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Analyticity results for the cumulants
in a random matrix model

Razvan G. Gurau and Thomas Krajewski

Abstract.The generating function of the cumulants in random matrix models, as well as
the cumulants themselves, can be expanded as asymptotic (divergent) series indexed by
maps. While at fixed genus the sums over maps converge, the sums over genera do not.
In this paper we obtain alternative expansions both for the generating function and for the
cumulants that cure this problem. We provide explicit and convergent expansions for the
cumulants, for the remainders of their perturbative expansion (in the size of the maps) and
for the remainders of their topological expansion (in the genus of the maps). We show that
any cumulant is an analytic function inside a cardioid domain in the complex plane and we
prove that any cumulant is Borel summable at the origin.
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1. Introduction

Random matrix theory [l, 2] studies probability laws for matrices. They were
introduced more than half a century ago to model the energy spectra of large nuclei
and have later proven to be ubiquitous in physics and mathematics. Applications
to mathematics range from combinatorics of maps to free probability while in
physics, beyond energy spectra of heavy nuclei, random matrices can be used to
describe disordered systems and discretized models of random surfaces.

The application of random matrices to random surfaces and 2d quantum grav-
ity [3] relies on the combinatorics of maps. The matrix integrals arising in random
matrix theory depend on (at least) two parameters: a coupling constant A and the
size of the matrix, N. A formal expansion in the parameter A of such matrix inte-
grals yields generating functions for maps of arbitrary genus. The coupling con-
stant A measures the size of the map (the number of its edges), while the parameter
1/N turns out to measure the genus of the map. While this formal expansion is
extremely successful in enumerating both maps of fixed size and arbitrary genus
and maps of fixed genus and arbitrary size, it does not provide an estimation of
the matrix integral because it does not converge.

This phenomenon is well understood. From a combinatorial standpoint, the
divergence of this formal series is due to the proliferation of maps: while the maps
of fixed genus are an exponentially bounded family, maps of arbitrary genus are
not. At the analytical level, this reflects the fact that A = 0 lies on the boundary
of the analyticity domain of the generating function.

One can analyze in some depth these formal power series. Restricting to a fixed
orderin 1 /N one obtains convergent series enumerating maps of fixed genus. This
yields the celebrated 1/ N expansion for random matrices [4] (see also [5, 6, 7] for
rigorous mathematical results on this expansion). The series at fixed genus exhibit
a critical behavior at some critical value A, of the coupling constant and a formal
sum over random surfaces of arbitrary genus can be obtained by taking the so
called double scaling limit A — A., N — oo while keeping (A, — A) N>/* fixed.
The precise status of the 1/ N series is somewhat involved. Usually the 1/N series
is taken as an asymptotic series: while each order in 1/N is well understood, the
rest term is usually difficult to control.

Analytical control over the rest term has been achieved in the region of strictly
convex potential (see for instance [8] and references therein). This region corre-
sponds to a stable perturbation :RA > 0 or to an unstable but small perturbation
(such that the perturbation potential is always dominated by the quadratic part and
absolute convergence of the matrix integral is ensured). However, one would like
to exert some same kind of analytic control over the rest term of the 1/N series
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also outside the region of strictly convex potential. This is due to the following
two facts.

e When considering the interpretation of a matrix integral as a generating func-
tion of maps, HA > 0 corresponds to an alternating sum over maps. A gen-
uine sum over maps is obtained only for A < 0. Moreover, the critical point
A¢ (at which the fixed genus series become critical) lies far on the negative
real axis (for bipartite quadrangulations for instance A, = —11—2). In order to
study the behavior of the matrix integral in the critical regime one needs to
control the rest term close to this critical point.

e In the region MA < 0, instanton effects e T are expected to play a very
important role. As they correspond to non trivial solutions of the classical
equations of motion, they correspond precisely to the region where the per-
turbation potential equals the quadratic part, hence outside the strictly convex
potential region.

In this paper we focus on the analyticity of the cumulants in a specific random
matrix model. Building on results in random tensor theory [9, 10] and on the
Loop Vertex Expansion (LVE) introduced in [11] we establish, for any cumulant,
an explicit expansion which is convergent for A in the cardioid domain:

AeC, 4A| < cos? (#)
We further provide explicit convergent expressions for the remainder in the ex-
pansion in A and as a by product we prove that any cumulant is Borel summable
in A uniformly in N.

More importantly, we provide explicit expressions for the remainderin the 1/ N
expansion of any cumulant which is absolutely convergent in the cardioid domain:
AeC, 12JA] < cos? (#)

We emphasize that this domain goes well outside the strictly convex potential
region. Our paper is thus a first step towards the rigorous study of the instanton
effects and of the critical regime in matrix models. However, work still remains to
be done: in order to access these effects, one needs to find analytic continuations
of our explicit formulae which hold all the way up to the negative real axis (and
up to —55).

This paper is divided into four parts. In Section 2 we introduce some nota-
tion and state our main results. In Section 3 we introduce the intermediate field
representation which we subsequently use for the proofs of our results which are
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performed in Sections 4 and 5. Some technical details are collected in the appen-
dices.

2. Statement of the main results

Matrix integral and normalization. In this paper, we consider the Gauflian
matrix model with a quartic perturbation. The generating function of its cuamulants
is defined by the integral over complex N x N matrices M:

N
2, I A, N = =, 1
[ 1= (1)
where
N = / dM exp { —Tr(MMt) - % Te(MMTMM™)
+ VNTr(UM) + VN Tr(MJT)}
and

A
D = /dM exp { ~TrMmh) - Tr(MMTMMT)}.

The source J is itself a N x N complex matrix and J T is its adjoint. The
cumulants of the quartic model are obtained by taking derivatives of log Z with
respect to J and J T evaluatedat J = JT = 0.

A Taylor expansion in A, J and J T, followed by the evaluation of the GauBian
integral, expresses Z as a sum over ribbon Feynman graphs (or combinatorial
maps). The normalization in N has been chosen in such a way that the amplitude
of a ribbon graph is NX(©), with y(G) the Euler characteristic of the graph (i.e.
the Euler characteristic of a surface of minimal number of handles in which G
can be embedded). Since we are only interested in the cumulants, we divide the
integral by its value at J/ = JT = 0.

The measure d M is the standard Lebesgue measure on matrices suitably nor-
malized in such a way that Z[J, JT;A, N] = 1forA =0and J = JT =0,

dM =" ] dRe(M;)dIm(M;;).

1<i,j<N

In this paper, we are interested in establishing analyticity properties of the
cumulants in the variable A.
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The analyticity of Z[J, JT; N, A] is fairly easy to establish using conventional
techniques. However, in order to study the analyticity of log Z[J, Jt; N, 1], these
techniques have to be supplemented by a detailed study of the zeros of Z[J, J ] in
the complex domain, which is a harder problem.

Loop Vertex Expansion (LVE) graphs and their amplitudes. The LVE is
based on combinatorial maps with cilia. A cilium is a half edge hooked to a vertex.
A combinatorial map is a graph with a distinguished cyclic ordering of the half
edges incident at each vertex. Combinatorial maps are conveniently represented
as ribbon graphs whose vertices are disks and whose edges are ribbons (allowing
one to encode graphically the ordering of the half edges incident at a vertex).

Definition 1 (LVE graphs and corners). A LVE graph (G, T) is a connected ribbon
graph G with labels on its vertices having furthermore

e adistinguished spanning tree T C G,
e alabeling of the edges of G notin T (loop edges in physics parlance),
e at most one cilium per vertex.

A LVE tree is a LVE graph without cycles.
A corner of a LVE graph (G, T) is a pair of consecutive half edges attached to
the same vertex.

cilium

Figure 1. A LVE graph with one cilium and one broken face (coloured in grey).
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We denote K(G), V(G), E(G) and F(G) the sets of cilia, vertices, edges and
respectively faces of G. The edges of G not in T are called loop edges and we
denote L(G,T) = E(G) — E(T) the set of loop edges. The faces of G are parti-
tioned between the faces which do not contain any cilium (which we sometimes
call internal faces) and the ones which contain at least a cilium which we call
broken faces. We denote B(G) the set of broken faces of G. Each broken face
corresponds to a puncture in the Riemann surface in which G is embedded, and
the Euler characteristic of the graph G is

x(G) = V(G)| = |[E(G)| + |F(G)| - [B(G)| = 2—2¢(G) — [B(G)

where | X | denotes the cardinality of X and g(G) is the genus of the graph G.

Let us consider a LVE graph (G, T') with vertices labeled 1, ..., |V(G)|. We
associate to every edge e of the tree T a weakening parameter t, € [0, 1]. For any
two vertices i and j of the graph G we define

(Cr)ij = inf{te | e in the unique path P/, ; in T joining i and j},

and the infimum is 1 if i = j. We arrange (Cr);; in a (symmetric) V(G) x V(G)
matrix Cr. The matrix Cr is a positive matrix. This statement is non trivial and
its proof can be found in [12] or [13].

To any real, positive, symmetric n x n matrix (C;j)1<i, j<» W€ associate a uni-
tary invariant normalized Gauf3ian measure duc (A) on n random N x N Hermit-
ian matrices A = (A4, ..., A,) defined by its covariance:

/dMC(A) AilabAjica = Cij 8aape- /dMC(A) =1, ()

where A;|4p and A4 are the matrix elements of the matrices 4; and A;. This
GauBian measure can be represented as a differential operator. Indeed, denoting
d 9 0 d

Tr [— ] = ,

o7 04ilab 04j1pa

0A; 0A;

0 1( d i ad )
8A,-|ab _2 aReA,-W, aImA,-W, ’

the GauBian expectation of any function F (A1, ... Ay) is

1. .. I
/d,uc(A) F(A1, ... Ay) = [e2 =0 U Te[o% "’AJ']F(AI, - An)4;=o.

To every loop edge e € L(G, T) we associate a parameter s, € [0, 1]. As the
loop edges are labeled 1, ... |L(G, T)|, we will denote s1, .. .s|r(,T)| the param-
eter associated to the edge 1,...|L(G, T')|. Note that for the loop edge e = (i, j)
the parameter s, and the weakening factor (Cr);; are completely unrelated.
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We associate to every LVE graph (G, T) the amplitude A,1)[J,J .1, N]
defined as a GauBian integral over |V (G)| Hermitian matrices A = (4;)1<i<|v(G)|
(each one of size N x N):

A, I, N

(=) E@INIV@I-EG)
B Vo)

/ H dse

12512256, =0 ¢SL(G.T) 3)

H dze( 1_[ inf ze/)

T
D.1]€€ET) o= )eL@,T) ¢ <Fiv

/dus|L(G,r>Cr(A) 1_[ Tr{ ﬁ (1—1\/%&0)_1(“7‘)%},

feF(G) cedf

where
—
. 1_[ is the oriented product around the corners ¢ on the boundary df of the

cedf
face f;

e i, is the label of the vertex the corner ¢ belongs to;

e 7. = 1,0 depending on whether c is followed by a cilium (1) or not (0).

