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Edge correlation function of the 8-vertex model
whena +c=b+d

Jérome Casse

Abstract. This paper is devoted to the 8-vertex model and its edge correlation function. In
some particular (integrable) cases, we find a closed form of the edge correlation function
and we deduce also its asymptotics. In addition, we quantify influence of boundary
conditions on this function.

To do this, we introduce a system of particles in interaction related to the 8-vertex
model. This system, studied using various tools from analytic combinatorics, random walks
and conics, permits to compute the correlation function. To study the influence of boundary
conditions, we involve probabilistic cellular automata of order 2.
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1. Introduction

Vertex-models. We start with some formal definitions. Let Ky be the graph
whose set of vertices is

Vn ={@,j):—1<i,j <N+1}
and set of edges is

(see Figure 1). The vertices
Vi ={G.j):0<i.j <N}

are called internal vertices of K (it is also the set of vertices adjacent to 4 edges).
The edges

Ef ={((-1,/).(0.j):0=j = N}U{((N.j), (N +1,/)):0=j =N}

are called external (or boundary) edges (it is also the set of edges whose one end
vertex is in V}; and the other one in V \ V%). The graph K y have 2N2+2N edges
that could be classified in two groups: the 4N external edges E¢, and the 2N?—2N
internal edges En \ E§;. Each of the edges could be oriented: either “from bottom
to top” or “from top to bottom” if the edge is vertical, either “from left to right”
or “from right to left” it the edge is horizontal. We call an orientation of Ky,
the graph Ky with an orientation for every of its edges. There exists 22V +2V
orientations of K and we denote 2 5 the set of these orientations.

In the following, we call vertices of Ky only its internal vertices.

In the 8-vertex model, we consider the subset Q?V C Qpn of Kx’s orientations
such that, around each vertex of K, there is an even number (0, 2 or 4) of
incoming edges. Hence, for any vertex (i, j) in a Ky’s orientation O € Q%
the (i, j)’s four adjacent oriented edges are oriented like one of the eight local
configurations of Figure 2. Forany k € {1, ..., 8}, a vertex is said to be of type k if
its four adjacent edges are in the local configuration k. At each local configuration
k, we associate a local weight wy. Based on local weights (wg:k € {1,...,8}),
we define a global weight (of Boltzmann type) W on Q%;: let O € Q¥,, the weight
of the orientation O is

8
w(0) = [T w (1)
k=1
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Figure 1. Left: K3. Right: an orientation of K3.

where 1y (0) is the number of vertices of type k in O. From W on Q8,, we define
a probability measure Py on QY for any O € Qf,,

W(0)

Py (0) = —5  Where Zy =Y w(o).
N

8
0'eQy,

The quantity Z¥, is called partition function of the 8-vertex model on K . Under
the probability P, the probability to get an orientation O is then proportional to
its weight W(O).

When w; = wg = 0, the 8-vertex model becomes the 6-vertex model. Orien-
tations of the 6-vertex model with a non-zero global weight are Ky ’s orientations
whose nodes have two incoming and two outgoing edges. The 6-vertex model
is historically the first vertex-model introduced by Pauling in 1935 [17] to study a
model of ice on plane. Indeed, in the 6-vertex model, nodes represent molecules of
water, and oriented edges, polarities of hydrogen bonds between these molecules.
It is a model of statistical physics widely studied and we recommend [2, Chapter
8], [19], [11] and references therein to the interesting reader.

The 8-vertex model is a generalization of the 6-vertex model introduced by
Sutherland [22] and Fan and Wu [13] in 1970. Its partition function was computed
by Baxter in 1972 using Bethe’s Ansatz methods [1]. One important property of the
8-vertex model in comparison with the 6-vertex model is that it is less dependent
on boundary conditions [6]. It is also related to Ising models as expressed by
Baxter in [2, Section 10.3]. Let us present some results of Baxter on the 8-vertex
model.
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Figure 2. The 8 available local configurations around any vertex of an orientation in Q?V
and their corresponding configuration (rotated by an angle —%) in Q?v-

Due to symmetries of Ky, the numbers of vertices of type 5 and of type 6 in
an admissible configuration differ by less than N (|Jns —ng| < N), this permits to
chose ws = wg = ¢ without loss of generality in asymptotics (in the asymptotic
case, an interesting type k of nodes is one for which we have that ny = @(N?)).
For similar reasons, [n7; — ng| < 2N and, hence, we consider in the following
w7 = wg = d. We will also suppose that we are in a “zero-field” case (a classical
hypothesis in a first study of a vertex-model), i.e. we suppose w; = w, = a and
w3 = wq = b. In that case, the partition function Z f\, of the 8-vertex model was
studied by Baxter in 1972 [1] and he describes a phase transition behavior related
to the value of (a, b, c,d) when N — oo. He proved that the 8-vertex model has
5 different asymptotic behaviors [2, Section 8.10]:

e ifa > b+c+d (state ), then it is a ferromagnetic state, in which N2 —o(N?)
vertices are either of type 1, or of type 2 a.s. when N — o0;

e if b > a+c+d (state IT), then it is a ferromagnetic state, in which N2—o(N?)
vertices are either of type 3, or of type 4 a.s. when N — oo;

e ifc > a+b+d (state IV), then it is an anti-ferromagnetic state, NTZ —0(N?)
vertices are of type 5 and NTZ —0(N?) vertices are of type 6 a.s. when N — o0;
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e ifd > a+ b+ c (state V), then it is an anti-ferromagnetic state, NTZ —0(N?)

2
vertices are of type 7 and NT—O(N 2) vertices are of type 8 a.s. when N — oo;
o otherwise (i.e. if a,b,c,d < “F2Fe*d) (state III), then it is a disordered
state, there are ® (N ?) vertices of each type a.s. when N — oo.

Until now, we consider only the 8-vertex model on Ky with free boundary
conditions because external edges £, of Ky are not constrained. In some other
cases, edges of EY; are constrained and so we do not consider all the orientations
of Q8 but a subset of them. The constraint imposed to the external edges is
called a boundary condition. Some classical examples of boundary conditions
are (see [6]):

e free boundary condition (FBC): no constraint on E¥;;

e periodic boundary condition: external edges of a same line or a same column
are oriented in a same direction;

e “wall” boundary condition (see [25]): horizontal external edges are oriented
to the inside of the graph and vertical ones to the outside (see Figure 3);

e special boundary condition (SBC): orientation of external edges is arbitrary
imposed (“‘wall” is an example).

Figure 3. K4 with a “wall” boundary condition.

In this article, main results are about the 8-vertex model on Ky with FBC and
the following condition on local weights

a+c=b+d. 2

Our aim is to compute the law of orientations of two distant edges, that is the
edge correlation function. This computation has been realized for the 6-vertex
model in some particular cases: the free fermion limit case [21] andthea +c = b
case [14] (see also [4] for references on the 6-vertex model with a + ¢ = b).
More generally, correlation functions are important subject in statistical physics,
see [20, Chapter 10] for an overview.
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To obtain these results, we consider the 8-vertex model on the graph K. Let
us define it. The set of K x’s vertices is
e (-5 rapozs )
N ( > +J ) =]
U{(j,0:0=<j <N -1}
i1 i1
Ul(5-5+75+5)i<0<N-10<j<N-i
573 +J 3 + > I J i
and the set of its edges is

v (=33 60} (( + g3 oo = v
A(G-3 454306 +,,;))

(G+3+75+5)0Gr75)
O§i§N—l,0§j§N—1—i}

(see Figure 4). As before, we distinguish two types of vertices: internal ver-
tices of degree 4 (called vertices in the following) and the other vertices of de-
gree 1 or 2, and two types of edges: internal edges whose two end vertices are
internal and external edges whose only one end vertex is internal. In addition,
edges are labeled: the edge whose end vertices are {(i, ), (i, ¢)} is labeled by
(2max(i,i"),2max(z,t")). And, as before, we can define the 6- and 8-vertex mod-
els on K. Definitions are the same; only local configurations change, they are
rotated of an angle —% (see Figure 2) from the ones in the Ky case. Notations are
also the same as in the K case except that they are overlined.

In the following, orientations of edges are denoted by their vertical orienta-
tions: if the edge (i, ¢) is oriented like \ (if i + ¢ is even) or like 7 (if i + ¢ is
odd), then edge (i, ¢) is said to be up-oriented and, if the edge is oriented like N\
or /, itis said to be down-oriented. This information is encoded in a state e(i, 7):

eli1) = {1 if the edge (i, t) is up-oriented, 3)
0 if the edge (i, t) is down-oriented.

We introduce the following probabilistic boundary condition on the 6- and
8-vertex models on Ky : orientations of edges on the top side

(e(i,0):0<i <2N —1)

are distributed according to a product measure with parameter ¢, i.e. they are i.i.d.
of common law the Bernoulli law with parameter g (denoted B(g)): for any i,

Pe(i,0)=1)=¢qg and P(e(i,0)=0)=1-—gq;
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Figure 4. The graph K4. On axes: vertices coordinates. On edges: edges labels. Boundary
conditions: dashed edges are i.i.d. (for the orientation up/bottom) and dotted edges are free.

the other external edges

{G,t):t—i=1,1<t<N}U{(i,t):t+i=2N,1 <t <N}

are free oriented. We call this boundary condition half product measure with pa-
rameter ¢ (denoted HPMBC(q) in the following). Formally, the 8-vertex model on
K with HPMBC(q) defines a probability measure Ff,’q on S_va in the following
way: for any O € Q% ,

=3,
Py?(0)
2N—1
— Z 1_[ qe(t,O)(l . q)l—e(z,O) (4)
Be{0,1}2N i=0 an1+n2bn3+n4cn5+n6dn7+ng

~8,B 1(6(i,0):05i52N—1)=B
ZN

where Z 18\;3 is the partition function of the 8-vertex model on K with SBC B on
edges ((i,0):0 < i < 2N) and FBC on other edges of Efv Denoting the subset
of 28, such that edges ((i,0):0 < i < 2N) are oriented as B by Q%”,

Z%B — Zanl(0/)+n2(0/)bn3(0/)+n4(0/)cn5(0/)+n6(0/)dn7(0/)+n8(0/)_ 5)

58.B
0'eQy;
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Our aim is to describe properties of the 6- and 8-vertex models on K in the
thermodynamic limit (when N — oco) under the constrainta +c¢ = b + d. A first
remarkable property is that, when a +¢ = b+ d, the 8-vertex models on K y with
HPMBC (1) or with FBC are the same.

8

I\)I'—'

Proposition 1.1. Forany N, ifa + ¢ = b + d, then = P8,

We define now the graph Ko, on the half-plane Z x IN and a probabilistic
boundary condition on this graph. Later (in Proposition 1.3) this graph and its
boundary condition will appear as the limit of the sequence of graphs (Ky: N > 1)
with HPMBC(q) when N — oo (in a sense that we will precise). The set of Ko’s
vertices is

— 1 1
Voo = {(z —5t- 5), (,1)i€Z1e JN}
and its set of edges is

P ={(1 =30 3)-60) (= 3+ 3.
((1 +% z——) @, z)) (( ;z+%),(i,t)):i eZ,te]N}

(see Figure 5). As before, there are two types of vertices: internal vertices (called
11

vertices in the following) of degree 4 and the other vertices {(i — 3.—3):i €
Z} of degree 2. As for Ky, edges are labeled: edge whose end vertices is
{(i, 1), (i’,t")} is labeled by (2max(i,i’),2max(t,t')). Edges {(i,0):i € Z} are
external and others are internal. On this graph, we call product measure boundary
condition with parameter ¢ (PMBC(q)) the probabilistic boundary condition such
that (e(i,0):i € Z) are i.i.d. of common law B(g).

Let f‘zgo be the set of Ko,’s orientations such that any vertex of an orientation
0 € Q8 has 0, 2 or 4 incoming edges. We can define a probability measure P8
on Q3 associated to the 8-vertex model on K, with PMBC ( 1) In the general

case (for any a, b, ¢ and d), this measure must be seen as limit law of probability

measures PN when N — oo in acertain sense. In the case a+¢ = b+d, there is
a simpler way to prove its existence by considering the law £(PM (3): 7% ,H_Ld),
defined in the next paragraph.

Thelaw L(u; p, r) on 2. In[14], Kandel, Domany and Nienhuis defined a law
on QY. (the set of orientations of K, with exactly 2 incoming edges around each
vertex) as the law of a Markov chain whose state space is {0, 1}%. This law is in fact
the limit law of the 6-vertex model on Ky with HPMBC(¢) when N — oc. Here,
we generalize their idea to define laws £(u; p, ) on Q%_, whose one specification
is I_’fo.
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Figure 5. The graph Koo. On axes: vertices coordinates. On edges: edges labels. Boundary
condition PMBC(g): vertical orientations of dashed edges (e(i,0):i € IN) are i.i.d.

Definition 1.2 (Iaw £(u; p.r)). Let 1 be any probability measure on {0, 1}%. Let
p,r € [0, 1], we define the law £(u; p,r) on Q8 as follows.
e Law of orientations (e(i, 0):i € Z) of edges on the first line is u.
e For any even ¢, starting with orientations (e(i,):7 € Z) on line ¢, we obtain
orientations (e(i,t + 1):i € Z) on line ¢t 4+ 1 by the following way: for any
i € Z,orientations of pair (e(2i,t+ 1), e(2i 4+ 1, ¢t + 1)) depends only on pair
(e(2i,t),e(2i +1,t)) and local transition probabilities are, for any i € Z, any
k € {0, 1},

P((e2i.1+1),e2i + 1,1 + 1)) = (k. k) |
(e(2i.1).eQi + 1,1)) = (k. k) = r,

P((eQi,t +1),eQi+1,t+1))=(1—k,1—k) |
(e(2i.1).eQi +1,1)) = (k. k) = 1—r,

P((eQi.t +1),e2i + 1,6 +1)) = (1 —k.k) |
(e(2i.1).e2i + 1,1)) = (k. 1—k)) = p.

