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Type C Brauer loop schemes and loop model with boundaries
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Abstract. In this paper we study the Brauer loop model on a strip and the associated
quantum Knizhnik—Zamolodchikov (qQKZ) equation. We show that the minimal degree so-
lution of the Brauer qKZ equation with one of four different possible boundary conditions,
gives the multidegrees of the irreducible components of generalizations of the Brauer loop
scheme of [16, Knutson—Zinn-Justin *07] with one of four kinds of symplectic-type sym-
metry. This is accomplished by studying these irreducible components, which are indexed
by link patterns, and describing the geometric action of Brauer generators on them. We also
provide recurrence relations for the multidegrees and compute the sum rules (multidegrees
of the whole schemes).
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1. Introduction

1.1. Background. Recently there has been renewed interest in the connection
between quantum integrable systems and algebraic geometry, see e.g. [11, 12, 19,
22]. A particularly explicit realization of this correspondence can be found in
the case of the Brauer loop model [18, 5, 9] and its geometric counterpart, the
Brauer loop scheme [16, 17]. As part of the dictionary between these two subjects
(cf. [19]), the type of symmetry of the geometric object determines the boundary
conditions of the integrable model. In the setup of [16, 17], the Brauer loop
scheme has symmetry governed by an algebra of type A, so that the corresponding
R-matrix satisfies the ordinary Yang—Baxter equation and the Brauer loop model
has periodic boundary conditions. It is expected that other types will lead to
other boundary conditions (see [8] for some experiments in that general direction).
Among them, type Cis particularly natural: according to its Dynkin diagram (see
Section 1.3), it should correspond to models defined on a strip, with a bulk defined
in terms of ordinary R-matrices satisfying the Yang—Baxter equation, and two
boundaries, each with a K-matrix satisfying the reflection (or boundary Yang—
Baxter) equation.

The purpose of this paper is to validate this hypothesis by, on the one hand,
introducing and studying the Brauer loop model on a strip with various boundary
conditions, and on the other, describing their geometric counterparts, leading to
four distinct type C Brauer loop schemes.

1.2. Results. More specifically, we study the type C quantum Knizhnik—
Zamolodchikov (qKZ) equation — by this we mean the generalization due to
Cherednik [2] of the original gKZ equation [10] to all types — associated to the
Brauer R-matrix and to either a trivial or nontrivial K-matrix at both boundaries,
with a further refinement consisting in identifying or not the two boundaries. Tak-
ing into account the obvious left/right symmetry, these boundary conditions lead
to four possibilities, denoted by the superscripts i (identified), ¢ (closed), o (open),
m (mixed). We are interested in a polynomial solution for a specific value of the
shift parameter of the gKZ equation.! Note that the Brauer gKZ equation is very
nontrivial because, in contradistinction with the more usual case of the Hecke
algebra, the R-matrix has three terms, so that a polynomial solution is not obvi-
ously related to the action of an algebra (say, the double affine Hecke algebra [3])

' We expect polynomiality to be only possible for discrete values of this parameter, and the
one we choose to give the lowest possible degree among these polynomial solutions.



Type C Brauer loop schemes and loop model with boundaries 165

on polynomials, i.e., it does not immediately reduce to a standard representation
theory problem.

We study in Section 2 polynomial solutions of the qKZ equation. We discuss
various properties they possess, including recurrence relations. We determine in
particular a lower bound on their degree, and that if there exists a solution which
saturates this bound, then it is unique up to multiplication by a constant; however,
contrary to type A, we cannot show at this stage the existence of such a solution
in types C.

Before turning to the geometry, let us mention some motivation and physical
applications. In Section 3, we recall that setting the loop weight to 1 results in
the shift parameter of the KZ equation being zero, and show that the polynomial
solution mentioned above is an eigenvector of the inhomogeneous transfer ma-
trix of the Brauer loop model with the same boundary conditions. In the physical
range of parameters where the Boltzmann weights are positive, it is in fact the
ground state of the transfer matrix, making it particularly interesting to calculate.
Equivalently, since the transfer matrix is stochastic, the entries of the ground state
can be interpreted as (unnormalized) probabilities of the connectivity of bound-
ary points on a half-infinite strip. (The normalization is in fact computed in the
present work). This paves the way to the calculation of more physically interesting
quantities such as correlation functions. The model on a strip is particularly inter-
esting because it should help with the computation of the boundary-to-boundary
current, similarly to the work [6] on the noncrossing loop model.

Next we come to the geometric construction. In Section 4, we define four (con-
ical, affine) schemes, which we call type C Brauer loop schemes, corresponding
to the four cases {i, ¢, 0, m} mentioned above. We provide different descriptions,
either as infinite periodic matrices or as flat limits of certain orbits generalizing
nilpotent orbits. We also define the group action that these schemes are natu-
rally equipped with, and in particular the torus action. We then describe their
irreducible components, following a similar study in [16] in type A, in terms of
link patterns, giving a first hint of the connection to the loop model, since these
link patterns form the natural basis of the space on which the Brauer algebra acts.
The construction makes use of several type C analogues of the classification of
B-orbits of upper triangular matrices which square to zero [20]. As a byproduct,
we point out the connection to a symplectic analogue of the commuting variety,
which was one of the motivations of [16].

Finally, Section 5 provides the exact connection between the Brauer loop
model and the Brauer loop scheme in various types. This can be summarized
by the following meta-theorem:
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Theorem. The multidegrees of the irreducible components of the Brauer loop
scheme form a polynomial solution of the gKZ equation.

(Multidegrees are a convenient reformulation of equivariant cohomology in
our setting;? equivalently, they can be thought of as equivariant volumes up to
overall normalization.) This statement will be made more precise later (see The-
orem 5.1). The proof involves the detailed analysis of the action of certain SL,
subgroups on the Brauer loop schemes.

An interesting feature is that in type C, it is not possible to solve the gKZ
equation explicitly in order to exhibit a polynomial solution (contrary to the case
of type A, see [9], where one can at least in principle compute it inductively).
Therefore, the geometry provides an explicit solution of the qKZ problem, which
by definition has all the desired properties (polynomiality in all variables, minimal
degree).

The analysis of Section 5 is rather technical, and unfortunately, we have not
been able to do without a case-by-case analysis depending on the boundary con-
dition, a fully general approach (similar to the analysis of [19]) being outside the
scope of this paper. We have therefore decided to give the full proofs only in
types i, c. In addition, we have mentioned in parallel the case of type A (denoted
p for periodic), not only to summarize the main results of [16, 17] and for compar-
ison purposes, but also because some of the proofs and results we give are new
even in type A.

The conclusion wraps up the proof of the main theorem and discuss sum rules.
On the geometric side, these correspond to the multidegrees of the full Brauer
loop schemes. (In fact, using a combination of flat deformation and equivariant
localization, some formulae, albeit not particularly explicit, are already provided
in Section 4.2.2). On the physical side, they are the normalization constants for
the probabilities of the connectivity of boundary points on the half-infinite strip.
Using recurrence relations, we provide alternative formulae for them as Pfaffians
or determinants.

In the appendices we give some small size solutions of the qKZ system as well
as some technical results that are needed in the proofs.

1.3. Dynkin diagrams. Since the models and geometry we consider are based
on the affine Dynkin diagrams of type A and C, we briefly describe our conven-
tions concerning these.

2 Since our solution of the Yang—Baxter equation is rational, we obtain on the geometric side
ordinary cohomology, as opposed to K-theory or elliptic cohomology.
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First introduce the following notation: given an integer L > 2, define the group
I' acting on Z by generators

o> +Lintype§;

e ir>i+2L,i+2L—i+ lintypeC.
Equivalence classes in Z/ " are canonically identified with edges in the Dynkin
diagram of Ar_1, Cy, respectively. We denote by cl(i) the class of i € Z in
7Z/T'. The standard choice of representatives is 1, ..., L (they also correspond
to the choice of variables z1, ..., zr in the weights, see below), and when there
is no risk of confusion we identify such representatives i and cl(i). For future
purposes, also define the action of I' = I', U I, (where T, are translations and
I', are reflections when acting on Z) on Z x Z by (i, j) — (y(i),v(j)) if y € T,
(i,j) — (y(j),y@))if y € T,, and cl(i, j) to be the class of (i, j) under this
action.

We also choose the somewhat clumsy (but standard) convention to index a node
by the edge to its left, except for the leftmost node of type C which is labelled 0,
see Figure 1.

L

Figure 1. Dynkin diagrams for the affine Az_1 (leftyand Cp. (right) root systems.

Similarly, the root lattices are defined as follows. We start with a countable set
of generators of the form s and z;, i € Z. Then we take the quotient of the abelian
group they generate with the relations (for all i € Z):

e zj4 1 = z; + sintype AL_l;

® Zitorp =2z + 8, Zap—i+1 = —z; in type C.
The result is isomorphic to ZZ*+!, a possible choice of generators being s,
Zlyeees ZL.

In all types, the simple roots are then defined by «; = z; — z;+1, with i being
the index of a node in the Dynkin diagram. More explicitly, and if we use the
variables s, z1, ..., z,, we have

. intypeAL_l,ai =zi—zipgforl<i<L-1l,anday =z —z;—3s;

° intypeéL,ai =zi—ziprforl <i <L-—1,a9g =—2zy—sanday = 2z;.
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We also need the commutative ring generated by s and z;, i € Z, i.e., the
quotient of Z[s, z;, i € Z] with the same relations above. Reflections w.r.t. simple
roots act on it in the following way (with the same choice of variables):

e in type AL_I,

‘Eif(...,Zi,Zi+1,...):f(...,Zi_H,Zi,...) 1<i<L-1,

i f(z1,...,z0) = fzL — s, ..., 21 + 5);

e in type éL

‘L’if(...,Zi,Z,'+1,...)=f(...,Z,'+1,Z,',...) 1<i<L-1,
‘Eof(Zl,...):f(—Zl—S,...),
‘ELf(...,ZL):f(...,—ZL).

Finally, we define the divided difference operators, acting on functions of s,
Z1y. . 2L

a,- = l(1 — ‘L’i). (1)
o

2. The quantum Knizhnik-Zamolodchikov equation

The gKZ equation? that we will be studying is based on the Brauer algebra.
We will look at five different boundary conditions, which we will refer to as
periodic (p), closed (c), identified (i), open (0), and mixed (m). The first of these
corresponds to the type A root system while the other four correspond to the type
C root system. We state some previous results for periodic [5, 9] and closed [7],
but for the other boundary conditions the results are original.

Our aim, as explained in the introduction, is to give a geometric meaning to
the gKZ solutions of type C, as was done for the periodic case in [5, 9, 16, 17],
however we will include the periodic case in all our statements in order to make
references and comparisons to it.

3 also called “difference Knizhnik—Zamolochikov equation” because it is naturally expressed
in terms of the additive spectral parameter. This is due to the fact that our solution of the Yang—
Baxter equation is rational.
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2.1. The Brauer algebra. We list here the aspects of the Brauer algebra [1, 25]
that are common to all boundary conditions. The Brauer algebra is built from the
Temperley—Lieb generators {¢; | i = 1,...,L — 1} and the crossing generators
{fili=1,...,L— 1}, graphically depicted as

e; 1= fi = ;
1 /\ 1 El

which satisfy the rule-of-thumb “strings are pulled tight, closed loops give a
weight of 87, explicitly (see e.g. [24])

e} = Be;, fiei = ei, (2a)
fA=1, ei fi = ei, (2b)
ejejx1e; = ej, fieiziei = fixrei, (2¢)
fifiv1fi = fiv1fifi+1, eieix1fi = ei fixr. (2d)

One can show that all relations that can be derived from the graphical depiction
are a consequence of (2), so that the Brauer is defined by generators e;, f;,
i =1,...,L—1,and relations (2).

Using the parametrization 8 = AA;—:;Z, and the definition

r(z):=(A4+2)2A—z—¢),

we define fori =1, ..., L — 1 the R-matrices

_ 2A-€)A—z) (QA-¢€)z  (A—2z)z

r(z) r(z) r(z) fis )

Ri(z)

with the graphical depiction

Ri(zi — zit1) =

Zj Zi+1
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By the relations (2) the R-matrices satisfy unitarity
Ri(z)Ri(—z) = 1, “4)
and the Yang—Baxter equation (YBE)
Ri(2)Ri41(z + w)Ri(w) = Riz1(W)Ri (z + w)Ri11(2). (%)

The R-matrix also has the important property

v 1
Ri(4) = Eei- (6)
An important remark is that equations (4) and (5) are nothing but the relations
of the symmetric group for the operator t; I?,- (zi — zi+1). In the two paragraphs
that follow, we shall extend the Brauer algebra (i.e., make a choice of boundary
conditions for the loop model) in order to obtain relations of the affine Weyl groups
AorC.

2.1.1. Type A. The periodic Brauer algebra has two additional generators, ey,
and f7, which act between sites L and 1 and satisfy all the relations (2) under the
identification L 4+ 1 = 1. The graphical depiction is the natural analogue of the
one for the ordinary Brauer algebra, where diagrams are drawn on a (periodic)
strip.

One may wish to add the following relations involving idempotent elements /;
and I:

Ll = B*L L1, = B*I,,
I :=e1e3...ep1, I :=ezeq4...e1, L even,
I :==ejes...ep, I, == eze4...e1—1, L odd.

(in particular, they will be satisfied in the representation below).

Defining the R-matrix using the same formula (3) fori = 1,..., L, equa-
tions (4) and (5) are satisfied with indices mod L, i.e., we obtain the relations of
the affine Weyl group of type Ar_1.

The periodic Brauer algebra has a representation on the vector space with
canonical basis indexed by link patterns. In the periodic case, the latter are chord
diagrams that connect the L points around a circle in pairs, see Figure 2. If L is
odd one site is left unpaired, referred to either as a fixed point or as a connection
to infinity. We refer to the set of periodic link patterns of size L as LP, , and it has
(2[L/2] — D! elements.
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Figure 2. An example periodic link pattern for L = 8.

The Brauer generators act on the link patterns in the natural graphical way,
by pasting the strip around the disk; for example,

62@@’ f2@@
2 3 2 3 2 3 2 3

2.1.2. Type C. Let us now add two more generators to the ordinary Brauer
algebra, e¢ and ey, with relations

2 2
erepe; = ey, er—i1erer—1 = er—1, (7b)
eo f1eo = epeieg, er fL—1erL = erer—1er. (7¢)

These do not appear in every version of the type C boundary conditions. In the
closed case, we shall use neither, i.e., stick to the ordinary Brauer algebra; in the
mixed case, we shall need the one-boundary Brauer algebra, i.e., add ey ; and in the
identified and open cases, we shall use the two-boundary Brauer algebra including
both eg and ey..

For identified and open boundaries we also have the idempotent relations

L =1 Ly I I = I,
11 = e€ep€2...€[, 12 =e163...€11, LCVCH,
11 :=epey...e1_1, Ip:=ejes...ep, L odd.

The type C link patterns are a string of sites numbered from 1 to L, connected
to each other in pairs or (if allowed by the boundary conditions) to a boundary, or
(in the odd size closed case) left unpaired. See Figure 3 for examples.
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12 3 4

9T [

Figure 3. Example closed, identified, open and mixed link patterns for L = 4.

We can represent the link patterns by tuples of numbers, where the ith repre-
sents the site that site i is connected to, with / representing the left boundary, r
representing the right, b representing the generic boundary, and e representing the
unpaired site (or connection to infinity) in the odd closed case. For example, the
link pattern in Figure 2 is (7,4, 6,2, 8, 3, 1, 5), and the link patterns in Figure 3 are

{(3,4,1,2), (3,b,1,b),(3,r,1,1), (3,r,1,r)}. The link pattern sets and respective
sizes are

LRl
LP;: 2j — 1!
L Z (2]’)( J )

Jj=0

LPS: (2[L/2] — D!

LL/2] (L
Lpy: 2b7% (2j)(2j —
j=0

[L/2] L
LP": 2] — D,
23 (5 )i
j=0

We will sometimes refer to the number of chords in a link pattern: this refers to the
number of links connecting sites to sites or sites to boundaries. It does not count
the unpaired site in the odd closed or periodic cases. For example, the numbers of
chords in the link patterns in Figure 3 are 2, 3, 3, and 3 respectively.

The standard graphical depiction for ey and ey, (used in the open and mixed
cases) is
1 L

€o = ) er = s

however for identified boundaries the graphical depiction is

1 L

€0=|—Tr s ey = ﬂ
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where the dots signify a connection to a single generic boundary. In other words,
identified and open Brauer algebras are the same, but we use different representa-
tions and therefore corresponding graphical depictions.

The boundary generators act on link pattern in a similar way to the bulk
generators. The generator is placed on top of the link pattern, and a new link
pattern is formed according to the resulting connections between the sites. For
example, in the open case

and in the identified case

r @:\H.

We now define the K-matrices, graphically denoted by

v w—s/2 “ —w
Ko(w) =: . Ki(w) =:
—w—s/2 w
Let
k(w) := (A + 2w).
For a given boundary condition, if eg or e;, exists we define the K-matrix to be
(A—-2w) 4w
k(w) + *(w) €o,L-
If the boundary generator doesn’t exist, we define the K-matrix to be the identity.
With these two possible definitions, and by (7), the K-matrices satisfy unitarity

Ko(w)Ko(—w) = K (w)Kr(—w) = 1,

ko,L(w) =

(®)

and the boundary Yang—Baxter equation (reflection equation)
Ko(2) Ry (z + w) Ko(w) Ry (w — 2)
= Ry(w — 2)Ko(w) Ry (z + w)Ko(2),
KL(2)Rp—1(z + w)KL(w) Ry (w — 2)
= Rp-1(w — 2) K (W) Rp—1(z + w) K1 (2).

Again, these relations are simply those satisfied by boundary generators of the
affine Weyl group Cy..
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2.2. The quantum Knizhnik-Zamolodchikov equation

2.2.1. Type A. For each i we define the scattering matrix

Si = Ri—1(zi —zi—1 —5) ... Ri(zi — 21— 8)0 ' Rp—1(zi —z1) ... Ri(zi — zi41)

/
= \\< ,,,,,,,,,,,,,,,,,,,,, - ’
21 Zi—-1 Zi Zi+1 ZL

where o is an operator that rotates a link pattern by one clockwise step,* and
s is a new (nonzero) parameter. The quantum Knizhnik—Zamolodchikov (qKZ)
equation is then [10]

Si|W(..zin ) = |W(...zi—s....)), 9)

where |W) is a vector belonging to the space spanned by LPE,

Wr.z)) = Y Yn(zr....z0) 7).

p
weLP

We will sometimes include a subscript to indicate the size L of the system if
necessary. Here we are interested in a stronger version, called the gKZ system,
which is the following system:

Ri(zi —zig) |W(.. o\ ZivZivt, .. ) = [W(.. . zig1,2zi,...)), 1 <i<L-—1,
(10)

o|¥(z1,...,20)) = |¥(z2,...,21,21 + 5)). (11)

It is easy to show that (10)—(11) implies (9), though the converse is in general not
true. We refer to (10) as exchange relations, and (11) as the rotation equation.

4 Adding o, rather than simply the ; R;, corresponds to considering the extended affine Weyl
group of type Ay _;.
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2.2.2. Type C. Cherednik considered generalizations of the gKZ equation to
other types [2]. For type C there is no longer a need for o, but instead we use the
boundary operators. The scattering matrix is defined for each i as

Si i= Ri—1(zi —zi=1 —$) ... Ri(zi — 21 — 5)
Ko(zi —s/2)Ri(z1 + zi) ... Rp—1(z1 + ;)
Kr(zi)Rp—1(zi —z1) ... Ri(zi — Zi41)

zZi — 8§

J
_€

.

