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Bipartite dimer representation
of squares of 2d-Ising correlations

Béatrice de Tiliere!

Abstract. The combinatorial Bosonisation identities of [S] show that the square of
2d-Ising order and disorder correlations are equal to + the ratio of bipartite dimer partition
functions. In this self-contained paper, we give an alternative proof of these identities us-
ing the approach of [2]. Our proof is more direct and allows to see the effect of order and
disorder on XOR-Ising polygon configurations.
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1. Introduction

Let G = (V, E) be a finite, planar embedded graph. Consider the Ising model on
the graph G with coupling constants J = (J¢)ece, and denote by Zisig(G, J) the
Ising partition function.

Following Kadanoff and Ceva [9], we introduce order and disorder in the
model: order amounts to adding i 7 to coupling constants along n paths of the
graph G joining 2n, pairwise distinct, vertices uy, ..., Uy, see Figure 1 (left, blue
paths); disorder amounts to negating coupling constants of dual edges of m paths
of the dual graph G* joining 2m, pairwise distinct, faces fi,..., fam of G,
see Figure 1 (left, green paths); all paths are assumed to be pairwise disjoint,
see also Remark 2. Denote by J = (J¢).ce the modified coupling constants,
and by (0w, ...0us, Hf .- s, )G, the Ising correlation defined as the ratio
ZIsing(Ga j)/ZIsing(G’ J)-
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Figure 1. (Colors in on-line version). Left: order and disorder in the Ising model on G.
Center: image of order and disorder in the bipartite graph GQ. Right: dimer weight function
v(J) associated to the modified coupling constants J, expressed as a function of the original
coupling constants J. Note that v(J) is defined locally, implying that dimer weights of
quadrangle-edges that are not crossed by an order or disorder line, are the usual dimer
weights.

When there is no disorder, the correlation (oy, . .. 0u,, )(s,J) iS, up to an explicit
constant, the usual 2n-spin correlation, see [9] or equation (14); o is the field
consisting of the values of the spins at vertices of the graph. Disorder has the effect
of favoring spins to be different across the disorder paths. It amounts to modifying
the state space and cannot, strictly speaking, be thought of as a field. Nevertheless,
since the effect on the partition function is independent of the choice of paths [9],
it is commonly written as a field . This way of writing is also favored by the
duality relation which exists between the fields o and pu, see Point 5. of Remark 1.
Mixed correlations involving ¢ and u are very classical objects of study in the
Ising model, see for example [12, 1, 14].

Consider the dimer model on the finite, planar, bipartite graph GQ = (VQ, EQ)
constructed from G, see Figure 1 (center). Suppose that edges of GQ are assigned
the weight function v(J) = (v(J)e)ecrQ. defined in Figure 1 (top right), and denote
by Zdimer (G2, v(J)) the corresponding dimer partition function. Consider also the
modified weight function v(J) obtained from the modified coupling constants J:
v(J) is defined as in Figure 1 (top right, with J replaced by J); expressing v(J)
as a function of the coupling constants J yields Figure 1 (right: top, middle and
bottom). Written in the notation of this paper, the combinatorial Bosonisation
identities of Dubédat, see [5] (Point 1 of Lemma 3, p. 16), are stated as follows.
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Theorem 1.1 ([5]). The squared Ising correlation

2
(Ouy « - Ouy, Ify - 'Mf2m>(G,J)
is equal to + the following ratio of bipartite dimer partition functions:

IT| Zdimer(GQ, V(j))

Zdimer(GQy V(J)) ’ (1)

(Ouy - Ouyy, g ...ufm)%G’J) =(-1)
where |T| is the number of edges in the union of the n paths defining order
(the blue paths of Figure 1).

Remark 1. (1) Bosonisation identities in conformal field theory consist in ex-
pressing squares of free-fermionic correlations as correlations of the free field [20].
The result of Dubédat is important because it proves that Bosonisation also holds
true in the setting of discrete models. Indeed, the Ising model is the archetype
of a lattice free-fermionic model, and the dimer model is a classical example of
lattice bosonic model. More references on the subject, as well as a description of
the right hand-side of equation (1) using a discrete version of the free field, can
be found in the original paper by Dubédat [5].

The other important aspect of Dubédat’s result is that, since explicit computa-
tions can be done in the dimer model using Kasteleyn techniques [7, 8, 16], it gives
a way of computing squares of critical Ising spin correlations in the plane [5, 4];
see [3] for the proof of conformal invariance of critical Ising spin correlations.