P((eQi.t +1),e2i + 1,6 +1)) = (k, 1—k) |
(e(2i,1),ei+1,0)) = (k,1—k)) =1—p
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and local transitions from (e(2i,¢),e(2i +1,1))to (e(2i,t+1),e(Qi+1,1+1))
are independent of one another, i.e. for any iy, i, € Z such that i; < i, for
any (kaiy, k2iy+1s - - -+ K2in, kaip41) € {0, 1}26@2701+D),

P((e(j.t4+ 1) =kj:2i1 < j <2+ 1) | (e(i,1):i € 7))
=[] P(e@i.t+1).eQi+ 1.t + 1)) = (kai.kait1) |
i=it  (e(2i,1),e(2i +1,1))).

We denote by Ty this operator on M ({0, 1}%), the set of {0, 1}%’s probability
measures:

To(ps) = fr+1- (6)

where, for any ¢, y; is the law of (e(i,1):i € Z).

e For any odd ¢, transition is the same as in the case where ¢ is even with the
difference that we consider pairs of edges of abscissas (2i — 1, 2i) instead of
pairs of edges of abscissas (2, 2i + 1). We denote by 7] this operator.

Local transitions of these two operators are illustrated on Figure 6.
Finally, the law £(u; p,r) on Q8 is the law of (e(i,1):i € Z,t € N).

Noo 1 No 07
Initial state
at time ¢
N N
. Noo 17 o. 17| Mo o7 0,0
F1.na1 state at >< or X >< or X
time ¢t + 1 1 0 0 1 00 ! !
/ N » N | £ N / N
w.p. p wp.1—p w.p. r w.p.1—r

Figure 6. Operators Tp and 7. In all case, the left-up arrow is labeled by (i, ¢) with i + ¢
even. Orientation on edge correspond to a choice of k = 0.

In the following, the considered measure p will be the product measure with
parameter % (denoted PM ( %)) and, sometimes, with parameter ¢ € [0, 1] (denoted
PM(q)). To fix notations, (e;:i € Z) is distributed according to PM(q), if
(ej:i € Z) arei.i.d. and eg ~ B(q).

Ifr = 1 and u = PM(q), we recover the result of [14] on the stochastic 6-vertex
model. For any value of r, we get the following generalization when g = %:
Proposition 1.3. Ler O ~ £(PM (3): 7%=, b+d) witha +c = b + d. For any
N, the law of oriented edges of O in the subset Ky (O|g, ) is distributed as P8
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For this reason and the invariance of the 8-vertex model by any horizontal
translation, E(PM (3): =, IH_Ld) could be seen as the limit of P¥, thus it is
denoted by P8 in the following. Moreover, we obtain that

Proposition 1.4. Let Sy = (V. En) be any subset of Ko isomorphic to Ky
rotated by an angle —7 (see Figure 7). Let O ~ P8 witha+c = b+d, then the
law of O\s, (O restricted to edges in Sy and rotated by an angle 7.) is P;f,.

\j

DN W

1
2 2
N N

Figure 7. In full line, a subset S, of Koo isomorphic to K».
The reason why we consider only u = PM (3) is due to the fact that PM (1)

has remarkable properties according to the Markov chain on EZ with operators Ty
and T; used in Definition 1.2. Indeed, it is an invariant law of this Markov chain.

0~ L(PM (%);p,r).

(e(i,1):i € Z) ~ PM (%)

Proposition 1.5. Let

Then, for any t,

And, moreover, if (p,r) € (0,1)2 and p +r # 1, it is the unique invariant law
and the Markov chain is ergodic.
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Proposition 1.6. Let i be any measure on {0, 1} and let (p,r) € (0,1)%. Let
O ~ L(w; p,r). Then, by denoting [1s the law of (e(i,t):i € Z),
o)) 1
Wt —>PM(§> ast — oo.

Proposition 1.5 generalizes the following one (Proposition 1.7) of [14] about
the 6-vertex model when ¢ = %, that is the only interesting case in the 8-vertex
model.

Proposition 1.7 ([14]). Suppose that a + ¢ = b. Let
~ pP6d — ._4a
0 ~ P L(PM(q),a+c,1)

(limit law of I_’If,’q when N — 00). Then, for any t,
(e(i,t):i € Z) ~PM(q).

Propositions 1.5 and 1.7 are easy to prove by coming back to Definition 1.2.
Proposition 1.6 is more complicated and is proved in Section 5 using new results
about probabilistic cellular automata.

Edge correlation function of the 8-vertex model when a + ¢ = b + d and
its special case the 6-vertex model when a + ¢ = b. Let u be any probability
distribution on {0, 1}%. Let O ~ £(u; 2%, ,H_Ld). The edge correlation function
is the function C((7,1); (i’,¢’)) defined by, for any (i, ), (i’,1') € Exo,
Cov(e(i,1),e(i’,t"))
/ Var(e(i, 1))/ Var(e(i’, "))
_ Ele(i,t)e(i’',1")] — Ele(i, )] E[e(i’,1")]
B SVar(e(i. 1) /Var(e(i’.1)
We can remark that, as e(i,¢) € {0, 1} for any (i, ), knowing C((i, ), (i’,t")) is
equivalent to knowing the joint law of e(i, t) and e(i’, t').
Our main objective is to determine CZ that is the edge correlation function C
of the 8-vertex model when a + ¢ = b + d and with FBC, i.e. when O ~ P&,
First of all, C_’fo has some invariance properties.

C((i,1); (', 1") =

)

Proposition 1.8. For any (i,1),(i’,t') € Eso,

CE((,0): (. 1)) = CL(G".1): (i, 1)), (8)
CE((0.0): (", 1) = CL((1,0); (1 =", 1)), 9)
CE((i.1): (1) = CE(( +2.1): (i’ +2.1)), (10)

CE((.1): (")) =CE (G + 1.t +1); (¢’ + 1,1/ + 1)). (11)
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This is a consequence of Proposition 1.5. Proposition 1.8 permits to deter-
mine C& for any values (i, ) and (i’, ¢) if the set {C2 ((0,0); (i,1)): (i, 1) € Eco)}
is known. Hence, in the following, we determine and denote C_’fo(i 1) =
C2((0.0): (. 1)).

For the 6-vertex model under similar conditions, these invariant properties
were already proved in [14]. And, moreover, the edge correlation function of the
6-vertex model under some conditions was evaluated in the same article:

Theorem 1.9 ([14]). For any q € (0,1), let O € QS distributed according to
P& (the limit law of F]f,’q, laws of the 6-vertex model on K y with PMBC(q)). If
a + ¢ = b, the edge correlation function C(i,t) is

2t —1
C.26) = o %_lfﬂ(l) if2t > i + A@), (12)
0 otherwise,
with
Al = {1 ifi is odd,
2 ifi is even.
Moreover, for any i, when t — 00,

C(i,2t) = O ?). (13)

In their article, they consider two lines by two lines, that's why the edge
correlation function is the one of C(i, 2t) instead of C(i, t).

Just before to state the main theorem of the paper, we introduce some notations
that are used all along the paper:

a b
- - 14
P=u¥e "Th+d (14

and
Acl—(ptr =22 (152)
a+c
b—a

D=r—p= , 15b
g P a-+c ( )
P=@p—1)ar—1=8=9b=-d (15¢)

(a +c¢)?
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Theorem 1.10. The edge correlation function CS, of the 8-vertex model on K
with FBC and a + ¢ = b + d (i.e. when O ~ P2) is
o ifi +1isodd,

CE(it)
t_lz_lll t—1—k
=MD YD e o1 AT pE,
k=0 k, —k, —k
2 2
(16)
o iftisevenandi =0,
C3 ( % k r-1-k . 2k pk
Cool Z( i A (17)
2
o ifi +tisevenandi <0,
ﬂ -1 t—1—k t+1
(l [)_Z( 1)t+k f—i 2 AZ—ZkPk
k=0 —k k
t—i (18)
5 2 B —i p
+E=D 2 t+1 ATPES
-1
2
. ifi—l—tisevenandi>0,
t - f—1—k t+1i
(l [)_Z( 1)t+k f—i 2 AZ—ZkPk
k=0 2 —k k
t+1 (19)
A El, AP
2

Remark 1.11. There are some particular cases for which C& is simpler.
o If(i >0and?t <i—1)or(i <—land¢ < —i) (i.e. the edge (i,¢) is notin a
kind of cone starting from (0, 0), see Figure 8), then C$ (i,7) = 0.
e [fa=dandb=c(ie. p=1—r,andso A = 0), then

— 0 if i #0,
CE(i,t) = C
(1-2p)* ifi =0.
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e [fa=bandc =d (i.e. p =r,and so D = 0), then

— 0 ifi #1,
CE(it) = oo
Qp-—1" ifi =1t

e Ifa =c (ie. p= 3, and so P = 0), then

t—1
1\?
<_§) f—i (1—-2r) if i is even,
Ci(i,t) = 5
1[ t—l
(—5) t—1—i |(A=2r)" ifiisodd.
2

e Ifb=d (ie.r = 5, and so P = 0), then

t—1
1\¢?
(_§> (i |a=2p) if i is even,
I t—1
_(—5) r—1—i |(A=2p)" ifiisodd.
—

Moreover, we obtain the asymptotics of C& (i, ¢) for any i when ¢ — oo.

Theorem 1.12. For any i,
o ifa=dandb=c (ie. p+r =1) foranyt,

_ 0 ifi #£0,
C8.(i.1) = i
(1—-2p) ifi =0.
e otherwise, whent — oo,
-~ . A’ 7r !
C3,6i.1) = o (1%) ) (20)

with

max(la —c|, |b —d])

A(p,r) =max(|]1 —2p|, |1 =2r]) = P

2D
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Figure 8. The “influence cone™ of edge (0,0). In full line: the set of edges for which
Cgo (i,t) # 0in general. In dashed line: the set of edges for which Cgo (i,t) = 0 when
a+c=b+d.

For d = 0, we find (13), the asymptotic result of [14], that is a square-
root decreasing of the edge correlation function in the 6-vertex model. In the
generic case of the 8-vertex model when a, b, ¢, d are all different of 0, decreasing
becomes exponential.

In Theorem 1.10 and 1.12, the regime is supposed to be stationary. When the
regime is not stationary, i.e. when we start with any initial law p at time 0, we can
obtain bounds on C((0,0); (i,1)).

Proposition 1.13. Let . be any probability measure on {0,1}% and let O ~
L(u; p,r). If a + ¢ = b + d, then the edge correlation function C satisfies,
foranyi, anyt,

[ Var(e(i, 1)) . A8
‘ mc(((),o),(l,l)) Coli,t) 22)

<202 w2 B A

with (p.r) = max(|1 —2p], [1 - 2r|) = Daxleclp-d)
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Content. Section 2 is about links between the 6- and 8-vertex models when
a+c¢ = b+ d and laws L(u; p,r). In particular, we express, in those cases,
partition functions to prove Propositions 1.1, 1.3 and 1.4.

In Section 3, Theorem 1.10, the main theorem of this paper, is proved. First,
in Section 3.1, we establish and prove Proposition 3.1 that relate CS (i, ) to a
rational fraction. The proof of this proposition is based on a fundamental lemma
(Lemma 3.2) that permits to understand precisely behaviors of correlations in the
8-vertex model when a + ¢ = b + d. Then, in Section 3.2, we extract coeflicients
of this rational fraction to end the proof of Theorem 1.10. And, in Section 3.3, we
evaluate the influence of the boundary conditions on the correlation function by
proving Proposition 1.13.

Section 4 contains the asymptotics of C& (i,¢) and Theorem 1.12 is proved.
In Section 4.1, the case r = 0 is done using properties on random walks. Then,
in Section 4.2, the general case is proved using both results of Section 4.1 and
Theorem 1.10.

Section 5 is dedicated to some discussions about links between vertex mod-
els, colorings of the plane and probabilistic cellular automata. In particular, the
aim is to prove that, when a + ¢ = b + d, far away from the boundary the be-
havior of the 8-vertex model is closed to the one of the 8-vertex model with FBC
(Proposition 5.2). For this, in Section 5.1, we introduce the general theory of prob-
abilistic cellular automata and define triangular probabilistic cellular automata
(TPCA, a new type of PCA at the best knowledge of the author). In Section 5.2,
we present a family of TPCA that emulates the 8-vertex model witha+c¢ = b+d.
We prove that PCA of this family are egodic that gives a proof of Proposition 1.6.
In Section 5.3, we goes on the discussion by presenting a family of TPCA that
emulates specifically the 6-vertex model with a + ¢ = b. In Section 5.4, theorems
and properties stated in Section 5.1, 5.2 and 5.3 are proved.

Finally, in Section 6, we conclude this article giving some additional comments
on vertex models.

2. From Ky to Koo: laws L(u; p, r)

The major aim of this section is to prove Propositions 1.1, 1.3 and 1.4. These
propositions are in fact consequences of properties of partition functions of the
8-vertex model with a + ¢ = b + d and FBC on Ky and on K. To establish
these properties, we need first to observe that the partition function Z¥, of the
8-vertex model with @ + ¢ = b + d and FBC of a graph G could be express
according to the one Z g\v of the graph G without one of its node v.
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Lemma 2.1. For any graph G, finite subgraph of Ko, and any vertex v = (i, j).

