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Belief propagation
on replica symmetric random factor graph models
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Abstract. According to physics predictions, the free energy of random factor graph models
that satisfy a certain “static replica symmetry” condition can be calculated via the Belief
Propagation message passing scheme [Krzakala et al., PNAS 2007]. Here we prove this
conjecture for two general classes of random factor graph models, namely Poisson random
factor graphs and random regular factor graphs. Specifically, we show that the messages
constructed just as in the case of acyclic factor graphs asymptotically satisfy the Belief
Propagation equations and that the free energy density is given by the Bethe free energy
formula.
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1. Introduction

1.1. Belief propagation. Factor graph models are ubiquitous in statistical physics,
computer science and combinatorics [19, 29]. Formally, a factor graph G =
(V(G), F(G), 06, (Ya)acF(G)) consists of a finite set V(G) of variable nodes,
a set F(G) of constraint nodes and a function dg: F(G) — ;=g V(G)! that
assigns each constraint node ¢ € F(G) a finite sequence da = dga of vari-
able nodes, whose length is denoted by d(a) = dg(a). Additionally, there
is a finite set  of spins and each constraint node ¢ € F comes with a
weight function Vq: Q4@ — (0,00). The factor graph gives rise to a prob-
ability distribution ug, the Gibbs measure, on the set V(@ Indeed, letting
o(x1,....x5) = (6(x1),...,0(xx)) for o € QY and x1,...,x; € V(G), we
define the partition function

1
pg:o € VO — — [[ vale@a)). (1.1)
acF(G)

Zog= Y, J] val0@a).

1eQV(G) aeF (G)

Moreover, G induces a bipartite graph on V(G) U F(G) in which the constraint
node « is adjacent to the variable nodes that appear in the sequence da. By (slight)
abuse of notation we just write da = dga for the set of such variable nodes.
Conversely, for x € V(G) we let dx = dgx be the set of all a € F(G) such that
x € da and we let d(x) = dg(x) = |dx|. (However, we keep in mind that the
order of the neighbors of a matters, unless the weight function v, is permutation
invariant.)

The Potts model on a finite lattice is an example of a factor graph model. In
this case the lattice points correspond to the variable nodes and each edge {x, y}
of the lattice gives rise to a constraint node a. The spins are & = {1,...,q} for
some integer ¢ > 2. Moreover, all constraint nodes have the same weight function,
namely Q2 — (0, 00), (s,1) > exp(B1{s = t}), where B is a real parameter.

Another example is the k-SAT model for some k > 2. The variable nodes
X1,..., X, correspond to Boolean variables and the constraint nodes ay, ..., an
to k-clauses. The set of possible spins is 2 = {£1} and each constraint node
comes with a k-tuple s; = (sj1,...,8ik) € {£1}X. The weight function is
Va;: {£1}* — (0,00), 0 > exp(—p1{c = s;}), where B > 0 is a real parameter.
Combinatorially, =1 represent the Boolean values ‘true’ and ‘false’ and a; is
a propositional clause on the variables da; whose jth variable is negated iff
Sij = —1.

where



Belief propagation on replica symmetric random factor graph models 213

A key problem associated with a factor graph model is to analytically or
algorithmically calculate the “free energy” In Z¢. Either way, this is notoriously
difficult in general [24]. But in the (very) special case that G, viz. the associated
bipartite graph, is acyclic it is well known that this problem can be solved via the
Belief Propagation equations (see eg. [21, ch. 14]). More precisely, for a variable
node x and a constraint node a such that x € da let ;g x—q be the marginal of
x with respect to the Gibbs measure of the factor graph G — a obtained from G
by deleting the constraint node a. (To be explicit, ;tg,x—q(0) is the probability
that x is assigned the spin o €  in a random configuration € V(% drawn from
UG—q.) Similarly, let ;g 4—x be the marginal of x in the factor graph obtained
from G by deleting all constraint nodes b € dx \ a. We call pg x—q the message
from x to a and conversely jtG 4— the message from a to x. If G is acyclic, then
forall x € V(G), a € dx, 0 € L,

1_[ HG,b—)x(U)
G x—a(0) = L , (12)
¢ Z 1_[ HG,b—)x(T)
t€Q bedx
D e =0a(®) [[ mey—alz(»)
6 amer(0) = *2 P (1:3)
¢ S e [] H6yoa®()
reQia y€da\x

and the messages (LG x—a» LG a—x are the unique solution to (1.2),(1.3). In fact, the
messages can be computed via a fixed point iteration and the number of iterations
steps required is bounded by the diameter of G. Furthermore, In Zg is equal to
the Bethe free energy, defined in terms of the messages as

Bg= »_ In [Z I MG,b—>x(77)]

xeV(G) T€Q bedx

+ Y [ X v [T toxac)]

acF(G) reQda x€da

= 3 [} #6ar (@G a—a(o) .

a€F(G) o€
x€da
(The denominators in (1.2) and (1.3) and the arguments of the logarithms in the
Bethe free energy are guaranteed to be positive because we assume that the weight
functions ¥, take strictly positive values.)
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1.1.1. An example. Consider the following concrete example of the Belief Prop-
agation equations and the Bethe free energy. Let G be the star graph with center
vertex xo and leaves x1, x», x3, and consider the 2-color Potts model (that is, the
Ising model) on G. The factor graph associated to the model consists of the four
variable nodes xo, . . . x3, and three constraint nodes, a1, a,, a3, with a; joining x¢
to x;, and each constraint node given the Potts constraint function

v(s,t) = exp(Bl{s = t}) for s, € Q = {1, 2}. The partition function is

Zg =2-(14¢eP)3.

By symmetry, all of the messages (G x;—q; and [LG,q;—x; are simply the
uniform measure on 2-colors, (1/2, 1/2). These messages can be easily checked
to satisfy the Belief propagation equations (1.2) and (1.3).

Plugging these messages into the Bethe free energy formula yields:

Bg =3-n[2-1/2] + In[2-1/8] + 3-ln[%eﬂ + %] —6-1n[1/2]

=1n2+3-In[ef + 1]
=anG,

as expected since G is acyclic. The remainder of the paper explores under what
conditions the Belief propagation equations and Bethe free energy formula can be
expected to hold approximately in factor graphs that are not acyclic.

1.2. Random factor graphs. The present paper is about Gibbs distributions
arising from random models of factor graphs. Such models are of substantial
interest in combinatorics, computer science and information theory [1, 29]. The
following setup encompasses a reasonably wide class of models. Let €2 be a finite
set of ‘spins’, let k > 3 be an integer, let ¥ # @ be a finite set of functions
Y: QK — (0,00) and let p = (py)yew be a probability distribution on W. Then
for an integer n > 0 and a real d > 0 we define the “Poisson” random factor
graph G, = G,(d,Q,k, ¥, p) as follows. The set of variable nodes is V(G,) =
{x1,...,xn} and the set of constraint nodes is F(G,) = {a1,...,am}, where m
is a Poisson random variable with mean dn/k. Furthermore, independently for
eachi = 1,...,m a weight function ¥,, € W is chosen from the distribution p.
Finally, da; € {x1,...,x, }k is a uniformly random k-tuple of variables, chosen
independently for each i. For fixed d, 2, k, ¥, p the random factor graph G, has
a property A asymptotically almost surely (‘a.a.s.’) if lim,—o P [G, € A] = 1.
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A well known concrete example is the random k-SAT model for k > 2, where
welet Q = {£1}and ¥ = {y©®:5 e {£1}F} with yD:0 e {£1})f
exp(—B1{c = s}) and p is the uniform distribution on W. Further prominent
examples include the Ising and the Potts models on the ErdGs-Rényi random
graph [11, 12].

As in the general case, it is a fundamental challenge is to get a handle on the
free energy In Zg,. To this end, physicists have proposed the ingenious albeit
non-rigorous ‘“cavity method” [22]. The simplest version of this approach, the
replica symmetric ansatz, basically treats the random factor graph as though it
were acyclic. In particular, the replica symmetric ansatz holds that the “messages”
UG, .x—a> LG, a—x, defined just as in the tree case as the marginals of the factor
graph obtained by removing a resp. dx \ a, satisfy the Belief Propagation equa-
tions (1.2), at least asymptotically as n — oco. Moreover, the replica symmetric
prediction as to the free energy is nothing but the Bethe free energy Bg,,. If so,
then Belief Propagation can not just be used as an analytic tool, but potentially also
as an efficient “message passing algorithm” [18]. Indeed, the Belief Propagation
fixed point iteration has been used algorithmically with considerable empirical
success [17].

