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On a causal quantum stochastic double product integral
related to Lévy area

Robin L. Hudson and Yuchen Pei

Abstract. We study the family of causal double product integrals

[T ( —l—i%(ddeQy —dQ,dPy) + i%(ddePy +d0.d0,)),

a<x<y<b

where P and Q are the mutually noncommuting momentum and position Brownian mo-
tions of quantum stochastic calculus. The evaluation is motivated heuristically by approx-
imating the continuous double product by a discrete product in which infinitesimals are
replaced by finite increments. The latter is in turn approximated by the second quantisation
of a discrete double product of rotation-like operators in different planes due to a result
in [15]. The main problem solved in this paper is the explicit evaluation of the continuum
limit W of the latter, and showing that W is a unitary operator. The kernel of W — I is
written in terms of Bessel functions, and the evaluation is achieved by working on a lat-
tice path model and enumerating linear extensions of related partial orderings, where the
enumeration turns out to be heavily related to Dyck paths and generalisations of Catalan
numbers.
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1. Introduction

Following Volterra’s philosophy of product integrals as continuous limits of dis-
crete products [28], quantum stochastic double product integrals of rectangular
type have been constructed [15] as limits of discrete approximations obtained by
replacing stochastic differentials by discrete increments of the corresponding pro-
cesses. Such constructions are partially intuitive in character, involving nonrig-
orous manipulations of unbounded operators. Nevertheless they can be shown
to yield explicit rigorously unitary operators which can then be shown in some
cases [11] to satisfy the quantum stochastic differential equations (qsde’s) whose
solutions provide the rigorous definition of the product integral.

In this paper we initiate the much harder problem of constructing so-called
causal (or triangular) double product integrals in the same way, first constructing
discrete approximations by intuitive methods, which are then shown rigorously to
enjoy the property of unitarity, which will allow rigorous verification of the qsde
definitions.

The Fock space F () over a Hilbert space 3 is conveniently defined [26] as
the Hilbert space generated by the exponential vectors e (f), f € H, satisfying

{e(f).e(g)) =exp(fg), fgeIl

Rectangular product integrals live in the tensor product of two Fock spaces.
This form of “double” construction was originally motivated by its use to construct
explicit solutions of the quantum Yang-Baxter equation with a given classical limit
([17] and [14]), of purely algebraic character as formal power series. From the
analytic point of view, the alternative causal constructs which are studied in the
present paper which live naturally in a single Fock space are of wider interest.

One example which we consider in some detail is closely related to Lévy’s sto-
chastic area [23], and in particular to the Lévy area formula for its characteristic
function. In effect we replace the planar Brownian motion by a quantum version
in which the two components are the mutually noncommuting momentum and
position Brownian motions P and Q of quantum stochastic calculus [5], which
despite noncommutativity, can be shown to be independent in a certain sense [19].
Other noncommutative analogs of Lévy area are based on free probability [4];
our own less radically noncommutative form is directly related to physical appli-
cations [9]. It may also offer mathematically significant relations, for example
to Riemann zeta values through the links to Euler and Bernoulli numbers [21] of
the classical Lévy area formula. This is because, while the corresponding prob-
ability distribution is the atomic one concentrated at zero, it deforms naturally to
the classical distribution at infinite temperature as the Fock “zero temperature”
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momentum and position processes P and Q are deformed through corresponding
finite temperature processes [6] to mutually commuting independent Brownian
motions.

Efforts have been made to make the present article self-contained. However to
gain familiarity with certain notations and ideas the reader is encouraged to read
the relevant paper [15], which can be viewed as a prequel. We denote rectangular
and causal product integrals by

[Ta+adr. JJa+dr (1)
la,b)x[c,d) <[a.b)

respectively, where <[, ) is the set {(x,y) € R? : a < x <y < b}. They are
operators in the Hilbert spaces F(L2([a,b)))® F(L?*([c,d))) and F(L?([a,b)))
respectively. Both are characterised by the generator dr which is a second rank
tensor over the complex vector space J =C(dP,dQ,dT) of differentials of the
fundamental stochastic processes P, Q and the time process T of the calculus.
They have rigorous definitions as solutions of either forward or backward adapted
quantum stochastic differential equations [20] in which b or a in 1 is the time
variable. They are related by the coboundary relation

[]a+dn:(]10+dn®1) r[a+an®[]a+dn)
<la.c) <la.,b) [a,b)x[b,c) <[b.c)
in which the Fock space F(L?([a, c))) is canonically split at time b € [a, c);
F(L2([a, ¢))) = F(L*([a, b)) & L2([b, ¢)))
= F(L*([a, b))) ® F(L*(]b, )))

allowing it to accommodate the operator l_[[a Byx[b.c) (1+dr).

A necessary and sufficient condition that they consist of unitary operators
is [20] that
dr +drt +drdrf = 0.

Here the space I =C (dP,dQ,dT) is equipped with the multiplication given by
the quantum It6 product rule

| aP dQ 4T
dP dT —idT 0
dQ idT  dT 0
dT 0 0 0

and J ® J with the corresponding tensor product multiplication, together with the
natural involution } derived from the self-adjointness of P, Q and T.
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Two examples of such unitary generators are
dri =i(dP ®@dQ —dQ ®dP),
dry =i(dP ® dP +dQ ® dQ).

dry relates to quantum Lévy area in which the independent one-dimensional
component Brownian motions of planar Brownian motion are replaced by P
and Q. In the same spirit, dr; relates to a quantum version of the Bessel process,
the radial part of planar Brownian motion. The general form of unitary generator
in which the time differential d T does not appear is [15] the real linear combination

A
dry . = Edrl + %drz.

In this paper we begin the explicit construction of the unitary causal double
product integral

E:=]]0+drw

<l[a.b)

as the second quantisation I' (W) of a unitary operator W which differs from the
identity operator / by an integral operator on the Hilbert space L? ([a, b)) whose
kernel will be found explicitly.
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sations with John Gough, Paul Jones and Janosch Ortmann. Other parts were
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Gyeongbokgung. Conversations with Neil O’Connell are also acknowledged. The
research of Yuchen Pei was supported by EPSRC grant number EP/H023364/1 and
Center of Mathematical Sciences and Applications at Harvard University. The
authors would also like to thank the anonymous referee for many suggestions and
queries which have resulted in clarifications to this paper.

2. The Lévy stochastic area

Before moving on to construct E, let us take a detour and explain the motivation
of this problem.
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The stochastic Lévy area introduced in [23] can be defined as the signed area
formed by connecting the endpoints of a 2-dimensional Brownian path. More
specifically, it is defined as

1 1 2 2 1
L= / dB; dB?, —dB} dBj,
0<s1<sp<t

where B! and B? are two independent Brownian motions. The Lévy area formula
shows the characteristic function of L:

B[] (1+ %(stll dBZ — dB2dB2)) = Ee'*: = sech % @)
0<s1<sp<t

The Lévy area formula has many interesting connotations. For example there
are connections to integrable systems, Bernoulli and Euler polynomials, and hence
to the values of the Riemann zeta function [31]. For some recent work and further
references see [21, 22]. Also, to within normalisation and rescaling it is equal to
its Fourier transform, the density of the corresponding probability distribution,
which is a boundary point of the Meixner family [24].

Noncommutative analogues of Lévy area have been previously considered in
free probability [4, 25, 29]. Also in this connection Deya and Schott [7] emphasise
the primacy of iterated stochastic integrals which accords with our philosophy.
But in this paper we are concerned with a noncommutative analogue of a more
conservative kind which arises in quantum stochastic calculus [13, 26], regarded as
anoncommutative extension, rather than a radically noncommutative analogue, of
1t calculus. This allows a very natural variant of the area to be constructed using
the minimal one-dimensional version of the calculus. It may be regarded as a
response to the call [1] for a study in this quantum context of some of the deeper
properties of Brownian motion, as well as a furtherance of the theory of quantum
stochastic product integrals [17, 18, 12].

By replacing B! and B2 with P and Q, the iterated quantum stochastic integral

1
K0 =5 [@rdo, -do.ar,)
0<x<y<t

has some interesting properties [19, 6]. For example it is evidently invariant under
gauge transformations, which replace (P, Q) by (P?, Q%) where

P? = PcosO— Qsinh, QY= Psinf + O cos6;

equivalently the corresponding creation and annihilation processes are multiplied
by e*%. In particular, taking 6 = —7 itis invariant under the replacement (P, Q)
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by (Q, —P). Thus, unlike the separate processes P and Q, it can be canonically
“rolled” onto a (one-dimensional) Riemannian manifold, and its multidimensional
version [8] can similarly be rolled onto a multidimensional manifold, with possible
applications to quantum stochastic proofs of index theorems (see for example
[16, 3]), by identifying the canonical Brownian motion on the manifold generated
by the Laplacian as P? with arbitrarily chosen 6.

