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Multi-Catalan tableaux and the two-species TASEP

Olya Mandelshtam

Abstract. The goal of this paper is to provide a combinatorial expmes&ir the steady
state probabilities of the two-species ASEP. In this madtieke are two species of particles,
one heavyand onelight, on a one-dimensional nite lattice with open boundariesittB
particles can swap places with adjacent holes to the rightedtat rates 1 amgl Moreover,
when the heavy anlight particles are adjacent to each other, they can swap pladés as
thelight particle were a hole. Additionally, theeavyparticles can hop in and out at the
boundary of the lattice. Our main result is a combinatoni&iipretation for the stationary
distribution atq D 0 in terms of certain multi-Catalan tableaux. We provide aplieit
determinantal formula for the steady state probabilities the partition function, as well
as some general enumerative results for this case. We atswilse a Markov process
on these tableaux that projects to the two-species ASEPtharsddirectly explains the
connection between the two. Finally, we give a conjectusg fives a formula for the
stationary distribution to thg D 1 case, using certain two-species alternative tableaux.

Mathematics Subject Classi cation (2010).05E99.
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1. Introduction

The asymmetric simple exclusion process (ASEP) is a wetlis model that
describes the dynamics of particles hopping on a nite oimeethsional lattice on

n sites with open boundaries, with the rule that there is atroos particle in a
site, and at most one particle hops at a time. Figsiews the parameters of this
process, with; , andq denoting the rates of the hopping particles. Processes of
this avor have been studied in many contexts, in particédatheir connections

to some very nice combinatorics. For instance, dgaifid the references therein.
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Figure 1. The parameters of the ASEP.

In this work we consider a two-species ASEP, studied by Uohi L] and
others (see7, J and the references therein). The two-species ASEP has two
species of particlefieavyandlight. Many variations of multi-species exclusion
processes have been studied for some of their interestimbicatorics and ther-
modynamic properties. In our process, both types of pagichn swap places
with an adjacent hole to the right and left with rates 1@ndspectively. Further-
more, heavyparticles can enter from the left and exit on the right of dtide
with respective rates and , and they can treat thHeght particles as holes and
swap places with them to the right and left, also at rates fjaihce thdight
particles cannot enter or exit, their number stays xed. dntigular, when we x
the number ofight particles to be zero, we recover the original ASEP.

We denote thbeavyandlight particles by® and® respectively, and we denote
a hole, or absence of a particle, by. We letr denote the number ¢’'s. Then
the two-species ASEP of size; r/ is a Markov chain, whose states are words of
lengthn in the letterst@; O; ©°" with exactlyr ©'s.

Figure2 shows the parameters of the two-species process. Moresplhgdthe
transitions in the Markov chain are the following, withandY arbitrary words
inl@;O; 0 .

XoOY)¥ Xooy xeov)¥ xoey xe«v)¥ x-ey
q q q

OX * X Xe@ *X O

where byX % we mean that the transition frok to Y has probability%,
n being the length oK (and alsoy).
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Figure 2. The parameters of the two-species ASEP.

A Matrix Ansatz solution and corresponding matrices in tlelkwof Uchiyama
in [1Q Theorem 2.9] give exact expressions for the steady stateldition of the
two-species ASEP. We denote the steady state probabibitgaiteX by ProbX/ .
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Theorem 1.J(Uchiyama, 2008)LetX D X :::XpwithX; 2 1@; ©;O° represent
a state of the two-species ASEP of lengitith r light particles. Suppose there are
matrices D,E, and A and vectdnsj andjvi which satisfy the following conditions:

DE DD CE C(gED;
DA D A C gAD;
AE D A C gEA;

1
hwijE D —hwj;
1
DjviD —jvi:
Then

R -
MJ D 1.XiD.)CA 1.XiD )CE 1.XiDO)JV|
nr iD1

ProbX/ D

hwj.D CyA CE/"jvi

: : -
whereZ .. is the coe cient ofy" in A AT

This result generalizes a previous Matrix Ansatz solutaritie regular ASEP
of Derrida et. al. in §].

In his work, Uchiyama provides matrices (that are neithesitp@ or rational)
that satisfy the conditions of Theorelml From these, the matrix product yields
steady state probabilities in the form of polynomials in , andq with positive
integer coe cients. Therefore one would hope for a combvél interpretation
of these probabilities, with results akin to those of Cdraeel Williams [B] for
the original ASEP. Such results could yield explicit gehémamulae for both the
desired probabilities and the partition function.

The goal of this paper is to provide some combinatorial smhstto the two-
species ASEP for some special cases. In Se@ioh this paper, we describe
certain tableaux which we cathulti-Catalan tableauxhat give an interpretation
for the steady state distributions of the two-species TAS#fch is the ASEP
atq D 0. In Section3 we provide some enumerative results for the multi-
Catalan tableaux. In Sectidwe describe a Markov process on the multi-Catalan
tableaux that projects to the two-species TASEP, and whigsagnother proof
of our main result in Sectio®. Finally, in Sectiorb we de ne some more general
multi-Catalan tableaux that we believe give an interpietafor the steady state
distributions of the two-species ASEP@D 1. Note that our forthcoming paper
with X. Viennot [9] will give another combinatorial solution to the two-spexi
ASEP for generad.
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2. Multi-Catalan tableaux

A number of combinatorial objects have been introduced tamlysthe com-
binatorics of the original ASEP, including permutation lestux #], tree-like
tableaux P], staircase tableaux, and tladternative tableauxof Viennot [1].

The cardinality of the set of alternative tableaux corresfiiog to the usual
TASEP (i.e. the ASEP at D 0) is the Catalan number (these are sometimes called
the Catalan tableauk In this Section, we introduce the multi-Catalan tableaux
which generalize the Catalan tableaux, in order to give abioatorial interpre-
tation for the two-species TASEP.

De nition 2.1. A multi-Catalan tableawf sizen is a lling of a Young diagram
of shapen;n 1;:::;1/with the symbols; ,andx as follows:

(1) every box on the anti-diagonal must contain an, or x;

(2) aboxthat sees anto its right and a below must contain an or ;

(3) aboxthat sees anto its right and arx below must contain a;

(4) aboxthat sees anto its right and a below must contain an;

(5) every other box must be empty.

In the de nition above, when we refer to the symbol that a bsges to its
right or below, we mean the rst symbol encountered in thesaoa or column,
respectively. For example, in the rsttableau of Fig@re is the rst symbol that
the in the top row sees below it. Finally, note that Rule 5 imptiest all boxes
in the same row and left of amust be empty, and also that all boxes in the same
column and above an must be empty.

