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Counts of (tropical) curves in E � P
1 and Feynman integrals

Janko Böhm, Christoph Goldner, and Hannah Markwig

Abstract. We study generating series of Gromov–Witten invariants of E � P
1 and their trop-

ical counterparts. Using tropical degeneration and floor diagram techniques, we can express the

generating series as sums of Feynman integrals, where each summand corresponds to a certain

type of graph which we call a pearl chain. The individual summands are – just as in the case

of mirror symmetry of elliptic curves, where the generating series of Hurwitz numbers equals

a sum of Feynman integrals – complex analytic path integrals involving a product of propagat-

ors (equal to the Weierstrass-}-function plus an Eisenstein series). We also use pearl chains to

study generating functions of counts of tropical curves in ET � P
1
T

of so-called leaky degree.

1. Introduction

1.1. Generating series of Gromov–Witten invariants of E � P
1 and Feynman

integrals

We study generating series of Gromov–Witten invariants of E � P
1. These can be

viewed as counts of curves in E � P
1 of fixed bidegree .d1; d2/ and genus g and

satisfying generic point conditions. We denote such a number by N.d1;d2;g/.

Our main result states that, for fixed d2 and g, the generating series

X

d1

N.d1;d2;g/q
d1

equals a sum of Feynman integrals (see Corollary 4.8):

X

d1

N.d1;d2;g/q
d1 D

X

P

1

j Aut.P /j
IP .q/: (1.1)

A Feynman integral IP .q/ can be viewed as a path integral of a product of

propagator functions involving the Weierstraß-}-function and an Eisenstein series in
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a Cartesian product of elliptic curves. Alternatively, it can be viewed as the constant

coefficient of a series involving the analogous product of propagators after a coordin-

ate change. The way the product of propagators is given depends on a graph P .

In equation (1.1), we have to sum over particular graphs P which we call pearl

chains (see Definition 3.1). For fixed d2 and g, there is a finite list of pearl chains of

type .d2; g/. Roughly, a pearl chain of type .d2; g/ is a bipartite graph of genus g with

d2 white vertices of arbitrary valence and d2 C g � 1 black vertices. For an example

listing all pearl chains of type .3; 2/ which contribute a nonzero summand, see the left

and middle of Figure 6.

Our study is inspired by Dijkgraaf’s famous mirror symmetry theorem for elliptic

curves relating generating series of Hurwitz numbers and Feynman integrals [19].

A Hurwitz number is a count of simply ramified covers of an elliptic curve of fixed

genus g and degree d . We denote such a number by Nd;g . The mirror symmetry

theorem for elliptic curves states that, for fixed g � 2:

X

d

Nd;gqd D
X

�

1

j Aut.�/j
I�.q/: (1.2)

Here, the sum on the right goes over all 3-valent connected graphs � of genus g.

For g D 2, only one graph contributes a nonzero summand, as depicted in Figure 1.

Figure 1. The only 3-valent connected graph that appears in (1.2) for g D 2.

It is interesting that our generating series of Gromov–Witten invariants of E � P
1

can be expressed as a sum over the same kind of Feynman integrals, it is only the

graphs over which we sum that changes when comparing equation (1.2) for Hurwitz

numbers to equation (1.1) for Gromov–Witten invariants of E � P
1 (compare Figure 1

and Figure 6).

The mirror symmetry relation (1.2) was used in [19, 30] to prove that the generat-

ing function of Hurwitz numbers is a quasimodular form of weight 6g � 6. Quasimod-

ularity behaviour is desirable because it controls the asymptotic of the generating

function. Recently, the quasimodularity result for generating series of Hurwitz num-

bers was generalized in [38] to cycle-valued generating series involving arbitrary

Gromov–Witten invariants of an elliptic curve (see in [38, Theorem 2 and Corol-

lary 1]). There, Oberdieck and Pixton also considered elliptic fibrations and conjecture

a quasimodularity statement for cycle-valued generating series of Gromov–Witten

invariants ([38, Conjecture A]), which they prove for the case of products E � B ([38,

Corollary 2]).
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Besides giving an explicit description for generating series of Gromov–Witten

invariants of E � P 1, our equation (1.1) also hands us a new way to study quasimod-

ularity by making use of Feynman integrals: the quasimodularity of a summand IP

for a fixed graph P can be deduced from [38] (see Theorem 5.5).

We rely on tropical geometry to prove equation (1.1). This method also gives an

interpretation of a summand corresponding to a graph P on the left-hand side of

equation (1.1): it can be viewed as a generating series counting stable maps with a

fixed underlying graph P close to the tropical limit.

1.2. Tropical curve counts, floor diagrams, and curled pearl chains

We prove a correspondence theorem stating the equality of the Gromov–Witten invari-

ant N.d1;d2;g/ to its tropical counterpart (see Theorem 2.15). Tropical geometry can

be viewed as a degenerate version of algebraic geometry and has become an import-

ant tool in (log-)Gromov–Witten theory and curve counts (see e.g., [7,9,42]), starting

with Mikhalkin’s breakthrough [36] where he proved the first correspondence the-

orem. A tropical curve in (resp. more precisely, a tropical stable map to) ET � P
1
T

can roughly be viewed as a graph which is locally embedded into R
2 and satisfies

some combinatorial conditions (see, e.g., Figure 3).

We then use floor diagram techniques to relate counts of tropical curves to counts

of curled pearl chains (see Definition 3.2) – these can essentially be viewed as (com-

binatorial types of) tropical covers of a tropical elliptic curve with a particular source

graph, namely a pearl chain. Roughly, a curled pearl chain arises from a tropical curve

in ET � P 1
T

by shrinking the non-horizontal edges (see Figure 8). Since the tropical

curve was in ET � P
1
T

, the graph we obtain by shrinking non-horizontal edges natur-

ally comes with a projection to the circle, i.e., to the tropical elliptic curve ET . In this

way, we can view them as tropical covers of ET . The sources of the covers that arise

in this way is what we call a pearl chain.

Floor diagrams are a way to carve out the combinatorial essence of a tropical curve

count. They can also be viewed as the graphs illustrating the ultimate use of the degen-

eration formula for Gromov–Witten invariants [3, 12, 16, 32]. They were introduced

for counts of curves in P 2 by Brugallé and Mikhalkin [13], and further investigated

by Fomin and Mikhalkin [22], leading to new results about node polynomials. The

results were generalized to other toric surfaces in [2].

We also study curves of leaky degree (see Section 1.5), which will be useful for

generalizations to curve counts in E � P 1 for which we impose tangency conditions

relative to the 0- and 1-section. Our methods apply to these curves as well.

In [8, 16], the floor diagram technique is compared to the Fock space technique,

in which Feynman diagrams for operators are used to provide generating series of

counts of curves on surfaces. Being well known for counts of covers [39], the Fock
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space approach for counts of curves on surfaces was pioneered by Cooper and Pand-

haripande in [18]. By applying the techniques of [8, 11, 16, 17], we believe that the

trace formula ([18, Theorem 3]) for generating series of counts of curves in E � P
1

can be deduced from our formula (1.1) and vice versa.

1.3. Tropical mirror symmetry of an elliptic curve and beyond

The well-known Gross–Siebert program for mirror symmetry aims at constructing

new mirror pairs and providing an algebraic framework for SYZ-mirror symmetry [28,

29,44]. For a pair of an algebraic variety X and a mirror X_, we can express invariants

of one in terms of the other. In particular, we can hope to express a generating series

of Gromov–Witten invariants in terms of integrals for the mirror. The philosophy how

tropical geometry can be exploited is illustrated in the following triangle:

tropical

GW-invariants

Gromov–Witten

invariants

(Feynman)

integrals

C
orrespondence

Theorem

Mirror symmetry

In many situations, correspondence theorems relating Gromov–Witten invariants

to their tropical counterparts are known [6, 15, 36, 37]. If we can relate the generating

function of tropical invariants to integrals, we obtain a proof of the desired mirror

symmetry relation using a detour via tropical geometry [27, 41].

The first and last author together with Bringmann and Buchholz studied the tri-

angle above for the case of Hurwitz numbers of an elliptic curve, revealing that indeed

a relation between counts of tropical covers and Feynman integrals holds, and that it

even holds on a fine level, i.e., summand by summand [10]. The tropical mirror sym-

metry theorem in particular implies equation (1.2).

In [11], we generalized the tropical mirror symmetry theorem to involve arbitrary

descendant Gromov–Witten invariants.

The main ingredient to prove tropical mirror symmetry is a bijection between

certain covers of graphs and monomials contributing to a Feynman integral (see [11,

Theorem 2.23]). The bijection we prove in [10] was tailored to the case of Hurwitz

numbers and does not apply to other situations. In [11], we distilled the capacity of

the bijective method, giving a theorem which holds for general types of graph covers

which can essentially be viewed as combinatorial types of leaky tropical covers.
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To relate generating series of curled pearl chains to Feynman integrals (thus prov-

ing equation (1.1)), we invoke this general bijection studied in [11].

Again, it is easy to treat the case of tropical curve counts of leaky degree with

the same methods. On the Feynman integral side, we then have to consider arbitrary

coefficients of the formal power series mentioned above and not just the constant

coefficient. The interpretation as path integral in complex analysis is restricted to the

case of constant coefficients.

