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The bialgebra of specified graphs and external structures

Dominique Manchon and Mohamed Belhaj Mohamed!

Abstract. We construct a Hopf algebra structure on the space of specified Feynman graphs of a
quantum field theory. We introduce a convolution product and a semigroup of characters of this
Hopf algebra with values in some suitable commutative algebra taking momenta into account.
We then implement the renormalization described by A. Connes and D. Kreimer in [2] and
the Birkhoff decomposition for two renormalization schemes: the minimal subtraction scheme
and the Taylor expansion scheme.
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1. Introduction

Hopf algebras of Feynman graphs have been studied by A. Connes and D. Kreimer
in [2], [4], [3], and [10] as a powerful tool to explain the combinatorics of renormal-
ization in quantum field theory. In this note we are interested in the Hopf algebras of
specified Feynman graphs, an example of which has been studied by A. Connes and
D. Kreimer in [2].

In Section 2, we review the simpler case of Hopf algebras of locally one-particle
irreducible (1PI) Feynman graphs, neglecting the specification at this stage. First
we consider a theory of fields 7~ (for example ¢? in [2], ¢* in [15], QED and QCD
in [15], [16], etc.) which gives rise to Feynman graph types determined by 7 : the
type of a vertex is determined by the type of half-edges that are adjacent to it. We then
construct a structure of commutative bialgebra #7 on the space of locally 1PI graphs
of 7. The coproduct is given by

AT) = > yerl/y
ycr
T/yeT
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where the sum runs over all locally 1PI covering subgraphs of I' such that the con-
tracted subgraph I'/y is in the theory 7 (in other words, locally 1PI superficially
divergent subgraphs [1]). The Hopf algebra Jfg is obtained by taking the quotient
of the bialgebra J{g above by the ideal generated by 1 — I', where the unit 1 is the
empty graph and I is a 1PI graph without internal edges.

In Section 3, we introduce the specification. We are led by quantum field theory
to distinguish between vertices of the same type. For example the list of vertices
admitted in @> theory and in QED are respectively

e A G

The contraction of a subgraph on a point rises a problem: For example in ¢3

theory, if we contract the subgraph —(O— inside the graph 4@7, shall we get

Qor@f?

Similarly for QED, does the contraction of _%2_ inside ST‘JVVI—:VIE give M
0

or_m_?
1

We will remedy to this in a purely combinatorial way, by introducing the specified
graph

I = (i)

where 7 is a multi-index which identifies the type of residue of I', that is to say,
the vertices obtained by contracting each connected components onto a point, for

example res (—C) = —<. The formula for the coproduct of specified graphs is
then given by:

AT) = > yeT/7
ycr
T/yeT

where the sum runs over all locally 1PI specified covering subgraphs y = (y, j) of

[ = (T, i) (see definition 1), such that the contracted subgraph (I'/(y, j), i) is in the
theory 7. Here j is a multi-index that identifies the residue of each of the connected
components of y. The Hopf algebra #q is again obtained by identifying the specified
graphs without internal edges with the unit.

In Section 4, we are interested in external structures. Feynman rules associate
to each graph a function which depends on momenta associated with each half edge
of the graph, with the constraints p, + p., = 0 for each internal edge (ee’) and
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> eest(v) Pe = 0 for any vertex v, where st(v) is the set of half-edges adjacent to v.
Feynman rules ® do depend on the refined types of vertices, but do not depend on the
overall specification. Refined types of vertices combine themselves in a nice way; for

example, in ¢> theory, and combine to an edge , namely [2]:
0 1
o)) +o( ) = o)
0 1
Similarly in QED we have

(v ) = o (s ),
(o) o) = on o).

Considering the relations above we could have chosen only one type of bivalent vertex
for ¢ or for the electron edges in QED, and discard the bivalent vertex for the photon
edges: these are the conventions adopted in [16]. We have chosen not to consider
this simplification, in order to follow [2] more closely.

and

We introduce a semi-group G of characters of J7 with values in some suitable
commutative algebra 83, and a convolution product ® on G. We then implement in
this framework the renormalization described by A. Connes and D. Kreimer in [2]
(see also [5], Chapter 1, §5 and §6), replacing 8B by

A= B[z71, z].

We show that each element of G has a unique Birkhoff decomposition for minimal
renormalization scheme

where
Ay = B[z] and A_ =z71B[z7Y).

We also implement the Birkhoff decomposition associated with Taylor expansions in
the algebra B itself, along the lines of [14]. The interest of the construction presented
here is the purely combinatorial nature of the bialgebra J7 and the Hopf algebra #7:
all the dependence on momenta is removed in the target algebra B described in
Section 4. The Feynman rules, given by the integration of these functions on the
internal momenta, will be the subject of a future article.

