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Conformal invariance of dimer heights
on isoradial double graphs
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Abstract. An isoradial graph is a planar graph in which each face is inscribable into a circle
of common radius. We study the 2-dimensional perfect matchings on a bipartite isoradial
graph, obtained from the union of an isoradial graph and its interior dual graph. Using
the isoradial graph to approximate a simply-connected domain bounded by a simple closed
curve, by letting the mesh size go to zero, we prove that in the scaling limit, the distribution
of height is conformally invariant and converges to a Gaussian free field.
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1. Introduction

One of the most important starting points for two-dimensional critical lattice
models in statistical physics is the assumption that the continuous limit is universal
and conformally invariant. It says that, in the limit when the lattice spacing e
goes to zero, macroscopic quantities of the model transform covariantly under
conformal maps of the domain (conformal invariance) and are independent of
the lattice (universality). Under the assumption of universality and conformal
invariance, physicists have successfully predicted exact values of certain critical
exponents. However, the conformal invariance and universality assumptions were
beyond the mathematical justification until very recently [17, 16, 31, 26, 29, 7, 21].

In this paper, we focus on perfect matchings on planar graphs. A perfect
matching, or dimer covering of a finite graph is a set of edges covering all the
vertices exactly once. The dimer model is the study of random dimer coverings of
a graph. The dimer model has been known to be integrable since the work [14, 27]
and hence amenable to a number of techniques, see [2, 1]. Following Kasteleyn’s
technique for dimers on planar graphs [14], and by assigning weights to edges,
one can define a probability measure on random dimer coverings [15]. The height
function is a random function which assigns a unique number to each faces of the
graph for each realization of random perfect matchings. If the underlying graph is
a subgraph of the square grid Z2, Kenyon [17, 18] proved the conformal invariance
of height distribution in the scaling limit under certain boundary conditions, given
the uniform measure of random perfect matchings. The hexagonal lattice case
were studied in [24, 20].

An isoradial graph is a planar graph in which each face is inscribable in a
circle of common radius. It was introduced by Duffin [10] in the late sixties,
in an equivalent form of rhombic lattices, and reappeared recently in the work
[28, 19, 6, 7, 3, 9, 12]. Isoradial graphs are a large class of graphs where the
complex analysis techniques have a “nice” discrete analog, and hence a natural
setting for the universality assumption, which includes, and is more general than
the class of regular graphs, see [6] for an exposition of the discrete complex
analysis technique on isoradial graphs. Ising models on isoradial graphs have been
studied extensively in [28, 3, 7], and spectacular results were proved including
conformal invariance and universality [7]. For perfect matchings on isoradial
graphs, Kenyon [19] proved an explicit form for the inverse of the weighted
adjacency matrix of bipartite isoradial graphs on the whole plane. Following that,
itis proved in [8], that the height function of perfect matchings on the whole plane
converges to a Gaussian free field, yet the conformal invariance and boundary
conditions were not addressed in [8] since the paper deals with graphs on the
whole plane.
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In this paper, we use isoradial graphs to approximate an arbitrary simply
connected domain in the plane bounded by a simple closed curve, and prove the
following results

Theorem 1.1. Let Q2 be a simply connected bounded domain in the plane bounded
by a simple closed curve. Assume 02 has a straight portion Lo. Let Gs be an
isoradial graph embedded into the whole plane with common radius 8, and Gq s
be the largest subgraph of Ss consisting of faces, and completely inside 2. Let

/Q, s be the interior dual graph of Sq 5, and assume Gq s is the interior dual graph
ofS’S’M. Assume 39/5/2,5 has a straight part Ly s approximating L. Let 98,5 be the
superposition of Sq s and 9/9’ s With one boundary vertex of Sq s, approximating
a point on Ly as § — 0, removed. As the mesh size § — 0, the distribution of
the height function for random perfect matchings on 96 5 in the scaling limit, is
conformally invariant and converges to a Gaussian free field.

Here the “interior dual graph” of Gg s, is the subgraph of the infinite dual
graph G of G5, such that the vertices of the “interior dual graph” are in one-to-one
correspondence with the faces of Gg 5, and each edge of the “interior dual graph”
is an edge connecting two vertices of the “interior dual graph” and is a dual edge
of an edge of Gq 5. In Figure 2.2, the graph with solid black edges is the primal
graph Ggq s, and the dual graph bounded by the blue edges is the “interior dual
graph” of Gq 5. Moreover, Gg s is the interior dual graph of the graph bounded
by the outer red edges, with edges given by red lines or blue lines.

In particular, we do not assume the graph to be periodic, and we do not assume
the boundary to be smooth except for a straight portion. The problem solved in this
paper was also mentioned in [7], namely, whether the conformal invariance result
for domino tilings is also true for isoradial graphs. We construct a “nice”” approx-
imation of discrete isoradial graphs to continuous domains, so that the boundary
conditions could be dealt with and the convergence result follows. Since the bipar-
tite isoradial graph is obtained by the superposition of an arbitrary isoradial graph
and its interior dual graph, the boundary conditions are discrete analogues of the
Dirichlet boundary conditions and the Neumann boundary conditions. We prove,
in this paper, the convergence of the inverse weighted adjacency matrix (K1) for
both boundary conditions. The major difference of this paper from previous work
also lies in the fact that we are working on isoradial graphs, and the analysis on
isoradial graphs is more complicated [6]. The K ! is closely related to the local
statistics of dimers [15], and moreover, the spin-spin correlation of the Ising model
[13, 9].
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2. Background

2.1. Isoradial graphs. In this subsection we review the definition of the isoradial
graph as well as its basic properties. An isoradial graph is a graph which can be
embedded into the plane such that each bounded face is inscribable into a circle
of common radius. The class of isoradial graphs includes the common regular
graphs like the square grid, and hexagonal lattice, but is more general than that.
See Figure 2.1, Figure 2.2 for examples of isoradial graphs.

Figure 2.2. Isoradial graph, dual graph and rhombic lattice.
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An equivalent definition of the isoradial graph is the so-called rhombic tiling.
Namely, we can always construct a planar graph Gg from a planar graph G, such
that each face of G is of degree 4. The vertices of Gg are either vertices of g, or
faces of G. Two vertices vq, v, of Gg are connected if and only if v; is a vertex of
G surrounding the face v,, or vice versa. Hence to see if a graph G has an isoradial
embedding, it suffices to see that if the constructed graph Gg, in which each face
is of degree 4, can be embedded onto the plane such that all edges have the same
length, i.e., forms a rhombic lattice.

In a planar graph Gr with faces of degree 4, a train track is a path of faces (each
face being adjacent along an edge to the previous face) which does not turn: on
entering a face it exits across the opposite edge. It is proved in [23] that a planar
graph Gr with faces of degree 4 has a rhombic embedding if and only if no train
track path crosses itself or is periodic; two distinct train tracks cross each other at
most once.

In the above construction, each edge of G corresponds to a rhombus in Gg.
A rhombus half angle 6, is associated to each edge e of the isoradial graph; it is
the angle in [0, Z] formed by the edge and an edge of the corresponding rhombus
of Gg, see Figure 2.2. In Figure 2.2, the black edges are edges of the primal graph,
the blue or red edges are edges of the dual graph, and dashed edges are edges of
the rhombic lattice. From the picture it is quite clear that if the primal graph is
isoradial and the circumcenter is inside each face of the primal graph, the dual
graph is also isoradial.

Each edge of G is the diagonal of a thombus in Gg; this diagonal divides
the rhombus into two triangles, or half-rhombi. Similarly each dual edge also
divides the corresponding rhombus into two half-rhombi. When considering
a finite subgraph of the infinite isoradial graph, e.g. the subgraph of the dual
isoradial graph bounded by the outer red edges in Figure 2.2, each interior edge
divides a rhombus in the subgraph into two half-rhombi; and each boundary edge
corresponds to a triangle, or a half-rhombus of the subgraph; because the other
half-rhombus is outside the subgraph.