We refer to Appendix C for some examples of LVE graphs and their ampli-
tudes.

The Gaussian measure ds,, ¢y (A) can also be written as the differential
operator:

/ d/"LS|L(G’T)\CT (A)F(A)

SIL(G. D) : d__0d
i) [mf(k./)epiT(_)j tkz]Tr[a},i g ]

=[e 77 F(A)]a;=o.

In the case of a LVE graph which is just a tree, G = T, we will use the short-
hand notation Ar[J, JT; X, N] = A1)/, JT; A, N]. The amplitude simplifies
drastically in this case: there are no integrals over the s parameters (and s|7,(G,T)|
is set to 1), the product over infima in the second line is empty (hence set to 1),
and only one trace is obtained (as trees have only one face).
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Constructive expansions of the generating function. Let C be the cardioid
domain in the complex plane (see Figure 2),

C= {A € C with 4|1| < cos? (?)}

where we choose the determination —n < arg A < 7 of the argument (hence the
argument has a cut on the negative real axis).

A

Im

Re A

L

Figure 2. Analyticity domain in the complex A plane.

Our first result is a convergent expansion of log Z[J, JT; 1, N] as a sum over
LVE trees.

Theorem 1 (Tree expansion). For any A € C, there exists €) > 0 depending on A
such that for | JJ T < €, the logarithm of Z[J, JT; A, N]is given by the absolutely
convergent expansion

log 2[J.JV: A N1 = Y Ar[J.JT: A N]. 4)
T LVE tree

In order to compare the tree expansion of Theorem 1 with the conventional
perturbative expansion, it is necessary to further expand some of the loop edges.
The following theorem is obtained by recursively adding loop edges to the LVE
trees.
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Theorem 2 (Perturbative expansion with remainder). For any A € C, there exists
€, > 0 depending on A such that, for | JJ || < €,

logZ[J, JT: A, N]

= )

G ciliated ribbon graph
|E(G)|=n

(=M)IE@)I N x(G)
| Aut(G)|

[] Tel@IH D]+ R, T2, N,
f€B(G)

)
where c(f)is the number of cilia in the broken face f and the perturbative re-

mainder at order n is a convergent sum over LVE graphs with at least n + 1 edges
and at most n + 1 loop edges

Ru[J, JT: A, N]
= Y Aepnl.JIGANI+ D Ar[J.JTAN]
(G.T) LVE graph T LVE tree
|[E(G)|=n+1 |E(T)|=n+2

Note that the first term in (5) involves a sum over ribbon graphs (not LVE
graphs) and reproduces the perturbative expansion over maps. The remainder is
made of the more involved LVE graphs and its amplitude involves further non
trivial GauBlian integrations. In particular, the ribbon graphs in the perturbative
expansion do not carry labels on their vertices: this is the origin of the factor
IATI(G)I (where Aut(G) is the cardinal of the group of permutations of the labels
on the vertices that preserves the adjacency relations of the graph). Alternatively,
one could also work with labeled ribbon graphs and divide by |V(G)|!.

Since we are dealing with random matrices of size N, it is also possible to or-
ganize the expansion in powers of % Such an expansion is governed by the genus
of the ribbon graphs, as a graph with Euler characteristic y(G) scales like N (),
Contrary to the standard perturbative expansion, the expansion over graphs of
fixed genus g has a finite (é) radius of convergence, as can be easily seen from
their asymptotic behavior [14]. In particular, A, = —ﬁ is the critical point, instru-
mental in constructing the double scaling limit. This motivates the introduction of
the following cardioid (see Figure 3):

~ ) , farg

€= {heCwith 1213] < cos? (55} ©6)
The shift from the factor 4 for € to 12 for € reflects the fact that the radius of
convergence of the sum over ribbon graphs of fixed genus is ﬁ while the radius
of convergence of the sum over trees is i.
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A

ImA

Re A

Figure 3. Analyticity domain of the topological expansion.

Theorem 3 (Topological expansion with remainder). For any A € C, there exists
€5 > 0depending on A such that for | JJT| < €, the logarithm of Z[J, JT; A, N is

log Z[J, J T A, N]

-( X

G ciliated ribbon graph
2(G)=g

+ Re[J. T4, N,

(—2)E@)| y2-25(G)~|B©)
| Aut(G)|

I1 Tr[(JJT)C(f)D (7)

S€B(G)

where the order g topological remainder is given by the absolutely convergent
expansion

RelJ. JT: A N = > A, I A N,
(G.T)LVE graph with
g(G)=g+1and g(G —eLi.1) =&

where G —er (g,T) is the graph obtained by removing the loop edge with the highest
label.

This expansion is also obtained by a recursive addition of loop edges to a tree,
but with a stop rule which takes into account the topology: one iteratively adds
loop edges as long as the genus of the LVE graph (G, T') does not exceed g.

Cumulants. The main objects of interest in this paper are the cumulants (con-
nected correlation functions).
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Definition 2 (Cumulants). The cumulant of order 2k is the derivative

Kalblcldl ,,,,, aibicrdy (A, N)
32 82
logZ[J, JT: A, N]
8JC1d1 8Ja*kbk 8Jckdk J=JT=0

Y

a1 by

Here J; is the complex conjugate of J,p, so that (J Nap = Jy,. Note that
all the derivatives of log Z which are not of this form vanish. For example, the
order 2 cumulant is

2

0
Kapea (A, N) = WlogZ[J,JT]
ab”“cd

= N((Map M) — (Map)(M))).

The normalization is chosen in such a way that the contribution of a genus g
graph with b broken faces scales as N2728~2 corresponding to the Euler charac-
teristic of a surface with punctures.

Due to the unitary invariance of the matrix model, the cumulants have a spe-
cific form. For any permutation of k£ elements 0 € Gk, let us write C(o) the
integer partition of k associated to the cycle decomposition of o and |C(o0)| the
number of cycles it contains. Let us also denote by I the set of integer parti-
tions of k (recall that a partition = € Il is an increasing sequence of || integers
0 <ky <+ < kjg suchthat ky + --- + k|| = k). To any integer partition of k
we associate a frace invariant:

Tre(X) = Te(X*1) ... Tr(X*?).

As we will see below, the cumulants are written in terms of the Weingarten
functions Wg(zo ™!, N) [15, 16]. These functions arise when integrating over uni-
tary matrices U(N) with the invariant normalized Haar measure. Denoting U},
the complex conjugate of U, we have [15]

/dU Ualbl "'UakkaC*ld] ...U;;dl

— -1
= 8y Z 5%(1)(1...8ar(k)ck5bo(l)d1...8bo(k)deg(‘EC7 ,N).

0,T€Sk
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The functions Wg(o, N) only depends on the cycle structure of ¢. For low values
of n, the Weingarten functions read

1 NZ -2
Wg((l),N):N, We((1,1,1), N) = N(NZ—1)(N2—4)
We((1,1),N) = Nz_—l_l We((1,2), N) = (N2_1;(1N2_4)’
_ 2
We((2), N) = NI We((3), N) = NV D(N2—d)’

Let us choose a permutation { € & whose cycle decomposition reproduces
the contribution of the broken faces to the amplitude of a LVE graph. Specifically,
if there are b = |B(G)| broken faces with k1, ..., kp cilia, we choose ¢ to have a
cycle decomposition of the form

1.1 b b
E=(y - i) -Gy R,
This permutation defines a labeling of the cilia in such a way that the product of
traces over the broken faces can be expressed as
—

H Tr[JJT l_[ Xi;n]: Z H (JJT)P/q/XéIPuz)’

1<m=<b 1<r<km 1=<p1,q1~<N 1<i<k

where X/ is the product of the resolvents

(1 _ i\/%A,,)_l

located on the corners separating the cilia labeled / and ¢ (/). Similarly, for the
F(G)—B(G) unbroken faces we denote by Y™ the product of the resolvents around
the unbroken face labeled m.

Proposition 1. The amplitude of a LVE graphin eq. (3) expands in trace invariants
as

A1 JT AN = Y Al (A N) Trp(JJ ),

mwellx
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with
A?G,T) (A, N)
(=W)IE@INIVOI-IEG)
a [V(G)|!

/ l_[ dse

1251225116720 ¢€L(GT)

/ I1 dte( I1 inf te/)/dule(G_T)CT(A)

T
c€E(T)  e=(,))eL(G,T)¢ Fiwi
—1 m l
Z Z Wg(to™", N) l_[ Tr(¥™] H Xpewypeay:
1,066, 1<pq,..., Pk <N 1=m=<F(G)—B(G) 1<i<k
C(o)=m

(®)

If the LVE graph (G, T) is reduced to a tree we use the shorthand notation
AT (A, N) instead of A’(’T T)(A, N).

Proposition 2 (Scalar cumulants). The order 2k cumulants can be written as a
sum over partitions of k and over two permutations of k elements:

Ka1b1c1d1 ..... akbkckdk(A’N)

= Z K”(A’N) Z l_[ Scl’aprno—l(/)Sdl’bﬁé'no'_l(1)’

melly p.0EG, 1<i<k

where t, and &, are arbitrary permutations such that T, (§;)~" has a cycle struc-
ture corresponding to the partition 7 and the scalar cumulants K (1, N) are given
by the expansion

Krz(A,N) = > Z(A.N).
T LVE tree with k cilia

Choosing any other pair of permutations z,; and &, leads to an identical result,
after reorganizing the sum over p and 0. K (4, N) only depends on the partition
7 and not on the index structure of K4 p,¢,d;,....ax bpcrdy (A- N) which explains
why we call it scalar cumulant.

The main goal of this paper is to establish some analyticity results as well as
bounds for the scalar camulants K, (A, N) regarded as functions of A inside a
cardioid with N considered as a parameter.



182 R. G. Gurau and Th. Krajewski

Constructive expansions for cumulants. Our first result states that the expan-
sion of K (A, N) as a sum over trees yields an analytic function of A € C.

Theorem 4 (Analyticity and bound for cumulants). The series
Kz (A, N) = > TN,
T LVE tree with k cilia

defines an analytic function of A € C. Moreover, each term in this sum is bounded
(for N large enough) as

N2—|n| M||E(T)| (k!)z 22k
(cos (282))2FDHE y

AT (A, N)| = ©)

where |1t| is the number of integers in the partition 7t of k (number of cilia).

By further expanding loop edges on each tree, we obtain a perturbative expan-
sion with a well controlled remainder. In order to identify the graphs contributing
to K, (A, N), we say that a ciliated ribbon graph has broken faces corresponding to
7 if the partition of the cilia defined by the broke faces agrees with the partition 7.