1 Zi—-1 Zi Zi+1 ZL

The gKZ equation is then as before

Si V(... zii..)) = |W(....zi—s5,...)). (12)
where
WGr.z)) = Y Ya(zr....z0) )., ae{i,c,o0,m},
weLPy

and the gKZ system is
Ri(zi —zig) |Y(. ., zivzivt,..)) = |W(....zig1.2zi,...)), 1<i<L-—1,
(13)
ko(—zl —s5/2)|V(z1,...,2L)) = |V(-z1 —s,...,2L)), (14)
Kp(zo)|W(zr.....z0) = [W(z1.....—21)) | (15)

which implies the qgKZ equation. We will refer to (14) and (15) as boundary
exchange relations.

2.3. Solution. In what follows we shall be interested in solutions of the systems
(10)—(11) and (13)—(15) which are polynomials in their arguments z;,...,zr as
well as A and €. It is easily seen that these polynomials will be homogeneous. The
shift parameter is taken to be sPL¢ = ¢ or O™ = ¢/2, because as we shall show in
Section 5, polynomial solutions exist at these values. We will also show that the
minimal degree solution is unique up to a constant.
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The gKZ system gives us a set of relationships between the components of | V),
as well as giving special linear factors and symmetries that must appear in some
components based on the associated link pattern. We will explore these in detail
in the next section. We will also show that any solution of the gKZ system must
satisfy an infinite number of recurrence relations.

Remark. In the periodic and closed cases all the components can be written as
divided difference operators acting on just one component, but in the other cases
this is not possible. We will not use this approach, for more details see [7, 9].

2.3.1. Factors and symmetries. Here we will list all the symmetries and factors
dictated by the gKZ system, both for the bulk and the boundaries. Note that for
the periodic model only the bulk rules apply, and the rotation equation (11) is an
extra restriction.

First we define the modified divided difference operator for 0 < i < L, with
o = z; — zj+1 as in Section 1.3,

1
8; =A+ Oli)aim.
The rules obtained from the qKZ system (13)—(15) are listed below for a compo-
nent ¥, corresponding to a link pattern 7. Again, the rules for the boundaries
only apply if there is a non-trivial K-matrix, since if the K-matrix is trivial the
boundary exchange relation merely implies a symmetry.

For i =0.
i. If #(1) # [, b, then there is no link pattern p for which eq |p) = |7). So we
have
o — V7 _,
k(—z1—15/2)
implying that Y, = k(—z1 —s/2)S2, where S? is a polynomial in z1, ...,z

that is invariant under (z; + s/2) < (—z; —s/2).

ii. Otherwise there is a small link from site 1 to the left boundary (or the generic
boundary if identified), and the boundary exchange relation gives us the
relationship

k(—z1=5/2(=0)¥= =2 > Yy (16)

p#m: eglp)=|m)
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Fori =1L.

i. If (L) # r, b, then there is no p for which er, |p) = |). So we have

Ve
0 =0,
" k)
implying that ¥, = k(z1)SE, where SL is a polynomial in zy, ..., z; thatis

evenin zy.

ii. Otherwise there is a small link from site L to the right boundary (or the
generic boundary if identified), and the boundary exchange relation gives us
the relationship

k(L) (=0)Ym =2 Y ¥, (17)

p#m: er|p)=|m)

For GENERAL I, 0<i < L.

i. If (i) #i + 1, then there is no p for which ¢; |p) = |7). So we have

(2A—Zj + Zit1 —E)(—a;)wn = wn +wfl~n’7 (18&)
QA =z + 201 — ) Vfin = VU + Vi (18b)

Specializing the coefficient of |} in the ith exchange relation to
zi = A+ zZi+1

gives
T 'Sl’n|zl_=A+Zi+1 = O,
implying that v/, (and equivalently, /¢, ;) contains a factor of (4 +z; —z;41).

Additionally, if (= (i), 7(i + 1)) = (/,1), (r,r) or (b, b), then f; |7) = |7),
and (18) becomes

. L =0
" r(zi — zig1) ’
implying that ¥, = r(z; — z;+1)SL, where S. is a polynomial in zy, ..., 7,

that is symmetric in z; and z; 1.
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ii. Otherwise there is a small link from site i to site i + 1, and the ith exchange
relation gives us the relationship

rE—zig) ()Y = QA—e) > Y, (19)

pFEm:e;|p)=|m)

2.3.2. Maximally factorized components. The rules above give many linear
factors for certain components, some of which are a result of the symmetry
conditions. In every case except closed, there are some components for which
there are a quadratic (in L) number of these small factors. We refer to these as
the maximally factorized components. In the even periodic case, there is one such
component, from which all the others can be determined by means of the gKZ
system (see however our remark at the start of Section 2.3). In the open, identified
and odd periodic cases there is more than one maximally factorized component.

We use g to refer to the maximally factorized components, and they are
labelled by the following link patterns:

QP:=(L/2+1,...,L,1,...,L/2), L even,
QP :=0* (L+1)/2,....,.L—1,1,....,(L—1)/2,e), L odd,

Q= (b.....b), Q.:=(L,b.....b.1),

QL= ....r.1,....10), k=0,...,L,
e’ N e’
k L—k
QM= (r,...,r).

The explicit formulas for the components are (the periodic case comes from [9];
only ¥ ép is given for odd size, the others can be obtained by application of (11)):
0

Vo= [] A+zi—z) J] A-zi+z—98&G1.....21). (20a)

1<i<j<L 1<i<j<L
j—i<L]2 j—i>L]2
‘/’ég = ]‘[ (A+zi —zj)
1<i<j<L
j—i<(L—1)/2or i>(L—1)/2
Jj—i<(L=1)/2ori>(L-1)/ ) (20b)
l_[ (A—Z,'—i—Zj—S)SQp(Zl,...,ZL),
1<i<j<L 0
j—i>(L-1)/2
,,,,, L—
Vo =2" I1 r(zi—zj)ss{;il Yz, . zn), (20c)

1<i<j<L
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Vg =2 k(—zi—s/DkG) [ rGi—z))

2<i<j<L-1
L-1
[J«A+z1—z)(A+z —zp)
i=2
(A=z1 =2 =) (A + 2 +2)SGH " H @ z),
2
(20d)
k L
Ve =25 [Th(=zi—s/2) T] k)
i=1 i=k+1
1_[ r(zi —zj)r(—zi —z; — ) 1_[ r(zi —zj)r(z;i + zj)
1<i<j<k k+1<i<j<L
koL
H H (A+zi—zj)(A—z; —z; —5)
i=1j=k+1
A+zi+zj))A—z; +zj —5))
Séoi'"’k_l’kﬂ""L}(Zl, L ZL)!
(20e)
Y&n = 2L 1_[ r(zi —zj)r(—zi — zj — s)Ss{-z,;,""L_l}(zl, ey ZL), (20f)

1<i<j<L

where the S functions are polynomials whose superscripts denote their symme-
tries as defined in the previous section.

2.3.3. Recurrence relations. Here we will describe recurrence relations that
are satisfied by solutions to the qKZ system (10)—(11) or (13)-(15). The first
proposition describes a ‘bulk’ recurrence relation, which involves setting one of
the variables to be dependent on another, and the second considers a ‘boundary’
recurrence relation, which is only valid in cases with a nontrivial boundary, and
involves setting one variable to a constant. Recall that we have set sP° = ¢ and
§OM = ¢€/2.

The proofs of the two propositions depend on the following two lemmas.

Lemma 2.1. If. for a polynomial vector |®1), some integer 0 < i < L, and a
polynomial f which is coprime to t; f and does not contain the factor r (zi+1—2z;),
we have

Ri(zi — zip)|@D) = %mq)(l)),
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then |®W) = f|®®) where |®@) is a polynomial vector that satisfies the ith
exchange relation.
If in addition |®M) satisfies the kth exchange relation for some k # i, then

R = z4)[0) = ) 0,

Thus if f does not contain the factor r (zx — zx+1), |®W) also contains any factor
of T f that is not in f.

Remark. An equivalent statement can be made for the K-matrices.

Proof. Straightforward, using polynomiality of the vectors and the fact that the
only denominator in the equations which is not explicit is that of the R-matrix. [

Lemma 2.2. We define the following operators on link patterns: Let ¢; acting on
a link pattern insert a small loop from site i to i + 1 while increasing the size of the
link pattern by 2, and let ¢gy (resp. ¢r) insert a small loop from the first (resp. last)
site to the left (resp. right) boundary, which increases the size of the link pattern
by 1.

We have the following identities:

Ri—1(zj — zj42)Rj (A + zj — zj12)

Ri+1(zj—1 — zj42) Rj (zj—1 — (A + 2)))
Ri—1(zj—1 — z)¢; @b

_rAR S S50 2 ) g ),
r(zjo1—zj)r(A+zj —zj42) 7 J J j+2)

r(A+zj —zj—1)

r(zj—1 —zj)

Rj(zj—1 — (A+ z)))Rj—1(zj—1 — z))gj = o1 (22)

Ko(—=A —z1 —$/2)Ri(=A =22y — ) Ko(—21 — 5/2) ¢1

_k(A+z1 4 5/Dk(—z1—5/2—€/2) (23)
T kCzi—s/DkA 2 +5/2— /) "

Kp(zL—1)Rp—1(A + 220 )Kp(A+ z-1) gr—1
Ck(zik(Atzii—€/2) 24
T KA+ k(=21 —ej2) P
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Ri(=A/2 =25 —5/2)Ko(—22 — 5/2) R1(A)2 — 22 — 5/2) Go

_k(A+z2+5/2)k(A—z2—5/2—€) _ . ' (25)
= KA =2 5/Dk(A T 22+ 5/2—e) P00 Kolmza —s/2)

Rp—1(=A/2+ 2z )Kp(zL-1)R1(A/2 + z1-1) ¢

k(A—zp—1)k(A4+z1—1 —€) . y .

= KA+ 2 Dk(A—z211 —) ¢L o Kp(zp—1):

where (23)—(26) are only true in the boundary cases where the relevant K -matrix
is nontrivial.

(26)

Proof. These are easily proved by the definitions, in the same way as the Yang—
Baxter and boundary Yang—Baxter equations. U

We will also repeatedly use the fact r(4 + z) = r(—z —€).

Proposition 2.3. Given a polynomial solution |Vy,) of the gKZ system for size L,
we can construct a polynomial solution |V _,) of the gKZ system for size L — 2
by taking out any two neighbouring sites, by

|‘~IJL(ZI,...,Z]',A+Zj,...,ZL))

= pj(Zj|Zl,...,2j,2j+1,...,ZL) (pj |‘~IJL_2(Z]'|21,...,2],2]4.1,...,21)),
(27)

where the notation z; means that z; is missing from the list of arguments. The
proportionality factors for different boundary conditions are

pf(zj|...,2j,2j+1,...):2 l_[r(zi—zj) l_[ r(A+zj —zi), (28a)
i<j i>j+1
Pyl 2 B )
=2k(—zj—¢/Dk(A+z)) [[rzi—z) [] r(A+z —z)
i<j i>j+1 (28b)
[T ra+zi+z.
i#j.J+1
pjc-(Zj|...,2j,2j+1,...)

=2 Hr(zi_zj) 1_[ r(A—I—Zj—z,-) 1_[ r(A+Zi+Zj), (280)

i<j i>j+1 i#j,j+1
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P;‘)(Zj|---72j72j+1~--)
=2 (A~ ¢/DQA— ¢/Dk(~2j — ¢/ Dk(A + 2))k(~z; — ¢/4)
kA+zi—e/H]]r@ -z [] rA+z—2) (28d)
i<j i>j+1
[] rA+zi+z)rGi—z —e/Dr(—z —zi —€/2),
i#j,j+1
PGl g 2 )
=2(A—€/2)2A—€/2)k(—z; — €/2)k(A + zj)
[[re—z) [] rA+2z—2) (28¢)
i<j i>j+1
l_[ r(A+zi +zj)r(zi —zj —€/2)r(—zj — z; —€/2).
i#j,Jj+1

(The constant factors are included for technical reasons that will be explained
later.)

Proof of Proposition 2.3. First we note that the jth exchange relation implies

|‘~IJL(Z]'+1 = A+ Zj)) =@ |‘~IJ£132’].(Z]'|21, . ,Zj_1|Zj+2, ce ZL)), 29)
for some vector in the space of link patterns of size L—2. We note that the exchange

relations fori # j — 1, j, j + 1 are still valid for this new vector |\IJ£132’ i)

We will drop the subscript L — 2 here. Applying both sides of (21) to |\IJJ(.1)),
we have via (29)

~ 1) r(A+zj—zj_)r(zj42 — zj) 5 1)
PiTi—1 v = R'—I(Z'—l —Z'+2)(p' v s
) G = At 2y =24y OB T AT
T

where 7;_; swaps zj—; and zj4,. We define ¢; as an upside-down loop between
sites j and j + 1, so that (pj@; = e; and @;(pj = (. We can then multiply by goj
and use Lemma 2.1 to get

o) =[Tre—z) [] rd+z -z 10?). (30)

i<j i>j+1
. @ e .
with [W;) satisfying the exchange relations
Ri(zi —zis)| WD) = 4 WP) i j— 1)) +1,

D 2 ~ 2
Ri—1(zjm1 = 2j402)|97) = 54|97,
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By applying Iéj (zj—1—(zj +A))Rj_1(2j_1 —zj)to|Wr(zj41 = A+2z;)), and
using (22) and (29), we have

2
(WP Gjlz1 2l 2)
2
= 192, @jlan - zjalzjor e 2L).

In other words, |\IJ](.2)) and |\IJ,(C2)) are related by an obvious rearrangement of
arguments. Thus we can drop the subscript j and simplify the argument notation:
|‘P(2)(Zi |Z1, ..., Zj—1,Zj425+ > zL)).

Finally we consider the different boundary conditions separately.

e PeErIODIC. The rotation equation for |¥y) at z; 41 = A + z; leads to the
rotation equation for [W®), so |W®) is a solution to the qKZ system of size
L —2. Thus | _,) = |¥@) and the proportionality factor (30) is the same
as in (28).

e CLOSED AND IDENTIFIED. From (14) we have
Ko(—z1—s/2)r(z1 —2)[ ¥ (z]...))

(31a)
=r(—z1 —zj — ) ©|¥P(z]...)). j>1,

KiGr(A+z =)@ (l.0) Glb)
=r(A+zj 4+ z1) w|¥P(z]...)). j<L-1.

This implies via the K-matrix version of Lemma 2.1 that

WPl )= [ rd+z+2p9P)...)),  forall j.
i#j,j+1

Applying (23) to |[¥ (M) leads to

_ k(A +z1 +€/2)k(—z1 —¢€)

WO (—A—z1—€|z3,...)) = k(—z1—€/2)k(A+ z1) (W (z1]z3,...)),

implying
WO (z;]...)) = k(=z; — €/2k(A + z))| WP (z;]...)).

A similar argument can be made for j = L — 1 using (24) but this results in
the same factors.

Now |W7 _,) = |[W®) for the closed case and |¥;_,) = |[¥@¥) for the
identified case, and the proportionality factors are as given in (28).
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e MixeEp aNnD OpPEN. We have again equations (31), but this time s = €/2
so they imply separate factors. Using Lemma 2.1 and its K-matrix version,
we thus have

W2zl
= 1_[ r(A+zi +zj)r(—zi —z; —€/2)r(z; — zj —e/2)|\IJ(3)(Zj| o)),
i#j,j+1
forall j.

Again we can consider (23) and (24), and this time the two produce
different factors, implying that for the mixed case

WO (z]...)) = k(=zj —€¢/Dk(4 + 2) ¥ (z]...)),
and for the open case,

W@ (z]...))
= k(=2 — €/Dk(A + zp)k(~z; — €/Dk(A + z; — /DD (5] ..))

Now |W7_,) = |[¥®) and the proportionality factors are as givenin (28). [

Note that the recurrence relation at j implies that if a link pattern does not have
a small loop from j to j + 1, then the corresponding component in the solution
of the qKZ system disappears when z;; = A 4+ z;, which is consistent with the
factors found in Section 2.3.1. A similar statement will be true of the following
proposition.

Proposition 2.4. Given a polynomial solution |Wp) of the type C qKZ system for
size L, we can construct a polynomial solution |V _1) of the gKZ system for size
L — 1 by taking out the first or last site (iff the K-matrix at the chosen boundary
is nontrivial), by

[V ((A—5)/2,22,...,21)) = po(z2,...,2L) @o |YL-1(22,...,2L)) (32)

and

W(z1,....20-1.—A4/2)) = pL(z1, ..., 2L-1) @L |WL-1(21, ..., 2L-1)) . (33)
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The proportionality factors for different boundary conditions are

L
o [[RA G YDA g

plzan. .. | 7 (34a)
j=2
“P
Po(z2...z) =2Q2A—5) [ ] e (34b)
Jj=2
where
P =k(A—z; — /(A + 2, — 3¢/Dk(A + 2; — €/Dk(A — z; — 3€/4),
. L k(A + z)k(A -z —

pﬂn“uzuo=2£1( AL S (340)
pr(z1, ..., z0-1)

0y Ll_[‘l KA+ 2)k(A =2 — OK(A— 2 —¢/Dk(A +2 — ¢/2)

P 16
(34d)

pr(zi, ..., 21-1)

B 2ﬁ kK(A+z)k(A—zj —k(A—zj —e/Dk(A+zj —€/2)  (34e)

_ = .

Jj=1

(The constant factors are again included for technical reasons.)

Proof. The proof is very similar to the bulk case, so we will skip some details. Let
us first consider the left boundary. The left boundary exchange relation implies

(W (z1 = (A —15)/2)) = Go| WD (21)),

for some vector in the space of link patterns of size L — 1. Equation (25) leads by
the K-matrix version of Lemma 2.1 to, for the identified case,

W) = 1_[ k(A—zj —€/Dk(A+zj —€/2)|¥P),

j>1
and for the open case,

(W) = [Tk(A—zj—e/Dk(A+z;—3e/4k(A+z;—e/Hk(A—z;—3€/4) | WP).
Jj>1
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Similarly, (26) leads to for the identified case

(W) = [Tk +zp)k(4 =z — )| ¥@),
j<L

and for the open and mixed cases

(W) = TTk(A+ z)k(A—z; — k(A —zj — €/ Dk(A + z; — €/2)| W)

j<L
In every case, Wy _1) = |[W®). O

2.3.4. Uniqueness of minimal degree solutions. We can show that any solution
to the gKZ system satisfies an infinite number of recurrence relations. Choosing
z1, as the specialization variable, via the gKZ system we can show that |¥z) has
two-site recurrences at the following points, where | < j < L —l and ¢ is a
non-negative integer:

° fortypeA, zr=A+zj—tsandzp = —A+z; + (t + 1)s;

° fortypeé, zp =xA+z; Ftsandzy = A Fz; F(t + 1)s;
and the type C cases have one site recurrences at the points:

e fori,o,z; = (£A F (2t + 1)s)/2;

e fori,oom,zp = —A/2+tsandzp = A/2— (¢t + 1)s.

Two polynomial solutions of the gKZ system are proportional iff their propor-
tionality factor is a constant, a fact which is a direct consequence of the exchange
relations. However it is conceivable that this constant could include one of the
extra variables from a larger solution, for example |\IJ‘1) (zl)) could have an overall
factor depending on z,. We will concentrate on solutions whose overall factor
is a constant with respect to the variables of a system of any size. We call these
minimal solutions.

The infinite number of recurrence relations and the requirement that the solu-
tion is polynomial indicates that the minimal solution is unique.

