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The arcsine law and an asymptotic behavior
of orthogonal polynomials

Hayato Saigo and Hiroki Sako

Abstract. Interacting Fock spaces connect the study of quantum probability theory, classi-
cal random variables, and orthogonal polynomials. They are pre-Hilbert spaces associated
with creation, preservation, and annihilation processes. We prove that if three processes are
asymptotically commutative, the arcsine law arises as the “large quantum number limits.”
As a corollary, it is shown that for many probability measures, the asymptotic behavior of
orthogonal polynomials is described by the arcsine function. A weaker form of asymptotic
commutativity provides us with a discretized arcsine law, which is described by the Bessel
functions of the first kind.
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1. Introduction

In the quantum field theory, the pair of “annihilation” and “creation” operators
plays a crucial role. The notion of interacting Fock spaces, which are pre-Hilbert
spaces associated with “annihilation” and “creation” operators (and ‘“preserva-
tion” operators) satisfying characteristic commutation relations, were discovered
in a quantum-probabilistic approach to the mathematical analysis of interacting
fields [2, 3].

Later Accardi and Bozejko [1] discovered a striking connection between in-
teracting Fock spaces and the theory of orthogonal polynomials for probability
measures on R whose moments are finite. Three-term recurrence relations for
orthogonal polynomials provide a method of decomposition. The three-term re-
currence relation implies that the multiplication of x on the polynomials is a sum-
mation of three operators (annihilation, creation and preservation). The method
is called “quantum decomposition” [9, 10].
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In terms of interacting Fock space and quantum decomposition, Saigo [14] in-
troduced quite a simple combinatoric and algebraic method for the study of asymp-
totic behavior of Hermite polynomials. The sequence of orthogonal polynomials
for the Gaussian measure

du(x) = e~ T dx

is that of Hermite polynomials {H,}. The measure HZu is nothing but the
probability measure representing energy eigenstates of the quantum harmonic
oscillator. The limit distribution of the normalization of H?2u is

dx
djias(x) Iy (—V2 <x < V2).

The measure w45 is called the arcsine law. It is especially known for the rela-
tionships to Brownian motion discovered by P. Lévy [13]. (See also [8, 15, 16]
for example.) Since the arcsine law is the distribution of position distribution of
classical harmonic oscillators, the algebraic method introduced in [14] can be con-
sidered as a new combinatoric approach to quantum-classical correspondence.

In the present paper, the methods and results in [14] is extended to the gen-
eral interacting Fock spaces satisfying a relative asymptotic commutativity con-
dition which we call (RACI). As a corollary, the asymptotic behavior of a
wide class of orthogonal polynomials (including polynomials of Hermite, Jacobi,
Laguerre, etc.) can be characterized in terms of the arcsine law. (As basic ref-
erences for orthogonal polynomials and their asymptotic behavior, see [5, 17] for
example.) The proof is given in Section 5 following the preliminaries introduced
in the first four sections. In the last section, we discuss a weaker form of relative
asymptotic commutativity condition (RAC2) and identify the limit distribution
which we call discrete arcsine law. The distribution is explicitly represented in
terms of Bessel functions. It also appears in the context of quantum walks [12],

2. Basic notions

2.1. Algebraic probability space. For a classical probability space (2, F, P), a
pair of a complex algebra and its linear functional is defined. Such a pair is given

by
(L“(Q,CF, P),/ -dP),
Q
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and sometimes given by
( N LP(Q,EF,P),/ -dP).
1<p<co 2

An algebraic probability space is a generalization of these pairs. In this general-
ization, we do not assume commutativity on the algebra.

Definition 2.1. A x-algebra A is a complex algebra equipped with a mapping
A3 x> x* € A satisfying

XH* =X, (@X)"=aX", X+YV)"'=X"+Y* XY)"=Y"X",
forevery X,Y e Aand o € C.

Definition 2.2. Let A be a x-algebra having a unit element 1 € A. We call a linear
map ¢: A — C a state on A if it satisfies

p(l) =1, o(X*X) >0, forX e A.
It is not necessary to assume an operator algebra structure on A in this paper.

Definition 2.3. A pair (A, ¢) of a x-algebra and a state on A is called an algebraic
probability space. An element of A is called an algebraic random variable of the
algebraic probability space (A, ¢). If an algebraic random variable X € A satisfies
X* = X, then X is called a self-adjoint algebraic random variable.