Acknowledgements. We would likes to thank Kurusch Ebrahimi-Fard for discus-
sions and remarks.
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2. Hopf algebras of Feynman graphs

2.1. Basic definitions. A Feynman graph is a (non-planar) graph with a finite num-
ber of vertices and edges, which can be either internal or external: an internal edge
is an edge connected at both ends to a vertex; an external edge is an edge with one
open end, the other end being connected to a vertex. The edges are obtained by using
half-edges.

More precisely, let us consider two finite sets V and &. A graph I" with 'V (resp.
&) as set of vertices (resp. half-edges) is defined as follows. Let

0:& —6&
be an involution and let
0: & — V.
For any vertex v € 'V we denote by
st(v) = {e € §/3(e) = v}

the set of half-edges adjacent to v. The fixed points of o are the external edges and
the internal edges are given by the pairs

le.o(e)}, e#a(e)

The graph I' associated to these data is obtained by attaching half-edges e € st(v) to
any vertex v € 'V, and joining the two half-edges e and o (e) if o (e) # e.

Several types of half-edges will be considered later on: the set & is partitioned
into several pieces &;. In that case we ask that the involution o respects the different
types of half-edge, i.e. 0(&;) C &;.

We denote by I(I") the set of internal edges and by Ext(I") the set of external
edges. The loop number of a graph I" is given by:

L(T) = [ID)] = V)] + [mo(D)] .

where 7o (I") is the set of connected components of T".

A one-particle irreducible graph (in short, 1PI graph) is a connected graph which
remains connected when we cut any internal edge. A disconnected graph is said to
be locally 1PI if any of its connected components is 1PI.

—(:D— is IPI and —O—O— is not.
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A covering subgraph of I' is a Feynman graph y (not necessarily connected),
obtained from I" by cutting internal edges. In other words:

(1) V(y) =v(I);

(2) &(y) = &(I');

(3) or(e) =e = oy(e) =e;

(4) if 0y, (e) # or(e), then we have 0}, (e) = e and 0y (or(e)) = or(e).

For any covering subgraph y, the contracted graph I'/y is defined by shrinking
all connected components of y inside I" onto a point, i.e.

r=—]p-r=-C—<<=<=r1n=—]
Q1 -~ = T --O-

The residue of the graph I', denoted by res(I"), is the contracted graph I'/T". In
other words, it is the only graph with no internal edge and the same external edges
than those of T".

res(—@—) — 3% and res(—C) - <.

The skeleton of a graph I' denoted by sk(I") is a graph obtained by cutting all
internal edges, for example:

k() =<<—<=<

2.2. The bialgebra J?g'. We will work inside a physical theory 7, which involves
Feynman graphs of some prescribed type: ¢3, ¢*, QED, QCD, etc. We denote by
& (T) the set of possible types of half-edges and by V(7) the set of possible types of
vertices.

and

Example 1. We have

E(p?) = {—,
V(@?) = {(—%—. <}
&(QED) = {———, v},

and

V(QED) = fwer , —¢—, ).
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An element of 'V(77) can be seen as a function from &(77) into N which to each
type of half-edge associates the number of half-edges of that type arriving on the
vertex in question. Actually the typology of vertices presented here is too coarse, we
will return to this point in Section 2, with the introduction of specified graphs.

Let Vg be the set of 1PI connected graphs I' with edges in &(7") and vertices in
V(T) such that res(I") is a vertex in 'V (condition of superficial divergence; see [1],
[2], and [10]). Let B

Hy = S(Vy)

be the vector space generated by superficially divergent, locally 1PI, not necessarily
connected Feynman graphs. The product is given by concatenation, the unit 1 is
identified to the empty graph, and the coproduct is defined by

AT) = > yeI/y
ycr
T'/yeT

In the above sum, y runs over all locally 1PI covering subgraphs of I' such that the
contracted subgraph I"/y is in the theory 7.

Example 2. In ¢3 theory we have

M) = <<<<=<=<eo)+—(]-o—x
2 <<<e—{]+2—<e—-
- e-O- TI===C
The last term is removed because —C)C)— ¢ 03,

In QED we have

(o)
e o
g o 2o o on o
G S N MR S P
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Theorem 1. Equipped with this coproduct, jé(r is a bialgebra.