In each boundary case, we can calculate the minimal solution of the qgKZ
system of smallest meaningful size to provide a grounding for the recurrence
relations. In p and c, because there is only a two-site recurrence, we take both
L = 1and L = 2. For i and m, we only need L = 1. In all of these cases the
vector only has one element, which must therefore both be polynomial and satisfy
¥(z1) = ¥ (z1+¢€), an impossible requirement unless v is in fact a constant. Thus
for all these cases the smallest solution is a constant.
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In o, the smallest meaningful system is L = 1, but |\IJ‘1) (21)) already has two
components. However it is possible to show that the solution is linear, by assuming
a polynomial form of arbitrary degree and trying to solve the system. The solution
is (up to a constant)

Vi (z1) = 2(4 + 2z1),
Vo (z1) = 2(A—s —2z1).

The recurrence relations tell us the total degree (in the z; as well as in A and
€, making the solutions homogeneous) of a solution of any qKZ system of size L
given a solution of size L —2 or L — 1. With the small size solutions given above,
we thus know the degree of solutions to systems of all sizes:

Total degree p i c o m
pj 2(L —2) 2(2L —3) 4(L —2) 2(4L —5) | 42L -3)
Po.L - 2(L—1) - 4L —3 4(L-1)
L2%) 205115 | Law-1 | 451152 | LeL—1) | 2L(L—1)

Note that these degrees are exhausted by the factors listed in (20), thus all the
unknown symmetric functions in those expressions must be constant.

3. The Brauer loop model

For this section we will set 8 = 1, which implies that € = s = 0. The Brauer loop
model is a statistical mechanical model of crossing loops, based on the Brauer
algebra. At this special point, the transfer matrix becomes stochastic and the
ground state eigenvalue is 1. In this section we will show that the ground state
eigenvector is a solution to the gKZ system at ¢ = s = 0, and that the would-be
unique minimal qKZ solution for general ¢ becomes the ground state eigenvector
when € — 0.

3.1. Definition and transfer matrix. The Brauer loop model is defined on a ver-
tically semi-infinite square lattice, on a cylinder in type Aorona strip in type C.
Loops are drawn on the faces in three possible ways, and the model is integrable
via the Yang—Baxter equation when the probabilities of these configurations are
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given by the (unchecked) R-matrix

24(A—w + z2) 24(w — z)
r(w—z) '//' + r(w—z) \K
A-—w+z)(w—2)

r(w—z)

R(w—z2):=

+_

with r(z) = (A + 2)(24 — 2).

We describe the configuration probabilities of the smallest repeating element
of the lattice by the transfer matrix 7'(w|zy, ..., z1), which acts on the vector space
spanned by link patterns LPy . We will define the transfer matrix explicitly in the
following sections, separately for types A and C. The transfer matrix is stochastic,
so the ground state eigenvalue is 1; one can check that in the physical range of
parameters where Boltzmann weights are positive, the Perron—Frobenius theorem
applies so that the associated eigenvector is unique up to normalization (so that
this remains true for generic values of the parameters). We can also use the Yang—
Baxter equation (and if necessary the boundary YBE) to show that two transfer
matrices with different values of w commute, so the eigenvector does not depend
on w. Additionally, the entries of the transfer matrix are homogeneous rational
functions of w, z; and A, thus the ground state can be normalized so that its entries
are homogeneous polynomials in the z; and A without a common factor. The
ground state eigenvector equation is therefore

T(wlz1,...,z0) ¥ (z1,...,21)) = |¥Y(z1,...,2L)),

and |W) is written in the basis of link patterns as

W(zr.....z)) = Y Yalzr....z0) 7).,

welPy

where ¥ (z1, ..., z1) are coprime polynomials.
From the YBE, the transfer matrix satisfies the interlacing relation

Ii’i(zi —Z,-+1)T(w| ey Zis Zi41s .- ) = T(w| ey Zi415 25y . .)I\éi(Z,' —Z,'_H).
(35)



Type C Brauer loop schemes and loop model with boundaries 189

It also has the recurrence relation
TL(w|Zl, e Zi Atz ... ,ZL)(p,' = @; OTL_Z(w|Zl, . ,2,', 2,'_;_1, e, ZL), (36)

where ¢; is as defined in Proposition 2.3.

Each of the above statements is true for every boundary condition, but the
proofs differ slightly. For further details see for example [7, 9].

3.1.1. Type A. The periodic Brauer loop model is drawn on a semi-infinite
cylinder, of which the smallest repeating element is one row. The transfer matrix
is therefore defined as

T(w|z1,...,z1) :=try (R(w—2z1) ... R(w — z1)),

which can be depicted graphically as

T(w|z1,...,zL) =

In addition to the properties already listed, this transfer matrix satisfies the rotation
property

T(w|zz,...,20,21) 0 =0 T(w|z1,...,2L). (37

3.1.2. Type C. The Brauer loop model for type C is defined on a semi-infinite
strip. At the boundaries the loop configurations are described by the (unchecked)
K-matrices, which are depicted as

Ko(w) =: Y K= ). (38)

and defined as follows for the different boundary conditions, with k(w) = A+2w:
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Identified:
_ —A42w 4(A — w)
Ko(w) 1= k(A — w)b k(A—w)|</’
Ki _A-2w 4w .
1= T O+ & |
Closed:
Ko(w) = K (w) == 1;
Open:
o . —A+ 2w 4(A —w)
Kow) = ca—w B> T rA—w | )
o _A-2w 4_w
KL= T Qj Tk
Mixed:
Ky'(w) =1,
m _A-2w 4_w
K7\ (w) := ) + k(w)

The transfer matrix for these models describes two rows of the lattice (the
smallest repeating element),

T(w|z1,...,2L)
= try (Ko(w)R(z1 + w) - R(zL + w)Kp(w)R(w —z) - -- R(w — 1)),

graphically depicted as

T(w|z1,...,2L) = w

Z1 z2 Z1—1 ZL



Type C Brauer loop schemes and loop model with boundaries 191

In addition to the interlacing condition (35), the boundary YBE implies the bound-
ary interlacing conditions

Ko(—z)T(w|z1,...) = T(w|—z1,...)Ko(=21), (39a)
Ki(zo)T(w)|...,z1) = T(w]...,—z1)Ki(z1). (39b)

In the cases where Ko 1. = 1, these turn into symmetries. There are also boundary
recurrence relations in addition to the bulk recurrence relation (36), which are only
valid if the associated K-matrix is non-trivial:

To(w|A/2,z2,...,20)P0 = Po 0 To—1(w|z2,...,2L),

TL(w|Zlv e ZL—1, _A/2)¢L = §5L o TL—I(wlzlv ey ZL—1)7

where ¢¢ and ¢y, are defined as in Proposition 2.4.

3.2. Relationship between the loop model and the qKZ system. For the pur-
poses of this section, we will use |®) to denote a solution of the gKZ system with
s = 0, and |¥) to denote the ground state of the Brauer loop model with loop
weight 8 = 1.

Some of the statements made about |®) in Section 2 are not valid at s = 0. In
particular, the number of recurrence relations satisfied by the solution is no longer
infinite — there are 2(L — 1) recurrence relations for the periodic case, 4(L —1) 42
for identified, open and mixed, and 4(L — 1) for closed. Thus uniqueness of
the solution is not guaranteed; indeed, any solution could be multiplied by a
polynomial that has the symmetry of the appropriate Weyl group to make a new
solution. Finally, we note that the prefactor in (21) is equal to 1, so the calculation
of the proportionality factor is not valid.

However it is still true that any solution of the gKZ system at s = 0 has a
recurrence to a smaller size solution. Thus there is a family of solutions to the gKZ
system of different sizes, each of which can be obtained from a larger solution by
recurrence. In this section we will show that any member of this family is a ground
state of the Brauer loop model transfer matrix, and vice versa, and that there is a
unique recursive family of solutions with coprime entries.

Further, any recursive family of polynomial solutions to the gKZ system for
general s of the kind considered in Section 2, when taken at s = 0, will give
the family of ground state eigenvectors of the Brauer transfer matrix, up to a
symmetric factor.

Proposition 3.1. The ground state of the Brauer transfer matrix with coprime
entries is a solution to the gKZ system at s = 0.
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Proof for type A. This proposition is also stated in [9]. We apply the interlacing
condition (35) at any i to the eigenvector |W),

R,'(Z,' — Zi-H) |\IJ) = T(w| s Zi415 24, . .)R,’(Zi — Z,'_H) |\IJ) .
Since the eigenvector is unique, we can deduce that

jé,'(Z,' _Zi—H) |\IJ(...,Z,',Z,'+1,...)) = bi(Zl,...,ZL) |\IJ(...,Z,'+1,Z,',...)) .

It is not hard to show that b is either 1 or :gif—;:;;, by the fact that the elements
of | W) are coprime polynomials. Similarly, using the rotation property (37) of the

transfer matrix we find
o|¥(zy,...,21)) < |W¥(za,...,2L,21)),

and the proportionality factor must be 1 by positivity of the ground state when the
arguments are all set to 0. Thus |W) satisfies (11).
Acting on |W) with the scattering matrix S;, we thus find

L—1
S1(z1,...,20) |W(z1,...,2L)) = l_[ bi(z1,....z) |[W(z1,...,2L)) .
j=1

But it is not hard to show that
Si(z1,...,z) = T(w = zi|z1,...,2L), (40)

which means that the product of b;s should be equal to one, indicating that b; = 1
for all j and showing that |\W) satisfies (10). O

Proof for type C. To show (40) for the identified and open cases we must note
that while S; uses the algebraic K-matrices defined in (8), T uses the graphical
versions defined in (38). At the right boundary, we have K r(w) = K (w), but at
the left boundary we need the relation

Ko(w) = Ezw _ m , (41)

By applying the boundary interlacing conditions (39) to the eigenvector one
can show that it satisfies the boundary exchange relations up to a proportionality
factor, in the same way as for the bulk. Again we can act the scattering matrix
S on |V¥) and show that the proportionality factors must all be 1. Thus |¥)
satisfies (13)—(15). When the K-matrix is the identity the proof is trivial. [l
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When s = 0 the gKZ equation becomes an invariance equation,
L .
SP (... z0) [PLzr,. ..o 2)) = |®L(z1s. .., 20))  foralli, (42)

Proposition 3.2. Let |®1) and |®1—3) be solutions of (42) for sizes L and L —2
respectively, such that

|q>L(...,Zi,A +Zl',...)) = pi ¢i |CI)L_2(...,21',21'+1,...)) R forall i,

and such that |®r_») has no overall symmetric factor. Then |®r_,) is a ground
state eigenvector of the Brauer transfer matrix of size L — 2.

Proof. We consider the action of gz);r_l on the scattering matrix when z;_; =
—A + z;. For type A, by the property of the R-matrix (6), we have

(pj_lsi(...,—A+Zi,Zi,...)(pi_1 = T(Zi|...,2i_1,2i,...).

For type C, this statement is also true, but to prove it we must again use (41).
This is only necessary of course in the identified and open cases, where the left
K-matrix is non-trivial.

Acting goiT_lS,-(. o, —A4zi,zi,...)yon |®(...,—A+zi,z;,...)) gives

T(Zi|"',21'—1,2[,-.-)|¢L—2(-.-,2i—1,2i,.--)) = |©L—2("'72i—172i""))’

so that
|CDL_2(. . .,2,'_1,2,', .. )) X |\IJL_2(. ..,2,'_1,2,', . )) y

by uniqueness of the ground state. Since both |®) and |V) have no overall
symmetric factors, and |W) satisfies the qKZ system, they must be proportional
by a constant. O

3.3. Solution. The expressions for the maximally factorized components given
in (20) apply to the Brauer loop model simply by setting s = 0. In addition, for
€ = 0 [7] gives a non-recursive expression for the component corresponding to
the maximally crossing closed link pattern, which has 7 (i) = i + L/2. We will
not need this expression.

3.3.1. Sum rules. Finally, we define the sum rule of the ground state as the sum
of all its entries, noting again that the entries have been defined to be coprime (up
to a constant factor that will be explained in Section 4.1.2),

Zi =Y Y.
T
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Because we have set €= 0, Z} is a symmetric polynomial of the arguments
Z1,...,2L, and in type C, an even polynomial in these variables. The proof is
standard and we describe it briefly. First we write Zj = (v|¥?) where v is the
covector with constant entries 1 in the basis of link patterns. Then we note that at
e = 0, from (3), (v| R;(z) = (v|, and similarly, from (8), (v| Ko.(z) = (v|. We
now apply (10) and conclude that t; leaves (v| ®?) invariant foralli = 0,..., L,
which is the desired symmetry.

This means that the recurrence relations satisfied by the components of the
ground state extend to many more recurrence relations for Zy

e foralli # j,
ZE(Z]' = A+z;) = pPzilii. ) 22_2(2,-,2,-);
e foralli # j,ae {i,c,o0,m},

Zi(zj = A+ z;) = p*(£zil2i.2)) Z] _,(2i, 2)):

e foralli # j,ae {i,c,o,m},

Zi(zj = A+ z;) = pX(Fzilsi, 2) Z3 _,(i. 25);

e foralli,a e {i,o,m},

Zj(zi = £A/2) = pi (&) Z7 _(%).

One of the results of this paper is explicit expressions for the i,0 and m sum
rules. These are given in Section 4.2.2 and Section 5.6, along with the p and c
cases that have been done before [7, 9].

4. The Brauer loop schemes

Following [16], there are essentially two ways to define the Brauer loop schemes
in various types: either in terms of infinite periodic matrices (i.e., loop algebras);
or as flat limits of certain nilpotent orbit closures. We provide both interpretations
below.
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4.1. The infinite strip picture

4.1.1. Definitions. Fix a positive integer N. Consider the algebra R := {M =
(M;j)i,jez} of complex upper triangular matrices that are infinite in both direc-
tions, and the subalgebra Rz mod ; Of the (N, N)-periodic ones:

RzmodN :={M € R| MSYN = SN M},

where S = (§;,j—1) € Rz mod v is the shift operator. Then we define the algebra
My to be the quotient of Ry moq v by the ideal generated by SN

My = RZmodN/<SN)-

My is of dimension N2. A fundamental domain for M € My is

N

S

where the left diagonal is the main diagonal, and everything left of it is zero, while
the right diagonal is the N™ diagonal, and everything on it or right of it is ignored.
There is some freedom in choosing which N rows we put in the fundamental
domain, i.e., in sliding the latter along the diagonal. In what follows, we identify
an element of My and any of its representatives when there is no risk of confusion.

The definitions above are directly relevant to type A (periodic boundary con-
ditions), and so we shall also write Rz mod N = RpZ mod N> MN = J\/[I;V.

Assume now that N = 2n is even. The new ingredient we introduce for type
C is the antidiagonal symplectic form J:

1 i=1,...,n (mod N),

Jij = 5'+',N+1 &j i,j €, ¢ =
Vo ’ ’ 1 i=n4+1,....,N (mod N).

Note that S”JS" = —J. Define the adjoint of M to be MT := J='MT J where
J~1 = —J; explicitly,

+
M;; = eigiMN—_j+1,N—i+1.
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Note that Ry mod N = R; mod n» and the same for (S™). We thus define

iZmodN :={M € Rz mod N | M = _MT},
N = Rl moa n/ (SN N Ry oa w0,
chodN ={M € Rzmoan | M = MT}’

?V = RCZmodN/((SN) N RchodN)‘

(Note that the definitions above would be unaffected by the change / — S"JS™".)
R, mod N is a Lie subalgebra of Rz mod n» and Rz mod N = Ry 1 oa v D R 1od N
asa Ry . y-module.

A fundamental domain is (assuming that in the previous picture the chosen

rows are from 1 to N)

where the dashed lines are symmetry axes (i.e., entries that are mirror images
w.r.t. one of the axes are either equal or opposite). In R, . v, the entries on the
symmetry axes are zero, whereas in R, . ., they are free.

Assuming that N is a multiple of 4, i.e., that n = 2m, we can introduce a
second symplectic form J' = §™JS™™ and a second notion of adjoint

i
M = civmejrmMny1—jnt1-i-
This leads to more definitions:

OZmodN ={M € Rzmoan | M =Mt :—Mi},
?V = ROZmOd N/((SN> n ROZmod N)’
R%modN :={M € Rzmoan | M =M =—Mi},

IIr\} = R%mod N/(<SN> n R%mod N)’

i.e., a fundamental domain of the form
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We finally define in each type the (unreduced) Brauer loop scheme to be
EY :={M e My | M2 =0}, ae{p,ic,o,m}.

As in [16], noting that among the equations of the scheme are M7 = 0, we prefer
to define the (generically reduced) Brauer loop scheme as

Ey :={M eM% | M?>=0and M;; =0foralli}, ac{p,i,c,o,m}.

As sets, Ej’v and EY; are identical, but as schemes, the latter is generically reduced
(as we shall prove), and conjecturally reduced, whereas the former is neither. The
distinction is rather inessential in type A (see however [16, Section 7]), but less
so in type é, see the discussion before (44). Note that E§, C (M3, )a=o with the
notation (M3 )a=o = {M € MY, | M;; =0 Vi}.

4.1.2. Group action and multidegrees. Invertible elements of R act by conju-
gation on R, and among them, the subgroup

Bzmod N :={M € R* | there exists A € C*, S¥M = A MSV},

leaves Rz, moq vy and (S*) invariant, thus acts on My .
A maximal torus 77z moed N Of Bz mod ;¥ consists of diagonal matrices with the
same property:

Tz mod N := Bz mod v N {diagonal matrices}.

It is of dimension N + 1. Note however that scalar matrices act trivially by
conjugation, so only 7z mod n/C, of dimension N, acts on Ms’v.

We add to Tz mod & an additional C* 5 ¢ which acts on M € ME’V by scaling:
M —gM.

The corresponding Lie algebra tz no4 ;4 has elements of the form diag(z;);ez,
where z;+ y = z; + € for all i, where A = expe. Also introduce the generator A
(where g = exp A) of the extra C*. Then the group of characters of Tz moq y X C*
(viewed as a lattice in tz moq ¥ @ C) is the abelian group generated by the z;, i € Z,
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€ and A with relations z; 4y = z; + €. Furthermore, the commutative ring they
generate is the equivariant cohomology ring of a point, or of MII’V:

oY) = Z[(zi)iez. A €l/{zi + € — ziyn. | € Z).

*
T7 mod N X

Comparing with the notations of Section 1.3, we find that we must identify L = N,
s = €, and then H 7*~Z XX 18 the embedding ring for the root lattice of type A,
with one additional variable A (corresponding to the extra circle).

A convenient algebraic framework for computations in equivariant cohomol-
ogy of a vector space endowed with a linear group action is to use multide-
grees; we refer to [21] for details. To any subvariety X of M‘I’V which is invari-
ant by action of Tz meq ¥ X €, we can thus associate its multidegree mdeg X in
H;iZ XX (J\/[I;V). Because the real action is (77 moq ¥ /C™) x C*, all our mul-
tidegrees depend only on z; — z; (and more precisely, are sums of products of the
weights A +z; —z;,i < j <i+ N).

We now discuss type C. We define

Bzmod N = {M € Bz moan | there exists ¢ € C*, MMT = ¢},
7’:ZmodN = EZmodN N T7 mod N -

We could set the scalar ¢ to 1 because conjugation by a scalar is trivial, but we
prefer to keep it for reasons which will become clear.

There are corresponding Lie algebras for which M + M = u, { = expu. In
particular,

tZmod v = {M = diag(z;) € tzmod N | ZN—i+1 = U — Z;}.

Then we have

H (Mly)

TZ mod N XC*

~ H My)

= Tzmod N XC*

= Z[(zi)iez. A€, a]/{zi + € —zixN. Zi + ZN—i41 — U, | € Z).