We define a notation for a state ¢: A — C, a self-adjoint algebraic random
variable X € A and a probability distribution x on R as follows.

Notation 2.4. We use the notation X ~, u when

e(X™) = /]Rxmd,u(x) for all m € IN.
This stands for the identity between two moment sequences.
2.2. Interacting Fock space

Definition 2.5 (Jacobi sequence). A pair of sequences ({wp41/2}, {x}) is called
a Jacobi sequence,

o if {w,41/2} are positive real numbers 0 < wy/2, w3/2, Ws/2, ... labeled by
half natural numbers, and

o if {«,} are real numbers oy, o1, 2, ... labeled by natural numbers.
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In other works as [10, Definition 1.24], the sequence {w;, +1/2} is called a Jacobi
sequence of infinite type and given different labels.

Definition 2.6 (interacting Fock space). Let ({w,41/2}. {@n}) be a Jacobi se-
quence. An interacting Fock space T, o is a complex pre-Hilbert space I'(C)
equipped with the following additional structure ({®,}°2,, 4, B, C):

o Fixed sequence of vectors {®,}>> , C I'(C) satisfying

- (®,, D) = 0ifm # n, and (P, D) =1,

I'(C) is a complex linear span of {®,},

e A, B,C:T'(C) — I'(C) are linear operators uniquely determined by

- ACI)O = O, Aq)n = 4/wn—1/2 cI)n—ly
- Bq)n = aanny
- CO; = /Opt1/2 Pntr1.

The sequence of vectors {®,}52, C I'(C) forms a orthonormal set of I'(C).
The operator A is called the annihilation operator, B is called the preservation
operator, and C is called the creation operator.

Definition 2.7. The summation X = 4 + B + C is expressed by the symmetric
tridiagonal matrix

(o)) /0)1/2 0
X JP1/2 o1 A/ @3/2

0 J032 o

This is called the Jacobi matrix.
The sequence of real numbers (X @, Oy) is called the moments sequence of

the Jacobi matrix X. Accardi and Bozejko showed in [1, Section 5] that for every
probability measure © on R whose moments are finite, the moment sequence

M, =/Rxmdu(x)

can be realized as that of an interacting Fock space (X ®g, ®¢).
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Let A be the complex algebra generated by the matrices A, B, C and by the
identity matrix id. The multiplication and the linear structure are defined by
the usual matrix calculations. The x-operation is given by the composition of
transpose and complex conjugation. Since the generating set {4 = C*, B = B*,
C = A*} C Ais closed under the x-operation, the whole algebra A is also closed
under the x-operation.

Recall that the operators A4, B, C act on the linear space P, ,C®P,. Let
¢r be the state defined as ¢ (-) = (- @, Pr). Then the pairs {(A, Pr)}ken
are algebraic probability spaces labeled by k. The asymptotic behavior of the
sequence {(A, ¢x)}xen is the subject of this paper.

2.3. Interacting Fock spaces and orthogonal polynomials. Theorems for in-
teracting Fock spaces often have interesting interpretation in terms of orthogonal
polynomials. To see this, we review the relation between interacting Fock spaces,
probability measures and orthogonal polynomials. Let u be a probability measure
on R having finite moments. Then the space of polynomial functions is contained
in the Hilbert space L?(R, j). The Gram-Schmidt procedure which provides or-
thogonal polynomials depends only on the moment sequence.

Let {pn(x)}n=o0,1,.. be the monic orthogonal polynomials of x such that the
degree of p, equals to n. Then a relation among consecutive three terms

po(x) =1,
xpo(x) = p1(x) + o po(x),

Xpn(X) = pnt1(x) + &y pn(x) + ©0p—1/2 pn—1(x), n=>1

holds, if we appropriately choose the real numbers «;, w,—1/>. It is not hard to
prove that w,_;/, is positive for every n, if the support of x is an infinite set. Thus
we obtain a Jacobi sequence ({wy+1/2}, {a,}) out of the measure p.