It can also be verified [6] that all moments of K(¢) vanishes in the vacuum
state, so that K(¢) vanishes in a probabilistic sense, even though it is not the zero
operator.

But it is not K which is the main object of study. Because exp(a + b) #
expa expb when a and b do not commute, the exponential

i
exp(i AK (1)) = exp (% /0 (dP.dQy — dedPy))

<x<y<t

does not reflect in a coherent way the continuous tensor product structure under-
lying the quantum stochastic calculus. Thus, motivated by the hope of finding
quantum extensions of, in particular, the Lévy area formula (2), and associated
relations with Euler and Bernoulli polynomials [22] we investigate the double
product integral

[Ta+amy =TT (1+ %(ddeQy —dQ.dPy)).
<la.b) a<x<y<b

However, as it turns out, the more general object

E=[Ja+dru

<[a.b)

5 .
-T1 (1 + %(dpdey —dQxdP,) + %(ddePy +d0.d0y)).

a<x<y<b

is more fundamental and, surprisingly, simpler to study.

3. A discrete double product of unitary matrices

The first stage of the construction of E is similar to that of the rectangular case
construction outlined in [15], in that we approx1mate ]_[<[ ! (I +dry,) by a

discrete double product IT;<;jx<ny (I + 8 r,1 ), Where 8 r;w is obtained
from dry, , by replacing each basic dlfferentlal dX € {dP, d Q} contributing to
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dry,,, € J® Jin the first copy of J by the j-th increment Xxj — Xx;_, and in the
second copy of J by the k-th increment X, — X, , over the equipartition

N .
[a, b) :J:![xj_l,xj), Xj=a+ %(b —a)=:a+ jAw.

Thus, for example,

5511 = 5(Py; = Py, ) (O = Q)
- (QXj - ij'_1)(ka - ka—l))'

Introducing the standard canonical pairs (pj.q;),j = 1,2,..., N, given by

pi =\ e (Py) — Pgy)
45 =\ 7= (0 ()~ 0sy-))

which satisfy the canonical commutation relations

(pj-qk]l = —2i8k. [pj.pr]l =la;.qx] =0, 3)

we write b
',k . —a
Sy = = (Pigx —ajpr)

and more generally

b—a
2N

Our approximation is thus

[T +drw

<[a.b)

S5 o =i (A (Piax —ajpi) + 1 (pj Prc + dj4x)) -

b—a
= M (1 +1 7 oy = 490 + 1(py pic + 4j1)) - 4)

b—a
2N

~ Ti<j<k<n €Xp (i (A(Pjax — 45 p) + 1(pj pr + qjqk)))

for large N.

Temporarily let us fix j < k and write (p,q) = (pj,q;), (P'.4") = (Pk. k)
so that

(p.ql=-2i. [p'.q1==2i. [p.4d1=1q.P1=1[p.P1=1g.41=0. (5
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We recall [26] that, for an arbitrary Hilbert space H and vector f € H the
corresponding Weyl operator W ( f') is the unique unitary operator on & (H) which
acts on each exponential vector e (g), g € H as

W (f)e(g)=e 3MIP=ele(f 4 o),

The Weyl operators satisfy the Weyl relation
W(IW (g) = e mPEW (f +g). ©)

A convenient rigorous realisation of two canonical pairs satisfying the commuta-
tion relations (5) can be constructed in terms of the one-parameter unitary groups
of which they are the self-adjoint infinitesimal generators, which are Weyl opera-
tors on the Fock space F (C?) over (2. Regarding C? as a space of column vectors,
we take

P = W((x,0)%), ¥ = W((—ix,0)%),
P = W((0,x)%), ™ = W((0,—ix)").
for arbitrary x € R, noting that these four families of Weyl operators are indeed

one-parameter unitary groups, and that the commutation relations (5) follow by
parametric differentiation, for example from the relations

W((x. 0))W((iy. 0)7) = e W((=iy. 0))W((x.0)"),
W((©O. x))W((0. —iy)) = >*W((0. ~iy) YW ((0. x)").

all of which are consequences of (6).
Theorem 1 below, which was proved in [15, Theorem 2], gives a corresponding
rigorous explicit form of the self-adjoint operator

LA, ) =Apq" —qp") + n(pp’ +qq")

in this realisation. Before stating it we recall [26] that the second quantisation of
a unitary operator U on a Hilbert space HH is the unique unitary operator I" (U) on
F (H) which acts on the exponential vectors as

FWe(f)=eUS).
It is related to the Weyl operators by

LW =wuf)rw) (M
for arbitrary f € 3. Second quantisation is multiplicative, in the sense that
L) =T (U)T (U2) &)

for arbitrary unitary Uy, Us.
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Theorem 1 (Theorem 2 in [15]). L (A, u) generates the one-parameter unitary
group

sixLGa _ [ cos@xlvh) —e™ ' sin(2x|v)) LeR
e'? sin(2x|v|) cos(2x|v|) ’

where v = A + i = €'? |v| and the matrix operates on column vectors in C? by

multiplication on the left.

We now use Theorem 1 to construct an explicit form of the approximation (4).
Let us first construct a different realisation of the canonical pairs (p;,q;),
j =1,2,...,n, satisfying (3) in the Fock space F(C") over C", by defining

P = Wi(xej), e* = W(—ixej)

where (&; );'1=1 is the standard orthonormal basis of C", &; = (0, ..., 1,0,...,0)".
Correspondingly, in view of Theorem 1, each operator
b—a
exp (l o APide — a5 pic) + 1pj pic + é]jé]k)))
is realised as the second quantisation F(R;Yk) where
[ () (k) i
1 0 0 0
. (j) O cos (L2 |v) — & sin (L2 |v]) 0
R . =
gk
k) 0 & sin (S521v)) cos (L52 |v]) 0
i 0 0 0 I

In view of the multiplicativity property (8) the discrete double product (4) is
correspondingly realised as the second quantisation of the product

]_[ RY,. 9)

1<j<k<N

We now embed the matrix (9) as a unitary operator Wy on L? ([a, b[) by mapping
the standard basis of CV to the orthonormal family (y1, 2. ..., x5) of normalized

indicator functions
N
Xj (X) = mﬂ[x]‘_l,xj)'

By definition Wy acts as the identity operator / on (x1, x2,---, X N)J‘ .
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Our objective in the remainder of this paper is to find an explicit form for the
(weak) limit

W = lim Wy

N—o0

and to prove that W is unitarity. The corresponding problems for rectangular
unitary product integrals was solved in outline in [15]. The causal case considered
here is considerably more difficult, because the method of iterated limits which
reduces the rectangular case to a double application of the time-orthogonal unitary
dilation of [10], is not applicable. Instead a combinatorial argument based on a
lattice path model is used. For a similar alternative approach, avoiding the iterated
limit technique, to the rectangular product in the particular case of the generator
dry corresponding to the quantum Lévy area, see [11]; however the combinatorics
for the rectangular case is much simpler than here and it has no direct relation to
Lévy area.

4. A lattice path model and linear extensions of partial orderings

So we want to calculate the limit of the triangular double product of N x N
matrices

Wy =[] RY. (10)
1<j<k<N

Here, for elements x; of an associative algebra having the property that x; i
commutes with x;/x» whenever {j,k} N {j’, k'} = @ we define the ordered double
product [ ], . .x<n Xj.x by any of the equivalent prescriptions

N-1_ N N k-1 INN-1)
[Tk = TT[ TTxw) = TT[TTx] = TTxins0
1<j<k<N j=1 k=j+1 k=2 j=1 r=1

where

(1K), G ko). vy Ky vov—1y)
is any ordering of the %N (N — 1) pairs (j,k),1 < j <k < N which is allowed,

meaning that it has the property that

(jr. kr) precedes (Js, ks) if both j, < js and k, < k;. (11)
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In constructing the limit as N — oo we use the small angle approximations
for sine and cosine, so that

COS_| | ||Sm_| V| b—a (0 -V 5
=1+ + O(N™
(IVI sin 254 vl cos & vl N (v 0) V)

h—
O 1) Gl + 0 ) (i + OV ),

hence

N _
When there is no ambiguity, for any integers j and k, we use abbreviations

/)= 1x;) and (k| := (&l

Then the product (10) becomes

Wy :]‘[(1+ b )ZN(j,k)) — Wy

1<j<k<N

where
ZN(j. k) = =0 |j) (k| + v k) (]

To compute this, we introduce and work on a lattice path model. Consider a
lattice Ly := {(m,n):1 <m < 5,0 <n < 1}. Wecall (m,1);<m<s the upper
vertices, and (m, 0)1<m<s the lower vertices. Denote by Il the set of lattice path
m = (m;, b;);_, satisfying the following two conditions:

(1) my =ifori =1,...,s;
(2) there does not exist an i such that b; = b; 11 = 0.