We can as before define multidegrees of subvarieties of J\/[i’Nc; because of the
trivial conjugation by scalar matrices, the parameter u is redundant, and will be
set to 0 in what follows (it can be recovered by substituting z; + z; — u/2). We
recover at this stage the embedding ring for the root lattice of type C of Section 1.3
with the following correspondence: L = N/2 =n, s = e.
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Similarly, define

Bzmod N :={M € Bz moa n | there exists ¢, & € €, MMT =¢, MM* =&},

TZmod N := Bz mod N N TZ mod N -

Here the scalar factors become relevant: indeed, it is easy to see by combining the
various equations (in particular, using (J'J)? = S¥V) that {2 = A£2, so that, for
A # 1, one cannot set simultaneously ¢ and & to 1. Writing £ = exp v, with the
relation 2v = 2u — €, the Lie algebra of the corresponding maximal torus is

tZmoa v 1= {M = diag(z;) € tzmod N | ZN-i+1 = U — Zi, Zn—it1 =V — Z;}.
Finally, we have for a € {0, m}

HZ My) = Z[(zi)iez, A, €/2,v]/{zi + € —zitN,
T7 mod N XC*
Zi + ZN-i+1 —V —€/2,

where we have replaced u with v + €/2. The parameter v is redundant and will be
set to 0 (it can be recovered by z; + z; —v/2). We also recover the embedding ring
for the root lattice of type C of Section 1.3, but with a different correspondence:
L=N/4d=m,s =¢€/2.

At this stage, one would like to introduce the multidegrees of the components
of the Brauer loop scheme. We note that FZ?\, and EY, are invariant by action of

Tz mod N X C* fora = p, Ty mod v X CX fora € {i,c}, T2 mod v X C* fora € {0, m},
and therefore so are their irreducible components.

The most natural quantities are the multidegrees of the primary top-dimen-
sional components of the scheme E & (we conjecture equidimensionality, in which
case “top-dimensional” can be omitted). However for practical reasons, it is much
easier to deal with (reduced) varieties. Let us therefore define the EZ to be the
(reduced) irreducible top-dimensional components of E~j’\, or EY,, where the in-
dexing set for = will be determined to be the Brauer link patterns in Section 4.3.
Then we write

¢ :==mymdeg E2, ae{p,i,c,om}, (44)

where the multidegree is relative to M3, and m, = 2*{chords(m)}+#{fixed points(z)}

(the number of fixed points is one if L is odd and a € {p,c}, zero otherwise).>

5In Section 4.3, we shall introduce another “periodic” diagram for . It is important to note
that in the definition of m, we mean the number of chords and fixed points of the ordinary,
nonperiodic (for a # p) diagram of .
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We shall show (see Appendix B) that m is the multiplicity of E2 in Ej‘v, i.e., that
@3 is the multidegree of the primary component of E%, associated to E7.

4.1.3. Relation to loop algebras. Since all matrices we consider commute with
SN it is natural to consider t = SV as a scalar. We immediately conclude
that Rzmod N = Ry @ tgn @ t2gn @ -+, where gy = gl is the space of
N x N matrices, i.e., the Lie algebra gl (C), and Ry is the space of N x N upper
triangular matrices; thus identifying Rz meq ;v With the Borel subalgebra of the
loop algebra gl (C[t,27']). Then My 22 Rz mod N/tRZ mod N -

Similarly, denote by giN the space of matrices M € gly that satisfy JM +
MTJ = 0, where by abuse of notation we use the same letter J for the finite
matrix

0o - 1\

J = , (45)

—1 e 0

and its infinite periodic counterpart defined earlier.

giN is the symplectic Lie algebra spy (C). Now define g to be the space of
matrices satisfying JM —M7T J = 0. One has gy = giN ®gy asaspy (C)-module
by conjugation.

Then Ry v = Ry & 19y @ t?gy & --- fora € {i,c} (where R}, =
Ry NgY), whichidentifies Ry, v with the Borel subalgebra of the loop algebra

spu (Clt. 7).
Finally, define sp’y (C) to be the Lie algebra of matrices satisfying J'M +
MT J’ =0, where

J' =
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As a Lie algebra, spy(C) N sply (C) = sp,(C) & sp,(C), ie., two copies of
the symplectic Lie algebra. However, Ry N spy(C) N sp/y (C) is not its Borel
subalgebra. Define the spaces g}, = giN N sply (C), gy = g N sply(C), and
Ry = Ry Ngy,sothat Ry .~ = Ry @1gy ®1%gy @ forac {o,m}.

4.2. The Brauer loop schemes as a flat limit

4.2.1. Orbit closures and their flat degeneration. Let us define the map from
gy to My that takes M to M< + t M-, where M< (resp. M- ) indicates the upper
(resp. strict lower) triangle of M. (Equivalently, in terms of the strip picture, this
amounts to the parameterization

M-

of the fundamental domain).

The connection to loop algebras suggests that we should think of ¢ as a nu-
merical parameter which provides a one-parameter family of products on gy . By
varying the value of ¢, one interpolates between ordinary matrix product on gy (at
t = 1, a generic fiber) and a degenerate product at the special fiber 1 = 0 (denoted
¢ in [16]), which is the one on My, which makes My isomorphic to the semi-direct
product Ry x(gn /Ry ), with multiplication (Y, A)(Y/, A’) = (YY', TA'+Y'A).

More explicitly, define for any a € {p,i,c, 0, m}

DY, :={M e gy | (M< + tM-)> =0}, t#0,

and Dy, = lim;—o DY, to be the flat limit as 7 — 0.

If a € {p,i,c}, this is equivalent to saying that DY, is the normal cone of
D% N Ry inside DY, := Dj‘v;l. This is not so for a € {0, m} (note that it is M, not
M< + tM-, that is in g&,).

Proposition 4.1. D}, C E?v as schemes.

Proof. First, one checks thatin eachcasea € {i, ¢, 0, m}, the symmetry of M € g¥,
turns into the symmetry of M< +tM- € M3,. It then follows from the above (see
also [16, Section 2.3]) that in the limit # — 0, the equation (M< + tM~)? = 0 in
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g® becomes, essentially tautologically, the equation M? = 0 in M. This implies
the inclusion of schemes. O

In principle there may be more equations in the flat limit of the ideal generated
by (M<+tM-)? = 0ast — 0. In fact, we conjecture that there are not, so that the
inclusion of Proposition 4.1 is an equality. It will be a consequence of the results
below that D?v;o = E} as sets, so that the Brauer loop schemes can be defined
alternatively as the normal cones DY,.,. We shall also prove (Appendix B) that the
multiplicities of the E7 inside DY, and E % are equal. Note that some of these
results are new even in type A, proving some conjectures of [16].

The group Bz mod N (OF B2, mod N> B2, mod ~) does not act on g¥;; instead, we
have an action of GLy (or Spy,or SpyNS pﬁ\,). At the level of the torus action, it is
easy to see that the Cartan tori of the latter identify with subgroups of codimension
one inside the Cartan tori of the former. In terms of Lie algebras, it means that
we must restrict to the subalgebra given by € = 0. The degeneration respects that
torus action, and therefore

mdeg D?\,;0|e=0 = mdeg D¥,. (46)

By standard arguments, D, is an orbit closure, and therefore irreducible. Further-
more, we check smoothness at a specific point (with the assumption thatn = N/2
is even if a = c; see the discussion in the next section) by an elementary Zariski
tangent space computation, and conclude that D%, is generically reduced. For
a € {p, i, c}, the smooth point is

1
0
M = 1 . ae{pi,
0 0
1 o
0 -1
0
M = Lo , a=c¢, N=0 (mod 4),
0 -1
0 0

where blocks are n x n.
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For a € {0, m}, it is easy to see that there is a decomposition CV = W, & W_
which is orthogonal w.r.t. both J and J’, and such that J' = +iJ when restricted
to Wi ® Wx. With respect to this decomposition, M € DY, is block diagonal, so
that one simply has D, = D}, /21 % D, /2.1 (as schemes), and no further check is
necessary. Finally, for a = m, using the same decomposition, one finds this time

that M € D has off-diagonal blocks X € Hom(W,, W_), X T e Hom(W_, W,):

0 xf

The smooth point is then

xxt=xTx :0}.

where the number of 1’s is m = N/4.
We now compute the multidegree of D3, using localization.

4.2.2. Localization. We now wish to use equivariant localization techniques to
compute the multidegree (i.e., equivariant cohomology class) of the orbit closure
D¥;. D%, is a conical affine variety, with unique fixed point 0, which is of course
singular, so we cannot directly apply localization to it. Instead, we find a resolution
of singularity Q% of DY, then express 1 as a linear combination of fixed points in
the appropriately localized equivariant cohomology of Q7;, and then finally push
forward using the resolution map: by definition the pushforward of 1 is mdeg D%,
(viewed as an element of the equivariant cohomology of g, which is the same as
that of a point), whereas each fixed point is sent to 0, whose class is the product
of weights inside g¥ .

We skip the detailed proofs (see also [16, Proposition 7]) and simply provide
the formulae in each case.

e a = p. This is the case considered in [16]. Write N = 2n 4+ r with r € {0, 1}.
Qﬁ’v is the cotangent bundle of the (type A) Grassmannian:

oY ={(V.M)| M eg}y, dimV =n, InM CV C Ker M}.



204

A. Ponsaing and P. Zinn-Justin

The fixed points are the coordinate subspaces V; = span{e;, i € I} (where
e1,...,ey is the standard basis of CV), indexed by n-subsets [ of {1,..., N},
and localization gives

N
mdeg Dy =2 [[(A+z-zp >, ] ¢ zl)<A+zl—z,)

i,j=1 I1c{1,..., N}1611¢I
|I|=n

a = i. Define the cotangent bundle of the Lagrangian (type C) Grassmannian:
O ={(V,M)| M egy, Vt=V,ImM C V C KerM}.

Lagrangian coordinate subspaces are indexed by signs ¢ = (e1,...,&,) €
{+1,—1}": explicitly,

Ve :=span({e;,1 <i <n,e; = -1} U{eny—i+1,.1 <i <n,& = +1}).
Then,
mdegD}V
1
=A"" H(A:tzlizj)z 1_[ .
l<i<j<n se{+1,—1}7 i, j=1 (€izi +£;2j)(A — &izi — £;Z))
l<]

a = c. For n = N/2 even, the situation is similar to the identified case:

05 ={V.M)| M egS, VI =V, ImM CV C Ker M},

mdeg DY,
n
1
= A" H(A:I:z,:l:zj)z l_[ l_[ .
1<i<j<n ee{+1,—1}i,j= 18121 +8/Z/ IA—S,'Z,' —&jZj

i<j i<j

For n odd, the map (V, M) — M is not generically one-to-one since the rank
of a generic element of D, is n — 1 (not n). The resolution of singularities
is slightly more complicated and we shall skip the details, noting that it is
simpler to use the recurrence relation (43) to deduce the sum rule in odd size
from that in even size.
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e a = 0. Recall that D?\, = DN/2 | X DN/2 1
is simply Q% = = 0} N/2 X Oy /2 We conclude immediately

so the resolution of singularities

mdeg DY, = (mdeg Dly,)*.

e a = m. We use again the decomposition discussed at the end of last section,

e, M ~ ($ )f;) with X € Hom(W,., W_). The resolution of singularities

is given by

Q[;\} = {(V+1 V—s X) |VJ_ = V_;,_, V_J' = V_’
ImXxT c vy cKerX,
ImX C V_ C Kerx'},

and by localization one gets, writing n = 2m,

1

mdeg DY = | |(A £z +z))

1<,l:[<m l ISE{HX;I}W, ll._[ (¢izi +¢&jz;)(ejzi + €;27)
ge{+1,—1)m =T

m
l__[ A—siz; —8.2,-'

ij=1 Je

Remark. It was shown in [16, section 7] that the type A localization formula
can also be derived via an integral over the unitary group. Similar results can be
obtained in type C, with integrals over the compact symplectic group.

4.3. Irreducible components. This section will outline the relationship between
the irreducible components of the scheme E%; and the link patterns of the Brauer
loop model with boundary condition a. We recall the notion of link patterns
introduced in Section 2, see Figures 2 and 3. We now describe a map from link
patterns of type C to link patterns of type A with certain symmetries.

Given a link pattern 7= € LP?, we define 7 according to the following simple
symmetry rules:

(1) Fora =1i,c, we have L =n = N/2 and
e ifn(j)=k#b,thenn(j)=kand7(N—j +1)=N—k+1;
o if 7 (j)=b,thenz(j) =N —j + 1.
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(2) Fora = o,m, we have L = m = N/4 and
o ifn(j) =k #1,r, then
n(j) =k,
an+j)=n+k,

aN—j+1)=N-—-k+1,
and

am—j+1)=n—k+1.

o Ifn(j)=[thenwa(j)=N—-j+landa(n—j+1)=n+j.
e Ifn(j)=r,thenn(j)=n—j+landa(N—-j+1)=n+j.

For example:

7__6 7__6
1234 8 5 8 5
’ 1234 5 ,
| N 4

2 3 2 3

7 .6 7 .6

12
12 8 5 8 5
— , —
1 4 1 4
2 3 2 3

It is 7z, rather than 7, that will appear naturally in the geometry, e.g., for defining
the irreducible components, and as the distinction between 7= and 7 is either
irrelevant or obvious from context, we will drop the ~ notation. As to the pictorial
description, we shall simply call this new representation the periodic diagram of
the link pattern 7.

Define s; (M) = Z;iﬁv M;iM;; y for M € ER, (note that this is well-defined
despite the quotient by (S™)).

Given a matrix M of size N, we define the so-called rank matrix rm(M) as

rm(M);j =1k M;.n 1.5,

where M;.n.1.; denotes the submatrix south-west of entry (i, j).
We recall from now on that detailed proofs are only provided for a € {i, ¢}, and
occasionally for a = p when they are not already present in [16, 17].
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4.3.1. Irreducible components of E}, for identified and closed boundaries.
In type A, it is known that ER, is equidimensional of dimension 2n2, and that ER,
decomposes into its irreducible components E% indexed by periodic link patterns
[16, 23].

In this section we will prove a similar statement: that the top-dimensional
irreducible components of £}, and E¢; are indexed by link patterns in LPin and LP;,
respectively. (As mentioned previously, equidimensionality is only conjectured
for these two cases.) We find that the dimensions of the two schemes are

dim(EY) = n(n + 1),

n2
dim(Ey) =2 {7J .
We also show that the top-dimensional components are generically reduced.

We conjecture that the same statement is true for £}, and EY;, and that their
respective dimensions are

dim(EY) = 2m(m + 1),

dim(Ey) = m(Q2m + 1).

However the inductive proof of Theorem 4.2 (using an appropriately defined By )
presented technical challenges that obstructed the proofs of Theorem 4.3 and
Theorem 4.5. Thus for the rest of this section a € {p, i, ¢} unless stated otherwise.

If M € EY;, recall from Section 4.2.1 that we can write M as a pair (Y, A),
where T belongs to 03, = {Y € Ry | Y2 =0}, and A € g3 /R such that
AY + TA (i.e., its strict lower triangular part) is 0. We will assume the diagonal
of M to be zero (i.e., consider the reduced scheme E},).

We define the Borel subgroups

By Z:{MGGLN |Ml'j =0, j <i},
By:={MeBy|M ' =M}
where MT = J~'MTJ with the symplectic form as given in (45). Acting by

conjugation with By leaves Rﬁ’v and therefore O‘]’V invariant, and similarly for B N,
R} and O} . We will use the notation - for conjugation.
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Definition 4.1.
InviN := {m involution of {1,...,N} | n(i) = N —ay—_i+1 + 1},

InvS := {w € Invly | n(i) # N —i + 1 Vi}.

Example 4.1.
4 3 4 3 4 3 4 3 4 3 4 3
i
InV4 B D ’ @ ’ @ ’ @ ’ ® ’ @ ’
1 2 1 2 1 2 1 2 1 2 1 2
G @ @
1 2 1 2 1 2

The following definitions give unique matrix representations of the involutions
defined above.

C
Inv,

Definition 4.2. For € Invly we define the matrix 7. € O as
0 J =i
(n1<)ij = _Si,n(j) n<i< j,
Si,n(j) else.

For 7 € Inv}y we define ¢ € O as

0 J =i,
0 J+i=N4+1,
_Si,n(j) N—-—j+1<i<n.

8i (i) else.

Example 4.2.
00100 O 000 O0T1T O
00 0O0T1T O 0000 0 —1
; 00 0 O0O0 O 0000 O0 O
351624). = . (563421)C =
( )< 0000 0 —1 ( )< 0000 O0 O
00 0 O0O0 O 0000 O0 O
0000 O0 O 0000 O0 O



Type C Brauer loop schemes and loop model with boundaries 209

Theorem 4.2. Fora € {i,c}, each By-orbit of Of contains exactly one w2 where
n € InvYy. Orbits are thus naturally labelled by these involutions.

Remark. This is a modification of the main theorem in [20], which applies to
a = p, and the proof follows that given there.

Proof. We use induction from size N — 2 to size N. For N = 2 we could have
that O3 > X = 0 (which is trivial), or, for a = i, the upper-right entry of X is
nonzero. The latter case is conjugate to (2, 1)L by a diagonal matrix.

We now consider general N. For any matrix X € 0%, we can form the matrix
X e O%_, by truncating the first and last row and column of X. Assuming
that the theorem is true for N — 2, there is a unique 7 € Invy,_, such that
W=7 =UXU"! forsome U € By_,. Define Uy € By as

1
Uo = U\
1

The matrix ¥ = UpXU; ! has its middle N — 2 x N — 2 block equal to . Its
first row is free (not including entry (1, 1), which equals 0), and its last column
is decided from the first row by the symmetry of O%. Our aim is to find a
transformation matrix 7 € By sothat 7Y T~1 = 72 =: w for aunique 7 € Inviy.
We note that rank is preserved by conjugation, sork Y = rk X = rkw.

We now define U; € B ~ with first row

middle N —2 x N — 2 block equal to the N — 2 identity matrix, and other entries
decided by the symmetry of EN. Let Z = UlYUl_l. IfrkY = rk )?, then
rk w = rk i, so the first and last row and column of w must be zero. Then T = Uy,
and Z = w.

IfrkY =1k X + 1 (this is only possible for a = i), thenrkw = rkw + 1, so
winy = 1 and all other extra entries must be zero. We define U, € B N as

1

VZ1iN

U2 = s

thenw = U,ZU; ' and T = U,Uj.
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Finally, if rk Y = rk X + 2, we define k to be the column index of the first
nonzero entry in the first row of Z. We define U; € By as having diagonal 1
except for

Us)i1 = =,
Z1k
(Us)NN = Z 1k
and kth row given by
Z .
(Ushij = =L, k<j <N,
Z1k
ZiN
U -
(Us)in 7

By the symmetry of By the (N — k + 1)th column is also nontrivial:

-7

= k>n,i=1,

273,

i S

TALNZIAL Syl <i<N—k+1,
Zik

Z

(U3)ix = 1;\7 k<n,i=1,

277,

Z )

M k <n, 1<i <n,
VAV

iy S

“CLNSH k<n,n<i<N-—-k+1,
Zik

and all other entries of Uz are zero. Then w = U3 ZU; Vand T = UsU;. |

As a consequence, By - EY, for a € {i,c} breaks into disjoint components,
labelled by involutions. We denote these by F2:

Definition 4.3. We set

FY:={M = (Y,A) € E¥ | thereexists U € By: UTU™! = 7%},
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Theorem 4.3. The sets F2 with the highest dimension have i corresponding to a
link pattern.

Remark. This is the analog of [16, Theorem 3] for a = p.

Proof. We have
dim(F?) = dim(By - 72) 4+ dim{A € gy /Ry | (TiA + Anl)s =0},

To obtain the dimension of the B N -orbit, we calculate the dimension of the tangent
space at 2. This is {(Un2 — 72U)}, where U is in the Lie algebra of By that
is, U is weakly upper-triangular with U = —UT.