(2) The proof of Theorem 1.1 uses the argument of [2]. The common thread
between the approaches of [5] and [2] is that they use a sequence of expansions
starting from two independent Ising models. The advantage of the approach of [2]
is that it uses one layer less of Kramers and Wannier duality [10, 11], and it allows
to geometrically keep track of XOR-Ising polygon configurations. The latter arise
from the low-temperature expansion [10, 11] of the XOR-Ising model, also known
as the polarization of the model, obtained by taking the product of the spins of two
independent Ising models, see [6, 15, 18]. The paper [2] thus provides a coupling
between the XOR-Ising model on G and the bipartite dimer model on GQ.

The point of this paper is to highlight that the expansions used in [2] also hold
for the modified weights J. This is apparent as we go through the different steps
of the proof in Section 3. As a consequence, we have that the coupling between
the XOR-Ising model and the dimer model also holds for the modified weights,
and we can identify the effect of order and disorder (the modified weights J) on
the XOR-Ising model.
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(3) Theorem 1.1 is stated for the Ising model with free boundary conditions.
In Section 2.2 we explain how, by transforming the graph and keeping it planar,
and possibly adding disorder, all boundary conditions enter the framework of free
boundary ones.

(4) Consequences of Theorem 1.1 are expressions as ratio of dimer partition
functions for: the square of Ising spinor variables correlations, spin correlations,
and magnetization. This is explained in Section 4.

(5) By [9], order and disorder correlations satisfy Kramers and Wannier dual-
ity:

(—1)'”((7,41 e Ouny Mfy e o )(G) = (—l)lr‘*l(af1 e O fyn My - - - Mauny ) (G*,0%)s

where edges of the dual graph G* are assigned dual coupling constants J* = J*(J),
defined by: J* = (J%. = —3In(tanhJ,)),. .. In particular, when the graph G
has no disorder, order correlations of G are mapped to disorder correlations of
the dual graph G*, with dual coupling constants. Theorem 1.1 allows to recover
a new proof of Kramers and Wannier duality. Indeed, it holds for the numerator
and the denominator of the right-hand-side of (1) as a consequence of the follow-
ing two facts: modified coupling constants also satisfy the duality relation, i.e.,
JFox = —% In(tanh J,); and cosh™! (2J3.) = tanh(2J,), for all choices of coupling
constants J.

OUTLINE

e Section 2. Definition of the Ising model, of order and disorder. Treatment
of other boundary conditions. Definition of the dimer model on the bipartite
graph GQ.

e Section 3. Proof of Theorem 1.1 using the approach of [2].

e Section 4. Consequences of Theorem 1.1 for squares of Ising spinor variables
correlations, spin correlations, and magnetization.

Acknowledgements. We would like to thank Cédric Boutillier, Dmitry Chelkak,
David Cimasoni and Adrien Kassel for their interest in expressing the square of
Ising spin correlations, using the approach of [2]. We are also grateful to the
referee for his/her many comments, which have helped increase the quality of this

paper.
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2. Definitions and boundary conditions

2.1. Two-dimensional Ising model, order and disorder. Consider a finite, pla-
nar graph G = (V, E), together with a collection of positive coupling constants
J = (Je)eer indexed by edges of G. The Ising model on G, with coupling con-
stants J, is defined as follows. A spin configuration o is a function of the vertices
of G taking values in {—1, 1}. The probability on the set of spin configurations
{—1,1}V, is given by the Ising Boltzmann measure Piging, defined by

exp( Z Jeaucrv), forall o € {—1, l}V,

e=uvek

1
Prgi =
Ismg(U) ZIsing (G, J)

where

Zising (G, J) = Z CXP( Z JeUqu)

oe{—1,1}V e=uveE

is the normalizing constant, known as the Ising partition function.

It is convenient to consider the graph G as embedded in the sphere. Suppose
that the embedding of the dual graph G* is such that dual vertices are in the in-
terior of the faces of G, and such that primal and dual edges cross exactly once.
Following Kadanoff and Ceva [9], we introduce order and disorder in the system.
Given positive integers n and m, let uy, ..., us, be 2n, pairwise distinct, vertices
of Gand fi,..., fam be 2m, pairwise distinct, vertices of the dual graph G*. Con-
sider n loop-free paths y,,..., y, of G, such that y; has endpoints uz;_1, uzj,
and m loop-free paths y{, ..., y,, of G*, such that y* has endpoints f2;—1, f2;,
see Figure 1 (left). Denote by I' the set of edges of the paths y;, ..., v,, and by
I'* the set of edges dual to edges of the paths yJ, ..., y,,. Note that I'* is indeed
a subset of edges of the primal graph G and not of the dual graph. All paths are
assumed to be pairwise disjoint, see also Remark 2.