Under what assumptions can we vindicate the replica symmetric ansatz? Let
us write g, for the marginal of a variable node x under pug. Moreover, write
1G,x,y for the joint distribution of two variable nodes x, y and let || - | denote
the total variation norm. Then

n
i S B |4y MGy ® HG |y =0 (14)
ij=1
expresses that a.a.s. the spins of two randomly chosen variable nodes are asymp-
totically independent. An important conjecture holds that (1.4) is sufficient for the
success of Belief Propagation and the Bethe formula [18].
The main result of this paper proves this conjecture. For a given factor graph G
we call the famﬂy of messages UgG,.—. = (ﬂG,x—)a’ HG,a—)x)er(G),aeF(G),xeaa
an e-Belief Propagation fixed point on G if

2

[Tpeox\a 4G.b—x(0)
1€Q nbeax\a KG.b—x(T)

MG, x—a (U) - Z

xeV(G)
acox
geQ
+ w (O') _ Z‘CGQB” I{T(X) = U}Wa (T) l_[yeaa\x MG,y—)a(T(y)) en
Gz ZIGQ;’“ Va(7) nyeaa\x MG,y—a (t(») '
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Thus, the equations (1.2), (1.3) hold approximately for almost all pairs x € V(G),
a € ox.

Theorem 1.1. [f(1.4) holds, then there is a sequence (g,), — 0 suchthat ug,,,.—.
is an e,-Belief Propagation fixed point a.a.s.

Corollary 1.2. If (1.4) holds and %BG,, converges to a real number B in proba-
bility, then lim, . 1E[In Zg] = B.

If (1.2) holds exactly, then the Bethe free energy can be rewritten in terms of
the marginals of the variable and constraint nodes [31]. Specifically, write ug 4
for the joint distribution of the variables da and let

Bg= Y (do(x)—1) ) pex(0)Inpg.(o)

xeV(G) oeQ
+ Z Z MG,a (0)(111 Wa (U) —In MG,a (0))
acF (G) geQda

Once more the fact that all y € W are strictly positive ensures that By, is well-
defined.

Corollary 1.3. If (1.4) holds and %Bé;n converges to a real B’ in probability, then
limy—o0 2E[In Zg] = B’

1.3. Random regular models. In a second important class of random factor
graph models all variable nodes have the same degree d. Thus, with Q,k, ¥, p
as before let G, = Gy reg(d, 2.k, V, p) be the random factor graph with variable
nodes xy, ..., X, and constraintnodes ay, . .., a,,, m = |dn/ k|, chosenuniformly
from the set of all factor graphs G with dg (x;) < d for all i. As before, the weight
functions ¥,, € W are chosen independently from p. Clearly, if k divides dn, then
all variable nodes have degree d exactly.

In order to study G, we introduce a “percolated” version of this model. For
V: Q% — (0,00) and J C [k] let

v Q) — (0,00), (0j)jes —> QII7F 2 (0); 0y k171 Y (0).

In words, ¥/ is obtained from ¥ by averaging over the missing coordinates
joe {l,....,k} \ J; thus, y{\* = v Further, given ¢ > 0 let G5 =
G ree(d, $2,k, W, p) be the random factor graph with variable nodes x1, ..., xp
obtained via the following experiment.
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REG1 Choose a random number m = Po(dn/k).
REG2 Independently for eachi € {1,...,m},

(a) obtain J; C {I,...,k} by including each number with probability
1 — ¢ independently and

(b) choose a function v; € W according to p and let Y, = wiji.

REG3 If sz=1 |Ji| > dn, then start over from REG1. Otherwise choose G
uniformly at random subject to the condition that no variable node has
degree greater than d.

A practical method to sample G uniformly atrandom is via the “configuration
model” [16, Chapter 9]: we create d ‘clones’ of each variable node and | J;| clones
of each constraint node a; (keeping the clones ordered), then pick a uniformly
random maximum matching between variable node clones and constraint node
clones, then collapse the matching to give our random factor graph (x attached to
constraint ¢; if some clone of x is matched with a clone of a; ). Note that Z,’-”zl |Ji]
has the distribution Bin(X, 1 — ¢) where X has distribution k times a Po(dn/k).
In particular, its mean is (1 — ¢)dn and so a Chernoff bound gives

PrY > (1 — &/2)dn] < exp(—Q2(e2n)). (1.5)

Theorem 1.4. Assume that ¢ > 0 is such that

1§
Jim = Y BlltGsx ., — 1G5 ® e, v =0. (1.6)
ij=1
Then there is (8,)n — O such that pge .. is a 8,-Belief Propagation fixed point
a.a.s.

Indeed, if (1.6) holds for all small enough ¢ > 0, then we obtain the free energy of
Gn = Gn,reg(da Q ’ k7 \Ijs [O)'

Corollary 1.5. Assume that there is some g¢ > 0 such that (1.6) holds for every e €
(0, &0) and that there is B € R such that lim~ o lim sup,,_, . E |n_1 Bg: — B | =0.
Then lim, o 1E[In Zg,] = B.

1.4. Non-reconstruction. In physics jargon factor graph models that satisfy (1.4)
resp. (1.6) are called statically replica symmetric. An obvious question is how (1.4)
and (1.6) can be established “in practice”. One simple sufficient condition is
the more geometric notion of non-reconstruction, also known as dynamic replica
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symmetry in physics. To state it, recall the bipartite graph on the set of variable
and constraint nodes that a factor graph induces. This bipartite graph gives rise
to a metric on the set of variable and constraint nodes, namely the length of a
shortest path. Now, for a factor graph G, a variable node x, an integer { > 1
and a configuration 0 € Q" we let V¢(G, x,0) be the set of all z € Q¥
such that t(y) = o(y) for all y € V(G) whose distance from x exceeds £. The
random factor graph G, = Gu(d, Q. k, ¥, p) or G, = G, ,(d. Q. k, ¥, p) has
the non-reconstruction property if

1 n
lim lim sup - Z Z E (116, (0) | 4Gy.x; = G [ 1Ve(Gn, Xi, 0)] | 1y ] = O

Z—)oo — R
n—00 i=10eQ”

1.7

where the expectation is over the choice of G,. In words, for large enough ¢
and n the random factor graph G, has the following property a.a.s. If we pick a
variable node x; uniformly at random and if we pick randomly from the Gibbs
distribution, then the expected difference between the “pure” marginal pg,, ,x;
of x; and the marginal of x; in the conditional distribution given that the event
V¢(Gy, xi,) occurs diminishes. We contrast (1.7) to the much stronger uniqueness
property which states that the influence of the worst-case boundary condition on
the marginal spin distribution of x; decreases in the limit of large £ and n.

Lemma 1.6. Let G,, be distributed according to G,(d, 2, k, ¥, p) or
G;,reg(d, Q,k, W, p). If (1.7) holds, then

n

. 1
Jim — > El1Gxix;, — HGux; ® hGpx; llTv = 0. (1.8)
i,j=1

Non-reconstruction is a sufficient but not a necessary condition for (1.4) and (1.6).
For instance, in the random graph coloring problem (1.4) is satisfied in a much
wider regime of parameters than (1.7) [8, 18, 23].

1.5. Discussion and related work. The main results of the present paper match
the predictions from [I8] and thus provide a fairly comprehensive vindication
of Belief Propagation. To the extent that Belief Propagation and the Bethe free
energy are not expected to be correct if the conditions (1.4) resp. (1.6) are vio-
lated [18, 21], the present results seem to be best possible.

In combination with Lemma 1.6 the main results facilitate the “practical” use
of Belief Propagation to analyze the free energy. For instance, Theorem 1.4 and
Corollary 1.5 allow for a substantially simpler derivation of the condensation phase
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transition in the regular k-SAT model than in the original paper [4]. Although non-
trivial it is practically feasible to study Belief Propagation fixed points on random
factor graphs; e.g., [4, 5].

Additionally, as Theorems 1.1 and 1.4 show that the “correct” messages are
an asymptotic Belief Propagation fixed point, these results probably go as far as
one can hope for in terms of a generic explanation of the algorithmic success of
Belief Propagation. The missing piece in order to actually prove that the Belief
Propagation fixed point iteration converges rapidly is basically an analysis of the
“basin of attraction”. However, this will likely have to depend on the specific
model.

We always assume that the weight functions ¥, associated with the constraint
nodes are strictly positive. But this is partly out of convenience (to ensure that
all the quantities that we work with are well-defined, no questions asked). For
instance, it is straightforward to extend the present arguments extend to the hard-
core model on independent sets (details omitted).

In an important paper, Dembo and Montanari [11] made progress towards
putting the physics predictions on factor graphs, random or not, on a rigorous ba-
sis. They proved, inter alia, that a certain “long-range correlation decay” property
reminiscent of non-reconstruction is sufficient for the Belief Propagation equa-
tions to hold on a certain class of factor graphs whose local neighborhoods con-
verge to trees [11, Theorem 3.14]. Following this, under the assumption of Gibbs
uniqueness along an interpolating path in parameter space, Dembo, Montanari,
and Sun [13] verified the Bethe free energy formula for locally tree-like factor
graphs with a single weight function and constraint nodes of degree 2. Based on
these ideas Dembo, Montanari, Sly and Sun [12] verified the Bethe free energy
prediction for the ferromagnetic Potts model on regular tree-like graphs at any
temperature.