Proof. A is coassociative. Indeed we have

AQIDAM) = Y AWT/y= > §®y/aTl)y
y<r scycr
I/yeT v/8; T/yeT

and

(d® AAM) = > §® A(I/8) = Y se7e (/87
§cr §CI ;5CI/8
T/s6eT (r/8)/y; /5T

For any covering subgraph § of I such that I'/§ € T, there is an obvious bijection

yr—y=y/s

from covering subgraphs of I' containing § such that I'/y € 7 and y/6 € T, onto
covering subgraphs of I'/§ such that (I'/§)/y € T, given by shrinking §; see [11].
For all y C I'/4§ there exist a unique covering subgraph y of I containing § such that
y = y/§ and we have (I'/§)/y =~ T'/y. We then obtain

([d®MAT) = > §@AT/H)= > §”y/6’T/y

scycr scycr
T/6eT T/y;v/8€T

The two expressions coincide, therefore A is coassociative. The counit is given by
e(I') = Lif T has no internal edges, and ¢(I') = 0 for any graph having at least
one internal edge. The bialgebra 7 is graded and the grading is given by the
number L. O

2.3. The Hopf algebra #s. The Hopf algebra #q is given by identifying all ele-
ments of degree zero (the residues) to unit 1:

Hy = Hy/d,

where ¢ is the ideal generated by the elements 1 — res(I") where I is an 1PI graph.
Hq is a connected graded bialgebra, it is therefore a connected graded Hopf algebra,
which can be identified as a commutative algebra with S(Vy), where Vg is the vector
space generated by the 1PI connected Feynman graphs. The coproduct then becomes:

AT)=18T+T®1+ > y®T/y.
y proper subgraph of I’
loc IPL. T'/yeT
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Example 3. In ¢> theory we have

S0
~1o-Qr+-Qrs1+2-Co-()-
- Qo-Or+-C-Co-O- F=-O0F

In QED we have

3. The specified Feynman graphs Hopf algebra

3.1. The bialgebra J?g'. In this paragraph, we denote by '\7(7) the set of possible
refined types of vertices: for ¢t € V(7), you can have a vertices of the same type
¢ but with different refined type. For any refined type 7 € V(T) we denote by [f]
the underlying vertex type. We denote also 7 = (z,i) where the index i serves to
distinguish the refined types of same underlying type.

Example 4. We have
V) == <
and

P(@ED) = [ e )

Remark 1. Note that the types of half-edges adjacent to a vertex v are not sufficient
to determine its refined type.

Definition 1. A specified graph of theory 7 is a couple (T, ) where

(1) T is alocally 1PI superficially divergent graph with half-edges and vertices of
the type prescribed in 7;

(2) i: mo(I') — N, the values of i(y) being prescribed by the possible types of
vertex obtained by contracting the connected component y on a point.
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We will say that (y, j) is a specified covering subgraph of (', 1), ((y. j) C (I',1)) if
(1) y is a covering subgraph of I" and

(2) if yy is a full connected component of y, i.e if yq is also a full connected com-
ponent of I, then j (yo) = i(yo).

Remark 2. Sometimes we denote by I' = (T, i) the specified graph, and we will
write y C I for (y, j) C (I, ).

Definition 2. Letbe (y, j) C (I',7). The contracted specified subgraph is written
L/y = T/7.0).

where I"/y is obtained by contracting each connected component of y on a point,
and specifying the vertex obtained with j.

Remark 3. The specification i is the same for the graph T and the contracted
graph I'/y.

Let Jr’?gv be the vector space generated by the specified superficially divergent
Feynman graphs of a field theory 7. The product is given by the concatenation, the
unit 1 is identified with the empty graph and the coproduct is defined by

AT) = Y 7T/,

ycr
T/yeT

where the sum runs over all locally 1PI specified covering subgraphs y = (y, j) of
[ = (T, i), such that the contracted subgraph (I'/(y, J),1) is in the theory 7.

Theorem 2. Equipped with the coproduct A, Hy isa bialgebra.

Proof. A is coassociative. Indeed we have

AQIDAD) = Y A@T/y= Y §®7/50T/7.
yer Scycl
T/yeT 7/8:T/yeT
and
(d® MAT) = > s AT/ = Y teax(T/)/a

c

o1
ool
o

N
el
53

T'/§e

<
~
gl
~
Sl
~
S~
qu
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For any specified covering subgraph § of T such that T/§ € T, there is an obvious
bijection

jr—sa=7y/§
from specified covering subgraphs of T’ containing § such that (T/8)/a, T/ e
T, onto specified covering subgraphs of I'/§ such that y/ §,T/y € T, given by
shrinking 8. Then for any specified covering subgraph @ = («, Jj)ofl'/ § there exists
a unique specified covering subgraph y = (y, J Yof Isuchthat§ € y and o 2 y/ 8,
we have @ = 7 /8 and (T'/8)/a = T' /7. We obtain

(d®MAT) = Y §®7/5T/7.
f
/e

S'JI

cyc
7/8;T

Then A is coassociative, Hr is a bialgebra where the counit is given by e(l) = 1if
I' has no internal edges, and ¢(I") = 0 for any graph I" having at least one internal
edge. O

Example 5. In ¢3 theory we have
S—(Q0) = (1) s
+<—<—<<e(H )0
+ (<<—0—0)® ({0}, 0)
+(<—<—0— D@ ({}, 0).