The second term is

dim{A € giy/RY | (T2A + Axd)s = 0)
= dim(gyy /RY) —dim{(xA + Axd)- | A € giy/RY)-

The dimension of g3, /RY, is n? fora = iand n(n — 1) fora = c.

To calculate the dimensions of {(Un% —72U)} and {(72 A + Am2)-}, we note
that no more than two entries of 72 will ever be involved in calculating a single
entry of the matrices. Thus we can do the calculations for N = 2, 4, 6, 8 by brute
force, and the results will extend easily to larger sizes. We find

a’ a’ / a /
dim(F!) = n? +#®+# @s + 2# @3 ,
- a b a b
a/ / a/ /
dim(Fp) =n(n—1) +# (XS + 2# @S .
a b a b

The highest dimension is thus

max(dim(FLl)) = n(n + 1),
max(dim(Fy)) = 2L§J

which occurs if 7 has as few fixed points as possible and no instances of

These 7 correspond to link patterns. O
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Corollary 4.4. The sets F2 with highest dimension minus one, i.e. dim(F}) =
n2

2n% — 1, dim(Fl) = n(n + 1) — 1, dim(F¢) = ZLTJ — 1, have © being an

involution that looks like a link pattern except for:

a=p: one pair of fixed points,

! /
a
a=i: one instance of (Xs , or one pair of fixed points at a and a’,

a

S~

a /

a=c: one instance of

20

a
Definition 4.4. For r a link pattern € LP? , we define E2 as the closure of F2.

The projection (Y, A) — Y makes Fy a vector bundle over the orbit By - 72.
As the closure of a vector bundle over the orbit of a connected group, EZ is
irreducible. Theorem 4.3 says that the E2 are the top-dimensional components
of E% (we conjecture that there are no other components; this can probably be
proved in a similar way as in the periodic case [23]).

Theorem 4.5. Each E} is generically reduced (as a component of EY;).
Remark. This proof is similar to that of [16, Theorem 4].

Proof. We need to show that the Zariski tangent space at a generic point has the
same dimension as EY,. The tangent space is given by the set of all matrices
P € (MY ) ,_, that satisfy the derivative of the defining equation M?* = 0:

Prt 4+ ntP =0,

where 7 is the matrix representation of 7 (with diagonal zeroed out) that belongs
to EY, and z¢ is 7 multiplied by a generic diagonal matrix with restrictions
necessary for the result to belong to M%,. We note that both P and z¢ have zero
diagonal. To compute the dimension of this set we consider the individual matrix
components of the above equation:

0= (Pnt +ll‘P),'j

= m(j)l‘j[i <n(j)<j<i+ N] —i—Pn(,')jt”(i)[i <n(i)<j<i+ N],
47)
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where [a] stands for 1 if a is true and 0 if « is false. In this equation, only two loops
ever interact, so we only need to consider small size examples (up to N = 8). For
a = i there are 7 base cases that need to be considered. We will give 4 example
calculations for a = i here, the rest are similar.

We first note that due to symmetry, the RHS of (47) is the same for (i, j) as
for (j',i’), meaning that only one of these will contribute to the dimension. We
also note that if j = i’, the RHS is automatically zero due to symmetry. Thus we
will only give nontrivial equations where j < i’.

S < ¢ a b 0= Pypty
- b a 0= Pba’ta + Pb/atb’
a b b a 0= Ppyt,

After applying the known symmetries of P;; and ¢;, there are only 2 inde-
pendent equations in this list.

a w(a’) i J
i @ . n(d’) 0 = Pr@n(@)ir(
2 (@) w(a) a 0= Pygty

These 2 equations are independent.

)]

2

(3)
/ i j
s b (@) a b 0= Pty + Prayw'tz(a)
T = b a 0= an(a)[g + Ppigty
“@”(“) w(@a) b 0= Prawis+ Papla
b 7'[(61/) b 0= Pn’(a/)b’lb + Pyl

Here we have only included those equations that don’t already appear in the
previous example, thus for every pair of chords that are mirror images we
must add 2 equations. The above four equations are independent, so in total
there are 6 equations in this example.
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“)

b __n(a)
a’ (b))
T
a w(b)
b w(a)

There are 8 independent equations in this list, and as before we must add 4

S Q

7(a)
7(a)
(D)
m(b)
(b
b/

equations, giving a total of 12.

The other cases can be treated in the same way, and we find that there are 2
equations for every pair of chords in the periodic diagram of &, which comes
to n(n — 1) equations. The dimension of the larger space (M} ) ,_, is 27, thus
the dimension of the Zariski tangent space is 2n> —n(n — 1) = n(n + 1), the same

i
as F.

For a = c there are 6 base cases to consider. Recall that the symmetry implies

n(b)
z(b")

7 (a)
a

n(a)
n(a)

A. Ponsaing and P. Zinn-Justin

0= Puplzp) + Pr@n®)ln(a)
0= Pr(a)n®)lx(a)

0= Purpnter + Pr(a)p'tr(a)
0= Ppr@)ta + Pr@p)alzp)
0= Praynpnly

0= Pr@n@®)tp + Papla

0 = Pryaln(a) T Por)lp

0 = Ppyty

0= Pr@yaln@ + Porr(a)lte
0= Ppalr(a)

that P;;; = 0andt; = 0if (i) = i’. We give here two examples.

1

b/

i
a
b

m(a)

w(a’)

w(a’)

J
b/
a
b
b

These 4 equations are all independent.

0= Praptz@)

0= Pprala
0= Papla
0= Pa’bta’
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)

i J
a 7(b) 0= Paptrp) + Pr(ayn(®)ln(a)
a a(b') 0= Pr@)z(®)lr()
a b’ 0 = Punylty + Pr(a)p'tn(a)

b—2(@) b a 0 = Porata + Pr)atzp)

T = o =) 7(a) b’ 0= Pn(a)n(b’)tb’
a (b) w(a) b 0 = Pr@n@)tp + Papla

bor@ n(b) w(a) 0 = Pr@yalz(a) + Por(a)ts
b)) a 0 = Pty
n(b') m(a) 0 = Pr@patr@) + Porr@ty
b’ 7(a) 0= Ppalz

There are 8 independent equations in this list.

We find that there are 2 equations for every pair of chords that are not mirror
images, as well as 1 for every fixed point-chord pair, in total n(n — 1) — 2|_%J
equations. The dimension of the larger space (M¢;) Ao 18 2n(n — 1), so the

2
dimension of the Zariski tangent space is ZL%J, the same as F2. U

4.3.2. Defining Equations. We first find another characterization of the EZ.
From its definition, E%;, and therefore its irreducible components, are invariant by
conjugation and scaling, i.e., under the action of the group Bz moqa ;v X C* (resp.

B2 mod N XC%, Bz mod v X CX). The latter is a semi-direct product of Tz mod y XC*
and Uz mod N, Where

Uzmod N :={M € Bz moan | Mi; = 1Vi},

and similarly for By mod v and By, mod n» with Uy, mod N = Uz mod N N By mod N

and I7Z mod N = Uz modN N EZ mod N- Since the use of the full group does not
significantly simplify the orbit structure, we investigative below dense orbits under
Uz mod v inthe E2, a € {i, c}.

Theorem 4.6.

E: = Uy, mod N - izt | ¢ diagonal € MY }.

Proof. First we compute the dimension of I7Z mod N - {mt}. It is not hard to show
that each Uz moq y-orbit contains only one x¢. Given this, we have

dim(Uz moa v - {z1}) = dim({z}) + dim(Tz moa v - (1)),
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where the second term, the dimension of a ﬁZ mod A -Orbit for a generic choice of
t, is equal to the number of equations defining the infinitesimal stabilizer

{P €lzmoan | Pt —ntP = 0}.

where iz moq & is the Lie algebra of l~]Z mod - We call this number dj.
Unlike the periodic case, we cannot calculate the number of equations defining
the infinitesimal stabilizer in the same way as for Theorem 4.5. Instead, we have

dh =n*>—#(a~a),

ds = n(n —1),
and
dim ({z't}) = n + #(a ~ d),
dim ({z°1)) = 2| 2 |,
50

dim (ﬁZmodN : {lt}) =n(n+1),
= n?
dim (UZ mod N * {lt}) = 2\‘7J
For 7 a link pattern, we note that l~]Z mod N - {mt | ¢ invertible} C F?2, because
the upper triangular part of any matrix in the former is By-conjugate to m.

Therefore, UZ mod N - {7t | t invertible} = I7Z mod N - {mt} C F_,‘;‘ = EZ2. Since
Uz mod N - {zt} has the same dimension as E 2, and the latter is irreducible, they
must be equal. O

A similar statement holds for a € {0, m}, i.e., E2 = ﬁZ mod N - {7t}

Theorem 4.7. Any M € EZ satisfies the following equations:
(1) M e M§,;

(2) M? =0;

3) sg(M) = s;(M) whenl € cl(k) Ucl(x(k));

4) rm(M) < rm(x).®

6 Note that the symmetries in condition (1) implies rm(M);; = rm(M)x; when (k,[) €
cl (@, j).
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Proof. For a = p this was proved in [16]. For a € {i, c} only equations (3) and (4)
are new; one easily checks that they are satisfied by z¢, and that they are invariant
by conjugation by Bz mod v - |

We conjecture that these are the defining equations of EZ. At least, we know
that these equations define a set that is the union of E2 and of lower dimensional
pieces, because the other top-dimensional components contain matrices that do
not satisfy the equations. If this conjecture is true, it implies the following:

Conjecture 4.1. For any link pattern # € LP? and its associated periodic link
pattern 77 as described at the start of Section 4.3, we have

EE Ny = EL.

Once again, one can prove the slightly weaker statement that Eg N M%, has
E?2 as its unique top-dimensional component, because intersecting with any other
component of EY, reduces its dimension, some equation of Theorem 4.7 for EP
being violated.

4.4. The permutation sector. For simplicity we assume in this section that
N = 2n = 4m (the case n = 2m + 1 can be treated analogously).
Define the permutation subspace M%’rm to be the linear subspace of My

MY™ = {M e My | Mjj =0form <i <j <3mor3m<i<j<5m}.

(Compared to the definition in [16, Section 5], we have shifted by m along the
diagonal in order for the subspace to be invariant under the symmetry of type C.)

In the strip picture, choosing the fundamental domain to be between rows m + 1
and 5m, we have

N
0l X |4 *
N
0 0l Y |&

where we label the two n x n submatrices X and Y for convenience.
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Now define

a,perm | a perm .
Ey =EyNMy . ae{p.i.c}.

In [16], it is explained how the equations satisfied by M in ER}perm only involve
X and Y, and are:

ERPY™ = {XY and YX upper triangular},
(so that it is isomorphic to the so-called “upper-upper scheme”
{X,Y egl, | XY and Y X upper triangular},

see [14], times some irrelevant vector space), and that ER}perm is a complete
intersection, allowing us to compute its multidegree:

mdeg ERP™ = AN [ “A+zi—z)QA+z —zi—e).
m<i<j<3m
or

3m<i<j<5m

The same argument works for a € {i, c}. The symmetry axes are

so that we find

EXP™ = (v = xT, XY and YX upper triangular},

Ef\;perm ={Y = —XT, XY and YX upper triangular},

where XT = J=1X7TJ, and J denotes the n x n skew-symmetric matrix of the
type of (45). Thatis, E }\’,perm and £ lc\}perm are isomorphic to the “symplectic upper-
upper scheme” {X € gl, | XX and XX upper triangular} times some irrelevant
vector spaces (the latter being due to the x entries, being careful that the symmetry
imposes linear relations between them, and in particular imposes zeroes on the

symmetry axis in E]C\}perm).
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The counting of equations goes as follows: taking into account the symmetry
of M, there are 2m(m + 1) (resp. 2m?) linear equations defining ExP*™ (resp.
E ’perm) In both cases, similarly taking into account the symmetry of XXT and
X TX , there are 2m(m — 1) quadratic equations. The total number of equations is
therefore equal to 4m? (resp. 2m(2m — 1)), which is the codimension of E% >
ENP™; therefore EZP°™ is a complete intersection, and its multidegree is the
product of the weights of its equations:

mdeg E1 P = 1_[ A+zi—zj)(A—zi —zj —¢€)
1<i<j<m
H QRA+zj —zi —€)2A+ z; + zj)
1<i<j<m
[] “U+zi-zp@Ad+zi+z)
m+1<i<j<2m

1_[ RA+zj—z; —€)2A—z; —zj —€),

m+1<i<j<2m

(48a)

mdeg E GPerm - g2m l_[ A+zi—zj)(A—zi —zj —€)
1<i<j<m
RA+zj—zi—€)2A+zi + zj)
[] “U+zi-zp@Ad+zi+z)
m+1<i<j<2m
RA+zj—zi—€)2A—z; —zj —€).
(48b)

As a complete intersection E?\;perm is equidimensional (of the same dimension
as EY;), and therefore a union of top-dimensional components of E£%,. In order to
find which, we simply test whether ¢ belongs to Jv[%(frm. We easily find

EN™ = U E}.
m:r({1,....m})={m+1,....2m}

Such link patterns are in bijection with permutations of {1, ..., m}.
Considering m, = 2" for all such link patterns, we can also write

Z ¢ =2"mdeg EYP",  a € {i,c},
mr({1,....m})={m+1,....2m}

where the RHS is given explicitly by (48).
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Note that we have E;T ~ E¢ x C" for all such &, or

m 2m
¢ =[J(A=2z—e) J] (A+2z)¢5. n({l.....m})={m+1.....2m}.

i=1 i=m+1
(The prefactor is due to the different embedding space.)
4.5. Commuting varieties. In [14], it is shown that one particular component of

the upper-upper scheme is the singular fiber of a one-parameter flat family whose
generic fiber is the commuting variety

Co:={X.Y €gl, | XY = YX}.

In [16], this was used to provide a formula for the degree of the commuting
variety; in our notations, one has

deg C, = deg Ean,zn—l ..... 1)
2n—1
o= 2n ,
1
2

(and more generally, equality of multidegrees with the appropriate correspon-
dence of torus actions).

Assume now n even. Using the exact same argument, one can show that
a particular component of the “symplectic upper-upper scheme” (see previous
section) is the singular fiber of a one-parameter flat family whose generic fiber
is the “symplectic commuting variety”

Co={Xegl, | XXxT=xTx).
This implies that

deg 6” = deg Eén,n—l = deg E(Cn,n—l ..... 1)
= 1,11, 1583,3186265,92351668113..., n=2,4,...,
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In principle, an explicit formula for the (multi)degree of C, can be obtained by
repeated application of divided difference operators and by using some formulae
of [7] in type a = c. We shall not reproduce them here because they are rather
cumbersome.

5. From the Brauer loop schemes to the loop model

We now provide the link between the geometric construction of Section 4 to the
loop model of Sections 2 and 3. As explained in Section 2.3 and Section 4.1.2, the
correspondence of parameters is as follows.

e The length of the loop model L is related to the size N of the matrices by:
L=Nfora=p,L=N/2foraec {i,c}, L = N/4fora e {o,m}.

e The shift s of the qKZ equation is related to the equivariance parameter € by:
€ =sforae{p,ic}e=s/2forac {o,mj.

The precise theorem, as advertised in the introduction is:

Theorem 5.1. In all types a € {p, i, c, 0, m}, the vector |®) = ZneLPi % ) of
multidegrees 2 = m, mdeg E2 of the irreducible components of the Brauer loop
scheme EY; satisfies the gKZ system (10-11) or (13-15), as well as the recurrence
relations (27), (32) and (33) (up to normalization), thus identifying it with the
unique (up to normalization) minimal degree polynomial solution of the qKZ
system.

The rest of this section is dedicated to the proof of this theorem.

5.1. Lévy subgroups. The geometric interpretation of the quantum Knizhnik—
Zamolodchikov equation follows the same general philosophy that was outlined
in [9] and then developed in [16, 17]. It is based on a combination of “cutting” —
intersecting with hypersurfaces — and “sweeping” — taking the image under Lévy
subgroups, similarly to the pullbacks/pushforwards in convolution actions [4].

Let B C SL; be the group of 2 x 2 invertible upper triangular matrices inside
the group of 2 x 2 matrices of determinant 1. We start with the following standard
lemma: (see also [17, lemma 8] and [16, lemma 1]; the use of GL, instead of SL,
makes no difference)
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Lemma 5.2. Let X be a variety in a vector space V equipped with an SL,-rep-
resentation, such that X is B-invariant and conical. If the generic fiber of the
map

w:SloxgX —V

is finite over Image u, call its cardinality k; otherwise let k = 0. (The latter occurs
iff X is SLy-invariant.) Then
k mdeg(Image ) = —d; mdeg X,

where 0; is the divided difference operator 0; f = (f — tf)/a as defined in
Section 1.3, and « is the root of SL,.

The multidegree is w.r.t. the Cartan torus of SL,.
To each node i in the Dynkin diagram of A or C, we can associate groups
B® c SLY (isomorphic to B C SL,) defined by

sLy) = {M = (Mji)jkez | MSN =SV M,

MM" =1lifae {i,c,o,m},
MM* =1ifae {o,m},

M = §j unless (j, k) € cl : , : ,
' i+1 |i+1
_ 1},

B = SLY NBZ mod v-

‘ ll+l
Ml+11 Mii1,i+1

and

Note that in all types, the isomorphism from SLg ) to SL, consists in extracting
the 2x 2 submatrix at rows and columns 7, i + 1. When there is no risk of confusion
we shall identify SLg ) and SL, via this isomorphism.

Next, given P € SL(’) and M € R} .- one can consider conjugating:
PMP~'. Two problems arise at this stage. Firstly, the result has entries below
the diagonal. There are various ways to deal with this: the one we choose here
is to restrict ourselves to matrices sitting in the subspace RZ mod N NV AMii =
Mit1i+1 = M;;y1 = 0}, which is stable under the SL2 action. Secondly,
this does not descend to an action on (appropriate subspaces of) M3, because
the action does not preserve the ideal generated by S¥. In [17], this difficulty is
circumvented by working inside R}, . v i.€., taking preimages of subvarieties of
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M3, before taking their image (“sweeping” them) under SLg ) and then taking the
image again in M¥,. Here, to slightly simplify the discussion, we shall by abuse
of notation identify such a subvariety with its preimage.
Taking into account the fact that the multidegree depends on the embedding
space, we are led to the following modification of the lemma.

e For “closed boundaries,” that is, fora = candi = 0, L or fora = m and
i = 0, the lemma applies without any changes to the multidegrees w.r.t. M5, ,
the divided difference operators being the ones defined in (1).

¢ In all other cases, to apply the lemma to multidegrees w.r.t. M3,, the divided
difference operator of (1) has to be conjugated, i.e., replaced with

1
9 =(A +Oli)3im,

(the factor A 4 «; being the weight of M; ;).

5.2. Geometry of the exchange relations. We start with the exchange rela-
tions (10) or (13),i = 1,..., L —1. Note that in type A, the rotation equation (11)
is trivially satisfied due to the cyclic nature of the Brauer loop scheme (see [17]),
so equation (10) is also valid ati = L.

We rewrite this equation here for convenience:

Ri(zi —zit) | (., 21, Zig1s o)) = |DC ooy Zig1, Zis - 2)) s (49)

where |P) = ZneLPi ¢z |m).

As explained in Section 2.3.1, when writing (49) in components, there are two
cases to consider, depending on whether 7 (i) #i + l or w(i) =i + 1. We treat
them separately below.

5.2.1. The f; action. We assume that 7 € LPj is such that 7 (i) # i + 1.
Our goal is to prove (18) for the multidegrees ¢%. The geometric procedure is as
follows:

e “Sweep” EZ with SLS).
e “Cut” the result with (M ?); +1,i+~ = 0, and show that it produces E2 U Ej}l .