1.4. Overview of the results

Our methodology and results can be summed up by the following chart. Equation (1.1)

as stated above is the equality of the very left side with the very right side. For the

intermediate equalities, we chose to prove more general versions (involving tropical

curve counts of leaky degree, curled pearl chains with leaking and Feynman integrals

which are (non-constant) coefficients of power series), since these generalizations can

be obtained essentially with the same effort and have potentially further applications

in the theory of tropical curve counts.

generating

series of GWI

of

in particular:

generating

series of

trop. GWI of

generating

series of trop.

curves of

leaky degree

generating

series of

curled pearl

chains

in particular:

without

leaking

Feynman

integrals as

coefficients

of power

series

in particular:

constant

coefficient

Feynman

integrals as

path integrals

in complex

analysis

(Section 2) (Section 3) (Section 4)

E P
1

ET P
1

T

1.5. Further generalization and limitations

For our study of generating series of Gromov–Witten invariants of E � P 1, we restrict

to invariants evaluating point conditions. This puts us within the scope of the cur-

rent techniques for correspondence theorems. It is also possible to evaluate points

and insert Psi-conditions, i.e., study stationary descendant Gromov–Witten invariants.

Preliminary work on correspondences exists for this case [16, 35]. It is more com-

plicated to relate the generating series of descendant Gromov–Witten invariants to

Feynman integrals however, as we can deduce from the experience in dimension one:

in [11], we study tropical mirror symmetry for descendant Gromov–Witten invariants

of an elliptic curve (see also [33, 34]). The difficulty that arises can be expressed in
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terms of the multiplicity with which we need to count tropical covers: if we restrict to

Hurwitz numbers, the multiplicity of a tropical cover is the product of edge expansion

factors. In the case of descendant Gromov–Witten invariants, we also obtain local ver-

tex contributions which are 1-point relative descendant Gromov–Witten invariants. In

dimension one, the generating series of 1-point relative descendant Gromov–Witten

invariants has a nice form and can be given in terms of sinus hyperbolicus [40]. This

nice form enables us to single out vertex contributions in Feynman integrals and to

prove a version of equation (1.2) involving descendant Gromov–Witten invariants.

To count descendant Gromov–Witten invariants of E � P
1 tropically, we also

have local vertex contributions which are 1-point relative descendant Gromov–Witten

invariants, but now of P 1 � P 1. We are not aware of a nice form for the generating

series of those. This momentarily limits our possibilities to generalize equation (1.1)

to descendant Gromov–Witten invariants.

As we outline in Construction 2.6, our methods can also be viewed as a step

towards future research involving counts of curves in E � P 1 satisfying tangency

conditions with the 1-section.

1.6. Organization of this paper

Section 2 is devoted to tropical curve counts and correspondence theorems. In Sec-

tion 3, we introduce pearl chains and curled pearl chains and prove the equality of

counts of curled pearl chains to tropical curve counts of leaky degree. In Section 4,

we prove the equality of our generating series to Feynman integrals. Consequences

concerning quasimodularity are discussed in Section 5.

1.7. Index of notation

The table on the next page gives an overview of the notations which are used fre-

quently in the paper.

2. Gromov–Witten invariants of E � P
1 and their tropical

counterparts

2.1. Gromov–Witten invariants of E � P
1 and relative Gromov–Witten

invariants of P
1

� P
1

Gromov–Witten invariants are virtually enumerative intersection numbers on moduli

spaces of stable maps. Let E be an elliptic curve. We study Gromov–Witten invariants

of E � P
1. A stable map of bidegree .d1; d2/ from a curve of genus g to E � P

1 with
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E � P 1 the target surface in which we consider curve counts

N.d1;d2;g/ the Gromov–Witten invariant counting stable maps to Def. 2.1

E � P 1 of bidegree .d1; d2/ and genus g satisfying

2d2 C g � 1 generic point conditions

ET a tropical elliptic curve, i.e., a metric circle §2.3

P
1
T

tropical P
1, i.e., an infinite line §2.3

ET � P
1
T

the tropical target surface in which we consider §2.3

tropical curve counts, an infinite cylinder

.�; f / a tropical stable map (� is the abstract tropical Def. 2.4

curve, i.e., a graph, f is the map)

� D ¹L1; : : : ; Ld2
º a leaky degree for tropical stable maps Def. 2.5

in ET � P
1
T

(for the most important applications,

Li D 0 for all i , we include the general case

only for the sake of completeness)

N
trop

.�;d1;d2;g/
the weighted number of connected tropical stable maps Def. 2.9

to ET � P
1
T

of leaky degree �, bidegree .d1; d2/

and genus g satisfying n generic point conditions

N
trop

.d1;d2;g/
the (most important) case without leaking, Def. 2.9

equal to N
trop

.¹0;:::;0º;d1;d2;g/
above

P a pearl chain Def. 3.1

�W P
0 ! ET a curled pearl chain, with P

0 a metrization Def. 3.2

of a pearl chain P

N
pearl

.�;d1;d2;g/
the weighted count of curled pearl chains of Def. 3.3

type .�; d2; g/ and degree d1

N
pearl

.d1;d2;g/
the (most important) case without leaking, Def. 3.3

equal to N
pearl

.¹0;:::;0º;d1;d2;g/
above

� an order Def. 4.2

I
l1;:::;ln

P ;�
.q/ the Feynman integral for the pearl chain P , Def. 4.2

the order �, and the leaking l1; : : : ; ln

IP ;�.q/ the (most important) case without leaking, Def. 4.2

equal to I
0;:::;0
P ;�

.q/

I
l1;:::;ln

P ;�
.q1; : : : ; qr/ the refined Feynman integral for the pearl chain P , Def. 4.2

the order � and the leaking l1; : : : ; ln

IP ;�.q1; : : : ; qr/ the (most important) case without leaking, Def. 4.2

equal to I
0;:::;0
P ;�

.q1; : : : ; qr/

I 0
P ;�

.q/ the complex analysis Feynman integral for the pearl Def. 4.3

chain P and the order �

I 0
P ;�

.q1; : : : ; qr/ the refined complex analysis Feynman integral for Def. 4.3

the pearl chain P and the order �

N
a a multidegree Def. 4.9

N v
P ;�;

N
a

the number of labeled curled pearl chains whose source curve 4.12

is a metrization of P , of order � and multidegree
N
a,

where the leaking is imposed by v
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n markings is a map f WC ! E, where C is a connected projective curve with at worst

nodal singularities, and with n distinct nonsingular marked points x1; : : : ; xn 2 C ,

such that f�.ŒC �/ is of class .d1; d2/ and f has a finite group of automorphism.

The moduli space of stable maps, denoted by xMg;n.E � P
1; .d1; d2//, is a proper

Deligne–Mumford stack of virtual dimension 2d2 C g � 1 C n, see [4, 5]. The i -th

evaluation morphism is the map evi W xMg;n.E � P 1; .d1; d2// ! E � P 1 that sends a

point ŒC; x1; : : : ; xn; f � to f .xi/ 2 E � P
1.

Definition 2.1. Fix g; n; .d1; d2/ with n D 2d2 C g � 1. The Gromov–Witten invari-

ant h�0.pt/ni
E�P1;.d1;d2/
g;n is defined as follows. As these numbers are the key players

in this paper, we introduce the special notation N.d1;d2;g/ as well:

N.d1;d2;g/ D h�0.pt/niE�P1;.d1;d2/
g;n D

Z

Œ xMg;n.E�P1;.d1;d2//�vir

nY

iD1

ev�
i .pt/; (2.1)

where pt denotes the class of a point in E � P 1.

To relate Gromov–Witten invariants of E � P
1 to their tropical counterparts, we

use a degeneration argument relating them to relative Gromov–Witten invariants of

P 1 � P 1, relative to the 0- and 1-section.

Let �C, �C, �� and �� be partitions such that the sum d1 of the parts in �C

and �C equals the sum of the parts in �� and ��. Let n1 D `.�C/ C `.��/ and

n2 D `.�C/ C `.��/. Consider the moduli space of relative stable maps to P
1 � P

1

xMg;n

�
P

1 � P
1; .�C; �C/; .��; ��/; .d1; d2/

�
;

where part of the data specified are the partitions of contact orders .�C; �C/ resp.

.��; ��/ which we fix over the 0- resp. 1-section in P
1 � P

1. The points of contact

with the 0- and 1-section are marked. We want to fix the points with contact orders

given by �C and ��, the ones with contact orders given by �C and �� are allowed

to move. A detailed discussion of spaces of relative stable maps and their boundary

can be found, e.g., in [45]. This moduli space is a Deligne–Mumford stack of virtual

dimension .g � 1/ C 2d2 C n C n1 C n2. For i D 1; : : : ;n, the i -th evaluation morph-

ism is the map evi W xMg;n.P 1 � P
1; .�C; �C/; .��; ��/; .d1; d2// ! P

1 � P
1 that

sends a point ŒC; x1; : : : ; xn; f � to f .xi/ 2 P 1 � P 1. The points marking the contact

points with the 0- and 1-section give rise to evaluation morphisms

bevi W xMg;n

�
P

1 � P
1; .�C; �C/; .��; ��/; .d1; d2/

�
! P

1:

Here, the target P
1 is the 0-section for �� and ��, and the 1-section for �C and �C.
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Definition 2.2. The relative Gromov–Witten invariant is defined as the following

intersection number on xMg;n.P 1 � P 1; .�C; �C/; .��; ��/; .d1; d2//:

h.��; ��/j�0.pt/nj.�C; �C/iP1�P1;.d1;d2/
g;n D

Z nY

j D1

ev�
j .Œpt�/

nCn1Y

iDnC1

bev�
i .Œpt�/ (2.2)

One can allow source curves to be disconnected, and introduce disconnected Gro-

mov–Witten invariants. We will add the superscript � anytime we refer to the discon-

nected theory.

The following statement is a consequence of the degeneration formula [31, 32],

see also [17, Theorem 4.7]:

Proposition 2.3. A Gromov–Witten invariant of E � P
1 equals a weighted sum of

relative Gromov–Witten invariants of P
1 � P

1:

N �
.d1;d2;g/ D

X

.�;�/`d1

Q
i �i

Q
j �j

j Aut.�/jj Aut.�/j
h.�; �/j�0.pt/nj.�; �/i

P1�P1;.d1;d2/;�

g�`.�/�`.�/;n
:

Here, the sum goes over all tuples of partitions which together form a partition .�; �/

of d1.