The present paper builds upon the “regularity lemma” for measures on discrete
cubes from [3]. In combinatorics, the “regularity method”, which developed out
of Szemerédi’s regularity lemma for graphs [30], has become an indispensable
tool. Bapst and Coja-Oghlan [3] adapted Szemerédi’s proof to measures on a
discrete cube, such as the Gibbs measure of a (random) factor graph, and showed
that this result can be combined with the “second moment method” to calculate
the free energy under certain assumptions. While these assumptions are (far) more
restrictive than our conditions (1.4) and (1.6), [3] deals with more general factor
graph models.

Furthermore, inspired by the theory of graph limits [20], Coja-Oghlan, Perkins
and Skubch [9] put forward a “limiting theory” for discrete probability measures to
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go with the regularity concept from [3]. They applied this concept to the Poisson
factor graph model from Section 1.2 under the assumption that (1.4) holds and
that the Gibbs measure converges in probability to a limiting measure (in the
topology constructed in [9]). While these assumptions are stronger and more
complicated to state than (1.4), [9] shows that the limiting Gibbs measure induces
a “geometric” Gibbs measure on a certain infinite random tree. Moreover, this
geometric measure satisfies a certain fixed point relation reminiscent of the Belief
Propagation equations.

Additionally, the present paper builds upon ideas from Panchenko’s work [26,
27, 28]. In particular, we follow [26, 27, 28] in using the Aizenman-Sims-Starr
scheme [2] to calculate the free energy. Moreover, although Panchenko only
deals with Poisson factor graphs, the idea of percolating the regular factor graph
is inspired by his “cavity coordinates” as well as the interpolation argument of
Bayati, Gamarnik and Tetali [6]. Other applications of the cavity method to
computing the free energy of Gibbs distributions on lattices include [14].

The paper [27] provides a promising approach towards a general formula for
the free energy in Poisson random factor graph models. Specifically, [27] yields
a variational formula for the free energy under the assumption that the Gibbs
measures satisfies a “finite replica symmetry breaking” condition, which is more
general than (1.4). Another assumption of [27] is that the weight functions of the
factor graph model must satisfy certain “convexity conditions” to facilitate the
use of the interpolation method, which is needed to upper-bound the free energy.
However, it is conceivable that the interpolation argument is not necessary if (1.4)
holds and that Corollary 1.3 could be derived along the lines of [27] (although this
is not mention in the paper). In any case, the main point of the present paper is to
justify the Belief Propagation equations, which are at very core of the physicists
“cavity method” in factor graph models, and to obtain a formula for the free energy
in terms of “messages”.

Finally, the proof of Lemma 1.6 is a fairly straightforward extension of the proof
of [9, Proposition 3.4]. That proof, in turn, is a generalization of an argument
from [25]. For more on non-reconstruction thresholds in random factor graph
models see [7, 10, 15, 23].

1.6. Qutline. After introducing some notation and summarizing the results
from [3] that we build upon in Section 2, we prove Theorem 1.1 and Corollaries 1.2
and 1.3 in Section 3. Section 4 then deals with Theorem 1.4 and Corollary 1.5. Fi-
nally, the short proof of Lemma 1.6 can be found in Section 5.
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2. Preliminaries

For an integer [ > 1 we let [[] = {1,...,[}. When using O(-)-notation we refer
to the asymptotics as n — oo by default. We say two sequences of probability
distributions Q, and P, are mutually contiguous if for every sequence of events
E,, P,(E,) = o(1) if and only if Q,(E,) = o(1). Throughout the paper we
denote by d, 2, k, W, p the parameters of the factor graph models from Section 1.
We always assume d, 2, k, W, p remain fixed as n — oo.

For a finite set X we let P(X) be the set of all probability measures on X, which
we identify with the set of all maps p: X — [0, 1] such that }_ . p(w) = 1. If
w € P(XS) for some finite set S # @, then we write #, #, % & .. for independent
samples chosen from . We omit the superscript where possible. Furthermore, if
X:(X5)! — R is arandom variable, then we write

1
(X), = (X, ....1), = > X@i.....on) [ [ ulon)
i=1

for the expectation of X with respect to u®/. We reserve the symbols E[-], P[-]
for other sources of randomness such as the choice of a random factor graph.
Moreover, foraset@ # U € S,w € X and o € X5 we let

olw|U] = |71| > o) = w}.
uelU

Thus, o[- |U] = (o[@|U])wex € P(X) is the distribution of the spin o (u) for

a uniformly random u € U. Further, for a measure © € P(X5) and a se-

quence xp,...,x; € S of coordinates we let iy, . x, € ‘.P(DCI ) be the distri-

bution of the /-tuple (*(x1),...,#(x;7)). In symbols, py,, . . x,(01,...,0) =

(Vi € [:4(xi) = o)), -

We use the “regularity lemma” for discrete probability measures from [3]. Let
us fix a finite set X for the rest of this section. If V. = (V4,..., V}) is a partition
of some set V, then we call #V = [ the size of V. Moreover, for ¢ > 0 we say
that u € P(X") is e-regular on a set U C [n] if for every subset S C U of size
|S| > e|U| we have

(181 = [-1UTlev),, < e
Further, u is e-regular with respect to a partition V if there is a set J C [#V]
such that ) ;; |[Vi| > (1 — &)n and such that p is e-regular on V; for all i € J.
Additionally, if V is a partition of [#n] and S = (S}, ..., Sgs) is a partition of X",
then we say that u is e-homogeneous w.r.t. (V,S) if there is a subset I C [#S]
such that the following is true.
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HM1 We have ;(S;) > Oforalli € I and ) ;c; u(S;) > 1 —e.

HM2 For all i [#S] and j € [#V] we have maxg g/es; o[- |Vj]—0'[- |V}]lITv <e.
HM3 For all i € I the measure u[-|S;] is e-regular with respect to V.

HM4 [ is e-regular with respectto V.

Theorem 2.1 ([3, Theorem 2.1]). For any ¢ > 0 there isan N = N(g,X) > 0
such that for everyn > N, every u € P(X") admits partitions V of [n] and S of
X" with #V + #S < N such that u is e-homogeneous with respect to (V, S).

A (e, 1)-state of ;1 is a set S C X" such that u(S) > 0 and
Z | txy,..., x/['|S]_PLx1['|S]®"'®Nx1['|S]”TV<3”l-

We call i (e, [)-symmetric if the entire cube X" is an (e, [)-state.

Corollary 2.2 ([3, Corollary 2.3 and 2.4]). Forany e > 0,1 > 3 there exists § > 0
such that for alln > 1/8 and all u € P(X") the following is true.
If w is (8, 2)-symmetric, then p is (¢, )-symmetric.

Corollary 2.3 ([3, Corollary 2.4]). For any ¢ > 0 there is a y > 0 such that for
any n > 0 there is § > 0 such that for all n > 1/8, u € P(X") the following is
true.

If w is (8,2)-symmetric, then for any (y,2)-state S with i (S) > n we have

D il 1] = pallry < en.

x€[n]

Lemma 2.4 ([3, Lemma 2.8]). Forany &' > 0 thereis ¢ > 0 such that forn > 1/s
the following is true.

Assume that i € P(X") is e-regular with respect to a partition V. The measure
wis (¢',2)-symmetric if

ST I Vi = {1Vl ullrv)u < en.

i€[#V]

Additionally, we need the following observation, whose proof follows that of [3,
Corollary 2.4].

Lemma 2.5. For any ¢ > 0 there is € > 0 and no > 0 such that for any n > nyg
and the following holds. Suppose that u is £-homogeneous w.r.t. (V,S) and that
J € [#S] is such that u[-|S;] is &-regular w.r.t. V. Then for any o € Sj,

3 S sl 18] ol Villlry < en.

i€[#V] x€V;
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Proof. Given ¢ > 0 choose n = n(e) > & = £(n) > O sufficiently small and
assume that n is large enough. With (V,S) and j as above set v = u[-|Sj]
for brevity. Suppose that i € [#V] is such that v is &-regular on V; and let
vi(w) = ([w|V;]), for w € Q. Further, let W; () = {x € Vi:vx(w) < Vi (w) — n}
and suppose W;(w) # 9. Then ([w|W;(w)]), < Vi(w) — n by the linearity of
expectation. Hence, by Markov’s inequality

Vi@ —n _ Lo 1—n/2.
i@)—n/4 = 1—n/4

Consequently, HM2 yields (|[w|W;(@)] — [@|Vi]]), = (l[[o|Wi(@)] —vi(@)]), —
£ > n?/8. Because v is £-regular on V;, we conclude that |W; (w)| < £|V;]. Since

this works for every w € Q, the assertion follows from the triangle inequality and
HM1-HM3. O

(Hl[Wi(@)] 2 vi(@) —n/4}), = -

Finally, we recall the following folklore fact about Poisson random factor graphs.

Fact 2.6. For any ¢ > 0 there is § > 0 such that a.a.s. the Poisson random factor
graph G, has the following property.

For all sets U C {x1,...,xn} of variable nodes of size |U| < dn we
have ) ..y dg, (x) < en.