For convenience, we write (i) = b; and let w = ((i));. We call any & € Il a
path of length s — 1. It is straightforward to verify by induction that

q>s+2 _ (_qD)—s—Z
\/g ’

|TTs| = Fibg4, =

where Fib,, is the nth Fibonacci number and & is the golden ratio */—“
If we assign weight 6(v) to each vertex v in L, then we can deﬁne the weight
0 () of a path = € Il by the product of the weights of its vertices:

0(r) =[] 0G. 7).

i=1
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For any array of s pairs {p;;:1 <i < s,1 < j < 2}, define its associated
weight 6, (v) for any v = (m, b) € L, to be

vipia) {pn|  ifb=0;

0 =
b(0) {—a|p,-1><p,-2| ifh=1.

Finally, define the weight 8, () of a path in the same way as before.

For example, if we label the vertices by their weights associated to p, the path
in Figure 1 is a path in I1s, but not the path in Figure 2 because the third edge
connects two bottom vertices.

=SI=e,1=/ =

]Ipi.1=Pi+1.1 +]Ipi,2=Pi+1,2 +]Ipi,2=Pi+1,1 =1, Pi,1 75 Pi+1,2 (12)

can be associated with a path 7, € Il in the following way:

0,1) if pi1 = pit1,1,
(@), 7@ + 1) =1.1) if pir = pit1,1,
(1,0) if pi» = pit1,2-

Note that this is equivalent to

)
bp (p) = l_[ ZN (i1, pi2).
i=1
Lemma 2. We have

N(N-1)/2
WN =1 + ZII)S,Na

s=1
where
b

;,a)s Z Op(p)

(%)

ws,N = (

where the domain (x) of the summation is

(1<pi; <N, foralll <i <s,1<j <2)and
(Pis1 < pi+1,1 < Pi2 = Pi+1,2 OF
Pig < Pi2 = Pi+1,1 < Pi+1,2 Or

Dijl = Di+1,1 < Pi2 < Pi+1,2, forall1 <i <s—1).
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7 231

ﬂmmmv Ammmm_ a—+ 1«5 Am,vm_ a4+ — _Mm&v Aum&_ a+ _va ANNE a—+ _:3 ANS_ a+

_— T~

j5d) (vsd|a—  [evd) (Urd|a—  |7Ed) (1€d|a— |22d) (12d] a— — [21d) (11d] a-

1 2131

Usd) (T'sd| a+

Uvd) (Tvd|a+  |16d) (¢€d| a4+ |1ed) (ed | a+ |11d) (21d | a+

\ /
|sd) (1sd| a— — [Tvd) (V| a—  |%6d) (16d|a— |7ed) (12d] a— — |71d) (11d] a—
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Proof. For any rearrangement (ji,ki)1<i<N(1\£—l) of {l < j < k < N} satisfy-
ing (11),

N(N-1)/2
[T +2zG.k) =[] + ZGi. k)
1<j<k<N i=1

N(N-1)/2 s

=1+ Z Z l_[ Z(Prl,Pr2),

s=1  (xx)r=1
where the domain () is
(P11, P12), (P21, P22), - ... (P51, Ps2)
isa subsequence of (jl, kl), (jz, kz), ey (jN(N—l)/27 kN(N—l)/2)-

Now for the product [];_, Z(pr1, pr2) to be nonzero, the product of

Z(pi1s Pip) X Z(Pit1,1, Pi+1,2)

for each i has to be nonzero, that is

(= 1pi1) (pi2l +1pi2) (Pia)(=|pit1,1) (Pi+12] + |Pit1,2) (Pit1.1]) #O.

This in turn is equivalent to

(Pi2 = Pi+1,2) O (Pi2 = pi+1,1) Of (Pi,1 = pi+1,1) OF (Pi,1 = Pit1,2).
We analyse these four possibilities one by one.

(1) If pi2 = pi+1,2, then by (11), and since (pi,1. pi,2) # (Pi+1,1. Pi+1,2), only
when p; 1 < pi+1,1 can the product be nonzero. In this case the coordinates

are ordered as p;1 < pi+1,1 < Pi2 = Pi+1,2-

(2) If pi2 = pit+1,1,thensince p;1 < pi2 = pit+1,1and pi2 = pi+1,1 < Pi+1.2
we have that (11) is satisfied. Therefore this case is also included / permitted
in the product. The ordering of the coordinates is p;1 < pi2 = pi+11 <

Pi+1,2.
(3) If pi1 = pi+1,1, then similar to Case 1, the coordinates have to satisfy
Pi.1 = Di+1,1 < Pip < pi+1, for the product to be nonzero.

@) If piy = pit1,2,then piy = pit12 > pijgand pip > pi;n = piyi,2 violates
(11), hence this case never happens.
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The three feasible cases are illustrated as below.
i i+1 i i+1 i i+1
\ o——o /
Pit<pPi+1,1 Pi1t<Pi+1,1 Pit=Pi+1,1

A A AN 7 A A A
Pi2=Pi+1,2 Pi2<pPi+1,2 Pi2<Pi+1,2

(13)

The concatenation of these edges gives a path in I1;. Case 4 corresponds to
a horizontal bottom edge in the path which is not allowed in the definition of
I1s. Therefore we have established a correspondence between the possibilities of
orderings in the product and I1;. O

Denote by A§ the set of array of s pairs p satisfying condition (x), and
Qn :={pe€ A} : 1, = n}. Then

pov = () 2 X b

nwelly peQr

Given a path = € I, by the correspondence in (13) there exist m, ms, ...,
ms—1 € {1,2} such that for any p € Qn, pxm, = Pxtim where m’, =
3 — my. Therefore, Q2 is characterised by a partial ordering on the s 4+ 1 co-
ordinates Pim)> Plimys P2.mas -+« s Ps=Vms_y» Psm/,_, - We call them the essential
coordinates of p. This also shows we can associate = with (my,ma, ..., mg_1).
In the following we do not differentiate between 7 and the corresponding partial
ordering.

Any ordering 7 € Il can be decomposed into (strict) total orderings without
any repetition of the essential coordinates and those with repeated essential co-
ordinates. We call any of the former orderings B a linear extension of = which
is denoted by B I~ m, and the latter degenerate orderings, which, for reasons that
will emerge in the proof of Lemma 3, are ignored. Thus we have

Q= |_| B U set of degenerate orderings.
BtFm

For any p € Qp, there exists a B = & such that p € B. Denote (j,.k,) =
( P1m)s ps,mg_l). In the total ordering imposed by B, let rp be the number of
essential coordinates less than j, and rj the number of those greater than k.
That is, the essential coordinates are ordered as follows.
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o Ifrg +rp <,

1<l <---
<lyp <jp<my<--
<My 1—rp—r), <kp<np<---

<nr1/3 < N.

o Ifrg +rp >,

l<lh<---

<ls_,1/9 <kp,<m <--
< Mypptrl—s—1
<jp<ng<--

<ns—rp <N.

We call (rp, rp) the rank of B.

Let €(r) be the number of upper vertices of the path 7. Since horizontal edges
between lower vertices are not allowed, there is at least one upper vertex between

two consecutive lower vertices, hence

The location (upper or lower) of the first vertex of &, the number of upper vertices
€ () and the parity of the length of 7 together determine the number of horizontal
edge in 7. An extreme case is when there is no horizontal edges in n, for which
€(m) ~ % This will be later specified and exploited in the proof of Lemma 12.

2¢(m) > s — 1.