Equation (18) will then be a translation into multidegrees of this construction.
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We shall need the following

Lemma 5.3. (1) If M, M' are generic elements of components E% and E2, with
wG)#i+1,7'() #i+ 1, suchthat M' = PMP~', P € SLY, then s;(M) =
si(M') if j € cl(i),cli + 1), and {s;(M),si+1(M)} = {si(M'), SH—I(M/)} and
for a fixed M’ (resp. M), the set of possible cosets of P in SL /B® (resp.
B®\ SL(’)) consists of exactly two points, corresponding to whether these s;i, Si+1
are in the same order, or reversed.

(2) In the particular case where M = nt, t generic diagonal, then the two

classes of P have representatives (} ) and i (9 }); in the latter case,

PxiP™' = fint',

with t' the diagonal matrix obtained from t by switching diagonal entries at
j € cl@),cli +1). M and M’ playing symmetric roles, an analogous result
holds for M" = nt.

Proof. P conjugates the matrices M2, M’?, and in particular (restricting to rows
i,i + 1 and columns i + N,i + N + 1), their 2 x 2 submatrices around the
N'™ diagonal, which are upper triangular with eigenvalues s; (M), s;+1(M) and
s;i(M"), si+1(M"). Generically these eigenvalues are distinct because 7w (i) # i + 1
or '(i) # i + 1, so that P = b’~! Pyb where b, b’ are upper triangular matrices
which diagonalize these 2 x 2 submatrices, and Py is as in the second part of the
lemma. The rest is a direct computation. O

The degree of the sweeping map. We compute the cardinality of the generic
fiber of the map SLg) Xgi)Ey — SLg) -E%. Since the SLg) action is a group
action, we may assume that the fiber {(P, M) | PMP~! = M’} is that of an
element M’ of E2, and furthermore that it is of the form M’ = z¢. We are in
the situation of Lemma 5.3 with M, M’ € E2. We conclude that there are two
possibilities:

e if fim # m, (i.e., if at least one of i or i + 1 is paired in 7 (not connected to
the boundary), or in type a = o if they are connected to different boundaries),
then only the first coset, namely, P € BW leadsto M’ € E 2, and therefore
the fiber (in SLg) x g E2) is a point;

o if fim = & (i.e.,if bothi and i + 1 are connected to the (same) boundary),
then both cosets lead to M’ € E2, and the fiber consists of two points.
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In conclusion, we find that

1 if fim # m,
2 if fim =m.
(50)

cardinality of a generic fiber of SLg ) xpi EX — SLg )R = {

Determination of the result of sweeping and cutting. The generic fiber be-
ing finite, the image has same dimension as the source, i.e., dim(SLg ) -E2) =
dim E3 + 1. An elementary calculation shows that the only equation of EY
that SLS) -E3 violates is (M?);4+1,,+n = 0. Noting that {(M?);+1;4+n = 0}
is a Cartier divisor in the (irreducible) variety SLg ) -E2, we conclude that
(SLY .E2) N {(M?);11,4n) is a subscheme of E%; of pure dimension dim E%,
therefore a union of its top-dimensional components E% .

In order to determine which, we apply again Lemma 5.3. We first compute the
image of M = n¢t:

(SLg) {xt}) NA{M?)is1,4n8 =0y = BO - {mt} U BD. {fim 1},

with ¢” as in the lemma. Finally, taking the union over ¢ and the closure of the

Bz mod N (resp. EZ mod N » EZ mod N) orbit, we obtain:
(SLY -E2) N {(M?)i 41148 = 0} = EL U Ej .- (51)

The equation above is only an equality of sets; however since E%, is generically
reduced in top dimension (Theorem 4.5), both sides of the equation are generically
reduced (which is all that matters for multidegree purposes).

Multidegree equality. Using (50) and applying Lemma 5.2, we have
mdeg SLY) .E2 = 257 7i7 (—3)) mdeg E2.
Next we intersect the variety SLg ).E 2 with the hypersurface
{(M?)iy1i4n = O
by the properties of multidegrees, this multiplies its multidegree with
mdeg{(M?)i41,i+n =0} =24 + zj41 — Zign = 24 + zi41 — 2; — €.

Finally, we apply (51), noting that the factor of 2 when = = f; 7 is compensated
by the fact that £, = Ey,,, and find

(2A + zi41 — z; — €)(—3;) mdeg E; = mdeg E; + mdeg E}. ..
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Equivalently, using (44) and noting that = and f; 7 have the same number of
chords, we find

QA+ zig1 — 2 — ) (=0))ph = % + b5 .- (52)

5.2.2. The ¢; action. We now assume that 7 € LPy is such that 7(i) =i + 1,
and we wish to prove that (19) is satisfied by the multidegrees ¢2.

Fully interpreting geometrically the e; equation (19) is rather complicated
(see [26] and [17, arXiv vl] for the case of type A). Given such a link pattern
7, the geometric construction is:

e cut E2 with M; ;41 = 0, producing Fi;

Xa

i 10 be

e throw away the SLg )_invariant components (giving | ez ()

defined below), and then sweep with SL(i), producing F5;
e finally, cut with (M 2),~+1,i+ ~ = 0, producing F3, and show that

Fs=|J EjnisiM)=sia(M)).
pFET e p=T

The multidegree of Fj is the desired expression.

Here we shall only provide a semi-geometric proof of (18), as in [17]: we shall
stop at the first stage in the construction, i.e., only analyze F; above, and then use
the (already proven) f; equation (52) to conclude.

The auxiliary varieties X ;‘ ;+ Denote by [p| the number of crossings of p.

Proposition 5.4. Given p a link pattern such that p(i) # i + 1 and |p| > | fipl:
o If fip # p, then EZN{si (M) = si+1(M)} has a single geometric component.
Callit X} ;.
o If fip = p, E; N {si(M) = si+1(M)} has two geometric components, one of
which is SLg ) invariant. Call X;"i the other one.
In both cases E5 N {s;i(M) = si+.1(M)} is generically reduced at X ;.
Proof. (We only give the full proof for a € {p,i,c}.) This is similar to [17,
Proposition 9]. Since p(i) # i + 1, E} & {s:(M) = si+1(M)} (as can be checked

on say pt), so all the geometric components of Ej N {s;(M) = si+1(M)} have
dimension dim £}, — 1. We use the decomposition

E3 N {si(M) = si1(M)}y = |_|(E5 N {si(M) = si11(M)} N Fy),
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and consider only pieces of dimension dim £}, — 1.
We start from Fy itself. For it to have dimension > dim E%};, — 1, according to
Corollary 4.4, o can have one pair of the form

a/ /
(XS fora e {i,c},
a b

or a pair of fixed points for a € {p, i}.
We then intersect with {s; (M) = s;+1(M)}. There are three possibilities.

(1) o{i,i+1}) ¢ {i,i + 1, N —i, N —i + 1}. The equation s; (M) = s;41(M)
being EN—invariant and linear in A (in the M = T + A decomposition,
cf. Section 4.3.1), F; N {s;(M) = s;+1(M)} is a subvector bundle of Fj,
where the dimension of the fiber can be easily evaluated, say at Y = o2,
where the extra equation A; ) = Ait1e0G+1) Teduces it by one com-
pared to that of F,. This implies that 0 must be a link pattern (otherwise the
dimension is too low).

2) 0(i)=N—i,o(i+1) = N—i+1,inwhichcase F, C {s;(M) = s;+1(M)}.
For the dimension to be right, o cannot have any other crossing pairs of the
same form or any fixed points.

B)oli)=i+106+1)=i.

Now we want to intersect with Eg. This immediately excludes case (3), because
if o (i) = i +1, the rank condition (equations (4) in Theorem 4.7) of ES at (i,i +1)
is violated, so Fy; N ES is empty. We are left with cases (1) and (2); in both,
Fs N {s;(M) = s;4+1(M)} is a subvector bundle of F;, so is an open (irreducible)
variety of the target dimension.

If o differs from p outside {i,i + 1}, then it is easy to see that some of the
equations of Theorem 4.7 of EJ are violated by say ot with t; # 0, litog) =
tit+1tsG+1)- Indeed, the s;(at) only have the repeats of the pairings of o, so
p cannot have more pairings than o (otherwise equations (3) of Theorem 4.7
would be violated). Inversely, assuming the pairings of p are a strict subset
of those of o, i.e., there exists i < o(i) = j, but p(i) # j, then the rank
condition (equation (4) of Theorem 4.7) of p at (i, j) would be violated (and in
fact, in that case, the intersection would be empty). It follows that the dimension
of Fo N {si(M) = si41(M)} N EJ is less than the target. Therefore the two
possibilities reduce to the following case.
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(1) o = p, in which case of course

E;N{si(M) = s5i+1(M)} N Fy = Fp N {si(M) = si+1(M)}.

e If fip = p, we show in Appendix C that F, N {s; (M) = si+1(M)} is
SL;’ )_invariant.

o If fip # p, we call X;’l. the closure of F, N {s; (M) = s;4+1(M)} (with
its reduced structure).

2) o(i) =N —i,0( +1) =N —i + 1 and is identical to p elsewhere, i.e.,

N—i+1 N—i N—i+1 N—i

i i+l i i+l

This situation can only occur when f; p = p. In this case, we claim that

Fo = E5N Fo N {si(M) = si+1(M)}.
That Fy = F5 N {s;(M) = s;+1(M)} is obvious.

Next, we note that

EN-,OL D EN-UL.
Indeed, the matrix P with submatrix

i/t 1/t 0 0
0 t 0 0
0 0 1/t 1/t
0 0 0 —it

atrows i,i + 1,N —i, N —i + 1 and identity elsewhere is symplectic and
sends pL to PpLP~! = ol + O(r?).

This implies that £, N F; = E N Fy is a vector bundle over B N -OoL; the
dimension of its fiber is greater or equal to that of F,, by semi-continuity of
rank, and less than or equal to that of F,; by obvious inclusion. But according
to the dimension count in the proof of Theorem 4.3, the latter two are equal,
and therefore there is equality of dimensions, which implies £, N F; = F;.

In this case, we call F, (with its reduced structure) X3,

In all cases, note that, as the closure of a vector bundle over an open
(irreducible) variety, X;j’l. is irreducible. Generic reducedness in EJ N {s;(M) =
si+1(M)} is shown in Appendix B. O
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Remark. One can also analyze the case |p| < | f;p|, cf. [17, Appendix B] in type A,
with similar conclusions as when p = f; p, but we shall not need it here.

Determination of the result of cutting. We recall that a link pattern 7 such that
(i) =i + 1is fixed. Define

e(m,i):={p#mlep=m.lpl=|fipl}

e.g.,
a=i: mw= , &(m 1) = , , ,
1 4 1 471 471 4
23 23 273 273
a=c: = , &(m,2) = .
1 4 1 4
23 273

Then one has ¢; ' (1) — {7} = U jco(r.iy{P0: fip}-

Proposition 5.5. The geometric components of EZ N {M; ;11 = 0} are the X7 ;,
p € e(m, i), as well as one extra SLg ) invariant component in the cases a € {p, c}.

The multiplicity of X3 ; in Ex N {M; ;41 = O} is 1 except for the single case
(in type a = 0) of p connecting i,i + 1 to distinct boundaries, i.e., p(i) = r,

o(i + 1) = £, in which case the multiplicity is 2.

Proof. The proof is along the same lines as that of Proposition 5.4. Since (i) =
i+ 1, E3 ¢ {M;;+1 = 0} and EZ N {M; ;41 = 0} is of dimension dim E%, — 1.
Once again we use the decomposition

EiN{M;it1 =0} = |_|(Eflr NA{M;;iy1 =0} N Fy).
o

Intersecting with {M; ;+; = 0} amounts to imposing o (i) # i + 1 (assuming for
a = pthati # N, acase we can always avoid by cyclic symmetry), in which case
this equation is automatically satisfied. So we have

Ein{Mi1=0= || (EinF,),
o:0(@)Fi+1

and we must consider only pieces of dimension dim E§, — 1.
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If o is a link pattern, since among the equations (3) of Theorem 4.7 for E2
are s;(M) = siz1 (M), wehave E2 N Fy = EX N Fo N{si(M) = si+1(M)},
where F; N {s;(M) = s;+1(M)} is irreducible and of the target dimension.
Now, using the exact same reasoning as in the proof of Proposition 5.4, if o
differs from 7 outside of {i,i + 1,0(i), o (i + 1)} (and their images under the
symplectic symmetry), then an equation among those of Theorem 4.7 for E2
is not satisfied, and the intersection has too low dimension.

This implies that ¢;o0 = &. Furthermore, if | fio| > |o|, i.e.,ifi andi + 1
are both connected to the boundary in o, or the arches coming from them do
not cross, then an additional equation of type (4) of Theorem 4.7, namely if
say i + 1 is connected to j, the rank condition at (i 4 1, j), is violated, and
similarly in other cases. So | fio| < |o].

We conclude in the end that 0 € ¢(i, ), fjc # o. In that case, from
Theorem 4.7, E2 N Fy C Fy N {si(M) = s;+1(M)}. In fact, one can
easily show the equality — the proof is given in type Ain [17, Appendix B],
but it works in all types, so we shall not repeat it here. In the proof of
Proposition 5.4 we have seen that F; N {s;(M) = s;4+1(M)} is irreducible
and that its closure is X ;.

The other two cases are obtained by assuming that F,; is of dimension
dim E%, — 1, applying Corollary 4.4 again, and eliminating cases by more of
the same dimension considerations. In the end we find either:

o has a crossing of the form

which forcesittobe o (i) = N —i,o(i +1)=N—i+ l,and o (j) = 7 (j)
for j # i,i + 1. In this case we claim that F; N E; = F;. This is
identical to case (2) in the proof of Proposition 5.4. First we check that

By -7l D By -ol. Indeed, the matrix P with submatrix

t 0 0 0
0 1/t -1/t 0
0 0 t 0
0 0 0 1/t

atrowsi,i+1, N—i, N—i+1 and identity elsewhere is symplectic and sends
7lto Pl P~! = ol + O(t?). We then conclude that E, N Fy, = F, N F,
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is a vector bundle over B N - oi<, and that the dimension of its fiber matches
that of Fy, which implies E; N F, = F;.

If a = c, we show in Appendix C that Fy is SLg ) invariant.

Ifa=1i, Fp = X3, with p(i)) = N —i + 1, p(i + 1) = N —i, i.e., this is
the second case considered in the proof of Proposition 5.4. We find this way
X, with fip = p; or,

(3) o has two fixed points which forces it to be o(i) = i, 0l +1) =i + 1
ando(j) = w(j) for j # i,i + 1. This is only possible for a = p, and the
corresponding component is SLS )_invariant, as discussed in [17, sect. 5.4].

What we have obtained is a set-theoretic decomposition of
E; N {M; i1 = 0},
and we need to calculate multiplicities. This computation is performed in Appen-

dix B. O

Multidegree equality. As usual, intersections of (irreducible) varieties with
hypersurfaces result in the multidegree identities

mdeg(ES N{M;i+1 =0}) = (A+z;i —zi+1) mdeg EZ,
mdeg(E2 N {s:(M) = si41(M)}) = (24 — €) mdeg E2.

Finally, the decomposition of Proposition 5.5 combined with Proposition 5.4
translates into

(A+zi—zip1)mdeg B2 = > 2%i7%it14(24—¢)mdeg E5  (mod Kerd).

pee(m,i)

where we have used Lemma 5.2 to take care of the SLg )_invariant terms.
We now apply —0d; and multiply by 24 + z; 11 —z; —€:

(2A + Ziv1 — Zi — 6)(A +z; — zi+1)(—8,~)mdeg E,
=QA—¢) Y 2% QA + 2y — 2 — €)(~0}) mdeg E,
pee(m,i)

=Q24-¢) Z 2B0ird0i 1.0 (mdeg E, + mdeg Er.,)  (using eq. (52))
pee(m,i)
=QA—¢) > 2Dttt b/ mdeg E,,

pee; ! (m)—{x}
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Now note that all the p € e; 1(w)—{m} such thati and i + 1 are not both connected
to a boundary have the same number of chords as 7, whereas the ones such that
they are have one extra chord, which matches the power of 2 above; therefore,
using (44), we find

QA+zip1—zi— (A +zi —zip)(—0)p2 = QA—€) Y ¢l

p#mie; p=1

5.3. Geometry of the boundary exchange relations. In what follows we are
necessarily in type C.

5.3.1. The invariant components

Proposition 5.6. Given a link pattern w, E2 is SLgL)—invariant if and only if
(L) # L+ 1.

Proof. The SLgL)—invariance of E2 when w(L) # L + 1is given in Appendix C.
Conversely, if m(L) = L + 1, SL;L) -rt has entries below the diagonal, so the
corresponding component cannot be invariant. U

Multidegree equality. Assume now that (L) # L + 1 (or, using the alternate
notation, 7w (L) # r). Note that this is necessarily the case if a € {c, m}.

We apply Lemma 5.2, minding, as explained right below it, the conjugation of
the divided difference operator, and find:

a € {c,m},

@2 is an even polynomial in z;, x
i A+2z; aelio}, w(L)#r.

With the exact same arguments, we find at the left boundary:

1 a=c,

@2 is an even polynomial in z; x
g POy " la—2zi4€ acliom), w(l)#L

5.3.2. The noninvariant components. We now assume that 7(L) = L + 1
(which implies a € {i,o}). The geometric construction corresponding to the
boundary exchange relation (15) is the following:
o cut E2 with My 141 = 0;
o throw away the SL;L)—invariant components, and sweep with SLéL), produc-
ing
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Determination of the result of cutting. Given a link pattern p such that p(L) #
L +1, define Y to be the closure of Fy/, where p’ is obtained from p by permuting
the images of L and L + 1, i.e.,

Note that p" is no longer a link pattern; in fact, acording to Corollary 4.4, dim Y} =
dim E5, — 1.

Lemma5.7. Y} C E;NE], .

Proof. This is exactly [17, lemma 15] at i = L intersected with M3, taking into
account the remark after Conjecture 4.1. U

In fact, just as in [17, lemma 15], we conjecture equality.

Proposition 5.8. The geometric components of E2 N {Mp 1+1 = 0} are the Y2,

p € ezl(n) — {n} and some SLéL)—invariant pieces. The multiplicity of Y} in
Ef.l[ N {ML,L-H =0} is 1.

Proof. (We give the proof for a = i) The proof is very similar to that of Proposi-
tion 5.5. E2 N{Mr r+1 = 0} is of dimension one less than E%, so we decompose

Ein{Mp1=0= || (EinF,).
o:0(L)#L+1

and consider pieces of dimension dim E3}; — 1.

(1) If o is alink pattern, we show in Appendix C that any irreducible component
of E2 N Fy of dimension dim E}; — 1 is SLgL)—invariant.

The other two cases are obtained by assuming F, is of dimension
dim E%, — 1, applying Corollary 4.4 again, and eliminating cases by more
of the same dimension considerations. In the end we find one of the follow-
ing two cases.
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(2) o has a crossing of the form

which forces it to be of the form p’ described above, where p is a link
pattern such that e p = 7, p # . In this case, according to Lemma 5.7,
F; N E2 = F; and its closure is Ypa.

(3) o has two fixed points which forcesittobe 6(L) = L,o(L +1) = L + 1
and o(j) = n(j) for j # L,L + 1. The corresponding component is
SL;L)—invariant, as proved in Appendix C.

The multiplicity computation is performed in Appendix B. O

The degree of the sweeping map. The fiber of the map
SLSY x gy Y2 — SLY .y 2

is more difficult to study than in Section 5.2.1 because we have the identity
sp(M) = sp+1(M) (by symplectic symmetry), which means the block of M?
on the N diagonal provides us no useful information. Instead we proceed as
follows.