(1) If the edges (2i,2j) and (2i + 1,2j) are internal edges and the edges
(2i,2j + 1) and (2i 4+ 1,2j + 1) are external edges of G, then the partition
function Z 2; of the 8-vertex model on G with FBC and a + ¢ = b+ d satisfies

Z& = (a+c)Zg\, (23)

(2) Ifthe edge (2i,2)) (resp. (2i + 1,2))) is internal and the edges (2i + 1,2j)
(resp. (2i,2))), (2i,2j + 1) and (2i + 1,2j + 1) are external edges of G,
then the partition function Z g satisfies

Zg =2a+c)Zg,- (24)

Proof. (1) Let us decompose SZSG (resp. Q%\U) the set of 8-vertex model con-
figurations of G (resp. G \ v) into four subsets Q%(e"”) (resp. SZBGSJI 2)) with
e1,ex € {0, 1) where Q%(e"”) (resp. Q%i“;‘ *2)Y s the set of 8-vertex model con-
figurations of G (resp. G \ v) such that e(2i,2j) = e; and e(2i + 1,2j) = e>.
Then

Zg; = Z H Wiype (v')

0eQl v'eVg

= Z 1_[ Wiype o (v/) + Z 1_[ Wiype o, (v')

0eQg; "V V'eVs oeag D v'eva
+3 [Twsseoon +2-  [Twomeow)
oeq Y VeV oeqg !V v'eva

= Z 1_[ wtypeo(v’)(b +d)

8.(0.0) v/ eV,
0€Q, VEVG\v

+ Z l_[ Wiype, (v/) (a + C)

8.0.1) p/ eV,
OEQG\‘U v G\v

+ Z l_[ Wtype, (v/) (a+c)

8.(1,0) v/ eV,
OEQG\U v EVG\v

+ Z 1_[ Wiype, (v/) b+d)

8.(1.1) p/ eV,
OEQG\‘U v G\v
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(by decomposition according to the possible orientations of edges (2i,2j + 1) and
2i +1,2j +1))

=(+o) Z H Wtypeo (v/)

Oes‘z%\v veVG\p

- (a + C)Zé\v

(2) The proof is similar to the previous one. We treat the case where (2i,2j) is

the internal edge of v. Let us decompose the set §28G\ , into two subsets Q%(\)v and

Qgiv such that, for any k € {0, 1}, Q%I\‘v is the set of 8-vertex model configurations
of G \ v such that ¢(2i,2j) = k. Then, decomposing according to possible
orientations of v,

ZE=a) W(0)+bY W(O)+c) W(O)+d» W(O)

0eQy!, 0eQ¥!, 0eQ¥, 0eQyY,
+a) WO)+bY [[w)
0eQy!, oeQ¥l, VeV
+eY WO)+d> . []w)
0eQ¥l, 0eQ¥l, V'eVa
— (a+b+c+d)( ZW(O)JrZW(O))
0eq¥? oea¥!
=2(a+c)Zg,- O

Now, we can compute the partition function of the 8-vertex model witha+c¢ =
b+d.

2.1. Partition function on Ky

Lemma 2.2. Ifa +c = b + d, then for any N, the partition function Zi, of the
8-vertex model on Ky with FBC is

Z8 =22V + )" 2, (25)
Proof. First of all, for N = 1, we have that

Z8=a+a+b+b+c+c+d+d=2%a+c). (26)
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Now, let define Ly the subgraph of Ky that contains only the internal nodes
{(i,0):0 < i < N — 1} C Vy and their adjacent edges, labeled {(i,7):0 <
i <2N —1,t € {0,1}}. Because the internal nodes of Ly do not share edges,
their local configurations are independent and, thus, the partition function of the
8-vertex model on Ly with FBC is

Zi, =@HN =2V + o). 27)

Now using point 1 of Lemma 2.1 and induction, we get that

NN—-1)

ZEN:(a—i-c) 2 ZLy- O

Now, we can prove Proposition 1.1.

Proof of Proposition 1.1. Let O € S_Zi,. Set

S = " (O)+n2(0) yn3(0)+n4(0) .n5(0)+n6(0) jn7(0)+ns(0)

Then
_ S
P¥(0) = 28
N( ) 22N(a+c)N(A£+” (28)
and, by (4),
_g 1 1 &
Py (0) =2 Zwzepletosisav-n-s. (29)
Be{0,1}2N N

NN+1)

But, for any B € {0,1}2V, Zi,’B = (a +¢)~ z by point 1 of Lemma 2.1,
induction and the following remark: for N =1,

78,8 _ (b+d), if Be{(0,0),(1, D},
(a+c), iftBe{(0,1),(1,0)},

=a+c.

Thus,

—8,l 1 S —
Py?(0) = v ——— = Py(0). O

NN+1)

2N (@a+c)y 2
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Proposition 1.3 is a direct consequence of Lemma 2.2.

Proof of Proposition 1.3. Let O ~ L(PM (3): 7%, %) witha +¢c = b + d.
Then, orientation O, g, is distributed according to the following probability, by

Definition 1.2,

P(Og,) = %(Cla?)nl*'”z(%)nsﬂm(a ic>n5+n6<$>n7+n8

a™ +n2bn3+n4cn5+n6dn7+ng

N(N+1)

22N(a+c¢) 2
= Py(Og,). O

2.2. Partition function on Ky

Lemma 2.3. Ifa + ¢ = b + d, then for any N, the partition function ngv of the
8-vertex model on Ky with FBC is

78 =22N(@a + C)N2 (30)

Proof. The proof is similar to the one of Lemma 2.2: induction and both points
of Lemma 2.1 permit to complete it. O

Now, we present a useful property of P& = L(PM (3): p.r).

Lemma 24. Let O ~ P&, Let (t;:i € 7Z) € W% such that tiy, — t; €
{0, (=)' ¥} Then (e(i, t;):i € N) ~ PM (3).

Its proof is a corollary of Proposition 3.10, which is presented and proved in
Section 3.3.
Now, with these two lemmas, we can prove Proposition 1.4.

Proof of Proposition 1.4. Let O ~ P8 andlet Sy = (Vy, En). Then, there exists
(io, t0) € Z x N, iy + to even, ((ig, o) is the label of the edge isomorphic to the
edge ((—1,0), (0,0)) in Ku: in Figure 7, (ip, o) = (1, 3)) such that

Eny ={('" t))io+1to <i'+1' <ig+1to+2N,ig—to—2N+1 < i'—1' <io+1—1o}.
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In particular, (t; =to+j:—N+1<j<0OU@l; =10—j+1:1<j <N)
satisfies condition of Lemma 2.4 and, so, (e(ip + j.t;):—N +1 < j < N) are
i.i.d. and of law B(31). Hence,

P(OlSN) _ 22LN(aaT>n1+nz(%)7134%4(61j_c>ns-|-n() (b-;Ld)nﬂ—ng

a™ +n2bn3+n4cn5+n6dn7+ng

Zy

3. Exact computation of the edge correlation function
To prove Theorem 1.10, we need to prove first the following proposition.

Proposition 3.1. The edge correlation function CE (i, t) (of the 8-vertex model
with FBC and a + ¢ = b + d) is the coefficient of I'x'** in the formal series of
the following rational fraction:

1+I10—=(p+r)+x(r—p))

31
xX2122p—-DQ2r—1D+I11—-(p+r)A+x2)+1 S
with p = 5~ andr = ,H_Ld.

After proving this proposition, we will extract coeflicients of (31) to prove
Theorem 1.10.

3.1. Proof of Proposition 3.1. Let O ~ P$. We recall that, in Definition 1.2,
there are two operators 7y and 77 that give orientations line by line according to
parity of time.

In the following, we suppose that < 1 — p. The case 1 — p < r can be treated
in a similar way with some differences that are commented in Remark 3.5. First,
let us compute C2 (i, 1):

E[e(0.0)e(i, )] — E[e(0,0)] Efe(i. 1)]
/Var(e(i, 1))/ Var(e(0, 0))
1
- 4(P(e(i, t) = 1 and e(0,0) = 1) — Z) (32)

=2P(e(i,t) =1]e(0,0) = 1) — 1
= Ple(i,t) = 1]e(0,0) = 1) — P(e(i,t) = 0| e(0,0) = 1).

Ci(i,1) =
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Hence, we need to compute
P(e(i,t)=1]e(0,0) =1)or P(e(i,t) =0]e(0,0) =1).

This is done using Definition 1.2 and the following crucial lemma. In few words,
this lemma tells us that after a transition Ty or T3, orientation e(i, ) of edge
(i,t) influences orientation e(j,t 4+ 1) of a unique random edge on the line
((j,t+1):j ).

Lemma 3.2. Leti € Z. Let (s(j):j € Z) be a sequence of random variables
whose values are in {0, 1} such that s(i) is independent of (s(j): j # i). For any
u € {0, 1}, we denote s, = T, (s), then
o with probability r, s, (i) = s(i) and (s,(j): j # i) are independent of s(i);
e with probability 1 — p —r, s,(i + (=1)'T*) = 1 —5(i) and (s,(j): ] #
i + (=1)"*¥) are independent of s(i);
o with probability p, s,(i) = 1 —s(i) and (sy(j): j # i) are independent of
s(@).

Proof. We establish the proof for u = 0 and i even, the other cases are proved in
similar ways.
By definition of Ty,
o ifs(i+1)=1-—s(), then
— with probability 1 — p, so(i) = s(i) = 1 —s@@ + 1) and so(i + 1) =
s@+1)=1-s(), and
— with probability p, so(i) = 1—s(i) and so(i + 1) = 1 —s(i + 1); but
o ifs(i +1) =s(i), then
— with probability r, so(i) = s(i) and so(i + 1) = s( + 1), and
— with probability 1 —r,50(i) =1—s5(@) =1—s({ +1)and so(i +1) =
1—s@+1)=1-s(@).
Now, observe, from the fact that r < 1 — p and, by a coupling argument, that
e with probability r, so(i) = s(i) and so(i) depends only on s(i) and not on
s+ 1);
e with probability 1 — p —r, so(i + 1) = 1 — (i) and so(i + 1) depends only
on s(i) and noton s(i + 1);
o with probability p, so(i) = 1 — s(i) and so(i) depends only on s(i) and not
ons(i + 1).
Table 1 shows this coupling argument. This coupling will be reused in Section 3.3.
Finally, by definition of Ty, (so(j): j # i,i + 1) depend only on (s(j):j #
i,i + 1) and not on s(i). That is ending the proof. O
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Table 1. Coupling in the proof of Lemma 3.2. Figures on the fifth and sixth columns
represents the coupling when s(i) = 1 — s(i + 1) = 0 in the fifth and when s(i) =
s(i +1) = 0 in the sixth. Plain and dashed line represent particles discussed in Section 3.3.

\ /(
0 71
probability s0(i) so(i +1)

7/
0

r s(i) s +1)

L Vi

v.
AN
bﬂ\
N
/s
— N (=T N
N/ d J

(e}
AN
p—

l—p—r | 1=s5s@@+1) 1—s(i)

—

p 1—s() 1—s@i+1)

S —_ N

PRI

Lemma 3.2 is crucial and central. Indeed, it permits itself to understand exact
influences of orientation ¢(0, 0) on an orientation O ~ P& . This influence could
be rewritten in term of a non-homogeneous random walk.

Definition 3.3. Let p,r € [0, 1],ip € Z and k¢ € {0, 1}. We denote by (X,;:¢ > 0)
the following stochastic process with value on Z x {0, 1}:

e Xo = (ip, ko) a.s.;

e if X; = (i, k), then

(i,k) w.p. 1,
Xis1=43G + (=Dt 1—k) wp.1—p—r, (33)
(i,1-k) w.p. p.

This stochastic process is a Markov chain, but not a homogeneous Markov chain
because its transitions depend on time’s parity.

Lemma 3.4. We have

Colist) = P(X; = (i, )Xo = (0,1)) = P(X; = (i,0)|Xo = (0, 1)).  (34)
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Proof. By (32), it is sufficient to prove that if O ~ P&, then for, any i € Z, any
teN,

P(e(i, 1) =1]e(0,0) = 1)— P(e(i,t) = 0] (0,0) = 1)
=PX: =@, 1| Xo=1(0,1)) = P(X: = (,0) [ Xo = (0, 1)).

(35)

This is done by induction on . When ¢ = 0, we have that, for any i, for any k,

P(e(i,0) =k | e(0,0) = 1) — P(e(i,0) = 0 | e(0,0) = 1)

1-0, ifi =0,
=31 1
— — —, otherwise,
2 2

= P(Xo=(,1D|Xo=(0,1)— P(Xo = (i,0)| Xo = (0, 1)).