3. Poisson factor graphs

Throughout this section we fix (d,2,k,V, p) such that (1.4) is satisfied. Let
U = (Y’ e, J C k]

3.1. Proof of Theorem 1.1. We begin with the following lemma that will prove
useful in Section 4 as well.

Lemma 3.1. Forany integer L > 0 and any a > 0 there exist e = e(a, L, V) > 0,
no = no(e, L) such that the following is true. Suppose that G is a factor graph with
n > ng variable nodes such that v, € V* for all a € F(G). Moreover, assume
that g is (e,2)-symmetric. If G is obtained from G by adding L constraint
nodes by, ..., by, with weight functions \ry, , ..., Y, € V* arbitrarily, then g+
is (o, 2)-symmetric and

Z lnG.x — g+ xllTv < an. (3.1
xeV(G)
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Proof. Because all functions v € W are strictly positive, there exists § =
8(L,¥) > 0 such that for any 1,...,¥r € W* the following is true. Suppose
that v;: QK — (0, 00). Then

L L
§ < [ [ min{yi(0):0 € @4} < [ max{yi(0):0 € @4} < 1/8. (3.2)

i=1 i=1

Now, given & > 0 choose ¢’ = &’ (,8) > & = (") > ¢ = ¢(¢) > 0
small enough, let N = N(e) be the number promised by Theorem 2.1 and assume
n > no = no(e, N) is large enough. By Theorem 2.1 g5+ is e-homogeneous with
respect to partitions (V,S) of V(G*) and QY™ of sizes K = #V and L = #S
suchthat K + L < N. Let J be the setof all j € [L] such that ug+(S;) > ¢/N
and pg+[-|S;] is e-regular w.r.t. V. Then HM1 and HM3 ensure that

> G (S)) < 2e. (3.3)
j¢J

We claim that [ -|S;] is £/8%-regular w.r.t. V for all j € J. Indeed, suppose
that g+ is e-regular on V; and let U C V; be a subset of size |U| > ¢|V;].
Because G is obtained from G by adding L constraint nodes, the definition (1.1)
of the Gibbs measure and the choice (3.4) of § ensure that

< #6O) s foralle e @V6ED), (3.4)
pg+(0)
Further, (3.4) yields
(-] =AU ugr1s,0 = > uc@lS)) ol Vil = o[- [U] [ty
seQV (©)
< 872 Vil = [ U V) 4 11551
<¢e/82,

whence the £/82-regularity of ug|-|S;] follows.
Moreover, by HM2 and the triangle inequality for any j € J we have

Vil

> VA= (Vi ugrispltvugtisy < 3e. (3.5)
i€[#V]

In combination with Lemma 2.4 and the ¢/82-regularity of g |- |S;], (3.5) implies

that S; is an (¢’, 2)-state of ju for every j € J, provided that ¢ = ¢(¢’) > 0 was

chosen small enough. In addition, (3.4) implies that ug(S;) > §%¢/N for all
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j € J. Consequently, Corollary 2.3 and our assumption (1.4) entail that for each
jed,

> ke — noxl 1Sty < &'n, (3.6)

xeV

provided ¢ = &'(¢”) > 0 is sufficiently small and n > ny is large enough. Further,
by Lemma 2.5 and ¢/§2-regularity,

K
> D luaal-ISj1—ol-[Villtv < €"n forall j € J, 0 € 5;.
i=1x€eV;

Hence, by (3.6) and the triangle inequality,

K
3> lluex —ol-WVillpy <2¢"n forall jeJ, o €S;. (3.7)
i=1x€eV;

Analogously, we obtain from Lemma 2.5 that

K
Y3 g+l 1S1=0l- Vil oy <&n  foralljel oeS;. (3.8
i=1xeV;

Combining (3.7) and (3.8) and using the triangle inequality, we obtain

Z |16,x — gt L1571 |4y < 3¢"n forall j € J. (3.9)
xeV(G)

Moreover, combining (3.3) and (3.9) and applying the triangle inequality once
more, we find

Z H/LGsx T MGt x ”TV

xeV

K
<2en + ZZ Z me+(Sy) HMG,x - MG+,x[' |S./']“Tv

JjeJ i=1x€eV;

< 4¢"n,

whence (3.1) follows. Finally, let ii; = {[-|V;]) gt Then
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K
D WAL Vil = Ailly)
i=1

(due to (3.3))
K
<2en + ZMG+(Sj) Z Vil L 1Vil = allevd g,y 10150
jeJ i=1
(by HM2)
K
<den+ Y pug+(S) D IVilINI- Vil w1151 — Rillty
jeJ i=1

(A-inequality)

§4en+ZMG+(Sj) Z |G+ <[ 181 = fi |1y

jeJ x€V(G)
<den+ Y pg+(S) . |re+ 18] = peux|ry + i — pexlty
jeJ x€V(G)
(by (3.9))
<4e'n+ Y pe+(S) D liti — nexlry
jeJ xeV(G)
(by (3.3) and (3.7))
< 7¢"n.

Thus, HM4 and Lemma 2.4 imply that g5+ is (@, 2)-symmetric, provided that &”
was chosen small enough. |

We proceed to prove Theorem 1.1. Fix ¢ > 0, choose L = L(¢) > 0 and
y =y, L,¥V) > n = n(y) > 8§ = 6(n) > 0 small enough and assume that
n > no(8) is sufficiently large. Because the distribution of the random factor
graph G, is symmetric under permutations of the variable nodes, it suffices to
prove that with probability at least 1 — ¢ we have

1_[ x\a MGn,b—>xn (0)
Y G —al0) — = beth <& (3.10)

et e veq [peaxi\a 16y .b—x, (7)
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and

MG, ,a—xn (U)

2

a€dx, , 0N

B > reqia Ut (xn) = 0}a(7) nyeaa\xn KGp,y—a(T(Y)) e

Z‘[EQ”“ wa(f) nyeaa\xn //VGn,y—m(T(J’))

(3.11)

To prove (3.10)—(3.11) we use the following standard trick. Let G’ be the random
factor graph with variable nodes xi,...,x, comprising of m" = Po(dn(l —
1/ n)k / k) random constraint nodes ay, . . ., a, that do not contain x,. Moreover,
let A = Po(dn(1 — (1 — 1/n)¥)/ k) be independent of m’ and obtain G” from G’
by adding independent random constraint nodes by, ..., ba with x,, € db; for all
i € [A]. Then the random factor graph G” has precisely the same distribution as
G,,. Therefore, it suffices to verify (3.10)—(3.11) with G, replaced by G”.

Since dn(1 — (1 — 1/n)*)/k = d + o(1), we can choose L = L(¢) so large
that

P[A > L] <¢/3. (3.12)

Furthermore, G’ is distributed precisely as the random factor graph G,, given that
dx, = 9. Therefore, Bayes’ rule and our assumption (1.4) imply

PG’ fails to be (8, 2)-symmetric]
< P[G, fails to be (8, 2)-symmetric] /P [dg,x, = 9] (3.13)
< exp(d + o(1))P[G, fails to be (4, 2)-symmetric] < §,

provided that ng is chosen large enough. Combining (3.13) and Corollary 2.2, we
see that

P[G'is (7.2 + (k — 1)L)-symmetric|A < L] > 1 -3, (3.14)

provided § is sufficiently small.

Due to (3.12) and (3.14) and the symmetry amongst b1, ..., ba we just need to
prove the following: given that G’ is (n,2+ (k — 1) L)-symmetricand 0 < A < L,
with probability at least 1 — ¢/ L we have

A
Y |6t (0) — — iz b€ hon @ |y (3.15)

A
0eQ Zreﬂ ni=2 LG b;—xp (77)
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and
z: KG” by —x, (0)
o€eR
 Dcears Ht(wn) = 0395, (D) [1yeap)\xy HGny—b1 (T()) /L
Zreﬂabl wa (T) Hyeabl\xn HGp,y—b (T(y)) ‘
(3.16)

To this end, let U = | J;-, db; be the set of all variable nodes that occur in the
constraint nodes b, . .., ba. Because G~ x,—p, is the marginal of x, in the factor
graph G” — by, the definition (1.1) of the Gibbs measure entails that for any o € €,
KG” ,x;,—by (O)
> reqven Ur (i) = 0} [luer o) Va(T00) [T, Vi, (1(3D)))
Y ecar©n Macr @ Va(t@) [T Vi, ((3b))
Y requ He(xn) = 0} (1{¥y € U\ {xn}: (0) = 7(0)) g, TT5a Vi, (1(0B5))
Yrequ (1YY € U\ L} (0) = 1(0) g, TT7n ¥, (2(357))

(3.17)
Similarly, because j1G” p, —x, is the marginal of x, in G’ + b;, we have
G b;—x, (O)

 Yreqin Wrlx) = 0} ({Vy € 0b; \ {xn}: () = T(0)) g, ¥, (0)
- Y ceqon (LYY € 9bi \ {xa}: () = T(1)) gy ¥, (1)

(3.18)

To prove (3.15), recall that the variable nodes db; \ x, are chosen uniformly
and independently for each j > 2. Therefore, if G’ is (1, (k — 1)L)-symmetric
and 0 < A < L, then

> B[y € UN (xahi () = 10, — [ ] e GOD| 167] = 20,
eQU yeU
Hence, by Markov’s inequality with probability at least 1 — n'/3 we have
> vy € UN Gk ) = t 0, — [ erncO)| <02 (3.19)
reQU yeU
Set
vi(0) =Y () = oWy, () [ [ ey (t()). (3.20)

7eQdbi y€0b;\xn
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Aas. forany 1 <i < j < A we have db; N db; = {x,}. Hence, assuming that
n = n(y) > 0 is chosen small enough, we obtain from (3.17), (3.18), (3.19) that
with probability at least 1 — y,

A

o VilO

IG” xu—by (0) — iz X @ | y (3.21a)
> e [li=avi(?)
and
vi (0)
"o - 21

PLG =bl Xn (O) ZTEQ Ul' (_L_) < V (3 b)

for all i € [A]. Hence, (3.15) follows from (3.21), provided that y is chosen small
enough.