Let P, denote the normalized orthogonal polynomial p, /| px|l2- It has been
proved that the isometry U: 'y, o — L%(R, u): ®, — P, satisfies that U*xU =
A+ B + C, where x stands for the multiplication operator acting on L?(RR, 11).
See [10, Theorem 1.51] for the proof. This means that we can decompose a
measure-theoretic random variable into the sum of non-commutative algebraic
random variables. This crucial idea in algebraic probability theory is called
“quantum decomposition” in [9] (see also [10, Section 1.5]). Through the equality
U*xU = A+ B + C, we obtain an identity for the moments A + B + C ~,
| P (x) [ p(dx).
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Remark 2.8. For every algebraic probability space (A, ¢) and every self-adjoint
algebraic random variable X € A, it is known that there exists a probability
measure i on R which satisfies X ~, u.

3. Quantum-classical correspondence for the Harmonic oscillator

The interacting Fock space corresponding to w,41/2 = n + 1,a, = 0 is called
the “quantum harmonic oscillator.” For the quantum harmonic oscillator, it is well
known that

X =A+B+C=4+C

represents the “position” and that

X2

X~y «/;2_” exp ( - T)dx.

That is, in the n = 0 case the distribution of the position is Gaussian.

The asymptotic behavior of the distributions of position is nontrivial. What
is the “classical limit” of the quantum harmonic oscillator? This question, which
is related to fundamental problems in quantum theory and asymptotic analysis
[7, Section 3.6], was analyzed in [14, Section 3] from the viewpoint of non-
commutative algebraic probability with quite a simple combinatorial argument.
The answer is nothing but the arcsine law.

Theorem 3.1 ([14, Theorem 3.1]). Let I'p o := (I'(C),A, B = 0,C) be the
quantum harmonic oscillator, X := A + C and u, be a probability distribution

on R such that
X

Vo i

Then ., weakly converges to the arcsine law L4s.

Here /2k + 1 is the normalization factor to make the variance one, that is,

((\/%)zq’k’ @) = 1.

Since it is easy to see that the arcsine law gives “time-averaged behavior” of
the classical harmonic oscillator, the result can be viewed as “quantum-classical
correspondence” for harmonic oscillators.
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As the case for the quantum harmonic oscillator, we define the notion of
classical limit distribution for interacting Fock spaces. It is a distribution to which
the distribution for X under ¢,, after normalization, converges in moment.

Definition 3.2 (classical limit distribution). Let I'y, o := (I'(C), 4, B, C) be an
interacting Fock space and let X be A+ B+ C. Let i, be a probability distribution

on R such that
X - an

VOn+1/2 T On—1/2
A probability distribution p on R is called a classical limit distribution of T, 4,
if u, converges y in moment.

~on Mn-

By the normalizations —«, and -/./®w,y1/2 + ®,—1/2, the measure p, has
mean 0 and variance 1.

Remark 3.3. Existence of a classical limit distribution depends on the Jacobi
sequence (w, o). In many cases which historically attract attention, the limit exists.
See Remark 5.4.

Uniqueness of the classical limit distribution relates to the moment problem.
In the case that the limit distribution is a unique solution of a moment problem,
moment convergence implies weak convergence [6, Theorem 4.5.5.].

Thus, a classical limit distribution of an interacting Fock space is also a weak
limit of measures defined by square of orthogonal polynomials. For example, in
the case of Gaussian distribution, Theorem 3.1 implies the following. Let Py be
the sequence of normalized Hermite polynomials. Then

2 eXp(—x?/2)
N dx

defines a sequence of probability measures whose second moment is 2k + 1.
The sequence of normalizations

VIR | (V2§ L) [ SR D),
V2n

| P ()]

weakly converges to the arcsine law

dx

s(dx) = ————.
Mas(dx) =
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4. Two-sided infinite Jacobi sequences

In this section, we set up a framework to analyze classical limit distributions.
We introduce two-sided infinite Jacobi sequences.

Definition 4.1 (Two-sided Jacobi sequence). Let

3 113
a)={wm20‘m=...,——,——,—,—,...},

2222
a={a,eR|n=...,-2,-1,0,1,...}

be two-sided infinite sequences of reals satisfying one of the following condi-
tions (1) or (2):

(1) there exists a non-positive integer N such that
e if m < N, thenw,, =0,
e if m > N, then w,, > 0,
e andifn < N, then «,, = 0;
(2) for every half integersm = ..., —3/2,—1/2,1/2,3/2,..., we have w,, > 0.

We call the pair (w, &) a two-sided Jacobi sequence.