Since the SL;L) action is a group action, we can as usual look at the fiber
{(P,M)| PMP~! = M’} of an element M’ € Y. Consider the ranks of succes-
sive submatrices of M’ southwest of entries (o(L), L—1), (o(L), L), (o(L), L+1),
respectively. Since M’ € Ypa, these must be of the form r, 7, r + 1, where r is the
number of pairings inside {p(L + 1)+ 1,...,L — 1}, e.g.,

p(L+1) p(L+1)
p= Lt o = bt r=2.
o(L) o(L)

Now conjugate M’ with P € SL;L); the effect is to mix columns L and L + 1, and
the same ranks for P~ M’ P (for generic P) arer,r + 1,r + 1. This violates the
rank equations of M unless P does not send column L + 1to L, i.e., P € BWD),
This is equivalent to saying that the fiber of the map SL;L) Xpw Yy — SL;L) Yy
is of cardinality 1.
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Determination of the result of sweeping. According to Lemma 5.7, Y' C EJ,
and E7 is SL;L)—invariant by Proposition 5.6. So SL;L) Y C Ej, and since the

fiber above is finite, and dim Y = dim E}, — 1, SLéL) 'Y and E7 have the same
dimension. We conclude from irreducibility of E} that

SL$Y .v2 = E2, (53)

Multidegree identity. Proposition 5.8 implies that

(A+2z)mdeg E2 = ) mdeg¥2.
pF#Tmer p=1

We then sweep with SLgL), apply Lemma 5.2 with the generic fiber of cardi-
nality 1, and obtain using (53)

(A+2z7)(—0) mdeg EA = ) mdeg EX.
pFETer p=1

Finally, noting that 7 has one more chord than the p # 7 such that ey p = 7,
we have

(A+2z0)(—0)ph =2 Y. ¢

pF#Tmer p=1

5.4. Geometry of the recurrence relations. This section follows closely [16,
Section 6], which covers the periodic case. Here we consider a € {i, c}.

5.4.1. The bulk recurrence

Proposition 5.9. Fixani, 0 <i < n. For a link pattern = = ¢, 7,
(]5;‘.1[(2,'4_1 = A + Z,') = Azp?(2i| . ..,2,‘,2,'4_1, .. )(,25;1[( . .,2[,2,‘4_1, .. .),
where p! and p§ are given in (28), and ¢; was defined in Lemma 2.2.

Remark. Note that if #(i) # i + 1, M; ;41 = 0 so the multidegree disappears
when (A 4+ z; —zj+1) = 0.

Proof. We define the hyperplane
H* = My N {Mjx =0 (j.k) € cl(i.i + 1)},
and the linear spaces

L'=C(eii+1 —eN-iN—i+1), L =C(&ii+1+en—iN—it1),
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noting M%, = H® x L*. The equations defining E3 can be written as

d; .
qu.’{H—I-rj:O, ]=0,1,..., (54)

1

where in the j th equation, d; is the highest power of M, ; 11, ¢; is the coeflicient of
Ml.a,ll." +1» and r; is the remainder. Now call ®% the scheme defined by the equations
q; = 0, Vj. This can also be thought of as the result of taking M; ; 11 to infinity

in E2. Then by [15, Corollary 2.6], we have

a _ a
mdegya Ex |A+z,~—z,~+1=0 = mdegya ®”|A+2i—2i+1=0‘
We can now extract some factors of the RHS by examining the defining equations
of ®%.
Amongst the defining equations of E2 are the defining equations of E%;:

-1
(M?)ig = > MgiMj =0, I—k<N, [#N—k+1.
j=k+1
Writing these equations in the form (54), we find that d; can either equal 1 or 0.
Ford; = 1 we musthave k =i or/ = i + 1, meaning that the following equations
form part of the definition of ®%:

Mjx =0, (jk)ecli+1l.a), a#i i+ N—i+1,
Mjr =0, (j,k)eclb,i), b#i,i+1,N—i,

and with these substituted into the remaining equations we find no dependence on
Mj, when (j, k) € cl(i,a) foralla #i+1,cl(b,i+1) forall b # i,orcl(i +1,1)
(see Figure 4).

L

TT ++
: zZ ZZ
l 7

AN

Figure 4. The fundamental region of a generic matrix with i or c-type symmetry. The black
entry has been taken to infinity. In the defining equations of ®2, there is no dependence
on those entries shaded with slanted lines, and the grey entries are equal to zero.
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Taking the leading coefficient of M; ;1 in each of the other equations satisfied
by EZ (as listed in Theorem 4.7), we find these are also independent of all the
matrix elements with an index of i,i +1, N —i, or N —i + 1. We further find that
they are exactly the equations of Theorem 4.7 that are satisfied on EZ, where 7 is
the involution of size N — 4 that is = with the links fromi toi + 1 and N —i to
N —i + 1 removed. Since, as observed after Theorem 4.7, these equations define
E?% up to lower dimensional pieces, and the flat limit of E7 is equidimensional,
we conclude that after removal of rows and columnsi,i +1, N —i,and N —i + 1,
we obtain EZ (up to embedded components, which are irrelevant for multidegree
purposes).

We can therefore relate the multidegree of ©% to the multidegree of EZ, by
intersecting ®% successively with a series of hyperplanes and using the inductive
definition of the multidegree. The hyperplanes we use are the ones defined by
M = 0 for j or k incl(i) or cl(i + 1) (with the exception of (j, k) € cl(i,i + 1)
and, in the closed case, any choice of j and k for which j = N —k + 1, because
the matrix entries on the symmetry axis are already zero by definition). The result
of intersecting H* with these hyperplanes is M%;_,, so we have

o
mdeg i ®”|A+z,-—z,-+1=0

n
=AM A-2z—€)BA+2z) [ CA+za+z)A—za—zi—€)
a#ii+1
i—1
[[A+za—20QA—z4+zi — )
a=1
n .
1_[ (A4+z4—2zi —€)RA —zs + zi)mdegMiN_4 E]‘r
a=i+2
mdech ®%|A+z,~—zi+1=0
n
=42 ]
a#ii+1
i—1
RA4+za+zi)(A—z4—2z; —€) l_[(A 4+24—2i)2A—2z4+ zi — €)
n a=1
[[] A+za—zi—)@A—z4 + 2) mdegy , E§-
a=i+2

Using (44), we have the result. O
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Similar arguments can be used to reproduce Proposition 5.9 in the cases
a € {o,m}.

5.4.2. The boundary recurrence

Proposition 5.10. For a link pattern m1 = ¢, 7,

Gl (zn = —A/2) = A pL(z1,. ., 20=1) PL(21, o Znm1),

and for a link pattern & = @o7,

¢,ir(zl =(A4—-¢€)/2)=A p(i)(zz, ey Zn) ¢}r(22, cerZn),

where pl, and pl are given in (34).

Remark. As before, if 7(n) # n + 1 (resp. n(1) # N), then M, ,+1 = 0
(My1 = 0) and the multidegree disappears when z, = —A/2 (z1 = (A —€)/2).
Further, note that the proposition only refers to the identified case; in the closed
case the below proof does not work because M, ,+1 and My, are both zero by
definition, and thus do not appear in the defining equations. Since we only consider
the identified case we will drop the i superscript for the proof.

Proof. Right boundary: We define
H=Mpyn {Mn,n—H = 0}, L= Cen,n+1-

As before we write the defining equations of E in the form g; MZ . g tri=0,

and call ®, the scheme defined by ¢; = 0 for all j. Again by [15, Corollary 2.6],

mdeg E |A+2z,,=0 = mdegy O |A+2z,,=0'
From the defining equations of £y we find in the definition of ®, the following
equations (see Figure 5):

Mjr =0, (j.k)yeclla,n), a#n,n+1,

and we also find no dependence on Mj; for (j,k) € cl(n,a) Ya # n + 1 or
(j,k) e cl(n + 1,n). We again find that the rest of the equations defining ®,, are
exactly the equations defining E, where 7 is the involution of size N — 2 that is
s with the link from n to n + 1 removed.
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n+1
N+n

Figure 5. The fundamental region of a generic matrix with i-type symmetry. The black
entry has been taken to infinity. In the defining equations of ®,, there is no dependence
on those entries shaded with slanted lines, and the grey entries are equal to zero.

Intersecting ®, with hyperplanes defined by M = 0 for j or k in cl(n),
excepting (j, k) € cl(n,n 4 1), we find

mdeg

. ’ﬁ (34 +22;)(34 — 2z; — 2¢)

2 mdegMiN_2 E;,

O |A+22,,=0
a=1

and again using (44), we have the result.

Left boundary: The previous argument can be slightly modified, to obtain

n
(BA—2z; —€)(3A +2z; —¢)
mdeg E, |A—2z1—e=o =4 l_[ 1 mdegMiN_2 E;,

a=2

where 7 is the involution of size N — 2 that is = with the link from 1 to N
removed. O

A similar argument can be made to reproduce Proposition 5.10 in the case
a = o, as well as in the case a = m where only the right boundary statement
applies.

5.5. The specialization ¢ = 24. We mention an interesting specialization of
the ¢, which is € = 2A. Note that this corresponds to the loop weight 8 being
infinite.
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Proposition 5.11. One has

Prle—za = A DT T (A 4z —2p),
1<i<j<L

J#m @)

L
Prlemaa = AP JA+22) [ A+zi—z)A+z +2).

i=1 1<i<j<L
J#m(i)
Plemaa = ALD T (A+zi—z)(A+ 2z + 2)),
1<i<j<L
J#r @)
Pole=aa =AY [ Gi—zp)G+z)A+z —z)(A+zi + z))

1<i<j<L
L |A+2z =@)=1{,
l_[ —2z; w()=r,

=1 .
! 0 otherwise,

AL [T G@-zpGi+z)A+zi—z)(A+zi + 2))
P le=24 = l=i<j=L 7= (,....b),

0 otherwise,

where || is defined as the number of crossings of w, plus (the location of the
unpaired site minus one) in odd size for a € {p, c}.

Proof. The recurrence relations (27), (32) and (33), combined with the qKZ
system (10)—(11) or (13)—(15), provide an infinite number of values for the ¢,
even after the specialization ¢ = 2A4. So we only need to check that all these
equations are satisfied by the expression in the proposition. We leave it as an
exercise to the reader (see also [9, Lemma 2] for a similar proof). O

It would be interesting to find a geometric interpretation of this specialization.

5.6. Conclusion. Noting that AX|¢2 for all 7 and all types a because this is
nothing but the product of weights of the equations M;; = 0,i = 1,...,L, it
is natural to redefine the ¢2 by dividing them by AL; since E & actually sits in
(M%) a=0, We redefine

Vg = mymdegea ), E7-
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The 2 satisfy the qKZ system (10)—(11) or (13)—(15), as well as recurrence
relations of the form (27), (32) and (33). This shows existence of the would-be
solution of the gKZ system that was studied in Section 2, where its uniqueness
was proved.

In particular, by setting € = 0, we conclude from Proposition 3.2 that the 2
are the entries of the ground state of the Brauer loop model.

We also show:

Proposition 5.12. The greatest common denominator of the % |c—o, and therefore
of the ¥, is 1.

Here we ignore possible numerical factors, i.e., consider the gcd as polynomi-
als with coefficients in Q.

Proof. Intypes a € {p, c}, we use Proposition 5.11: the greatest common denomi-
nator of the ¢2 /AL |c— 4—¢ is clearly 1.

In other types, we use Proposition 3.1: |¥) /gcd (v ) is the ground state eigen-
vector and therefore a solution of the qKZ system. But so is |¥), so that the gcd
must be a Weyl-group invariant polynomial. We then use the fully factorized com-
ponents (20): from the degree of |V), the factors S must be equal to 1. Further-
more, by inspection, no nontrivial Weyl-group invariant polynomial divides them.
(Alternatively, we can use the form of the fully factorized components directly at
€ = 0, since as remarked at the beginning of Section 3.3 they are the same as those
at generic € in which we set € = 0, and conclude by degree). O

Consider now the sum rule Zj = > i ps Y at € = 0. It satisfies the
recurrence relations given in (43). These combined with the symmetry properties
specify Z} as a function of say z; at a certain number of points. In Appendix D,
this number is carefully computed for each type a and compared to the degree in
each variable of Z} . The former is found to be strictly lower than that the latter, so
that Z} is specified uniquely by these recurrence relations, along with the initial
condition 1 in size 0.

With the exception of the mixed case, the result can be written in determinant
or Pfaffian form. The expression for the periodic case comes from [9], and the
closed case comes from [7]. First define

(A2 — (zi — 2)))) (A% — (zi + z;)?)

2 _ 2
zy — z;

b(zi,zj) =
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The sum rules are

2L/2 1_[ Q[i’j Pf SBi,j,ln L even,
1<i<j<L
Zp = B [-1]
L - ,
(_2)(L+1)/2 1—[ Ay Pf|: L] 1=<j=<L i| L odd.
l<i<j<L [Mi<i<L 0
(55a)
2L/2 1_[ b(Zi,Zj) Pf@i,j,L, L even,
1<i<j<L
Z; =
¢ [lh<j<L
20402 T bz 2) Pf|: " == Lodd,
l<i<j<L —1]1<i<L 0
(55b)
2L/2 l_[ b(Zi,Zj)Pf@i,j,L, L even,
1<i<j<L
Z; =
DijL  [Mh<j<t
202 [T b)) Pf|: " =11, Lodd,
1<i<j<L -1 1<i<L 0
(55¢)
and
eAE ] blz.z)? det€ ., L even,
1<i<j<L
Z} =
L [lh<j<L
2200F [ bGinz) det|: o == Lodd,
1<i<j<L _1]1§i§L 0
(55d)
where
A2_ . 22
DY C et Vi
Zi — Zj
o Zi —Zj ]
BijiL [Az—(zi—zj)2 1<i,j<L’
. (547 =227 —2z7)
baL _[ b(zi.z;) 1<ij<L’
and
TR
bpE b(zi,zj)d1<ij<L
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Now we can compare these results to the localization formulae of Section 4.2.2.
It is an elementary check that based on them, the multidegree of D%, divided
by AL satisfies the same recurrence relations (43) and the same initial condition
mdeg D3 = 1. We therefore conclude

Theorem 5.13. We have the equality of multidegrees:

> ¢ile=o = mdeg DY

weLPy

where N = L,2L,4L depending on a = p,i/c,o/m.

Recall that this multidegree is also equal to that of the flat limit of D3,, namely
DY, (see Section 4.2.1 for its definition). It is shown in Appendix B.1 that this
implies that D}, ., = E} as sets and that m, is the multiplicity of E7 in either
DYy, or E & (which are conjecturally equal as schemes).

Appendices

A. Small size examples
A.l. Identified case. L = 2:
1/f,i,b =4QA -5+ 22 —z1)(A + z1 — 22),
Yl =2(A—5 —221)(A + 225).
L =3:

Vi = HA =5 —221)(A + 22— 23)(A + 2 + 23)
(TA3 — 9425 + 345> — 3Asz;
+25%z9 — 3Azf + 2szf —4A%z, + 345z,

+ 252125 + 22%22 — AZ% - 22225),

W}i;bb =8RA—s5s+23—22)2A—54+23—21)2A—5 + 25 — 1)
(A+z2—z3)(A+z1 —z3)(A + 21 — 22),

Vi =4(A—s— 21— 2)(A— 5 — 221)(A + 223)
(A+z2—z3)(A + 22 + 23)(A + 21 — 22),
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Wzi,32 =4(A—s5s—21 —22)(A+223)(A + 21 — 22)
(TA% — TA%s + 24s% — Aszy + s%z1 — Az} + 523
+ 44225 —3As20 + 5225 + 252120 + 22%22

—3Az3 + 525 — 22,23).

A.2. Closed case. L = 3:

Vsie = 4(A+ 22 — 23) (A + 22 + 23)
(3A% —3As + s + 521 + Zf —2Azy + 525 — Z%),

Voo =4(A—5—21 —22)(A+ 21 — 22)
(3A2 —2As —s21 — Zf +2A4z5 — 520 + zg),

Vs =4(A—s5—21 —22)(A+ 22 — z3) (A + 22 + 23)(A + 21 — 22).

L =4

Via12 = HA + 21— 22)(A+ 22 — 23) (A + 23 — 24)
(A4+z34+2z4)(A—5—21 — 22)
(54° — 6A%s + 34%25 — 3A4%z3 + 2As* — Aszy — 3Asz,
+ 2As5z5 — Azf —2Az523 — Azf + 5221 + 5%z, + szf

2 2 2 2
+ 852122 + 82123 + S2223 + 2722 + 2123 — 2224 — 2324),

Vo143 = 4(A + 22— z3)

(2347 — 595A4% — 72, A% + 7234 + 605> A° — 1027 4° — 112347
- llz_%A5 - IOZ‘%AS — 10521 A° 4 9522 4° — 19523 4°
+ 222234 — 2857 A* + 323 4% — 323 4% 4 28527 A* + 23525 4%
+ 195253 A* + 2223 A% + 14525 A% — 102225 4% — 182325 A%
+ 285221 A* + 45720 A* + 182220 4% + 18521220 A% + 245223 4%
+10z723A4% — 2323A% + 1052123 4% + 55 A% + 327147 + 325 4°
+ 6527 A> — 5523 A% + 3523 A% — 42,23 A3 — 205727 A3
— 185223 A% + 42725 A% + dsz125 A% — 115223 4% + 9232347
+ 323224 4 952125 A% — 25252543 — 95723 A4% — 11222243
+ 923224 4+ 42225 A% — 1szy25 A% + 2152925 A% + 3052325 4°

+ 16ZzZ3ZiA3 — 23532, 43 — 9532, 43 — 18s2f22A3 —185%2,2,43
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— 14532543 — 4Z§Z3A3 — 4ssz3A3 — sz§Z3A3 — 452212343

+ 162%2223143 + 16521222343 — 5SZAI"A2 — 3szftA2 + ZzZiAz

+ 32325 A% — 10523 A% + 25723 A2 — 42223 A® — 452123 A2

— 5?23 A% — 2323 A% + 2323 A% — 52123 A% + 552023 A7

+ 5323 A% + 55323 4% — 1152322 4% — 1115?2122 A% + 25723 47
—2323A% — 1152323 A% — 352223 A% — 11572125 A% + 2572523 A2
+ 232223 A% + 5212223 A% + 45727 A% + 2325 A% + 42322 A7

+ 1452325 A% — 1052522 A% — 352322 A% + 4252325 A2

+ 14s22122A2 — 15s2zzzfA2 + Z%ZzzfAz + szlzzziAz

— 19522325 A% — 232322 A% — 232322 A% — 5212325 A?