Now, let # € IN and suppose that (35) holds for any i, then

Pe(i,t+1)=1]e(0,00=1)— P(e(i,t+1)=0]e(0,00=1)
=rPe(i,t)=1|e(0,00=1)—r P(e(i,t) =0 e(0,0) = 1)
+(I—=p—r)P(e(i + (=1)'T",1) = 0] e(0,0) = 1)
—(1—p—r)P(e(i + (=1)"T", 1) = 1]e(0,0) = 1)
+ p P(e(i,t) =0]e(0,0) =1)
—pPe(i,t)=1]e(0,0)=1)
(by Lemma 3.2)
=r(P(X; = (i,1)[Xo = (0, 1)) = P(X; = (1,0)| Xo = (0, 1)))
+ (1= p=r)(PX; = (i + (=D, 0)|Xo = (0, 1))
— P(X; = (i + (=D D[Xo = (0. 1))
+ p(P(X: = (i,0)[Xo = (0, 1))
— P(X; = (i, )[Xo = (0, 1)))
(by Definition 3.3)
= P(X¢4+1 = (i, D[Xo = (0, 1)) — P(X;+1 = (i,0)[ Xo = (0, )). o

Hence, computations of probabilities that X; is in a certain state is equivalent
to compute C£ . To do that, we use generating functions and methods of analytic
combinatorics. For references to these methods, we recommend the book of
Flajolet-Sedgewick [12].
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Let E be the set of paths that start from (0, 0) and go to any point (i, 7) € Z x N
using only three steps (—1, 1), (0, 1) or (1, 1) and such that, if the path is in a node
(i’,t"), then the next allowed steps are ((—1)!'*", 1) and (0, 1). In other words, £
is the set of paths of the graph represented on Figure 9 with starting point (0, 0).
As the second coordinate of a path w in E increases, we can mix up the trajectory
of w that is the sequence ((0,0), (i1, 1),..., (i;,t)) with its trace that is the set
{(0,0), (i1, 1), ..., (i, 1)} that are both a representation of w.

y

-1
OI\ PREE
I I

=
i

7
X
N

AN
AN

Y

Figure 9. The directed graph on which E is supported. In full line, the first possible steps
of paths in E.

A colored path of E is a pair (w,s) where w € E and s is a function from w
to {0, 1} (for any u € w, s(u) is called the color of u). We denote by E the set of
colored paths (w = ((0,0), (i1, 1), ..., (i;—1,t — 1), (i, 1)), s) of E that satisfy the
following constraints:

e 5((0,0)) =1and
o forany 1 < j <t,if|i; —ij—1| =1, thens((ij,j)) =1-s((ij—1.j— 1)
in other words: if the step from (ij_, j — 1) to (i;, j) is diagonal ((—1, 1) or
(1, 1)), then the color changes.
To be able to count elements of E according to statistics defined later, we decom-
pose E into four subsets that form a partition of E: for any ky,k» € {0, 1}, Ex, ,
is the subset of E of colored paths that finish in a node (i, ¢) such thati 4+ ¢t = k;
mod 2 and s(i, t) = k.
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In Flajolet-Sedgewick’s symbolism, relations between these sets are

Eo.o Eqa Eio Eo.1 Eio Eqa

Eo1 =1+ N+ L+ L E= N+ L+ (36)
1 1 1 0 0 0
Eio Eo.u Eo.o Ei1 Eoo Ep.1

Evy1 = 1 v + % + % . Evo= . v + % + % . (37

Now, we enumerate these four subsets according to six statistics:
ny(w), number of vertical edges ((0, 1)) in colored path (w, s),
ng(w), number of diagonal edges ((—1, 1) or (1, 1)) in colored path (w, s),
t(w), number of edges in colored path (w, ),
i(w) =i + t where (i, t) is the final node of colored path (w, s),
ne(w, s), number of color changes that occur on a vertical edge in colored
path (w, s) and

e ni(w,s), number of no color changes that occur on a vertical edge in colored

path (w, s).

Some of these statistics are redundant, e.g. n, + nx = ny orn, +ng = t.

To enumerate subsets Ey, i, according to these six statistics, we define gener-
ating functions by, for any k1, k, € {0, 1},

Fiey ko (20, 20 1, X, 26, 25) = Z er)lu(w)zfld(w)lt(w)xi(w)zglc(w,s)ZZk(w,s)‘ (38)

(w,s)€Ek ik,

We can remark that if we take zg = (1= (p +7)), 2y = p + 7,z = 5 and
Z, = #, then, for any kq, k, € {0, 1},
Freydey = Z P(X; = (i, k2)|Xo = (0, 1))I'x' T, (39)

teN,i€Zl|i+t=ki mod 2

Hence, C8 (i,1) is the coefficient of /’x'*? in series development of Fp; —

o0
Foo+ Fii— Figevaluatedinzgy = (1—(p+7r)),zy = p+7r, 2z = p:_r and

__p
z. = =,
p+r
To compute these generating functions, we use equations (36) and (37) that are
translated at level of generating functions into

Foo=1+RFo+KFi,1+C Fip,
Foo=RFyi1+K Fio+C Fi11,
Fii=LFio0+ K Fo,1 +C Foyp,
Fio=L Fi1+K Foo+C Fo.

with R = z4Ix?, L = z4l, K = zxzylx and C = z.z,lx.
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This system is solved (by hand or with the help of a formal computation
software as Sage) and its resolution gives

1-2CRK —C? - R?-K?

Foq = i , (40)
C?R—LR?>+ RK?>+2CK+ L
Fopo = , (41)
H
—K34+C(R+L)+K(C?>+RL+1
Fii— (R+ L)+ K( ), 42)
H
—C34+ K(R+L)+C(K*+RL+1
Fio= ( ) ( ), (43)
H
with H = ((C + K)2 — (1 — R)(1 — L))((C — K)>— (1 + R)(1 + L)). Thus,
C—-R—K-1
Foqo—Foo+ Fig—Fio= (44)

(C—K)?—(1+R)(1+1L)

that, evaluatedin C = pIx, K =rix, R=(1—p—r)land L = (1 — p —r)Ix?,
gives the rational fraction (31). That ends the proof of Proposition 3.1 in the case
r<1-—p.

Remark 3.5. In the case 1 — p < r, Lemma 3.2 is changed by the following
lemma (changes between the two lemmas are boxed).

Lemma 3.6. Leti € Z. Let (s(j):j € Z) a sequence of random variables
whose values are in {0, 1} such that s(i) is independent of (s(j):j # i). For
any u € {0, 1}, we denote s,, = T,(s), then
o with probability , su(i) =s() and (sy(j): j # i) are independent of
s(i);
o with probability [r + p = 1], su(i + (=1)I*") = and (su(j):j #
i + (—=1)?) are independent of s(i);
o with probability, su(i) = 1=s()and (sy(j): J # i) are independent
of s(i).

The proof of this lemma is similar to the one of Lemma 3.2. Table 1 becomes
Table 2.

Then, these changes impact proof as follows. First, we need to change Defini-
tion 3.3 of the random walk X on Z x {0, 1} accordingly. Then, we enumerate set
E’ of colored paths (w, s) that have the following constraint: if |i; —ij_1| = 1, then
5(0,0) = 1l and s(i;, j) = s(ij—1, j). We separate them as before in four subsets
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of colored paths whose generating functions F’ can be computed. We evaluate

F(;,l_F(;,o"'Fl/,l_Fl/,oinZd:(P+”—1),Zv:2—(17+”),2k=%

and z, = % to finally obtain the same rational fraction (31).

Table 2. Coupling in the Lemma 3.6. Figures on the fifth and sixth columns represents the
coupling when s(i) = 1 — s(i + 1) = 0 in the fifth and when s(i) = s(i + 1) = 0 in the
sixth.

probability so(i) so(i +1)

1—p s(i) s +1)

r+p—1|s@+1) s(i)

1—r 1—s@) | 1—=sG+1)

3.2. Proof of Theorem 1.10. To prove Theorem 1.10, we develop in formal series
the rational fraction (31) according to / and x and we extract coefficients of /* x*+*
to get Efo (i,t). With notations of (15), the rational fraction (31) is

14 (A + xD)l
1+ A(1+ x2)] + Px2I2

(45)
Let us begin the development of this rational fraction according to /.

Lemma 3.7. Taket > 0. The coefficient of I' in formal series of the rational
fraction (45) is
f@O+A+xD)f(r—1) (46)

with, for anyt > 0,
5],
OEDY ( P )(—1)"kA"2kka2k (1+x2)* gnd f(~1) =0. 47)

k=0
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Thus, for any t > 1,
@)+ (A+xD)f(r—1)
= (—1)%P%Xt1t=0 mod 2
5] iy

" Z (— 1)t+k(( )A
—-1-k

_ ( X )Dx

+ (t ;k) AXZ) At—l—ZkPkXZk(l + x2)l—1—2k

(48)

with convention that (fl) = 0foranyn € IN.

Proof. We develop (45) in formal series according to /.

14+ I(A+xD)
X212P + IA(1 + x2) + 1

= (1 +1(A+ xD))(i(—lezP —IA(1 + xz))i)

i=0

= (1 +1(A +xD) (Y11 (Px2 + A+ 22)))
i=0

= (1 + (A + xD)) ( i(—n"zi I; (Ii)(szl)k(A(l + xz))i_k)

i

:(1+l(A+xD))(Z

(z)( 1) ATk i+ ph 2k (g xz)i—k)

i=0k=0
5

Jt ( )(_1)t—kAt—2k P2 (1 + xz)t—zk)

=0

Nk

=(1+1A +xD))(

t

Il
<)
x

S@

= Y 1S @) + (A +xD) f(t = 1), O
t=0
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Forany t > 0, f(t) + (A + xD) f(t — 1) is a polynomial in the variable x.
Now, we extract coefficients of x/ for any j > 0.

Lemma 3.8. The coefficient of x’ in (48) is
o if j is odd (we denote j' = |1 ]),

min(j’,t—1—j') p 1—k
-1 t+1D -1 k - AZ—I—ZkPk. 4
(=) ZO( L L (49)
o if j =tiseven,

5 11k
1
Z( L
2
e if j is even (we denote j' = é)andj #t,

At—Zk Pk : (50)

N~

min(j'—1,.—1—j')

Z( 1)t+k( jl/ _I;() ({;)At_zkpk

+ 1o < (— 1)t J ( 1_1 )At 2" pJ’ (51

+12j/>t(—1)j/(t J ./)Azj/_tPt_j/.

Proof. We expand the sum in (48) as a sum of monomials in x.
5]
2
t—1—k t—1—k
2 ) ()
k=0

2
t—1—k t—1—k
_Z(( Eo1 )A—( . )Dx
k=0
t—1-2k
N (t ;k) sz) (_1)t+kAt—1—2kka2k( Z ( —1 _Zk) 2])

j=0
t—1
LZJ’_I_Zk(z—l—zk)((t—l—k) (t—l—k)
— . A— Dx
= j k—1 k

Jj=0
n (Z ;k)sz) (_1)t+kAt—l—2kka2(k+j)‘
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First, we make the change of variable j' =k + j,

i (i [ (i IS (R %

n (f ;k) sz) (—1)f+k AT=1-2k pk2)7

15,

then, permuting the sums,

— min(j/,t—1—j)
2j/ t—1-2k t—1—-k A_ t—1—-k D
t—k 2\ (_1\t+k At—1-2k pk
+ (" )ae?)ntra Pk,

The coefficient of x2/'+1 is then

min(j/,t—1—j")
—1-2k —k
-D ( )( )(_1)l+kAt—l—2kPk
I; j —k k

that is (49).

. il .
The coefficient of x2/” is

in(j’ t—1—j")
m ]Z ! 1 —1-2k r—1—k (—1)t+kAt_2kPk
i —k k—1

k=0
min(j’'—1,t—j")
t—1-2k\(t—k
—1 t+kAt_2kPk
> (j/—l—k)( k )( )

that is, if 2" = ¢,

5-1 t—1-2k t—1-2k
Z(_l)t-l—k (( 1 » ) (l‘zl_—lk) n (1 _1 _k) (l‘;k)) At—ZkPk
k=0 2

2

and adding (—1)% P5Xx,_0 moda, We get (50).
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And, in the case 2’ # t, we obtain,
min(j'—1,t.—1—j')
Z(_l)t-l—k t—1-k
k k—1
k=0
t—1-=2k\[(t—k
AI—ZkPk
(] S20)
T — -/
+1mm(1 t—Jj)= J( l)t ’ ( )At o

J’
+1m1n(] t—j)=t— ]’( 1)] ti )AZI_tPt 7!

equivalent to

min(j'—1,.—1—j')

k(' .o
1 t+k At 2kPk
e (5 )0)
— i/ t— 1 — ' 24 -/
+1min(j/,t—j/):j/(—1)t J ( j/— 1J )At 2 P’
Y]
+ Imin(j7,i—jn=1—j (=1) (t i j/) A>T pr

that is (51).
N B. The fact that

t—1=2k\(t—-1-k . t—1=2k\(t—=k\\ _(t—=1=k\(J

j =k k—1 j'—1—k k S \e—j —k)\k
for any ¢, k, j’ could be proved using factorial notation of binomials and it is trivial
ifk =0. O

Proof of Theorem 1.10. We recall that C8 (i,t) is the coefficient of x***/* in

the rational fraction (31) (see Proposition 3.1). These coefficients are given
by Lemma 3.8. To conclude, we change variables from (j = i + #,¢) to
(i=j—tr1). O

3.3. Particle system and proof of Proposition 1.13. In this section, we suppose
that p +r < 1. The case p +r > 1 could be treated in a similar way as explained
in Remark 3.5.