Define the following modified coupling constants J = (J¢)ect:

Je +i% ifeeT,
Jo = —Je ifeerl™ foralle € E. 2)

Je otherwise,

Then, Zising (G, J) = Yy e_1.13v €XP ( X o—yver Je0u0y) is the corresponding mod-
ified Ising partition function.
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Remark 2. If only order or only disorder is introduced in the system, the modified
Ising partition function is independent of the choice of paths of I or I'*. If both
order and disorder are considered, then changing the paths might induce a sign
change [9]. In writing the proofs, it is nevertheless convenient to have pairwise
disjoint paths. We thus assume that the embedded planar graph G and its dual G*
are such that paths of T" and T'* can be chosen to be pairwise disjoint. This is the
only assumption we make on the graphs G and G*; examples use a piece of Z?
simply because it is easier to draw.

2.2. Boundary conditions. The Ising model introduced in Section 2.1 is also
known as the Ising model with free-boundary conditions. We now discuss how to
handle other boundary conditions. Since the graph G is embedded in the sphere,
fixing boundary conditions amounts to fixing spins on boundary vertices of a face
F of G. We suppose that boundary edges of the face F are not covered by edges of
I'or I'*.

Consider first plus-boundary conditions, meaning that all spins on boundary
vertices of F are +1. Denote by Egr the set of boundary edges of the face F. Then,
up to the constant! [],c¢, e’¢, the modified Ising partition function is equal to
the one of the graph G’ obtained from G by contracting the face F into a single
vertex, and where this vertex is fixed to having spin +1, see Figure 2 (left). Since
the modified partition function is invariant under the transformation 0 < —o,
it is up to a factor 1, the modified partition function of the graph G’ with free
boundary conditions. The graph G’ is also planar and embedded in the sphere, so
that it enters the framework of this paper. A mixture of plus and free-boundary
conditions can be handled in a similar way, by contracting all edges with fixed +1
spins, see Figure 2 (right).

® /
®
contraction contraction
R D F _— —

G G G G’

Figure 2. Contraction of vertices and edges to handle plus-boundary conditions (left) and
plus-free-boundary conditions (right).

! the constant does not depend on the modified coupling constants J because, by assumption,
boundary edges of F are not covered by I and I'*



Bipartite dimer representation of squares of 2d-Ising correlations 127

Consider now Dobrushin boundary conditions, meaning that the boundary of
the face F is split into two connected components, one having +1 spins and the
other -1 spins. Up to a constant, the modified Ising partition function is equal to
the one of the graph G’ obtained by contracting all vertices and edges of the face F
having respectively +1 spins and -1 spins, see Figure 3 (center). Let u be the vertex
with fixed -1 spin, then the modified partition function of G’ is equal to the one
where the spin at u is +1 and coupling constants on edges incident to u are negated.
We now have an Ising model with two vertices on the boundary of a face of degree
2 with fixed +1 spins. Up to a constant, the modified Ising partition function is
equal to the one of the graph G~ obtained by contracting the two vertices into a
single vertex with +1 spin, and adding a disorder line, see Figure 3 (right). Up to a
constant % it is equal to the modified partition function of the graph G~ with free
boundary conditions, and enters again the framework of this paper.

contraction contraction

”

G G’ G

Figure 3. Contraction of vertices and edges, and introduction of a disorder line to handle
Dobrushin boundary conditions.