2.2. Tropical curves

An abstract tropical curve is a metric graph � with unbounded edges called ends

which have infinite length. We only consider explicit tropical curves here. Locally

around a point p, � is homeomorphic to a star with r halfrays. The number r is called

the valence of the point p and denoted by val.p/. We identify the vertex set of � as

the points of valence different from 2. Edges adjacent to leaf vertices (i.e., vertices

of valence 1) are required to have infinite length and are also called ends. Vertices

of valence greater than 1 are called inner vertices. Besides edges, we introduce the

notion of flags of � . A flag is a pair .V; e/ of a vertex V and an edge e incident to it

(V 2 @e). Edges that are not ends are required to have finite length and are referred

to as bounded or internal edges. A marked tropical curve is a tropical curve whose

ends are (partially) labeled. An isomorphism of a marked tropical curve is an isometry

respecting the end markings. The genus of � is given by its first Betti number. The

combinatorial type is the equivalence class of tropical curves obtained by identifying

any two tropical curves which differ only by edge lengths.
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2.3. Tropical E � P
1

We denote the tropical numbers R [ ¹�1º by T . The tropical projective line, P 1
T

,

equals R [ ¹˙1º. As in algebraic geometry, it is glued from two copies of the affine

line T using the tropicalization of the identification map on R: x 7! �x.

A (nondegenerate) tropical elliptic curve ET is a circle with a fixed length. The

tropical analogue of the surface we are interested in here, ET � P 1
T

can be viewed as

an infinite cylinder (see Figure 2). It is a tropical surface in the sense of [43, Defini-

tion 3.1].

ET

P
1

T

Figure 2. An illustration of ET � P
1
T

.

2.4. Tropical stable maps

A nice feature of tropical geometry is that often we do not have to use compactifica-

tions to get sufficient geometric information. This holds true for our counts of curves.

Therefore, we consider our tropical versions of stable maps as maps to R2. The com-

pactification is implicit in the choice of directions of the ends, resp. in the way they

glue.

In Definition 2.4, we first introduce the basic concept of a tropical stable map

to R2. Next, in Definition 2.5, we specify this concept in such a way that the tropical

stable maps in question can be interpreted as (building blocks of) maps to ET � P 1
T

by gluing opposite ends appropriately. In this definition, we introduce the concept of

a leaking degree first. We do this with a view towards further generalizations: maps

of non-trivial leaky degree can be compactified to produce a tropical stable map to

ET � P 1
T

satisfying tangency conditions at ET � 1 (see Construction 2.6 (2)). Most

natural, and most important for our main applications here, is the case where the leaky

degree is 0. We include the general case for the sake of completeness. The corres-

pondence theorem we prove in Section 2.5 relies on cutting open the infinite cylinder

and obtaining from the tropical stable maps within tropical stable maps in R2 with

tangency conditions on the cut line. The latter are known to produce relative Gromov–

Witten invariants. We introduce these tropical stable maps in Definition 2.10, and

relate them to tropical stable maps to ET � P
1
T

in Proposition 2.13.
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Definition 2.4. A tropical stable map to R
2 is a tuple .�; f / where � is a (not neces-

sarily connected) abstract tropical curve with n marked ends denoted by x1; : : : ; xn

and f W � ! R
2 is a map satisfying the following conditions.

(1) Integer affine on each edge. On each edge e of � , f is of the form

t 7! a C t � v with v 2 Z
2;

where we parametrize e as an interval of size the length l.e/ of e. The vector v, called

the direction, arising in this equation is defined up to sign, depending on the starting

vertex of the parametrization of the edge. We will sometimes speak of the direction

of a flag v.V; e/. If e is an end we use the notation v.e/ for the direction of its unique

flag.

(2) Balancing condition. At every vertex, we have

X

e2@V

v.V; e/ D 0:

For an edge with direction v D .v1; v2/ 2 Z
2, we call w D gcd.v1; v2/ the expan-

sion factor and 1
w

� v the primitive direction of e.

An isomorphism of tropical stable maps is an isomorphism of the underlying trop-

ical curves respecting the map. The combinatorial type of a tropical stable map is the

data obtained when dropping the metric of the underlying graph. More explicitly, it

consists of the data of a finite graph � , and for each edge e of � , the direction of e.

Definition 2.5. A (cut, open) tropical stable map to ET � P
1
T

of leaky degree � D

¹L1; : : : ; Ld2
º is a tropical stable map to R

2, with N > n marked ends satisfying the

following conditions.

(1) � is a multiset containing elements of Z such that
Pd2

iD1 Li D 0.

(2) End directions. The directions of the ends are given as follows:

• the marked ends xi , i D 1; : : : ; n, are contracted: v.xi/ D 0;

• there are d2 ends of direction .0; �1/. All these ends are unmarked;

• there are d2 (unmarked) ends of direction .Li ; 1/;

• the remaining ends are marked and of primitive direction .˙1; 0/.

(3) Gluing. The ends of primitive direction .˙1; 0/ come in pairs, one of direction

.1; 0/ and one of .�1; 0/, with the same expansion factor and the same y-coordinate.

When Li D 0 for all i D 1; : : : ; d2, we refer to these tropical stable maps as maps

without leaking.
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Construction 2.6. In two steps, we can produce a tropical stable map to ET � P
1
T

from a cut, open tropical stable map.

(1) We glue the pairs of ends in (2) of Definition 2.5 and partially compactify

by adding leaves at infinity for the ends of direction .0; �1/. The markings

for the ends which we glued are forgotten. The graph we obtain in this way

is denoted by � 0. The map f extends to � 0 and the image f .� 0/ is an open

tropical curve in ET � P
1
T

.

(2) To produce a tropical curve in ET � P
1
T

, we need to mark the ends of direc-

tions .Li ; 1/ and fix the following additional data.

(a) A partition of � into subsets �i D ¹Li1 ; : : : ; Liki
º satisfying

P
Lij D 0

for all i .

(b) For each subset �i a 3-valent tree Ti that satisfies the following.

(i) The tree Ti has ki C 1 leaves, where each Lij for j D 1; : : : ; ki

appears as a label of a leaf and exactly one leaf, called the root

vertex, is unlabeled.

(ii) The tree Ti is balanced in the following sense. Equip Ti with the

orientation that is induced by the root vertex such that the edge

adjacent to the root vertex points towards the root vertex (notice

that every non-leaf vertex of Ti has precisely 2 incoming edges

and 1 outgoing edge). Equip each edge adjacent to a leaf labeled

by Lij with the weight Lij 2 Z. For every non-leaf vertex V of Ti ,

define the adjacent edges’ weights by balancing, i.e., the outgoing

edge’s weight of V is the sum of the two incoming edges’ weights.

We do not allow a vertex V of Ti to have two incoming edges of

the same weight .

(c) Each non-leaf vertex V of Ti is decorated with a number nV 2 N>0.

With this additional data, we can produce a (compact) tropical curve in

ET � P
1
T

from the open one. If two leaves L1 and L2 are adjacent to a ver-

tex V in Ti (in particular, L1 ¤ L2 by condition (2b)), the two open ends of

direction .L1; 1/ and .L2; 1/ meet in ET � P
1
T

. At their nV -th meeting point,

we let them merge to a 3-valent vertex and start a new open end at that vertex

whose direction is determined by the balancing condition. We cut the cherry

corresponding to L1 and L2 from the tree Ti and continue recursively with

the new tree. Finally, we end up with the edge adjacent to the root vertex that

produces an end of vertical direction .0; ki /, which we compactify by adding

vertices at infinity. In this way, we produce a tropical curve in ET � P
1
T

whose

upper vertical ends may have non-trivial expansion factors.
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Here, we focus on the open tropical curves we obtain using step (1) above. In par-

ticular, we will provide methods to count such open tropical curves and study their

generating functions. We believe that our methods can be used in future research

focusing on counts of curves in ET � P
1
T

with ends of non-trivial expansion factors,

i.e., tropicalizations of curves in E � P
1 satisfying tangency conditions with the

1-section (see Figure 4).

Note that for curves without leaking, step (2) of Construction 2.6 is trivial: we only

compactify by adding vertices at infinity for the vertical ends of direction .0; 1/. We

also neglect markings for these upper vertical ends. These curves, providing counts of

curves satisfying point conditions in E � P 1, play the main role in our study.

Two tropical stable maps are equivalent, if they differ only in the markings for the

ends of primitive direction .˙1; 0/, i.e., the glued graph and map to ET � P
1
T

from

Construction 2.6 (1) coincide. By abuse of notation, we will consider tropical stable

maps only up to equivalence.

Depending on the image of their end vertices, an end of direction .L1; 1/ and

an end of direction .L2; 1/ of a cut tropical stable map can intersect. In the dual

subdivision for f .�/, such an intersection corresponds to a parallelogram. Consider

the dual subdivision without these parallelograms, and let d1 be the minimal distance

of its vertices to its base line. Let d2 be the number of ends of direction .0; �1/ which

equals the number of ends of direction .Li ; 1/ for all i . We call .d1; d2/ the bidegree

(see Figure 3) of the tropical stable map .�; f / for leaky degree � to ET � P
1
T

.

We define the genus of a tropical stable map .�; f / to ET � P
1
T

to be the genus

of the graph � 0 obtained by gluing pairs of ends of � as in Construction 2.6 (1). We

say that a tropical stable map to ET � P
1
T

is connected if � 0 is connected. If � ` d1

is the partition of expansion factors of the ends of � of direction .1; 0/ (equivalently,

.�1; 0/) and the genus of .�; f / is g, then � has genus g � `.�/.