2.2. Dimer model. A perfect matching, or a dimer configuration on an isoradial
graph is a choice subset of edges such that each vertex is incident to exactly one
edge.

Let § = (V, E) be a finite isoradial graph which admits a perfect matching.
As discussed in Section 2.1, each edge e € E is the diagonal of a rhombus, with a
unique associated rhombus half-angle 6, € (0, Z). We assign to each edge e € E
a critical weight 2 sin 6,.
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Let €2 be the set of all dimer configurations on §. The probability of a perfect
matching M € 2, is defined to be

IP(M)= W' (2'1)

Here Z is normalising constant defined by

Z =Y []2sin6,].

MeQ eeM

2.3. Height function. The height function is a random, real-valued function de-
fined on faces of the isoradial graph, such that for each perfect matching config-
uration, the height difference between any two faces is uniquely determined. In
other words, each dimer configuration on the isoradial graph gives a unique height
function on faces, up to an additive constant.

For any e € G, let P(e) be the probability that the edge e is included in a dimer
configuration. Assume w is the white endpoint of e and b is the black endpoint of
e. We define a base flow wg on oriented edges of 98 5as follows:

wo(wb) = P(e),
wo(bw) = —P(e).

where wb means that the edge is oriented from the white vertex to the black vertex,
and similarly for hw. Since § admits a dimer configuration, the base flow wg has
divergence 1 (resp. —1) at each white (resp. black) vertex.

Now, let M be a random perfect matching of G. Then M defines a white-to-
black unit flow wys on the edges of §. Namely, wys has value 1 (resp. —1) on each
edge occupied by a dimer, when the edge is oriented from its white (resp. black)
vertex to its black (resp. white) vertex. Other edges have flow 0.

The height function & of a perfect matching M, is a real-valued function
defined on the faces of §. We define & with respect to the divergence-free flow
wp — wy as follows. Let fy be a fixed face. Define h( fy) = 0. Let f be another
face of G, and yy, r be a dual path (a path consisting of dual edges) connecting fo
and f. Let E,, . be the set of all edges of § crossed by yy, . Let E;}Of (resp.
E, o ) be the set of all edges in E,, , such that the white (resp. black) endpoint
is on the left of the path yy, r, when travelling along yy, r from fy to f. Set

h(f) =Y (@m — wo)wh) — Y (@ — wo)(wh), 22)
“’bEE;}o.f wbeE,
=Y (Ue) — P(e)) — Y_(I(e) — P(e)). 2.3)
ecES ecE-

Vio S Yfof
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where I(e) is the indicator of the event that e is present in the dimer configuration.
Since wpr — wy is a divergence-free flow, and G is a planar graph, therefore % is
well defined, and independent of the path connecting fo and f.

Note that in this definition of height function, we always have the expectation
EA(f) = 0, for any face f of G.

2.4. Harmonic function. The discrete Laplacian operator A on an isoradial
graph G = (V(9), E(9)), maps a function H defined on V(G), to another function
defined on V(9) as follows:

[AHI@) = [ Y tanbuy [HE) = Y [an b HO)),

v/ ~v v/ ~v

where 6, is the rhombus half angle corresponding to the edge vv’.

We can also associate a random walk, or a Markov chain to an isoradial graph,
such that the transition probability

tan 0y,
pij(vl) = ZU/ZU’NU tan 01}1}’

0 otherwise,

if v ~ vy,

where p{(vy) is the probability that a random walk started at v visits v; at the first
step.

A discrete harmonic function H on an isoradial graph § is a function defined
on vertices of the graph, namely, H: V(3) — R, satisfying

[AH](v) =0, veV(S). (2.4)

Condition (2.4) can also be considered as a discrete analog of the mean value
property.

The mean value property (2.4) obviously implies the maximal principle for
discrete harmonic functions, i.e., if G; is a subgraph of the isoradial graph G, and
we define boundary vertices of G to be vertices of G, that are incident to vertices
outside G, and interior vertices of Gs to be vertices in G that are incident only
to vertices of Gg;. We use 09, to denote the set of all boundary vertices of Gs. If
H is harmonic at any interior vertex of G, then the maximal or minimal value
of H can only be achieved at boundary vertices of G, if H is not constant on all
vertices of G;.
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The harmonic extension also has a discrete analog. If f is a real-valued func-
tion defined on boundary vertices of G, there exists a unique discrete harmonic
function H on V(9;) such that the values of H on boundary vertices of G are the
same as those of f. In fact, H can be written down explicitly as

H@) =Y o@:a;V(S)) - f(a), (2.5)

a€dGy

for all u € V(Ys), where w(u;a; V(Gs)) is the probability that a random walk
started at u first hit the boundary dG; at a. w(u;-; V(9y)) is a harmonic function
in u and a probability measure on dGs. If E C 9Gy, w(u; E; V(9y)) is the exit
probability through E of the random walk started at u.

2.5. Gaussian free field. The 2-dimensional Gaussian free field (GFF), or mass-
less free field, is a natural 2-dimensional time analog of the Brownian motion.

Let ©2 be a simply-connected bounded domain of the complex plane C. Let
C°(2) be the space of smooth, real-valued functions that are supported on
compact subsets of 2. The GFF on 2, can also be considered as a Gaussian
random vector on the infinite-dimensional Hilbert space H| (€2), where H| () is
the completion of C{°(R2) under the L? norm of derivatives, see [30].

Let {e;}i>1 be an L?-orthornormal eigenfunctions for the Laplacian A =
51_22 + %22 with Dirichlet boundary conditions (i.e., e; = 0 on d2). Let n; be the
eigenvalue of e¢;. The GFF on 2, &, is a random distribution (continuous linear
functional) on C! functions of €2, such that, for any C! function ¢,

o
W= | o eix yydxay.

where {«; };>1 are i.i.d. Gaussian random variables with mean 0 and variance 1.

3. Convergence of discrete holomorphic observables

In this section we introduce the discrete holomorphic observable for perfect
matchings on isoradial graphs, namely, the so-called inverse weighted adjacency
matrix entries, and prove its convergence in the scaling limit under special bound-
ary conditions.

3.1. Discrete approximation. In this subsection we discuss the basic setting
and assumptions for the discrete approximation, under which the convergence of
discrete holomorphic observables will be proved.
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Let G5 be an isoradial graph on the whole plane, i.e., each face is inscribable
in a circle of radius §. Assume all the rhombus half-angles of G5 are bounded
uniformly away from 0 and Z, i.e., assume there exists a constant ¢p > 0, such
that for all edges e, the thombus half angle 6, [co, Z - co]. Let Q2 be a simply-
connected bounded domain of the complex plane C bounded by a simple closed
curve. Let Gq s be an isoradial subgraph of Gs, consisting of faces, i.e., each
face of Ggq s is inscribable in a circle of radius §. Assume Gg s is also simply-
connected, i.e., the boundary of Gq 5, 39 s has only one connected component.
Let 9/95 s be the interior dual graph of Gq s, and assume that Ggq s is the interior
dual graph of 9;/2, s> as in Figure 2.2, where the primal graph Sq s is bounded
by the outer boundary consisting of black edges, 9;.2, s> the interior dual graph of
Sq.s. is the graph bounded by the outer boundary consisting of blue edges; and

;/2, s» which has Gg 5 as its interior dual graph, is the graph bounded by the outer
boundary consisting of red edges.

We make the following assumption.