Finally, to prove (3.16) we use Lemma 3.1. Let G” = G” — b, be the graph
obtained from G’ by merely adding b», ..., ba. Given that G’ is (n, 2)-symmetric,
Lemma 3.1 and Corollary 2.2 imply that G" is (y3, k — 1)-symmetric. As db; \ x,,
is a random subset of size at most k — 1 chosen independently of b5, ..., ba, we
conclude that with probability at least 1 — y over the choice of G”,

2y > 3 [(UYY € 051\ 20: () = TN — [ [ e (2 0)

€901 y€db1\xn
= > [UVy € 0h1 \ 5w () =t — [T 673 (FOD|- (322)
7eQ9b1 y€dbi\xn

Moreover, (3.1) implies that with probability at least 1 — y,

2y > 3 [(UYy € 951\ xa: (1) = T 0 — [ [ e GON|. (B23)

Qb1 y€dbi\xp

Finally, (3.16) follows from (3.20)—(3.23), provided y is chosen small enough.

3.2. Proof of Corollary 1.2. Following Aizenman-Sims-Starr [2] we are going
to show that

lim E[ln 26y ]: B. (3.24)

n—o00 ZGn_1

The assertion then follows by summing on n. To prove (3.24) we will couple
the random variables Zg,_, . Zg, by way of a third random factor graph G a
similar coupling was used in [9]. Specifically, let G be the random factor graph
with variable nodes V(G) = {x1,..., X} obtained by including m = Po(ncf /k)
independent random constraint nodes, where

&:d(nil)k_l.




230 A. Coja-Oghlan and W. Perkins

For each constraint node a of G the weight function v, is chosen from the
distribution p independently. Further, set p = ((n — 1)/n)*~! and let G’ be a
random graph obtained from G by deleting each constraint node with probability
1 — p independently. Let A be the (random) set of constraints removed from Gto
obtain G'. In addition, obtain G” from G by selecting a variable node x uniformly
at random and removing all constraints a € dgx along with x itself. Then G is
distributed as G, and G” is distributed as G,—; plus an isolated variable. Thus,

Z6,%7Z¢. Zg, LZcr. (3.25)

Fact 3.2. The two factor graph distributions G, G, have total variation distance

o(1/n).
Proof. Given that |F (@)| = |F(G,)| both factor graphs are identically dis-

tributed. Moreover, | F(G,,)| is Poisson with mean dn / k, which has total variation
distance O(1/n) from the distribution of 7. |

For x € V(@), be F(@) we define

Sl(x)zln[z I1 Mégﬁx(a)], (3.26)
aeQaeaéx

S =Y ln[ > va@ [] //,(;,y_)a(r(y))], (3.27)

aeaéx reQoa y€da

Six)=— > In [Z M@Ha(r)ué,ﬁx(r)], (3.28)
aeaéx TeQ

Se®) =] 3 v [] 1a,pe)] (3.29)
oeQdb y€db

Lemma 3.3. A.a.s. we have In ZZ—S =0(1) + ) 4cq Sala).

Proof. Given ¢ > 0 let L = L(¢) > 0 be a large enough number, let y =
y(e, L, V) > § = §(y) > 0 be small enough and assume that n is sufficiently
large. Let X = |A|. Then the construction of G’ ensures that

P[X > L] <e. (3.30)
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Instead of thinking of G’ as being obtained from G by removing X random
constraints, we can think of G as being obtained from G’ by adding X independent
random constraint nodes ay,...,ay. More precisely, let G; = G’ and G =
G/_,+a; fori € [X]. Then given X the triple (G’, G, A) has the same distribution
as (G', Gy . {ay, .. -.ax})..

Moreover, because pdn/k = dn/k, G’ has the same distribution as G,.
Therefore, our assumption (1.4) implies that G’ is (o(1),2)-symmetric a.a.s.
Hence, Lemma 3.1 implies that G;_, retains (o(1),2)-symmetry a.a.s. for any
1 <i < min{X, L}. Consequently, Corollary 2.2 implies that G;_, is (o(1), k)-
symmetric a.a.s. Since db; is chosen uniformly and independently of b4, ..., b;_1,
Markov’s inequality thus shows that for every 1 <i < min{X, L},

PLY [(tvy das0) = e, = [T e we0on)| 28] <.
TeQK y€da;

provided n is big enough. Further, since the constraints (a;);e[x] are chosen
independently and because ug yoa; (t(y)) is the marginal in the factor graph
without a;, (3.1) and (3.30) imply that

P[Vi € X1 Y | TT #6ymas G0N = TT By, w0 = 8] <26
teQk yeda; y€da;
Hence, with probability at least 1 — 3¢ the bound
> [(evy € a0 = ey, — [ #eyms G0N <25 33D
eQk -t yeaai

holds for all i € [X] simultaneously. Further, the definition (1.1) of the partition
function entails that for any i € [X],

=2 Va0 ({Yy €0ai: (1) = 0y,

oeQdai

Thus, if (3.31) holds and if § is chosen sufficiently small, then

Zg/Zg;

i—1

@) [] #ea-y@OD| <v.

i-1 geQdi y€da;
Finally, the assertion follows by taking logarithms and summing over i =
L....X. O

Lemma 3.4. LetU = | da. Then a.a.s. we have

aeaéx

7 A
an—;=0(1)+ln > T] [wa(z(aa)) 11 Me’y_m(f(y))]_

eQU aeﬂéx y€da\x
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Proof. Givene > 0let L = L(e) > 0 be a large enough, let y = y(e,L) >
8 = 8(y) > 0 be small enough and assume that n is sufficiently large. Letting
X = |0gx|, we can pick L large enough so that

P[X > L] <e. (3.32)

As in the previous proof, we turn the tables: we think of G as being obtained from
G” by adding a new variable node x and X independent random constraint nodes
ai,...,ax suchthat x € da; for all i.

The assumption (1.4), Lemma 3.1 and Corollary 2.2 imply that

Pl Y |mvyeU\ix3:0) =0

1eQU\{X} X
1T I ®eyoa (f(y))\ > 5 ‘ X < L] (3.33)

i=1ye€da; \x
=o(1).
Furthermore, (1.1) yields

7 A X
C =N (1YY e U\ {x}:(0) = 10 Ngr | | Vs (1))

Ze reQl i=1
Hence, (3.32) and (3.33) show that with probability at least 1 — 2e,

7 A X
‘ z:,/ -2 ]l [%i (t@ai) [ 1 ye, (f(y))” <. (3.34)
reQU i=1 yeda;\x
The assertion follows by taking logarithms. 0

Corollary 3.5. A.a.s. we have In ZZTG = S1(x) + S2(x) + S3(x) + o(1).

Proof. Letay,...,ax be the constraint nodes adjacent to x and let
X
U= U 8@a,-.
i=1

With probability 1 — O(1/n) forall 1 <i < j < X we have da; N da; \ {x} = 0.
If so, then

X
> T [Va c@a) [T 16 e COD)] =

eQU i=1 y€da;\x

X
> TI[ X va@a) [Tre, e @0))]

t(x)eQi=1 eQdaj\x y€da;\x
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Hence, Lemma 3.4 entails

7oA
P[ln Zs/ =S+ 0(1)] = 1-o0(1), (3.35)

where

X
s=mn Y TI[ X va@a)[]rg,e@on] (3.36)

t(x)eQi=1 reQda;\x y€da; \x

Further, by Fact 3.2 and Theorem 1.1 the messages Kg,._,. area o(1)-approximate
Belief Propagation fixed point a.a.s. Consequently, since x is chosen uniformly,
we conclude that a.a.s.