De nition 2.2. Theweightwt.T/ of a multi-Catalan tableal is the product of
allthe 'sand 'sit contains.

De nition 2.3. ThetypetypeT/ of the tableadr is the word in'@; O; < ° that
is read from the anti-diagonal from top to bottom, by assigri@to ,aOCto ,
and a tox.
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De nition 2.4. Theweightof a wordX in 1@;O; ©° is

X
weightX/ D wt.T/;
T

where the sum is over all multi-Catalan tabledusuch that typd/ D X.
Our main result is the following.

Theorem 2.1.Consider the two-species ASEP of sizeetX be a state described
by a word in‘@; O; ©°" withr ©'s. LetZ2 D ,oweightX 9 where the sum is
over all wordsX °of lengthn with r ©'s. Then the steady state probability of state
X is ah
ProhX/ D M:

Z R

We show as an example all possible multi-Catalan tableadsttagir weights
of type® O O © Oin Figure3. Thus Theoren2.limplies that

1

Pron@ 0O« O/D . * *C **C 2 “
Z5;1
B aaa‘ [50606‘ ,30“
Bl gl ° Bl °
Bl ° Bl ° Bl °
olx © alx © alx ©
1A L8] A
o] O O

Figure 3. The multi-Catalan tableaux of tywe © © o with weights 4 4; 3 4 ,and 2 4
respectively.

In keeping with common ASEP notation, where #ge, andO are called
thetype?2, typel, andtypeO particles respectively, we introduce the following
notation for the rows, columns, and boxes of the multi-Gatdaableaux.

De nition 2.5. A 2-row is a row whose right-most box contains anand a
1-row is one whose right-most box contains»am 0-columnis a column whose
bottom-most box contains a and al-columnis one whose bottom-most box
contains arx. Then a2 0 boxis one that lies in a 2-row and a 0-column
(and correspondingly for 2-1, 1-0, and 1-1 boxes).
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Note that we canignore the rows with right-most box contagr@i  or columns
with bottom-most box containing ansince they are automatically required to be
empty according to De nitior2.1

To connect back to the two-species TASEP, let the werdn 1@;O; «°on

from top to bottom, we Il the anti-diagonal with symbols , andx by reading
the wordX from left to right, and placing an for a®, a for aO, and anx for
a. Then any valid lling of the rest of the diagram accordinghe rules (2) (5)
of De nition 2.1will result in a multi-Catalan tableau of typé.

2.1. Condensed multi-Catalan tableaux.We provide a condensed version of
the characterization of the multi-Catalan tableaux, whiars a more natural
proof of our results. We introduce the following de nitions

Figure 4. The grey squares mark the corners and the darkdged mark the inner corners.

De nition 2.6. An inner cornerof a Young diagram is a consecutive pair of a
west edge and a south edge on the boundary of the tableaorn&ris simply
the box that is both the right-most box of some row and theobo#tnost box of
some column. Figuré shows some examples.

De nition 2.7. A condensednulti-Catalan tableal of size.n; k;r/ is a Young
diagramY D Y.T/ with at least inner corners, that is justi ed to the northwest
and contained in arectangle of sk€ r n k.Y isidenti ed with the lattice
pathL D L.T/ that takes the steps south and west and follows the soutiwdstr
of Y. In addition, we have the following:

each edge of is labelled with a 0, 1, or 2 such that exactlinner corners
have both edges labeled with 1's, and the remaining wessédge the label
0, and the remaining south edges have the label 2;

a 0-column is a column with a O labeling its bottom-most edgé&-column
is de ned correspondingly);
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a 2-row is a row with a 2 labeling its right-most edge (a 1-revdé ned
correspondingly);

a 2-0 box is a box in a 2-row and a O-column (the 2-1, 1-0, 1-dskame
de ned correspondingly).

Finally, we Il T with 'sand 's according to the following rules.
i. A boxin the same row and left of amust be empty.
ii. Aboxinthe same column and above of amust be empty.
ii. A 2-0boxthatis notforced to be empty must contain aora .
iv. A 2-1 box that is not forced to be empty must contain a

v. A 1-0 box that is not forced to be empty must contain an

We identify the Young diagranf with a partiton D .T/ , which we also
call theshapeof Y and of T. Specically, D . 1;:::; kcr/ wWhere ; is the
number of boxes of inrowi ofthek Cr n krectangle.

De nition 2.8. The labeling word of the multi-Catalan tableau is the word in
12;1; @ that is read from the labels on the lattice phtfi/ from top to bottom,
but with 1 counted only once for each 1-labeled inner cofier @hetypeof T

is the word int@; ©; C° that is associated to the labeling word, by assignisga
a2,a toal,anda@toao.

De nition 2.9. Theweightof the condensed tableau is the weight of the symbols
inside it times the weight of the lattice paltthiT/ , which is obtained by giving
each 2-edge weight and each E edge weight In particular, for a tableau of
size.n;k;r/ ,the weightofL. T/ is k ™ k1,

In Figure5, we demonstrate by example the conversion from a staircake m
Catalan tableau to a condensed multi-Catalan tableaui &g we remove the
anti-diagonal from the staircase along with the O-rows armbl2mns, and then
glue together all the 2-0, 2-1, 1-0, and 1-1 boxes. Then&léHalboundary edges
of the tableau. We label a vertical edge with a 2 if it belorwa 2-row and with a
1ifit belongs to a 1-row. Similarly, we label a horizontgjedith a O if it belongs
to a 0-column and with a 1 if it belongs to a 1-column. It is éasheck that the
types and weights (according to De nitio2s2 and2.9) of the two tableaux are
equal.
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Another way to obtain a condensed tableau from a Worth 1@; O; < ° is

to draw a lattice patih D L.X/ with steps south and west, by readixigirom
left to right and drawing a 2-labeled south edge fa®,aa 0-labeled west edge
for aO, and a 1-labeled pair of a west edge and a south edge folLais then
identi ed with the Young diagranY whose southeast border it coincides with.
(More preciselyy hasshape D . 1; »;:::/, where ; isthe number ob's and

's in X following theith instance of eithe® or ©.) Any lling of Y according
to rules (i)-(v) of De nition 2.7 results in a tableau of typ¢.