Theorem 5 (perturbative expansion with remainder). The perturbative expansion

of the cumulants reads:

(=M)IE@)I N x(G)
| Aut(G)|

Kz(A.N) = > + R (A, N).

G ribbon graph with & cilia
broken faces corresponding to v and |E(G)| < n

The perturbative remainder Ry , (A, N) is a sum over LVE graphs with k cilia, at
least n + 1 edges and at most n + 1 loop edges,

Ran(A, N) = > Al )X N).

(G.T) LVE graphs with broken structure corresponding to 7z
|E(G)|zn+1and |L(G.T)|<n+1

The perturbative reminder is analytic for A € C and for any A € C and N large
enough it obeys the bound:

23k—1k! 4|)L| a1
[Ren(A, N)| < N2 ———— ) + ) ————
((COS(“%*))'C) ((COS(“‘S’*))Z)
4[| .
(COS (%A)) + ok+n+2

_ 4[A] n+2
(- )

2
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Borel summation for cumulants. The previous expansion defines an asymp-
totic expansion of the cumulants. Indeed, let us collect the contribution of all
graphs of a given order in

Nx(G)
axn(N) = E A
A o JAu(G)|’
G ribbon graph with k cilia
broken faces 7w and | E(G)| =n

so that for A € € the bound on R (A, N) implies

0 Kx(A N) =3k cmen (A" azm(N) |
A—0 An o

0.

However, the series >, a,,A" is divergent which means that K, (A, N) is
not analytic at the origin. From a combinatorial point of view, the divergence
of the series is due to the occurrence of too many graphs at a given order in n.
Nevertheless, Y ar,(N)A" contains all the information required to reconstruct
K (A, N) through the Borel summation procedure. The latter is based on the
following theorem.

Forany R > 0, let D be the disc of radius R tangent at the origin (see Figure 4)

1 1
Dg = {A c C‘Re(i> > ﬁ},
and let ¥ be the half strip (see Figure 4 for a representation of Dg and Xg)

1
Ty = {s eC \ distance(s, R) < E}'

Theorem 6 (Nevanlinna and Sokal [17]). Let R > 0 and F,(A) be a family of
analytic functions on the disc Dy depending on some parameter w € Q2. If there
exists a sequence a,(w) of functions of w € Q2 obeying, for any n, A € Dg and
w € Q2 the uniform bound.:

n
‘Fw(k) -y am(a)))tm‘ < Co™ A (n + 1), (10)
m=0
with C and o two positive constants that do not depend on w, then the series

o0

Bo(s) = Z ann_(:‘))sn’
n=0 :

has radius of convergence o~! and can be analytically continued in the strip X.
Moreover, there exists a constant B such that, for any s € X, and o € Q, we have

|By(s)| < Be®.
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DR Ea

Figure 4. Domain of analyticity of F and of its Borel transform B.

Finally, for any A € Dpg, F, (L) is given by the absolutely convergent integral
o S
F,(A) = / ds By(s)e™ . (1)
0

If the assumption of Theorem 6 are fulfilled, F,, is said to be Borel summable
at A = 0, uniformly in w. In this case, F, can be uniquely recovered from the
coeflicients a, (w) using its Borel transform s — B, (s) and eq. (11).

For any A € Dg C €, (cos %’1) > 271/2 and there exists R such that the
perturbative reminder in Theorem 5 is bounded as in eq. (10).

Corollary 1 (Borel summability). The rescaled cumulants N~>117 K (A, N)
(with |rt| the number of parts in the partition ) are Borel summable in A at the
origin, uniformly in N, so that

K,(A,N) = /Oofise_i(z Ms”),

n!
n>k

in a disc included in C tangent to the imaginary axis at the origin and independent
of N.

Topological expansion for cumulants. The Taylor expansion at the origin of

the cumulants leads to ribbon graphs drawn on surfaces with boundary. The Eu-

ler characteristic of a surface determines the power of N. This is known as the

topological expansion. While it is well known that the contributions of Feynman
1

graphs of fixed genus are analytic functions in a disk of fixed radius 5, less is
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known about the remainder. We state an analyticity results and a bound for the
remainder.

Theorem 7 (topological expansion). The cumulants K, (A, N) are expanded in
inverse powers of N as

g
Kp(A N) =Y N> 4 (A1) + Rpg (A N).
h=0

where K. j,(A) is a sum over ciliated ribbon graphs of genus h whose broken faces
correspond to the partition w, convergent for |A| < %:

Ken(A) = >

G ribbon graph with
genus 4 and broken faces corresponding to 7

(—1)IE@)
|Aut G|

The topological remainder ﬁn, ¢ (A, N)is a sum over LVE graphs with broken faces
corresponding to w, genus g + 1 and such that, if we remove the loop edge of
highest label, we get a genus g graph

D _ 4
Rn,g(A,N) - Z ‘A(G,T)(A”N)
(G.T) LVE graphs with broken faces corresponding to =
g(G)=g+1and g(G—e|1 (G, T))=8

This series converges for A € C and in this domain the topological reminder is
bounded by

3k
|Rrg (A, N)| < N272&+ DIl 27" k! c ( 12[A] )2g+2

(cos (222))F ¥\ (cos (222))?

2
(4g +k + 1)
4g+k’
1 — 12]A]
( (cos("“%A))z)

with Cg a constant depending only on the genus.

3. Intermediate field representation

To begin with, we introduce the intermediate field A (a N x N Hermitian matrix)
and write the quartic interaction as a Gaufian integral:

) 1 )
exp {—ﬁ Tr(MMTMMT)} = /dA exp {—5 Tr(4%) +iy & Tr(MTAM)},
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where the integral is over Hermitian N x N matrices and is assumed to be normal-
ized. The new field A propagates with the trivial GauBian measure and the four
valent interaction is traded for a three valent interaction involving an A field and
a M and a M7 field. This is illustrated in Figure 5.

—
Figure 5. Intermediate field representation.

The generating function is thus

20, It AL N] =/deAexp{—%Tr(Az)—Tr[MT(l—i\/%A)M] )

+VNTr(JMT) + \/NTI(MJT)}’

The integral over the original matrices M and M is a (non normalized) GauBian
integral with covariance (1 — i,/ %A) ® 1. Taking into account that

det[(l —i\/%A) ® 1] = [det(l —i\/%A)]N
:exp{NTrlog(l—i\/%A)},

’ o 2 N

—NTr[J(l—i\/%A)_IJT]}.

We thus have three different expressions (1), (12) and (13) for the generating
function of the cumulants log Z[J, JT; A, N]. Their Feynman graph expansions
are constructed as follows.

The expression (12) involves two types of fields A and M so that the Feynman
graphs have two types of edges. The M edges (solid edges) are oriented from
M* to M since M is a complex matrix while the 4 edges (wavy edges) are not

(13)
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because A is Hermitian. There are 3-valent vertices corresponding to Tr(M T AM)
and univalent vertices, also viewed as extra half-edges (external legs in the physics
literature) corresponding to Tr(JM T) and Tr(MJ 7). Note that all the variables we
integrate over are matrices so that we have a cyclic ordering at each vertex and
the Feynman graphs are ribbon graphs. We embed the trivalent vertices turning
in the clockwise direction so that the A edges are on the right when we follow the
orientation of the M edges.

M > M A "NANANANN- A

M Mt

A J X—»— MY M—e—x gt

Figure 6. Propagators and interaction.

Integrating over A in (12) before proceeding to the perturbative expansion,
we recover the integral (1). Its Feynman rules involve only the M edges (which
are oriented) as well as an even number of univalent vertices (external legs) and
tetravalent vertices. The latter involve two incoming edges and two outgoing ones,
alternating in cyclic order around the vertex.

Integrating over M in (12) before proceeding to the perturbative expansion,
we recover the integral (13). Its Feynman rules involve the A edges and two types
of vertices of arbitrary valence (see Figure 7).

Figure 7. Intermediate field vertices.
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The first one is an ordinary ribbon vertex, arising from the term Tr log (1 —i4/ % A).

The second one comes from the coupling to the source Tr J (1 —i\/% A)_1 JT. Itis
a ribbon vertex with a cilium on a corner (the insertion of the source).
We illustrate the three representations for a graph contributing to the order 2
cumulant in Figure 8.

e - O - O

Variable M. Variables M and A. Variable A.

Figure 8. Three equivalent graphs contributing to the order 2 cumulant.

The perturbative expansion can be performed either starting from (1) or starting

from (13), using
o0
(=5a) =X

and performing the GaufBian integral over A.
Comparing the two perturbative expansion for the order 2 cumulant yields the
following bijection.

Proposition 3. The intermediate field representation yields the following bijection

connected alternating
2-in 2-out ribbon

graphs with n vertices

and 2m external edges

connected ribbon
graphs with n edges
and m ciliated vertices

This bijection can be described explicitly as follows. Starting with a connected
alternating 2-in 2-out ribbon graph with n vertices and 2m external edges, we ob-
serve that its faces come in three types. If the face does not contain an external
edge, either it is on the left or it is on the right of all the edges which bound it.
We color the first kind of faces in black and the second kind white. If a face is
broken, then it contains an even number of external edges that are alternatively
incoming and outgoing. The pieces of the face comprised between two consec-
utive external edges are either on the left or on the right of all the edges which
bound them. We color these pieces of faces in black and respectively in white.
We join pairs of incoming and outgoing external edges separated by black pieces
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of broken faces into cilia. The black faces (ciliated or not) define the vertices of the
intermediate field graphs. Two such vertices are joined by an intermediate field
edge if and only if the associated faces meet at vertex.

Conversely, given a intermediate field graph, we expand its vertices into (black)
faces, and we cut the cilia into two. We then form tetravalent vertices by contract-
ing the intermediate field edges.

This construction is a generalization of the medial graph construction to graphs
with external edges (or equivalently, cilia). Indeed, if there is no cilium on the 4
graph, then the associated M graph is its medial graph. The basic features of this
bijection are summarized in Table 1.

Table 1. Matrix model graphs — intermediate field graphs correspondence.

matrix model intermediate field
vertex edge
black face vertex
white face face
edge corner
pair of external legs cilium

Let us end this section by giving two consequences of the intermediate field
representation of the matrix model.

First, the number of planar graphs with n vertices contributing to the order 2
cumulant (2-point function in physics parlance) can be evaluated explicitly us-
ing the Schwinger—-Dyson equation for the intermediate field. The details of this
computation are relegated to the Appendix A and the result is

2.3" (2n)!

C ith C) = —————
n+2 " e T nl2m+1)

(Catalan numbers).

This is nothing but the number of planar bipartite quadrangulations with » quad-
rangles, rooted at an edge. Bipartiteness means that the vertices of the quadran-
gulation are colored in black and white and the edges only connect vertices of
different colors. The M graph is the dual of the quadrangulation. The black/white
coloring of the faces of the M graph induces an orientation of the M edges in
such a way that all the M vertices are alternating 2-in 2-out.