Definition 4.2 (two-sided interacting Fock space). Let (w,«) be a two-sided
Jacobi sequence. An interacting Fock space I'y, ¢ is a quadruple (I'(C), 4, B, C)
consists of a pre-Hilbert space I'(C) = Py~ _,, CP, with inner product given by

(D, D) = On.m, and operators A, B, C defined as follows:
e A is the annihilation operator A®, = /w,—1/2 Pn—1;
e B is the preservation operator B®, = o, D,;

e ( is the creation operator C®, = /0, 1172 Pni1.

Definition 4.3. The summation X = A 4+ B + C is expressed by the tridiagonal
matrix X = [Xm,n]m.nez whose matrix coeflicients are given by

VOn—1j2 m=n-—1,

(04 N m = ns
Xm,n = 4

VOnt12 m=n+1,

0, |m —n| > 2.

This operator X is called the two-sided Jacobi matrix of (w, «).
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The matrix X is an algebraic random variable. Its moments with respect to the
state (-®g, Do) can be described by the matrix entries as follows:

(X' ®g, Do) = ap,
(X2®g, Dp) = w_1/2 + af + w_1/2,
(X3®g, @) = w1201 + 20_1 /200 + 0§ + 2w1 /200 + W1 /2011,

and so on.

Lemma 4.4. The matrix coefficients of X* are described by polynomials of

{«/wn+1/2} U {an}

Proof. The above claim holds for X° = id and for X! = X.
We prove the general case by induction. Supposing that the lemma holds
for X*=1 Xk we prove that the matrix coefficients of X**! are described by

polynomials of {, /@, 12} U {an}.
Let m,n be arbitrary integers. The (m,n)-entry of X**! is described by
(Xk+1d, @,,). Since the matrix expression of X is symmetric, we have

(Xk+1q)n’q>m>
= (X*®,, XD,,)
= (X¥®,, A, + BD,, + CDp,)
= (X* . JDn1/2Pm1 + P + \/Ons1/2Pm1)
= JOn_1/2(X @y, Bpmit) + an (X5 Dy, D) + JOpr1/2( XDy, O

The induction hypothesis, this can be expressed by a polynomial of { /@, 112} U
{an}. O

In fact, the moments (X ko, ®y) of X is described by a polynomial of
{Wnt1/2} U {an}. The weaker claim in the above lemma suffices to imply the
following.

Lemma 4.5. Let {(0®, a®)} be a sequence of two-sided Jacobi sequences and
let (w, @) be a two-sided Jacobi sequence. Let X®) and X be the corresponding

Jacobi matrices acting on @;’,O:_OOCCDW If limy_, o w;ﬁ?l/z = Wpy1/2 and
limg s o0 oz,(,k) = oy for every integer n, then we have the following moment

convergence: klim ((X(k))mcbo, Dp) = (X" Dy, Dp).
—00
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Proof. By Lemma 4.4, the m-th moment ((X ®))"d,, ®y) of X® is expressed

by a polynomial of { ")521/2} U (P, If limgo e a),(jjzl/z = wp+1/2 and
limg s o0 a,gk) = «a, for every integer n, then the polynomial also converges. The
limit is the m-th moment ((X)” ®q, @) of X. O

5. The arcsine law as classical limit distribution

5.1. Relative asymptotic commutativity (RAC1) . In this part, we propose a
condition (RAC1) for the one-sided interacting Fock space I'y, . The condition
handles asymptotic behavior of creation C, preservation B, and annihilation A
modulo standard variance.

Definition 5.1. The interacting Fock space is said to satisfy (RAC1), if the com-
mutators [A4, C] and [A, B] are asymptotically zero in the following sense:

. AC —CA . AB — BA
lim ®, =0, lim d, =0.
n—>00 Wy41/2 + Wp—1/2 n—00 Wy41/2 + Wu—1/2

Recall that ( - &, ®,) stands for the n-th state of the interacting Fock space.
The denominator w,, 41/, +w,—1/> is the variance of the algebraic random variable
X = A+ B + C with respect to the state (- @, D,).