(1) B|a o

2) B o«| ® ol | [s]al

(3) B|a ° ) B |2
sl ® 3) B |2

(4) x © - @ o

G| B|al|a G| B | el

gl ® @' °
©)| x O

Figure 5. The staircase multi-Catalan tableau and its spording condensed multi-
Catalan tableau with siz&0; 4; 2/ and shape D .4;4;4;2;2;0/have typss@e®C = @ C
and weight © 6. The condensed tableau is formed by gluing together theeviduixes of
the staircase tableau.

Note that ifTs denotes the staircase version of a multi-Catalan tableaizef
.n;r; k/ andT, is the corresponding condensed version, and yis the product
of the symbols; , andq in the lling of Ts, then wtT./is kK " ' K times
the product of the symbols , andq in the lling of T.. By construction, it is
easy to see that vili,/ D wt.T¢/. Since the staircase version of the multi-Catalan
tableaux is in simple bijection with the condensed versiaawill call them both
multi-Catalan tableauxand refer to them interchangeably.

The usual proof of Theoreth luses the by now standard technique of showing
that the weight generating functions of the multi-Catakbidaux satisfy the same
recurrences as the steady state probabilities of the twoisp TASEP as given
by the Matrix Ansatz of Theorerh.1 See ] for an example of such a proof for
the original ASEP. Instead of the Matrix Ansatz style progé, provide a more
illuminating proof of Theoren2.1in Sectiond by constructing a Markov chain on
the multi-Catalan tableaux that projects to the two-sEetRSEP.
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3. Enumeration of multi-Catalan tableaux

Building on some enumerative results i@ for regular Catalan tableaux that
correspond to the usual TASEP, we can deduce some propefttae multi-
Catalan tableaux. We include the proofs for these resulggvio some intuition
for the structure of the tableaux.

Theorem 3.1. The number of multi-Catalan tableaux corresponding to a-two
species TASEP of simeand withr ©'s is

0 2rCc1/ 2nC1
Zye- D DUD == C
Proof. We make two observations about the structure of the tabldaiost, any
box that lies in a 1-row or column is either empty or autoradljicletermined by
the rules (iv)-(v) from De nition2.7. Second, any box that lidsft of a 1-column

or abovea 1-row must be empty. In particular, note that any box tleatih a
1-column is either empty if there's already @o the right in the same row, or is
forced to contain a otherwise. In both of these cases, any box to the left of that
1-column must be empty. Similarly, any box that lies in axlisaeither empty if
there's already an below in the same column, or must contain antherwise.

In both of these cases, any box above that 1-row must be eRigtye 6 shows

an example of this structure.

B »?

B | a2
aa]lo
0o 0

Figure 6. The grey boxes indicate the boxes that belong tma br 1-column. Observe
that any box above a 1-row or left of a 1-column is forced toeye

Consequently, the lling of the multi-Catalan tableau canrecreated from
the llings of just the 2-0 boxes that do not lie north or wedtamy 1-rows or
columns. Thus to enumerate these llings, we can removénalbibxes that lie in
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ther 1-rows and 1-columns along with all the boxes respectieeth and west of
these rows and columns. We are left with a disjointed se€df smaller tableaux,
each of which is a multi-Catalan tableau whose type has ’srd’he sum of the
sizes of these C 1tableauxi: r.

Multi-Catalan tableaux whose type has z(te are the same as the Catalan
tableaux from @], which are a well-known specialization of the aforemenéd
alternative tableaux. In particular, the number of sucleix of sizen is the
Catalan numbe€nc1 D =25 2'$7? . We obtain the equation in the theorem as the

appropriately chosen coe cient of the convolutionio€ 1 Catalan numbers.

Theorem 3.2. Letr C k C ° D n. The number of multi-Catalan tableaux
corresponding to a two-species TASEP of sizand withr ©'s andk @'s is

rcl nCl nC1
nCl Kk o

Proof. We re ne the proof of Theoren3.1by keeping track of the number of
2-rows. More precisely, after removing the 1-rows and dreon$ and the boxes
that lie respectively above and west of the 1-rows and Taoiluwe are left with
a disjointed list ofr C 1 smaller tableaux, the sum of whose sizesis r.

withni C C nc1 D n r. Furthermore, if we wish to have a total bf
2-rows, we let the smaller tableaux have, respectivaly,: :; k;c1 2-rows with
kiC Ckc1DK.

The number of Catalan tableaux of sizevhose type hak @'s is Njc1kc1
(such tableaux are in bijection with pairs of nested latpae¢ghs contained in a
k n k box). Thus we have that the number of multi-catalan tableHsize
.n;r Kkl is

X el
Nn, c1k;c1
ki1 ni;ikec1 nNece;iD1
niC Cn;c1Dn
k1C Ckyc1Dk

whereNpy D 27 " is then; k-Narayana number. The theorem follows.

The formulae above can also be obtained through a di erenilipatorial
interpretation of the two-species TASEP if) Section 4]1

1In their paper, Duchi and Schae er study a di erent versiohaotwo-species TASEP
with four parameters ; , and , which does not reduce to the version studied in our paper.
However, it turns out that the specializatiorD D D D 1 intheir model is equal to the
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Moreover, using the structure described above, one caned#dre partition

functionZ 2, with some manipulations of sums from the following formula o
Derrida [6]:
Xr p 1 p 1
P 2n p
bD1 2n p n

The following formula is also given inl] Appendix C].

Theorem 3.3. The weight generating function for the multi-Catalan tahl® of
sizen and whose type has‘'s is

(X'2rcp 2n p P11 Pl

0 n
Zn D1 2n p nCr 1 1

pD1

Proof. Direct calculations o ,?;r are not particularly illuminating. Instead we
prove the formula by inductioanm andr. Equation(3.1) gives us for free the
caser D 0. NowdeneZ$, D, weightOX/ andz® D ', weight@x/,
where X ganges over all words in®;O; =°" 1 with r ©'s. Similarly, de ne
Z,, D v Weight Y/ whereY ranges over all words iA®;O; «°" 1 with

r 1¢'s. Then

Zr?;r Dznol;r CZn.l;r CZn 1r 1: (3-2)
We obtain the following recursions.
The tableaux of typ&X can be built by adding a single boundary 0-edge of
total weight to each tableau of typg, so

2001 DZO

The tableaux of typ@X can be built by adding a 2-row to the top of each
tableau of typeX. If a tableau of typeX hasj -free columns, then there
are the following options for that 2-row:

there is an in every free box, or

there is a in one of the free boxes and anin every free box to the
right of the .

two-species TASEP we describe in our paper wheb D 1. Thus in their paper, one can
also nd the formulae given in Theoren®sland3.2
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. 0
The coe cientof ! in % is the sum of the weights of the tableaux
of typeX with exactlyj -free rows. Also, note thatif> 0, then that 2-row
will necessarily have a from one of the 2-1 boxes in that row. Thus

nr .