The intermediate field graphs are in bijection with bipartite quadrangulations
with m marked edges. The intermediate field graph is obtained by connecting the
pair of black vertices on each quadrangle by an wavy A edge (and adding a cilium
for every incidence of a marked edge at a black vertex). We thus obtain:
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Proposition 4. There is a bijection

bipartite
quadrangulations with n
faces of genus g having
m marked edges

connected ribbon graphs
— of genus g with n edges
and m cilia

Dual quadrangulation. Ciliated graph.

Figure 9. Bijection between bipartite quadrangulations with marked edges and ribbon
graphs with cilia.

Second, the intermediate field can be used to study the analyticity properties
of Z. We first have the following bound.

Lemma 1. Writing A = pe'? with p > 0, we have

H(l -1 %A)_IH = Cosl(g)’ (19

where || - || denotes the operator norm.
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Proof. To prove the lemma, it is convenient to factor ~/A and write

(l—i\/%A)_l =%/Oooda exp{—a%—i—aﬁfl},

therefore, the operator norm is bounded by

(-1y54) | = 5 [ e ome( )} [ o5
) -

We can then rewrite (13) as
-1
exp—{% Tr(A2) + N TrJ(l - i,/%A) JT}

[det (1 - i\/%A)]N

and use Lemma 1 to show that this integral is convergent for 6 € (—mx, 7). As the
integrand is analytic for 6 € (—, ) we have the following result.

’

200, JT N A = /dA

Proposition 5. Z[J, J; N, A] is analytic in A on the cut plane C — R™.

However, analyticity of Z[J, JT; N, 1] in the cut plane does not imply analyt-
icity of its logarithm, as Z[J, JT; N, A] may have zeros. In the next section we will
see that in order to establish an analyticity result for the logarithm one needs to
work some more.

4. Proofs of the theorems regarding the generating function

In this section, we establish the constructive Theorems 1, 2, and 3 regarding the
generating function of the cumulants.

4.1. The Loop Vertex Expansion (proof of Theorem 1). The basic ingredient
in establishing the constructive theorems stated in Section 2 is the loop vertex
expansion, introduced by Rivasseau in [11]. Starting with (13), we expand the
exponential as a power series, convergentif A € C —R™,

207, J1] = é (—nl!)” /du(A) [N Trlog (1 —i\/%A)
+N T (1 —i\/%A)_lﬂ]n,
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where du(A) = dA exp—% Tr(A?) is the normalized GauBian measure on Her-
mitian matrices (and we dropped the arguments A and N of Z in order to simplify
the notation).

We then use the replica trick and replace (for the term of order n) the integral
over a single matrix A by integral over a n-tuple of N x N Hermitian matrices
A = (Ai)1<i<n- The replicated GauBian integral is performed with a normalized
GauBlian measure duc (A) with a degenerated covariance C;; = 1. Recall that for
any real positive symmetric matrix C;; the GauBian integral is

/dMC(A) AjjabAjica = Cij 8adSpe-

where A;|45 denotes the matrix element in the row a and column b of the matrix
A;. The GauBian integral with a degenerated covariance, is equivalent to inserting
n—1 Dirac distributions §(A;—A53) - - - 6(A,—1—An), since all the n— 1 matrices A;—
Az, ...,An—1—A, span the kernel of C;;. This can easily be seen by regularizing the
covariance as Cj; + €6;; and letting ¢ — 0. Equivalently, at the perturbative level,
the uniform covariance generates all the edges (with the appropriated weights) in
the Feynman graph expansion that connect the various replicas together.

The generating function then reads
21,71 =) —— [ duc(4 N Trlog (1 —iy/—A;
.71 = 3 [ due )E[ rlog (1-iy/ = 4:)
A -1
— i = A i
+NTr (1 1,/NA,) 71

Remark that the Gauflian measure can alternatively be written as the differential
operator:
3%, T [ﬁ

[ duct Py e Al P o,

We now apply the Bridges—Kennedy—Abdessalam—Rivasseau forest formula
(see Appendix B). We start by replacing the covariance C;; = 1 by C;; (x) = x;;
(and x;; = x;;) evaluated at x;; = 1 fori # j and C;;(x) = 1. Then Z[J, JT] is
given as a sum over forests:

Z[J,JT]: Z (—1')n /01 l_[ dlij< l_[ i)g[’

n! 0xij
F labeled forest (i,j)eF G,j)eF Y
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where

n p
oA = {/duc(x)(A)ll:[l [N Trlog (1 —i\/;Ai)

+NTrJ(1—i\/%A,~)_IJT]}

and where 7 is the number of vertices of F, i and j label the vertices of the forest,
there is one weakening parameter ¢;; per edge (i, j) of the forest and

’

o F
Xij=v;;

) e
mf(k,l)ePl.f_) ; e if P jexists,

. F .
0 if P/, ; does not exist.

where PL, ; is the unique path in F joining / and j (and the infimum is set to 1

if i = j). The GauBian measure can alternatively be written as the differential
operator:

Iy o[ 2 o
/ dice () = o2 20 Tl e p oy,
In order to extract the logarithm we use the following lemma.

Lemma 2. Let W(T') be a weight associated to a tree T, independent of the labels
of its vertices and define the weight of a forest W(F) to be the product of the
weights of its trees (connected components). Then, as formal series,

W(F) W(T)
T DR 17 TR D ek
F labeled forests ’ T labeled trees ’
with |V (F)| and |V (T)| the number of verticesin F and T .

Proof. 'This identity is equivalent to

WF) W(T)
X wmHi= L e

F labeled forests T labeled trees

which follows by expanding the right hand side using the multinomial formula,
and taking due care of the relabeling of the vertices. O

As both the differential operator and the Gauflian measure factor over the trees
in the forest F' we obtain

log2[/. /7= 3 (_’11!)'1/01 [T au( 1 i)%

0X;;
T labeled trees G,))eT G,j)er Y
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and

Vi = inf k1,
T k.epT

i<j

where

_ - WYY
B = {/duc(x)(A)i:l_[l[N Trlog (1 1\/;/1,)
+NTrJ(1—i\/%Ai)_1JT]}

where PL, ; s the unique path in the tree 7' joining i and j. Starting from the
expression of the GauB3ian integral as a differential operator it is immediate to see
that

T
v

] a 0
o1, (/dHC(x)(A)F(A)) = /d,uc(x)(A) Tr[aAi E]F(A)

This differential operator acts on two vertices (i and j) and generates an edge
connecting them. Taking into account that

0 LA - —A LA - A -
(1) = () (-5,

we observe that a resolvent operator

(1 —i\/%A,-)_l

is associated to each corner of a vertex. Multiple derivatives acting on the same
vertex (corresponding to multiple edges hooked to it) can act on either of the cor-
ners of the vertex and split it into two. The logarithm of Z becomes thus a sum
over plane trees and the source terms JJ T correspond to cilia decorating some of
the vertices of the trees. We thus obtain

log 2[J. JT) = > Ar[J.JT. A N,

T
LVE tree

and

Ar[J,JT, A, N] = dte

(_A)IE(T)INIV(T)I—IE(T)I/1
0 ecE(T)

V(!

/d,ucT(A) Tr[ ﬁ (1—1\/%Aic)_l(uf)"c],

c€dT corner
(15)
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where i, is the label of the vertex the corner c is attached to, n. € {0, 1} depending
on whether the corner c is followed (1. = 1) or not (n, = 0) by a source insertion
and the covariance Cr is

(Cr)ij = inf 1y
(k.1))ePT

i<Jj

and the infimum is setto 1 if i = j.

We have thus established the expansion (4) in Theorem 1. In order to establish
Theorem 1 it remains to study the domain on which the expansion (15) is conver-
gent.

We first bound the amplitude of each tree using Lemma 1:

— A

‘Tr[ I1 (1—1 NAiL,)_I(JJT)”C]

c€dT corner

S H(l—i\/%Aic)_lH||Jﬂ||"f (16)

c€dT corner

N|JJTT|*

(oo (232) PO

where k denotes the number of cilia of the tree.

Then we bound the number of LVE trees with a given number of edges and
cilia.

Lemma 3 (counting LVE trees). The number of LVE trees with n edges and k cilia
Cn+k—-—1!(n+ 1)
m+)!n+1-k)k!

2n+k—1 (n+1)!
=2 N T o

N(n, k) =

Proof. The number of LVE trees with n + 1 vertices and k cilia on a fixed set

of vertices labeled iy, ..., i is % (see [9]). To obtain N(n, k) one simply
multiplies the latter by the possible choices of k vertices among n + 1. The bound

@ntk—D!  _ Hon+k—1 O

follows by the binomial formula WFOT =D =
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Consequently, the sum over LVE trees is bounded by

> Arlg.Jt A N]‘
LVE tree

oo n+l1 211 1n ik '
-y NZRIWIINE ket gyt D!

n=0k= 1(”l+1)'(cos(arg*))2”+k T 1—k)k! a7)
o 2HA 21 JJ T \n+1
N2
Z cos arg?L ) (1 + cos (arg/l)) :

Each Ar[J, JT, A, N] is analytic in the cut plane C — R~. Furthermore, For
every A inside the cardioid:

C= {A € C,4|A| < cos? (?)}

it is possible to find a €; > 0 such that,

4[A| 2¢;
(Cos(arg/l)) ( COS(argA)) <1
hence Theorem 1 follows.

Remark furthermore that for A € C and ||JJT| < €;, log Z[J, JT] is analytic
in A.

4.2. Perturbative expansion with remainder (proof of Theorem 2). Our start-
ing point is eq. (15):
log 2[J. 7T = > Ar[J.JT A, N,
LVIgtree

and

Ar[J, JT, A, N] = dte

ecE(T)

/d,ucT(A) Tr[ ﬁ (1—1\/%Aic)_l(uf)"c],

c€dT corner

(=) EDINIVDIHED)] 1
V(T)|! /0

and the Gaussian measure duc;, (A) can also be written as

15 (int "k.nerl, ’k/)Tr[aiaL]

/ dic, (A) F(A4) = [e F(A)la =0
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A Taylor expansion at first order with an uniform parameter of the Gaussian mea-
sure leads to

o]

5% (mf(k nerl sz) Tr [ai ai]

. . 5
o2 2ij [lﬂf(k_,)ePiT L tkl]Tr[

s=1

1 d 53 Gnf t YTr | 50— 50—
P S

0 ds S=5]

1 RN > -<(inf t )Tr[ a0 ]
— 2 &= k.nepl Kl JA; TA;
—1+/ dsi1Ce K-DEPes 1942

where

S el

(k, l)ePT

The term with the Gaussian measure set to 1 corresponds to setting all the
replicated fields A; = 0. Consequently all the resolvents in the trace are replaced
by the identity and the trace becomes just a trace over a product of the external
sources.