2.3. Dimer model on the bipartite graph GQ. The bipartite graph GQ = (VQ, EQ)
is constructed from the graph G and its dual G* as follows. Let us first define the
quad-graph, denoted G°, whose vertices are those of G and of the dual graph G*.
A dual vertex is then joined to all primal vertices on the boundary of the corre-
sponding face. The embedding of G® is chosen such that its edges do not intersect
those of G and G*, see Figure 4 (left, grey lines). Consider the graph obtained by
superimposing the primal graph G, the dual graph G*, the quad-graph G, and by
adding a vertex at the crossing of each primal and dual edge. Then, the dual of this
graph, denoted by GQ, is the graph on which the dimer model lives, see Figure 4
(right). It is bipartite and consists of quadrangles and legs connecting the quad-
rangles: legs are edges crossing those of the quad-graph G°; in each quadrangle,
two edges are “parallel” to an edge e of G and two edges are “parallel” to the dual
edge e* of G*, see Figure 5.
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1)

Figure 4. Left: planar embedding of the graph G (plain black lines), dual graph G* (wide-
dotted black lines), the “tiny-dotted” line is a spread out way of representing the vertex of
G* corresponding to the outer-face (in the planar embedding) of G, and the quad-graph GQ
(grey lines). Right: the bipartite graph GQ (plain black lines).

edge of the quad-graph G°

edge e of G

’ edge e* of G*

Figure 5. Zoomed-in picture of the circled region of Figure 4.

Suppose that edges of GX are assigned a positive weight function v = (Ve)cgo-
The dimer model on GQ with weight function v, is defined as follows. A dimer
configuration of GQ, also known as a perfect matching, is a subset of edges M of
GQ such that every vertex is incident to exactly one edge of M, see Figure 8. Let
us denote by M(GQ) the set of dimer configurations of the graph G<.
The probability measure we consider on the set of dimer configurations M (GQ)
is the dimer Boltzmann measure P gimer, defined by

HeEM Ve
Zdimer(GQ’ V)

Zdimer(GQv V) = Z l_[ Ve

MeM(GQ) eeM

Pimer(M) = for all M € M(GQ),

where

is the normalizing constant known as the dimer partition function.
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3. Proof of Theorem 1.1

We now turn to the proof of Theorem 1.1. The key result is Theorem 5.5 of [2],
which in the case of a finite, planar graph G embedded in the sphere (genus 0 case),
reads

[Zising (6. 912 = 2" ([ Tcosh(24e)) - Zamer (6% (). 3)

14513

where the dimer weight function v(J) is defined from the coupling constants J as
follows:

1 ifeis aleg,
v(J)e = 1 tanh(2J,) if e is “parallel” to a primal edge e of G,

cosh™'(2J,) if e is “parallel” to the dual edge e* of an edge e of G.

“)
This result is also proved in the genus 0 and 1 case in [5]. Both proofs use a se-
quence of expansions starting from two independent Ising models. Dubédat starts
from one Ising model living on the graph G and the other on the dual graph G*. He
then uses Kramers and Wannier duality to have the square of the Ising model par-
tition function. One of the expansions he uses is of the “high-temperature type”,
in the sense that there is no geometrical mapping between configurations before
and after the expansion.

The approach of [2] is more transparent: it starts from two independent Ising
models living on the same graph G, and while doing expansions, allows to keep
track of XOR-Ising polygon configurations. The latter are polygon configurations
separating clusters of =1 spins of the XOR-Ising model [6, 15, 18], obtained by
taking the product of the spins of the two independent Ising models. It provides a
coupling between the bipartite dimer model on GX and the XOR-Ising model on G.

By looking at the proof of equation (3) in [2], we see that this equation actu-
ally holds for all choices of coupling constants, in particular negative or complex.
Thus, for the modified coupling constants J of equation (2), we have

(Zising (6. D2 = 2" ([ Tcosh(2%0)) - Zamer (G2, v(D)). 5)

eck

where v(J) is given by equation (4) with J replaced by J.
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Let us express the modified weights v(J) as a function of the original coupling
constants J. By equation (4), we need to compute tanh(2J,) and cosh(2J,), for an
edge e of G. We have

tanh(2J,) ifeg T UT™,
tanh(2J.) = { tanh(2J, + i) = tanh(2J,) ifeeTl, (6)
tanh(—2J,) = —tanh(2J,) ife e IT'*.
and
cosh(2J.) ifeg TUT™,
cosh(2J.) = 4 cosh(2J, + in) = —cosh(2J,) ifeeT, (7
cosh(—2J,) = cosh(2J,) ife e T*.

As a consequence, we have that the weight function v(J) written as a function of
the original coupling constants is given by, see also Figure 1 (right),

1 if eis an external edge,
tanh(2J,) if eis “parallel” to an edge e of G, e ¢ I'*,
—tanh(2J,) if eis “parallel” to an edge e of G, ¢ € I'*,
v())e = cosh™'(2J,) if e is “parallel” to the dual edge e* ®)
of anedge e of G, e ¢ T,

—cosh™'(2J,) if eis “parallel” to the dual edge e*
of anedge e of G, e € I'.