First, we define a particle system that is related to the 8-vertex model.
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Definition 3.9 (particle system P(u; p,r)). Let u be a probability measure on
{0,1}% and p,r € [0,1]. The law P(u; p,r) is the following law on the set
(Z x {0,1})Z*N At time t = 0, for any i € Z, there is exactly one particle
(named) o; in position p(e;,0) = i and in a random state s(c;,0) € {0, 1} and
(s(2i,0):i € Z) ~ p. Then, from time ¢ to time ¢ + 1, for any i € 7 such that
i + ¢ is even, particles « and § such that p(«,t) =i and p(8,t) =i + 1 interact
in the following way:

e with probability p, particles do not move and theirs states do not change:

plat+1) =i, s(a,t +1) = s(a,t),
pB.r+D=i+1 sB.r+1)=s(B1):

e with probability 1 — p — r, particles exchange theirs positions and change
their states:

plat+1)=i+1, s(t+1)=1-s(a,t),
pB.t+1) =i, s(B.t+ 1) =1-—s5(B,1).

o with probability r, particles do not move and change their states:

pla,t+1) =i, s(a,t +1)=1—s(a,1),
pBt+1)=i+1, s(B.t+1)=1-s(B.1).

To see a representation of these transitions, see fifth and sixth columns on Table 1:
plain line represents the particle & and dashed line the particle §. Moreover, all
these transitions are independent. The law P(u; p, r) is then the law of the random
variable ((p(a;,t),s(a;,t)):i € Z,t € IN).

By definition, there is exactly one particle « at each time ¢ in position i; this
particle will be denoted « (7, ) (and, simply, «; if t = 0).

This particles system is related to the 8-vertex model witha + ¢ = b + d via
the following proposition.

Proposition 3.10. If ((p(«i,t),s(i,t)):i € Z,t € N) ~ P(u;p,r), then
(s(a(i,t),t):i € Z,t € N) ~ L(u; p,r).

Proof. This is a consequence of the coupling defined in Lemma 3.2. |

A first consequence of this proposition is the Lemma 2.4.
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Proof of Lemma 2.4. First, we begin by the following remark: if at time ¢ = 0,
{s(a;j,0):i € 7} are independent, then for any i € Z, {s(x;,t):t € IN} is
independent of {s(«;,t): j € Z\ {i},t € N} (by Lemma 3.2).

Now, take any sequence (;:i € Z) such that ;1 — t; € {0, (—=1)T1¥%i} We
know that the set of allowed positions for the particle « (i, ;) is, if i + #; is even,

{(j.0): P(p(a(i,f),t) = j) > 0}
={()i—ti<j—t,j+t<i+t;—1,t<t}U{( 1)}
UL(ut):j—t<i—tii+t;+1<j+1t.t; <t}

if i +¢; is odd,

{(j.0): P(p(a(i, 1), 1) = j) > 0}
={(ot)i—ti+1<j—t,j+t<i+tit<tyUL 4))
U{(j.1):j—t<i—ti—li+1t;<j+t.1; <t}

that intersects the set {(/j, #;): j € Z} in only one point that is (i, #;), see Figure 10.
Hence, particle « (i, ¢;) cannot be in any position (j,¢;) for any j # i and, so, for
any i, j € Z,i # j.alit) # a(j. ).

To conclude, as we have (s(o;,0):; € Z) ~ PM (1) (because O ~ P%),
we get that (e(i, ;) = s(x(i,t;),t;):i € Z) are independent, see above. And, by
Proposition 1.5, for any i € Z, P(e(i,t;) =0) = P(e(i,t;)) = 1) = % O

A second consequence of Proposition 3.10 is Proposition 1.13. Before its proof,
we introduce the same particles system as before but with a slight difference on
the transition kernel.

Definition 3.11 (particle system P'(u; p,r)). Let p,r € (0,1). Let B = {Bj;:i €
Z.,t € IN} be a set of i.i.d. variables of law B(%), and Z = {Z;;:i € Z,t € N})
be a set of i.i.d. variables of law B(2m) with m = min(p, r).

Attimet = 0, forany i € Z, there is exactly one particle (named) «; in position
p(a;,0) = i and in a random state s(«;,0) € {0, 1} and (s(«;,0):0; € Z) ~ W,
and such that B, Z and (s(«;,0):i € Z) are mutually independent. Then, from
time ¢ to time ¢ + 1, for any i € Z such that i + ¢ is even, particles « and 8 such
that p(«,t) =i and p(B.¢) =i + 1 interact in the following way:

(1) with probability 2m (that is when Z; ; = 1),
pla,t +1) =1, s(a,t +1) = Bi,,

N (B s =s(B.0),
Pt+ =i+l s(ﬂ’t+1)_{1—3i,, ifs(@. 1) = 1 — s(B,1);
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\J

Figure 10. In double plain-dashed line: the position (i, #; ). In plain line: the set of allowed
positions for the particle (i, ;). In dashed line: available edges for a set ((j.t;):j € Z)
that respects the condition #; 11 — ¢; € {0, (—1)? T1+%}_ There is no common position for
plain and dashed line except in (i, #;).

(2) with probability p —m (a Z; ; = 0 case),

pla,t+1) =1, s(a,t + 1) =s(a, t),
pB.t+ 1) =i+1, s(B,t+1)=s(B,1);

(3) with probability 1 — p —r (a Z;; = 0 case),

plat+1)=i+1, s(,t+1)=1-s(a,t),
pB.t+1) =i, s(B,t+1)=1—s(8,1);

(4) with probability r —m (a Z;; = 0 case),

pla,t+1) =i, s(a,t +1)=1—s(a,1),
pBat+1)=i+1, s(B.t+1)=1—s(B.1).

Moreover, all these transitions are independent. We denote by P (u; p, r) the law
of (p(ei.1),s(ei,1)):i € Z,t € N).
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Lemma 3.12. For any i, p,r, P (1; p,r) = P(u; p,r).

Proof. To prove the lemma, we have to show that when we are in Case 1 in
Definition 3.11, we can obtain with probability % and % conclusion of Cases 2

s(a, 1) W.D. %

O
1 —s(a,t) w.p. %

and 4. This is the case because B; ; = {

In the following, for any particle «, any ¢, t;,#, € IN with #; < #,, we denote
the event I(a, 1) = {w: Zp(q; 1), = 1}: “particle a does the transition 1 at time ¢
(from time ¢ to ¢z 4+ 1)”” and we denote /5 («, t1, 1) the event: “a does the transition
1 at time #; and #, with two different neighbor particles (i.e. /(«, #1) and /(«, t3)
and a(p(a, 11) + (=D)P@DIH 1) £ a(p(a, 1) + (=1)P@2F2 1)), Finally,
we denote

La,t) = | (e, 11, 1),

(t1,12):0<t;<tr<t

the event that « does at least once the transition 1 with two different neighbor
particles before time . Now, the correlation function of the 8-vertex model with
initial law p can be rewritten in this system of particles. First, we need the
following lemma.

Lemma 3.13. Let ((p(wi,t),s(a;i,t)):i € Z,t € N) ~ P(u; p,r). Then, for any
i €7, foranyt, I(a;,t) is independent of s(ayg, 0).

Proof. This is induced by the fact that for any i € Z, I(«;,t) is independent of
s(ag, 0), that is true because Z is independent of (s(;,0):i € Z). O

Now, we can express the correlation function of the 8-vertex model with any
boundary condition anda + ¢ = b + d.

Lemma 3.14. Let 1 be any probability measure on {0, 1}~ and let O ~ L(w; p, ).
Then the correlation function C satisfies

Var(e(i, t)) » —g . _ .
‘ mc((o’o)’(l’t))_coo(l,t) SZP(IZ((X(l,t),t) ) (52)
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Proof. Let O = (e(i,t):i € Z,t € N) ~ L(u; p,r). Then,

Cov(e(0,0),e(i, 1))

= E[e(0,0)e(i,1)] — E[e(0,0)]E[e(i, t)]
= P(e(0,0) =1 =-¢e(i,t)) — P(e(0,0) = 1) P(e(i,t) = 1)
= P(e(0,0) = 1)[P(e(i,t) = 1]e(0,0) = 1)

— P(e(i,t) = 1]e(0,0) = 1) P(e(0,0) = 1)

— P(e(i,t) = 1]e(0,0) = 0) P(e(0,0) = 0)]
= Var(e(0,0))[P(e(i,t) = 1]e(0,0) = 1) — P(e(i,t) = 1]e(0,0) = 0)]
= Var(e(0,0))[P(s(a(i, 1), t) = 1]s(xg,0) = 1)

— P(s(a(i,1),t) = l|s(xg, 0) = 0)].

Hence,

Var(e(i,t )
Vo C(0.0: 1)
= P(s(ap,t) =l and a(i, 1) = ag|s(xg,0) = 1)
—P(s(xp,t) = 1and a(i, t) = ag|s(ag,0) = 0)
=C&,Gi.1)
+ P(s(a(i,t),t) =1 and a(i, 1) # ag and I (x(i, 1), t)]s(ag, 0) = 1)
— P(s(a(i,t),t) =1and a(i,t) # ap and Ir(x(i,1),1)|s(xg,0) = 0)
+ P(s(a(i,t),t) = 1and a(i,t) # ap and Ir(a(i, 1), 1)]|s(xp,0) = 1)
— P(s(a(i,t),t) = 1and a(i,t) # ag and Ir(a(i, 1), 1)|s(ag, 0) = 0).

But,
P(s(a(i,t),t) = land a(i,t) # oo and Ir(x(i, 1), 1)|s(ag,0) = 1)
(because Ir(a(i,1).1) = s(a(i,t).1) ~B(3))
= %P(a(i,t) # ag and I (a(i,1),1)]s(xg,0) = 1)

(by Lemma 3.13 and the fact that trajectories of particles are independent of their
initial states)

_ %P(a(l’, 1) # ap and I>(a (i, 1), 1)).
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Similarly,
P(s(a(i,t),t) = land a(i,t) # oo and Ir(x(i,1),1)|s(ag,0) = 0)

— %P(a(z’, 1) # ag and Ir(a(i,1),1)).

Hence,

Var(e(i, 1)) » .
‘ mc(@ﬂ),(m))—c&(z,z)
< P(Iy(@(i, 1) 1)°|s(et0, 0) = 1) + P(L2(a(i,1),1)°|s(to, 0) = 0)

(by Lemma 3.13)

=2P((Ix(a(i. 1), 1))°)
= 2P((I2(ctg, 1)°)

because event /,(«;, ¢) occurs with the same probability for any particle ;. O
Now, to prove Proposition 1.13, we have to find a bound on P (/2 (wg, 1)€).
Lemma 3.15. Let m = min(p, r).
P(Laeo ) < (1 —my L5l a—mlsl —a—mr 53)

Proof. We denote Ty(w) = inf{¢t:w € I(xg,?)}. By definition of /(w«o,?), the
law of T; is the geometric law on {1, 2, ...} whose success probability is 2m, i.e.
P(Ty = k) = 2m(1—2m)*~1. Now, denote T»(w) = inf{t: ® € I»(ag, T1(w),1)}.
Due to the fact that two particles cannot interact twice during two successive steps
of time, [@] < T in law where T is distributed as 7;. Hence,

P(Ix(ao,1)) = P(T2 <1)
>PQ2T + T, <t)
5]
= > P(T =t)P(Ty <t —21)

t'=1

5]

=3 2m(1 —2m)" 711 = (1 — 2m)'~2")

ST

N
Il
_
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5]
=2m Y ((1-2m)" "' = (1 —2m)""™)

=1
_ 2m(1 —(—2ml3] -

2m

| — 2m)t_1 (11— 2m2);1|-5J — 1)

(
t t
=1-( —2m)|-5J +(1-2m)' 1 -1 —2m)’—L5J. O
Now, we can do the proof of Proposition 1.13.

Proof of Proposition 1.13. In the case p 4+ r < 1, by lemmas 3.14 and 3.15,

Var(e(i, t)) . =8 .
‘\/WC((QO)OJ))—C&(LZ) 54)

<2((1 —2m) 5] +(1— 2m)’—L%J—1 —(1=2m)"™h,

where m = min(p, r).

In the case p + r > 1, a similar proof permits to find (54) with m =
min(1 — p,1—r).

To conclude, we remark that when p+r < 1,then p <1—randr < 1—p,so
min(l — p,1—r, p,r) = min(p,r); and when p+r > 1, min(p,r,1—p, 1 —r) =
min(1—p, 1—r). And, finally, we remark that 1 -2 min(p, r, 1—p, 1—r) = A(p, r).
That is ending the proof. O

4. Asymptotics of 530 (i, t): proof of Theorem 1.12

In this section, we suppose that p + r # 1. The case p + r = 1 has been treated
in Remark 1.11. The proof of Theorem 1.12 is done in two steps. In a first step, the
asymptotics is proved when » = 0 (i.e. when r = 0and 0 < p < 1). And, ina
second step, it is generalized for any (@, b, c,d) suchthata +c =b +d.

4.1. Caser = 0and 0 < p < 1. In this case, A(p,0) = 1, see (21), and, so,
Theorem 1.12 is

Proposition 4.1. Ifr = 0 and 0 < p < 1, then there exists ¢ > 0 such that, for
anyt € N, foranyi € Z
— c
C3(i,t) < —.
olist) < 7
To prove this proposition, we prove first two lemmas on the asymptotic behav-
ior of random walks.
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Lemma 4.2. Let S = (S;:t € N) be a simple random walk on Z, i.e.
e So=0a.s.,
e (S;41—S;:teN)areiid,
e foranyt >0,
1

P(St+1—St = 1) = P(St+1—St :—1) = 5

Then, there exists a constant ¢ > 0 such that for any t € N, for anyi € Z,

c
P(S;=i)<—.

(St =1i) =< i

Proof. lItis a classical result in probability theory. Proofs of generalization of this
lemma exists for sum of i.i.d. random variables, see [18, Chapter 3]. A proof in
that simple case can be obtained by enumeration of binary paths and application
of Stirling’s formula. O

The second lemma generalizes Lemma 4.2 to some processes constructed with
a simple random walk.