For points p1; : : : ; pn 2 R2, a tropical stable map .�; f / to ET � P
1
T

satisfies

the point conditions .p1; : : : ; pn/ if the point f .xi / to which the end marked xi is

contracted equals pi .

Notice that a tropical stable map to ET � P
1
T

satisfying point conditions can be

viewed as a tropical curve to the plane satisfying end and point conditions, where the

end conditions are imposed by gluing (see Definition 2.10). In particular, the theory

of counts of plane tropical curves applies (see [23–25, 36]). The end conditions that

are imposed by gluing are not necessarily in general position, for example there can

be an edge of the glued graph � 0 in Construction 2.6 (1) that is ”curled” several times.

In � , this edge is cut into several connected components which are all mapped to the

same horizontal line. If we shift the end conditions slightly, we have a tropical stable

map to R
2 satisfying general conditions, and thus it is 3-valent and, away from the

contracted marked ends, locally an embedding.
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Example 2.7. Let p1; : : : ;p5 2 R
2 be some general positioned points. Figure 5 shows

a tropical stable map to ET � P
1
T

of leaky degree � D ¹�1;1º with a curled edge such

that the point conditions are satisfied. Note that we need to fix pairs of ends with the

same y-coordinate to make the gluing unique.

For n WD 2d2 C g � 1 points p1; : : : ; pn 2 R2 in tropical general position, there

are finitely many tropical stable maps .�; f / to ET � P 1
T

of bidegree .d1; d2/ and

genus g satisfying the point conditions. Furthermore, each � is 3-valent, and f is an

embedding locally around the vertices which are not adjacent to contracted ends. In

particular, we can define the multiplicity of a tropical stable map as in the original

count of plane curves [36].

2

d2 D 2

d1 D 1

Figure 3. From left to right: the cut tropical stable map f .�/ to ET � P
1
T

of bidegree

.d1; d2/ D .1; 2/ and genus 1 and a non-cut picture, where we used Construction 2.6 with

two trivial trees T1; T2 consisting of two leaves each, and glued the ends with the black squares.

The leaky degree is ¹�1; 1º.

L1 1L2 D 1

root

vertex

T1

V

Figure 4. On the left, there is an example of a tree T1 as in Construction 2.6 with its orientation

and labels. On the right, we see a glued picture that is produced by Construction 2.6 by taking

the left curve in Figure 3, the tree T1 and nV D 2. The two arrows mark the intersections which

we need to take into account for nV D 2.
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p1

p2

p3
p4

p5

Figure 5. A (cut) tropical stable map satisfying point conditions. Note that one edge is curled

once. The different pairs of end markings tell us how to glue, but note that we shifted the y-

coordinates of glued ends a bit in order to get a better picture (in fact their y-coordinates are the

same).

Definition 2.8. Let .�; f / be a tropical stable map to ET � P
1
T

, such that � is

3-valent, and f is an embedding locally around the vertices which are not adjacent

to marked ends. For a vertex V of � which is not adjacent to a marked contracted

end, we define its vertex multiplicity multV .�; f / to be j det.v1; v2/j, where v1 and

v2 denote the direction vectors of two of its adjacent edges.

We define the multiplicity of .�; f / to be the product of its vertex multiplicities:

mult.�; f / D
Y

V

multV .�; f /;

where the product goes over all vertices not adjacent to marked ends.

Definition 2.9. Fix positive integers d1, d2 and g. Fix n D 2d2 C g � 1 points

p1; : : : ; pn 2 R
2 in tropical general position. Let N

trop

.�;d1;d2;g/
be the number of con-

nected tropical stable maps to ET � P
1
T

of leaky degree �, bidegree .d1; d2/ and

genus g satisfying the point conditions p1; : : : ; pn, counted with multiplicity as in

Definition 2.8. If we only list 3 subscripts, this refers to the case without leaking:

N
trop

.d1;d2;g/
D N

trop

.¹0;:::;0º;d1;d2;g/
.

As usual, the analogous count of not necessarily connected tropical stable maps is

denoted by N
trop;�

.�;d1;d2;g/
, resp. N

trop;�

.d1;d2;g/
.

Definition 2.10. Fix partitions �C, �C, �� and �� such that the sum d1 of the parts

in �C and �C equals the sum of the parts in �� and ��. Let n1 D `.�C/ C `.��/

and n2 D `.�C/ C `.��/. Fix n 2 N>0 and a leaky degree � D ¹L1; : : : ;Ld2
º which

is a multiset containing elements of Z such that
Pd2

iD1 Li D 0.

A relative tropical stable map matching the discrete data above is a (not necessar-

ily connected) tropical stable map to R
2 of leaky degree �, with n C n1 C n2 marked

ends satisfying the following conditions. The direction of the ends are imposed as

follows:



J. Böhm, C. Goldner, and H. Markwig 136

• the marked ends xi for i D 1; : : : ; n are contracted: v.xi / D 0;

• the other marked ends are of primitive direction .˙1; 0/;

• there are d2 ends of direction .0; �1/;

• there is an end of direction .Li ; 1/ for each i D 1; : : : ; d2;

• the partition of expansion factors of the marked ends with primitive direction

.�1; 0/ is .�C; �C/;

• the partition of expansion factors of the marked ends with primitive direction .1;0/

is .��; ��/.

The genus of a relative tropical stable map .�; f / is defined to be the genus of � .

We say .�; f / is connected if � is.

For relative tropical stable maps, we can impose end conditions by requiring that

the y-coordinate of the horizontal line to which f .xi/ is mapped equals a fixed value

yi for the end marked i . By convention, we fix y-coordinates for the ends correspond-

ing to �C and ��. For points and end conditions in general position, every relative

tropical stable map satisfying the conditions has a 3-valent source graph and is locally

an embedding. We can define its multiplicity similar to Definition 2.8:

Definition 2.11. Let �C, �C, �� and ��, �, d1, d2, n, n1 and n2 be as in Defini-

tion 2.10. Fix n points in general position and n1 y-coordinates for ends. For a relative

tropical stable map .�;f / satisfying the points- and end conditions, we define its mul-

tiplicity as follows:

mult.�; f / D
1Q

�C
i

Q
j ��

j

Y

V

multV .�; f /;

where the product goes over all vertices V not adjacent to contracted ends and the

multiplicity multV .�; f / is defined in Definition 2.8.

Definition 2.12. Fix �C, �C, �� and ��, �, d1, d2, n, n1 and n2 as in Defini-

tion 2.10, and a genus g, where we impose n D n2 C 2d2 C g � 1: Fix n points in

general position and n1 y-coordinates for ends.

For the invariant

h.��; ��/j�0.pt/nj.�C; �C/itrop;�;.d1;d2/
g;n ;

we count connected relative tropical stable maps of genus g, matching the data and

satisfying the conditions with their multiplicity as defined in Definition 2.11. The

invariant

h.��; ��/j�0.pt/nj.�C; �C/itrop;�;.d1;d2/;�
g;n

denotes the analogous count of not necessarily connected relative tropical stable maps.
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For the case � D ¹0; : : : ; 0º, as usual we just drop the superscript from the notation

above.

Proposition 2.13. The number N
trop;�

.�;d1;d2;g/
of tropical stable maps to ET � P

1
T

of

leaky degree �, bidegree .d1; d2/ and genus g satisfying generic point conditions

equals a sum of counts of relative tropical stable maps:

N
trop;�

.�;d1;d2;g/
D

X

.�;�/`d1

Q
i �i

Q
j �j

j Aut.�/jj Aut.�/j
h.�; �/j�0.pt/nj.�; �/i

trop;�;.d1;d2/;�

g�`.�/�`.�/;n
:

Here, the sum goes over all pairs of partitions .�; �/ of d1.

In particular, the corresponding equality holds for the case � D ¹0; : : : ; 0º, for

which we drop the superscript � from the notation above.

Proof. Fix a tropical stable map .�; f / to ET � P
1
T

contributing to N
trop;�

.�;d1;d2;g/
.

Consider � minus the closures of the contracted ends. Since the point conditions

are in general position, each connected component contains at least one end. There

can be connected components of � which just consist of a single unbounded edge

of primitive direction .˙1; 0/, we will consider the left and the right part as an end.

Such connected components arise from edges of the glued graph � 0 from Construc-

tion 2.6 (1) which are curled multiple times. Let us first consider ends which are not

part of such connected components.

An end is fixed by the point conditions if it is the unique end in its connected

component. The other ends are moving: we can form a 1-parameter family of tropical

stable maps of the same combinatorial type that still meet the point conditions by

shifting one of the moving ends slightly and letting the other edges follow.

We treat one end of a component consisting of a single unbounded edge as a fixed

end, and the other as a moving end, opposite to the assignment of the end they glue

to.

Let � be the partition of expansion factors of ends of primitive direction .�1; 0/

which are fixed by the point conditions, and � the partition of expansion factors of

ends of primitive direction .�1;0/ which are moving. Then .�;�/ is a partition of d1.

Furthermore, the gluing condition implies that the expansion factors of the ends of

primitive direction are also given by .�; �/, however, the ones corresponding to �

must be moving, since the gluing already imposes a condition on them. Vice versa,

the ones corresponding to � must be fixed, since they impose conditions by gluing.

In this way, we can interpret each tropical stable map to ET � P
1
T

as a relative

tropical stable map.

The factors of
Q

i �i

Q
j �j show up because the multiplicity of the relative trop-

ical stable maps differs from the multiplicity of the tropical stable map to ET � P
1
T

by

factors of 1
w

for each expansion factor w of fixed ends, and the ends with expansion
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factors �j are fixed on the left while the ones with expansion factors �i are fixed on

the right.

The factors of 1
j Aut.�/jj Aut.�/j

show up because the relative tropical stable maps

have marked ends of primitive direction .˙1; 0/, and we forget such markings for

tropical stable maps to ET � P
1
T

.