Assumption 3.1. Assume as § — 0, G s approximates 2 in the following sense:

Ggq.s is the largest subgraph of Gs, consisting of faces and satisfying Go 5 C Q.

Given Gg s, we construct another graph 9£ 5as follows. First of all, let §g $ be
a graph with a vertex for each vertex, edge and face of Gq 5, and an edge for each
half-edge of Gq s and each half dual-edge as well. The graph "9'3 s is a bipartite
planar graph, with black vertices of two types: vertices of G 5 and faces of Gq 5.
White vertices of 9’38 corresponds to edges of Gq s, and dual edges in 9;2,8.
According to the Euler’s theorem, 53 s has one more black vertices than white

vertices. Let 98 s be obtained from §g s by removing a black vertex bs o on the
boundary. Assume there exists zo € d€2, such that lims_,¢ bs 0 = zo.

We claim that the graph 93 > as constructed above, admits a perfect matching.
To see that, we will construct a perfect matching for the graph 98 > and the con-
struction is to use the Temperley’s bijection [32, 5, 22] between perfect matchings
and spanning trees, as discussed in the square grid case in [17].

First of all, the graph Gg s has a spanning tree rooted at bs o, i.e., we can give
an orientation to each edge of the spanning tree, so that each vertex, except by s,
has a unique incoming edge; and by s has only outgoing edges. For each vertex
v of Gq s except bs o, we pair the vertex with the white vertex of Sg 5> W, on the
unique incoming edge of the vertex v. In other words, we assume the edge vw of
the graph Gg ; is included in a perfect matching of G ;.
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Let W) be the set of all white vertices of Sg s> included in a perfect matching
edge with a black vertex in Gq 5, and W, be the set of all the other white vertices
of 9£ 5+ Note that each white vertex of 9£ s 1s the intersection of an edge of s
and a dual edge 9. The dual edges passing vertices in W, pass all the vertices of

22, s> and contain no cycles, because the spanning tree of Gq s is connected. In
other words, each connected component of the dual edges passing vertices in W,
is a tree, with a unique vertex in 96’ s \ 9;.2, s- Let T be such a tree and v’ be the
unique vertex of 7" in G, 5 \ G5, 5. Give each edge of T an orientation, so that v’
has only outgoing edges and all the other vertices of 7" has exactly one incoming
edge. We pair each vertex of T, except v/, with the white vertex of 98 s on the
unique incoming edge of that vertex. Then we obtain a perfect matching of 98 5

An isoradial embedding of Gq s gives rise to an isoradial embedding of '§g 5
Each rhombus corresponding to an interior edge of Gq s with half-angle 6 is di-
vided into four congruent rhombi in §g FE Each triangle (half-rhombus) corre-
sponding to a boundary edge of Gg s is divided into two congruent triangles and
one rthombus. The two triangles are part of a rhombus with half-angle 6, and the
rhombus has half-angle 7 — 0. 93 > as a subgraph of §g > inherited an isoradial

2
We define a symmetric matrix d, indexed by vertices of 93 s> as follows: if vy

embedding of "9'3 s» in which each face is inscribable in a circle of radius 8

and v, are not adjacent, E_)(vl, vz) = 0. If w and b are adjacent vertices, w being
white and b being black, then d(w, b) = d(b, w) is the complex number of length
v(w,b) = 2sin 6, with direction pointing from w to b. 2sin8’s are called the
critical edge weights for isoradial graphs, which were introduced in [19], as well
as the following gauge transformation.

Let D be obtained from d by multiplying edge weights of 93 s around each
white vertex (coming from an edge of Gq s of half-angle 0) by m, that
is D(w,b) = Sd(w, b)S*, where S is the diagonal matrix defined by S(w,w) =
W, and S(b, b) = 1. Then an edge of G ; coming from a “primal”
edge of Gg s has weight +/tan 6 for D, and an edge coming from a dual edge has

weight \/tiﬂ for D. (These edges have weight 2 sin 6, 2 cos 6 respectively for d.)

Let D* denote the transpose conjugate of D.

Lemma 3.2. Restricted to vertices of Gq s, we have D*D = A,, where A, is
the Laplacian operator of Sq s with 0 Neumann boundary conditions, and the
boundary value at the removed vertex bs q is 0. Restricted to faces of Gq s, we
have D*D = Ag4, where Ay is the Laplacian operator of 9’Q s the interior dual
graph of Gq s with 0 Dirichlet boundary conditions.
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Proof. Using the same computation as in [19], it is straightforward to check the
following.

(1) Letb be ablack vertex of 98,8. Assume in 98,8, b has neighbors wy, ..., wg,
so that for 1 < j < k, the edge bw; has rhombus half-angle 6;, we have

k
D*D(b.b) =) tan;.
j=1

(2) If b, b’ are adjacent vertices in G 5, so that the edge bb’ has rhombus half-
angle 6 in Gq 5, we have

D*D(b,b’) = —tané,

and similar computations apply for the case when b, b’ are adjacent vertices
: 4
in 99, 5

(3) If b, b’ are of distance 2 in 98 s> but correspond to a vertex and a face of
9q.s, then

D*D(b,b) = 0.

Unlike the computations in [19], which consider the whole-plane operators
with no boundaries, we also consider boundary conditions here. Let f be a
function defined on the set of vertices of 98 - First assume that b is not adjacent
to bs o in G 5. If b is an interior vertex of Gq 5, then the above computation gives

D*Df(b) = ) tan 6 (f(b) — f(by)).

by ~b

This is the same as the effect of discrete Laplacian operator on the whole-plane
graph Gs. If b is a boundary vertex of Gq s, then the above computation gives

D*Df(b) = Ztan O (f (D) — S (br)).
b~b
bke€Sa.s

This is the same as the effect of discrete Laplacian operator on the whole-plane
graph Gs, if we require that on all the vertices adjacent to b in G5 \ Gq 5, f has
the same value as f(b). If we consider the boundary of the domain consisting of
dual edges of the adjacent edges of b in G5 \ Gq 5. i.e., 89658, this is the discrete
analogue of 0 normal derivative along the boundary.
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Now assume b is an adjacent vertex of bs ¢ in Ggo 5. After imposing the
Neumann boundary conditions on vertices adjacent to b, butnotin Gg s, we have

D*Df(b) = Ztan Ok (f (b) — f(bk)) + tanbp f (D).
bi~b,
bk #bs.0

This is the same as the effect of the discrete Laplacian on the whole-plane graph
Gs. by requiring that f(bs ) = 0.

Now assume b’ is a vertex of 9’Q s> and i be a function defined on vertices
of 9;2,8. We have

D*Dh(b') = Z tan O (h(b') — h(by)) + Z tan 6, h(b").
by~ bi~b'

/ ’
by€S5q s be54 5\9q 5

Similar argument shows that the effect of D* D for & on each vertex of Sa.s
will be the same as the discrete Laplacian of the whole plane graph G for / at the
vertex of G, if we require the value of 4 on 93y, 4 to be 0. O

The following lemma states the relation between the inverse matrix 9~ with
the local statistics of the perfect matchings. It was first discovered for the hexag-
onal lattice in [15], then reformulated in the setting of isoradial graphs in [19].
It also appears in [11], although in a less general form.