The weight of r is

So

i)s,N = (

Op () = (D)<= | i) (k).

b

)Y R 3 ) (k|

mwellg PEQ

~ (50) X o S S ) k|

melly B+Q; peEB

= > (=) PN HN (rp.rp) + ven =t wen + Vs,
welly Btrm
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where v; y is the contribution from the degenerate orderings, on which one can
carry out the same calculation for wg, x below, and

(b;,“)s S 1) (k]

I<h<w<lr<j<m<-<mg_|_,_p<k<ni<-<ng,<N

ifr+r <s,
HSN(r,r’) =

(b;v“)s S 1) k]

I<ly<<ly_pr<k<m<-<m,y,_;_ 1 <j<n;<-<ns—r<N

ifr+r >s.

For example, for the following path 7 of length 2,

N

P1,1=P2,1 < P3,1
A A A
P12<pP22=P3,2

we have m; = 1,m, = 2,m3 = 1. The ordering of the essential coordinates
imposed by  is:

(P11 < P12 < p22) A(pP2,1 < P31 < P22),
and the non-repeated starting and ending coordinates are j, = pi» and k, = p3;.
The total ordering decomposition of Q2 is

Qr ={p11 < p12 < p31 < p22} U{p11 < p31 < p12 < p22}
U{p11 < p12 = p31 < pa2}.

The last term is a degenerate case as pj, is repeated. There is only one upper
vertex, hence this path contributes —v|v|2(HY (1, 1) + HY (2,2)) to wy n.
Define the Volterra-type kernels

>0 (x,y) 1= la<y<xep and  <Z (x,y):=>t (y,%),

and
_ =" =x)" (b-y)"
[m’n’p](x7y) L | | | ’
m! n! p!

and
[m.,n., p]'(x,y) := [m,n, p](y,x).

The asymptotics of H can be written down explicitly.
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Lemma 3. HY (r,r') converges weakly to an integral operator Hy(r,1"), with the
integral kernel
[r,s—l—r—r/,r/]<2 ifr+r <s,

hg(r,r’) =

[s—r'r+r —s—1s—r]t >0 ifr+s >s.

Proof. Suppose r + r’ < s (the case r + r’ > s can be done in the same way).
Then

1oy = (220 1 S

1<j<k<N 1<l <e<lp<j<my<-<mg_q_,_,<k<nj<-<n, <N
b—ays j=1\( k—j—1 \(N—k
= iV (k
( )Z|J><|( r )(s—l—r/—r)( r’ )
1<j<k<N
We denote
b—a

An = —— and  A; 1= [xj-1, %)),

then the kernel of HN (r,r') is

hﬁv(x, _)/) = Z]IAJ' (X)]IAk (.y)

1
ris—1—r—r")r'"!

1<j<k<N
s—2—r—r’
H(x/ 1—a—alAn) []Gou-1 —x — BAN)
a=0 B=0
r'—1
[1® = xc—vAwn).
y=0

This, as N — oo, converges weakly (as an integral kernel) to [r, s—1—r—r', '] <&
(x, ). |

It can also be seen from the proof of this lemma that the degenerate orderings
contribute 0 to the total sum. More specifically, the degenerate version of A2 (x, y)
where there are d repeated essential coordinates is

1 (b —a)?
N —
o) = 2 0 ) e ey
15j<k<N
s—d—2—r—r’
l_[(x] 1—a—OéAN)H(Xk 1 — X —BAN)
a=0

r'—1

n(b—xk—yAN)—>O
y=0
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as N — oo. We will examine carefully the rate of convergence of this lemma and
the (in)significance of the degenerate orderings later in the proof of Theorem 7.
This lemma immediately gives the following corollary.

LU U

S, PZYU, U=

wg with kernel

fs <2 +8&s >Z

where fs and g5 are defined by

)
fs = Z Z D n,pig (=) [m, n, p],
m,n,p>0,m+n+p=s—1g=0
S
8s = Z Z Emn,pig (D)1 [m,n, '

m,n,p>0,m+n+p=s—1qg=0

Indeed, Dyn,p;q (resp. Emn,p;g) enumerates the linear extensions of all
possible paths of length m + n + p with ¢ upper vertices and rank (m, p) (resp.
m+n+1Ln+p+1).

Corollary 5. The functions fs and gs both are symmetric in the following sense:

fs(x,y) = fsta+b—y,a+b—x), gix,y)=gsla+b—y,a+b—x)

Proof. This follows from the fact that the path inversion (i, b;) — (i, bs+1—;) is a
weight-preserving bijection between I1; and itself. O

For example, some calculation yields

fi = —1]0,0,0], (14a)
fo = —[v|2[0,0,1] — [v|?[1,0, 0] + 3]0, 1, 0], (14b)
f3 = (B> = v[0,2,0] + b[v]?[0, 1, 1] 4 b|v|*[1, 1,0] — v|v|?[1,0,1], (14c)
g1 = [0,0,0]", (14d)
g2 =0, (14e)

—v|v|?[1,0,1]T. (14f)

&3
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The following three theorems are the main results of this paper.

Theorem 6. The closed form expression of D and E are

n n
— if2q >m+n+ p,
(q—l) (q) s

Dmn,pig = ( n ) (n) . (15)
— if2q =m+n + p,
q—m q /
0 if2g <m+n+ p,
Emn,piq = Im=p=g.n=o0.
Proof. See Section 5. |

Theorem 7. Recall the definition of ws in Corollary 4. The operator Wy con-
verges weakly to

W=I—|—Zws.

s>1
Proof. See Section 6. O

For j > 0, let B; be power series in two variables related to the Bessel
functions of the first kind J;.

Bix.y) =Y O

n>0

1)n+,/'xn+jyn

= V).

Let 7 be the identity, then the kernel of the operator W — I can be written in terms
of B je

Theorem 8. The integral operator W — I has kernel
ker(W — I)(x, y)
= (vBo(y —@)Ivl. (b = D)V ]) + V| B1 (b — @)yl (v = )]v)

— D) Y Byl =0l - ()) < )

vl
q>0
+VBo((y —@)|v], (b —x)|v]) >& (x, »).

Moreover, W is unitary.
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Proof. See section 7. |

For example, when . = 0 and A > 0, the kernel of the operator corresponding
to the Lévy stochastic area is

ker(W — I)(x, y)
= (ABo((y — )&, (b= )2) + AB1((b = ), (y = )A)
—20 ) By((v =0k (b —@d)) < (x.7)

q=0

+ ABo((y —a)A, (b — x)A) >L (x. ).

Moreover by plugging Dy, 5, p.q and E,, , ».4 into the integral identity (19) below,
the unitarity of W implies the following combinatorial identity:

a+y—1
Do gyt —la=y=g—1,8=0 — ( Y )]Iﬂ+y+1=a=§-‘

a y—a+m a+pf—y—m+p—1

- Z Z Z Dm,n,a+ﬂ—y—m—n+2p—1;$—y+p—1

m=0 p=0 n=0

(;';)(V‘“T""’)(,i)

y—1 y—1—ny y—1—ni1—ns

+Z Z Z Z Z Z( 1)a+y mi—ni—pi+mz

m;=0 my=0n;=0 ny=0 r1=0 t1=0
Dy ny+B—ma,pisn

Dm2+d—m1 n2,y—l—nj—ny—pat+y—€—my—n;—p1+ma+t;

)

5. Dyck paths and Catalan numbers

For m € Z>o and n € Z, define the binomial coefficient the usual way

m\ m! I
n) = =yt 0=
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For integers m, n, p define a double generalisation of the Catalan numbers and the

Catalan’s triangle
C o (mtn) m+n
P m m+p+1)

Fora,m,n, p € Z>¢, denote by Ty . »,p the set of lattice paths (p,-)l’.”j,” such that
po =, |pi—pi—1| =1, pi = —p, pm+n = a+m—n. Thatis, Ty m »,p is the set of
Dyck paths starting from o, having m up-steps, n down-steps that never cross the
line y = —p. By the reflection principle we obtain the following lemma, which
shows these numbers have a similar combinatorial interpretation to the Catalan
numbers.

Lemma9. Whenm.n,p>0andm —n>—p —1, Cypp = |To,mn,pl

More specifically, the reflection principle we use here identifies the forbidden
paths that cross y = — p with a path starting at —2p —2, having m + p + 1 up-steps
and n — p — 1 down-steps, and hence ending at m — n. This is done by reflecting
the part of the paths preceding the point when it first touches the horizontal line
y = —p — 1 about the same line. The doubly generalised Catalan numbers have
been discussed in e.g. [27].

When m,n > 0 and p = 0, Cy 5,0 is reduced to the (m, n)th entry in the
Catalan triangle (OEIS:A009766) which we denote by Cy, ,; furthermore when
m = n, Cy, , is the nth Catalan number which we denote by C,.