2.5. Correspondence theorems

Correspondence theorems for relative Gromov–Witten invariants of Hirzebruch sur-

faces have been studied before [17, 23]:

Theorem 2.14. Relative Gromov–Witten invariants of P
1 � P

1 are equal to their

tropical counterparts. This holds both for the connected and the disconnected theory:

h.�; �/j�0.pt/nj.�; �/iP1�P1;.d1;d2/
g;n D h.�; �/j�0.pt/nj.�; �/itrop;¹0;:::;0º;.d1;d2/

g;n

and

h.�; �/j�0.pt/nj.�; �/iP1�P1;.d1;d2/;�
g;n D h.�; �/j�0.pt/nj.�; �/itrop;¹0;:::;0º;.d1;d2/;�

g;n :

Using the degeneration formula in Proposition 2.3 together with the tropical rela-

tion of counts of stable maps to ET � P
1
T

and relative tropical stable maps, Proposi-

tion 2.13, we can deduce:

Theorem 2.15 (correspondence theorem). Gromov–Witten invariants of E � P
1

agree with the corresponding tropical counts of stable maps to ET � P
1
T

without

leaking:

N �
.d1;d2;g/ D N

trop;�

.d1;d2;g/
:

Since connectedness can be read off the dual graph of a degeneration, we can also

deduce the version for connected numbers:

N.d1;d2;g/ D N
trop

.d1;d2;g/
:

3. Pearl chains

Using a floor diagram technique, we introduce a finite method to list all tropical stable

maps of genus g, leaky degree � and bidegree .d1; d2/ to ET � P
1
T

– we count curled

pearl chains.

A floor diagram technique relies on picking particular point conditions for which

a further degeneration for the tropical stable maps is achieved: as in Figure 8, each
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tropical stable map satisfying the particular point conditions can be split into its hori-

zontal edges (of which each meets a point) and its so-called floors. These remaining

parts, the floors, each contain one downward- and one upward-pointing end and meet

precisely one point also. By shrinking the floors to white vertices, we obtain a bipart-

ite graph, which, due to its embedding in ET � P
1
T

, comes with a natural projection

to ET . This projection is what we call a curled pearl chain, the source is what we call

a pearl chain. The process how to obtain a curled pearl chain from a tropical stable

map to ET � P
1
T

is described in Construction 3.5.

3.1. Pearl chains and curled pearl chains

Definition 3.1. Let d2 and g be positive integers. A pearl chain of type .d2; g/ is a

(non-metric) connected graph P of genus g. It has d2 white and d2 C g � 1 black

vertices. Edges can only connect a white with a black vertex, but not vertices of the

same color. Black vertices must be 2-valent, white vertices can have any valency.

There are no cycles of length two. For examples of pearl chains, see Figure 6.

Figure 6. Some examples of pearl chains of type .3; 2/ and a non-example (the right picture

contains a cycle of length 2).

To define curled pearl chains, we have to define tropical covers first. A tropical

cover �W �1 ! �2 is a surjective map of metric graphs. The map � is piecewise

integer affine linear, the slope of � on a flag or edge e is a nonnegative integer called

the expansion factor we 2 N>0.

For a point v 2 �1, and a flag f 0 adjacent to �.v/, the local degree of � at v with

respect to f 0 is defined as the sum of the expansion factors of all flags f adjacent to

v that map to f 0:

dv;f 0 D
X

f 7!f 0

wf : (3.1)

We define the harmonicity or balancing condition at v to be the fact that the local

degree is independent of the choice of f 0 (see [1, Section 2]).

Consider a tropical cover �W � ! ET to a tropical elliptic curve, and assume

that the images of the vertices of � are distinct. Let p 2 ET be the image of the
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vertex v. For each other point in ��1.p/, balancing is satisfied. Fix an orientation

of ET . Let f1 and f2 be the two flags of ET adjacent to p, ordered such that the

orientation is respected. We say that there is a leaking of L 2 Z at p (resp. at v) if

dv;f1
� dv;f2

D L. If not all vertices of a tropical cover �W � ! ET satisfy balancing,

but some have leaking, we say that it is a leaky tropical cover.

For a leaky tropical cover �W � ! ET , we let the degree be the minimum of all

sums over all local degrees of preimages of a point a with respect to an adjacent flag

f 0, d D
P

p 7!a dp;f 0 .

Definition 3.2. Fix positive integers d2; g and a multiset � D ¹L1; : : : ;Ld2
º contain-

ing elements of Z such that
Pd2

iD1 Li D 0. Let n D 2d2 C g � 1. Let ET be a tropical

elliptic curve on which we fix n C 1 points p0; : : : ; pn (notice that this choice fixes

an orientation of ET ). Let P be a pearl chain of type .d2; g/. A curled pearl chain of

type .�; d2; g/ is a leaky tropical cover �W P
0 ! ET , where P

0 is a metrization of

P , such that each ��1.pi / contains one vertex for i D 1; : : : ; n, and such that

• each element L of � corresponds to a white vertex with leaking L (in particular,

there are d2 white vertices), and

• the black vertices are balanced.

Definition 3.3. Let N
pearl

.�;d1;d2;g/
be the weighted count of curled pearl chains of type

.�; d2; g/ and degree d1. Each curled pearl chain is counted with multiplicity
Q

e we ,

the product over all expansion factors of edges. If we write N
pearl

.d1;d2;g/
, this refers to

the case without leaking � D ¹0; : : : ; 0º, i.e., N
pearl

.d1;d2;g/
D N

pearl

¹0;:::;0º.d1;d2;g/
.

Example 3.4. We want to determine N
pearl

.2;2;1/
. We list curled pearl chains of type .2;1/

and degree 2 below, where we suppress ET and the map � and fix the upper white

vertex as preimage of p1 instead (the numbers i of the vertices in Figure 7 indicate

to which point pi on ET the vertices are mapped to). One curled pearl chain has

multiplicity 24 D 16 and the rest has multiplicity 1. So, Figure 7 yields 16 C 14 D 30

curled pearl chains counted with multiplicity. Since all vertices are 2-valent, we can

exchange the colors (i.e., fix a black vertex as preimage of p1) and obtain a factor 2.

Therefore, N
pearl

.2;2;1/
D 60:

3.2. Floor-decomposed tropical stable maps to ET � P
1

T

Since the images of tropical stable maps to ET � P
1
T

can be viewed as tropical plane

curves, we can also make use of the floor diagram technique [14, 22]: we use a hori-

zontally stretched set of point conditions (see [22, Definition 3.1]).

Every tropical stable map .�; f / of leaky degree � D ¹L1; : : : ; Ld2
º satisfying

these conditions is floor-decomposed, i.e., every connected component of � minus
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Figure 7. Curled pearl chains contributing to N
pearl

.2;2;1/
.

the edges of primitive direction .˙1; 0/ (called a floor) contains exactly one marked

end, one end of direction .0; �1/ and one end of some direction .Li ; 1/. Further-

more, each edge of primitive direction .˙1;0/ (called an elevator), except for n1 ends

whose y-coordinates are imposed by the gluing condition, is adjacent to precisely one

marked end.

Construction 3.5. Given a floor-decomposed tropical stable map .�; f / to ET � P
1
T

of bidegree .d1; d2/ and genus g satisfying n D 2d2 C g � 1 horizontally stretched

point conditions, we associate a curled pearl chain �W P
0 ! ET as follows.

As in Construction 2.6 (1), let � 0 be the graph obtained from � by gluing the pairs

of ends of primitive direction .˙1;0/. Shrink each floor in � 0 to a white vertex. Shrink

the marked points on elevators to black vertices. The graph obtained in this way is P
0.

Its edges correspond to elevator edges of � 0, see Figure 8.
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p1

p2

p3
p4

p5

Figure 8. Left: the tropical stable map to ET � P
1
T

of leaky degree ¹�1; 1º with a curled edge

from Example 2.7, where we indicated the floors. Right: the curled pearl chain construction 3.5

associates to this curve (we suppressed the map �).

Let pr denote the vertical projection of ET � P
1
T

to a tropical elliptic curve and

let p1; : : : ; pn be the images of the horizontally stretched point conditions. The map

� can be viewed as the composition of (the extension of) f with pr. It maps the white

vertex arising from the floor containing xi to pi in E, and the black vertex arising

from xj to pj . The edge of P arising from an elevator edge of � 0 is mapped as the

projection of the elevator edge. The expansion factors we of the edges of P are given

as the expansion factors of the corresponding elevator edges of � 0. Note that the leaky

degree of the tropical stable map and the leaking of the associated curled pearl chain

coincide.

Lemma 3.6. Construction 3.5 associates a curled pearl chain �W P 0 ! ET of type

.�; d2; g/ and degree d1 to a floor-decomposed connected tropical stable map .�; f /

to ET � P
1
T

of leaky degree �, bidegree .d1; d2/ and genus g.

Proof. Set � D ¹L1; : : : ; Ld2
º. The tropical stable map has d2 ends of direction

.0; �1/ and exactly one end of directions .Li ; 1/ for each i D 1; : : : ; d2, and each

floor contains one end of direction .0; �1/ and one of direction .Li ; 1/ for some i .