1

In QED we have

AL 1) = o o e 0 (S0 1)
+ (_éﬁé_, 1) ® X

+ (2w 0) (_.fi:ﬁz_, 1)
+ (2w 1) @ (_.fi:&z_, 1).
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3.2. The Hopf algebra #5. The Hopf algebra J{5 is given by identifying all ele-
ments of degree zero (the residues) to unit 1:

Hy = Hy /g,
where ¢ is the ideal generated by the elements 1 —res(I"), where I is an 1PI specified
graph. #¢ is a connected graded bialgebra. It is therefore a connected graded Hopf
algebra. The coproduct then becomes
AT)=1@T+T®1+ > y@T/7.
7 proper subgraph of T

loc IPI. T/y€T

Example 6. Taking the same graphs as in Example 5, we obtain in ¢> theory (see [2])

S(—Q0)
= (0 e1+18(+)—0)
+(—0—0)® (Q—,O) +(—O0—1)® (AQf,o).

In QED we have (see [16])
A(SE 1)
1@ (S 1)+ (k1) ®1
+(2%2.,0) ® ( 5“:%: ,1)+(&,1)®(_£1Nﬁz_,1).

4. External structures

4.1. The unordered tensor product. Let A be a finite set, and let V; be a vector
space for any j € A. The product [| jea Vj is defined by

[TV &{v:a—[[Viiv@ eiieal.
jeA JjeA

The space

Vﬁ(g)vj

jeA
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is then defined by the following universal property: for any vector space £ and for
any multilinear map F: [] jea Vi — E, there exists a unique linear map F such
that the following diagram is commutative:

E.

]_[jeA VJ
Remark 4. Let (e1)sen; be abasis of V;. A basis of ;¢4 V; is given by
(fi= ®eu(j))M€A’
JjeA
where

A=T]a; = {u: A— ] A /L(j)EAj}.
jeA jeA

4.2. An algebra of € functions. Let D be an integer > 1 (the dimension). For
any half-edge e of I" we denote by p, € RP the corresponding moment. More
precisely the moment space of graph I' is defined by

We=1{p: 80) —RP. Y p.=0:ve V(D)
e Pe + Poe) =0,
e e V(). e #0(e).
In particular, we have

[Ext(I)|
Wres(r) = {(Pl» P 2 €RD D py = 0}-
j=1

We introduce then

def

Vr = €*°(Wr,C), T connected,

Ve ]_[ Vr,

T connected

and, finally,
8= ] (1

T connected or not
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where the space

Vr 2 ®V1~j

JjeA

is the unordered tensor product of the Vr;’s and where the I';’s are the connected
components of I". The space VT is naturally identified with a subspace of €>°(Wr, C)

via
Quvip) =[] vip)
JjeA JjeA
with
P = Ple)-

[TPRELR

We equip also B with the unordered concatenation product denoted by “e”: for

v:®vjeVp and v/:®vj€V1v
JjeA j€B
(with A N B = @), the product v e v’ € Vpr is defined by
vev = ® v;.

jeEA]]B

The product e is commutative by definition. This definition extends naturally to a
bilinear product 8 x 8 — B.

Proposition 1. Let 'y and Ty be two (not necessarily connected), graphs and let
I' = I'1 5. Forany vy, v} € Vr, and v2, v} € Vr, we have the equality in Vi

(v1V]) ® (V203) = (V1 ® V2) (V] @ V).
Proof. For p1 € Wr, and p> € Wr, we have

(v1v}) ® (V205)(P1, p2) = V1v1(P1)V2V5(P2)
= vi(p)V}(p1)v2(p2)v5(p2)
= v1(p1)v2(p2)vi(P1)v5(P2)
= (v1 0 v2)(p1, p2) (V] @ V3)(P1, p2)

= (v1 @ v2)(v] @ V) (p1, P2). U
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4.3. The convolution product ®. Let I be a graph and y a covering subgraph of I'.
We denote by

ir,y: Vr/y —> VF
and
TyT: Vy —> Vr

two morphisms of algebras which are defined as follows.
Let
Fry: Wr — Wryy

be the projection of Wr onto Wr/,, by neglecting the internal moments of y, that we
can still be defined by the following commutative diagram:

&)
inj(T,y) p
EI'/y) o RD.

where inj(T", y) is the natural injection and ¥1,,, = inj(I", )*. We now consider the
following commutative diagram:

Wryy
Fr.y f
W C.
T s
We define the injection ir,, by
il",y - ?’F’y * .