\GEJ n Lr->

jpbo Do

The tableaux of typc'Y can be built by adding a 1-row to the top of a tableau
of typeY, whereY hasr 1¢'s. Every free DA box in that new 1-row must
contain an . Thus

Zp,o; ! D Mz L

Now, we suppose that the formula in Proposit&Bholds for alIZ,?o;rO with
n’<n, and allr®% We show that it also holds fa?, . In particular, the formula

holds forZ,? Lo z9® 1p.andZ, . . Thusitis su cient to check that
s ot 1 O [
= '/nr-zn 10 CZy 1 CZy gy o/
equals the desired
2rCsCt 2n s t
ES 'z D" ;
"~ 2n s t nCr '’

where by@®Ekf.x/ we denote the coe cient ok in f.x/ .

Indeed, a careful computation con rms that the coe cienfso® ! of both
the expressions above are equal, and so the formula in Rtiopds 3does hold
forz?. .

For the next theorem, we make some more precise de nitioneseribe the
structure of the multi-Catalan tableaux.

De nition 3.1. We represent a word in 1@; O; < °" with exactlyr «'s by a list

of r C 1 words in'@;C° , where each word of the list is the longest possible
continuous sub-word aX that does not contain ©.. We call thislist of ® O

applying the de nition of the partition to theith@ O word.
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As an example for the above, the tableau in Figifeas typeO O @ O @
Oc OeeO« OO, which can be rewritten as a list of thr@e O words
000 000; Oee0; OO/. Thenthelist of partitionsig D ..2;1/;.1;1/;. ; 1/
For our nal result in this section, we de ne the matix’ D .Aj /; i ks

where is some partition q;:::; /, and
A: D i i jc1 jC1 J.Cl
! i j ic1
c1 1
c o X . e !
‘Do ;o1 )l

From [8], weightX/ D detA fX, for X aword in'@; O° corresponding to a state
of the two-species ASEP with ze 3. Thus we obtain the following exact closed
formula for the steady state probabilities of the two-spedIASEP.

Theorem 3.4. Consider the two-species TASEP of gizeand a stateX with
exactlyr ©'s. Letf D .f 1;:::;f rc1/ be the list of partitions that corresponds
to X according to De nition3.1 Let f ; havek; rows andm; columns. Then

¥
1,/ detAs, 1,1

ProbX/ D " ™ " kicidetA,,.;1/ detAf, .,.1;
iD2

is the unnormalized steady state probability of state

4. A Markov chain on the multi-Catalan tableaux
that projects to the two-species TASEP

In this section we construct a Markov chain on the multi-@Gataableaux that
provides a proof of Theorerd. 1land generalizes the construction of Corteel and
Williams from [3]. We start by de ning projection for Markov chains, fror, [
De nition 3.2-0].

De nition 4.1. LetM andN be Markov chains on nite set§ andY, and letF
be a surjective map frord to Y. We say thaM projectsto N if the following
properties hold.

If Xx1;%2 2 X with Proky .x1! X2/ >0, then

Proky .x1 ! xo/ D Proly .F.x1/ ! F.Xx2ll:
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If y; andy, are inY and ProR.y1 ! vy,/ > 0, then for eactx; 2 X
such that=.x 1/ D yi, there is a uniqu&, 2 X such that.x,/ D y, and
Proky .x1 ! x»/>0; moreover,

Proby .x1 !  xof/ D Proly.y1 ! yaof:

This means that iM projects toN via the mapF, then the steady state
probability thatN is in statey is equal to the sum of the steady state probabilities
over all the stateg 2 1z 2 XjF.z/ D y°. In our caseN is the two-species
TASEP, andM is the Markov chain on the multi-Catalan tableaux which we
describe below. Corteel and Williams de ned a Markov champermutation
tableaux (in bijection with alternative tableaux) thatjpais to the ASEP. In the
two-species TASEP, we have an analogous result using sitralasitions.

B

O™ | R

@
@
=10
=10)
VA

1 B | all
110

Figure 7. The tableau corner associated to the tran®i®@O <« O ! @O@®@ " O

De nition 4.2. De ne acornerof the tableau to be a 2-0, 2-1, or 1-0 box that is
both the right-most box of some row and the bottom-most basoofie column.
De ne aright legto be the set of 0-edges of the lattice patfi/ that lie on the
north boundary of th&« Cr n k rectangle. In other wordg, has a right
leg when typel / begins with &. Analogously, de ne deft legto be the set of
2-edges of the lattice pathT/ that lie on the west boundary of theCr n k
rectangle. In other wordg, has a left leg when typ&/ ends with a®. We call
thetransition pointghe union of the set of corners along with the left leg andtrigh
leg (if those are present).

We describe the process by examining the possible transitbait of some
multi-Catalan tablead which corresponds to the two-species TASEP skate
for which typeT/ D X. Every transition is associated to some chosen transition
point (namely, either a chosen corner or a right leg or a &g).1 In particular,
the right leg corresponds to a transitioX®! @Xx°for X D OX° and the left
leg corresponds to a transitioh® ! X® for X D X%. On the other hand,
each corner of corresponds to a transition fro on the TASEP that does not
involve particles entering or exiting at the boundary thésansitions occur with
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rate 1. Speci cally, a transition on stateat TASEP location corresponds to a
transition at the corner box ifi that has its east edge precisely itleedge of the
lattice pathL.T/ (from top to bottom). Moreover, a 2-0 corner dfcorresponds
to a transition® O! O @, a DA corner corresponds to a transitier: ! o,
and an AE corner corresponds to a transian ! O © out of stateX . (We note
here that 1-1 boxes are not included in the set of corneestbiae is no TASEP
transition they correspondto.) Figufehows a transition location in a two-species
TASEP wordX along with the corresponding corner of a multi-Catalandabl
of typeX.

To obtain a transition at a chosen corner, we rst strip o tladels on the
boundary, then perform certain column or row removal anéhsertion, and
nally reapply new labels. We describe the row/column prdwe below for the
two possible cases for the Greek symbol that corner box amrithin.

3 7

y

=
[S)

=

=

() (d

Figure 8. The row removal and re-insertion procedure fora¢a) (b) the chosen corner
containing a , and (c) and (d) the chosen corner containing afthe rows and columns
labeled byx andy are preserved.