The following recurrence relation will be useful:

Lemma10. Ifn >0, m > pandm+n+ p + 1> 0, then

L3 ]
> CrinkCmtp—k = Cmtni1.p-
k=0
Proof. We first show a basic version of this formula is true: forn > 0,m > p > 0,

p

Z Ck+n,kcm—k,p—k = Cm+n+1,p-
k=0

This can be proved using a combinatorial argument similar to one used to prove the

recurrence relation of the Catalan numbers which is a special case of the identity
above (note that Cp11,p = Cpi1,p+1):

p
> CiCpok = Cpya.
k=0
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Define a “stopping time” o on To n4n+1,p,0 by
o(p) =max{i >0: p; = n}.

Then

p
Cntn+1,p = Z P € Tomtn+1,p,0:0(p) = 2k + n}|
k=0

[
M~

[Tk +n.k,0l | Tnt1,m—k, p—k,nt1l

=~
Il
(=]

[
M~

|70,k +n.k,0l | To,m—k, p—k.0]

=~
Il
(=]

[
M~

Cn+k,kcm—k,p—k-

x>~
Il
=

If the condition n > 0, m > p are retained, but p <Oandm +n+1+4+ p >0,
then the LHS is zero because the domain of the summation is empty. The RHS is
also zero because

m+n+1+p\ (m+n+1+p —0
m+n+1 )\ m+n+2 ) 7

Since m > p, we have p < | £2|. Moreover, for any k € (p, | Z32]],

c _(m+p—-2k\ (m+p—2k _0
m—k.p—k = m—k m—k+1)

Therefore we can extend the domain of the summation from 0 < k < p to
0<k=< |2 0

Lemma 11. Forany B & w € I, if n(0) = 1 then rg = 0, and if 7 (0) = 0 then
rg > 0. If n(s) = 1 thenry =0, and if w(s) = O then rg > 0.

Proof. We show the claim for 7(0), as the one for w(s) can be deduced from
the symmetry property. If m(0) = 1, then w(1) = O or 1. If #(1) = 0 then
by the correspondence (13), for any p € Q, the first four coordinates have the
ordering j, = p1,1 < p21 < p12 = p2;. Since p1;1 < pi,1.k = 2, and
P11 < P12 = pka.k > 2. Thus j, is the smallest (essential) coordinate and
rg = 0. If #(1) = 1then j, = p1,1 < p12 = p2,1 < p2,2 hence it’s also the
smallest coordinates and rg = 0.



490 R. L. Hudson and Y. Pei

If 7(1) = 0, then w(1) = 1 and by (13), for any p € 2, the first four
coordinates are ordered as p1,1 = p2,1 < p12 = jp < p2,2. Hence j, is greater
than at least one other essential coordinate and rg > 0. O

In some extreme cases the coeflicient D,, , ,.; can be calculated directly. We
denote by Dy, , .., the contribution to Dy, , p;q from path 7. In the following we
denote by \, / and — the edges in paths as shown in (13). We also denote paths
by concatenating them with superscripts representing multiplicities. For example

— V2 \ represents the paths — \ /\ /\.

Lemma 12. The following case hold.
Case A. Do 2k,0k+1 = D(\)/];k okt+1 = Ck- Conversely, ifm =0,2q =n+p+2,
then Dy p.q > Oonlyifp =0,2q -2 =n.

_ p\W¥ _
Case B. DO,n,2k—n+1;k+1 = DO,n,2k—n+1,k+l = Ck,n_kforO <n<2k+1.

k
Case C. Dok—pt1,n0ik+1 = D)) /

sknttimp+1 = Chn—k for 0 <n <2k + 1.

k
C — A — —
ase D. Dr,2k—r—r/,r’;k = Dr,2k—r—r’,r/;k = Ck—r,k—r/,r—l = Ck—r’,k—r,r/—l fO}’
0<r+r' <2k

Moreover, Ep p.p:q = Lin=p=g,n=0-

Proof. First we show the first identity in each case. In Case D, for there to be k
upper vertices and k + 1 lower vertices, the path can only be A*.

For Case A, since the rank is (0, 0), by Lemma 11, any path 7 contributing to
Dy 2k,0:k+1 has to begin and end with upper vertices. Removing these two vertices
resulting a path of length 2k — 2, k — 1 upper vertices and k lower vertices, which
is the same as Case D. Therefore 7 = V*.

With the same arguments the paths for Case B and C are also determined to
be \A* and A¥/ respectively.

Now we show the second identity in Case D, as Cases A, B and C are simpler
variations of D and can be verified similarly. We achieve this by associating partial
orderings with sets of Dyck paths. The path # = A¥ imposes the following
ordering of the essential coordinates:

P11 < p31 < psi < 0 < pau—1a1 < kp=pat11
N AN AN AN AN

Jp=DP12 < P22 < P4z < - < Prpas < P2k,2
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We relabel these coordinates by #11 := pi1,1,%2,1 = p3,1 and so on, to obtain

ha < ba < B3g < -+ < g1 < Igt1,1
A A A A A (16)
ey < b < B3g < =+ < tgo < lrgg12

There is a one-one correspondence between the set of all linear extensions of
this partial ordering (namely {B : B  n}) and Ty x+1,k+1,0- The Dyck path
p corresponding to the linear extension ,, p; < Imy by < *** < Imyiis.bogys 1S
defined by

pi—1)+1 ifb =1,
pi —1)—1 ifb; =2.

pi) =

Clearly, the rank of a linear extension B being (r, r’) is equivalent to the corre-
sponding Dyck path starting with r up-steps followed by a down-step and con-
cluding with one down-step with r” up-steps. These cut off the first r + 1 and the
last ¥’ + 1 steps corresponds to Ty—1 k—r k—r,0. Therefore

k
A T = |T. =
Dr,2k—r—r’,r’;k = | r—l,k—r,k—r’,0| | 0,k—r,k—r’,r—1| Ck—r,k—r’,r—l-

If r = 0, = 0, then by Lemma 11 DrA,I;k—r—r/,r/;q = 0, which agrees with
Cr—rk—r r—1 as well. On the other hand, since the paths of T o only have k
up- and down-steps, the LHS is 0 if r > k or r’ > k, which agrees with the right
hand side.

Finally, the A¥ are the only possible paths to contribute to the coefficients E,
which record the instances when k, < j,. The corresponding linear extension
B F Ak is i <ty <- <tgpy11 <tz <trp <:-<lgs1,2}. For any other
paths, by Lemma 11, any path starting with \ or ending with / has j, as the smallest
or k, as the greatest essential coordinate; on the other hand, any horizontal edge

will result in j, < kp. O
From the above proof we deduce a stronger version of Lemma 1l: D, .. #0
only if #(0) = 1, and form > 1, D, ,, .. # 0 only if 7(0) = 0 and begins with

A1 We also refer to this stronger version as Lemma 11.

Proof of Theorem 6. Case D covers the 2¢ = m + n + p case; moreover, by the
same argument as in the proof of the first identities in each case of Lemma 12, for
7 € Imtn+p+s

e(@M)+1>m+n+p+1—e(n)
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therefore D, », p.q # 0 only if 2¢ > m + n + p. Thus it suffices to show
Dmpn,pig = Cq—l,n—q+1, 2qg >m+n+ p.

We group the paths into ones starting with A¥/— (call the set of such paths
I1°%) and ones starting with v — (call the set of such paths TTVX). Then by
Lemma 11, D, p,p;q are contributed from ™ if k — 1 > m > 0, and from v

ifm=0:
S Y Dh im0
kzm—1 gemnk
Dmpn,pq = . .
Z Z Dy v pia itm =0,
k=0 germmvk
where Dy, , .., is the contribution from path 7 to the coefficient Dy, n, p;q- There-

fore we divide the proof into two cases, m = 0 and m > 0. The formula for
D n,p;g Withm 4+ n + p < 2 can be verified by hand (the reader can check their
calculation against (14)), so we assume the formula is true for s < m +n + p, and
we want to use induction to verify the formula of Dy, ,, ».4 in general.