We denote by
gy,ri WF —> Wy

the natural inclusion of Wt in W, and we consider the following commutative dia-
gram:
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We define the surjection 7y, by

def

* .
wyr =§,r :Vy —> V.

Let 5 be the specified Feynman graphs bialgebra associated with a theory 7.
We denote by £ (Hg, B) the space of C-linear maps

X: Hy — B
and by cfg(}?fr, B) the subspace of ;ﬁ(;}?rv, B) of y such that

(1) x does not depend on the specification of I', in other words: y(I',i) = x(I');

(2) x(I') € Vr for any graph T', i.e. the projection of y(I') on V- vanishes for any
graph TV # T

(3) x(I') = 1y if T has no internal edges, where 1y,. denotes the constant function
equal to 1 on Wr.

Then we define a convolution product & forall y, n € £ (J?m $B) and for all specified
graphs (I, 7) by

(x@n.i) = (&)
= Y mrlMling @/ )], ?)
v.))c@,D)

T/ (v, ))eT

The product used in the right hand side is the pointwise product in Vr.
Theorem 3. The product ® is associative.

Proof. Let y,n and & be three elements of £ (j_éfr, B) and (I, 1) a specified graph.
We denote indifferently T' = (I, i), 7 = (y. J),8=(8,k)and T/y = (T/(y. J). D).
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First, we have
x® Mm@ &), 0)
=x®@n®&)()

= > msrlx@®lin sl @ §)(T/3)]

§cT

T/seT
= > mrl@lins] Y. mersshi@lins «lE(T/5)/@)].
scr acl/8

T/5eT (T/8)/acT

By identifying & with 7/ § where 7 is a subgraph of ' containing §, and (I'/§)/a
with I'/y we obtain

r® @&, D)
=x®Mn®é&)()

= Y s, rl®inslmys.rs@/6)livss,yslE T /)]
§cycT

7/8:T/7eT

= Z 75, v Lx(®)lir, 57wy /5, 178 (7 /O)ir, sivys, 816 (T /7).
S§cycl

7/8:T/7eT

Secondly we have

xen®&l,i)=(ena&&I)

= Y mrly ® EWir,y [ET/7)]

ycT

T/yeT

= Z mwy, v s,y x(8)is,y (7 /&)]lir, y [E(T /)]
S§cycT

7/8;T/yeT

= Z 7y, 0708,y [ ()]7y, vis, y (7 /8)ir,, [E(T /7).
S§cycl

7/8:T/yeT



The bialgebra of specified graphs and external structures

The two following diagrams commute:

F
WF$>WF/8

9y.r Gy/5.7/8
W, ——= W,

Fys v/8

and

Wrs

Fr.s Fris.v/s

Wr Wr/y.

Ty

323

From the two preceding diagrams we obtain the following two commutative diagrams:

i

V.8
Vyss —V
TTy/8.T/8 Ty, T
Vrys . Vr
ir.s
and
Vrys
ir/8.v/8 T8

Vryy BT —— Vr.
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Hence we can write
(xen®§T, i)

= > wsrlx®linsmys.r/snG/ Ol sivss, yslE ([T /7).

Consequently, as (y ®n)®E(L,i) = y® (n® &) (L, i) for any specified graph (T, i),
the product ® is associative. O

Theorem 4. Let

G={peLHr.B): oY) =oy)e0o(), o) = 1g}.

Equipped with the product ®, the set G is a subgroup of the semigroup of characters
of Hg with values in B.

Proof. Let ¢, ¥ be two elements of G and T = (L,i0), I'" = (I, i) two specified
graphs. It is clear that, by definition, ¢ ® ¢ € L(H5, B). Using Proposition 1 we
have then

(p ® y)(TT)
= (@®y)(I'T

= > myrrley)licr,yy [ ([T /77

79/ cTI

T /79T
= Y (wrle@)] e 1y, o))

eyl (it [W (T/7)] @ ivr o [¥ (T /7))
T/y; Ty eT

= Y (mrleMlin, [T /DD e Gy, o leG)iv, ¥ (T /7))
ycT,y cT’
T/y: Ty eT

= (@@ y)(D)(p @ v)(I).