The corner contains a . Remove the row containing the corner (which is a
horizontal stack of empty boxes with aon the right), cut o one of the empty
boxes, and insert the row (with thestill at the right of it) in the bottom-most
location possible so that the resulting shape is still a Yosimape. Figur® (a)
shows an example. If the row originally had a single box,isgtb a box means

it becomes an empty row, and so it should be placed at the sodtbf the shape
with the rest of the empty rows. Figudgb) shows an example of this case.

The corner contains an . Remove the column containing the corner (which
is a stack of empty boxes above ay cut o one of the empty boxes, and insert
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the column (with the still at the bottom of it) in the right-most location possbl
so that the resulting shape is still a Young shape. Fig{o} shows an example.
If the column originally had a single box, cutting o a box nresit becomes an
empty column, and so it should be placed at the east end ofitpeswith the rest
of the empty columns. Figui&(d) shows an example of this case.

Now we put the labels back on the edges of the boundary aftbaexging the
relevant two letters in the labeling word. For example, & tiriginal state was
X @ OY for some wordX andY, and a®@ hopped to get the stadeO @Y, then
the labels on the boundary change frfn2 0 Y toX 02 Y.

The following lemmas verify that the above actions are wellred.

Lemma4.1.LetX be aword int®;O; ©° | and letT be a multi-Catalan tableau
with typeT/ D X. A transition as de ned abovat a corner that contains a
results in a valid multi-Catalan tableau.

Proof. Let Y be the Young diagram and D . 1;:::; (ck/ be the partition
associated t@ with r andk the number o7''s and@'s respectively in typel /.
LetL.T/ be the lattice path associatedlto The edges of. T/ are labeled with
®'s, O's, and's according to the labeling wopd . LetX °andX °®denote arbitrary
words inl@;O; ° .

Suppose the chosen corneffobccurs inrow of length ;. For the following,

we identify the partition 1;:::; ¢/ with the partition. 1;:::; ;0;:::;0/

Let ; > 1. After removing rowi of T and reinserting a row of lengthy 1
into the lowest position possible, we obtain a tabl@dwf shape 1;:::; | 1;
i 1; ic1:::; rck/. Inother wordsT ?has the shape with the single box

removed in row .

Sincerowi contains a , the its label must be 2. The fact that its right-most box
isacornerimpliesthatforany>i , ; < ;. Thuswe have two cases, depending
on whether j¢; is equal to or less than 1. For both of these cases, we check
that applying toL.T 9 the new labeling word corresponding to the two-species
TASEP transition fronX is consistent with the shape ©f.

rj_)f ﬂ—)f EITIIT)_H_) it
(b) ©)

(a)

Figure 9. The transition on a multi-Catalan tableau thatezponds to the two-species
TASEP transition (a@c! ©e, (b)e«! ce,and(c)-C! Oc.
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Case 1: ic1 D | 1. The label of the column containing the chosen corner
is either 0 or 1. Since 1 always labels a pair of edges bebptayam inner corner,

if the label of the column containing the chosen corner is©i@ntthe label of row

i C lis necessarily 2, and similarly if the label of that columiijghen the label
of rowi C 1is necessarily 1. In the rst case, we can witeD X %@ OX % and

in the second case we can wrkeD X @ X% From the above, the shape®?

is simply the shape df with the right-most box of row removed. Figur® (a)
and (b) show that labeling. T 9 with the labeling wordk °0 2 X®andX ©1 2 X

for the rst and second case respectively is consistent thighshape of °,

Case 2: jc1< i 1. The label of the column containing the chosen corner
must be Qsince otherwise that column would have to belong to an icoemer
labeled 1, which would requirgc; D ; 1lasin Case 1. Thus we can write
X D X% OX% From the above, the shape®fis simply the shape of with
the right-most box of row removed. Figur® (a) shows that labeling the lattice
pathL.T 9 with the labeling wordX °0 2 X%is consistent with the shape of.

For both of these cases, the newly inserted row is labeled lay@ since it
was placed in the south-most location possible for its lenitg right-most box is
a corner box. Thus inserting this row with an its right-most box indeed results
in a valid multi-Catalan tableau. Furthermore, neitherwmdght of the lling
or the weight of the boundary of the tableau changed aftetr#imesition and so
wt.T9 D wt.T/.

Let ; D 1. As before, rowi is labelled with a 2. The transition frofi to T°
is completed by simply removing roivand replacing it with a single 2-labeled
south edge on the west boundaryrafo makeT °. The column ofl containing the
corner box of row is labeled by 0 or 1. In the rst cas¥, must necessarily have
the formX % O @ for somej , and so the type and labeling word Bf become
X2 @ €1 andx?0 2 ©! respectively. In the second ca¥emust have the form
X% © @ for somej , and so the type and labeling wordbfbecomex ® @ €1
andX?1 2 €1 respectively. For both of these special cases, the labaling of
T2is consistent with its shape. Furthermore, the weight obitiendary ofT %is
the same as fof, but the lling of T®lostone ,sowtT9 D 1 wt.T/.

This concludes the proof of the lemma.

Lemma4.2. LetX be aword int@®; O;©° , and letT be a multi-Catalan tableau
with typeT/ D X. A transition as de ned abovat a corner that contains an
results in a valid multi-Catalan tableau.



338 O. Mandelshtam

Proof. By the symmetry of the rules for the multi-Catalan tablegbg, proof is
exactly the same as the one for Lem#ad except if we take the transpose of the
tableau and exchange the roles odind . For this case, see Figuéga) and (c)
for the transitior,.. T/ ! L.T 9. It will be useful further on that if the transition
from T to T?occurs at a corner that belongs to a column of lengtk» 1, then
as before, wr 9 D wt.T/. Otherwise, if ; D 1, thenwtT9 D wt.T/. In that
case, if the transition occurred at a 2-0 corner, tygenecessarily has the form
O @ OX, and if the transition occurred at a 1-0 corner, t§penecessarily has
the formO © OX for somej and some wor in 1@;0; «° .

Transitions at the boundary. For an arbitrary two-species TASEP wotdn
1@;0; ° , we describe the transition that corresponds to the twoiepdASEP
transitionOX | @X from atableal of typeOX to a tablea °of type®X . T
must necessarily have at least one empty 0-column on it$, Sgtafter stripping
o the labels of the tableau, we remove the right-most emptiymn and instead
insert a row with a in its right-most box, of maximal possible length such that
the semi-perimeter stays xed, but at the lowest positiosgilge for that length.
(In the degenerate case, if tyi¢ D O @ , we simply insert a row of length zero
to makeT °with type® ©1.) Finally, we apply the labeling wor@X to the edges
of L.T 9. Figure10(a) shows an example wherg <n k 1.