S=o0(1)+1In [Z ﬁ V*(A;,al——n((r)]

teQi=1

X
+ 3] > va @[Tk, O]
i=1

TeQd4i y€da;\x

(3.37)

Moreover, again due to the o(1)-approximate Belief Propagation fixed point prop-
erty, a.a.s. we have

0 16 xosa, DIG 4 x (D)

TeR
(1) 1 1 et Vo (O Ty, 16,520, (T0) (3.38)
=0
ZTGdeaui wai (T) Hyeaai\x M(’i,y—)gi (T(.y))
for all i € [X]. Plugging (3.38) into (3.37), we see that a.a.s.
X
S =o(1) +In [Z I1 Mésaﬁx(o)]
oeQi=1
b'¢
+ Z In [ Z Wai (T) 1_[ /’L(’i,y_,ai (T(y))] (3 39)
i=1  reqdai yeda; '
— ln I:Z V“(},x—)ai (T)/"Lé,ai —>X (‘L—)]
T€Q

= §1(x) + $2(x) + S3(x) + o(1).

Thus, the assertion follows from (3.35). O



234 A. Coja-Oghlan and W. Perkins

Combining Lemma 3.3 and Corollary 3.5, we see that a.a.s. G is such that

E[ln Ze'
ZG//

A]‘O(l“ [ XS0+ 530 + Y s,

xeV(G) acF(G)

Moreover, by our assumption and Fact 3.2 the r.h.s. converges to B in probability.
Thus, Corollary 1.2 follows by taking the expectation over G.

3.3. Proof of Corollary 1.3. We begin by deriving formulas for the variable and
constraint marginals in terms of the messages.

Lemma 3.6. We have

—EZZ () — et BOnzize@) | ) (340

i=1o0eQ Zreﬂ Haeaxi HGyp,x;—a (v)

Proof. Proceeding along the lines of the proof of Theorem 1.1, we let G’ be
the random factor graph on xi,...,x, containing m’ = Po(dn(l — 1/n)*/k)
random constraint nodes that do not touch x,. Obtain G” from G’ by adding
A =Po(dn(1 — (1 —1/n)*)/k) random constraint nodes by, ..., b, that contain
X, so that G” is distributed as G,,. Let U = UiA=1 db;. In complete analogy
to (3.17) we obtain the formula

M’GN’xn (0)
Y requ Ut(xa) = o} ({¥y € U\ {xa}: () = (1)) g, T1721 ¥, (2 (3D ))

- Yeequ (H{Yy € U\ {xa}: (0) = (1)) g, 171 ¥, (2(35)))
(3.41)

Further, since P [dg, x, = ] = (1), (1.4) implies that G is (o(1), 2)-symmetric
a.a.s. Therefore, Corollary 2.2 shows that G’ is in fact (o(1),2 + (k — 1)A)-
symmetric a.a.s. Consequently, a.a.s.

MYy € UN{xnk: (0) = T g, — [ [ ey D) = 0(1). (3.42)

TeQU yeU\{xn}

Hence, with v; () from (3.20) we see that a.a.s.

>y

i=10eQ

Vi (U)

Yrea vi(®)
Finally, combining (3.41)—(3.43) completes the proof. |

= o(1) (3.43)

UG b; —x, (0) —
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Lemma 3.7. We have

EY Y

a€F (Gp) oeQda

Va(0) [1xeta HGux—a(0 (X))
Zres‘zf’“ Va(7) nxeaa HGy,x—a (t(x))

1Gy.a(0) — =o(1).

(3.44)

Proof. Obtain G’ from G, by adding one single random constraint node a. Then
the distribution of the pair (G’, @) is at total variation distance O(1/n) from the
distribution of the pair (G,, a), where a is a random constraint node of G, given
F(G,) # 0. Therefore, it suffices to prove the estimate

EY Va(©) [ecta 167 3—a(0 ()

seQda ceta Ya(0) [resa G x—a(T(X))

=o(l). (3.45)

PLG’,a(U) - Z

The assumption (1.4) and Corollary 2.2 imply thata.a.s. ug,, is (o(1),k)-symmetric.
Hence, because dg-a is random, a.a.s. we have | 1,94 (0)—[ [y e90 Gn.x (0 (X)) =
o(l)forallo € Q% Since UG, x = LG’ .x—q fOr all x € da, this means that a.a.s.

2

oeda
Further, by the definition (1.1) of the Gibbs measure,
Va(0) UG, ,0a(0)
Zreﬂf’“ Wa (T)/LGV, ,0a (T)
Thus, (3.45) just follows from (3.46) and (3.47). O

1Gy2a©@) = ] MG/,x—m(O(x))‘ =o(1) (3.46)

x€da

HGra(0) = (3.47)

Essentially, we will prove Corollary 1.3 by following the steps of the derivation of
the corresponding formula for acyclic factor graphs [21, Chapter 14]. We just need
to allow for error terms that come in because the right hand sides of (3.6) and (3.7)
are o(1) rather than O (like in the acyclic case). Specifically, by Lemma 3.7 a.a.s.
for all but o(n) constraint nodes a € F(G,) we have

UG, ,a(0)
_ (o)1 n
D O

=o()= Y WG, a(©)In

oeQda

erﬂa LGy, x—a (U(x))
Zreﬂf’a Va(T) eraa UGy x—a(T(X))

=o0(1)+1In Z Ya(T) 1_[ MGn,x—m(U(x))

TeQda x€da

_ Z Z 1G,.x(0)Inpg, x—a(0).

x€da 0N
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Further, by Lemma 3.6 a.a.s. for all but o(n) variable nodes x € V(G,) we have

— > 16 (0) In 4G, x—a(0)

geQ

Gu,b o
— 0(1) _ Z UG, x (O_) In nbeax\a w —>x( )
ceQ Z‘[EQ nbeax\a MGn,b—UC(T)

o)+ [ T #6,0-x@] =D D 16,x(0) N1, 54(0).

T€Q bedx\a bedx\a O

Hence, Fact 2.6 implies that a.a.s. for all but o(n) constraint nodes a € F(G,),

Y o) 0 2D — 1) 4 in [ Y wa) [T 6 ea (200

oeQda w ( ) reQoa x€0a
3 [ TT #eusr®]= 2 3 #6,a(@) kG, bl ]
x€da T€Q bedx\a bedx\a o€

(3.48)

Moreover, once more by Lemma 3.6 a.a.s. all but o(n) variable nodes x satisfy

— D 16,.x(0) In i, < (0)
geR
l_[ cdx MGy ,a—>x (U)
=o(l)— MGn,x(U) In acix s
Z > req [ acox 1Gua—x(T)

geQ

= o)+ [ Y TT #6002 ] = 30 D 16,x(0) 16, 51 (0).

T€Q bedx bedx 0ER
(3.49)

Finally, combining (3.48) and (3.49), we see that a.a.s.

%32}” =o(l)+ > In [Z I1 MGn,b—m(T)]

x€V(Gy) t€Q bedx

4+ Z ln[ Z Ya(ts) 1_[ ,Uan,x—m(Ux)]

ac€F(Gy) 1eQda x€da

+ Z I > e [peoxra #Gnb—x(T)
acF(Gp),x€da Z‘[EQ nbeax MGn,b—UC(T)

1
= —Bg, +o(1).
n

Thus, Corollary 1.3 follows from Corollary 1.2.
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4. Regular factor graphs

In this section we fix d,Q, k., W, p, e such that G}, = Gz,reg(d, Q. k, W, p) satis-
fies (1.6).

We prove Theorem 1.4 and Corollary 1.5 by adapting the proofs of Theorem 1.1
and Corollary 1.2 to the regular factor graph model. In the proofs in Section 3 we
exploited the Poisson nature of the factor graphs to determine the effect of adding
or removing a few constraint and/or variable nodes. Here the necessary wiggle
room is provided by the “e-percolation” of the otherwise rigid d-regular model
G,,. This enables a broadly similar analysis to that of Section 3. However, some
of the details are subtle, most notably the coupling required for the Aizenman-
Sims-Starr argument in Section 4.2.

4.1. Proof of Theorem 1.4. Fix § = §(s, V) > n = n(y) > 0. Again it suffices
to prove that with probability at least 1 — § we have

2

a€dx, ,0€N

Hbeﬂx\a MGE ,b—x,, (U)
e [peaxn\a HGE b—>x, (T)

<46 4.1

MGE xy—a (O) - Z

and

2

a€0xy,,0€Q

MG ,a—xy, (U)

 2regoa Ut () = 03¥a(0) [y eparn, H65.9-a(T () oy
> reqia Ya () [ 1) evare, H65.y—a(T()) '

4.2)

Let A = dge (xn). Then0 < A < d, and Pr[A = 0] = Q(¢%) by REG2-REG3.

Let G’ be the random factor graph obtained from G/, by deleting all constraint
nodes a such that x, € da. Then the distribution G’ is at total variation distance
O(1/n) from the distribution of G}, given that dx,, = @. Therefore, the assump-
tion (1.6) and Corollary 2.2 imply

P [G’ fails to be (1, dk)-symmetric |
= P[G¢, fails to be (3, dk)-symmetric|A = 0] + o(1)
P[G¢ fails to be (1, dk)- tri (4.3)
S [G¢ fails to be (1, d k)-symmetric| + o))
P[A = 0]
=o0(1).
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Furthermore, by the Chernoff bound (cf. (1.5))
P[ Y de(a) < (1 —8/2)dn] —1—o(l). 4.4)

aeF(G)
Hence, we may condition on the event that G’ is (1, dk)-symmetric and that
Y ac Fyde(a) < (1 —¢/2)dn. If so, then the set R of variable nodes x of
G’ such that dg/(a) < d has size at least |R| > en/2.

