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Triply mixed coverings of arbitrary base curves:
quasimodularity, quantum curves
and a mysterious topological recursion

Marvin Anas Hahn, Jan-Willem M. van Ittersum, and Felix Leid

Abstract. Simple Hurwitz numbers are classical invariants in enumerative geometry count-
ing branched morphisms between Riemann surfaces with fixed ramification data. In recent
years, several modifications of this notion for genus 0 base curves have appeared in the liter-
ature. Among them are so-called monotone Hurwitz numbers, which are related to the Harish-
Chandra-Itzykson—Zuber integral in random matrix theory and strictly monotone Hurwitz num-
bers which enumerate certain Grothendieck dessins d’enfants. We generalise the notion of
Hurwitz numbers to interpolations between simple, monotone and strictly monotone Hurwitz
numbers for arbitrary genera and any number of arbitrary but fixed ramification profiles. This
yields generalisations of several results known for Hurwitz numbers. When the target surface
is of genus one, we show that the generating series of these interpolated Hurwitz numbers
are quasimodular forms. In the case that all ramification is simple, we refine this result by
writing this series as a sum of quasimodular forms corresponding to tropical covers weighted
by Gromov—Witten invariants. Moreover, we derive a quantum curve for monotone and Gro-
thendieck dessins d’enfants Hurwitz numbers for arbitrary genera and one arbitrary but fixed
ramification profile. Thus, we obtain spectral curves via the semi-classical limit as input data
for the Chekhov—Eynard—Orantin (CEO) topological recursion. Astonishingly, we find that the
CEO topological recursion for the genus 1 spectral curve of the strictly monotone Hurwitz
numbers computes the monotone Hurwitz numbers in genus 0. Thus, we give a new proof that
monotone Hurwitz numbers satisfy CEO topological recursion. This points to an unknown rela-
tion between those enumerative invariants. Finally, specializing to target surface P!, we find
recursions for monotone and Grothendieck dessins d’enfants double Hurwitz numbers, which
enables the computation of the respective Hurwitz numbers for any genera with one arbitrary
but fixed ramification profile.
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1. Introduction

Hurwitz numbers are enumerations of branched morphisms between Riemann sur-
faces with fixed ramification data. They were first introduced by Adolf Hurwitz in the
late 19th century [26] as coverings of the Riemann sphere. As observed by Hurwitz
himself, these enumerations are closely related to the combinatorics of the symmetric
group [27]. In particular, this yields an elegant interpretation of Hurwitz numbers in
terms of factorisations in the symmetric group. In the last two decades Hurwitz num-
bers have branched out into several areas of mathematics, such as algebraic geometry,
Gromov—Witten theory, algebraic topology, representation theory of the symmetric
group, operator theory, integrable systems, random matrix models, tropical geometry
and many more.

Several specifications of Hurwitz numbers with respect to the genera of the
involved Riemann surfaces and the ramification profiles of the morphisms have proved
to be of particular interest. A common theme is to allow a finite number of arbitrary
but fixed ramification profiles and a simple ramification profile everywhere else. Hur-
witz numbers obtained by such specifications are called simple Hurwitz numbers.
Among the most important ones are single and double Hurwitz numbers.

Moreover, there are variants of Hurwitz numbers obtained by counting factorisa-
tions in the symmetric group as above, but with additional conditions. So, far, these
have been studied for target surfaces of genus 0. Two of the most important cases
are monotone and strictly monotone Hurwitz numbers, the latter of which are also
called Grothendieck dessins d’enfants Hurwitz numbers [11,13,21-24,32]. Mono-
tone Hurwitz numbers appear as coefficients in the expansion of the HCIZ integral in
random matrix theory [21], while strictly monotone Hurwitz numbers are equivalent
to counting certain Grothendieck dessins d’enfants [1,32].
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In [24] a combinatorial interpolation between simple, monotone and strictly mono-
tone Hurwitz numbers was introduced for genus 0 target surfaces and two arbitrary but
fixed ramification profiles. This interpolation is called triply mixed Hurwitz numbers.
In this work, we generalise the notion of triply mixed Hurwitz numbers to arbitrary
genera and any number of arbitrary but fixed ramification profiles. We study these
objects from several perspectives. This yields generalisations of various results known
for simple Hurwitz numbers, which in particular specialise to the extremal cases of
monotone and Grothendieck dessins d’enfant Hurwitz numbers.

1.1. Previous results

We summarize some of the previous results on several kinds of Hurwitz numbers,
which motivated our work.

Quasimodularity. Hurwitz numbers with a target surface of genus 1 can be expressed
in terms of so-called shifted symmetric polynomials (see Section 2.4.2). The Bloch—
Okounkov theorem [4], initially proved in the special cases corresponding to Hurwitz
numbers for which all ramification are simple [9,29], implies that certain generating
series associated to shifted symmetric polynomials are quasimodular. This implies
that the generating series of (connected) Hurwitz numbers with a target surface of
genus | are quasimodular, as noted in [17]. From the discussion at the end of [22, Sec-
tion 3], it follows that monotone Hurwitz numbers are shifted symmetric polynomials
as well.