Lemma 4.3. Let X = (X;:t € IN) a process with values in Z. If, for any t € N,
d
X: = SN, + Ren,

such that N = (Ny:t € IN) where N; follows a binomial law with parameters
(t,q) (g #0), S = (Sy:u € N) is a simple random walk on Z and R = (Rt €
N,u e IN) is any collection of any random variables on Z. and (N, S, R) are
independent, then, there exists ¢ > 0 such that for any i, for any t,

P(X;=1i) <

St

Proof. Lett € N\ {0},i € Z and € > 0,
P(X;=1i)=P(Sy, + Ren, = 1)

t
§P<|N,—qt|>%>+ max  P(Sy + Rep = i)

ne[43¢']

(by Chebyshev’s inequality)
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(by Lemma 4.2)
41—
U9y
qt ne[4,341] /1
c1 cﬁ 1
<—+——
t q t
C2
= —. O
NG

Now, we define a homogeneous Markov chain Y with values on Z.

Definition 4.4. The process Y = (Y;:t € IN) have the following properties:
e Yp=0as;
e forany € IN,

-1 w.p. p(1 = p),
2
w.p. p~,
Yie1 =Y, + P
w.p. p(1 = p),

2(-)Y  w.p. (1-p)2
This Markov chain is related to the Markov chain X defined in Definition 3.3.

Proposition 4.5. Let p € [0,1) and r = 0. In that case, the non-homogeneous
Markov chain X (defined in Definition 3.3) satisfies, for any t € N,

Xor L (Y, 1) and Xog sy & {(1 1.0 wp- 1=p. (55)
(-Y:,0) w.p. p.
In particular, (34) gives, for any t,
CE(i,2t) = P(Y; =0) (56)
and
CY(i,2t +1)=—(pP(Y; =0) + (1 — p)P(Y; = —1)). (57)

Proof. We suppose that r = 0, we obtain, for any ¢ € Z, applying twice (33), that
if X; = (i, k), then

(i —1.k) wp. p(1 - p),
(i, k) w.p. p2,

Xiy2 = .
i+ 1,k) w.p. p(1 — p),

(i +2(=1D)* k) w.p. (1 - p)>
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As Xo = (0, 1), we obtain that, for any ¢ € Z, first coordinate of X»; is equal
in distribution to Y; and its second coordinate is 1 a.s. And, as

Xr — (0,0) w.p. p,
(1’0) W‘p'l_p’

first coordinate of X5, is equal in distribution to —Y; w.p. p and to 1 + Y; w.p.
1 — p and its second coordinate is 0 a.s. |

Now, we decompose Y so that ¥ satisfies conditions of Lemma 4.3. We define
first a law on Z.

Definition 4.6. Let p € [0,1], g € [0,1],f € N,n € IN. Let (L;:0 < j < n) be
n—+1i.i.d. random variables distributed according to geometric law on {0, 1, 2, ...}
of success parameter ¢, i.e., for any j € IN, for any k € IN,

P(Lj =k) = (1-q)q.

We denote by £, ,(gq) the law on IN"*! of (L;:0 < j < n) conditioned by
Z}’:O L; =t—n.Let(L;:0<j <n)~ L;,(q). Forany j, we set G; to be
arandom variable distributed according to binomial law with parameters (L;, p),
and we suppose that (Gj:0 < j < n) knowing (L;:0 < j < n) are independent.
We define then by R; ,(p, g) the law of

Ron =) (-1)/G;.

j=0
Now, we can check that Y satisfies conditions of Lemma 4.3.

Lemma 4.7. The process Y, as defined above, satisfies, for any t € N, Y; 4

SN, + 2R; N, where

N; follows a binomial law with parameters (t,2p(1 — p)),

S = (Sy:u € N) is a simple random walk on Z,

R = (Ryn) is a collection of (independent) random variables of mono-
dimensional law: for any t, for any n, R;, is distributed according to
Ren (L2 2p(1 = ),

N, S and R are mutually independent.
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Proof. Lett € Nand Y;. Forany 1 <i <t¢, we denote A(Y,)) =Y, —Y,—1. We
remark that (A(Yy): 1 <u <1t)is a sequence of independent random variables of
law

-1 wp. p(1-p),

0  w.p. p2

AYi) =41  wp. p(1-p),

-2 w.p. (1 —p)?ifY; if odd,
2 wp. (1—p)?ifY;iseven.
As Yy =0,wehave Y, = 3 i, A(Y)).

First, we study the set

Ei={u:l <u<tand|AY,)| = 1}.

We denote by (uy,...,uy) the elements of £y sorted in increasing order. Ej is
the set of instants for which Y; _; and Y;, have different parities. Cardinal N
of E; follows a binomial law with parameters (¢,2p(1 — p)) (indeed, at each
step of times, |A(Y;)] = 1 with probability 2p(1 — p)). The random variable
Sy =Y ;= A(Yy,) is distributed as a simple random walk finishing at a random
time N.

We insist on the fact that, for any 0 < j < N — 1, every element of
(Yiiuj <i <ujqpq —1) (setting up = 0) are of the same parity as j, in particular
|Yuj+1_1 - Yuj.| iseven. Let, forany j > 0, L; = uj4+1 —1 —u;. By construction
of Y, random variables (L;:0 < j < N) follow the law £; y(2p(1 — p)) (see

. Yy . —1—Yu.l )
Definition 4.6). We denote G; = —~+_"_"7" By construction of Y,

Lj

G

G =) X
i=1

where (Xi('i):l <i<Lj,0<j <N)arei.id. of law: forany i, j,

%) %) (1-p)?
PX;""=1)=1-PX;"" =0) = 50———.
(X ) (i ) p>+(0-p)?
In other words, G; follows a binomial law with parameters (L, ;:2(}57{)—);)2)‘
Hence, we effectively obtain that

N
Y, £ Sy +2) (-1)/G;
=0
=
Ri N

where N follows a binomial law with parameters (¢, 2p(1 — p)). O
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Proof of Proposition 4.1. Lemmas 4.3 and 4.7 and Proposition 4.5 have for imme-
diate consequence Proposition 4.1. O

4.2. General case: proof of Theorem 1.12. In this section, we prove only
the case i = 0. The cases i # 0 could be proved in a similar way but with
some sections more technical. We denote by H the function defined by, for any
(p,r) € [0,1])? such that p 4 r # 1,

(1-=2p)(1=2r)

D= G e 9
and we let, for any n > 0,
0) _ " . k 2n—1-— k n k
MO0 = ) " ()« (59)
and
6 k 2n —k k
MY (x) = ;;)( 1) (kn_kn_k)x (60)

With these notation, when p + r # 1, C$ (0,¢) (in Theorem 31) becomes, for
any ¢,
e if ¢ is even,
C30.00 = (1= (p+ 1) M (H(p.1)), (61)

e if 7 is odd,
C3(0,0) = (r— p)(1 = (p + )"~ le (H(p.1)). (62)

Hence, the asymptotics of C2 (0,¢) as t — oo is related to those, as n — oo,
of sequences of polynomials (M, (O)(X ):n > 0) and (M, (1)(X ):n > 0) when
X = H(p,r). To evaluate those asymptotic behaviors, we let the function m

that is, for any K < 1,
1

K= ———. 63
m(K) 1+V/1-K ©3)
Lemma 4.8. Forany K < 1, when n — oo,
—2n
MO (K) = 0(%) (64)
and
—2n
MO (K) = 0(%). (65)
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Proof. By Proposition 4.1 applied to p = 1 — m(K) and r = 0 and (61), for any
t = 2n even,

m(K)*" M@ (H(1 — m(K),0)) = C5,(0,2n) = 0<¢12_)'
n

As H(1 —m(K),0) = K, multiplying by m(K)~2",

K)—2n
MOK) =0 (m(— .
We prove asymptotics of M,gl)(K ) as n — oo with same arguments. O

Proof of Theorem 1.12. Equations (61) and (62) and Lemma 4.8 imply that, for
any ¢,

(66)

(A= (p+r)'mH(p, )"\ Ap,r)
Jit ) o O( Jt )
1—(p+r)

where A(p,r) = |m |. Now, let us compute A(p, r).
First, we compute m(H (p, r)).

C2.(0.1) = 0(

1

_ (-2p)a-2r)
I+l (—(p+r)?

__ 1=+
1= +nl+Ip—r|

m(H(p.r)) =

. s 1=(ptr)
This last quantity is 5= if (1 —(p+7r) > 0and p—r > 0)or (1—(p+7) <0

and p —r < 0) (e if 1= (p+r)(p—r)=p—p>—(r—r?) >0),anditis

1—(p+r ;
1(_’%21)) otherwise. Hence,
1_
% if p(1— p) < r(1—r),
mH =9
TP D ir—r) < p(1— p).
1-2r
And so,
I1—=2p| ifp(1—p)<r(l-r),
Alp.r) = .
[1—2r] ifr(1—r)<pl-—p).

Asp+(1—-p)=1=r+(1—-r), wecan use classical results about areas
of rectangles with same perimeter, to conclude that A(p, r) = max(|]1 —2p]|, |1 —
2r)). |

Remark 4.9. The value of m(K) has been originally obtained by studying the
conic equation Hx = {(p,r): H(p,r) = K} that is the union of two lines.
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5. Vertex models and triangular probabilistics cellular automata

The aim of this section is to prove Proposition 1.6 that said, informally, that far
away from the boundary, the 8-vertex model on Koo wWith a + ¢ = b + d looks
like one with FBC whatever are the boundary conditions. To prove it, we use a
coding, introduced by Baxter [2], between colorings of the faces of Ko and the
8-vertex model configurations Koo, see Section 5.2. We prove that in the case
a + ¢ = b + d, the corresponding random coloring is the space-time diagram
of a (new kind of) probabilistic cellular automata (PCA), called triangular PCA
(TPCA). Thanks to that and the fact that this PCA is ergodic, we obtain thus a
proof of Proposition 1.6.

Hence, we give first (in Section 5.1) an overview of the theory of PCA and
some new results on TPCA. Then, in Section 5.2, we focus our attention on the
family of TPCA that are interesting to study the 8-vertex model witha+c¢ = b+d
and we prove Proposition 1.6. Section 5.3 is a short section about links between
TPCA and the 6-vertex model with a 4+ ¢ = b. Finally, Section 5.4 contains some
proofs of propositions and theorems stated in Section 5.1, 5.2 and 5.3.

5.1. Triangular probabilistic cellular automata. We define first probabilistic
cellular automata (PCA) of order 2 whose triangular PCA (TPCA) are special
cases. A PCA A of order 2 is a quintuple (E, L, Ny, N2, T') where
e E is a finite set;
o [ is a lattice;
e N; is a neighborhood function of L, i.e. there exists a finite subset /; of L
such that, forany i € I, Ny(i) = (i + j: j € I1), we denote | N;| the cardinal
of I; that is the one of N; (i) for any i € L;
e N, is another neighborhood function of L. and
e T is a transition matrix from EN2l x EMl o E, ie. for any (x,y) €
EW2l x EWl forany z € E, T(x,y;z) > 0,and Y, T(x,y;2') = 1.
From this quintuple, we define a Markov chain (S;:¢ > 0) of order 2 on E" in the
following way: for any subset C C L, for any (z;:i € C) € E€,

P((St42()) = zi2i € C) | S¢ = (xi:i € L), Sp41 = (yi2i € L))

= [T 727 € N2(@)), (s ' € N1 (i) 20).
ieC

(67)

The process S;+» is well defined because its law is defined on a compatible way

on all cylinders of E*. (S;(i):i € I.,t > 0) is called space-time diagram of A.
An other way to see PCA of order 2 is to consider them as a deterministic map

from M(E" x Ev) (the set of probability measure on E x E') to M(E" x E™).
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Let A be a PCA (E,IL, Ny, N2, T). Let p € M(E™ x E¥) and (Sy,, Stg+1) ~ K-
We denote by v the law of (S,+1, Sz,+2) Where S;, 45 is the image of (S,. Szo+1)
by A. Then, for any subset C € IL and any (y, z) € EV x E",

v((yizi € Ni(C)), (zi:i € C))
=Y u((xizi € N2(0)), (i € Ni(C)))

(x;:i€N2(C))eEN2(C)

[17:7 € Nati)), (2 j € N1 zi)

ieC
where

Ne(C) = | Ne(i) forany k € {1,2}.
ieC

We denote by @4 the function that maps p to v = P (). We say that p is an
invariant probability measure of A if u = ®p ().

In the following, we consider only the cases where . = Z, N1(i) = (i,i + 1)
and Ny(i) = (i + 1). Such PCA of order 2 are called, in this article, triangular
probabilistic cellular automata (TPCA). The name comes from the fact that their
space-time diagrams are triangular lattices (see Figure 11). To simplify reading,
transitions 7 ((x;+1), (7i, ¥i+1); zi) of TPCA are denoted now T (y;, Xi, Vit1: Zi).