Given G’ and A, let G” be the factor graph obtained from G’ by adding A
constraint nodes by, ...,ba and perform the following independently for each
i € [A]. Choose ¥; from W according to p and choose J; C [k] by including
each j € [k] with probability (I — ¢) independently, conditioned on the event
that each |J;| > 1. Then let ¥, = wiji. Connect x, to each b; at a uniformly
random position in J;. Then connect constraint b; at the remaining slots to
|Ji] — 1 variable nodes chosen from R according to the distribution ¢(x) =
(d — dg/(x))/ 3_,er(d — dg(x)). Our conditioning on }_ e der(@) <
(1 — &/2)dn ensures that all variable nodes of G” have degree at most d a.a.s.
Hence, the distribution of G” is at total variation distance o(1) of the distribution
of G} given A.

As in the Poisson case we just need to prove the following: with probability at
least 1 — &/d we have

A
. ” i—Xn (o)
Z UG xy—b1 (O) — n’_2fG 1=, (0) <8/d 4.5)
geEQ ZrGQ l_[i=2 MG” b;—xp, (T)
and
Z KG by —x, (0)
oee (4.6)

Z(fy)yeabl o, = 0¥, (7) 1_[J/Ef’bl\Xn Gy —b; (Ty)

< d/d.
Z(Ty)yeahl Va(r) l_[yeabl\xn HGp.y—b (Ty)

If we againlet U = | J;, db; be the set of all variable nodes joined to constraints
ba, ..., ba, thensince LG~ x,—b, is the marginal of x, in the factor graph G” —b;
and /LG b;—x, is the marginal of x, in G’ 4 b;, we obtain the analogous equations
to (3.17) and (3.18):
G xn—by (0)
_ Drequ Hr(xn) = 0} ({Vy € U\ {xn}: () = 1(0)) g/ [172s Vs, ((0b)))
Y eequ (VY € U\ {xn}: (0) = t(0)) ., TT7s ¥, (1(00;))

4.7)
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and

UG b; —xn (0)
| Yreqon Hrlx) = o} ({Vy € 0b; \ {xa}: () = T g, ¥ (1) (48)
B Y ceqon (WYY € 95 \ {xa}: (0) = T(0) g, Vi (7)

Further, given that } ¢ r(g/) d6/ (@) < (1 —&/2)dn the distribution g is such that
1/(d|R]) < q(x) < 1/|R]|. Hence, ¢ is “within a factor of d” of being uniform.
In effect, we can choose n > 0 so small that our assumption that G’ is (1, dk)-
symmetric ensures that with probability at least 1 — 5'/3

we have

> vy e Utk ) =t = [T nernoD| <2 @9)

reQlU yeU

Due to (4.3) and (4.4) we obtain the assertion from (4.7)—(4.9) by following the
proof of Theorem 1.1 verbatim from (3.19).

4.2. Proof of Corollary 1.5. As in the proof of Corollary 1.2 we couple G, ;
and G/, via a common supergraph G obtained as follows. Choose 72 from the
distribution d + Po(d(n + 1)/ k) conditional on the event that kriz < dn. Then,
choose G with variable nodes X1,...,Xn+1 and constraint nodes dy, . .., a; from
the distribution G, ; given that |F(G;, ;)| = n.

Claim 4.1. G and G, | are mutually contiguous.

Proof. Constructacopy of G, , ; by generatingm = Po(d(n+1)/ k). Conditioned
onm = m, the distributions of G and G}, , are identical, and so the claim follows
from the contiguity of the two Poisson variables, m and . O

Obtain G’ from G by removing d random constraint nodes.
Claim 4.2. G’ isdistributed as G}, _,, up to total variation distance exp(—Q(&2n)).

Proof. Couple the distributions as follows. Let m = Po(d(n + 1)/k). Choose
m constraints with independent random weight functions from ¥ according to
p, and choose a set of active slots J including each slot with probability 1 — e.
Randomly attach the active slots of all constraints to the n 4 1 variable nodes
uniformly at random conditioned on no variable node having degree more than
d. This construction yields G, ; on the event A that the total number of active
slots is at most dn. Now add d additional random constraint nodes, with random
sets of active slots as above, and attach to variable nodes at random proportion to
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the deficit of their degrees from d. On the event A, this yields the distribution G.
Now remove d constraints at random: the constraints remaining are still matched
to uniformly random variable nodes, and so the distribution is that of G’. This

coupling succeeds if A holds, and from a similar Chernoff bound to (1.5), Pr[A] >
1 — e~ O

Furthermore, obtain G” from G as follows.
e Select a random variable node x of G.
e Remove x and all constraint nodes adjacent to x.
e Remove d — dg (x) further random constraint nodes.

e Remove each remaining constraint node with probability 1/(n + 1) indepen-
dently.

Claim 4.3. |E[In Zg~] — E[ln Zg:]| = O(e).

Proof. It is not the case that G” is distributed exactly as G/: the clauses adjacent
to x have a different degree distribution than clauses drawn uniformly from G
(for instances, none of them have degree 0). Nevertheless, we will show that the
two distributions are close enough that we can use G” in the Aizenman-Sims-
Starr scheme. We will construct the two factor graphs H, H” with variable nodes
{x1,...,x,} on the same probability space simultaneously such that the following
properties hold.

(1) Up to total variation distance exp(—(¢2n)), H” is distributed as G” and H
is distributed as G;,.

(2) With probability 1 — O(¢) the factor graphs H, H” are identical.

(3) The probability that H, H” differ on more than 2d constraint nodes is
exp(—Q(&2n)).

Because the set W of possible weight functions is fixed and all y € W are strictly
positive, we have In Zg,In Zg» = O(n) with certainty. For the same reason
adding or removing a single constraint can only alter In Zy, In Zg~ by some
constant C. Therefore, the assertion is immediate from properties (1)-(3).

To construct the coupling, we will first couple the degree sequences of the
constraints of H, H” in such a way that with probability 1 — O(¢) the sequences
are identical and otherwise they differ in at most 2d places. Formally, let m =
d +Po(d(n + 1)/k)and letk = (ky,...,kp) € {0.1,....k}™ be a vector with
the same distribution as the vector (dg(d1),...,dg(ds)) of constraint degrees
of G. Then (1.5) implies that k is distributed as a sequence of independent
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Bin(k, 1 — &) variables, up to total variation distance exp(—S(e?n)). Further,
let X" = (X/")i=o.1,...k be distributed as the statistics of the degrees of the d
constraint nodes deleted from G in the above construction of G” given that that
dg(ay) = I;,- for all j; that is, X/ is the number of deleted constraint nodes of
degree i. Similarly, let X = (X;);—o,1,..x be the statistics of d elements of the
sequence k chosen uniformly without replacement.

Let A be the event that

|m—dn/k| <en/(dk) and dn(l—25)§Zl€,~ <dn. (4.10)
i=1

Then by REG2 and the Chernoff bound we have P[A] > 1 — exp(—Q(&?n)). To
couple H, H” on the event A we make the following two observations.

e P[X; =d|A] =1 — O(e); this is immediate from (4.10).

e P[X] = d|A] = 1—0(e); for (4.10) implies that the total number of variable
nodes adjacent to a constraint node of degree less than d is bounded by 3¢k n.

Consequently, on A we can couple X, X” such that P[X # X"] = O(e).

If X = X”, then we choose D = D” C [m] uniformly at random subject to
the condition that ) ;. 1{12,- =j}=X;forall j =0,1,. ..,k.AOtherwise we
choose two independent random sets D, D” C [m] with ), ., ki = j} = X
and ZiefD”l{]gi = j} =X ]// for all j. Further, with (§);>; a sequence of
Be(1/(n + 1)) random variables that are mutually independent and independent
of everything else let

E=liem\D:ig =1, & ={ielm\D:g=1).

Now, obtain the random factor graphs H, H” as follows. Fori € £\D” generate
constraint nodes a; of degree k; by choosing dga; = dpra; C {x1,...,Xn}
uniformly subject to the condition that all variable degrees remain bounded by
d . Subsequently, complete H, H” independently by choosing dga; fori € D\ D
and i € D\ D", respectively, conditional on no variable degree exceeding d.
Moreover, the weight functions are chosen from the distribution p so as to coincide
in H,H” for all i € €\ D”. Finally, if the event A does not occur then we choose
H, H” arbitrarily.