Lemma 5.2. The condition (RAC1) is equivalent to

. Wn41/2 . Op — Op—1
lim Y2 — 1 im L7 = 0.

n—00 Wy_1/2 n—>00  [wy11/2 + Ou—1/2

Proof. The commutators [A, C] and [A4, B] satisfy the following:

AC —CA _ Wpy1/2 — Wp—1/2
n — n»
Wpt1/2 T Wn—1/2 Wn+1/2 + On—1/2
AB — BA oy — Op—1
o, = N/ Pp—1 ZCD -1
Wp+1/2 + On—1/2 " Wn+1/2 + On—1/2 no1/2%n
Thus we have
Wn+1/2 1
AC —CA Wy—
o — chn’

Wn+1/2 + Wp—1/2 P Ont1)2 +1

Wn—1/2
AB — BA Oy — 1 1
n — ;1.
Wp+1/2 + On—1/2 VOnt1/2 F Op—1)2 \/wn+1/2 1

Wp—1/2
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The latter conditions in the lemma imply that the right hand sides converges to 0.
Then the condition (RACI) follows.
Conversely, we suppose that (RACI) holds. In this case, we have

. Wp41/2 — Wp—1/2 . Oy — U0p—1
lim =0, lim WOp—1/2 = 0.
n—=>00 Wy41/2 + Wp—1/2 n—=>00 Wy41/2 + Wp—1/2 n=1/
By the equality
2 Lo @nt12
1— Wp+1/2 — Wn—1/2 a)n—l/z’
Wn+1/2 T On—1/2
the first condition of (RAC1) implies that
w 2
lim /2 2 o

n—>00 Wp—1/2 1-0

The second condition of (RACI) implies that

. Op —Op—1
lim
n—=00 [Wy41/2 + Wn—1/2
. Op — Op— . w + w,—
— lim n n—1 m lim n+1/2 n—1/2
n—>00 Wy 11/2 + Wp—1/2 n—o00 Wp—1/2
=042
= 0.
Now we obtain the conditions in the lemma. O

The quantum harmonic oscillator introduced in Section 3 satisfies the above
condition. The following theorem is the main result in this paper, which general-
izes Theorem 3.1.

Theorem 5.3. Let 'y, o := (I'(C), A, B, C) be an interacting Fock space satisfy-
ing asymptotic commutativity (RAC1). Then the classical limit distribution given
in Definition 3.2 exists and is the arcsine law dx /(7w ~2 — x?).

Proof. Let ({wp41/2}, {an}) be a one-sided Jacobi sequence. Suppose that (RACI)
holds. Consider the k-th state { - @, ;) and the normalized algebraic random
variable

X — (073

VOk+1/2 + 0p—1/2

x® —
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acting on @, -, C®,. The matrix coefficients are described by

Wp—1/2
, m=n-—1,
VOk+1/2 F Or—1/2
0y — Ok
’ m = n’
x© — ) NV Okt1/2 + Ok—1/2
m,n — ® 12
nt , m=n-+1,
VOk+1/2 F Ok—1/2
0, |m —n| > 2.

To study asymptotic behavior of X *) acting on @2, C®,, we change the index
m,n=0,1,....k,... tom,n = —k,—k +1,...,0,..., and exploit two-sided
interacting Fock space r® = EBZO:_ « CP,. We now consider the state (- ®g, Do)

and the algebraic random variable X ¥) defined by

Wn+k—1/2

, m=n-—1,
VOk+1/2 + Ok—1/2
Op4k — Ok m=n
)?(;)mn _ ) Vo2 Forcan ’
’ w
n+k+1/2 Cm=natl
VOk+1/2 F Op—1/2
0, |m —n| > 2.

By the first condition of Lemma 5.2, the neighboring ratio of {w,+x+1/2}5o _ 18
1. This implies that for every fixed integer #,

—_—~ 1 —_—~
lim X®,_;, = — = lim x® .
kgrolo n—1,n 2 kgrolo n+1,n
By the second condition of Lemma 5.2,
O — Ok—1

lim = 0.
k=00 /Wk+1/2 + Wk—1/2

Together with
w
li n+k+1/2

k—oo Wr41/2

=0,
this implies that for every n,

lim x®, , =o0.

k—o0
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Now we exploit Lemma 4.5. Let X be the two-sided infinite matrix

0 1/V2
X = 1/vV2 0 1/42
1/v2 0

acting on £2(Z). The bold zero 0 stands for the position of the matrix coefficient
(- Do, o). By Lemma 4.5, we have

klingo((X(k))m®k O} = lim ((X(k))’”%, Do) = ((X)" @9, o).
It turns out that the classical limit distribution does exist. For the rest of this proof,
we calculate the limit distribution.