The rest term is more involved. The new derivatives with respect to the repli-
cated fields A; and A; act on the resolvents in the trace. As before, a % Tr [% %]

operator creates a ribbon edge and brings an overall factor % As the edge con-
nects two vertices already present in the tree, the new edge is necessarily a loop
edge. The sums over i and j yields a sum over all the possible ways to add such
a loop edge to the tree 7', hence we obtain a sum over all the LVE graphs (G, T)
one can build over T having |L(G, T)| = 1 loop edges.

Iterating L times we obtain

(—M)IE@I N x(G)

Ar[J, JT A, N] = > \V(T)|!

G
(G,T) LVE graph, |L(G,T)|<L-1

/ [T ae( TI inf  1x) / [T dse

k.l
¢€E(T) e @.))eLG.) ®DEP 1251225167920 €EL(G.T)

1_[ Tr[(JJT)C(f)]
f€B(G)

+ > A1, JT: A, N,

G
(G.T) LVE graph, |L(G.T)|=L
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where

(—W)E@G) N IV(G)-IEG)
A J.JV A N = d
6.0l ] VG [] ds.

125122516, 20 ¢SL(G.T)

/ H dze 1_[ inf ze/)

0.1 ¢€E(T) e (.)eL(G.T) ¢ <Piw)
—1
/dule(G mer() T T ]‘[ (1-iy A,,) (Il
feF(G) cedf

yielding the expression eq. (3) for the amplitude of an LVE graph.

We prove Theorem 2 by induction on n. We start with the tree expansion in (4)
and select the unique LVE tree without any edge. This tree is a single vertex with
one cilium (the vertex without a cilium is absent because of the normalization
Z[0,0, A, N]). We perform an expansion up to L. = 1 loop edges for this term. All
the other LVE trees with edges are included in the rest term. We obtain

log 2[J, J] =N Te[JJ 1] + > Aw.ml 1. TT A, N
(G.T) LVE graph, IV(GG)|=1, |L(G.T)|=1

+ Y Ar[J.JTA N

T LVE tree
E(T)=1

As the trees with exactly one edge are LVE graphs themselves we can move them
to the first rest term and write

log2[J, J1] =N Te[JJ 1] + > Aw.ml]. T A, N
(G.T) LVE ggph. E(G)=1

+ Y Ar[J.JT AN,

T LVE tree
E(T)=2

reproducing eq. (5) for n = 0. The first term in this expression is the contribution
of an ordinary Feynman graph (without any resolvents). If we write the theory
in terms only of M, this graph has two univalent vertices J and J T connected by
an edge. The second term is the amplitude for a LVE graph with one vertex, one
cilium and one edge (which can either be a loop edge or a tree edge). The last term
is the contribution of all the LVE trees with at least two edges.
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Let us assume that the theorem has been established up to order n hence the
perturbative remainder at order n, R,[J, JT, A, N] is the sum of two terms:

RJ.JTANI = Y Agnll.JT.A NI
(G.T)LVE graph
|[E(G)|=n+1
RIIJ.JTANI= > Ar[J.JT.A NI
T LVE trees
|E(T)|=n+2

The trees contributing to R;; having at least n + 3 edges give exactly R;,
(where we omit the arguments in order to simplify the notation). The trees having
exactly n + 2 edges are transferred to R;,, ;. Now consider the LVE graphs in
R;,. The amplitude of each of these graphs is written as a GauBian integral with
covariance s|7,(g,) Cr. For each of these graphs we expand one more loop edge
using

SILG. D) 5. ¢ il )
2 Z’j(mf(k,l)ePlC_)j tkl)Tr[al 74; ]

s=1

=1+ / dS|L(G,T)|+1( Z( inf tkl)Tr[ai Bfl ])

(k.)ePl
S|L(G.T)|ZS|L(G.T)|+1=0

s .
LG 5 (inf

P
&.nepl ’kl)Tr[a A ]
e i< .

The rest terms are all collected to yield the remaining terms in R;,_ ;, as they are
all LVE graphs of order n + 2, with the correct amplitude.

It remains to check that the evaluation of the new explicit terms reproduces
exactly the perturbative evaluation of the amplitude of the graphs with exactly
E(G) = n + 1 edges. As all the A;’s are set to zero in the explicit terms, the
product of traces yields just

NIF@GI=IBG)] H Tr[(JJT)C(f)]‘
f€B(G)
The integral over the loop parameters s, can be trivially performed:

[1 4= e

125122516, 20 ¢SL(G.T)

Since there are precisely |L(G, T')|! ways to label the loop edges, the sum becomes
a sum over graphs with unlabeled loop edges. We are left with ciliated ribbon
graphs with labels on their vertices and a distinguished spanning tree.
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The integral over the weakening parameters ¢, is more subtle (see [18]). A Hepp
sector « in a graph G is a total order of the edges of G. For any Hepp sector «, the
dominant tree 7' («) in the sector is obtained by iteratively choosing the highest
edges in the sector which do not form cycles. It turns out ([18]) that for fixed G
and T the integral over the parameters ¢, is the percentage of Hepp sectors of G
in which the tree T is dominant. The following lemma is then trivial.

Lemma 4. For any vertex labeled graph G,

> [ Mae( 1 it w)=t

T
TCG ecE(T) e=(i,))eL(G,T) € €Fie

T spanning tree
Collecting these two results together, the explicit terms are a sum over vertex
labeled ciliated ribbon graphs with exactly n + 1 edges. Taking into account the
amplitude does not depend on the labeling of the vertices, we collect together all
the terms corresponding to different labellings of the same ribbon graph and use

VlG Y (WEOINO [T T
IV )|'labellingsofV(G) f€B(G)
(=M IE@I N x(G)
plreTT R
f€B(G)

where |Aut G| corresponds to the order of the group of permutations of the vertices
that leave the graph invariant to obtain the explicit terms in eq. (5).

Finally, the analyticity of the remainder is obvious since R/ [J, JT, A, N] is a
finite sum of analytic functions in C — R~ and R[J, JT, A, N] is bounded by the
bound in eq. 17, hence converges and is analytic under the same hypothesis.

4.3. Topological expansion (proof of Theorem 3). In the expansion Theorem 2,
we have recursively added loop edges to the trees irrespective of the genus of the
graph (G, T') we obtained. In order to prove the topological expansion Theorem 3,
we use the same algorithm, except that we stop adding loop edges to a graph if its
genus reaches g + 1. We thus obtain

logZ[J, JT; A, N]
G ciliated ribbon graph
|E(G)|<n and g(G)<g

+ Rl ITA N+ R, [0 T T A N+ Ry [T, T T2, N,

(—1)E@)I Ny2-28(G)-B(G)
| Aut(G)|

+\¢()
pis Tr[(JJ ) ]

where now there are three classes of remainder terms.
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The first remainder term is made of LVE graphs with less than n + 1 edges such
that the addition of the last loop edge (with label |L(G, T)|) increases the genus
form gto g + 1:

Rl JT: A N = > Al JT AN,
(G,T) LVE graph with |E(G)|<n+1
8(G)=g+1and g(G—e (G, T))=8

The second remainder term is a summation over LVE graphs with n 4 1 edges and
genus less than g:

ﬁéfg,n[‘]’JT?)hN]: Z .A(G,T)[J,JT;A,N].
(G,T) LVE graph with
|[E(G)|=n+1and g(G)<g

Finally, the last remainder term is a sum over LVE trees with at least n + 2 edges
on which the loop generating algorithm has not yet been applied:

R JhAN = Y ArldJBAND
T LVE tree
|E(T)|=n+2

In order to take the limit # — oo, we bound the LVE amplitudes as well as the
number of graphs contributing to the remainders.

To bound the LVE amplitude in eq. (3) we observe that the latter is a product
over faces of traces of products of resolvents. Bounding each trace as | Tr(0)| <
N|| O] and using Lemma 1 for the norm of the resolvents, we get

A, T, A, N]|

§/ 1_[ dze( 1_[ inf ze/)

ecE(T) e=(i.)eL(G.T) ¢ €Pi)
NIF@+IV(®I-IE@G)| ) IE@G)I 1 2E(G)+k
T ()
IV(G)NL(G. T)|! cos (X22)

This bound is very similar to the one of the tree amplitude (16), except that we get
one factor of N for each internal face G and the integral over loop parameters s,
yields a factor m Note that we have left the integral over the weakening pa-
rameters f, since it allows to cancel the choice of the spanning tree. Let us denote
by N(g. n, k) the number of ribbon graphs with unlabeled vertices having genus
g, n edges and k cilia. Using Proposition 4 and noticing that m cancels the
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labeling of the loop edges, we get

> [ Tlae( T it ow)
(G,T) LVE graph with k cilia ecE(T) e=(i,j)eL(G,T) e'ePiL.;

|E(G)|=n and g(G)=¢g 1

[VGIILG, T)!

1
- 2 V(G)!

G ribbon graph with labeled vertices
[E(G)|=nand g(G) =g

<N(g,n, k).

The inequality (instead of an equality) in the last line comes from the possibility to
have different labellings of the vertices leading to the same unlabeled graph (this
is also the origin of the factor 1/| Aut(G)| in the explicit terms).

Now we need a bound on N(g, n, k). We obtain all graph with k cilia by adding
k — 1 cilia to a graph with 1 cilia. Relaxing the condition that there is at most one
cilium per vertex to the condition that two cilia are not adjacent, in a graph with
n > 0edges and 1 cilium, there are 2n+1—2 = 2n—1 corners on which we can add
the second cilium (the graph has 2n + 1 corners, but the 2 corners adjacent to the
first cilium are forbidden). When adding the new cilium we create a new corner,
but the two corners adjacent to the new cilium (which are distinct since n > 0)
are forbidden. Therefore, there are 2n — 2 corners on which we can add a third
cilium and so on up to the last cilium for which we have 2n —(k —1) =2n+1—k
available corners Therefore,

k—1 terms

(2n—1)...k('2n+1—k) g 1)

(2n)! ~
= m N(g,n,1),

N(g.n, k) <

where we have divided by k! since all the cilia are indistinguishable (i.e. adding
cilia on the same corners but in a different order leads to the same graph). Note
that we only obtain an inequality since adding cilia to different graphs can lead to
the same ciliated graph.

The number of genus g graphs with n edges and a single cilium is equal to the
number of rooted bipartite quadrangulations (due to the bijection in Proposition 4
applied to maps with one marked edge) which is known [14].
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Lemma 5. The number ff(g, n) of rooted maps with n edges and genus g has the
asymptotic behavior
~ 5
N(g.n) ~ Cg12"n2E=D,
n—>oo

with Cq a constant that only depends on the genus.