Refined quasimodularity and tropical covers. A common theme in tropical geo-
metry is to express geometric enumerative problems in terms of weighted graphs.
In [3, 5, 6], Hurwitz numbers with only simple ramification were related to so-called
tropical covers, i.e., piecewise linear maps between metric graphs. In particular, Hur-
witz numbers were expressed as a finite sum of tropical covers. This led to the conjec-
ture (which was proved in [19]), that each generating series obtained by considering
all covers with source curves of a fixed combinatorial type are quasimodular as well.
This refines the aforementioned result of [9,29]. A tropical interpretation of mono-
tone and strictly monotone double Hurwitz numbers for genus O target surfaces was
first found in [11, 23] by equipping the involved tropical covers with an additional
colouring and labeling. Motivated by this work, Lewanski and the first author derived
a different interpretation of monotone and strictly monotone double Hurwitz numbers
for genus 0 target surfaces, which is more natural in the sense that it does not require
additional colouring and labeling. The involved covers are now weighted by 1-point
relative Gromov—Witten invariants.
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Topological recursion and quantum curves. Inrecent years, one of the most fruitful
interactions with Hurwitz theory has been from the viewpoint of Chekhov—Eynard—
Orantin (CEO) topological recursion (see [18]). CEO topological recursion associ-
ates to a spectral curve a family of differentials, which satisfies a certain recursion.
Remarkably enough, for many enumerative invariants one can find spectral curves,
such that the associated differentials encode these invariants as coefficients in local
expansions. One says that such an enumerative problem satisfies CEO topological
recursion. It turns out that certain kinds of Hurwitz numbers satisfy CEO topological
recursion [10-12, 15,16, 18,30, 35]. A direct consequence of CEO topological recur-
sion is an interpretation of the enumerative problem in terms of intersection products
on the moduli space of stable curves with marked points Mg .

One approach to CEO topological recursion which has been very successful is
in terms of so-called quantum curves. Given an enumerative problem, an associated
quantum curves is a certain partial differential equation, which is satisfied by a gener-
ating series of the initial enumeration. This quantum curve is often time an indication
for the shape of the spectral curve for which one then runs CEO topological recursion.

1.2. Results of this paper

First of all, we define our new enumerative object, i.e., triply mixed Hurwitz numbers
for target surfaces of higher genera. We then study several specifications of these
numbers from various perspectives.

Quasimodularity. When the target surface is of genus 1, we express triply mixed
Hurwitz numbers in terms of shifted symmetric functions. This allows to prove that
the generating series of triply mixed Hurwitz numbers are quasimodular forms of
mixed weight. Our results are summarised in Theorem 4.4.

Refined Quasimodularity. We use the aforementioned result of Lewanski and the
first author and derive an expression of monotone and Grothendieck dessins d’enfants
Hurwitz numbers for genus 1 target surfaces and only simple ramification in terms
of tropical covers. This enables us to prove that fixing the combinatorial type of
the source curve of the tropical covers yields a quasimodular form. This refines the
quasimodularity result for triply mixed Hurwitz numbers analogously to the simple
case. The tropical correspondence theorem is stated in Theorem 5.3 and the refined
quasimodularity statement in Theorem 5.11.

Quantum curves. Motivated by work of Liu, Mulase, and Sorkin [33], we derive a
quantum curve for monotone and Grothendieck dessins d’enfants Hurwitz numbers
for arbitrary genera and one arbitrary but fixed ramification profile. The result for the
monotone enumerations can be found in Theorem 6.4.
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A mysterious topological recursion. We consider the quantum curve for Grothen-
dieck dessins d’enfants Hurwitz numbers for genus 1 base curves. This quantum curve
yields a spectral curve via its semi-classical limit. We use this spectral curve as input
data for the CEO topological recursion. Astonishingly, we prove in Section 7 that
the expansion of the resulting differentials yield the monotone Hurwitz numbers for
genus 0 base curves, however for a different normalisation and different spectral curve
than the one in [10]. This points towards an unknown relation between the strictly
monotone numbers in genus 1 and the monotone ones in genus 0.

Further recursive procedures. We prove recursions for refinements of monotone
and Grothendieck dessins d’enfants double Hurwitz numbers for the target surface P!,
which yields the Hurwitz numbers for any genera with one arbitrary but fixed ramific-
ation profile. This generalises the recursion for monotone orbifold Hurwitz numbers
in [11]. The explicit recursions can be found in Theorem 8.4.

Structure of the paper. In Section 2, we recall the relevant notions needed for our
discussion. Triply mixed Hurwitz numbers are introduced in Section 3. Quasimodu-
larity of these Hurwitz numbers is shown in Section 4 and refined quasimodularity
is discussed in Section 5. In Section 6 we derive quantum curves for both mono-
tone and Grothendieck dessins d’enfants Hurwitz numbers. In Section 7, we discuss
the special case of the quantum curve for Grothendieck dessins d’enfants Hurwitz
numbers with elliptic base curve and prove that CEO topological recursion for the
semi-classical limit of this quantum curve computes monotone Hurwitz numbers with
rational base curve. Finally, we derive the recursions for refinements of monotone
Grothendieck dessins d’enfants double Hurwitz numbers in Section 8. We collected
several examples of quasimodular generating series of triply mixed Hurwitz numbers
in Appendix A.