Before seeing new results on TPCA, we recall some theorems about ““classi-
cal” PCA. The “classical” PCA, considered here, are PCA of order 2 for which
Ni(i) = (i,i + 1) and N, (i) = 0. We will call them square PCA (SPCA) in the
following because their space-time diagram are homeomorphic to Z? (see Fig-
ure 11). To simplify reading, transitions 7' (4, (x;, x;+1); ¥;) of SPCA are denoted
in the following T'(x;, Xj+1; Vi)-

Cellular automata and “classical” PCA have been studied since 1940s. For
more information on PCA, we refer the interested reader to the recent survey
of Mairesse and Marcovici [15]. In the present work, we focus our attention on
results on SPCA whose one of its invariant probability measures is a Markovian
distribution [3, 24, 23, 10, 5, 16, 8, 7]. In particular, we need to recall Theorem 2.6
of [8] that characterizes SPCA whose one of its invariant probability measures is
a (D, U)-HZMC (Horizontal Zigzag Markov Chain).

Alaw p on EZ x E% is a (D,U)-HZMC distribution if there exists a pair
(D, U) of stochastic matrices from E to E and a family (p;:i € Z) of probability

measures on E such that, for any kq,k» € Z, k1 < k, for any (x;: k1 <i < k»),
(yitk1 <i <kx—1),
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—1

Figure 11. Top: (empty) space-time diagram of a TPCA. Bottom: (empty) space-time
diagram of a SPCA.

w((xitky <i <kz),(yitk1 <i <kp,—1))
= pie, (k) [ Dxjzy) UG5 x5 41)
i=ky
and, forany i € Z and x;4+; € E,

pit1(xit) = Y pilxi) Y DOxis y) Ui Xit1). (69)

x;€E yi€E
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In other words, a HZMC distribution is a Markovian distribution on states of two
consecutive lines crossed from bottom to top and left to right (see Figure 12). In
the following, we denote (x,y) ~ &p,v) if (x,y) is distributed according to a

(D, U)-HZMC distribution.
U(yi;Xi+1) .7

7

Figure 12. Representation of a horizontal zigzag Markov chain (HZMC).

Now, we define some quantities needed to state Theorem 2.6 of [8]. Let T
be any stochastic Markov kernel from E? to E with positive coefficients. Let
v = (v(x):x € E) be the stochastic (i.e. normalized such that >, .z v(x) = 1)
left eigenvector associated to the eigenvalue 1 of the following stochastic matrix

(T(x,x;y):x e E,y € E)
(this eigenvector is unique due to the Perron—Frobenius theorem) and y be the
stochastic left eigenvector of the matrix

T'(y.y:0),
(v(y)mx S E,y € E)

associated with A, its maximal eigenvalue. In this case, y is solution of

y(x) y(»)
=2 :
);5 T(y,x;0) T(y,y:0)v(y)

Define further for any n = (n(x): x € E) € M(FE) with full support, the transition
matrices D" and U" from FE to E:
T (x,x'; T(0,x';
Swep 10TV 1) Ty
x// and U (y; x ) = ” T(O,x//;y) *
LeE Toex) Lrer 107) TG0y
(71

(70)

D"(x;y) =

Theorem 5.1 (Theorem 2.6 of [8]). Let A be a SPCA with finite alphabet
E = {0,...,k} and transition matrix T such that, for any xo,x1,y0 € E,
T (x0,x1;Y0) > 0. One of the invariant probability measures of A is a HZMC
distribution if and only if T satisfies the two following conditions:
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Condition 1. for any x,x’,y € E,
T(x,x";y)T(x,0;0)T(0,x;0)T(0,0; y)
=T(0,0;0)T(x,x";0)T (0, x"; y)T(x,0; y);

Condition 2. the equality DYUY = UY DY holds (for y as defined in (70) and
(DY, UY)in (71)).

In this case, (DY, UY)-HZMC distribution is invariant by A.

We can present, now, two new theorems on PCA that characterize TPCA whose
one of its invariant probability measures is a (D, U)-HZMC. We establish these
characterizations in two particular cases. The first case is when D = U.

Theorem 5.2. Let A be a TPCA on E a finite alphabet of transition matrix

= (T(y,x,y:2):y,x,y',z € E) with positive rate (i.e. T(y,x,y’;z) > 0
forany y.x,y'.z € E). Forany y,y € E, we denote (T(y,y';x):x € E) the
unique left stochastic eigenvector (associated to eigenvalue 1) of the stochastic
matrix (T (y,x,y’;z):x,z € E). One of the invariant probability measures of A
is a (D, D)-HZMC distribution if and only if the SPCA A on E with transition
matrix T = (T(y,y’;z):y.y.z € E) satisfies Condition 1 and Condition 2
of Theorem 5.1 with DY = UY. In this case, (DY, DY)-HZMC distribution is
invariant by A.

The second case is when E is of size 2.

Theorem 5.3. Let A be a TPCA on E = {0,1} of transition matrix T =
(T(y,x,y";2):y,x,y',z € E) with positive rate. For any y,y’ € E, we de-
note (T(y,y/;x):x € E) the left eigenvector (associated to eigenvalue 1) of
QT x,y;w)T(y,u,y";2): x,z € E). One of the invariant probability mea-
sures of A is a (D,U)-HZMC distribution if and only if T satisfies Condition 1
and

Condition 3. for the pair (DY,U J’) founded by applzcatlon of Theorem 5.1 to
SPCA A on E with transition matrix T, we have, forany y,y',z € {0,1},

DY(y;2)UY(z:y) = Y U (y:x)D7 (x; ¥)T(y, x5 2).
x€{0,1}

In this case, (DY, UY)-HZMC distribution is an invariant probability measure
of A.
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Proofs of these two theorems are done in Section 5.4.2 and 5.4.3. These two
theorems applied to two particular TPCA, Ag and A¢ defined in Sections 5.2
and 5.3, give another way to prove Propositions 1.5 and 1.7 (see Section 5.4.4).

5.2. TPCA Ag and 8-vertex models. Now, we consider a family of TPCA
related to the 8-vertex model when a 4+ ¢ = b + d. Ag is a TPCA with alphabet
E = {0, 1} and transition matrix T such that, for any k € {0, 1},

o Tk, k,k;ky=T(k,1-k,k;1—k)=r,

o T(k,k,k;1—k)y=Tk,1 -k, k,k)=1-—r,

o Tk,1—k,1—k;k)y=T(k,k,1-k;1—k) = p,

o Tk,1—k,1—k;1—k)=T(k,k,1—-k;k)=1-—p.

To show their links with vertex models, we define first Ko.’s faces and coloring
of Ko. We call internal faces of Ko any square whose vertices are {(i, t), (i —
2t=1).G,r=1), (i + 3.t — 1)} forany (i, 1) € Vs such that 7 5 0; such a face
is labeled by (i —t,2¢). And we call external faces any triangle whose vertices
are {(i —3.—3).(i.0). (i + 2. —3)} forany i € Z; sucha face is labeled by (i, 0).
Set of (internal and external) faces of K is denoted F. A 2-coloring of K is
any function C from Fy, to {0, 1}. The set of 2-colorings is denoted C,.

Now we can remark that any realization of the space-time diagram of Ag is
a 2-coloring of Koo (see Figure 13). Baxter[2, Section 10.2] presents a function,
denoted here Og, from C, to K_ZE; This function is the following: starting with any
C € C,, we obtain an orientation O = @g(C) € Q8 by the following rule: take
any edge (i, t) (this edge is adjacent to 2 faces f and f”), the orientation e(i, ) is

e(i,t) =1cr=cr- (72)

Conversely, starting with an orientation O € Koo, We can obtain two distinct
2-colorings C and C’ € €, ({C, C'} = O3 ({0})) by this way: first, color any face
f by any color 0 or 1, then color adjacent faces to the previous one respecting (72),
and make it recursively to color any face. Two distinct 2-colorings C and C’,
obtained from the same orientation O, satisty the following property: for any face
f,C(f) # C'(f). See Figure 13 as an example of Og.

First, note that, for any 7, knowing C(f,,F, +1)» the coloring of the set of faces
{(i,t"):i € Z,t' € {t,t + 1}}, is enough to know the orientations of (e(i,#):i €
7) = Og(C\(F,,F,,))- Hence, we can define i, = Og(v;),alawon (e(i,1):i € Z)
according to v; a law on 2 coloring faces of {(i,t):i € Z,t’" € {t,t + 1}} by, for
any n € IN, for any e, = (ej;:i € [-n,n] = [-n,n] N 7Z),

wue(en) = P((e(i,t) = ejsi € [-n,n])) = Zv,(C) (73)

Ce{C1,C2}=0% ! (en)
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initial state after an iteration of Ag final result

Figure 13. One realization of the space time diagram of the TPCA Ag and its associated
8-vertex model configuration.

Now, we can show the reason of our choice for Ag.

Lemma 5.4. Let vy be any probability measure on {0,1}% x {0,1}% and let
C be the space-time diagram of Ag such that Cir,,F,) ~ Vo, then ©g(C) ~

L(Og(vo); p,r).

Proof. The proof of this lemma is based on the fact that images by ®g of initial
laws and transitions of Ag are those that define £(u; p, r) in Definition 1.2. O

Hence, Ag is related to laws L£(u; p, r) and thus to the 8-vertex model. Now,
the study of invariant Markovian laws of Ag give us a unique element.

Proposition 5.5. For anyr € (0,1) and p € (0,1). The set of invariant HZMC
of Ag has a unique element that is the (D, U)-HZMC whose kernels D and U are
such that D = U and, for any i, j € {0,1}, D(i: j) = 3.

The proof of this proposition is done in Section 5.4.4. Proposition 1.5 is, then,
an immediate consequence of Lemma 5.4 and of this proposition. In addition,

Lemma 5.6. Foranyr € (0,1) and p € (0, 1), Ag is ergodic: for any initial law
vo, let C be the space-time diagram of Ag such that C\(r,,F,) ~ Vo and denote v;

the law of C(F, then v; — PM (3) as 1 — oc.

Frq1)

The proof of this lemma is done in a more general context in an incoming paper
on triangular probabilistic cellular automata [9, Theorem 8]. The idea of the proof
is close to the one in [24]. This lemma permits to prove Proposition 1.6.
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Proof of Proposition 1.6. Let 1 be any law on {0, 1}%. Now, we have the choice
for our initial law vy on coloring. We choose here the one that is symmetric: for
any n, forany C = (¢;:i € [-2n — 1,2n]) € {0, 1}[=nix[=n=1.n]

vo(C) = vo((1 —¢j:i € [-2n—1,2n])) = %M(G)S(C)). (74)

Now, by Lemma 5.6, v; — PM (%). Thus, 1, = Og(v;) — PM (%), that is the
law of (e(i,t):i € Z). O

5.3. TPCA A4 and 6-vertex models. In this section, we show relations between
the 6-vertex model when a 4+ ¢ = b and TPCA Ag. Ag is a TPCA with alphabet
E = {0, 1,2} and transition matrix T such that, for any i € {0, 1, 2},

o T(,i+1,i+2;i+1)=1,

o T(i,i+1,i;i+2)=p,

o T'(i,i+1,isi+1)=1-p
where additions on E are done modulo 3.

Links between Ag and the 6-vertex model are similar to the ones between Ag
and the 8-vertex model, instead of that 2-coloring is replaced by proper 3-coloring.
A proper 3-coloring of Ky is any function C from Fy, to {0, 1,2} such that if two
different faces f, f’ have a common edge then C(f) # C(f’). The set of proper
3-colorings is denoted C3.

We can remark that if we start iterations of Ag with an initial state (Sg, S1)
such that, for any i € Z, So(i) # S1(i) and S1(i) # So(i + 1) a.s., then the
same condition is satisfied for any t > 0, i.e., for any r € IN, for any i € Z,
Si(i) # St+1(0) and S;11() # S:(i + 1) a.s. Hence, a space-time diagram
realization of Ag is a proper 3-coloring of K o. Moreover, there exists a function,
denoted here ®¢, between Gz and s‘zgo [2, Section 8.13]. This function is obtained
as follows. let C € C3, take any edge (i, ) of Koo, edge (i, t) is oriented such that
if we look the oriented edge in front of us oriented to the top, then the value of
the right face of the edge is equal (modulo 3) to the value of the left face +1 (see
Figure 14). Conversely, starting with an orientation O € Q&_, we get three distinct
proper 3-colorings {C, C’,C"} = 7 ({0}). These three distinct 3-colorings C,
C’ and C” satisfy: for any face f € Fuo, {C(f).C'(f),.C"(f)} ={0,1,2}.

In a similar way that has been done in (73), we can define ®¢ as a function on
measures of {0, 1,2}%.

Lemma 5.7. Let i be any measure on {0, 1,2}% x{0, 1, 2}% such that if (So, S1) ~
W then for any i € 7, So(i) # S1(i) and S1(i) # So(i + 1) a.s. Let C be the
space-time diagram of Ag such that (So, S1) ~ W, then ©g(C) ~ L(Og(1); p, 1).
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S i+ 1 i i

Figure 14. The relations observed by ®¢ permitting to go from a proper 3-coloring of Koo
to a configuration of the 6-vertex model. Here, i is any element of {0, 1,2} and the sum
i + 1 is taken modulo 3.

Proof. Images by ®g of initial laws and transition of Ag are those that define
L(Os(p): p. 1). 0

An interesting property of Ag is described in the following theorem.

Proposition 5.8. For any p € [0, 1]. The set of invariant HZMC of A¢ contains
the set of (D, U)-HZMC whose kernels D and U are such that D = U and, for
anyi €{0,1,2}, D@;i +1 mod3) =qgand D(i;i —1 mod3) = 1—gq for any
q €10,1].

This property associated to Lemma 5.7 permits to get an alternative proof of
Proposition 1.7. The proof of Proposition 5.8 is done in Section 5.4.4.