Consequently, there is a constant C, such that, for n large enough N(g.n) =
N(g.n.1) = C,12"n3®~, 50 that
2n)!

j‘\].(g,l’l,k) < CélZ”n%(g_l)m (18)

We thus obtain the bound

> ., JT, A, N]|
(G,T) LVE graph with
|E(G)|=n and g(G)=¢
n+1

2n+k )~
= ZN2 s ( (argl)) ) 777" k!(énnz k)! Nig.m)

<C/12nn%(g—1)N2—2g< |A| )”<1+ 1777 )2”’
- f cosz(%’l) cos(arg’l)

where we have extended the sum over k from 0 to 2n (instead of n + 1) and used
the binomial formula.
For every A € C, there exists €, > 0 such that

|A| €1 2 1
— (1 _ =& < .
(cos2 (%’1))( * cos (argl)) : 12
We choose ||JJ || < €;. We then have the following bounds:
e we bound the term
Rl T2, N1 = > Ae,mlJ. T2, N].

(G,T) LVE graph with | E(G)|<n+1
g(G)=g+1and g(G—e|L(G.T))=8

by a sum over graphs of genus g + 1 having at most n + 1 edges:

n+1
Renld. JT: 2N < €Ly N22EFD 3" mde 126y,

m=0

which is convergent as n — oo while keeping N fixed;
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e we bound the term

R, I JT A NT = > At It A N,
(G,T) LVE graph with
|[E(G)|=n+1and g(G)<g

g

~ o S (h—
1Ry ld, 712N = N2 (YD 13 V)28,
h=0

hence this term goes to zero when sending n — oo while keeping N fixed’
e as the sum over LVE trees is convergent, the last reminder term
RylJ JT AN = Y Ar[J.JTAN],

T LVE tree
|E(T)|>n+2

also goes to zero when sending n — oo while keeping N fixed;

This achieves the proof of Theorem 3.

5. Proofs of the theorems regarding the cumulants

5.1. Cumulants and their structure (proofs of Propositions 1 and 2). Before
establishing the Proposition 1 we detail some properties of the Weingarten func-
tions.

Lemma 6 (convolution inverse). For N > k and any permutations o,t € G,
one has

Z N|C(rp_1)|Wg(rc7—1, N) = b ifp=o
ree 0 otherwise,

where |C(0)| is the number of cycles in the decomposition of o.

Proof. For any permutation p,

Z Hsam)c, /dU Uarby - Uagou Ul g - Ul g

a,c l 1

b
=~

:Z(HS%(”Q) Z (l_[ aciyei Oboiiyd; )Wg(ra ,N)

i=1 0,1€6,  i=1
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implies
k . k
C — —
(1_[ 8bn(i)di> = Z N1C )l(l_[ 8ba(i>di>Wg(TO LN).
i=1 0,7€Gk i=1

Applying this equality for b,(;) = d; = i the left hand side is non zero only for
p = o and in this case it equals 1. O

In our context, the Weingarten functions are used in order to write any unitary
invariant homogeneous polynomial of degree k of a N x N Hermitian matrix H
as a linear combination of products of traces of powers of H. Let P be such a
polynomial:

P(H) = § Api.ar,piax Hprar -+ Hpyap
1<p1,q1;--sPk,qk <N

with P(UHU") = P(H) for any U € U(N).

Lemma 7 (expansion over trace invariants). Any unitary invariant degree k ho-
mogeneous polynomial can be written as

P(H)= Y Pr Trp(H),

welly

with

0,7€Sk 1<p1,....pk <N
C(o)=n

and the trace invariant (that only depend on the cycle structure C (o)) are

Tr.(H) = Z Hayagqy - - Hagag iy -

In particular, if P is already a trace invariant associated to the partition mg
then P, = 1 if 1 = ny and 0 otherwise.



206 R. G. Gurau and Th. Krajewski

Proof. Due to unitary invariance of P we have

P(H) = /[dU] P(UHUT)

- Z APlsle stst(l_[ Up,alU* b~)

1=<pi1.91,~=<N i=1
= E ( § : Api.q1 s picoai 1_[ 8pt(l)ql)
1,066k 1=p1,q91,~<N i=1

( ﬁ Sao(i)bi Haibi>wg(‘c0_l, N)_

i=1

If P is the trace invariant associated to o = (k1, ...Kk|x,|) then

Apiqi,pioar = § : H‘qupp(:)

6 peESK i=1
Cf§)=]§ro c=mo
and
1 k
= B r— —1
P = Z ( Z Y o1 Z H‘Sl’r(nl’p(i))Wg(fU . N)
0,1€G,  1<py,...,px <N G, i=1
peSk
C(U):J'[ C(,O)_TIO C(p)=7‘to
=—=—7 2. 2 N W ).
pEGk pESK 0,1€6,
C(o)=mn0 C(p)=mop C(o)=n

By the convolution inverse identity, the sum over t enforces p = ¢ and the lemma
follows. O

We choose a permutation { € & whose cycle decomposition reproduces the
contribution of the broken faces to the amplitude of a LVE graph,

.1 .1 .b .b
§=(y .. i) (i ...zkb),

if there are » = | B(G)| broken faces with k1, ..., k; cilia. Denoting X/ the prod-
uct of the resolvents in between the cilia / and {(/) and Y™ the product of the
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resolvents around the unbroken face labeled m the amplitude can be written as

A, JT, A, N

(=) E@I NIVG)-IEG)] .
- VG)! / [1 ds

125122516, 20 ¢SL(G.T)

[T ae( T inf ow)

e’ePl

ecE(T) e=(i,j)€L(G,T) i)
—_—
/dMsL(G_T”cT(A) I1 Tr[JJ’r I X’r] I1 Te[Y ™).
1=m=<B(G) 1<r<km;, 1<m<F(G)—B(G)

This is a degree k homogeneous polynomial which is invariant under the unitary
transformation J — UJ and JT — JTUT. Indeed, because of the invariance of
duc; (A) the transformation of J can be compensated by a transformation on the
matrices Ay, ..., A,. Therefore, we may apply Lemma 7 to expand it over trace
invariants,

Al I AN = Y Al 1y N) Trg (JI ),

welly

with

mom A N)

(—W)EG)I N IVG)-IEG)] /
— d e
VG)]! [1 as

125122516, 20 ¢SL(G.T)

/ I1 dte( I1 inf ze/) / ditsyy .y Cr(A)

T
c€E(T)  e=(i,)eLG.T)¢ i
—1 m /
Z Z Wg(to™ ', N) l_[ Tr[Y™] l_[ Xpewypear-
rc((re)e’k 1=<pi,....0k <N 1=m<F(G)-B(G) I=l=k
O)=Tm

This proves Proposition 1.

In order to prove Proposition 2, we use the expression of log Z[J, JT, 1, N]
from Theorem 1. As the sum over LVE trees is convergent we can derive term by
term with respect to the sources. Before deriving we express the amplitude of a
LVE tree as in Proposition 1. Proposition 2 follows from the remark that for any
two permutations 7, § € & such that t£~! has cycle decomposition correspond-
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ing to the partition 7, we have

Trn(JJT) = Z 1_[ Jplq/ Jp*ré_——l([)Q/

1<p1,q1<N 1<i<k

_ *
- Z H JPI‘II JPr(l)‘Ié(l)’

1=p1,q1~=N 1<l=<k
hence the derivative with respect to the sources is

9k ok
0Jarby g, 07 g -0

c crdy

= E : § : H 8%(1),171pr(l),tu500(1),%(1)8%(1),%(1)’

pP,0€SK 1<p1,q1-+<N 1<i<k

T (JJT)

and summing over p; and ¢; we obtain

ok ok
0Jarbs g 047 4 07

c cidi

= Z l_[ 861 pro—l (I)Sdl’boéo_l (ON

p,0€ESK 1<I<k

Tre (JJT)

5.2. Constructive theorems for cumulants (proofs of Theorems 4 and 5). In
order to prove the constructive theorem for the cumulants we need to bound the
amplitude in eq. (8). The contribution of the unbroken faces and of the broken
faces are made of products of resolvents. The summation over the indices repro-
duces a product of |C(¢771)| traces for the broken faces and F(G) — B(G) traces
for the unbroken faces.

We bound the Weingarten functions using the following lemma.

Lemma 8. For N large enough,

2k
[Wg(o, N)| < NZK—ICO)
This lemma can be deduced from the asymptotic behavior of the Weingarten
functions [15, 16].
We bound the norm of the resolvents using Lemma 1 (recall that we have a
resolvent per corner and there are 2| E(G)|+k corners on a LVE graph with | E(G)|
edges and k cilia). Taking into account that each trace produces a factor of N we
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obtain

Wg(ro_l,N) Z H Tr[Y™] 1_[ XIIUPZTI([)

1=p1,-»Pk <N 1<m<f—b 1<l<k
22kNIC(§r—1)|+|C(w—1)|—2k+F(G)—B(G)

(cos (52) PO
In order to bound the scaling in N of the amplitude of a LVE graph we use the
following Lemma [9].

Lemma 9. Let o and t two permutations of k elements. Then, the numbers of
cycles in the decompositions of o, T and ot obey

IC(0)[+|C(@)| =k +|C(oT)].

Proof. We will prove the following more general inequality: for any three permu-
tations o, T and £ of k elements we have

IC(eE™ DI +ICED| <k +1CoD)].

Let us represent k white vertices labeled 1 to k and k black vertices labeled 1 to
k. We connect the white vertex p with the black vertex 7(p) and the black vertex
g with the white vertex £(q). The cycles of £7 are the cycles made of alternating
& and 7 edges (the connected components of this graph).

If there exists a p such that £7(p) # p we compare |C(£0~1)| + |C(£7)| with
[C(@&™)| + |C(§v)| where

£(q) for g # £71(p), t(p),
E(q) = {E(x(p)) = £xE(q) forq = E71(p),
p=1"9q) for g = t(p).

The number of cycles of £7 goes up by one:
ICEDI=1+ICEDL.

while the number of cycles of 0£~! can not decrease by more than one (looking
at the graph corresponding to & and 6! we see that the change from § to £ can at
most collapse two connected components into one). As |[C(§0~1)| = |C(c&E™Y)|
we conclude that

|CleE™)| + [CED)| < [C(eE™] + [CEr),
and now § 7(p) = p. Iterating we obtain

IC(0&™ DI+ ICEDIIC(@E D+ [CEDDgmr =k +|CloT)]. O
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A double application of Lemma 9 leads to
ICEe™ DI+ ICo™)] <k +1CCo™H| = 2k +[C ()|~ |C(0)],

and taking into account that |C(o)| = |7| (the number of integers in the parti-
tion ) and |C(¢)| = |B(G)| is the number of broken faces, we arrive at

22k(k!)2M|IE(G)INIV(G)I—IE(G)|+|F(G)|—|JT|

A 1 (b V)| <
©n (cos (“Z2))FOFF 1y )1 EG)| - V(G)] + 1)t

19)

In particular, for a tree we have

22k(k!)2|)k||E(T)|N2_|n|
A\ 2IE(T)|+k ’
os (%5%)) V)l

‘A’MN)‘ <
(c

This establishes Theorem 4.