Now we exploit the the Fourier duality between Z and T={z e C | |z| = 1}.
Let F: L?(T) — ¢?(Z) denote the Fourier transform. We identify the characteris-
tic function 8, on {n} C Z with the vector &, in the completion of the two-sided
Fock space. We can describe F by F(z") = ®,,, where z” stands for the function
T > z + z" € C. The restriction of F gives a surjective isometry between the
polynomial functions on T and the two-sided Fock space.

Since the operator X maps ¢, to &,/ V2+ D41/ V2, its Fourier transform
F1XF maps z" to
n—1 Zn+1

%+7:(j_ f) — V2Re(z)2"

This means that the operator ¥~ X ¥ is the multiplication operator by the function
T >z~ V2Re(z) € R
Thus we have

((X)™ ®o, Do) Yy = ((v2Re(2))™1, Dr2em

= / (v2Re(z))™ d (Haar measure)
T

2w
— [ (VERe(eityym &L
21

0

2w dt
= / (V2 cost)" ==
T T
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Replacing +/2 cos ¢ with x, we have

) ﬁ dx
lim (XY)" @y, &) = / XM —. |
k—o00 -2 T2 — x2
Remark 5.4. The theorem means that the arcsine law is turned out to be the
classical limit distribution in many cases. We pick up several examples.

(1) The interacting Fock spaces corresponding to the uniform distribution
X[-1,11dx /2, are described by the Jacobi sequence

(n+1)?2
2n + 1)(2n + 3)’

Wnt1/2 = an = 0.

(2) The quantum decomposition of the exponential distribution y[o,oc)e™*dx is
given by the Jacobi sequence

Wpt172 = (n + 1)2, oy =2n + 1.

(3) g-Gaussians (—1 < g < 1) are probability measures on R given by the Jacobi
sequence

Opy1j2=1+q+q>+---+q", oy =0.

The case of ¢ = 1 corresponds to the Gaussian measure. The case of ¢ = 0
corresponds to the semicircle law (v 4 — x2 dx)/(2x) of Wigner.

By Lemma 5.2, these interacting Fock spaces satisfy (RACI).

Remark 5.5. Since the arcsine law is the solution of a determinate moment
problem, moment convergence implies weak convergence.

Remark 5.6. It is quite interesting to compare Kerov’s theorem [11, Theorem
33]. It is well known that the roots of (n — 1)-th and n-th orthogonal polynomials
interlace. The mutual relationship of interlacing roots can be represented by a
rectangular diagram (a continuous version of Young diagram, for more details see
[11, Chapter 0, Section 4]). Kerov’s theorem states that the asymptotic behavior
of the rectangular diagrams obeys “the arcsine law” (which is different from the
probability measure dx/(~/2 — x2) but closely related to it), for the orthogonal
polynomials satisfying the condition corresponding to (RACI).
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Theorem 5.3 implies the following asymptotic behavior of orthogonal polyno-
mials:

Corollary 5.7. Let u be a probability measure such that the corresponding Jacobi
sequence ({wy},{ay}) satisfies (RACl). Let P, be the normalized orthogonal
polynomial with degree n. The measure i, defined as

1n(dx) = | Pu(\JOns172 + On—1/2%) > 0(y/@nt1/2 + On1/2dx)

weakly converge to the arcsine law [Lys.

It turns out that many kinds of orthogonal polynomials such as Legendre
polynomials, Laguerre polynomials or ¢g-Hermite polynomials for —1 < g < 1
satisfy the above condition.

6. Weaker form of asymptotic commutativity and classical limits

It is reasonable to guess that we can obtain other types of classical limits assuming
a weaker condition on the operators A, B, C. Relaxing the commutativity condi-
tion between A and B, we have discretized arcsine laws as classical limits.

Definition 6.1. The interacting Fock space is said to satisfy (RAC2), if the com-
mutator [A4, C] is asymptotically zero and if [A4, B] is asymptotically a scalar mul-
tiple of A in the following sense:
AC — CA
e lim @, =0and
n—>00 Wy41/2 + Wp—1/2

o there exists a real number r satisfying

. (AB—BA)—rA
lim

n—>00 Wy 41/2 + Wu—1/2

®, =0.

Recall that wy,41/2 + w,—1/> is the variance of X = A + B + C with respect
to (- ®,, ®,). Calculation on the matrix coefficients yields the following lemma.
The proof is almost the same as that of Lemma 5.2.