The white vertices of P 0 come from the d2 floors. The black vertices come from the

remaining d2 C g � 1 points. Every elevator edge of � 0 must be fixed by a point, so

the corresponding edge in P must be adjacent to a black vertex. An edge cannot con-

nect two black vertices, since this would correspond to an elevator edge adjacent to

two contracted ends, which would then be mapped to the same horizontal line. Since

the point conditions are general, two contracted ends cannot be mapped to the same

horizontal line. It follows that each edge of P
0 is adjacent to one black and one white

vertex. A black vertex comes from a contracted end and its two adjacent elevator

edges, it must be 2-valent. The graph P
0 arises from the glued graph � 0 of Construc-

tion 2.6 (1) by shrinking floors resp. ends, hence it has the same genus. Assume P 0

had a cycle of length 2, which necessarily connects a white with a black vertex. This
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would correspond to an elevator edge of � 0, starting at the floor corresponding to the

white vertex and returning to the same floor with the same y-coordinate. The balan-

cing condition implies that the floor cannot have a 3-valent vertex adjacent to those

two edges, the elevator loop would form a separate connected component, which we

excluded. Thus P
0 has no cycles of length 2. It follows that P , which equals P

0 after

forgetting metric data, is a pearl chain of type .d2; g/. From the construction of the

map � , it is clear that the preimage of each pi contains exactly one vertex. Also,

the two flags adjacent to a black vertex are mapped to the two flags in E adjacent to

the image vertex, and that their expansion factors agree: they correspond to the two

elevator edges adjacent to a contracted end, which by the balancing condition must

have direction .we; 0/ resp. .�we; 0/. For a white vertex, which represents a floor

of .�; f /, note that it has two non-contracted ends of direction .0; �1/ and .Li ; 1/

for some i . The other edges leaving the floor are the elevators, they are of primitive

direction .˙1; 0/. It follows from the balancing condition that there is leaking of � at

the white vertices. Thus, �W P 0 ! ET is a curled pearl chain of type .�; d2; g/. For

a floor-decomposed tropical stable map, the first entry of the bidegree .d1; d2/ equals

the minimum of the sums of expansion factors of all elevators passing a fixed vertical

line. This equals the degree of the curled pearl chain constructed from .�; f /.

3.3. Counts of tropical stable maps to ET � P
1

T
of leaky degree and pearl chains

Theorem 3.7. The count of curled pearl chains of type .�;d2; g/ and degree d1 from

Definition 3.3 equals the number of connected tropical stable maps to ET � P
1
T

of

leaky degree �, genus g and bidegree .d1; d2/ (see Definition 2.5):

N
pearl

.�;d1;d2;g/
D N

trop

.�;d1;d2;g/
:

In particular, for the case without leaking, we have

N
pearl

.d1;d2;g/
D N

trop

.d1;d2;g/
:

Proof. Given a tropical stable map contributing to N
trop

.�;d1;d2;g/
, we know from Con-

struction 3.5 and Lemma 3.6 how to construct a curled pearl chain contributing to

N
pearl

.�;d1;d2;g/
. Here, we want to show that Construction 3.5 yields a bijection between

the set of tropical stable maps contributing to N
trop

.�;d1;d2;g/
and the set of curled pearl

chains contributing to N
pearl

.�;d1;d2;g/
, and that each tropical stable map counts with the

same weight as the associated curled pearl chain.

Pick generic horizontally stretched points p0
1; : : : ; p0

n in R
2. Given a curled pearl

chain �W P
0 ! ET , each vertex of P corresponds to a point p1; : : : ; pn 2 ET via its

image under the map � . We construct a tropical stable map .�;f / satisfying the point

conditions p0
1; : : : ; p0

n starting from local pieces of the image f .�/ � R
2.
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For a black vertex mapping to pi 2 E, we draw germs of elevator edges adjacent

to p0
i . Each elevator edge of the glued graph � 0 must be fixed by a unique point. We

draw end germs for elevator edges of � which are moving ends, but whose y-coordin-

ate is imposed by the gluing conditions. If an edge of P curls multiple times, this

corresponds to multiple connected components of � consisting of a single edge which

is mapped to a horizontal line.

Consider a white vertex mapping to pj 2 E. It corresponds to a floor which sat-

isfies the point condition p0
j . In � , a floor can be viewed as a path connecting an end

of direction .0; �1/ with an end of direction .Li ; 1/ – the choice of i here depends on

the leaking of the corresponding white vertex. The edges adjacent to this path in � are

elevator edges, and they correspond to the edges of P adjacent to the white vertex.

There is a unique way to connect the corresponding elevator edges (for which the hori-

zontal line to which they map is already fixed) via a path, and to map this floor with f ,

such that it meets the point p0
j . In this way, we have constructed a floor-decomposed

stable map .�; f /. This construction is obviously inverse to Construction 3.5, and so

it follows in particular that the discrete data matches.

The multiplicity of .�; f / is given by the product of its local vertex multiplicities

(see Definition 2.8). Each 3-valent vertex V which is not adjacent to a contracted end

is contained in a floor. Thus V is adjacent to an elevator e. Hence, the multiplicity

multV .�; f / of V is given by

multV .�; f / D

ˇ̌
ˇ̌det

�
we �

0 ˙1

�ˇ̌
ˇ̌ D we;

where the first column is the direction of the elevator e and the second column is the

direction of another edge adjacent to V . From the directions of the non-contracted

ends that belong to the floor – .0; �1/ and .Li ; 1/ – and the balancing condition,

it follows that the y-coordinate of the direction vector must be ˙1. Thus, every such

vertex V contributes a factor of the expansion factor of its adjacent elevator edge. Vice

versa, every elevator edge is adjacent to one contracted end and one such vertex V .

It follows that mult.�; f / equals the product of the expansion factors of its elevators,

which equals the weight with which the associated curled pearl chain contributes to

N
pearl

.�;d1;d2;g/
by Construction 3.5 and Definition 3.3.

4. Generating series and Feynman integrals

In this section, we study generating series of the numbers N
trop

.�;d1;d2;g/
in terms of

Feynman integrals.
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4.1. Feynman integrals

Definition 4.1 (the propagator). We define the propagator

p.z; q/ WD
1

4�2
}.z; q/ C

1

12
E2.q2/

in terms of the Weierstraß-P-function } and the Eisenstein series

E2.q/ WD 1 � 24

1X

dD1

�.d/qd :

Here, � D �1 denotes the sum-of-divisors function �.d/ D �1.d/ D
P

mjd m.

Changing coordinates x D ei�z , the propagator has the following nice form (see

[10, Theorem 2.22]):

P.x; q/ D �

1X

dD1

d � xd �

1X

nD1

�X

d jn

d.xd C x�d /
�
qn: (4.1)

Here, we let jxj < 1 and use a geometric series expansion (see [10, Lemma 2.23]).

Definition 4.2 (Feynman integrals). Let P be a pearl chain of type .d2; g/. We fix a

labeling x1; : : : ; xn of its vertices and a labeling q1; : : : ; qr of its edges.

Let � be a total order of the n vertices of P .

Denote the vertices adjacent to the edge qk by xk1 and xk2 , where we assume

xk1 < xk2 in �.

For integers l1; : : : ; ln and using equation (4.1), we define the Feynman integral

for P and � to be

I
l1;:::;ln

P ;�
.q/ D Coef

Œx
l1
1

:::x
ln
n �

rY

kD1

P
�xk1

xk2

; q
�

and the refined Feynman integral to be

I
l1;:::;ln

P ;�
.q1; : : : ; qr/ D Coef

Œx
l1
1

:::x
ln
n �

rY

kD1

P
�xk1

xk2

; qk

�
:

Finally, we set

I
l1;:::;ln

P
.q/ D

X

�

I
l1;:::;ln

P ;�
.q/

where the sum goes over all nŠ orders of the vertices of � , and

I
l1;:::;ln

P
.q1; : : : ; qr/ D

X

�

I
l1;:::;ln

P ;�
.q1; : : : ; qr /:
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If we drop the superscript l1; : : : ; ln in the notations above, then this stands for

li D 0 for all i .

For the case li D 0 for all i , a Feynman integral can be viewed as a path integral

in complex analysis:

Definition 4.3 (Feynman integrals in complex analysis). Let P be a labeled pearl

chain as in Definition 4.2. Let � be an order.

Pick starting points of the form iy1; : : : ; iyn in the complex plane, where the yj

are pairwise different small real numbers. We define integration paths 
1; : : : ; 
n by


j W Œ0; 1� ! C; t 7! iyj C t;

such that the order of the real coordinates yj of the starting points of the paths

equals �. We then define the integral

I 0
P ;�.q/ WD

Z

zj 2
j

rY

kD1

�
�p.zk1 � zk2 ; q/

�
; (4.2)

where p.z; q/ is the propagator of Definition 4.1, and the refined version

I 0
P ;�.q1; : : : ; qr/ WD

Z

zj 2
j

rY

kD1

�
�p.zk1 � zk2 ; qk/

�
: (4.3)

Here, as in Definition 4.2, xk1 and xk2 are the two vertices adjacent to an edge qk .

Finally, we set

I 0
P

.q/ D
X

�

I 0
P ;�.q/ and I 0

P
.q1; : : : ; qr/ D

X

�

I 0
P ;�.q1; : : : ; qr/:

Since the propagator p.z; q/ is an even function, it is not important here in which

way the vertices xk1 and xk2 of qk are ordered. The order � is only important for the

arrangement of the integration paths.

Theorem 4.4. The complex analysis version of Feynman integrals agrees with the

version from Definition 4.2, using constant coefficients of formal series:

IP ;�.q/ D I 0
P ;�.q/ and IP ;�.q1; : : : ; qr/ D I 0

P ;�.q1; : : : ; qr/:

For a proof, see [10, Lemma 2.25].
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4.2. Generating series and Feynman integrals

We first state the main theorem and its corollaries involving generating series of counts

of curled pearl chains, tropical stable maps of leaky degree, and Gromov–Witten

invariants.

Theorem 4.5. Fix positive integers d2; g and a multiset � D ¹L1; : : : ; Ld2
º contain-

ing elements of Z such that
Pd2

iD1 Li D 0. The generating series of counts of curled

pearl chains of type .�;d2;g/ (see Definition 3.3) equals a sum of Feynman integrals:

X

d1

N
pearl

.�;d1;d2;g/
qd1 D

X

P

1

j Aut.P /j

X

v

X

�

I v
P ;�.q/:

The first sum on the right-hand side goes over all pearl chains of type .d2; g/

(see Definition 3.1), the second over all vectors v which associates the leakings

L1; : : : ; Ld2
to the white vertices of P , and 0 to the black vertices.

