <s+ 1. Then, using (7.1),

wAgi (V)(y) = wiin(e. y)

ZEL wln)(e. (tw)y) = ) Odr] n(rv, (tw)y)
d d
= =] 2] @) ) + 0w = e, )
d
= (wlivin)(e, y)+dt e n(rv, tw).

Notice that

n(rv,tw) — n(tw,rv) = T4, (log(exp(rv) exp(tw)) — log(exp(tw) exp(rv))),

and that the BCH formula implies that

t
log(exp(rv) exp(tw)) = rv +tw + %[v w] + P(rv,tw),

where %|z=0 %|r:0P(rv, tw) = 0. Therefore,
d d
& lico O rzo(ﬁ(rv,fw) —n(tw,rv)) = 41 ([v, w]).

We conclude that

(Wi (v) — v (W) (¥) = wivin(e, y) — Wiwin(e, y) + My (v, w])
= ([T, wilin) (e, y) + Myt1 (v, w))
= ([v, w]*nxe ) + g1 ([0, w)),

where we used the standard relation —[vT, w'] = [v, w]T between right and left invariant
vector fields.

We have thus shown that the map ¢ defined as in (7.2) with (7.5) is a morphism of
stratified Lie algebras ¢: @ — j*(g’; Vs+1). The only missing property we need to conclude
is that ¢ is injective. Since ¢ |y, is injective for every k < s + 1 and since ¢ preserves the
stratification, we only need to check that ¢|y,, is injective. But ¢|y,,, is the identity,
because if v € V4, then (vln)(e, y) = 0, as 1 does not depend on x4 7. |

7.2. Example: step 2

As an example, we will show how stratified groups of step 2 embed into the standard jet
spaces over abelian groups. Let g = V; @ V5 be a stratified Lie algebra of step 2. Then

i'Vi:V2) = Vi @ V2 @ Lin(Vy; Va),
with Lie brackets

[(vi,v2,4), (w1, w2, B)] = (0, A(wy) — B(v1),0).
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Notice that

log(exp(1) exp(w)) = v+ w + 3 [o,ul = (1 +w) + (2 4+ w2+ 3 o1, wil).

so that n(v, w) = % [v1, w1]. The embedding constructed in Theorem C is
1
$(v1,v2) = (vls V2, 5 [v1. '])-

7.3. Example: step 3
Letg = V1 @ V> @ V3 be a stratified Lie algebra of step 3. Then g’ = V; & V, and

P2(Vi @ Va: V) = (Vi @ V2) @ V3 @ Lin(g'; V3) @ HD(g'; V3).
with Lie brackets

[(v1,v2;v3; A'; A7), (w1, wa; w3; B'; B?))

= (0. [vr. wi]; A" (w1) — B'(v1) + A%(w2) — B*(v2): A*(w1) — B?(v1):0).

Notice that
log(exp(v) exp(w)) = v + w + % [v, w] + 1—12([1), [v, w]] + [w, [w, v]])
= (Ul + wl) + (Uz + wy + % [U],wl])
+ (1)3 +wsz + %([01, wa] + [vz, wl]))

+ (0o rwnl] + o o v,

so that
1 1
n(v, w) = 5([”17 wa] + [v2, wi]) + E([vlv [vi, wi]] + [wy, [wy, v1]]).
Therefore,
4 N I
p0w) = —|  nviw) = 3 [orwal + S wr. vl
d 1
$2(v2)(w) = E‘z:o n(tva, w) = 3 [va2, wi],
¢3(v3)(w) = i‘ n(tvs,w) =0 (as expected).
dt lt=0
We obtain

B0 v2,v5) = (v 2105: 3 2, O 3 [on, O]+ 2 (O, [T (. ],

as a map into J%(G'; V3).
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If we want to write the components of ¢ as multilinear maps (instead of polynomials),
we can use Theorem 4.5. So, if P: G’ — V3 is the map P(x) = [I1;(x), [[T1(x), v1]], then
we need to compute A%,,e (x1,y1) = y1X1 P(e), which we can compute using (3.2). We
obtain

A (x1.y1) = [x1, vl + D1, [xr, il
Similarly, for Q(x) = [vy, IT2(x)], we get 42 X1 Y1) = % [v1, [y1, x1]].

Therefore, as a map into J 2(G’; V3), we have

1 1 1
¢ (v1.v2,v3) = (vl, v21v3i 5 2 I on [y T+ e Dy vl + [x,vl]]),
where x and y are the place holders to indicate the ordered entries of the bilinear map.

Remark 7.1. Notice that if G = R” is abelian, then J”*(R"; W) has the property
(7.6) "@R"; W), i"(R";W);] =0 foralli,j > 1.

Every stratified subgroup of J” (R”; W) must also satisfy (7.6). Therefore, not all stratified
Lie group of step larger than 2 can be embedded in a standard jet space.