Lemma 6.2. The condition (RAC?2) is equivalent to

. Wp41/2
lim Znti/2

=1
=00 Wp—1/2
Op — Op—1
and convergence of the sequence { } .
Wn+1/2 + Wp—1/2'n
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In the following subsection, we denote by ¢ the limit of the latter sequence.

Example 6.3. e An interacting Fock space with (RACI) satisfies (RAC2).

e The one-sided interacting Fock space Iy, o defined by w412 = 1/2 and
a, = cn shares the property (RAC2). The infinite Jacobi matrix is given by

0 1/4/2 0
1/V2 ¢ 1/+/2

0 1/V2 2c

6.1. Calculation of the classical limits. From now on, we consider the case that
the interacting Fock space satisfy (RAC2). Let X ®) be the random variable

X — O
VOk+1/2 + Ok—1/2

Observing the Jacobi sequence, we obtain the following lemma.

Lemma 6.4. For every integers m, n, we have

1/\/5, m=n-—1,
" cn, m=n,
lim (X® 0, Bpyy) =
k—o0 1/V2, m=n+1,
0, |m —n| > 2.

Proof. The proof is similar to the first half of the proof of Theorem 5.3. By the
definition of the operators A, B, C, the operator X %) satisfies

Wp+k—1/2
, m=n-—1,
VOk+1/2 T Ok—1/2
Cn+k — Ok m=n
<X(k)q)k+m’q>k+n) — VOk+1/2 + Ok—1/2
w
n+k+1/2 Cme=nal,
VOk+1/2 F Ok—1/2
0, |m —n| > 2.

The conditions in Lemma 6.2 imply the above lemma. |
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We grasp the asymptotic behavior of X *) with respect to the state ( - ®, Oy ),
using two-sided infinite tridiagonal matrices acting on the inner product space
@Drcz COi. Putting the limit of the matrix coefficient (X® @y, Drp) at
(m, n)-entry, we obtain the following tridiagonal operator:

—2¢ 1/42 0

1/vV2 — 1/¥2 0
0 1/¥2 0 1/42 0 ,

0 1/N2 ¢ 142
0 1/vV2 2¢

<0
Il

where “0” is at the position of (0,0). By Lemma 4.5, convergence of the matrix
coefficients implies the following moment convergence:
lim (X ®)" @y, dp) = (X" Dy, Do). (6.1)
n—>oo
To see the moment sequence {{(X™ Dy, Do)} of X, we study the densely de-
fined operator X acting on £*(Z) = @Prey CPx. Via the Fourier transform
02(Z) =~ L*(T), we may regard X as a densely defined symmetric operator acting
on L2({e'*}). The space of Laurent polynomials of z = e’ is the domain of X.
For a bounded measurable function f on T = {e'’ | t € R}, we denote by

M| f] the multiplication operator L2(T) > g + fg € L2(T). The operator X
acts on the Laurent polynomials as follows:

e the annihilation part of X is identified with the multiplication operator

Mle™"/V/2],
e the diagonal part of X is identified with the differential operator (c/i)d/dt.

e the creation part of X is identified with the multiplication operator

e/ V2],

In the case that ¢ # 0, the summation is expressed by

c el c V2
JoSar Gl = (G e m ),
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We may further calculate

5]+ ]
= e (-2 oo (23]
:M[exp( fjlnt)] (;%)OM[C (lISIHZ)]

We can easily prove the above equation by hitting an arbitrary Laurent polynomial
of e'’. We note that the absolute value of exp (i @) is 1. Define a,(c) by the
Fourier expansion

exp( 2s1nt) Za (c)e””

nez

Definition 6.5. For x € R, we denote by é the probability measure concentrated
on x. The probability measure

e =Y lan(e)8en

nez
on R is called a discrete arcsine distribution.
Theorem 6.6. Suppose that the interacting Fock space T'i,,} (a,) Satisfy the
condition (RAC2) but does not satisfy (RACL). Define a real number c by

lim
n—00 \/a)n 12 F Ont1/2

Then for each natural number m, we have the following moment convergence:

lim <( s )m <I>k,d>k>=/]Rxm,uc(dx).

k=00 \\ /W +1/2 + Wk—1/2

Proof. By the equation (6.1), it suffices to show that

(X* By, bg) = /}R " e (d).
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([ 5]+ S5 + [ 1 Vs
= {{m[exp (=20 o (S ) o mp (2E 1)
= (ewp (~ 2o (S0 m[anp (2 i)
~((S4) e (1) rp (i 220)