From equation (7), we also have that the term [],¢ cosh(2J,) in equation (5) is
equal to (—1)IT' [ Ioce cosh(2J,). Taking the ratio of equations (5) and (3) yields
Theorem 1.1. O

In the paper [2], equation (3) is proved for graphs embedded in surfaces of
genus g. We now give an outline of the proof in the genus 0 case. We do so for
several reasons: first, in the genus 0 case the proof greatly simplifies, it is thus
rather short and makes this paper self-contained; second, it is by looking at the
proof that one sees that equation (3) does not require positivity of the coupling
constants; finally, it allows to see the effect of order and disorder (of the modified
weights J) on XOR-Ising polygon configurations.

The proof of equation (3) has two steps. The first, based on an idea of [13],
is to show that the square of the Ising partition function is equal, up to an explicit
constant, to a weighted sum over pairs of non-intersecting polygon configurations
of the graph G and of its dual graph G*, where polygon configurations of the graph
G* arise from the low-temperature expansion of the XOR-Ising model. The second
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step, based on ideas of [13, 19, 5], is to map the weighted sum over pairs of non-
intersecting polygon configurations of the graphs G and G* onto the dimer model
on the bipartite graph G<.

3.1. Step 1: polygonal representation of the square of the Ising partition func-
tion. A polygon configuration of the graph G is a subset of edges P such that every
vertex of G is incident to an even number of edges of P. The set of polygon con-
figurations of G is denoted by #(G). The set of polygon configurations & (G*) of
the dual graph G* of G is defined similarly.

In Proposition 1.1 of [2], we prove that the square of the Ising partition function
is equal, up to a constant, to a weighted sum over pairs of non-intersecting polygon
configurations of the graph G and of its dual graph G*, see Figure 6. The result
holds for any choice of coupling constants. It is proved for graphs embedded
in surfaces of genus g, using an idea of Nienhuis [13]. In particular, for graphs
embedded in the sphere, it reads

[leing(G’ J)]2
—¢ Z (TT cosh™@s)) ([ Tranh(2s)). @
{(P,P*)eP(G)xP(G*): PNP*=P} e*eP* ecP

where

€ = 2lVI+1 (]‘[ cosh(2Je)).

4513

Remark 3. From [13], see also [2], we know that polygon configurations of the
dual graph G* arise from the low-temperature expansion [10, 11] of the XOR-Ising
model.

The proof of equation (9) in the genus g case is rather complicated because
of homology considerations which come into play. In the genus O case, it greatly
simplifies, and can be written as follows.

Proof of equation (9) in the genus 0 case. The square of the modified partition
function is equal to

[ZIsing(G, J)]2 = Z 1_[ ele0u0y ple0y 0y

0,0’ €{—1,1}V e=uvek
For every pair of spin configurations o, ¢’, denote by t the XOR-Ising config-
uration, obtained by taking the product oo’
= oyo, forallu eV,

whence 7 € {—1,1}".
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Figure 6. The square of the modified Ising partition function can be written as a weighted
sum over pairs of non-intersecting primal (pink) and dual (turquoise) polygon configura-
tions of G and G*.

Since o and o’ take values in {—1, 1}, we have ¢’ = 7o, and the square of the
modified partition function can be written as

[leing(G’J)]z — Z ( l_[ eJeO'uO'v(l-i-ruru))_

r,06{—1,1})V e=uveE

Let us now fix a XOR-spin configuration . Denote by V!, -+ | VKT the partition of
vertices of V corresponding to clusters of 1 spins of t. Forevery £ € {1,--- , k.},
let Ef be the subset of edges joining vertices of Vf. SetE; = ’g;l Ef and (E;)¢ =
E\E;. Then, forevery e = uv € E;, 7,7, = 1, and forevery e € (E;)¢, ty1y = —1,
implying that

[ZIsing(Ga J)]2 = Z Z l_[ eHleuov,

re{—1,1}V oe{—1,1}V e=uv€E,

Exchanging the sum over spins o’s and the product over edges of E; yields

Ziing GO = Y 1k_[[ > (I )] o

te{=L1VL=1 jreq g e e=uveEd

That is, forevery £ € {1,--- , k;}, we have the partition function of an Ising model
on G¢ = (V£ EY), with modified, doubled coupling constants 2J. Using Kramers
and Wannier high-temperature expansion [10, 11, 17] for each of these modified
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Ising models, we obtain

k<

A X (11 @)