We call the vectors v over which we sum in Theorem 4.5 the suitable leaking

vectors.

Remark 4.6. Notice that the generating series on the left of the equality in The-

orem 4.5 can be stratified into summands for pearl chains also – counting only those

curled pearl chains �WP 0 ! ET for a fixed pearl chain P . The equality holds for each

summand indexed by a pearl chain P .

Using Theorem 3.7 and, for � D ¹0; : : : ; 0º, the correspondence theorem 2.15, we

can interpret the generating series on the left as generating series of counts of tropical

stable maps to ET � P
1
T

of some leaky degree �, and, for � D ¹0; : : : ; 0º, also as the

generating series of Gromov–Witten invariants of E � P 1. In the latter case, we can

also use the complex analysis version of Feynman integral.

Corollary 4.7. Fix positive integers d2;g and a leaky degree �. The generating series

of counts of connected tropical stable maps to ET � P
1
T

of leaky degree, genus g and

bidegree .d1; d2/ (see Definition 2.9) equals a sum of Feynman integrals:

X

d1

N
trop

.�;d1;d2;g/
qd1 D

X

P

1

j Aut.P /j

X

v

X

�

I v
P ;�.q/:

The first sum on the right-hand side goes over all pearl chains of type .d2; g/ (see

Definition 3.1), the second over all suitable leaking vectors.

Proof. This follows from Theorem 4.5 and Theorem 3.7, since the generating series

on the left are equal.
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Also here, the left-hand side can be stratified into sums corresponding to a fixed

pearl chain, where we sum only over those tropical stable maps .�; f / whose glued

graph � 0 (see Construction 2.6 (1)) equals P after shrinking floors and contracted

ends and forgetting the metric. We denote those counts by N
trop;P

.�;d1;d2;g/
. For each

pearl chain P , we have

X

d1

N
trop;P

.�;d1;d2;g/
qd1 D

1

j Aut.P /j

X

v

X

�

I v
P ;�.q/;

where the sum goes over all suitable leaking vectors.

Corollary 4.8. Fix positive integers d2 and g. The generating series of Gromov–

Witten invariants of E � P
1 of genus g and bidegree .d1; d2/ (see Definition 2.1)

equals a sum of Feynman integrals:

X

d1

N .d1; d2; g/qd1 D
X

P

1

j Aut.P /j

X

�

I 0
P ;�.q/:

The first sum on the right-hand side goes over all pearl chains of type .d2; g/ (see

Definition 3.1.

Proof. This follows from Corollary 4.7, the correspondence theorem 2.15 and The-

orem 4.4, taking into account that the sum over all suitable leaking vectors v in

Corollary 4.7 becomes trivial for � D ¹0; : : : ; 0º.

Using tropical geometry, we can stratify the generating series on the left again

into summands corresponding to a pearl chain: close to the tropical limit, we can take

those stable maps which degenerate to a tropical stable map with a fixed underlying

pearl chain. We denote these numbers by N P .d1; d2; g/, then we have

X

d1

N P .d1; d2; g/qd1 D
1

j Aut.P /j

X

�

I 0
P ;�.q/: (4.4)

4.3. Labeled curled pearl chains and the proof of Theorem 4.5

The proof of Theorem 4.5 relies on methods developed in [10, 11]. The main ingredi-

ent is a bijection between certain covers of graphs and monomials contributing to a

Feynman integral (see [11, Theorem 2.23]). The first such bijection, proved in [10],

was tailored to the case of Hurwitz numbers and does not apply to other situations.

In [11], we distilled the capacity of the bijective method, giving a theorem which

holds for general types of graph covers. We can apply this here to our case of curled

pearl chains, but to do this we need to introduce labeled curled pearl chains in Defin-

ition 4.10.
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Roughly, a labeled curled pearl chain is a curled pearl chain whose source is

labeled like in Definition 4.2 to produce a Feynman integral. What we gain is that

we can define an order for a labeled curled pearl chain, which keeps track of the

labels of the vertices which are mapped to ET , and a multidegree which keeps track

of the degree in each labeled edge above a base point.

Now, consider a refined Feynman integral I
l1;:::;ln

P ;�
.q1; : : : ; qr / as in Definition 4.2.

It is given as the x
l1

1 : : : x
ln
n -coefficient of a product of propagators governed by the

combinatorics of the underlying pearl chain P , where each propagator corresponds

to an edge qk and is a series in qk . The in qk constant coefficient is a series in the

fraction of the labels of the adjacent vertices (where the fraction is governed by the

underlying order �), the other coefficients are Laurent polynomials in this fraction.

We consider the coefficient of the Feynman integral as given by our multidegree. We

can study individual contributions to this coefficient by picking summands from each

term in the product.

The bijective proof of [11] associates a graph cover (in our particular case, a

labeled curled pearl chain) to such a choice of summands roughly as follows: the

preimages of the vertices in ET are labeled according to the order �. Two vertices

are connected by an edge qk if they appear in the fraction. This edge does not pass

over the base point if the fraction was picked from the constant coefficient, resp. curls

over the base point as many times as necessary to produce the multidegree. (One can

see here the effect of respecting the order: if we have to go directly from one vertex

to the other without passing the base point, the vertices have to appear as given by the

order. If we are allowed to pass the base point, it plays no role which vertex comes

first, and accordingly, the order has no effect on the Laurent polynomial forming the

non-constant coefficient of the term of the propagator for qk .) The outcome is indeed

a curled pearl chain of our required order and multidegree by construction, its source

graph is of type P as we connected precisely the neighboring vertices of qk via this

edge, and it can be seen to have the right leaking as the power with which a vertex

label xi appears in a summand corresponds precisely to the weight of the correspond-

ing edge.

We use these methods as developed in [11] now to prove Theorem 4.5.

Definition 4.9 (graph covers, see [11, Definition 2.18]). Let � be a graph with n

labeled vertices x1; : : : ; xn and r labeled edges q1; : : : ; qr . Let � be an order, viewed

as an element in the symmetric group on n elements, associating to i the place �.i/

that the vertex xi takes in the order �. As before, fix an orientation of ET and points

p0; p1; : : : ; pn ordered in this way when going around ET starting at p0.

A graph cover of type � and order � is a leaky tropical cover �W � 0 ! ET , where

� 0 is a metrization of � , such that ��1.p�.i// contains the vertex xi . (Since there are
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n point conditions and n vertices, it follows that there is precisely one vertex of � in

each preimage ��1.pj /).)

The multidegree of a graph cover is the vector
N
a 2 N

r with k-th entry

ak D j��1.p0/ \ qk j � wk;

where wk denotes the expansion factor of the edge qk .

Definition 4.10. A labeled curled pearl chain �W P 0 ! ET is a curled pearl chain

(Definition 3.2) for which we fix labels x1; : : : ; xn for the vertices of P and q1; : : : ; qr

for the edges.

Remark 4.11. By definition, a labeled curled pearl chain is a graph cover with a

particular source graph, namely a pearl chain, and for which only suitable leaking

vectors v are allowed.

Definition 4.12. Let P be a pearl chain of type .d2; g/, � and order and
N
a a multide-

gree. Let v be a suitable leaking vector for �.

We define N v
P ;�;

N
a to be the number of labeled curled pearl chains whose source

curve is a metrization of P , of order � and multidegree
N
a, where the leaking is

imposed by v. Each labeled curled pearl chain is counted with the product of the

expansion factors we of the edges e of P .

Notice that N v
P ;�;

N
a is a count of graph covers with fixed order and multidegree as

in [11, Definition 2.18], for which we chose a particular source graph (namely a pearl

chain) and a suitable leaking vector.

Theorem 4.13. Fix positive integers d2; g and a leaky degree �. Fix a labeled pearl

chain P , an order � and a multidegree
N
a. Let v be a suitable leaking vector.

The numbers N v
P ;�;

N
a

of labeled curled pearl chains of Definition 4.10 are coeffi-

cients of a refined Feynman integral:

N v
P ;�;

N
a D Coef

Œq
a1
1

:::q
ar
r �

I v
P ;�.q1; : : : ; qr/:

Proof. This follows from [11, Theorem 2.19].

The following is an immediate corollary of Theorem 4.13:

Corollary 4.14. Fix positive integers d2; g and a leaky degree �. Fix a labeled pearl

chain P , an order � and a multidegree
N
a. Let v be a suitable leaking vector.

The generating series of the numbers of labeled curled pearl chains (see Defini-

tion 4.10) equals a refined Feynman integral:

X

N
a2Nr

N v
P ;�;

N
aq

a1

1 � � � � � qar
r D I v

P ;�.q1; : : : ; qr /:
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Proof of Theorem 4.5. The equality of the generating series and the sum of Feynman

integrals now follows from Corollary 4.14 by summing over all pearl chains P of

type .d2; g/ and leaking �, and over all suitable leaking vectors v, setting the qk

equal to q again for all k and keeping track of automorphisms (as in the proof of [10,

Theorem 2.14] using [10, Theorem 2.20]).

Example 4.15. Let
N
a D .1; 0; 0; 1/ be a multidegree and let v be zero, i.e., there

is no leaking. Fix points p0; : : : ; p4 on ET and let � be the order associated to

the identity in the permutation group of 4 elements. We want to determine N v
P ;�;

N
a
,

where P and its labels are depicted on the left in the figure below. Using Figure 7

from Example 3.4, we can see that the only labeled curled pearl chain of multidegree

.1; 0; 0; 1/ and order � is the one shown on the right below. The gray dots indicate

the preimages of p0 2 ET . Since this labeled curled pearl chain has multiplicity 1,

we have N v
P ;�;

N
a

D 1:

x1

x2

x3

x4

q1

q2
q3

q4

x1

x2

x3

x4

q1

q2q3

q4

Using Theorem 4.13, we can verify this count.