By the Fourier expansion of exp (i @) the above quantity is

()"0 xp (Y220, S

nez

m

= Sat(F) e (7))

nez

L2(feit})’

By iteration of partial integration, this is equal to

S () (5)" e

tnt)
e, L2({eit})

= Z(cn)’”an(C)(eXp( \/_Sln[) eim>L2({eiZ})

nez

=Y (en)"|an (o).

nez

This is nothing other than [ x™ i (dx). O

6.2. Calculation of the discrete arcsine law u.. To identify the discrete arcsine
law ji., we have only to calculate the Fourier expansion of exp (i @) By the
Maclaurin expansion of the exponential function, we have

exp (12500 < exp () = 3 (T

k=0
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By the binomial theorem, we have

exp( 2s1nt)

1o (- [k ik—D)t —ilt
k_g (V2c)k (l)e ‘

o
o k l

Z Z 1 pilk—2D

=i fc)kl'(k—l)' '

It is not hard to check that this summation of the absolute values uniformly
converges. Therefore it is possible to change the order of summation. Now we

define n by k — 2/. The condition 0 </ < k is described by 0 </ < n + 2[. This
is equivalent to max{0, —n} < [. Then the Fourier expansion is described by

V2sint (=1)! 1 int
exp (i ) Z Z Vo2 M+ 1)1

n=—00 |=max{0,—n}

For n > 0, we have

B o0 (_1)1 1
an(c) = ; (o2 I L DU

a_n(c) B Z (_l)l 1 (_l)l-l-n 1

a ~ (V2¢) 2l N(—n + 1)1 — (V2eyn+2l (n + DU

Let J, denote the n-th Bessel function of first kind

_ - (_l)l 2l+n
In(x) = g 2t )l

The above Fourier coefficients are described as follows:
V2 V2
an(@©) = I (32). acale) = (1" (25).
c c

Theorem 6.7. The discrete arcsine law i, is a probability measure supported on
cZ. Forn = 0,1,2,..., the weights yu.({cn}) and u.({—cn}) are given by the
Jollowing:

1 /S (=D 1 2 2\ 2
pellen) = pe({—cn}) = 2,,62,,(; WEE o) = Co
Remark 6.8. We thank Prof. Marek Bozejko and Prof. Wojciech Mtotkowski

for pointing out the relationship between the discrete arcsine law and Bessel
functions.
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6.3. Remarks on the discrete arcsine law. Before closing this subsection, let
us consider the limit of u. as ¢ — 0. The m-th moment of the discrete arcsine p.
is given by
<(e—it eit cd ml .
+—+ T_) , > .
V2 N2 idt L2({eit})

When ¢ goes to 0, the moment converges to

—it it b4

e et \m dt V2 dx
—i——) 1,1> = «/Ecostm—=/ 3
<( V22 L2({ei'}) _n( "o vz mV2-x2
This is the k-th moment of the arcsine law. Since the moment sequence of the

arcsine law characterizes the measure, convergence in law implies weak conver-
gence.

Theorem 6.9. As ¢ — 0, the discrete arcsine law 1. weakly converges to the

arcsine law dx/mw~v2 — x2.
If a measure on R has the same moment sequence as i, it is identical to p.
Theorem 6.10. The discrete arcsine law . is characterized by its moments.

Proof. We exploit the Carleman’s condition for the moment sequence
el et o dym
AL
<( V2 2 idt L2({e'"})
of the discrete arcsine law. We may assume that ¢ > 0, since —c also gives the
same moment sequence. Consider the Fourier expansion

m) int el et o dym
Yomen = (s + S+

n

Note that if n ¢ [—m, m] then bY™ = 0. By the equality

(m) (m)
b b

pm+1) _ 4 Jnl —|—Cfnb(k),
g NI
we have
m+1 1 1 m
Yo < (= + —=+em+ 1) Y B,
n=—m—1 (ﬁ ﬁ )n=—m
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It is easy to show by induction that

m
Db < (V24 em)™.

n=—m

In particular the (2m)-th moment b(()zm) is at most (v/2 4+ 2¢m)?™. Therefore we
have

= 400.

g 2m/b(2m Z «/—+26m

This means that the moment sequence of the discrete arcsine law satisfies the
Carleman’s condition, which is a sufficient condition for determinacy. For the
Carleman’s condition, we refer the readers to the book [4] by Akhiezer. O
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