Lemma 3.3 ([15, 19]). The dimer partition function on 98 s 1s equal to /| det 3.
The probability of edges w1 b1, . . ., Wby occurring in a configuration chosen with
respect to Boltzmann measure [ is

k
[]9wi.bi) det 07" (w;.by).
1<i,j<k

i=1

3.2. Convergence with Dirichlet boundary conditions. From Lemma 3.2, we
know that there are two types of D! entries, depending on whether the black
vertex is a vertex of the primal graph or a vertex of the dual graph. In this
subsection we deal with the convergence when the black vertex is a vertex of
the dual graph. We start with a technical lemma proved in [6], which says that
uniformly bounded sequence of harmonic functions, has a uniformly convergent
subsequence on compact subsets of the domain.
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Lemma 3.4 ([6]). Let H®: V(Sq,s) — R be a (real-valued) discrete harmonic
function defined on vertices of the isoradial graph Gq s with § — 0. If {H S\s are
uniformly bounded on 2, i.e.,

max |H5(u)| <M < +o0,
ueV(Sq.s)

where M is a constant independent of 8, then there exists a subsequence § — 0,
and two functions h: Q — R, f:Q — C, such that

H* h, wuniformly on compact subsets K C Q,

and
H% (uf) — H% (uy)
Juid — ug|

+ —
u; —u
— 0] fa——L ]
|uk — U |
ifu,f € V(Sa.s) u,f ~up and u,f —u € K C Qask — oo. Moreover, the limit
function h, |h| < M, is harmonic in Q and f = h', —ih}, = 20h is analytic in Q.

Assume v; is a white vertex of 93 5 consider D! as a function of v,, where v,
is a black vertex of Sg - V1 is adjacent to four vertices: two vertices corresponding
to vertices of Gs, denoted by b; and b,, and two vertices corresponding to faces
of Gs, denoted by b3 and by. Let &1, &, &3, &4 denote the unit vector pointing
from vy to by, by, b3, bs, respectively. Let 6,, denote the rhombus half-angle
corresponding to the edge b, b,. Explicit computations show that

D*D D Y(vy, v1) = D*(v2, 1)

0 if v; and v, are not adjacent,
V/tan 6y, ) )
-~ ifv,=0b;,i =1,2,
= &
1 . .
—— ifv, =b;,i =3,4.
Vtan 0, &

Lemma 3.5. Let zy be a point in the interior of 2, and let z, € Q, 7, # 71.
Let vy be a white vertex of 95 s hearest 1o zy, which corresponds to an edge in
Sq.s with a fixed rhombus half-angle 0,,,, and let v, be a vertex of 9/Q s nearest to
2. Let &3 5 be the unit vector pointing from by to b3 in 9’Q’ s as discussed above.
Furthermore, assume that there exists a fixed unit vector &3, so that

lim &5 5 = &5.
§—0
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Then

1 - 0
;i_% SD_I(vz, v1) = 24/sin by, cos by, @gg(zl,zz),

1- 01
lim =05 (vy, V1) = — Z1,22),
Jm 0.6 (v2,v1) 853&’9( 1,22)
where gq(z1, z2) is the Green’s function of the region 2, and the derivative is the
directional derivative along the &5 with respect to the first variable. Moreover,
let D be the diagonal set of Q x Q, then the convergence is uniform for (z1, z5) in
compact subsets of 2 x Q \ D.

Proof. Let Dy be the corresponding matrix defined for the whole-plane graph G g?,
obtained by the superposition of G5 and Gj. Then

1 -_ 1 , .
_DO 1(1)2, U1) = —[GS(vz, b3) — G:g(l)z, b4)] if Uy € V(Sg-z 8)’
) §&3/tan 0y, :

where Gj is the discrete Green’s function on G, the dual graph of s on the whole
plane. It is proved in [19, 4] that

1 —
G} (v1. v2) =——1og‘”2 -

vl J/Euler + 10g2 82
— | +o( )

2 |l)2—l)1|2

where ygyler is the Euler’s constant. Then

1 \/sin 6, cos 6, &
———[G};(va, b3) — G5 (va, by)] = . Lo + 0(9),
561 tan@vl[ 5 (2, b3) — G5(v2. ba)] 6 N (4)

(3.1
and the coeflicient of § in the error term is bounded uniformly for any (v, vy) in
compact subsets of @ x Q \ D. Fix vy, and let

Hs(vy) = %[5—1(1)2, v1) — Dyt (va, v1)],

Evidently, Hs(v,) is satisfies the following conditions

AHs(v) =0 forallv e V(g ),

V/sinfy, cos by, &
— ﬂtv + 0(@8) + o(1).
1

Hs()lvevasy, o = 5



Conformal invariance of dimer heights on isoradial double graphs 287

Using the same argument as in the proof of Theorem 3.10 in [6], we can show
that as § — 0, the sequence { Hs}s converges uniformly on compact subsets of 2
to a continuous (complex valued) harmonic function 4(z) on 2, with boundary
value given by

/sin 6y, cos 0y, 5 &

43! z—z1

h(z)|zese = —

Then D~!(z;, z,) converges to the function

\/sin @ 0
h(z2) + sin 6y, cos v g &3

&3 ) n—2z1

This is 2,/sin 6,, cos 6,, times the directional derivative of the continuous Green’s
function.
The expression for 85{ s follows from the following gauge equivalence identity

dg.5(v2, v1)

2,/sin 6y, cos Oy, ’

3.3. Near the straight boundary. Assume 02 has a straight portion, denoted
by Lo. Assume 89;12, s has a straight portion approximating Lo, denoted by Lgs.
In this subsection we explore the behaviour of D~! when one or both variables
are near the straight boundary L s.

We can extend the isoradial graph 9;;, s across the flat boundary Lg s, such
that the isoradial faces are symmetric with respect to the axis Lgs. We can also
extend the Green’s function ng’ s(V1,v2) across Lo s as follows. If v, and vy are
symmetric vertices with respect to L s, we define

5(1)2,1)1) = O

Gg 5(v1,v3) = —Gg 5(v1,v2).

Let z; be a point in Q, and z, € Lg such that z, # z7. Using the extensions
above, we have a discrete harmonic function ng, s(21,°) in a neighborhood of
Z5, and they are uniformly bounded in the neighborhood of z, with a bound
independent of §. By Lemma 3.4, both the harmonic function and its directional
derivatives converge uniformly in a neighborhood of z,.

3.4. Convergence with Neumann boundary conditions. In this subsection, we
deal with the entries of D! where the black vertex is a vertex of the primal graph.
It has a boundary condition which is a discrete analog of the Neumann boundary
condition, given that the difference of observables along the normal direction of
each boundary edge is 0.
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The following lemma states the convergence of D~! when the black vertex is
a vertex of the primal graph.

Lemma 3.6. Let 2 be a simply-connected, bounded domain bounded by a simple
closed curve, and Sq s be an isoradial graph with common radius §, such that Sq s
is the largest subgraph of G (the isoradial graph on the whole plane), consisting
of faces of Gs, lying completely inside 2. Let z1 be a point in the interior of <,
and let z, € Q and z = z1. Let vy be a white vertex of 98,8 and v, be a vertex of
Sq.5- Assume as § — 0, (v1, v2) approximates (z1, z2) in the following sense

(1) there exists C > 0, independent of 8, such that |vo, — z2| < C§, and
|U1 — Zl| < Cé;

(2) as § — 0, the direction in G, 5 corresponding to vy are fixed to be &3.

Then fix vy, there exists a subsequence such that the real and imaginary parts of
%(55}5 (v1,b) — E_)O_l(vl,b)) converge uniformly on compact subsets of Q2 x Q to
harmonic functions on b, as § — 0. Let F(zy, z2) be the limit of %55{8 (v1,b),
b € V(Sq.s), and let vy be a sequence of black vertices approximating z, which
have incident edges in Gq s with direction equal to a fixed vector o, then

02 F(z1, 22) _ﬂ d2
da 05 d(ia)

[ga(z1.22)],

where 2 (resp. 8(1 a) ) is the directional derivative of the second variable with
respect to the a (resp. ia) direction, for z1 # z, (21,22) € Q2 X Q.