In order to prove Theorem 5 we apply the same algorithm as before and obtain
the perturbative series with remainder

Ram(A, N) = > Afg.ry(A.N) + > AZ(A,N),
(G.T) LVE graph T LVE tree
|E(G)|=n+1and |K(G)|=k |E(T)|=n+2and |K(T)|=k

where K(G) denotes the number of cilia of G. In order to bound this remainder
we use eq. (19) and bound separately the contributions of the trees and of the LVE
graphs with loop edges.

The contribution of trees with E(T) > n + 2 edges is bounded

22k(k!)2|/\|n/N2_|”|
| > Po.N| = Y N ——
T LVE tree ) (cos (%52)) (n" +1)!
|E(T)|>n+2 and |K(T)|=k
The number of LVE trees with n’ edges and k cilia N(n', k) has been evaluated in
Lemma 3 and we get

| > 70 N)|

T LVE tree
|E(T)|>n+2 and |K(T)|=k

- N2—Imlp3k—1f (n' — 1) 22n/|A|n’

T (cos (M) 5, (TN (cos (U2
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At fixed k the ratio ((/’1—11)1(')' is a polynomial in n’ so that the series on the right

2 argA

hand side is convergent for 4|A| < cos® =5=. It can be rewritten as

(n" — 1! 22 A"

T (o ()
_ (m+n+1)! 4)A m+n+2
B 2% (m+n+ 3—k)!<(cos(argl)) )

and, as n — 1 > k (as the LVE trees have at most a cilium per vertex) we have
m! > (m+n+3—k)!, hence

| > PN

T LVE tree
|E(T)|>n+2 and |K(T)|=k

N2~ |n|23k 11 +n+1 4|) m+n+2
<— +1)vz(”” n )(é)
(cos

’

(cos (¥5%)) m=o\ (452))°
42| n+2
e, (Gt
2 (- ar)

Denoting by n’ the number of edges in a spanning tree (so that the graph has
n’ + 1 vertices) and n” the number of loop edges of a LVE graphs with loop edges,
the contribution to the rest term of these graphs is bounded by

‘ ) Ale,r(*- N)‘
(G,T) LVE graph
|E(G)|=n+1and |[K(G)|=k

22k N2 n’+n”N2—|n|
E Z N(n/’ n//’ k) arg )\,( 2)n’|+2|n”+k ’
n' 4+n"=n+1 (COS ( 5 )) (l’l/ —+ 1)'(/’1//)‘
where N(n’, n”, k) is the number of LVE graphs with n” loop edges, n’ + 1 vertices
and k cilia.

The following lemma is an immediate consequence of the counting of LVE
graph with given number of vertices, cilia and loop edges performed in [9].

Lemma 10 (counting LVE graphs). The number of LVE graphs with n’+1 vertices,
n" loop edges and k cilia reads
@n' +2n" + k- D! + 1)!

(' + )27k’ +1—k)! -

N@',n" k) =
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Proof. First notice that that the number of LVE graphs with n” + 1 vertices, k cilia
on a specific set of vertices and n” loop edges reads [9]

(2" +n") +k —1))!
27" (n' + k)!

Then, we obtain N(n’, n”, k) by counting the configurations of vertices that can
carry cilia, so that

(2(n/+n”)+k—1)!x (n" +1)!
27" (n' + k)! (n"+1—-k)k!
@n' +2n" +k - 1) + 1)!
TR+ 1 k)

N@',n" k) =

Using the binomial bound
1 2n/+n//+k
<
'+ )@ — (' +n"+k)!

and the trivial inequality
1

7<1’
n+k-D!"

we arrive at

Z AT 1A N)

(G.T) LVE graph
|E(G)|=n+1

1.

3k+n+17.1y |n+1 py2—|7| 1
L2 KNAP N2 (20 + & + 1) 5

(cos (%))ZHHk(n +k+1D!

Another use of the binomial formula shows that ZAFEFDL — 92n+k+1,1 g6 that

n+k+1)! =

24k+3”+2k!|k|"+1N2_|”|n!(n + 2)

Z ‘A?G,T) (A’ N)‘ = arg/l))2n+2+k

(G,T) LVE graph (COS (—2
|E(G)|=n+1and |K(T)|=k

Since n 4 2 < 2(n + 1),this also implies

24k+3n+3k!|k|n+1N2_|”|(l’l + 1)|

(COS (aril ))2n+2+k

‘ Z Al N)‘ <

(G.T) LVE graph
|E(G)|=n+1and |K(T)|=k
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Summing up the two bounds we obtain

|Rzn(A, N)|
4] n+2
2—|7|53k—1 ( cos (22X 2)
< —];] (igx))i!(” + 1)!( (eor( jIAT) >n+2
cos  —
’ (cos (32))

24,433y |t N2l () 4 1)1

( Cos (argk))2n+2+k

2
_ k=g 4|A] n+1
= N (R (——
m) " ( mny)
47

(COS(%))Z k+n+2
((1 B 4 2)”” +2 )
(on(=9)

This establishes Theorem 5.

5.3. Topological expansion for the cumulants (proof of Theorem 7).

213

The proof

of Theorem 7 proceeds along the same lines as that of Theorem 5, except that the
perturbative expansion involves contributions of all graphs up to genus g and the
remainder contains graphs of genus g + 1. As before, the main idea is to express
the contribution of Feynman graphs and LVE in terms of trace invariants.
Starting with eq. (7), we collect terms homogeneous of degree k in JJ . The

first term is obviously written as a sum of trace invariants
(—M)IE@)I N x(G)
Z | Aut(G)|

G ribbon graph with k cilia f broken face
broken faces corresponding to 7 and g(G) < g

3 (=M)IE@)I N x(G)
B 2 | Aut(G)|

G ribbon graph with k cilia
broken faces corresponding to 7 and g(G) < g

Tre (JJT).

H (JJT)C(f)

After derivation with respect to the sources, it yields a contribution to K ¢ (A, n)

of the form
(—M)IE@)I N x(G)
. Z . | Aut(G)|
G ribbon graph with & cilia
broken faces corresponding to 7 and g(G) < g
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which is just the sum over Feynman graph of genus less than g and broken faces
corresponding to . Recall that the number of graphs of genus g with n edges is
bounded as in (18):

N nian, 3(g—1 (2)1)'
N(gan,k)fcglz n2'¢ )m

Accordingly, the series ), N(g.n.k)z* converges for |z| < 1—12

Consider now the remainder ﬁn,g (A, N), containing only genus g + 1 LVE
graphs and express it in terms of trace invariants:

D T
Rrg (4 N) = > Ale.r)(A, N).
(G,T) LVE graphs with broken faces corresponding to &

g(G)=g+1and g(G—e| (G, T))=8

We bound each LVE graph as in (19). Since this bound only depends on the
graph G and not on the choice of the spanning tree 7', we use Lemma 4 to get

- i - 22k(k!)2|)k||"|N2_2(g+1)_|”|
Ree.N) = > N(g+1.n.k) .
=2 +1) (cos (452))™""

hence

|Rag(A,N)|

~ ~ 23k k) N S(em 12|2] "
< N22(+D-Inl — Cly Y n3e 1)+k( - 2)
(cos (557)) n=2(g+1) (cos (%5%))
23k ! , 12)A] 2g+2
()

(cos (222))F 7" (cos (252))°

2
x> (m+g+ 1)3@“)*"(%)'".

— N2-2@&+D—|x]

A

m=0 (cos (5=
Bounding

(m +4g + k +1)!

(m+g+1)3E D < gy 4 g 4 )38k < ,
m!

’
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we obtain the rough bound

Rpg(A,N)|

< N2-2(e+D=Ix]

23k c”( 12|12 )2g+z
(cos (222))* ¥ (cos (222))?

2
(4g +k+1)!
(1 _ 12]A] )4g+k'

(e (25))°

This achieves the proof of Theorem 7.

Appendixes

A. Schwinger-Dyson equations for the intermediate field

In this Appendix, we derive the explicit formula for the order 2 cumulant in the
large N limit using the Schwinger—Dyson equation for the intermediate field. This
allows us to express it as an explicit power series collecting all the planar graphs,
with two external legs in the matrix model formulation or, equivalently, with one
cilium in the intermediate field representation. This result is classical and goes
back to Koplik, Neveu and Nussinov [19] which treated the ¢* interaction without
recourse to the intermediate field.

Let us collect all planar graphs contributing to the order 2 cumulant in the
power series

GOq) =Y Gmng™ A",

with G, , the number of connect planar graphs with n vertices (intermediate field
edges or equivalently, matrix vertices Tr(MM "M M) ) and m boundary matrix
lines. The indeterminate g only appears in the formulation of the Schwinger—
Dyson equation and the order 2 cumulant is recovered in the limit ¢ — 1.

It obeys the planar Schwinger—Dyson equation

Gr.q9) -G, 1)
-1 ’

G(A.q) =q +AqG*(A.q) + Aq? (20)

Graphically, this equation can be derived as follows. Starting from the incoming
M line, there are three possibilities, see Figure 10.
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e

Figure 10. Schwinger—Dyson equations in the intermediate field representation.

e We do not meet an interaction with the intermediate field so that the graph
reduces to a single matrix line (first term in Figure 10 and (20)).

e The removal of the first AMM vertex we encounter disconnects the graph
(second term in Figure 10 and (20)).

o The graph remains connected after the removal of the first vertex encountered
(third term in Figure 10 and (20)). In this case, we have to keep track of the
various possibilities of attaching the intermediate field line on the external
boundary of the graph. This is the origin of the g-derivative term

GO, q) “GUh _ Gmn(g e

m>1,n>0

since the insertion of the A line encloses k M-lines for 0 <k <m — 1.

At lowest order in n, the explicit expressions of G,(q) = >_,, Gm,nq" read

Go(q) = ¢,
Gi1(q) = q*[2].
Ga(q) =242y + ¢* (124 + [319).

Gi(q) = ¢°([219)* + 44”24 + 2¢° (2], + [3]g)
+2([4]g + [5]g) + (212l + 2[3]4 + [4lg).
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The planar Schwinger—Dyson equation (20) G(1, A) is quadratic in G(g¢) and
can be used to determine G(g) in terms of the variables ¢ and A and of G(1, 1)
treated as an independent variable

q—1-1q> — \/(g—1—-2¢*)> — 42q(g—1)[q(g—1)—Aq>G(1, 1]
Aq(g—1) ’

where we have retained the solution with a well defined limit at A = 0.