The identity element e is defined by e(T') = 1y if T is a specified graph of degree
zero and e(T') = 0if it is not. Indeed, for any ¢ € £(Hy, B), if T is of degree zero,
we have

(e ®¢)(D) = e(D)p(I) = p(I)
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and, similarly, 3 o
(p®e)(I') = p(INe(I') = @(I),
while, if T of degree > 1, we have
(e®@)T) =Y m,rle@lir,y[o(T/7)]
@
= 7k, T Mg oy JiT, sk [ ()]

= ¢(I')
and

(g ®e)T) =Y my,rlp()lir,y[e(T/7)]
T

= ar,rle(D)]ir, rle(sk(T))]

The inverse of an element ¢ of G is given by

¢®H(D) = (e — (e —)® (D)

=Y (e—)®" (D).

This sum is well defined: it stops at n = ¢ for specified graph " of degree g. Then
we have:
P® '@ =p@®p® ! =e. O

4.4. The Birkhoff decomposition. In this section we will explain how to renormal-
ize a character ¢ of the specified graphs graded bialgebra #7. Let ¢ be a character
with values in the unitary commutative algebra

A= B[z 7]
equipped with the minimal subtraction scheme

A= A_ D A,
where

Ay = B[z], and A_ =z 18[z71).
Both A_ and 44 are two subalgebras of A, with 14 € A4. We denote by

P the projection on #_ parallel to #A. The space of linear maps of Hq to #4 is
equipped with the convolution product & defined by (2). We have verified in the

previous paragraph that the space of characters Je7 with values in 4 is a group for
the convolution product ®.
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Theorem 5. (1) Any character ¢ € G has a unique Birkhoff decomposition in G
¢ =92 @ s
compatible with the renormalization scheme chosen, in other words, such that ¢
takes its values in A and such that o—(I") € A_ for any specified graph (I, i) of

degree > 1. The components ¢4 and ¢_ are given by simple recursive formulas. For
any T" of degree zero (i.e. without internal edges) we put

9 () = ¢1(T) = o(T') = 1y;..

If we assume that ¢_(T') and ¢4 (T') are known for T of degree k < n — 1, we have
then for any specified graph U of degree n

o-(0) =g () = =P(p(D) + Y~ myrlo-lir, e/ (. )))

yST
T/yeT
and
o+(T) = o1 (D) = (I = P)(o(D) + Y myrle-Mliny[e(T/ (. ))])-
y<T
T/yeT

(2) Both ¢+ and @_ are characters. We will call ¢4 the renormalized character and
¢— the character of the counterterms.

Proof. (1) The fact that ¢4 takes its values in 44 and that ¢_(I") € A_ is immediate
by definition of P, and we can verify by a simple calculation that ¢+ = ¢_ ® ¢:

o (D) = = P)(e@) + Y myrle-iry[o(C/(r. ))1)
y<T
T/ye

dl
<A

= ¢(I) +¢-(I') + oy, vlo-(lin,y [T/ (v, J))]-
sy
T/yeT

By using the fact that ¢_(I"') = ¢(I") = 1y;., for any graph I" of degree zero we have

o- @)= Y m,rle-liry[e@/ (1. )]
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= 7sk(m), T [9— (Sk(T)]it, sk [9 (D)] + 71, vl (D)]ir, v @ (res(I"))]
+ ) le-Wlinyle(T/ (v )]

yGr
f/;?e?‘”y'r
=o(0) +o-(D)+ Y m.rle-Mlirylo(T/ (. ).
y<T
T/ye

Hence, o+ = ¢o— ® ¢ is equivalent to saying that ¢ = ¢®~ ! @ ¢.
We now assume that ¢ = 27! ® ¢, = ¥ ®1 ® y,. Thus we obtain

pr @y =9 @y

The right-hand side of the equality sends any specified graph of degree > 1 in A
but the left-hand side sends it in #4_. Hence for any graph I" of degree > 1 we have

pr @YD) =p-@y® () =0.

Then we observe ¢4 ® wf_l = ¢_ ® ¥y®! = ¢, which proves the uniqueness of
the Birkhoff decomposition.

(2) We will just prove that ¢_ is a character. Then ¢+ = ¢_ ®@ ¢ is also a character.
The idea follows from the fact that the projection P satisfies the Rota-Baxter equality

P(a)P(b) = P(—ab + P(a)b + P(b)a). 3)

Let ¢ be an element of G. The proof is obtained by induction on the degree of the
graph T'T’. For I'T” of degree zero we have 1y e IV/ = ly..,. We assume that
¢o_(TT") = ¢p_(T') ® — (I'/)foranyI' [’ € #7 such that: |T| + |T'| <d —1and
we show the equality for T, T/ € #7 such that IT| 4+ |T’| = d, where |T| denotes
the degree of I". We have

p-(T) e p_(I') = P(X) o P(Y),

where
X=pM+ Y mprle-Wlinyle@/ (. j))]
sy
T/7eT
and

Y=¢@)+ Y mple-0)ic,yle(/¢. )
=
I_‘}///i’efi‘
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We have
o_(T)eg_(I')=P(X)e P(Y)=P(—X oY + P(X)oY + X o P(Y)).