Itis immediate from the construction and the fact that P [A] > 1—exp(—Q(&%n))
that H, H” satisfy (1) above. Furthermore, (2) holds because H = H” if X = X",
which occurs with probability 1 — O(e). In addition, if X # X” and A occurs,
then H, H” only differ on the constraints in |[D U D”| < 2d constraint nodes,
whence (3) follows. O
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From Claims 4.2 and 4.3 it follows that

Zge Z
n+1 | G’
E[ln 2 ] - E[l e ] + 0(s). @.11)
Let us define S1(x), S2(x), S3(x), S4(a) exactly as in (3.26)—(3.29) (with the
current G).

Lemma4.4. Let A’ = F(G) \ F(G’) be the set of constraint nodes of G that were
deleted to obtain G'. Then a.a.s.

ln— =o(1)+ Y Saa).

acA’

Proof. We mimic the proof of Lemma 3.3. Let n = n(¢) > § = §(n) > 0 be
small enough and assume that n > n¢(§) is sufficiently large. Instead of thinking
of G’ as being obtained from G by removing d random constraints, we can think
of G as being obtained from G’ by adding d random constraint nodes ay, ..., ay4.
More precisely, let G, = G’ and G = G|_, +a; fori € [d], where ¥, is chosen
according to REG2 and dq; is chosen uniformly at random subject to the condition
that no variable ends up with degree greater than d. Then we can identify G
with G/;. A.a.s. the random factor graph G’ contains at least nn variable nodes
x such that dg’(x) < d. Therefore, Claim 4.2, assumption (1.4), Lemma 3.1 and
Corollary 2.2 imply that for every i € [d],

PLY |(0¥y €80 (0) = 70, = [ 1er_,nGOD| 2 8] = 0(1).
TeQk ! y€da;
In addition, (3.1) yields
PVi €@l 3 | TT #6yma, GO0 = [T tter_ s @] = 8] = 0(1).
TeQk ye€da; y€da;
Hence, a.a.s. for all i € [d] simultaneously,

> [(evy a0 = ey, = [ ey @OD| <8 @12)

TeQk y€da;

As ZG;/Z(;;_I = D seqda Ya; (0) ({Vy € 0a;: (y) = U(y)})MG/__1 foralli €
[d], (4.12) implies that a.a.s.

Z
|— 7o = e ©@) [T iy @] <0

=1 geQdi y€da;

The assertion follows by taking logarithms and summing. |
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Lemma 4.5. Let A" = F(G) \ (F(G") U dgX). Then a.a.s.

In Z(‘; = S1(x) + S2(x) + S3(x) + Y _ S3(a) + o(1),
acA”

Proof. Givené > 0,lety = y(e,8) > n = n(y) > 0 be small enough and assume
that n > ngo(y) is sufficiently large. We can think of G as being obtained from G”
by adding a new variable node x, X < d random constraint nodes a1, . . ., ax such
that x € da; for all i and another Y random constraint nodes ax 1, ..., ax+y such
that x ¢ da; fori > X. Let U = | J;_x,y da;. Since G” has at least yn variables
of degree less than d a.a.s., Claim 4.3, (1.4), Lemma 3.1 and Corollary 2.2 imply
that

Pl |y e UNIxEO) = 10D,

7eQU\X} ¥ 4.13)
~TT TT #eyme@ON| = 0] =00,
i=1yeda;\x
As it is immediate from (1.1) that
7. X+Y
—o = ) (WYy e UN k() = t0er [ ] Ve (1(0a),
G” eQl i=1
(4.13) shows that a.a.s.
7. X+Y
Z& = 3 1T [V 0@a) [T e, GOV <. (4.14)
G eQU i=1 yeaa,-\x
To complete the proof, we observe that
X+Y
oI [Va@a) T] reyoaTO)
teQU i=1 y€da; \x
X+Y
=[ I1 exp(&(a»)}
i=X+1
X
Y TT 22 vaG@a) [ reyoe GO |-
t(xX)eQi=1 | ;eqda;\x y€da; \x

Hence, plugging this equation into (4.14) and taking logarithms, we obtain

Ze u
G §
PHIHZ—G//_S_ S4(ai)
i=X+1

<51] > 126, (4.15)
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where

X
=t 3" TI[ 3 e @) [Ttg s t0D)]

t(x)eQi=1 reQdaj\x y€da;\x

Finally, by Claim 4.1 and Theorem 1.4 the messages (ug ._, .) are an o(1)-approxi-
mate Belief Propagation fixed point a.a.s. Therefore, the calculations (3.38)—(3.39)
go through and show that |[S — (S1(x) + S2(x) + S3(x))| < §; a.as. O

Lemma 4.6. A.a.s. we have

Zc
E[ln ¢
ZG//

G] = (n+ 1)"'Bg + 0(e). (4.16)

Proof. Let i be the number of constraint nodes of G. Combining Claims 4.4
and 4.5, we obtain

n+1

A~ S1(xi) + Sa(xi) + S3(x;)
B[ 2< | 6] - (ORDD p—

~ n+1
T T R o] T

aeF(G)
4.17)

Since 1 = Po(d(n + 1)/ k) + d, a.a.s. we have

1 m—d 1
m (—d+ P +n—+1§:(d_dé(x)))
_kd(1-1/k) N ds(lA— £) (4.18)
din+1) m
k—1

= — (0]
n+l+ (®).

On the other hand, in the sum (n 4 1)7! Z”H S>(x;) all but an O(¢)-fraction of
the constraint nodes appear k times. Thus, a.a.s.

n+1
Z $2(xi) = 0(e) + —— ) Sa(a). (4.19)

aeF(G)

1
n+1+4

Finally, plugging (4.18) and (4.19) into (4.17), we obtain (4.16). O
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To complete the proof of Corollary 1.5 we take ¢ — 0 slowly. We begin with
the following observation.

Claim 4.7. We have 1E[In Zg,] = 1E[In Zg:] + O(¢).

Proof. We recall the following Lipschitz property, which is immediate from (1.1):
if a factor graph G’ is obtained from another factor graph G by adding or re-
moving a single constraint node, then |InZg — InZg/| < C for some fixed
number C = C(W¥). We can couple G, and G by forming G, by choosing
m’ = Po((1 — €)¥dn/ k) random constraints, joined at random to variable nodes
so that no variable node has degree more than d. To form G, from Gy we
add |dn/k| — m’ additional random constraints; with probability 1 — e~%(n)
the number of additional constraints is O(en). To form G} from G,, we add
Po(( )(1 — )/ e¥~7/ dn/ k) random constraints with degree j, for j = 1,...k — 1.

Again with probability 1 — ¢~ the total number of additional constraints is
O(en). Applying the Lipschitz property twice gives the claim. |

Proof of Theorem 1.5. Let X = |F(G')AF(G”)| be the number of constraint
nodes in which G’, G” differ. As in the previous proof, we know deterministically
that |In Zg/ — In Zg~| < CX. Moreover, the construction of G’, G” ensures that
X has a bounded mean. Therefore, Markov’s inequality and Lemma 4.6 ensure
that ElIn(Zg//Zg») = (n + 1)_1E[Bé] + O(¢). Hence, by (4.11), Claim 4.1 and
because In Zgs = O(n) with certainty,

E ln(ZG§+1/ZGg) =+ 1)_1E[B(;] +O0(e) = (n+ 1)_1E[BG5+1] + O(e).
(4.20)
Finally, combining (4.20) with Lemmas 4.6 and 4.7, we obtain

lim E[ln Zg] = lim lim E[ln Zge] = lim lim Eln(ZGs /Zey) =B

n—oon e\ 0n—>0 n e\ 0 n—>00

as desired. O

5. Non-reconstruction

Proof of Lemma 1.6. Let G, be distributed according to either G, (d, 2, k, ¥, p)
or G¢ . (d,Q2,k, ¥, p). Assume that (1.7) holds but (1.8) does not. Then there

n,reg
existwi;,wy € Qand0 < § < — o such that for infinitely many n we have

PII{ (x1) = 1} (x2) = wz%n — (L (x1) = @1}y, | > 26,

(5.1)
(K (x2) = w2}) ¢, > 28] > 26.
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Let £ be a large enough integer and let € be the event that the distance between
X1, X2 in G, is greater than 2£. The distribution of G, is symmetric with respect
to the variables, and the factor graph is sparse: the expected number of variables
nodes within distance 2£ of x; is O((kd)*%), constant with respect to 7, and so we
have P[€] = 1 — o(1) as n — oo. Therefore, (5.1) implies

PI[(I{ (x1) = w1} (x2) = @2}, — (H (1) = @1}) ¢ | > 6,

(5.2)
(1 (x2) = w2}), > 8, €] > 6.

To complete the proof, let § be the set of all 0 € QV(G7) such that o (x,) = w,. If
the event € occurs, then given V;(G,, x1, o) the value assigned to x, is fixed for
all o € 8. Therefore, (5.2) implies

Elne,.xi = 16,0 [ IVe(Gn, x1)]I1V) g,
> E{€{nGnx1 — 1Guxi [ IVe(Gr. x1) 1ITvI8) 1, {18} 15, ]

> 83,

in contradiction to (1.7). O
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