5.1. m > 0. Whenm > 0, for any = € TI7k,

7] T
T _ 2k+2
Dy npiqg = Pmakt1-m,0k+1 DO,m+n—2k—2,p;q—k—l J

where 6,: [1; — I1;_,, for all s > r, is the shifting operator such that (6, 7)(j) =
w(j +r).
Summing over k and = € TI"K we have
Dmn,p:q = Z ZDZ,n,p;q
k>m—1 ge@Irk
[ 2452

O2k 427
= Z Z D 2k 1-m,0:k+1 Do sn—sk—2. pig—k—1
k=m—1 gellrk

232

ZZ D ok +1-m,0:k+1 Do,m+n—2k—2, pi1g—k—1
k=m—1

232

= Z Ck,k—m+ 1 Cq—k—2,m+n—q—k
k=m—1

L3 ]
= Z Ck+m—1,k Cq—m—l—k,n—q+1—k
k=0

where the last two equalities comes from the Case C and the induction assumption.
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To apply Lemma 10, we check the three conditions hold: (I) The condition
“n > 0” becomes m — 1 > 0: this is correct as m > 0. (2) “m > p”is
2q > m + n + 2: we know that 2¢g > m + n + p, so either 2¢ > m +n + 2
or2qg =m+n+ 1,inthe latter sincem +n+1<m+n+ p+1 < 2q, we have
p = 0 and this is covered by Case C. (3) “m +n + p + 1 > 0” becomes n > 0,
which is evidently true by the definition of Dy, , p.,. The upper bound of the
summation domain “ LmT“’J” becomes | “5™ |. Therefore we can apply Lemma 10
to the sum above and obtain

Dmn,piq = Cqg—1,n—q+1-

5.2. m = 0. When m = 0, similarly, for any = € ITV¥,

0 FL4
Ed _ k41
DO,n,p;q = D0,2k,0§k+1Do,n—2k—1,p;q—k—1'

Again, summing over k and 7 € ITV* we have

— g
DO,n,p;q - § : § :Dm,n,p;q

k>0 germVvk

nzl |
Ok 4170
= Z Z Do2k,0i+1D0 k-1, pig—k1
k=0 nEH\/k
|25 ]
= Z Do,2k,0:k+1Don—2k—1,p;g—k—1
k=0

23]
= Z Ck,kcq_k—z,n—q—k+1
k=0

where the last equality comes from Case A, the induction assumption and the
fact that Cx = Ci . Once again, we want to check the conditions in order to
apply Lemma 10. The condition “n > 0” is obvious. “m > p” is equivalent to
2g > n + 3. Since 2¢ > n + p, there are two possibilities apart from “m > p™:
(1) 2¢q = n + p + 1. This is covered by Case B;

(2) 2¢ =n+ p + 2 and p = 0. This is covered by Case A.

“m+n+ p+ 1> 0"is again equivalent to n > 0, which is evidently true. The
upper bound of the summation domain “ [”’T“’J Y L%J . Therefore we can apply
Lemma 10 to the sum above and obtain

Don,pg = Cq—l,n—q+1- 0
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In the above proof of Theorem 6, an induction argument is used to show that
the coefficients are indeed the generalised Catalan numbers. Therefore it would be
interesting to seek a more direct proof with an explicit correspondence between
the linear extensions and Catalan objects (e.g. the Dyck paths).

6. Proof of Theorem 7

In this section we often abuse notations and do not differentiate between operators
and their kernels. Without loss of generality assume |v| = 1 (otherwise one can
scale (a, x, y,b)). We only consider the generating function of coefficient D, as
the case for £ can be dealt with similarly. We write

m—1
¢N (m.n, p) =Y T, ()L, () [ (xjm1 —a —aAy)

1<j<k<N a=0
n—1 p—1
[T k1 = = BAN) [T =i = y2w).
B=0 y=0

¢p(m,n,p) = (x —a)"(y —x)" (b — y)ly<x<y<b,
where we recall Ay = b%”. Then
0<¢N(m.n,p) < ¢(m.n,p)<(b—a)y"*r.

We also write

N

D _ Z Dma”al’;q (_l)qvm+n+[7+l—2q
m,n,p — [ .
7=0 mn:p!

Then
2N-3

N-1
WN = Z ws,N + Z vS,N
s=1 s=1
where vy are the degenerate terms, and

Ws, N ::j{:ﬂ)thp¢pJOn,n,p)
m+n+p=s—1
The reason for the range of the sum for s tobe 1 < s < N —1is because wy y = 0
fors > N, as

dN(m.n,p)=0, m+n+p=>=N-—1 (17)
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Proof of Theorem 7. We divide the proof into three parts.

(1) Soins pon—t Do pd™ (m,m, p) ~== 0 uniformly on [a, b)>. This
shows the limit exists.

2) Z?’:_ll ws, N converges weakly to W.

(3) The degenerate terms vanish uniformly: Zfi’ 1 3 vs,n are arbitrarily small as
N grows bigger.

6.1. Part1. This follows from (17).

6.2. Part2. We wantto show that for any € > 0 and sufficiently large N, we have

(£ X sen—1(ws,v —wys)g) <€l fl2gll2 for testing functions £, g € L*([a. D).
Equivalently, we must show that

b b
[ [ 7@y X Dunn@ o) = g pgr. y)dxdy

m+n+p<N-2

< el fl2lgll2

We divide it into two further parts.

(1) We have
(=) (=2 (b =)PY ] Tagxa ()
~ (x - a)m(y - x)n(b - y)pﬂa5x<y<b
(2) and
(x—a)"(y=x)"b =" Y Tapxa(x.y)
1<j<k<N
~ Yy TNGokimon, p) - L, (0T (9),
1<j<k<N
where
m—1 n—1
NG kimon, p) =[] (1 —a —aAy) [ [ -1 — x; — BAN)
a=0 ﬂ:O

p—1
[T1®—x—vaw).

y=0
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6.2.1. Part 2.1. We want to show that

b b
‘ || 760 Dy Y= a5 =50 = )

m+4n+p<N-2 1<j<k<N

(a; () Lag (¥) = Ta<x<y<p)g(x, y)dxdy‘

<e.
Denote the left hand side by By, then by (1) and that
(x—a)"(y =x)"(b = y)? < (b —a)" " TP
fora < x <y < b, we have that

(6(b _ a))m+n+p
(m+n+ p)!

N
f (X)g(y)dxdy‘
S
+ 2\ (6(b —a))"
<>+ 1)(r ; )Ta

r<N-1
N
f(x)g(y)dxdy ‘
; / /x-_15x<y<xj

J

By <> (m+n+p+1)
m+n+p<N-2

The term in the modulus can be bounded by repeated use of Cauchy—Schwartz
inequality:

N N o ex; x;
f(x)g(y)dxdy| < |f()ldx | g(y)ldy
S 3, e [

N
= Z/x 1 | f )X =% gll2dx

j=1v%—

N h— 2
<> fbalgl

_(b—a)?
2N

(WAIPY P4 PR
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Therefore

N-1 b — (b —a)?
pv= Yo+ 3 S E T el
r=0 :

< CN7HIfl2lgll

for some constant C, where the second bound comes from the fact that

Y+ 1)(F;Z)M < 0.

r!
r>=0
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6.2.2. Part 2.2. We establish the following uniform convergence, from which

weak convergence will follow:

j{:j)mJup

m+n+p<N-2

Z]IAj(x)]IAk(y)
1<j<k<N N, . m n
(. ksmn, p)—(x—a)"(y = x)"(b—y)?) — 0

Whena < x <y < b, ™ s non-negative, and form +n + p < N we use a

telescoping series:

(x—a)"(y = x)"(b— y)? =tV (j.kim.n. p)
= (=)
+ (xj—1 —a)(x —xj—2) -
+ (xj—1 —a)(xj—2 —a)(x —xj—3) -
4.
+ (xj1 —a)(xj2 —a)(xj—3 —a) - (Xg4p—2 — ¥)(b —y)
+ (xj—1 —a)(xj—2 —a)(xj—3 —a) - (b — Xg4p—2) (Xk+p—1 — ¥)
+ (xj—1 —a)(xj—2 —a)(xj—3 —a) -+~ (b — Xp4p—2) (b — Xg4p—1)
—(xj—1 —a)(xj—2 —a)(xj—3 —a) -+ (b — Xk 4 p—2)(b — Xk4p—1)

m n p
SN - (Y e+ Y B+ Y v)
B=1 r=1

a=1

3
<N —a)m+”+1’5(m +n+p)m+n+p+1).
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Therefore

ng,n,p

m+n+p<N

Yo L)L MGV Goksm,n, p) = (x —a)™ (y = x)" (b — y)P)
1<j<k<N

< N—l Z (k;—z)%r(}, + 1)2(6(b_a))r

r!
r<N
<CN7 L.