B2

x - x o :I

2 X X

(a) (b)

Figure 10. The transitions on multi-Catalan tableau thatespond to the two-species
TASEP transitions (&)X ! eX and (b)Xe! Xo.

Let such a transition occur with rate

If a new row of nonzero length was inserted ifito then e ectively one 0-
labeled boundary edge df was replaced with a 2-labeled boundary edge for
TC plus the lling of T°gained one . ThenwtT% D wt.T/. Otherwise, in
the degenerate case when type D O @ , we have typd 9 D @ ©! and so
wtTY D —wt.T/.

The transitionX® ! X O is symmetric to the above, if one were to take the
transpose of the tableau and exchange the rolesanfd . For a transition from
T of type X® to T of type XO, T must necessarily have at least one empty
2-row at the bottom of it. After stripping o the labels of thableau, we remove
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the bottom-most empty row and instead insert a column with amits bottom-
most box, of maximal possible length such that the semirpeter stays xed,
at the right-most position possible for that length. (In tegenerate case, if
typeT/ D O @, we simply insert a column of length zero to makeé with
type O ©1) Finally, we apply the labeling worX O to the edges of.T 9.
Figure10(b) shows an example where the number of nonzero rows efuals
rck 1.

Let such a transition occur with rate

Similarly to the above, if the new column added has nonzergtle we obtain
thatwtT9 D wt.T/. Otherwise, in the degenerate case where.fyp® O @
and typeT 9 D O ¢, we have wiT ¥ D — wt.T/.

The following lemmas prove that these boundary transitameswell-de ned.

Lemma 4.3. LetX be aword int@®@; O; < ° , and letT be a multi-Catalan tableau
with typeT/ D OX. A transition on the boundary of as de ned above,
corresponding to the two-species TASEP transitidh! @X results in a valid

multi-Catalan tableau.

Proof. Let the shape of of size.n;r;k/ with associated lattice pathT/ be

D . 1;:::; ¢ for somes > 0. We assume the non-degenerate case 0.
Suppose ; D ::: D ; > ¢ for somei. Then the shape of ° must be
°D . %ty o/ where §D :i:D P, Dn k land ?D j 4 for

j >i C 1 Itis easy to check that labelingT ¥ with the labeling word®X is
consistent.
It remains to check that placing ain row i C 1 of T°was valid. Since
9D 9, the vertical edge of row C 1 of T°does not belong to an inner
corner, and thus is necessarily labeled by 2. Thereforeshmeright-most box of
rowi C 1of T%s a corner box in a 2-row, it can certainly contain @and soT °
is a valid multi-Catalan tableau with labeling wa2i{ .

Lemma4.4. LetX be aword int®;O; <° , and letT be a multi-Catalan tableau
with typeT/ D X@. A transition on the boundary of as de ned above,
corresponding to the two-species TASEP transi¥am! X O results in a valid
multi-Catalan tableau.

Proof. The proof is equivalent to the proof of Lemmnda3 above, except that
instead we take the transpose of the tableaux and exchamgelés of and .
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We carefully summarize the transitions from a multi-Catatbleaur to the
tableaus, depending on the chosen corner at which the transitionrectVie will
be referring to these cases further on. First we make thenfolly de nitions. Let

has at least one non-zero part.

De nition 4.3. We de ne r be the indicator that equals 1Tifhas a right leg,
and 0 otherwise. We de ne_ be the indicator that equals 1Tifhas a left leg,
and 0 otherwise.

De nition 4.4. We call atop-most corneia corner such that the length of the
row containing it equals;. We de ne the indicator which equals 1 if the top-
most corner contains a, and 0 otherwise. Analogously, we calbattom-most
cornera corner such that the length of the row containing it equeddength of
the smallest non-zero row of We de ne the indicator which equals 1 if the
bottom-most corner contains an and O otherwise. We call middle cornera
corner that is neither a top-most corner or a bottom-mosteror

Remark 4.1. Denote by .T ! S/ the rate of transition from tableadll to S
(where by rate we mean the unnormalized probability). Waiolthe following
cases for the transitions fromto S.

(1) For a transition at a middle corner, a top-most corner withD 1, or a
bottom-most cornerwith D 1, we havewtS/Dwt.T/and. T ! S/D 1

(2) For a transition at a top-most corner with D 0 such that the length of
the column containing it is greater thdn we have wiS/ D wt.T/ and
.T ! S/D 1. ThenS will have top-most corner that contains an

(3) For a transition at a bottom-most corner with D 0 such that the length
of the row containing it is greater thah) we have wiS/ D wt.T/ and
.T ! S/D 1. ThenS will have a bottom-most corner that contains.a

(4) For a transition at a top-most corner with D 0 such that the length of the
column containing itis 1, we have.t D 1wt.T/and.T ! S/D 1.

(5) For atransition at a bottom-most corner withD 0 such that the length of
the row containing itis 1, we have t D 2 wt.T/and .T ! S/D 1.

(6) Foratransition atarightleg, wehave®t D wtT/and.T ! S/D
S will not have a right leg, and it will have a top-most corneattcontains
a
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(7) Foratransition at a leftleg, we have® D wtT/and.T ! S/D
S will not have a left leg, and it will have a bottom-most cortteat contains

an .
0]®) Ceo ]®) ce
T 00 o [ghT 0 « ¢7”,3”7 1
Tl 0 0 o700 %
/ ~< -
, - >
// : \\\\a - \
/ | -
ﬂ; N [ Jo
o, oe Jore - ere .. @0 \
Y I s RN N a !
' n 0 I 0 el
, 0 e L —— - I - Bl2 - 8|2
N > a o B i .o
e0 / . hE oL N
/ A S 5 & a7 0 11
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o T \ / 0
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Figure 11. This is the state diagram of a two-species TASER®f3;1/. The words in
10; «; @2 represent the corresponding states, and the unlabeli@sisaare transitions with
rate 1.

Figure1ishows the transitions on all the states of the two-specieSEFAof
size 3 with one".

Theorem 4.5. In the Markov chain on multi-Catalan tableaux, the steadest
probability of a multi-Catalan tableaW iswt.T/. This Markov chain projects to
the two-species TASEP.