In order for G(g) to be analytic in ¢ and A, G(1, A) which is itself a series in A,
must be such that the polynomial under the square root has a double root in ¢. This
polynomial reads

G(g.A) =

(A2 — 41 + 422G (1, 1)g* + (61 — 422G (1,0)qg> + (1 —=20)g? —2¢ + 1,
and its discriminant factorizes as
AY(1 = AG(1,1)%(1 — G(1, 1) — 164 + 18AG(1, 1) — 27A2G>(1, 1)).

Discarding the solution G(1, 1) = %, the solution of the quadratic part yields the
planar contribution to the order 2 cumulant

—1 + 181 — (1 —121)3/2

G4 = 5422

Its expansion as a power series in A reads

2.3 (2n)!
G(l,A) = Cp A" ith C, = ———.
(1,4) ;n—i-Z § Wit S n'?(n+1)
This reproduces the counting of planar ribbon graphs with one cilium, or equiva-
lently, rooted, bipartite quadrangulations.

B. The BKAR forest formula

In this appendix, we briefly review the Brydges-Kennedy-Abdesselam-Rivasseau
(BKAR) forest formula [12] which allows us to expand log Z[J, J T,1, N]asasum
over trees.

Let ¢ be a function of R whose arguments u;; are associated to the edges
of the complete graph on n vertices labeled {1, 2, ..., n}. The following theorem
yields an expansion of ¢(1, ..., 1) as a sum over forests with n labeled vertices.
Recall that a forest is a subset of edges of the compete graph that does not contain
any cycle.

nn—1)
2
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For every forest F, let us denote (if it exists) Pif_) ; the unique path in the forest
F joining the vertices i and ;.

N
—- C

be a smooth, sufficiently derivable function. Then

o(1,...,1) = Z /1 1_[ du;j (M)(vﬁ),

.. ox
F forest /0 (i,j)eF H(”J)GF Y
where v is given by
. . F .
oF mf(k,l)ePlf_)j upr if Pi, ; exists,
ij = .
0 otherwise,

and |E(F)| is the number of edges in the forest F.

This theorem is a broad generalization of the fundamental theorem of calculus,
to which it reduces when n = 2. Indeed, in this case there are two forests on the
complete graph with 2 vertices (thus with a single edge, see Figure 11) and we get

¢(1) =¢(O)+/0 dtlz( )(flz)

The first term corresponds to the empty forest (|E(F)| = 0) and the second one
to the full forest (|E(F)| = 1).

ORORORO)

Figure 11. The two forests built on two vertices.

For n = 3, we have seven forests (see Figure 12) and we get

6110 = 90,00+ [ dna(35)a.0.0

¢
+ dtr3l —— )(0, 153, 0
/M 23(8x23)( 23.0)

d¢
+ dti13| —— ) (0,0, ¢
/[0,1] 13(8)613)( 13)

32
+/ dllzdl23(—¢)(l12,lzs,inf(l127l23))
[0,1]2 0x120x23
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02 .
+/ dt12d[13(—¢)([1271nf(t127[13)at13)
[0,1]2 0x120x13

02 .
—i—/ d123dt13(7¢)(mf(123,113),123,113).
[0,1]2 0x230x13

& O 0—0
@)

f@%@@?

Figure 12. The seven forests built on three vertices.

The first term corresponds to the empty forest, the next three to the forests with
one edge and the last three to the forests with two edges.

In quantum field theory, the main interest of this formula lies in the fact that it
provides an expansion for the partition function with sources Z[J] as a sum over
forests. Its logarithm is then readily computed as a convergent sum over trees.

C. Some examples of LVE graphs and their amplitudes

Here we illustrate how the LVE graph amplitude (3) is computed on a few exam-
ples. We use a double line representation for the intermediate field instead of a
wavy line, ~An~n~n~n~n~s —
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Figure 13. A LVE tree.

For the tree in Figure 13, the amplitude reads

R
(2] 13)

N(=1)*
= (3' ) /dllzdl23dlz4/dMC(A)
: 0

(=) 0y 0
(1- i\/%A2>_1(1 —i\/%Al)_IJJTO - i\/%Al)_l
(1) (=15 927

with covariance matrix

1 12 inf(t12,123) inf(t12, 124)
t12 1 123 I24
inf(t12,223) 123 1 inf (123, 124)

inf(t12,124) tas inf(f23,1724) 1

Figure 14. A planar LVE graph.
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For the planar LVE graph in Figure 14, the amplitude reads

A

loop 1

O——=r

loop 2

1 A 4
= #/ dSl/ dSz/dllzdlzsdlu 1nf(112,123)123/d,u32c(A)

T [(1- 1\/5/13)_1(1 —i\/%m)_ljﬂ
(1= 2a) " (1= 2) " (1= ) ]

T [(1- i\/%Az)_l(l - i\/%fh)_l],

with covariance matrix

1 f12 inf([lz, l23)
$5C =52 12 1 123
inf(llz, 123) 13 1

Figure 15. A non planar LVE graph.
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For the non planar LVE graph in Figure 15, the amplitude reads

A

loop 1

o—r—

loop 2

1( 1)4
= / dSl/ dSz/dllzdlz3dlz4lnf(l12,lz3)/dMsZC(A)

w0 Ea 0 - Ea)”
(=) (=) )
() () ]

with covariance matrix

1 t12 il’lf([lz, 123)
$2C =5, t12 1 173 . 21
inf(t12,123) 123 1

D. Analyticity domain for the vector model

In the case of the vector model, the cardioid can be extended to reach the real
negative axis. This result is not new, see [20]. An argument similar to ours, based
on the LVE and contour rotation can also be found in [13].

The cumulants of the vector model are defined by the generating W[J, J ] =
log Z[J, JT] with

2[4, 7% = /dCD exp—{qﬁcb + %(qﬂcp)2 +VNoTJ + Jﬁﬂ@}

where ® € CV is a N component vector and ®T® = |®|% + --- + |Dy|?. As for
the matrix model, the integral is normalized such that Z[J, JT] = 1 at A = 0. The
sources J and J T are also N component complex vectors.

The vector model admits an intermediate field representation based on

A 1 Y
exp—5 - (¢79)” = /dAexp—{EAz—i,/NAqﬁcb}
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where the integral is over a real scalar A. Thus, the Gaufian integral over ® can
be performed

207,77

- /d@dA exp—{%Az +[of(1- i\/%A)cb] +VNo's + VNI

_ /dA exp—{%Az + Nlog 1 —i\/%A) + NJTJ(1 —i\/%A)_l}

Let us notice two differences with respect to the matrix integral eq. (13): There
is no power of N in front of the resolvent and A and JJ are scalars, so that they
can be commuted. However, the perturbative expansion of the vector model in the
intermediate field also involves ribbon graphs, even if all quantities are scalars.
This is so because the interaction vertices are based on resolvents, which have a
cyclic ordering of their half edges.

Then, we perform the loop vertex expansion and expand log Z[J, J ] over cil-
iated ribbon trees

log 2[J, J 1]
. N(_,\)(IE(T)I)(JTJ)k " \/T | y
_nz vl /dt/dMCT(A)E<1—1 4

where 7 is the number of vertices of 7', k the number of cilia and /; the number of
corners attached to vertex 7. This expression has the same domain of convergence
as the matrix integral, stated in Theorem 1.

However, the domain of analyticity can be enlarged. To proceed, let us write
the powers of the resolvent as

(1 —i\/%Ayl = m/o do o' exp—a{% — ﬁA}

Inserting this representation in the integral over replicas yields

[ due, (A),lj (1- i\/%Ai)_”’

_ ("1 d Moy e A
= [ Thder g i [ dmerhew= 32 7 -0
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The main simplification in the vector model case is that the integral over the repli-
cas is GauBlian and can be performed explicitly

/duCT(A)eXp Z{ oy l}:exp—{;%+;%}.
Therefore, the loop vertex expansion of the vector model reads
log 2[J,J '] = Z NEDP DT /dl / da l_[al.li_l exp
= (VDT T () ;
Do)
where we recall that the sum runs over ribbon trees with n labeled vertices and k

cilia and that /; is the number of corners attached to vertex i.
Next, we write A = pe'?and rotate the «; integrations by an angle % in their

complex planes, o; — ei%ai. This is possible since the integrand is holomorphic
in all the o; but requires that the integrand goes to 0 on the arcs a; = Re'X with
x € 1[0, %] and R — +o0. This last condition imposes that the real part of the
argument of the exponential be always positive. A sufficient condition is to im-
pose that the linear and quadratic terms are separately positive, cos(e_T"’) > 0 and
cos ¢ > 0. After rotation of the contour, the generating function of the cumulants
is expanded as

log 2[J, J 1]
_ ipQn=zh N(=D)E=D gtk
) D TNATRNTE

/dt/dal_[“fi_l CXP—{G%W’_")Z Y 1¢Z t/“t%}'
i i

Let us emphasize that none of the terms in the sum over trees depend on ¢.
We may therefore conveniently choose ¢ to enlarge the domain of analyticity. To
this aim, let us bound the exponential as

‘exp—{e%@’—@) Z o 1¢Z Cuaz% }‘
i
Cijaja
= €eX {COS—Z l] : ]}
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since the covariance is a positive matrix. Now we perform the integral over the
Schwinger parameters «;

N|A| =D gtk
[log2[J. JT] <)~ ST RTIY
= ntcos2n-2+k (£52)

Since we have to stay away from the critical half line § = =+, the best bound
(given the conditions imposed by the positivity of the argument of the exponential

in the contour rotation) is obtained for ¢ = 0 for 0 € [-5,5]¢ = 5 for 0 € [0, 7]
and ¢ = —7 for 6 € [-7, 0]. Therefore, the generating function is bounded as

N A=D1 ¥
n!

[log2[J. JT]| =)
T

[log2[J. JT]| <>
T

for@e[—%,%]

N|A|=D (gt )k

'[COS (|9| %)]Zn—2+k

for@e[—n,—z]u[—,n

Finally, an argument similar to the one presented in Section 4.1 and leading to
Theorem 1 establishes the following analyticity theorem for the vector model.

Theorem 9 (Constructive theorem for the vector model). Cumulants are analytic
functions of A inside the curve

¢ = {pe with 4p < 1 for 6 € [~ —]
and 4p < cos <|| n)f 96[ n—z]u[z,n]}

with cut on the negative real axis.

¢ is limited by a portion of a circle and two portions of cardioids, rotated by
angles +7 as illustrated on Figure 16.

Note that the analyticity domain intersects the negative real axis, on which the
function has a cut because 6§ = £ has to be excluded.
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Figure 16. Analyticity domain for the vector model.
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