5.4. Proofs of previous results on TPCA

5.4.1. Preliminary results on TPCA and invariant HZMC distributions. First
of all, we recall necessary and sufficient conditions for a (D, U)-HZMC to be an
invariant probability measure of a SPCA.

Proposition 5.9 (Proposition 1.2 of [8]). Let E be a finite set. Let A be a PCA
with positive rate and transition matrix T and (D, U) be two transition matrices
from E to E. The (D, U)-HZMC distribution is an invariant probability measure
of A if and only if the two following conditions hold:

Condition 4. for any x,x’,y € E,

_ D(x:y)U(y:x")

T(x,x';y)= DU ) (75)

Condition 5. we have
DU = UD. (76)
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This proposition is weaker than Theorem 5.1 in the sense that Condition 4
and Condition 5 hold both on 7 and (D, U) and not just only on 7. The first
step to prove Theorems 5.2 and 5.3 is to generalize this proposition to TPCA.

Lemma 5.10. Let E be a finite set. Let A be a TPCA of transition matrix T
with positive rate and let D and U be two transition matrices from E to E. The
(D, U)-HZMC distribution is an invariant probability measure of A if and only if

Condition 6. forany y,y’,z € E,

D(y;2)U(z;y") = Y Uy;x)D(x: )T (. %, y': 2). an

xeE

Proof. Let A be a TPCA of transition matrix 7 with positive rate and (D, U) two
transition matrices from E to E.

e Suppose that the (D, U)-HZMC distribution is an invariant probability mea-
sure of A. Suppose that a pair of lines (xo, x1) ~ &p,v), then (x1,x2) ~ §0p,v)
where x; is the image of (xg,x1) by A. Now, for any a,c,d € E, we com-
pute P(x1(0) = a,x2(0) = d,x1(1) = c|x1(0) = a). On one hand, the lines
(x1,x2) ~ §p,U)> SO

P(x1(0) =a,x2(0) =d,x1(1) = ¢|x1(0) = a) = D(a;d)U(d;c) (78)
and, on the other hand, the pair (xo, x1) ~ £p,v) and x; is their image by A, so

P(x1(0) = a.x2(0) = d. x1(1) = c|x1(0) = a)

= D P(1(0) = a.x0(1) = b.x2(0) = d. x1(1) = ¢|x1(0) = a)
beE

=Y P(x1(0) = a,x0(1) = b, x2(0) = d|x1(0) = a) (79)
*<E P(x1(1) = ¢lx1(0) = . xo(1) = b, x1(1) = ¢)
=Y Ula;b)D(b:c)T(a.b.c:d).

beE

By (78) and (79), we finally obtain that Condition 6 is necessary.
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e Conversely, suppose that Condition 6 holds, and take a pair of lines (xo, x1) ~
§p,uy and x, their image by A. Then, for any k{,k, € Z, ki < k, for any
(bitky <i <ky) e ER2= 1+l and (¢;iky <i <k, —1) € Ek2F1,

P((x1() = bizky =i < k2), (x2()) = ¢itky =i < kp — 1))

ko
= Zpkl (akl)( l_[ D(ai;bi)U(bi§ai+1))

a;€Ek)<i<kr+1 i=k
ko—1
( l_[ T(bi,ai+1,bi+1:0i))
i=k,
:( Z ,Okl(akl)D(akl;bkl)) (80)
akIEE
ko—1
1_[ Z Ubi;aiv1)D(ajv1:bi+1)T (bi,aiv1,bitr:ci)
i=kjaj1€E
ko—1
= pk; (D) l_[ D(bi; ci)U(cis bit1)
i=k
Then, the pair (x1, x2) ~ §0,v)- O

Remark 5.11. When the transition matrix has not positive rates, Condition 6
implies always that the (D, U)-HZMC is an invariant probability measure of A,
but converse is not true because Condition 6 can hold on a subset of E, but not £
entirely.

We continue proving Theorems 5.2 and 5.3 by seeing that, in Proposition 5.9,
for any (D, U)-HZMC, there exists a unique SPCA AS that lets the (D, U)-HZMC
invariant, its transition matrix 7% is, for any y,y',z € E,

S(y. v 7y = 20iDUEY)
PO = S50 6y)

For the same reason, there exists a unique SPCA AR that lets the (U, D)-
HZMC invariant, its transition matrix 7X is, for any y,y’,x € E,

U(y;x)D(x;y")
TR , /; —
00 = = b0y y)

Then, Condition 6 is equivalent, dividing by (DU)(y; ") (not equal to zero in
the positive rates cases), to

1)

(82)
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Condition 7. forany y,y’, z,

T5(y.y:2) =Y TRy 0T (. x. ¥ 2). (83)
x€E
Corollary 5.12. Let E be a finite set. Let A be a TPCA of transition matrix T
with positive rates and let D and U be two transition matrices from E to E. The
(D, U)-HZMC is an invariant probability measure of A if and only if Condition 7
is satisfied with TS the transition matrix of the unique SPCA AS that lets the
(D, U)-HZMC invariant and TR the transition matrix of the unique SPCA AR
that lets the (U, D)-HZMC invariant.

The main idea to prove Theorems 5.2 and 5.3 is to find, for a fixed transition
matrix 7 from E3 to E, all the pair of transition matrices (TS, TR) from E? to E
such that Condition 7 is satisfied, and then verify if (TS, TR) satisfies (or not) the
other wanted properties: conservation of a (D, U)-HZMC and of a (U, D)-HZMC
thanks to Theorem 5.1. In the particular cases where D = U or E = {0, 1},
we are able to find a unique possible pair of (75, TX) related to 7 that can
satisfy Condition 7. All other cases are open problems.

5.4.2. Proof of Theorem 5.2. Let T be a transition matrix from E3 to E of
a TPCA with positive rate. We denote, for any y, y’, (T(y,y";x):x € E), the
unique left eigenvector related to the eigenvalue 1 of (T'(y, x, y’;z):x € E,z € E)
normalized such that ) . ¢ T(y,y:x) =1,ie., forany y, y’,

T(y.y o)=Y TG.y:i0)T(y.x.y2) (84)
x€E
and T is a transition matrix from E2 to E, this eigenvector exists due to Perron—
Frobenius theorem. Moreover, we suppose that 7 satisfies Condition 1 and Condi-
tion 2 of Theorem 5.1 with D7 = U™", i.e. there exists D" such that the (D7, D")-
HZMC distribution is an invariant probability measure of A, the SPCA with transi-
tion matrix 7'. In this case, we remark that SPCAs that let invariant (D, U)-HZMC
and (U, D)-HZMC are the same, i.e. TR = T'S = T in Corollary 5.12 and so (84)
imply Condition 7. We finish the proof using Corollary 5.12.
Conversely, if the (D, D)-HZMC distribution is an invariant probability mea-
sure of T, by Lemma 5.10, for any y, ',z € E,

D(y:2)D(z:y) = Y D(y:x)D(x: YT (v, x.y":2).
x€E

i.e. for any y, y’, (D(y; x)D(x;y’): x € E) is a left eigenvector of (T'(y, x, y’; z):
x € E,z € E) associated to the eigenvalue 1. By Perron-Frobenius theorem, the
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eigenspace associated to eigenvalue 1 is of dimension 1. Thus, for any y, y’, x,
D(y;x)D(x;y") = )Ly,y/7~"(y, y': x). Moreover, as we want that (T (y, y’;x):x €
E) is a probability vector, we obtain
Fy.y'x) = 20D,
(DD)(y:y")

Hence, by Proposition 5.10, the (D, D)-HZMC distribution is an invariant prob-
ability measure of SPCA A of transition matrix 7. And so, by Theorem 5.1,
A needs to satisfy Condition 1 and Condition 2 with D = U.

5.4.3. Proof of Theorem 5.3. In the case £ = {0, 1}, we have the following
algebraic property on 75 and T K.

Lemma 5.13. Let E = {0, 1} and TS and TR be two transition matrices from E>
to E such that the (D, U)-HZMC is an invariant probability measure of AS with
transition matrix TS and the (U, D)-HZMC is an invariant probability measure
of AR with transition matrix TR. Then, for any y,y’, x € E,

T5(y,y;x) = TR, y;x). (85)

Proof. As AS lets invariant the (D, U)-HZMC distribution, by Proposition 5.9,
for any y, x, y’, (81) holds and, due to similar reasons, for any y, x, y’, (82) holds
too.

When y =y’ = x, by (81) and (82), T5(y, y;y) = TR(y.,y:y), and, more-
over, as T5(y, y;.) and TR(y, y;.) are probability measures on {0, 1}, eq. (85)
holds if y = y’.

Now, we look the more complicated case y = 0 and y’ = 1 (the case
y = 1 and y’ = 0 is similar replacing S by R) and x = 0 (x = 1 will
be then immediate because 75(0,1;0) + 75(0,1;1) = 1 = TR@1,0;0) +
TR(1,0;1)). By Proposition 5.9, DU = UD, so (UD)(0;0) = (DU)(0;0) that
simplifies in U(0; 1)D(1;0) = D(0; 1)U(1;0), that implies U(0; 1)(UD)(1;0) =
U(1;0)(DU)(0; 1) and, finally,

150.1:0) = POEOVOD _ UGODO:O) _pp o0
(DU)(0: 1) (UD)(1;0)
Now, we can prove Theorem 5.3.

Proof of Theorem 5.3. e Suppose that one of the invariant probability measures
of TPCA A of transition matrix 7" with positive rates is a (D, U)-HZMC distri-
bution and denote (7(y, y';x):x € E) the left eigenvector related to the eigen-
value 1 of (Y jepg T(V.x,y;k)T(y.k,y;z):x € E,z € E) and such that
dxer T, y5x) =1
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By Lemma 5.10, Condition 6 holds. As E = {0, 1}, by Lemma 5.13, this
condition rewrites: for any y, y’, z,
TS(y.yi2) =Y TS50 . y:0)T(y.x.y"2). (86)
x€E

Applying this equation twice establishes that, for any y, y’, z € {0, 1},

> TS(y,y/:X)( TG x T (w5 2))
x€E uckE (87)
=Y T8 y:i0)T(y.x.y2) =T5(y.y":2).
x€E

In other words, for any y, y’, (TS(y,y’;x):x € E) is a left eigenvector related
to eigenvalue 1 of (Y ,cg TV x, y;u)T(y,u,y’;z):x € E,z € E). So, by
Perron—Frobenius theorem, for any y, x,y’, TS(y, y'; x) = /\y,y/f(y, y'; x) with
Ay.,» = 1 because the sum in x is equal to 1 in both sides. Then, the TPCA A with
transition matrix 7 = 7S lets invariant the (D, U)-HZMC distribution. Hence,
by Theorem 5.1 or results of Belyaev [3], T satisfies

7(0,0:0)7(0,0; 1)T(1,0;0)7T(0,1;0) = T(1,1; DT (1,1;0)7(0, 1; )T (1,0; 1)
(88)
And so Condition 3 holds by Lemma 5.10.

e Conversely, if T satisfies Condition 1 (i.e. (88) if E = {0, 1}), then we apply
Theorem 5.1 to find a pair (D7, U") such that the (D7, U")-HZMC distribution
is an invariant probability measure of A of transition matrix 7. If, moreover, this
pair (D7, U") satisfies Condition 3 then, by Lemma 5.10, the (D7, U")-HZMC is
an invariant probability measure of A. O

5.4.4. Proofs of Proposition 5.5 and 5.8

Proof of Proposition 5.5. To prove Proposition 5.5, we apply Theorem 5.3 to Ag.
First, let us compute matrices

( Z T, x,y:k)T(y,k,y;z):x € E,z € E)
keE

for any y, y’. We obtain the following four matrices:

y\y' 0 1
0 pP’+0-p?* 2p(1-p) r2+(1—-r)*  2r(1—r)
2p(1—=p)  p?>+(1-p)? 2r(l—r)  r24(1-r)?

. r24+(0=r)2 2r(1—=r) P2+ —=p? 2p(1-p)
2r(l=r)  r*4+(1-r)? 2p(1=p)  p*+(1—-p)?
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Left eigenvectors related to eigenvalue 1 are all equal for these four matrices
and their common value is (4 ). So, we know have to study the SPCA whose
transition matrix is, for any y, x,y’ € {0,1}, T(y,y";x) = % We observe easily
that this SPCA as for unique invariant HZMC distribution, the (D, U)-HZMC
such that, for any x,y € {0,1}, D(x;y) = U(x;y) = 3. Then, Condition 3
holds for this pair (D, U). We deduce, by Theorem 5.3, that Ag lets invariant this
(D, U)-HZMC distribution and, moreover, it is the unique HZMC distribution that

is invariant by Ag. t

Proof of Proposition 5.8. To prove Proposition 5.8, we check that Condition 6
holds with 7', the transition matrix of Ag, and for any (D, U) such that D = U
and, foranyi € Z/3%7, D(i,i +1) = 1— D(i,i — 1) = g. And, then, Remark 5.11
concludes the proof. |

6. Conclusion

We have computed the edge correlation function of the 8-vertex model on Koo
with free boundary conditions and a + ¢ = b + d and we have bounded the
influence of being not in a free boundary conditions case.

Moreover, as stated in Proposition 1.4, edge correlation function of Theo-
rem 1.10 is the one of the 8-vertex model on Ky with a + ¢ = b + d and free
boundary conditions. If, instead of a rotation of an angle —7 to pass from the
8-vertex model on Ky to the 8-vertex model on Ky, we have done a rotation by

T

an angle 7, then we would have obtained the correlation function of the 8-vertex
model on Ky with a + d = b + ¢ and free boundary conditions.
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