Proof. Recall that there are two types of black vertices By and B;, where By
corresponds to vertices of the graph Gq s, and By corresponds to vertices of the
dual graph

Fix a white vertex vy. Define f € CBo, as a function on By vertices and
g € CB1 as a function on B, vertices as follows

f(b) = 0g's(b.v1) if b € By,
g(b) = 9g's(b,v1) if b e By.

Let w be a vertex of 98 s+ Let by, by be two adjacent vertices of w in By, and
by, by be two adjacent vertices of w in By. Then

8uw(v1) = dg.50g s (w.v1) = Y do(w. bi)dg's (bi. v1).

i=x,y,D,q
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where ) is the operator on the whole-plane bipartite isoradial graph G SD, namely,
the superposition of G5 and S§. Note that if b; € 955, , then 8518 (bi,v1) = 0.
Let o, (resp. —a, i, —ir) be a unit vector from w to by (resp. by, by, by), we then
have

if w # vy,

if w = vy,

0
2sin Oy a(f(bx) = f(by)) + 2cos Ouia(g(by) — g(by)) = {1

where 6,, is the rhombus half-angle corresponding to the edge bb,. Hence if
w # vy, we have

~cos Oy,

S(bx) = f(by) = —i

sin O, (g(bp) — g(bg))-

Let by s be the removed vertex, recall that f(by s) = 0. Let b be an arbitrary
vertex of Gq 5. We use a path, consisting of n edges of Gq s to connect by s and b,
such that nd is uniformly bounded for any &, and there exists a fixed ¢y > 0 such
that the path does not intersect the ball B(vq, ¢g) for any 6. Assume the vertices
in Gq s visited by the path are

bo(= bo,5),b1.b2, ..., bu(= D),

in which b; and b; 11 (0 <i < n — 1) are adjacent in G 5. Then

05 (b.v1) = f(b) =Y f(bi) — f(br—r) (3.2)
k=1
 cos 0
=iy g €l =gl ()

where 0 is the rhombus half-angle corresponding to the edge bxby—;, and
bibp kbi—1by i is the rhombus (where the vertices are in counter-clockwise or-
der) corresponding to the edge by, by.

Note that in a compact subset of 2\{z;}, g(b) converges uniformly to a contin-
uous harmonic function, as is proved in Lemma 3.5. Moreover, g(b) is uniformly
bounded on a compact subset of 2\ {z; }, by Lemma 3.4, the directional difference
of g(b) converges uniformly on a compact subset of 2 \ {z1} to the directional de-
rivative of the corresponding continuous harmonic function. Therefore, we have

fo B = fby) _ 01 0
§—0 282 cos by 083 i)

[ga(z1.22)].
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From (3.3), we see that %55{ (b, v1) is uniformly bounded on a compact subset
of Q\ {z;}. By Lemma 3.4, the directional difference of %5_1 (b, v1), with respect
to b, converges uniformly on a compact subset of Q2 \ {z;} to the corresponding
directional derivative of the limit continuous harmonic function, then the theorem
follows. .

Similarly as in Section 3.3, the primal graph Ggq s can be extended across Ly s,
by constructing a symmetric graph with respect to the axis Lo s. We also extend
the Green’s function Gg s(v1,v2) on the primal graph across the boundary by
letting Gg 5(vi,v2) = Ggqs(v1,v5) if v2 and v) are symmetric with respect to
Logs. B

Let z; be a point in 2, and z, € L such that z, # z;. Using the extensions
above, we have a discrete harmonic function and Gg s(z1, -), in a neighborhood
of z,, and they are uniformly bounded in the neighborhood of z, with a bound
independent of §. By Lemma 3.4, both the harmonic function and its directional
derivatives converge uniformly in a neighborhood of z,.

4. Conformal Invariance

In this section, we prove an explicit expression for the scaling limit of the discrete
holomorphic observable, by utilizing the conformal invariance of the Green’s
function.

Lemma 4.1. Let A, B be two continuous, (directional) differentiable, complex-
valued functions in Q. Assume for any z € Q, A(z) is perpendicular to B(z), and
there exists two nonparallel directions o1(z), a2 (z), such that

0A 0B

—| ==, 4.1
80(1 z 31 z ( )
8_A — a_B (4 2)
8052 z o 82 z ’ '

where B1 = iy, and B> = ias, then A 4+ B is (complex) analytic in Q. Here if
a1 is a unit vector, A is a complex-valued function, Eix—Al is defined by

Az +eay) —A(2)
€0y '

Moreover, for arbitrary directions o, B8, (o, B € C and |a| = |B| = 1), satisfying
B = ia, we have

JA 0B

da 0B
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Proof. Using the chain rule to check the Cauchy—Riemann equation

R[A + B], = J[A + B],,

R[A + B], = —3[A + B],. O
Lemma 4.2. Define
191 (w,b) if b e V(Sqs),
Fos(w,b)y=1°"%°
0 if b€ V(Sq.4)-
0 if b € V(Gaq,5).
Fl,S(w’b) =

§0qs(w.b) if b e V(Sq).

Then as 6 — 0, Fys + Fy5 converges to a meromorphic function f(z1,z2) in
z5. For each fixed z,, the only pole of f(z1,-) happens at z, = z1, with residue
ﬁ. Here z, corresponds to white vertices, and z, corresponds to black vertices.
Moreover, the convergence is uniform on any compact subset of Q x Q \ D.

Proof. Let dy be the operator for the whole plane graph G é) , define

L9=Y(w,b), ifbe V(G
Jos(w.b) = 50y (w,b) (90.5)
0 if b € V(G 4)
0 if b € V(Sq.s),
Jis(w,b) = 151 . ,
500 (w.b) if b e V(G4

As in the proof of Lemma 3.5 and Lemma 3.6, (see also [19]) explicit computations
show that

. &1
lim Jo 5 = )
0" 00 4§y 2o — 21

1 &3
lim J; s = N .
§—0 1.6 47[%_3 Zy — Z1

Here £, is the unit vector pointing from a white vertex w to an incident vertex in
Sq.s, and &3 is the unit vector pointing from a white vertex w to an incident vertex
in G, 4, and &3 = i£;. Hence we have

1

lim J, Jig=——"——
5§—0 0.8+ s 4 (zp — 21)
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Again, according to Lemma 3.5 and Lemma 3.6, lims_,o Fo s + F1.5 — Jo.s — J1.8
is a complex-valued harmonic function in z, for each fixed z;. Let b be the black
vertex in Gq corresponding to z», we can find two edges incident to b in Ggq,
which are non-parallel and have directions o, a5, respectively, such that (4.1)
and (4.2) hold with A = lims_,¢ Fo,5s —Jo,5,and B = lims_,¢ F; s —J1 s, therefore
lims_,o Fo s + F1,5 — Jo,s — J1,s is analytic in z,, and the lemma is proved. O

Consider limg_,o(F; s — Jl’g). According to Lemma 3.5,
bh_‘}})(Fl,b’ —Jis) = o5 [89(21522) + —log |z1 — Zz|]

And according to Lemma 3.6, we have

2 limg_o(Fo,s — Jo,5) _ 0102
dro 0&30(ic

1
)[gsz(zl,Zz) + T log|z; — Zzl],

where « is the unit vector denoting the direction of an edge of Gq s at z».
By Lemma 3.5, for each fixed (z1, z2), lims—o(Fo,s — Jo,s) is perpendicular to
lims_,o(F1,5 — J1,8), and since each vertex of Gg s is incident to at least two non-
parallel edges, there exist two non-parallel directions o, o3, such that

d2 limg_o(Fo,s — Jo,s)  limso(F1,5 — J15)

- , 43
da 9B *3)

d2 limg_o(Fo,s — Jo,5) _ limg_o(F1,5 — J1,5) (4.4)
dap B2 ’ '

where 81 = iay, and B, = ia,. According to Lemma 4.1, for arbitrary directions
a, B, satisfying 8 = i, we have
02 lims_o(Fos — Jos)  02lims_o(F1 5 — J1,5)

5o = o : —. 4.5)

Recall that zo is the limit of the removed vertices bs o, as § — 0, and
lims_,¢ Fo,5(z0) = 0. Hence for any smooth path connecting zo to z» in 2, we
have

}i_I)I})(Fo,S — Jo,s)(21,22)

/22 02 limg_,o(F1 .5 — J1,8)
2 on

(21.0)d + lim Jo 5(z1. Zo)

0

01 282[

T ga(z1.0) + o log|a —¢l]de +

43} z0—z1
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where d ¢ is the differential along the tangent direction of the path from zy to z5,
and g—fl is the derivative with respect to the second variable along the normal
direction of the path from zj to z,. In particular we have the following case.