£=1 ot e{_l,l}vé e=uvekt

= l_[[2|v '(l_[ cosh(2Je)) Z (H tanh(2Je))] (1L

ecEl Pep(Gt) ee€P
ke
_ lel(]_[ cosh(2Je)) ]‘[[ 3 (]‘[ tanh(2Je))].
ecEr £=1 pep(Gt) e<P

Plugging (11) into the square of the modified partition function (10) yields

Zising G, P =€ 3 ( J] cosh™'(240) ]‘[( > [Teanhs).

te{—1,1}V e€(Ec)¢ {=1 pep(Gt)ecP

where €’ = 2M(TT], ¢ cosh(2Je)).

The proof is concluded by assigning, as in the low-temperature expansion, dual
polygon configurations separating clusters of spins of XOR-Ising configurations.
Note that the constant € and the constant € of the statement differ by a factor 2
because two spin configurations are assigned to a given dual polygon configura-
tion. O

In particular, when the coupling constants are the modified weights J, the result
is

[Zising (6, D =€ 3 (TT cosh™230)([ ] tanh(23.)).

{(P.P¥)eP(G)xP(G*): PNP*=@} e*eP* ecP
(12)

where

€ = 2lVI+1 (]‘[ cosh(Zje)).

eck

Returning to the computations of equations (6) and (7), the modified weights
tanh(2J,) and cosh™!(2J,) can be expressed as a function of the original weights
tanh(2J,) and cosh™!(2J,), see Figure 7.
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-cosh™1(2J,) Uy

u
Ve
-tanh(2J.) ¢ fi
us
cosh™'(2J,) .- et fo
B
tanh(2J,) i€ ofs Uy
. .
S5 fo

Figure 7. Modified edge-weights for the weighted sum over pairs of non-intersecting poly-
gon configurations of the graph G and its dual graph G*, induced by the modified coupling

constants J.

We see that adding order and disorder into the system only affects weights
of edges along, or crossing, I' and I'*. Since polygon configurations of the dual
graph are the XOR-Ising polygon configurations, we understand the effect of order
and disorder on the XOR-Ising model.

3.2. Step 2: bipartite dimer representation of the polygon representation.
We proceed as in [2]. The weighted sum over pairs of non-intersecting primal and
dual polygon configurations naturally maps to a 6-vertex model [13]. This 6-vertex
model is free-fermionic when polygon edge-weights arise from two independent
Ising models (because [cosh™!(2J.)]? + [tanh(2J.)]?> = 1, which holds for any
choice of coupling constants). The free-fermionic 6-vertex model then maps to
the dimer model on the graph GQ defined in Section 2.3 [19, 5]. The mapping
from pairs of non-intersecting primal and dual polygon configurations of G and
G*, to dimer configurations of G can be explained without going through the
6-vertex model. It is summarized in Figure 8.
As a consequence, we obtain

3 ( I1 cosh_1(2Je)) (]‘[ tanh(ZJe))

{(P,P*)eP (G)xP(G*): PNP*=@} e*eP* ecP

(13)

1
= Ezdimer(GQy V(J))7

where the dimer weight function v(J) is given by equation (4).
The proof of equation (3) is concluded by combining equations (9) and (13).
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C\l\l\l\l\l\l\l\l\l\l:\ —"
V2NN NN N m =P NN PN - - -
| 1 I | tanh(2J,)
I\I_———_Il\l—_—\l\l\l\ —-I .
I\I_—_—_\I\I—I,\I—II\I\II -— "
I\I_II\I\I_II—"—\I\I\ —-I
I\I_\I\I_\I\I—_—II\I\II -_ € p*
I\I\I_—_—_Il‘l—_—\l\l\ ————I 'u.l
I""—-Il\l\l\l\l\l\l"l — cosh™ " (2J.)
I\I\I_—"I"’\I_—_—_Il\ —-——I
I\I\I_—_—_\,\,_—I,\I\II ) 11
l\l\l\l\l\l"\l-—\lll\ ———————— .
|‘l‘l_____l"“' ——— \:I === J—cosh™" (2J,)
:\,_—_—_\l\:\l—_—_—l,\ in==un 10
VN - vty | ———— o, (SRl K,
II\II—_—_—I‘""I\I\I\I\I —= tanh(2J,)
C’\I\I\I\I\I\I"""‘:) —