Proof. Let T be a multi-Catalan tableau of size k; r/ . Let
SDISWT ! S/>0°

and
TDITWT %1 T/>0°:

We show the following.
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i. The unique stationary probability df in this Markov chain is proportional
to wt.T/ due to the fact that detailed balance holds:

X X
wt. T/ T ! S/D wtTY.T %1 T/ 4.1)

S2S TO0R2TO

ii. ForeveryS 2 S, we have tha;nl:—1 .T ! S/ equals the probability of the
transition from the state type/ to typeS/ of the two-species TASEP.

ii. For every stateX of the two-species TASEP and every statdor which
there is a nonzero probabilityk; of transition fromX, for any tableaur
with typeT/ D X, there exists a unique table&uwith typeS/ D Y, and
moreover.T | S/D p.

Condition (i) implies that wil / is proportional to the steady state probability of
T. Satisfying condition (ii) for allT and (iii) for all states< of the two-species
TASEP implies that weighX/ is proportional to the steady state probability of
X. Thus proving (i)-(iii) is su cient to show that our Markoviwain on the multi-
Catalan tableaux indeed projects to the two-species TASEP.

Condition (i). Let X D typeT/. First we treat the transitions going out Df
to S 2 S. By the construction of our Markov chain on the tableaus ttlear that
there is a transition with probability 1 for every corneraasition with probability

for aright leg, and a transition with probabilityfor a left leg. These transitions
directly correspond to all the possible transitions outhef two-species TASEP
stateX. Suppose&X hasC corners (note that 1-1 boxes are excluded). Thus we
obtain X

T ! S/IDCC _C g: (4.2)
S2S

For the transitions going intd from T°2 T, we observe that any transition
from one tableau to another ends with a corner, an edge oigtitdeg, or an edge
on the left leg. This is because for a transition that invelegher inserting into
the tableau a nonempty column containing anr a honempty row containing
a , then the box containing the Greek symbol is the aforemeatiocorner.
Otherwise, for atransition that involves inserting inte thbleau an empty column
or an empty row, the resultis a contribution of an edge toityie feg or an edge to
the left leg, respectively. Thus it is su cient to examinegticorners and the right
leg and left leg ofT to enumerate all the possibilities f6° 2 T. We examine
the pre-image of the cases for the possible transitionggmimofT to obtain the
following cases foiT °
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(1) For a middle corner, a top-most corner with D 0, or a bottom-most
corner with D 0, we have wiTY D wt.T/ and .T °! T/ D 1
This is the inverse of Caskof Remark4.1 This gives a contribution of
wtT/C 2C .1 /C .1 /I to the right hand side (RHS) of the
detailed balance equatiagh.

(2) For a top-most corner with D 1 and g D 0, we have a transition
involving the right-leg ofT® sowtT% D fwt.T/and .T °! T/ D
This is the inverse of Cas2 of Remark4.1 This gives a contribution of

LwtT/ .1 g/ tothe RHS of the detailed balance equation.

(3) For a bottom-most corner with D 1 and | D 0, we have a transition
involving the left-leg of T, sowtTY D fwtT/ and .T °! T/ D
This is the inverse of Casgof Remark4.1 This gives a contribution of

LwtT/ .1 _/tothe RHS of the detailed balance equation.

(4) For atop-most corner with D 1and g D 1, there are two possibilities.
For the rst, T%could fall into Case of Remark4.1 meaning thaT °has a
top-most corner containing a which is the usual transition with it% D
wt.T/. For the second possibilityT ° could fall into Case4 of Remark
4.1 meaning thaf °has a top-most corner containing amnd the column
containing it has length 1. In that case,;M D wt.T/. In both situations,

.T %1 T/D 1. We obtain a contribution of Wi/ . rC .1 r/l 1O
the RHS of the detailed balance equation.

(5) For a bottom-most corner with D 1and | D 1, there are two pos-
sibilities. For the rst, T? could fall into Case3 of Remark4.1 mean-
ing thatT? has a bottom-most corner containing anwhich is the usual
transition with wtT9 D wt.T/. For the second possibilityT © could
fall into Case5 of Remark4.1 meaning thaff ® has a bottom-most cor-
ner containing a and the row containing it has length 1. In that case,
wtTY D wt.T/. In both situations,.T °! T/ D 1. We obtain a
contribution ofwtT/ . | C .1 L /I to the RHS of the detailed balance
equation.

2Note that ifC < 2, the formulae we give have some degeneracies. Howeverasg to
verify that these do not cause any problems due to canezllafiall the degenerate terms.
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We sum up the contributions to the RHS of the detailed bala@gcmtion to
obtain

wtT9.T %1 T/DwtT/.C C 1 Rr/IC 1 |/
T2T C .rC .1 RIIC ..C .1 I
(4.3)

We see that after simpli cation, Equatigh3 equals Equatiod.2, so indeed the
desired Equatiod.1holds for most T.

It remains to check a few degenerate cased fan particular, when. T/ D
.0;:::/. However, those cases can only occur when fypecontains zerc''s.
Thus we refer to3] for these details.

Condition (ii). In the de nition of the Markov chain, the transitionsadhe
corners of the tableau are set to have rate 1. These trassitihich occur
on 2-0, 2-1, and 1-0 corners, precisely correspond to tipectige transitions
XeOYy ! XOeY,Xe Y ! XoeY,andX: OY ! XOY on the two-
species TASEP that do not involve particles hopping on andhe boundary.
On the two-species TASEP, such transitions have prob,alg%ig, as desired.

Similarly, the transitions involving an empty column on st end of the
tableau have rate, and they precisely correspond to the transitioh! @X of
the two-species TASEP, which has probability;. Analogously, the transitions
involving an empty row on the south end of the tableau have ratand they
precisely correspond to the transitiot® ! XO of the two-species TASEP,
which has probability-=.

Condition (iii). This condition holds by the de nition of the Markov en on
the multi-Catalan tableaux.

Theoremd.5and its proof imply the following corollary, which complstéhe
proof of Theoren®.1

Corollary 4.6. The stationary probability of a two-species TASEP sbatés
proportional toweight X/ .

Remark 4.2. The multi-Catalan tableaux can be given a certain binag/gteic-

ture in the avor oftree-like tableauxwhich are are in bijection with alterna-
tive tableaux, and were introduced ] pased o theory developed by Viennot
[1} The tree structure on the multi-Catalan tableaux naiugdneralizes the
tree structure on the usual Catalan tableaux. The perspeadtthe tree structure
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gives an illuminating interpretation of the multi-Catakableaux, and in particu-
lar provides an easy way to visualize the Markov chain ondbéetiux and prove
it projects to the two-species TASEP. We leave this integie@n of the tableaux
for future work.