6.3. Part 3. The degenerate terms are the total orderings of path of length s with
some repeated essential coordinates. If such a total ordering J has s + 1 — d non-
repeated coordinates, then we call d the degree of degeneration, or we say that
there are d degenerations in J. Each degeneration happens on a wedge part of
a path, that is, any two essential coordinates p;, j, = pi,,;, if and only if they
correspond to parts of the same A part of a path for some k. On the other
hand, degenerations happen in pairs. That is, for an array p, there do not exist
three essential coordinates equal to each other, which would violate the partial
ordering. Therefore, given a path of length s — 1, the number of degenerate total

s=1.2
orderings with d degenerations is bounded by (7) . Moreover, the number of

S+2_(_H)—s—2
paths of length s — 1 is the Fibonacci number % where & = @
Since a path of length s — 1 can have at most % wedges, there are at most %

degenerations.
Therefore for each N, we have

2N-3

VN = Z Us,N
s=1

where V; n is the counterpart of W y that collects all degenerate cases of paths
of lengths s — 1. By applying the calculation in the proof of Lemma 3, we can see
the degenerate (of degree d) version of 2Y is

N _ b-—a)
qs (X,y) - m'n'p'Nd¢ (m7n’p)

where m +n + p + d = s — 1. Thus the sum is bounded uniformly by

(b_a)s—l
mn!p!N4"
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Therefore the total sum of degenerate terms is bounded as follows:

N—-1 "7 s—1 2 (b
2 s+2 q,,5—2q
V| < 2. C(d) @ 7mm,p,Nd Z( Dty

s=1 d=1m+n+p=s—1—d

2 s—1 2 s—1
S5\ ss42 B0 —a)) _
=y > > c(;)cp“i(s_l)! sNd

s=1 d=1m+n+p=s—1—d

<% N-l C(6<I>(b—a))S1 s—d+2
- (s—1)! 2
d=1 s=2d+2
N-—2
2 N-1 1
1200 — a))*~
=y o (129( f)')
d=1 s=1 (s = D!
N=2
2
<CWNT'+ )Y NP
d=2
<CN7L O

7. The unitarity of W

Let f and g be the generating functions of D and E:

m+n—+p+1
f = Z Z Dm’n’p;q[m,n’p](_a)qvm+n+p+1—q _ th
m,n,p>0 q=0 s>1
m+n+p+1
8= Z Z Empn,piglm.n, p]f(—p)dpmintrti=a = ng.
mn,p>0 g=0 =

And the kernel of W — [ is

Fey) <boy) + gl y) S8 (). (18)

One can write down the equation that f and g have to satisfy for W to be unitary.
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Proposition 13. For W to be unitary, it suffices to show that for anya <x <y <b,

X

Fy) + 300 + / ¢(x.2)g0r. 2)dz

a

y b
+ / F(x. )20 Ddz + / F. )70 (19)
X y

= 0.

Proof. For W to be unitary it is necessary and sufficient to show it is both a
coisometry and an isometry

W*W =WW*=1

Plugging in (18) and using the formulas for kernels of products and adjoints of
integral operators we obtain equation (19) and three “other” equations:

y - x -
g(x,Z)g(y,Z)dZ-F/ g(x,2) f(y,2)dz
y

7O + g(x.y) + /

a

b
+ [ pw a7 0)
=0, a<y<x<b,
- X y
g(y,x)+f(x,y)+/ f(Z,y)f(Z,x)dz+/ f(z, )2z x)dz
b
+/ g(z,y)g(z. x)dz 21
y
=0, a<x<y<hb,
—_— y x
S, x)+g(x,y) + / f(z,y)f(z,x)dz + / ¢(z,v) f(z, x)dz
a y
(22)

b
+ / ¢(z. g N)dz

=0, a<y<x<b.

The equation (19) and (20) are equivalent: one can interchange x with y and
take a conjugate in the former to obtain the latter. So are (21) and (22). By the
symmetry of f and g from Corollary 5, (19) and (21) are equivalent, hence it
suffices to verify (19) to show the unitarity of W. |
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Proof of Theorem 8. We divide the proof into two parts: first we write down f
and g in a more amenable form, then we proceed to proving the integral identity.

7.1. The formulas for f and g. As previous, without loss of generality suppose
|[v| = 1. Recall that

oyt gt S
Bitr.y) = Y04 (31 " f)!n!y = (=1 (/)T 2 5).

n>0

Since Emn,p:q = lin=p=g,n=0,

—a)y™"(b—x)"
m!m!

ey =v Y 1y

m=>0

= vBo(y —a,b—x).  (23)

Let f, and f, be the parts of the sum of f where m 4+ n + p are even and odd
respectively, i.e.,

m4n+p+1

N Z Z(x —a)"(y —x)"(b— y)P(_‘j)qvm+n+p+1_q’

2lm+n+p q=0

m+n+p+1

Jo = Z Z(x —a)™(y — x)"(b — y)P(=p)dyntntrti-a

2tm+n+p qg=0

The function f, can be further divided into the ( " ) part and the rest. Let
b
v

u:=x—-ay,v:=Q—-xv,w:=b-—yjwandz = — —v2, then

u’”v"wl’zq( n )
VZ Z

n!p! —m
=0 b p=2g m!n!p! q

. Z Z umvzq_m_pwpzq! (2q —m— p)

12q —m — p)! _
q20m+n+p=2qm'(2q m—p)lp q—m

2 m— _ _
_UZ Z q—m=p P74 (2£] m P) 24

g>00<m,p<q m'(zq m— p)' qg—m
q
— v 2 Z (u/v)™ 3 (w/v)?
= o miq —m)! = plg — p)!

_ (v + v)q(v + w)iz4
B UZ qlq!

=vBo(y —a,b—x).
q=0
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The rest of f, is slightly more complicated. Let k = W. We observe that

n
Z Dm,n,p;qzq - (k _ m)Zk
q
_ (") k ny k+1 n k+1 4 .
() G- ()
()= () ()
n—1 n n

— (z—1)§(g)z€'.

Therefore the rest of f,, i.e. the sum excluding the terms corresponding to (kfm)

is

U wP I~ (n p
T T S 2 ()
q=k

k>0 m+n+p=2k

2k n
(u 4 w)k—n 7
- Y (Z)Zqi(% S

k>0n=k q=k
2k n
z4 (u + w)2k—n "
=WZ—D§:§:§:__
izonmkamt 1 2k =)t (n —g)!
> Xk: ]i 2wk
—v(z—1) 2
k>0n=0g=k q! (k—n)! (k+n-—gq)!
k n k+q ( k—n k+n
z u +U)) v
= —1
" )g;),;;,(hrq)! (k—n)! (n—q)!

k k=4  k+q (1 + w)k=an pk+a+n

Z
v(Z—l)ZZZ(k+q)! (k—g—m! n!

k>0g=0n=0

k
(zv)**e (u 4 v + w)k—4
R PP D o e

k>04g=0
(zv)*+24 (u + v 4+ w)k
— vz —1 .
v )(;;; & + 29)! k!

We keep (25) to later merge it with a similar term in f,.

(25)
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For f,, letk = 2HE2=1 We observe that

n
> Dmnpgz? — k
- mn,piqZ (k—m)Z

_ (" k+1_ [ 7 k+1 . n n_ (M. n n\ _n+1
=) ()G C)

e ()

q=k+1

Following the same procedure which leads (25), the sum corresponding to the first
term in the RHS is

(Zv)k+2q+1 (u +v4+ w)k
v(iz—=1) (26)

whereas the contribution from the second term is computed as follows:

u™v"w? (n\ ;i
()

k>0 m4n+p=2k+1

Zzil " (u + w)2k+1—n (n) 1
=v _ z

| — |
= noe ™ 2k +1-—n)! \k

27

k+1 _
. Z vn-‘rk (u + w)k+1 n E+1

z
preptiart nlk! (k+1—n)!

vk K (v 4 u 4+ w)kt!
! k + 1)!

=V
k

= Bi(b—a,y—x).

By summing up (24), (25), (26), and (27) and plugging in u, v, w, z we obtain

Jf(x.y) =vBo(y —a.b—x) + Bi(b—a.y —x)

—(u+D)ZBq(y—X,b—a)Dq. (28)
q=0
Note that
Y By —x.b—a)p = Y I,V a0 -0 - [ 2—)’
q=0 q>0

is a generating function of the Bessel functions.



504 R. L. Hudson and Y. Pei

7.2. Verifying the identity (19). We list a few useful properties of B; (where
we let B_1(x,y) := —B1(y, x)):

(1) 9xBj(x,y) = —Bj-1(x,y).j =0,

(2) Bo(x,y) = Bo(y,x),

(3) Bj(0.y) =38j0.j =0,

(4) 9yBj(x,y) = Bj+1(x, y).