Figure 8. Mapping between pairs of non-intersecting primal and dual polygon configura-
tions of G and G* and dimer configurations of GQ [13, 19, 5]. Top: mapping on the local
level. Bottom: mapping on the global level. Given a pair of non-intersecting primal and
dual polygon configurations, there are two possible leg configurations for the correspond-
ing dimer configuration; then the configuration of quadrangles with 2 or 4 matched legs is
fixed, and quadrangles having 0 matched leg each have two possible dimer configurations.
Right: mapping of the weights.

4. Consequences

As a consequence of Theorem 1.1, we obtain expressions as ratio of bipartite dimer
partition functions for squares of quantities of interest in the study of the Ising
model. Throughout this section, we use the notation of Sections 1, 2, and 3.

First, following [9], we consider 2n-spinor variables. This amounts to taking
m = n and choosing u;, f; in such a way that u; is on the boundary of the face
of G defined by the dual vertex f;. Then, specifying Theorem 1.1 to this choice
of vertices yields an expression for squares of spinor variables correlations as the
ratio of bipartite dimer partition functions.

Next, let us consider 2n-spin correlations Eloy, ...0u,,]. This enters the
framework of this paper by conditioning T'* to be the empty set. More precisely,
by Kadanoff and Ceva [9], 2n-spin correlations are equal to

| ZIsing (Gs j)

Eloy, ...0u,] = ()T
“ “ leing(G, J)

— (—i)|F|<OM1 ...Uu2n)(G,J)’ (14)

where

g
Je+i— ifeel,

Jo = 2

Je otherwise.
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Computing the corresponding dimer weight function v(J) using equation (8) yields

1 if e is an external edge,
tanh(2J,) if e is “parallel” to an edge e of G,
_ —1 . PR3 EX]
v(J)e = cosh™ (2J,) if eis “parallel” to the dual edge ¢* (15)
of anedgee of G, e ¢ I,

—cosh™'(2J,) if e is “parallel” to the dual edge e*
of anedge e of G, e € I'.

As a consequence of Theorem 1.1, we obtain the following.

Corollary 1. The square of 2n-spin correlations E[oy, . . .0y,,* is the following
ratio of bipartite dimer partition functions:

]2 Zdlmer (G % (j))
Zdlmer (GQ v (J))

where the dimer weight function v(J) is given by equation (15).

Eloy, .. .0u,,

Finally, let us express the magnetization E™ [0,,], which is the expected value of
a single spin u under plus-boundary conditions (if free boundary conditions were
considered, the magnetization would be equal to zero by symmetry). Recall that
fixing plus-boundary amounts to taking all spins on boundary vertices of a face F
of G to be +1. Magnetization enters the framework of this paper by conditioning
I'* to be the empty set, I' to be a single path y, and by using the procedure of
Section 2.2 for treating plus-boundary conditions. More precisely, by [9], the
magnetization is equal to

(G.J)

E* o] = (—z')'y'—“‘“g

lslng (G J)

where Z lfmg (G, J) is the modified, plus-boundary condition Ising partition func-
tion, modified along a single path y of the graph G, where y joins a vertex on the
boundary of F to the vertex u; this quantity is independent of the choice of bound-
ary vertex. Let us suppose that y does not use edges on the boundary of F, and let
G’ be the graph obtained from G by contracting the face F into a single vertex v,
see Figure 2 (left). Note that in G/, the path y joins the vertices v and u. Using the

argument of Section 2.2 for handling plus-boundary conditions, we obtain
1 -
5( I eJe)leing(G/, J) _
lslng (G, J) e€Eyr . ZIsing (G/, J)
1 " Zising(G, )’
Ismg(G DN 5( H eJe)leing(G/, J) tsing (6, J)

e€Eyr
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Since y does not use boundary edges of the face F, it has the same number of edges
in the graphs G and G’. We have thus proved the following.

Lemma 4.1. The magnetization £ [0,] in the graph G, is equal to the pair-spin
correlation E[o,0,] in the graph G

As a consequence, the expression as ratio of bipartite dimer partition functions
for the square of the magnetization is a specific case of Corollary 1.
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