Lemma 4.3. We have

) d 29
lim Fy5(z1,22) = el —2g9(21,§)d§
§—0 85

and the integral is along a path from zg to z» in a compact subset of Q \ {z1}.

Since the limit Fy s and F; s also depend on the local direction of the edge
corresponding to the white vertex, from now on, we write

1 [*20
SR 1) = Jim 2.8 = 3t [ eatr 0z
—0 Z0 on

le(Zlizzsé):l%i_%Fls?ﬁ(zlsz2sé) gQ(Zl,Z2)

3

where £ is the direction of the dual edge at the white vertex corresponding to zy,
and i ¢ is the direction of the primal edge at the white vertex corresponding to z;.

Let H = {z: Iz > 0} be the upper half plane. Let ¢: 2 — H be the conformal
equivalence between 2 and H, which maps the marked point zy of 92 to oo.
According to the conformal invariance of the Green’s function, we have

$(z2) — P(z1) '
¢(z2) — P(z1)

ga(z1,22) = gu(¢(z1), ¢(22)) = 7

Define

Gz = = [ 221g |20 Z9ED |,

2 Joy 0S| p0) — ) @

then g, (z1.-) is, locally, i times the harmonic conjugate of gq(z1, ), with respect
to the second variable. Namely,

arg ¢(z2) — ¢(21)
2 ¢(22)—¢(21)

gQ(ZlaZZ)
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Note that g¢,(z1,22), as a function of z5, is not single-valued. In fact, g§(z1,-)
increases by i when winding once counterclockwise around z;. Moreover,
4 — zZ
$(z2) — ¢ ( 1)) v,
¢(22) — ¢(z1)

which implies, locally, ga(z1, 22) + g& (21, 22) is (complex) analytic in z,. Simi-
larly we have

1
g0(z1.22) + g3(1.72) = 3 log (

2)— 1

Explicit computations show that

fﬂma@+ﬁ%mm9=%mmMm+%m@»

:i< gz) 1 ¢ )
2 \p(z1) — d(22)  E24(z1) — (z2)

and

f2(z1.22.8) — [ (z1. 22, 1) = i(gsz(Zl,Zz) —g6(21.22))

13
_ i(i $'(z1) Pz )
2m\E2 4 (z1) — p(z2)  H(z1) — $(z2))
Hence we have
Q _ P'z)  P(@)
i (z1.22.8) = 47 [(¢(21) — ¢(22) d(z1) — ¢(22)) 4.6)
B i( ¢z)  9(z) >] '
£\ —¢(z2) @) -2/
Q L ¢'(z1) ¢'(z1)
et =l (e e * o) “

b ¢'(z1) ¢'(z1)
ey v tie o))

In particular, in the upper half plane H we have

1 1 1 1 1 1
H _ _ - _
fi1 (21,22, 8) = 471[(21—22 21_5) fz(ﬂ—h ﬂ_5)],

fo]H(Zlgzz,ié)Zi[( ! + : )—i<_11 +_1_2)].

4 Z1 — Zp 21—5
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5. Height function and Gaussian free field

In this section we study the height functions for perfect matchings on isoradial
graphs {Sg s)s» and prove that the distribution of height functions converges to
GFF in the scaling limit.

Recall that the graph 93 > constructed by the superposition of an isoradial
graph Gq s and its interior dual graph 9;.2, s> and then the removal of a vertex
of Go s on the boundary, is a bipartite, isoradial graph which admits a perfect
matching, as discussed in Section 3.1.

The probability measure for perfect matchings on the graph 98 5 1s defined
to be proportional to the product of critical edge weights, see (2.1). The height
function is defined as in (2.2) and (2.3).

Assume g1, . .., g.s are k distinct faces of G . Recall that 3  is obtained
by superimposing Sq s and its interior dual graph G, > then removing a vertex of
Gq.s on the boundary. Also recall that Gg s is the interior dual graph of gfz s> and
the boundary of 92/2, s has a straight portion Lo s. Let f15,..., fx,s be k distinct
faces outside 98 s> but incident to the boundary of 98 s and Lo 5. Assume

lim g; s = z;,
8—>0g]’ J

lim f;5 =w;, foralll <j <k,
§—0

where {z; }}‘zl are distinct interior points of 2, and {w; }}‘zl are distinct points on
the flat boundary L of 2.

Leth 8 = h(gj,s) —h(fjs) be the height difference between the faces g; s and

fjs- Let h; s be the mean value of 5, i.e., hjs = Ehjs.

If we fix the height h( f1,5) = 0, it is not hard to see that for any given dimer
configuration on 93 s> 1(fj,5) is deterministic and identically 0, according to the
definition of height function in Section 2.3. Therefore,

hjs = h(gjs).

For each ¢ sufficiently small, let )//5 (1 < j < k) be pairwise disjoint dual
paths of 9£ s> starting at f; s, ending on the face g; 5 and consisting of dual edges

of 938.
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Moreover, according to our specific definition of height function in Sec-
tion 2.3,
hjs=0 foralll < <k.
For notational simplicity, we use y;(1 < j < k) instead of yf. For each fixed
j( < j < k), we classify all the edges of Sg s crossed by y; into 4 different
types as follows:

(1) the edge has the white vertex on the left of y;, and the black vertex is a vertex
of Gq s, denote the set of all such edges by U 1;

(2) the edge has the white vertex on the left of y;, and the black vertex is a vertex
of 9/95 s> denote the set of all such edges by Uj »;

(3) the edge has the black vertex on the left of y;, and the black vertex is a vertex
of Gq s, denote the set of all such edges by U 3;

(4) the edge has the black vertex on the left of y;, and the black vertex is a vertex
of 9’Q s> denote the set of all such edges by Uj 4.

Then
Ehl,S ..... hk,S (5'1)
= Y (DEOE OO SR (e )~ Plenjya)) - (5:2)
Jlseeordik €41,2,3,4} Hseentises, jg.ts €Us, jg . (]I(ek,jk,tk) - P(ek,jk,tk)), .

where £ is a function defined on {1, 2, 3,4}, such that £(1) = £(2) = 0, and
§(3) =&@) = 1. Foreach s, 1 <s <k, t; is an integer indexing the #,-th edge
crossed by y; in the class Uy ;,, counted starting from the face f; 5. The 7;-th edge
in Uy, is denoted by e;_j, ;.. The expressionof Ehy5----- hi.s asin (5.2) follows
from applying the formula (2.3) to compute height functions and expanding the
product out.