And an integral:

b
/ Bo(b—x,z—a)Bj(z—y.b—a)dz
y

b
= —ZBk(b —X,2=a)Bytjt1(z—y,b—a)
k>0 y
— > Bi(b—x.b—a)Byj11(b—y.b—a) if j >0,
_ k>0
> Bi(b—x.b—a)By(b—y.b—a)— Bo(b—x.y —a) ifj=—1.
k>0

(29)
Substituting for f from (28) and g from (23) into (19) gives

Bi(b—a.y—x)

b
+ / Bo(z —a,b—x)Bo(z —a,b—y)dz
a

b

—I—/ Bib—a,z—x)B1(b—a,z—y)dz

y
+vBo(y —a.b—x) +VBo(x —a.b—y)
b

+D/ Bi(b—a,z—x)Bo(z —a,b—y)dz
xb

—l—v/ Bi(b—a,z—y)Bo(z—a,b—x)dz
y

b
—(v+D)/ ZBl(b—a,z—x)Bq(z—y,b—a)quz
Y q=0

b
—(v+ 17)/ ZBl(b—a,z—y)Bq(Z—x,b—a)ﬂqu
y

q=0

b
—v(v + D)/ ZB()(Z —a,b—y)By(z—x,b—a)vidz

X g=0
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—v(v+v)/ ZBo(z—a b—x)By(z—y,b—a)ild:z

q=0

+(v—|—v)2/ ZB (z — xb—a)quB (z—y,b—a)id:z

q=0 q=0
—(W+9)Y By(y—x.b—a)i?
q=0
=0.
(30)
Let &
_ (=D"x
Gj(x) = Zk'(k + D’
then for @ > 0 the following two integrals hold:
| GotaGog1az
0
= (@ — B)" (axG1(ax)Go(Bx) — BxG1(Bx)Go(arx))
and

/z Gl(w)Gl(w + Ol)dw
0

= o~ (2G1(2)Go(z + @) — (z + @) G1(z + @) Go(2)) + G1(@).

The first of these two integrals is the well-known Lommel’s integral, see e.g.
Section 11 and 94 of [2]. The second integral written in terms of an indefinite
integral of the Bessel functions is

/ \/7.]1(11)).]1(\/11)24'/3 )dw

= 2 (w/i(w)Jo(Vw? + B2) = Vw2 + B2I (Vw? + p2)Jo(w)).  p > 0.
€2y
This is a special case of the so-called Sonine-Gegenbauer type integral (see e.g.
page 415 of [30]). However, the authors have not found an explicit formula like
the one on the right hand side of (31) in the literature.
By these two integrals we have

b
/ Bo(z—a,b—x)Bo(z —a,b—y)dz

=(y—x)""((b—y)Bi(b—a,b—y)Bo(b—a.b—x).
—(b—-x)B1(b—a,b—x)By(b—a,b—1y))
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and
b
/ Bi(b—a,z—x)B1(b—a,z—y)dz
y

=Bi(b—a,y —x)
—(y—x) "' (b—y)Bi(b—a,b—y)Bo(b—a,b—x)
—(b—x)B1(b—a,b—x)Bo(b—a,b—y)).

Therefore the first and the second lines of (30) vanishes.

By the integral (29) (and interchanging x and y when necessary), the third and
the fourth lines are reduced to their real part.

Now if the real part of v is 0 then we are done. Otherwise by subtracting the
first and the second lines and the imaginary part of the third and the fourth lines
from (30), and dividing the remainder by the real part "er‘_’ , we simplify the integral
identity into

Bo(y —a,b—x)
4+ Bo(x —a,b—y)

b
—i—/ Bi(b—a,z—x)By(z—a,b—y)dz
xb
+/ Bi(b—a,z—y)Bo(z—a,b—x)dz
y

—2) By(y —x.b—a)i?

q=0

b
—2/ ZBl(b—a,z—x)Bq(z—y,b—a)quZ
y

q=0

b
—2/ ZBl(b—a,z—y)Bq(z—x,b —a)vidz
y

q=0

b
—ZD/ ZB()(Z —a,b—y)By(z —x,b—a)vldz

q=0
b
—21)/ ZBO(Z—a,b—x)Bq(z—y,b—a)quZ
Y g>0
b
+2(v+17)/ D Byz—x.b—a)p?!)_ By(z—y.b—aywidz
Yy

q=0 q>0
=0
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By the integral formulas (29), the above identity can be further simplified to

> Bi(b—x.b—a)Bi(b—y.b—a)
k>0

+ 3 Be(b—x.b—a)Biyg(b—y.b—ap?

q>0k>0
+ 3 Be(b—y.b—a)Biyq(B—x.b—a)i?
q>0k>0
=Y By(y —x.b—a)i?
4>0
b
—/ ZBl(b—a,z—x)Bq(Z—y,b—a)quZ
Y g=0

b
—/ ZBl(b—a,z—y)Bq(z—x,b —a)vidz
y

q=0

b
+ (v + 17)/ Y By(z—x.b—a)i? Y By(z —y.b—a)yldz
y

q=0 q=0
=0

It remains to verify the coefficient of v? for each ¢ € Z in the LHS is 0, which
can be done by repeated use of integration by parts and the properties of the
functions B;.

When g = 0, the coefficient is

> Bj(b—x.b—a)Bj(b—y.b—a)

Jj=0
— Bo(y —x,b—a)

b
+/ —Bi(b—a,z—y)Bo(z —x,b—a)
y

—Bi(b—a,z—x)Bo(z—y,b—a)

+ ZBJ-H(Z—x,b —a)Bj(z—y.b—a)
Jj=0

+ ZBjH(z—y,b—a)Bj(z—x,b —a)dz

Jj=0
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=> Bj(b—x.b—a)Bj(b—y.b—a)— Bo(y —x.b—a)

Jj=0

b

+ Z/ Bij(z—x,b—a)Bjt1(z—y.b—a)
jz=1Y

+Bi(z—y,b—a)Bj+i1(z—z,b—a)dz

=> Bj(b—x.b—a)Bj(b—y.b—a)— Bo(y —x.b—a)

Jj=0

—ZBj(z—x,b—a)Bj(z—y,b—a)|z

Jj=0
=0,

where in the fourth line we use integration by parts and the properties of B;.

When g > 0, the coefficient is

> Bi(b—x.b—a)Biyg(b — y.b—a)
k>0

b
+/ “By(b—a.z—x)By(z— y.b—a)
y

+Y Bi(z—x,b—a)Bjyg-1(z—y,b—a)

Jj=0
+ZBJ(Z_x’b_a)Bj-l—q—I—l(Z_y,b—a)dZ
Jj=0
=> " Bi(b —x.b—a)Bisg(b—y.b—a)
k>0
b
+/ ZBj(Z—X,b—a)Bj+q_1(Z—y,b—a)
Yo j=z0
+ Z Bi(z—x,b—a)Bjtq+1(z —y.b—a)d:z
j=—1
=> " Bi(b —x.b—a)Biyg(b—y.b—a)
k>0
b
+/ ZBJ'(Z—x7b—a)Bj+q—1(Z—y,b—a)
Yo j=z0

+ Z Bi_1(z—x,b—a)Bjt+4(z—y.b—a)dz

Jj=0



On a causal quantum stochastic double product integral related to Lévy area

=Y Bi(b—x.b—a)Biiq(b—y.b—a)
k>0

b
=D Bz —x.b—a)Biyg(z = y.b-a),
k>0
= 0.
When g < 0, the coefficient is

> Bi(b—y.b—a)Biig(B —x.b—a)
k>0
—By(y —x.b—a)
b
+/ —Bi(b—a,z—y)By(z—x,b—a)
y

+ > Biyg1(z—x.b—a)Br(z — y.b—a)

k>0
+ Z Biig+1(z—=x,b—a)Bi(z —y,b—a)d:z
k>0
=Y Bi(b—y.b—a)Biyq(B—x.b—a)

k>0
—B;,(y —x.,b—a)
b
+ Y [ Brrnic - xb - @B - yb-a)

k=07
+ Bk+q(Z _x’b _a)Bk—l(Z _y7b —Cl)dZ

=Y Bi(b—y.b—a)Biyq(B—x.b—a) - By(y —x.b—a)
k>0

b
=3 Busgle b - @B v b =0
k>0
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