8. Example: the first Heisenberg group

8.1. The first Heisenberg group

The Lie algebra Y of the first Heisenberg group H is the stratified three-dimensional Lie
algebra with basis X, Y, Z and with the only non-trivial bracket relation Z = [X, Y]. The
stratification ) = V7 @ V5 is given by V7 = span{X, Y} and V, = RZ. In exponential
coordinates (x, y, z), we have

)?(x,y,z) =0y —%82, Y(x,y,z) =0, + gaz, Z(x,y,z) = 0,.

We will apply the algorithm described in Remark 4.8 to obtain a basis for HD”* (f; R)
for m e {1, 2, 3}. Moreover, we compute the corresponding basis of P7*(G; R). The cor-
responding basis for P7(G; R) can be obtained via (4.2).

8.2. A basis for HD! (h; R)

We have already chosen the basis B = {X, Y} of V1, which has a dual basis {X*, Y *}

for V;*. The set of multi-indices is J' = {(1.0,0), (0,1,0)}. A basis of U' (H) is {X, Y }.

The map 7: T1(V;) — U (H) is given by 7(X) = X and 7(Y) = Y, so, by (4.7),
A(l,O,O) =X and A(O,I,O) =Y*

form a basis of HD! (h; R). The basis of P} (H; R) dual to {X,Y)}is {x, y}.
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8.3. A basis for HD2(h; R)

In this case, we have B2 = {X @ X, X ® V.Y ® X, Y ® Y}. The set of~n3ult~i-in(11ces is
72 = {(2,0,0),(1,1,0), (0,2,0), (0,0, 1)}. A basis of U>(H) is {X2, XY, Y2, Z}. We
can compute the map 7: T2(V;) — U2 (H) as

(X®X)=XX, 1((X®Y)=YX=XY-Z,
(Y ®X)=XY, 1(Y®Y)=YY.

Notice the specular order of X and Y on the two sides of the equality. A basis of HD?(h; R)
is

A0 =X"®X", Aq10=X"@Y " +Y"® X",
A(0,2,0) =Y* ® Y*, A(o,(),]) =-X* %) Y*.

Notice that HD*(h: R) = T2(V}).

To compute a basis of (Pg (H;R) dual to {)?2, XY,v2, Z} we need to first compute the
action of each element of the latter basis to {x2, xy, y2, z}, which is a basis of P2(H;R).
We present this action in the following table:

X2 Xy Y? Z
x2 | 2 0 0 0
xy | O 1 0 0
y2 1 0 0 2 0
z 0o 1/2 0 1

Therefore, the basis of P2(H;R) dual to {X2, XY, Y2, Z}is {x2/2,xy,y%/2,2z — xy/2}.

8.4. A basis for HD3(h; R)

In this case, we have

E’P={X®X®XX®X®Y.X®Y®X.XQY®Y,
Y@X®X.Y®@XQY.YRYRX.YRYRY}.

The set of multi-indices is
7* = {(3,0,0),(2,1,0),(1,2,0), (0,3,0), (1,0, 1), (0, 1, 1)},
and a basis of U3(H) is
(X3, XY, XY2 Y3 XZ,YZ).
We are now giving the formulas without description:

T(X®X®X)=XXX = X3,
(X®X®Y)=YXX =X?Y —2XZ,
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T(XQY ®X)=XYX =X?Y-XZ,
(XQY®Y)=YYX =XY?>-2YZ,
(Y X ®X)=XXY

(Y XQ®Y)=YXY =XY2-YZ,

(Y ®Y®X)=XYY

(Y QY QY)=YYY =Y3;

AGoo) =X QX" ® X*,

A1) = X" X" @Y "+ X" QY X" +Y* @ X" ® X*,
A1) =X"QY* QY +Y* QX" @Y " +Y" @Y " ® X",
Az 0 =Y"QY*QY",

Aqon=2X"@X* QY —X"®Y*® X*,

A1) =2X"QY*QY* -Y* X" ®Y".

Finally, we present the actions in the following table:

X3 X%y XY?* Y3 XZ YZ
x3 6 0 0 0 0 0
x2y | 0 2 0 0 0 0
xy2 | 0 0 2 0 0 0
y3 0 0 0 6 0 0
Xz 0 1 0 0 1 0
vz 0 0 1 0 0 1

From this table, we get the basis of fPZ(H;R) dual to {)23, X2V, XY2 V3. XZ, f’Z}:
x%y xyz}
Bk

8.5. The Lie algebra j2(h; R)
We will describe in Tables 1 and 2 the Lie algebra structure of
i>(6:R) = h @ R @ HD' (h; R) & HD*(h; R).
The following computation for one of the Lie brackets might be instructive to the reader:

[A(O,O,—1)7A(0,0,1)] = [Z,X* ® Y*] = —Z‘I()(>’= ® Y*) = [X‘I, YT](X* ® Y*)
=XY1-YX)X*QY*)=(XX*-Y-0)=T.
The second identity is an application of the definition (3.8), while the third one is an

application of Proposition 3.3. The symbol T denotes the standard basis element of R,
that is, 1.
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