Lemma 5.1. Let e; = (w;, b;), fori = 1,...,n, be a set of n distinct edges in
938, then
E(l(er) —P(er))----- (I(en) — P(en)) (5.3)
no 0 0g's(wi,ba) ... ?5}5(11)1,19;1)
= [[oaswi biydet| dgl(wabr) 0 w0 (w2, bn)
i=1 Béfg(wn,bl) 85{8(w,,,b2) 0
5.4)

Here 3 is a special (complex) weighted adjacent matrix with respect to the isora-
dial graph 93 5 @S discussed in Section 3, and 37! is the inverse matrix of 0.
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Proof. Apply the same technique as in Lemma 21 of [17] to the setting of isoradial
graphs. O

Recall that fo(w,b,i&) = limg_q %55}8@), b), if b is a vertex of Gq 5, and
& is the direction of the dual edge of 9’Q s at w. Also recall that fi(w,b,§) =
limg_, %55{8 (w, b), if b is a vertex of 9/9,5’ and £ is the direction of the dual
edge of 9;2, s at w. Note that the convergence is uniform on any compact subset of
QxQ\D.

Plugging (5.4) to (5.2), and expanding the determinant out, we obtain an
expression of Ehy 5 - --- - hg s in terms of entries of dand 971, A typical term
in this expression is

k
(—=D)EOVFTHEUO T G 5 (wi, bi)sgn(0)0g's (w1 be1))0g's (W2, b)) - -
=1 <055 (Wi bo(ry)-
(5.5

Here o is a permutation of k elements with no fixed point. Let us first assume that
o is a k-cycle, reorder the indices so that (5.5) becomes

k
(—D)EUDHHEUD T §g 5 (wy, bi)sgn(0)dg's (wi, b2)dg s (wa, b3) -+ (5.6)

=1 'éﬁfg(wk,bl)
. . k —_ .
— (= 1)EUD++EU gon ()8 1_[ dg,5 (Wi, bi) fy(jp) (w1, b2, g{’(”)) e
i=1 St (W2, b3, Eg(.m)) 5.7)

oGy We—r. i, §199)

* oGy (Wi, by, 5,’5"”) +o0(1),

where 7 is a function on {1, 2, 3, 4}, such that (1) = n(3) = 0, and n(2) = n(4) =
1. Eio is the direction of the primal edge at w;, while Eil is the direction of the dual
edge at w;. Recall that j; (1 <i < k) is an integer indicating the type of the edge
w;b;, as discussed before. In particular, j; = 1,3, means that b; is a vertex of
Sa.s,and j; = 2,4, means that b; is a vertex of 9’9’5.

Lemma 5.2 below is contained in [8], we present the proof here so that the
paper is self-contained.
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Lemma 5.2. For 1 <i <k, when traveling along y; from f; s to gi s, let Az; be
the increment along the dual edge of w;b;, where the dual edge is in y;, and w;b;
is the unique primal edge crossing the dual edge. We have

k
(—1)EGDF+EGK) H dq.s(wi, b))% = (—i)FAzy - Azy
i=1

Proof. According to the local geometry of the isoradial graph, we know that Az;
has length equal to 2§ sin 6;, and direction perpendicular to w;b;, here 6; is the
rhombus half-angle corresponding to w;b;

By definition of the 9 operator, for 1 < i < k, 59,5 (w;, b;) is the complex
number of length 2 sin 6;, with direction pointing from w; to ;. Also recall that
w;b; is an edge of 98’ s intersecting y;. If w; is on the left of the path y; when
travelling along y; from f; 5 to g; 5, then

i80g.s(wi, bi) = Az;,
however, if w; is on the right of the path y; oriented from f; 5 to g; s, then
(—i)80q 5 (wi. bi) = Az,

hence the lemma is proved. O

Applying Lemma 5.2 to (5.7), we obtain another expression of (5.6), namely

k .
(5.6) = sgn(o) l_[ [Azif,,(ji+l)(wi, bi+1, gl_"(ﬁﬂ))] (5.8)

i=1

Lemma 5.3. Forl <i <k,

AZi fn(ji+1)(wi’ bi-l-l’ Ein(ji—H)) (59)
1 @' (w;) 3 @' (w;)
= —1)"Vi+1) = )Az; 5.10
il G —atm O g )M G0
n (—1)”(/")+1A_z,~( ¢/(wi)
¢(wi) - ¢(bi+l) (511)
+ (=1)"Yi+D) P )]

d(w;) — d(bi+1)
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Proof. We plug in formulas (4.6) and (4.7) into (5.9), and note that n;, ., = 0
(resp. nj,4, = 1), if bi41 is a vertex of Gg 5 (resp. 9/Q 5)-
Moreover, recall that w; b; is an edge of 98 5 crossed by yi. Anedge Az; along
y; is always perpendicular to the crossing edge w;b; in 98’5. Ifn(ji) =0,b;isa
vertex of Gq 5, w;b; is parallel to i€, and therefore Az; is parallels to &, hence we
have
Azy — . .
5—2’ = Az if n(ji) = 0.
Similarly, if n(j;) = 1, b; is a vertex of 9/Q 5 w; b; is parallel to &, and therefore
Az; is parallels to i &, hence we have

—3 =8z ifg(ji) =0.
Then the lemma follows. o

We plug in (5.9)—(5.11) to (5.8), to obtain an expression of (5.6), then plug in
the expression of (5.6) to (5.4) to obtain an expression of (5.3); then plug in the
expression of (5.3) to (5.2) to compute the height moment (5.1).

For 1 < s < k, each factor f;(j, . )(ws. bst1, 7Us+1y in (5.7) is the sum of
four terms. We expand them out and express (5.7) as the sum of 4% terms.

Let S = 1,2,...,k. Each one of the 4¥ terms in the expansion of (5.7) gives

a division of S into 4 disjoint subsets S;, S», S3, and Sy, such that
() S7USUS;US;, =38,
2) SinS;=0,ifi,j e{l,2,3,4}andi # j.

Namely, if ¢ (w; ;,) and ¢ (b; ;) appear in the term, theni € Sy; if ¢ (w;,, ) and
¢ (bi ;) appear in the term, then i € S5; if ¢(w; ;) and ¢(b; ;) appear in the term,
theni € S3;if ¢(w;y, ) and ¢ (b; ;) appear in the term, then i € Sy.

We claim that if in the division of S determined by a term in the expansion
of (5.7), S U S3 # @, then the term, summing over 1, ..., will go to 0 as
8 — 0. In fact, applying Lemmas 5.2 and 5.3, a term in the expansion of (5.7)
can be written as

Nk - -
(=) sgn(0)uo,8,,55,85.54 (Z1t1s -+ > Zhtges 21ty s - -+ Zhoyty)
[[1Azig] [ FAzis] [TID"9P Az TTI-D9H Az L),
iESl i€S4 iES2 iES3
wi t; +bi g . .
where z; ;, = —5—=*, and us,s,,s,,55.5, is @ smooth function when zy, ..., zx

are distinct. Note also that the function us. s, s,,55,5, depends on the division
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S1, 82, 83, 84, i.e. different monomials in the expansion of (5.7) give different
function. It also depends on the specific permutation in the expansion of the
determinant in (5.4).

Here Az, is the #;-th oriented dual edge connecting adjacent faces along the
path y;, where edges along y; are oriented in such a way that y; is oriented from

fisto gis.

Lemma 5.4. We have

D (=D)"UD Az, = 0(). (5.12)
t

Proof. Let Fo(:= fis), F1,..., Fr,(:= gi ) be all the faces along the dual path
yi, then

Azi,tl’ =Ftl’_Fti—1’ forlftifﬂ,

where F;, — F;; 1 is a dual edge, and it is crossed by an unique primal edge
Wiz, bi ;- On the left hand side of (5.12), the sign of Az;;, depends on the type of
bi ;s namely, if b; ;, is a vertex of Ggq s (resp. 9;2,8), then the sign of Az;;, in the
sum (5.12) is positive (resp. negative).