Since P(X) = —p_(T') and P(Y) = —¢p_(I"), we obtain

p—(D)op_(T') =—P(X oY +¢_(I')eY + X ep_(I")).
Therefore we obtain

¢—(I') e p_(I')
= —P[p(I) 0 (I") + ¢_(I) » o(I") + p(I') » ¢_(I")
+ 2 Grrle-0)in [T/ © (o) + ()
Frrer

+ Y (myrle-(lic,y [ /7)) o (p-(I) + o(I')
=
f‘}’//i’efi‘

+ ) (myrle-Mlinyle(@T /7))

yer, el NP STy
ftyer ® Crrle- (i leo(/7))D)]

The coproduct A(I'T”) is given by
A(TT') =TT’ @ res(T) res(I'’) + sk(T) sk(I'') @ T T’
+ Tsk(I') @ T res(T") + I sk(T") ® I res(I™)
+ Y 7T (/) res(T) + 7 sk(I') @ (/)T
=y
T/yeT

+ > Ty @ @/7)res(T) + 7' sk(T) ® T(T'/7)
y'er
Ty eT

+ ) e @/n@/).
ySTs; 7/l
T/9:T/7'eT
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Since p_(I'T") = —P(¢p— ® p(T'T’) — p_(I'T")), we have
¢ (I'T")
= —P|arr,rrlp-(TT)irr, orv[p(res(D) res(T))]
+ k() sk(r),r 1 [9— (sk(T) sk(T")]irr, sk(ry sk [ (T T)]
+ 71 sk, 11 [o— (T sk(T/))irr, 1 sk [o(I res(T))]
+ s k(o). v [o— (T sk(D)Jirr, 1 sk [ (T res(T))]
+ Y myy e le-(T)linr .y lp(T /7 res(T))]
+ 7y, v [o— (v sk(T)irr, yy [p(T/7T)]

238
T/yeT

+ Y myyrrle- (Y Dlirr,yy o /7 tes(D)]
+ Ty, FF’[QD— (V/ Sk(l:))]irrf, yy’[@(l://);/r)]

+ Y myrele- Y )icryy LT /7T /7)) —w_(FF’)].

We notice that the first and last terms in the right side cancel each other. Since ¢ is a
character, ¢(sk(I")) = ¢_(sk(I")) = 1y and by the induction hypothesis we obtain

¢ (T'T’)
= —P[p(D) s p(I")

+ (1 sk, rrv [ ()] ® 71 sk, v [o— (sk(I))])
x (irr, v sk [ (T)] @ irre, r sk [p (res(D))])
+ (7 sy, e [o— (T7)] @ 70 sy, e [o— (sk(T))])
x (irr, sk [ (T)] @ irr, 1 sk(ry [o (res(I7))])
+ Z (ry, vlo—(Mir, y [@(T/7)]) ® (p—(I) + (I'))
sy
T/yeT
+ Z (myr, o[- (Y)Nirr, [ (T /71)]) ® (- (T') + (T))

7'er
T’y eT
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+ ) (mrle-Ml ey (X))

Crer Xy le@ /Pl eiv, lo (/7))
n

- (TT) = —P[w(l“) e ¢(T") 4+ () @ o(T") + ¢(I') @ (")
+ Y (o rle-MlinyleT/7)) o (p-(T') + o(I))
yST

T/yeT

+ Yy rle-ONiv,y le(T'/7)]) @ (9-(T) + ()
?/gf/

')y eT
+ Y. (mrle-Mlinyle@/P))
e o Gy, lg- ()i, o (T /7))
= ¢ (1) o p_(I"),
which shows that ¢_ is a character. O

4.5. Taylor expansions. We adapt here a construction from [7], §9, also used
by [14], §3.7, (see also [8] and [9]).

Definition 3. Let B be the commutative algebra defined by (1). For m € N’ the
order m Taylor expansion operator is

B
def v
Py €End(B). Puf() 2 Y Eag f. @)
1Bl<m "
where B = (B1, ..., Bn) € N" with the usual notations, f < « if and only if §; < o;
foralli,
1Bl =B1+ -+ Bn
and
B & Br )&t | 85 oot 0P
=T v = I A %= [T —
1<k<n 1<k=<n 1<k<n k |vpr=0

We can now implement the general momentum scheme using these projections Py, .
Let #H7 = €D,, H7 » be the specified Feynman graphs graded bialgebra. We define
a Birkhoff decomposition

p=¢®"®0,.
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The components ¢ and ¢_ are given by simple recursive formulas. For any ' of
degree zero (i.e without internal edges) we put

¢ () = ¢ (T) = o(T) = 1y;..