5. Two-species tableaux atj D 1

The goal of this section is to give a combinatorial formula thee two-species
ASEP atq D 1. To this end, we de néwo-species alternative tableauXhese
tableaux are inspired by the alternative tableaux of Vienhghen the type of
a two-species alternative tableau has z g it reduces to a usual alternative
tableau. Furthermore, if only the tableaux withagi® are considered, we recover
the multi-Catalan tableaux. In Figu, we illustrate the rules given in the
following de nition.

a.B.q
O

Figure 12. An illustration of the rules in De nitioB.1for the lling of a two-species
alternative tableau.

i x-columns

JX-rows

De nition 5.1. A two-species alternative tableat sizen is a lling of a Young
diagram of shapa;n  1;:::;1/with the symbols; ©; Q; @u; ®according
to the rules below:

every box on the anti-diagonal must contain an, orx;

a box that sees anto its right and a below must contain an, , orq;
a box that sees anto its right and a below must contain aor g;

a box that sees anto its right and a below must contain &or q;

every box in the same column and above amust contain ai, and every
box in the same row and left of amust contain a;
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for every pair ofCs and & (Oleft of Q such that the number afrows and
x-columns (i.e. rows and columns containingxaim the anti-diagonal box)
between thens notequal, put ai at the intersection of th&column and the

Orow;

for every pairCs and & (Oleft of 9 such that the number of-rows and
x-columns between thei equal, put either &or awat the intersection of
the Ocolumn and theCrow;

the placement of th@andWabove must satisfy that there is no instance of
®O o OO
0 - O

every other box must containua

In these llings, theu's are simply place-holders for the empty boxes, and
the @s are place-holders that enforce valid placement ofdBe An easy way
to construct these llings is to place the Greek symbols @sdtarting from the
boxes closest to the anti-diagonal and moving inwards. @mese symbols are
placed everywhere possible, we de ne @gsolumn to be the boxes directly above
an Q and a Qrow to be the boxes directly to the left of @ We then identify the
boxes that lie at the intersections of tleolumns and theQrows, and Il them
appropriately with’s, s, or u's. The rest of the tableau is automatically lled
with u’s.

uc}uﬁauua‘
ululu|lu|pflu|«o b
uldalulBlqgla|l ©
ulululul|lp| ©®
ulé |lu|x| ©
Bla|a
ul|p| ®

O

X

Figure 13. A two-species alternative tableau of tpmee O~ @ 0~ and weight & 6,
The shaded boxes are ones that are automatically empty dine tabels on the anti-
diagonal.

De nition 5.2. Thetypeof the two-species alternative tableau is read o of the
anti-diagonal from top to bottom, by reading aras®, a asO, and anx as« .
Theweightof the tableau is the product of the symbols in the lling iretlorm of
amonomialin and ,whereweseDD uD 1, OD , OD ,and§D qD 1.
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Note that if we instead sepD q D 0, erase thaDandu, and replaceDand O
with and respectively, we obtain once more the multi-Catalan tai{ea

The following conjecture is analogous to the main result@ft®n2, Theo-
rem2.1

Conjecture 5.1. Consider the two-species ASEP@D 1, and letX be a state
represented by a word ¥@; O; °" with preciselyr ©'s. Then the steady state
probability of X is

ProbhX/ D

wt.T/;
Zi .
where the sum is ove|5all two-species alternative tabldasuch that typd/ D
X,andwherezl D wtT/, for T ranging over all two-species alternative

tableaux of sizen whose type has exactly 's.

We have veri ed the above using SAGE for uprtd 10. However, so far the
proof appears tedious.

References

[1] C. Arita, A. Ayyer, J. L. Leibowitz, and E. R. Speer, On theotspecies asymmet-
ric exclusion process with semi-permeable boundadeStat. Phys135 (2009),
no. 5-6, 1009 103 MR 2548602 Zbl 2548602

[2] J. Aval, A. Boussicault, and P. Nadeau, Tree-like tabledl&ctron. J. Combin20
(2013), no. 4, Paper 3¥IR 3158273 Zbl 1295.05004

[3] S. Corteel and L. Williams, A Markov chain on permutationkigh projects to the
PASEPInt. Math. Res. Not. IMRI2007, no. 17, Article id. rnrm053R 1132.60070
Zbl 2354800

[4] S. Corteel and L. Williams, Tableaux combinatorics for #symmetric exclusion
processAdv. in Appl. Math39 (2007), no. 3, 293 31MR 2352041 Zbl 2352041

[5] S. Corteel and L. Williams, Tableaux combinatorics for #symmetric exclusion
process and Askey Wilson polynomial®uke Math. J.159(2011), no. 3, 385 415.
MR 2831874 Zbl 1246.05170

[6] B. Derrida, M. Evans, V. Hakim, and V. Pasquier, Exact solubf a 1D asymmetric
exclusion model using a matrix formulatioh.Phys. A: Math. Ger26 (1993), no. 7,
1493 1517Zbl 0772.60096

[7] E. Duchi and G. Schae er, A combinatorial approach to jungpiparticles.
J. Combin. Theory Ser. 10(2005), no. 1, 1 29MR 2128962 Zbl 1059.05006

[8] O. Mandelshtam, A determinantal formula for Catalan tableand TASEP proba-
bilities. J. Combin. Theory Ser. £832(2015), 120 14MR 3311340 Zbl 1307.05227



348 O. Mandelshtam

[9] O. Mandelshtam and X. G. Viennot, Tableaux combinatori€the two-species
PASEP. To appear id. Combin. Theory Ser. Rreprint 2015arXiv:1506.01980
[math.CO]

[10] M. Uchiyama, Two-species asymmetric simple exclusiorcpss with open bound-
aries.Chaos Solitons Fractal35 (2008), no. 2, 398 407MR 2359487
Zbl 1139.82320

[17] X. G. Viennot, Canopy of binary trees, Catalan tableaux dnedasymmetric exclu-
sion process. Formal Power Series and Algebraic Combicatdankai University,
Tianjin, China, 2007.
http://www.fpsac.org/FPSACO07/SITEO7/PDF-Proceedinaiks/87.pdf

© European Mathematical Society

Communicated by Mireille Bosquet-Méllou

Received February 14, 2015; accepted February 16, 2016

Olya Mandelshtam, Department of Mathematics, 970 Evank Betkeley,
CA 94720, USA

e-mail: olya@math.berkeley.edu



	Introduction
	Multi-Catalan tableaux
	Enumeration of multi-Catalan tableaux
	A Markov chain on the multi-Catalan tableaux that projects to the two-species TASEP
	Two-species tableaux at q=1