Note that each face in 98 s has 4 vertices, exactly two vertices are black, and 2
vertices are white. Moreover, in each pair of black vertices of the same face in
Sg FY exactly one black vertex is a vertex of Ggq s, and the other is a vertex of

Moving along dual edges of y;, at the beginning we meet with dual edges
whose crossing primal edges share a black vertex b; until the s;-th dual edge,
next we meet with the (s; + 1)-th dual edge whose crossing primal edge has a
different black vertex b,. In fact, b, and b, must share a face, and exactly one of
them is a vertex of Gq 5, and the other is a vertex of 9;.2, 5

Then we keep moving along y;, assume all the dual edges from the (s; + 1)-th
dual edge to the s,th dual edge, have crossing primal edges sharing a black vertex
b,, but the (s, + 1)-th dual edge has a crossing primal edge with a different black
vertex bs. Evidently b, and b3 share a face in 93 8 and they are black vertices of
different types.

We continue this process and obtain

q

DDAz =Y (—DPHF, — F, ]

t p=1

where for p = 1,...,q—1, F;,’s are all the faces separating two dual edges along
y; whose crossing primal edges have different black vertices.
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Forp =1,...,q,let b, be the common black vertex shared by crossing primal
edges of all the dual edges along y; between Fs,_, and Fj,, we have

q
Y DAz = Y (=1 (Fy, — bp) + (bp — Fy, )]

t; p=1
Moreover, the geometry of the isoradial graph gives us

2F;, =bp +bpy1, forl<p=<gqg-—1.

see Figure 5.1.

Figure 5.1. Face of isoradial graph and dual path.

As a result,
D (=D Azy = (=) (Fy, — by) = (Fo — by) = 0(5). m
t
Therefore if a term in the expansion of (5.7) has a division of S in which
S» U S3 # @, then the sum over ¢4, ..., #; of the term will go to zero as § — O,

since it is the sum of a smooth function multiplying an oscillating term. Taking
into account the boundary behavior of 3518 near L, as discussed in Section 3.3,

we have

lim By iy = ) (%)k

€1,....ex €{—1,1}

@ | det U(p ], ... [ ®)dzD -z,
d(r1)s- 0 (i)

i=1

where U(x1, ..., xx) is a k x k matrix defined by U;; = 0, and U; ; = ﬁ, if

w € C is a complex number, we use the notation w® := w, and w~V := w.
Lemma 5.5 below is a classical formula to compute the Cauchy determinant.
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Lemma 5.5 ([25]). Let M = (m;;) be the k x k matrix defined by m;; = 0, and
1 = When k is odd, det M = 0, and when k is even,

X;j—X

mi; =

1

(X6(3) — Xo4))? ** (Xg(k=1) — Xo(k))?

detM =
Z (Xo(1) — Xo(2))?

where the sum is over all (k — 1)!! possible pairings {{oc(1),0(2)},...,
{otk —1),0(k)}}of {1,...,k}.

Now we apply the moment formula (5.13) and compute the second moment
explicitly. We have

;i_r)% Ehy,5(z1)h2,5(22)

1

1 1 -
_ U v ande- / dtydds
1672 [/¢>(y1) o) (1= 82)? 00002 (61— 82)?
1 - 1 - -
- ahdt + | dbd,
/¢>(y1) 902 (61 — £2)? 500002 (&1 —02)? ]
L jog $(22) — Pp(21)
872 $(22) — p(21)
1
= — (9 (z1).(z2).
T
where gy is the Green’s function for the upper half plane H.
Assume zy, ..., zx are distinct points in €. Applying Lemma 5.5, we have,

when k is odd,

;i_r)% Elhys(z1) -+ his(zk)] =0
When k is even,

(%i_r)r}) Elhys(z1) - hi,5(zk)]

N Z ( )7 1_[ gH(P(Zoj-1)) P(Zo2))))-

pairings o

The next lemma gives a control on the expectation of product of height func-
tions at finitely many interior points of the finite domain, of which two or more
points are identical. For a similar bound for height moments of dimer configura-
tions on a whole-plane isoradial graph, see Lemma 20 of [8].
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Lemma 5.6. If two or more z;’s are equal, we have
Elh1,5(z1) - hies(zi)] = O(llog 1)

where | is the number of coincides, i.e. k — [ is the number of distinct z;’s.

Proof. 1f two or more z;’s are equal, we choose the paths y; s’s, consisting of dual
edges of 98’ s> SO that the Vi/, g8 for different i’s are close to each other only at
coinciding z;’s, but far away from each other elsewhere. Previous computations
show that

—ink
= — sSgn
YY) e
J15esJk €41,2,3,4} 0E€SK t1,..tk

k
l_[ [Error terms

=t ( @' (Wi, ;)

¢ (Wig;,j;) — ¢(b0'(i)ato(i)sjo(i))

@' (Wi, j;)
¢ Wiy, j;) = O Boi) iy iysioa)
b, 1;.j; — ¢(b0(i)=trr(i)=jrr(i))

¢/(wi,ti,ji)
¢(wi,ti,ji) - ¢(b0‘(i),t(y(i),jg(i))
(5.14)

+ (_1)71(1'0(,'))

Az, j;

+ (1)o@ HIAZ

+ (_l)n(jam)

Here Sy is the set of all permutations with k elements with no fixed point.
We need to estimate the error terms in (5.14). When by (i) 1, ;.j0¢;) 1S @ Vertex
of 9;.2 s» from the proof of Lemma 3.5, we know that

82

|wi,ti,ji _bo'(i)ato(i),jo(i)|

|Error terms| < 0( + 0(8)

When bo (i) 1, 1y.j0 iy 18 @ Vertex of Ggq s, from the proof of Lemma 3.6, we know
that

)

|wi,ti,ji _bo'(i)ato(i),jo(i)|

|Error terms| < 0( + 0(8)
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If / is the number of coincides of z;’s, we have

¢/(wi,t,~,ji)
[(¢(wz i, /,) ¢(ba(i),t(,(,-),j(,(,-))
¢ (Wi j;)
S Wi, i) — P Boi) o), ioi)
bwitiji — D Ba(i).toiy o)
¢ (Wi ;. j;) ‘
P Wiy, i) — ¢ Boii)teiyrion))

I x~
-

+ (_1)77(.f(r(i)) )Azi,ti,ji

+ (_l)n(jm))“m(

+ (_l)n(jrr(i))

< 0[(log )],
then the lemma follows. O

We have the following theorem:

Theorem 5.7. The scaling limit of distribution of (unnormalized ) height is con-
formally invariant and universal, and is the same as f times a Gaussian free

field.

Proof. It suffices to prove that for any ¢ € C5°(£2),
> (A — [ Tyasdy. (5.15)
fe€S8 s

where the convergence is in distribution, f is a face in 9£ s> and F is the GFF for
the domain 2, A(f') is the area of the face /. We have

B[ wOhs(A) (D wohs(foA)]

f1€9£,5 fk€9g.5
= Y (WA Y SDASOERs () - hs(fio)]
Sl fkegg s

k
/ / BF(1) - Fo] [ | i Goodxdy + 06).
i=1

That is, the moments of left side of (5.15) converges to those of right side of (5.15).
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To verify the last identity, we notice that if / is the number of coinciding z/s,
by Lemma 5.6, the convergence always holds. Given the error term O(§), the
characteristic function of the left hand side of (5.15) converges to the characteristic
function of the right hand side of (5.15). Since the right hand side of (5.15) is a
Gaussian random variable, its characteristic function is always continuous at 0.
Hence the weak convergence (5.15) is true, and the theorem follows. O
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