Example 4.16. We want to provide a larger example illustrating Theorem 4.13. First

of all, fix the following data: we consider no leaking, the pearl chain P (which is of

genus 2) is shown below (see Figure 9), the order � corresponds to the identical per-

mutation and the total degree d should be 3. First, we want to determine the left-hand

side of Theorem 4.13 for the given input data, i.e.,
P

N
a NP ;�;

N
a, where the sum goes

over all
N
a contributing to a total degree of 3. After that, we calculate the refined Feyn-

man integral on the right-hand side and compare its coefficients to the combinatorial

count of labeled pearl chains from before.

Since we fixed an order �, we should label the pearl chain’s vertices and edges

(see Figure 9) before curling them. In Figure 10 we determine
P

N
a NP ;�;

N
a. Fig-

ure 10 shows schematic representations of labeled curled pearl chains: we suppress

the elliptic curve ET and only show the source curve of each cover. The labels of the

source curve are also suppressed, but can easily be seen from comparing Figure 10

to Figure 9. Each curled pearl chain contributes with the product of its source curve’s

edge expansion factors (the edge expansion factors not equal to 1 are shown in Fig-

ure 10), thus
P

N
a NP ;�;

N
a D 96.
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x2

x3

x4

x1

q4

q2

q3

q1

x5

q5

q6

Figure 9. Left: a pearl chain P . Right: P with labels.

36q4q2

5
36q2

4
q5

4q2

4
q6 4q3q2

5

4q4q2

5
4q4q5q6 4q2

4
q5 4q3q4q5

3 3 3 3

2
2

2 2 2 2

2 2

2 2 2 2 2 2 2 2

Figure 10. Curled pearl chains and their contributions to the refined Feynman integral.

The sum of the refined Feynman integral’s terms that are of degree 3 is 40q2
4q5 C

40q4q2
5 C 4q4q5q6 C 4q3q4q5 C 4q3q2

5 C 4q2
4q6, which makes 96q if we choose

q1 D � � � D q4 D q, i.e., we obtained exactly the coefficient which we expected from

our combinatorial count. The contributions of each term can directly be seen from

our curled pearl chains. We wrote these contributions under each curled pearl chain

in Figure 10.

5. Quasimodularity

Following the study of quasimodularity for generating series of Gromov–Witten

invariants of an elliptic curve, Oberdieck and Pixton conjecture a quasimodularity

statement for cycle-valued generating series of Gromov–Witten invariants of elliptic

fibrations ([38, Conjecture A]), which they prove for the case of products E � B
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([38, Corollary 2]). Quasimodularity behavior is useful because the asymptotics of

the generating function becomes controllable. Quasimodularity of generating series

of covers is a phenomenon studied beyond the case mentioned before, other import-

ant cases are generating functions of pillowcase covers [20] or generating functions

of numbers of covers of an elliptic curve with fixed ramifications with respect to the

parity of the pullback of the trivial theta characteristic [21].

A series in q is quasimodular if and only if it is in the polynomial ring generated

by the three Eisenstein series E2, E4 and E6, see [30]. The weight of a quasimodular

form refers to its degree when viewed as a polynomial in the Eisenstein series. A series

is called a quasimodular form of weight w if it is a homogeneous polynomial of degree

w in the Eisenstein series, and it is called a quasimodular form of mixed weight if it is

a non-homogeneous polynomial in the Eisenstein series.

Our equation (1.1) (see also Theorem 4.5, Corollary 4.7 and Corollary 4.8) hands

us a new way to study quasimodularity by making use of Feynman integrals: the

quasimodularity (of mixed weight) of a summand IP for a fixed graph P can be

deduced from the recent study of quasimodularity for graph sums in [26].

When passing to the tropical limit, the summands IP obtain a meaning as sum-

mands of the generating series corresponding to a fixed pearl chain.

Remark 5.1. Fix positive integers d2; g, and a pearl chain P of type .d2; g/.

Then the following generating series coincide:

• the generating series of Gromov–Witten invariants of E � P
1 of bidegree .d1; d2/

and genus g which correspond to a fixed pearl chain P close to the tropical limit,

• the generating series of tropical stable maps to ET � P 1
T

of bidegree .d1; d2/ and

genus g with fixed underlying pearl chain P ,

• the generating series of curled pearl chains of type .d2; g/ without leaking with

fixed underlying pearl chain P :

X

d1

N P

.d1;d2;g/q
d1 D

X

d1

N
trop;P

.d1;d2;g/
qd1 D

X

d1

N
pearl;P

.d1;d2;g/
qd1 : (5.1)

By Section 4, the series in equation (5.1) equal a sum of Feynman integrals

1

j Aut.P /j

X

�

I 0
P ;�.q/ D

1

j Aut.P /j

X

�

IP ;�.q/:

Theorem 5.2. Fix positive integers d2; g and a pearl chain P of type .d2; g/. Each

summand IP ;�.q/ corresponding to an order � in the generating series (5.1) is a

quasimodular forms of mixed weight at most 4.d2 C g � 1/.

This follows from [26, Theorem 1.1], resp [26, Theorem 6.1]. These results imply

that each summand IP ;�.q/ corresponding to an order � is a quasimodular form of
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mixed weight at most 2r , where r is the number of edges of P . Note that r equals two

times the number of black vertices of P (which is by definition d2 C g � 1) because

black vertices are 2-valent and no black vertex is adjacent to a black vertex.

As a consequence, the generating series which is the sum of the ones in equation

(5.1), summing over all pearl chains P , is a quasimodular form.

Corollary 5.3. Let d2; g be positive integers. Then the generating series of Gromov–

Witten invariants of E � P
1 (resp. of tropical stable maps to ET � P

1
T

of bidegree

.d1; d2/ and genus g, resp. of curled pearl chains of type .d2; g/)

X

d1

N.d1;d2;g/q
d1 D

X

d1

N
trop

.d1;d2;g/
qd1 D

X

d1

N
pearl

.d1;d2;g/
qd1

is a quasimodular form of mixed weight at most 4.d2 C g � 1/.

Proof. This follows from the quasimodularity of each summand corresponding to a

pearl chain P and an order � as considered in Theorem 5.2 above. The maximal

weight arises because a pearl chain of type .d2; g/ has 2.d2 C g � 1/ edges, where

d2 C g � 1 is the number of black vertices.

In the following, we give an example illustrating Corollary 5.3 which states that

the series
P

d1
N

pearl

.d1;d2;g/
qd1 is a quasimodular form. Recall that

P
d1

N
pearl

.d1;d2;g/
qd1

is stratified as a sum over orders �. We observe that for some input data each of these

strata contributes with a summand that is a quasimodular form of mixed weight, but

the sum over all orders yields a homogeneous quasimodular form.

This is in accordance with the situation of generating series of Hurwitz numbers,

where each summand is quasimodular of mixed weight, but the whole sum is homo-

geneous, see [26].

Example 5.4. We choose d2 D 2 and g D 1. Hence, there is only one pearl chain

P contributing to
P

d1
N

pearl

.d1;d2;g/
qd1 , namely the one shown in Example 4.15. Using

Corollary 4.14, we can calculate the generating series for our pearl chain P and any

order � in terms of refined Feynman integrals. We observe that there are 8 orders �

(the elements of the symmetry group

D4 D ¹./; .1; 2; 3; 4/; .1; 3/.2; 4/; .1; 4; 3; 2/; .2; 4/; .1; 3/; .1; 2/.3; 4/; .1; 4/.2; 3/º

of the square) which all lead to the same generating series

g1 WD � � � C 15092q11 C 13560q10 C 7701q9 C 5680q8 C 2520q7 C 1872q6

C 670q5 C 344q4 C 92q3 C 20q2 C q;
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which is a quasimodular form of mixed weight since it can be expressed in Eisenstein

series as

g1 D �
1

1080
E6.q/ C

1

1080
E2.q/E4.q/ C

1

6912
E2

4.q/ �
1

2592
E2.q/E6.q/

C
1

3456
E2

2 .q/E4.q/ �
1

20736
E4

2 .q/:

Moreover, we observe that the remaining 16 orders all lead to the same generating

series

g2 WD � � � C 440q11 C 2220q10 C 888q9 C 1000q8 C 112q7 C 360q6 C 40q5

C 52q4 C 8q3 C 2q2;

which is also a quasimodular form of mixed weight since it can be expressed in Eis-

enstein series as

g2 D
1

2160
E6.q/ �

1

2160
E2.q/E4.q/ C

1

6912
E2

4 .q/ �
1

2592
E2.q/E6.q/

C
1

3456
E2

2 .q/E4.q/ �
1

20736
E4

2 .q/:

Taking the sum, we obtain that the generating series

X

d1

N
pearl

.d1;2;1/
qd1 D 8g1 C 16g2

D
1

288
E2

4 .q/ �
1

108
E2.q/E6.q/ C

1

144
E2

2 .q/E4.q/ �
1

864
E4

2 .q/

which is a homogeneous quasimodular form of weight 8.

The observations from Example 5.4 are true in general, which follows from the

study of Oberdieck and Pixton [38, Theorem 7, Appendix A].

Theorem 5.5. Fix positive integers d2;g and a pearl chain P of type .d2;g/. Let r be

the number of edges of P . Then the generating series
P

d1
N

trop;P

.d1;d2;g/
qd1 obtained for

a fixed pearl chain as the sum of the contributions over all orders is a homogeneous

quasimodular form of weight 4.d2 C g � 1/.
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