If we assume that ¢_(T") and that P+ (T) are known for T of degree k < m — 1, we
have then for any specified graph I" of degree m

o-(0) = =Pu(p(@ + Y 7yp.rle-0lir, [T/ (. j)1) )
sy
T/yeT
and
0+(T) = U =P (e + Y mprle-Mlinylo(C/ (2 j)]).  (©)
y&T
T/yeT

The operators P, form a Rota—Baxter family in the sense of K. Ebrahimi-Fard,
J. Gracia-Bondia, and F. Patras [7], Proposition 9.1 and Proposition 9.2. The analogue
of the Rota-Baxter equality defined by the formula (3) is given by following theorem;
see [7], and [14].

Theorem 6. Let I' be a graph, and let f, g € Vr. The Taylor expansion operators
Sulfill for any s,t € N

(Ps f)(P1g) = Ps:[(Ps f)g + f(Pig) — fgl. )

Proof. Denote by u(f ® g) = fg the pointwise product on Vr. Using the Leibniz
rule,
dopu=pno(@®Id + Id ® 9), (8)

and the formula
B 3% ( ﬂ) 0% if || <s,
Vi— v Vi 0
Wpy=05y ———h =) 0 = )
B! B! .
|Bl<s ’ 1B]<s : 0  ontherwise,

by (4) it suffices to check for any multi-index || < s + ¢ that

GNP f)g + f(Prg) — f3]
-y (Z)u @ @ X)) @ g+ f ® (Pig)— f @]

B=<a

=2 (Z)[(a‘.? P )35 9) + (35 /)0 Prg) = (36105 )]

B=<a
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-y (Z)(ag PO Prg)

B<a

= 9 [(Ps f)-P1g)]-

Here we used that in the middle line, by formula (9) the contributions with |3| > s or
|a—pB| > t give zero. Forexample, if |@—f]| > t then |¢|—|B| >t = |B| < |«|—t,
since || < s + ¢ then || < s such that:

Bpr,=0" Pp =0 PP =0,

then
@ P )@ P o) + (35 £)@5F Peg) — (35 135 Pg) =0,
and
@ Py )05 P Pig) = 0.

Hence only terms with |8]| < s and |a — 8| < ¢ remain. We obtain
dBp=ab, 2 Ffp=02" ofp =08 Fp =05
and then we have
8 P )@ 9) + @637 Prg) = 8./ 9)
= @105 o)
= (¥ P )@ Prg)- O

Theorem 7. Let jzg" be the specified graphs graded bialgebra and ¢ be a character
with values in the unitary commutative algebra B. Further let

P : N — End(8B)

be an indexed renormalization scheme, that is a family (P;);eN of endomorphisms
such that

po(Ps®Pr)=Psyropo[Py®Id+1d® P —1d ®1d], (10)

for all s,t € N. Then the two maps ¢— and @4+ defined by (5) and (6) are two
characters.

Proof. We will just prove that ¢_ is a character. Then ¢4+ = ¢_ ®¢ is also a character.
For I', T € ker e, we write ¢_(I') = —Pr(¢(I")), where

¢ =@M+ Y myrle-0linyle(T/(. )]
sy
T/ye

<
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For proving this theorem we use formulas (5) and (10):

¢-(I'T)
= —Pirr[@(I) 0 (") + ¢-(T) 0 ¢(I") + ¢(I') 0 ¢ ()

+ D (wyrlp-0liny[(T/PD ¢ (p- () + ()

+ D Gy rle- (e [ (/7)) ¢ (9-(T) + ()
Frrer

+ Y (myrle-Mlinyle(T/P)

7L, y/el . =/ =
B e o Gy, - ()] i,y (T /70) |

= P (o) + 3 Gryrle-linyloT/7)D)
Fiper
(o) + 3 Gy rrle-( i,y lo(T'/7))D)
e
oMo (M) + 3 (ryrle-0)livy lo('/7)D)
vyer
+o-(T) o (e + Y (mrle-Wlin, lo@/PD)]

ySr
T/veT

= —Piri+/[@(T) @ g(T") — Pir(@(I)) @ g(T') — Pirv(@(I)) @ ¢(I)]
= Piri+i0[Pir(@(T')) ¢ @(T) + Piri(¢(T)) e @(I') — @(T') @ g(I')]
= (Pr|(@(T))) (P (@(I)))

= ¢_(T) e p_(T"). O
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