— 19s2223ziA2 + 65421 A% + 3542, 4% — 3zfzzA2 — 6szf22A2

— 3s22f22A2 + 3542542 — ZfZ3A2 — 2szf23A2 + 4sz§Z3A2

— 7s22f23A2 + s2Z§Z3A2 — 4ZfZ§Z3A2 — 4SZIZ§Z3A2— 6532125342
— 253252542 — 22szf2223A2 — 225221223 4% + 2s22fA + s222A
+ 232y A— 22220 A — 2225 A+ 52124 A — 252524 A — 352324 A

— 2252320 A+ 45323 A + 352223 A + 3572125 A + 22323 A

+ 523234 — 2522023 A — 2272223 A — 25212223 A + 25t 27 A

— 2123 A — 252725 A + 5522325 A + 6572125 A — 22125 A
—dsz325A + 252323 A + 5?2725 A + 2572523 A + 232525 A

+ 5212325 A + 3572125 A — 532225 A — 25232223 A — 257212225 A
—s* 2 A+ 21z A+ 252725 A — 52325 A — 352325 A — ds?ziz5 A
+ 4522522 A+ 232325 A + 5712523 A + 572325 A + 272327 A

+ 232323 A+ 5212523 A — 25222325 A — 5572123 A + 5572225 A
+ 5232225 A + $2212223 A+ 6572325 A — 2232325 A + 35232323 A
+ 3s22123Z§A + 9s2222322A + 62%2223Z§A + 6s212223Z§A

+ szfzzA + 2s22f’22A + 4s3zf22A + 35421224 — ssz3A

— 25223234 — 5?2323 A + 2572723 A + 35232523 A + 3572125234
+ 35421234 + s*z523A4 — 2zfzzz3A - 4szf’zzz3A + 6s22fzzz3A

3 3.4 2.4 2.4, 2.4, 2 4
+ 8572122234 — 232, + 8252, — 22232, + 872224 + 2712224

4 2 4 2 4 4 4 4.3
+ 8z12224 + 872324 + 212324 + 5212324 + $222324 + 2125

3.3, 2,23 33223 2223 2.3
+ 252725 + 8572725 — 8§2523 — 872523 — 212523 — SZ1Z523

4.2 2,32 3,22 4.2 2,32 2.3.2
+ 2sziz5 +4s°zyz5 + 287z7z5 + Sz7z5 + 2872725 — 872523
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2.3.2 3.2, 3.2.2_ 322 2.2.2 2. .22
—Z1Z5Z3 — SZ1Z5Z35 + 8 Z1Z3 — 872525 — 28212523 — 257212523

- szfzi - 2s22fzf - Z%Z;Zi - szlzgzi + szzng + Z%Z;Zi
+ Z%Z;Zi + szlzgzi + szzzgzi - s3zfzf - S3Z§Z‘%

— 25232322 — 252212325 + 237525 + 5232322 + $2202375
+ Z%ZzZ%Zi + szlzzzgzi - s4zzzf - Zfzzzf - 2s213222f

— 3852232925 — 253212023 — s%2322 — 212325 — 25272377

+ 5232325 — 352232325 — 23222325 — 521252323 — 253212327
— 2s32223zf — 4szf22232f — 4s2212223zi + s2zfzz

+ 2832320 + s*232y + 572123 + 2572723 + st zizs + 212325

+ 2szfz§Z3 + szsz§Z3 + 2szf2223 + 4s2zf2223 + 2s3zf2223),

Vazn =4HA+ 21 —22)(A+ 23 —24)(A+ 23+ 24)(A— 5 — 21 — 2)
(11A4% — 18435 4+ 8432, — 84323 + 104%5* — 3A4%5z; — 114%52,
+ 8A4%sz3 — 34727 + A%z3 — 8A4%z5z3 + A%z3 —3A4%z5 — 2453
+ 3A4s5%z1 + 5A45%2, — 2As%z5 + 3Aszf + 2452123 — Asz%
+ 6Aszoz3 + 2Aszf + 2Azf23 — 2AZ§Z3 + 2A22z§ — 2A22z§

— S3Zl — S322 — SZZ% — S22122 — S22123 — S22223 — SZ%Zz

— 52723 — 52125 + SZ124 + S2323 + S2225 — 2125 + 2174
22 2.2
+ 2525 — z32%).
A.3. Open case. L =2:

Vg =4(A—5—221)(A+222)(A+ 21 — 22) (A + 21 + 22)
(A—s—z1—22)(A—s5—z1 + 22),

Uiy = 4(A+22)(A+ 21 — 22) (A + z1 + 22)(A + 221)
(2A —2s —z1 —22)(2A — 25 — z1 + z3),

Yo =4(A+z1—22)(A—5—22)(A—5s—z1 —z2)(A — 5 — 221)
RA—-2s—z1 +22)2A —5 + z1 + 22),

VU, =4(A—5s—z1 —22)(A+z1 — 22) (A + 21 + 22)
(1143 —26A4%5 4 1945 — 453 —3A4%z2) 4 Aszy + 257z, — 2422
+ 2szf +3A4%25 — TAszy + 45225 — 8Az122 + 105212

+4z3zy —2Az3 — 42,23),

U9 = 2(A—s)(A—s—221)(A + 225)(24 — 5)
(51‘12 —TAs + 25 — 2571 — 22% — 22%).
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A.4. Mixed case. L = 2:
UM = 2(A — 5)(A + 222) (442 — 5A4s + 257 + 2521 + 223 — 222),

Yo =4QA—s+z1+22)2A—25 —z1 + 22) (A — 5 — 21 — 22) (A + 21 — z2).

B. Multiplicity computations

B.1. Multiplicity of E2 in E &+ We consider here the tangent cone of Ej’v at
the point &t (¢ generic diagonal) of E2, which is defined by taking the leading
terms of the ideal of equations of E~j’V expanded around that point. Let us write
M = mt+ P. Among the equations for P, we obtain of course all the equations of
the tangent space, which were computed in the proof of Theorem 4.5; furthermore,
the diagonal entries now satisfy M2 = 0, or equivalently P2 = 0. Also, the
equations (Pxt + mtP);; = 0 are now nontrivial when j = x(i), resulting in
(after simplifying with #; # 0)

Pii+Pj; =0, i=m(j).

In principle there may be more equations in the ideal of leading terms; as we shall
see, this is already enough to get a bound on the multiplicity, which we shall then
show is saturated.

According to the above, the other nonlinear equations concern the diagonal
entries of P; they all satisfy P2 = 0, but those connected by either 7 or
by the symplectic symmetry are equal, so the number of independent variables
that square to zero is exactly the number of chords in the link pattern, plus
the number of fixed points (the latter only occur for odd L, a € {p,c}). So
we find that the tangent cone sits inside a scheme of degree equal to m, =
p#{chords(m)}+#{fixed points(m)} - an{ s of the same dimension (the would-be extra
equations cannot change the dimension of the tangent cone, since the point ¢
is smooth in E%;, as found in the proof of Theorem 4.5). Therefore the degree
of the tangent cone is less than or equal to m,. Since the equations of E%, are
invariant by conjugation and the union of orbits by conjugation of the x¢ is dense
in E£2 (Theorem 4.6), this is also true of the multiplicity of EZ in E & - Therefore,
we have

mdeg £y <> mymdeg E2 = > 42,
P T

where inequality is here in the sense of multidegrees with positive multigrading,
see e.g. [17, lemma 12] for details. We now specialize the multidegrees by setting
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€ = 0 (this corresponds to equivariance w.r.t. a codimension 1 subtorus, and does
not spoil positivity of the multigrading).
According to Theorem 5.13 and (46),

mdeg Dy .gle=0 = Z b le=0.
T

and according to Proposition 4.1, Dy, C FZQ, as schemes. Therefore the in-
equality, mdeg £ v = mdeg DY, is an equality, and Ej’v and DY, have the same
top-dimensional irreducible components, with the same multiplicities. Finally,
the equation above determines them to be:

multiplicity of E7a[ in E?V = m, = 2#{chords(n)}+#{ﬁxed points(n)}.

B.2. Multiplicity of X;‘,i . In this section, given a link pattern p such that |p| >
| fipl, we compute the multiplicity of X[ ; in either Ef N {s;(M) = si+1(M)} or
E2 N {M;;+1 = 0} (assuming p € &(m,i)).

We consider a point of the form pr where the ¢;’s are nonzero and #;7,;) =
li+1lpi+1)- By direct inspection, pt €X p.i- First we compute its Zariski tangent
space in E%,. This is the exact same calculation that was performed in the proof
of Theorem 4.5, so we do not repeat it here. In fact all the cases that we need here
are given in the proof. For a = i:

(2) If i and i + 1 are both connected to the boundary in p, then the counting is
the same.

(3) If one of the two is connected to the boundary in p, say i +1, then naively there
is one less independent equation because #;,;) = tj+1tpG+1)- However, the
two equations which become proportional involve the variable P; ;, which
is here equal to M; ;1 = O either from Theorem 4.7 in E f} or by definition
in E2 N {M,; ;+1 = 0}, so that we are back to the original count.

(4) Finally, if neither is connected to the boundary, then we lose two equations.

Once again, reimposing P;;+1 = M;;+1 = 0 gives one more equation.
Similarly, consider the rank condition on the interval [i 4 1, p(i)] for either
EZ or ES: tm(M)iy1,p6) = tM(Z)it1,06) = M(P)i+1,06) = I'» Where

(j1,p(j1))s ..., (Jr, p(jr)) are all the chords inside [i 4+ 1, p(i)]. Now con-
sider the (r 4+ 1) x (r 4 1) submatrix of M with row indicesi + 1, j;,..., jr

and column indices p(j1), ..., p(jr), p(i). Its determinant must vanish; ex-
panding at first order M = pt + P, the only contribution in the expansion
of the determinant is obtained by matching j, with p(j;),a = 1,...,r, and

therefore i + 1 with p(7). This implies P;1; ;) = 0, which recreates the
second missing equation.
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Fora =c:

(1) In odd size, if either i or i + 1 is a fixed point of p, then the counting is the
same.

(2) Otherwise, we lose two equations involving P; ;11 and P;1 ,(), which just
as above, are recovered by imposing M; ;+1 = 0 and the rank condition in
the interval [i + 1, p(i)].

So in all cases, we find that the number of equations is the same as in the
proof of Theorem 4.5, so at this stage the dimension we would get out of this
computation is dim E},, which is one more than the target dimension dim X[ ;.

However, we have not yet used the additional equation: s;(M) = s;4+1(M),
which is valid either by definition EJ N {s; (M) = s;41(M)} or from Theorem 4.7
in E2 N{M, ;1 = 0}. If we expand at first order we obtain

by PrG)i T Pig)ti = tni+1) Pr+1),i+1 T Piv1,nG+1li+1-

One can check explicitly in all cases that this equation is independent from the
ones above, thus showing that the dimension is equal to that of X ;.

Note that the reasoning above fails in type a = o in the case that p(i) = r,
p(i + 1) = £, in the sense that the tangent space has dimension one more than
that of the space. In this case one needs to consider the tangent cone itself, which
turns out to be of degree 2.

B.3. Multiplicity of Y. Recall that given a link pattern p such that p(L) #
L + 1, we can associate to it the involution p’ where the images of L and L + 1
are swapped. By definition of Yy, p't, ¢ generic diagonal, is in Y. We wish
to calculate the Zariski tangent space of p't inside E2 N {Mr r+1 = 0}, where
w =er(p).

It is not hard to check that the counting of equations is the same as in the
proof of Theorem 4.5 for pt in type a = i, except the equations involving only
{L,L+1,p(L), p(L+ 1)}_which we redo here:

p(L+1)

p = @%H s WWPLL+1+ 1 Po+1),0) = 0.

p(L)
So we have one less equation than for p¢, whereas we need one more.

The first extra equation is obviousl}_/ My .1 +1 = 0 which implies Py ;+1 = 0.
The second equation comes from the rank condition (Theorem 4.7) for EZ in the
interval [p(L), L], which implies P,),. = 0.

In total, we find that the Zariski tangent space has dimension one less than E%,,
which is the dimension of Y.
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C. SL;i)-invariance of certain subvarieties of E j{,

Consider a subvariety V' C E%,, and its image under conjugation by a subgroup
SLS ), as defined in Section 5.1. As a first remark, to prove SLS )_invariance of V,
we only need to show that dim(SLg ).V) = dim V, since SLg ).V contains V and
is irreducible of the same dimension as V.

Next, note that if V' is to be SLg )_invariant, then in particular SLg ).V CE &
It is easy to see that the only equation of E% that is potentially violated by
sweeping with SLg) is (M?); 41+~ = 0. Explicitly, if M = PM’'P~! with
M’ €V, then

(M?)ig1,i4N = Pisriv1 Pisri((M")is — (M?)ig1i41) — PPy ;(M™)iiyn 11
(56)
Note that (M 2),~,,~+ N+1 is well-defined in the quotient space M, only if M; ;1 =
0 in V, which will be the case below.
Also, if, as in all cases below, one has V C {s;(M) = s;+1(M)}, then the
equation above simplifies to

(M?)itri+n = =P ;(M?)iisnt1. (57
C.1. Bulk case. Herei =1,...,L—1.

Cll. F,n{s; =s;q1}for p(i) #i +1, fip = p. Thisis case (1) of the proof
of Proposition 5.4 with f;p = p. Necessarily, a = i. Call

V=F,N{si(M) = si+1(M)}.

First we check that (M?);+1,+ny = 0 in SLg) -V. Since all entries of M2
to the left of and below (i,i + N + 1) are known to be zero, this equation is
By -invariant and so we only need to use (57) with M’ = pL + A where
A € gi /RY,. Now

12 i
(M'?)iisN+1 = (PL)iN—it 1 AN—it 1, N+i+1 = Aigrit1.
By a similar calculation,
12
0=(M7)it1i+N = A—i;.

These two entries are related by the symplectic symmetry (a,b) + (1 —b,1 —a)
and are therefore equal. So (M/z)i,iJrNH =0.

By density and By -invariance, this implies that SLg ).V ¢ (SLS ).E SDNEY =
E7 from Section 5.2.1.
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We also learnt in the proof of Lemma 5.3 that sweeping can only permute s;
and s;41, so we conclude that SLS) -V C Eg N {s; = sij+1}. The latter being of

the same dimension as the former, we conclude that V' is SLg )_invariant.

C.1.2. F; where o is alink pattern excepto (i) = N—i,o(i +1) = N—i +1.
This is case (2) of the proof of Proposition 5.5. Here,a = ¢, and V = F.

We follow the same reasoning as above, and consider (56) with M’ = oL + A.
First we find that s;(M’) = A_;; and s;+1(M’) = A_j41,i+1, and once again
these entries are related by the symplectic symmetry so s;(M') = s;+1(M’).

Therefore, we are reduced to (57), and we have:

(M'®)iisn+1 = (0L)i N—i AN—iitN+1-

But An—i;+n+1 is such that the sum of its row and column is equal to 1 mod N,
which means it is on the axis of the symplectic symmetry, which means in type
a = c that it is zero.

So SLg )V ¢ EY,;. Sweeping can at best permute s; and s;+1 and leave the
other s; unchanged, and preserves the equation M; ;41 = 0, so

SLY -V € (B2 N {Mjj41 =0} U U ES s = swiye J #1004+ 1)),
pFET
It is easy to check that the RHS is of dimension E}, — 1, just like V itself. By the
same argument as above, we conclude that V' = Fy is SLg )_invariant.

C.2. Boundary case. We only do the right boundary, i.e., i = L. The left
boundary can be treated similarly.

C.2.1. E2 where n(L) # L + 1. Here V = E%. If n(L) # L + 1, then any
M e E? satisfies My 14+1 = 0 by Theorem 4.7. This means that PMP~'is
still upper triangular for P € SL;L). Also, sp (M) = sp+1(M) by symplectic
symmetry, so once again we are reduced to (57). But (M'?)L, 1 +n+1 = 0 because
(M’'?)T = M'?, and the sum of the row and column indices of that entry is equal
to 1 mod N.

Therefore, SL;L) -E% C EY;. and by the usual dimension argument, it must be
equal to E2.

C.2.2. E2NnF,;,where z(L) = L +1and o is a link pattern, o (L) # L + 1.
Let V be an irreducible component of E3 N F,; of dimension dim E}, — 1 (if there
exists any, in which case it is necessary top-dimensional). By Proposition 5.6,
whose proof is right above, E2 is SL;L)—invariant.
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Now consider the rank equation southwest of the entry (o(L), L). Being in Fj
implies that the rank is equal to the number of pairings of o inside {0 (L), ..., L},
which we call r. For E2 N F,; to be nonempty, this implies (equations (4) of
Theorem 4.7) that the number of pairings of n inside {o(L), ..., L} must be at
least r. But x(L) = L 4+ 1 and o(L) # L + 1, so the number of pairings of
in {o(L),..., L — 1} is the same, i.e., at least r, whereas that of ¢ is only r — 1.
This means that 7 possesses at least one pairing that o does not, say i < 7 (i),
o(L) <i < L. This means the equation (3) of Theorem 4.7 s5; (M) = s5(;)(M) is
generically violated in EZ, and since sweeping with SL;L) does not affect them,
that dim(SL$ -V) < dim E%, — 1.

C.2.3. F,;,whereo is alink pattern excepto (L) = L,o(L+1) = L +1. Set
V = F,, with o as in the third case of the proof of Proposition 5.8. As explained
in the proof for E2 above, My 1+1 = 0 in V implies that SL;L) Vo oC EY.
Furthermore, as easily checked on a matrix of the form M = o. + L, one has
sp(M) = sp+1(M) = 01in V. This equation is preserved by sweeping (easily
checked since the whole 2 x 2 submatrix of entries with row and column equal to
L,L+ 1mod N is actually zero). No top-dimensional component of £}, has this
equation, so E% N{s (M) = sp+1(M)} is of dimension dim £}, — 1, which is the
dimension of V.

D. Bound on the degree of the polynomials ¢

We wish to bound the degree of ¢2 = m, mdeg E2 as a polynomial in one of the
variables zq, ..., zL.

Recall that from the definition of multidegrees [21], any multidegree in M3, is
a sum of products of (distinct) weights of M%;. This gives a first “naive” bound
on the degree of ¢2 in a given variable z;: it is less or equal to the number of
coordinates in M%, whose weight has a z;-dependence. See Table 1.

However, this bound is not enough for our purposes. We can refine it as
follows. We focus at first on the multidegree of the whole of E§, rather than ¢3 .
Suppose we apply the inductive definition of the multidegree by intersecting E%,
with hyperplanes given by the vanishing of entries of the form M;; and M;; for
fixed i. Each time the multidegree is multiplied by a factor of the weight of M;;,
the intersection is trivial and the dimension stays constant. Since all variables
whose weight have a z;-dependence belong to that row/column, we have a bound
on the degree in z;:
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degree in z; of mdeg E%,
< number of entries of the form M;; or M;; — (dim E}, — dim E?v-(1,2,4))v

since the resulting variety (after all intersections) is simply the Brauer loop scheme
one size below (L — L — 1). More precisely, in all cases except a € {m, o},
the entries of the form M;; or M;; are in fact exactly those whose weight have
z;-dependence, and the inequality above is an equality; if a € {m, o}, M; ;+, does
not have such a dependence, so the LHS is equal either to the RHS, or the RHS
minus one. In other words,

degree in z; of mdeg E%
= naive degree bound — (dim E}y —dim Ey,_; , 4)) + (0 or 1)[a € {m, 0}].

a | naive degree bound dim dim shift
p 2(L—1) L2/2,(L?>-1)/2 L. L—1
i 2L —-1) L(L+1) 2L

c 4L —1) L% L% -1 2L,2(L—1)
0 42L-1) 2L(L+1) 4L

m 2(4L - 3) LQ2L+1) 4L —1
a | refined degree bound | # recurrences

p L-2,L-1 2(L-1)

i 2(L—-1) 2L —-1)

c 2(L—-2),2(L-1) 4L-1)

0 4L — 3* 2L —1)

m 4(L —1)* 2L —-1)

Table 1. Degree bounds for ¢2 and number of available recurrences. The refined degree
bound (fourth column) is equal to the first column minus the third, plus one when there
is a *. If two numbers are shown they correspond to even/odd cases.

Finally, we can calculate the number of recurrence relations of the type of (43)
and find that it is always greater than the degree. This allows us to derive the
explicit expression (55), and shows that 1 is the correct choice for a € {m, o} in
the equation above.

Now if we consider individual components EZ rather than the whole scheme,
the same argument applies except after intersecting, we only have an upper bound
on the resulting scheme (it is a subscheme of E% so that we obtain an
upper bound for the degree:

_(1,2,4))’

degree in z; of ¢2
< naive degree bound — (dim E%, — dim E?v—(1,2,4)) + 1[a € {m, 0}].

The result is shown in Table 1.
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