2. Preliminaries

2.1. Hurwitz numbers

In this section, we recall some of the basic notions of Hurwitz theory. We begin by
defining classical Hurwitz numbers in the most general sense. We also review some
of the specifications and variations on the definition of Hurwitz numbers relevant for
this paper.

2.1.1. Classical Hurwitz numbers. Let A be a composition, i.e., a finite sequence
of strictly positive integers. Denote by |A| the integer where A is a composition of and
let £(A) be the number of parts of A. Write p(A) for the ordered composition (parti-
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tion) corresponding to A. Given a permutation o € S;, denote by c(o) the partition
which corresponds to the cycle type of 0.

Definition 2.1. Let g’, ¢ > 0 be non-negative integers, d a positive integer and u =
(u',..., ™) atuple of compositions of d. In case

2¢' —2=d-(2g-2)+ > (In/| - L))

j=1
we call (01,...,04, a1, P1,....0g, Bg) a factorization of type (g, g, d, ) if the
following conditions are satisfied:

(1) o, ai,Bi € Sa,

(2) o1+-0p = |1, B1] -+ [g, Bgls

(3) c(oi) = p(u').
If additionally we have

4) {(o1,...,0n,a1,PB1....,04, Bg) acts transitively on the set {1,2,...,d}

we call the factorization connected. Denote by ¥°*(g, g’.d, ) and ¥ (g, g’, d, 1) the
sets of factorizations respectively connected factorizations of type (g, g’, d, pt). The
Hurwitz numbers and connected Hurwitz numbers are defined by

1
..g 1 ny __ q-e /
hef (uhs . pw") = —d!|f (g.8d, Wl

respectively
1
g 1 ny _ ’
hg(p', ..., 1" = d!lf(g,g,d,u)l-

Remark 2.2. Historically, Hurwitz numbers were first defined as an enumerative
problem counting ramified morphisms between Riemann surfaces: for a fixed compact
Riemann surface S of genus g, Hurwitz numbers count holomorphic maps 7: §" — S
(up to isomorphism), where S’ is a compact Riemann surface of genus g’, such that

7 has ramification profile u!, ..., 1" over n arbitrary, but fixed points on S;
* each map is weighted by \AutIW'
The connection to our definition, which is due to Hurwitz, is made by considering the

monodromy representations for the holomorphic maps involved (see [26,27]).

Sometimes, we count Hurwitz numbers with labels in order to distinguish cycles
of the same length. The following definition makes this more precise. We note that
geometrically, this corresponds to labelling the preimages of all branch points.

Definition 2.3. A labeled factorization is a factorization as defined by Definition 2.1
together with a labelling:
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(5) the disjoint cycles of o; for all i are labeled with labels 1, ..., £(u’) such that
a cycle of o; with label j has length (u');.
We use an arrow to indicate that we are considering labeled factorizations and Hurwitz
numbers, just as we are using a dot to denote non-necessarily connected factorizations
and Hurwitz numbers.

Remark 2.4. The labeled Hurwitz numbers equal the ordinary Hurwitz numbers up
to a constant:

Bl ) = Aut g B )
with Aut o = [Too_; TTF2; rm(*)! and r,(u') denotes the number of parts equal

to m in the partition p’.

2.1.2. Special instances of Hurwitz numbers. There are several special cases and
variations of the above general definition of classical Hurwitz numbers. A general
theme is to allow a few complicated partitions and force almost all partitions to be
simple, i.e., equal to the partition (2, 1,..., 1) (which corresponds to the conjugacy
class of transpositions). In the focus of this paper are the following two special cases
of Hurwitz numbers.

Definition 2.5. Let T := (2,1, ..., 1) be the simple partition of size d. In the same
setting as in Definition 2.1, we consider two cases.

(@) Ifu?,...,u" =T, we call the resulting Hurwitz number single base g Hur-
witz number and denote it by

H;;g(u%, s “é(/ﬂ)) = h;’,g(ul, T,....T).
Note that the number r of simple partitions is then given by
r=2¢"—2+L(u')y—d@Rg-1).

(b) Ifg=0and u3,...,u" = T, we call the resulting number a double Hurwitz
number and denote it by

Wy (' w2y = hd (' ), T, ... T).
Note that the number r of simple partitions is then given by
r=2g—24+0(u') + L(u?).

2.1.3. Monotone and strictly monotone Hurwitz numbers. Two variants of Hur-
witz numbers are particularly relevant for this work: monotone and strictly monotone
Hurwitz numbers. In the following, we define those numbers.
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Definition 2.6. Let 1 = (', ..., /**2) be a tuple of compositions of d. We call
a (connected/labeled) factorization of type (0, g’,d, jt), where u? = ... = pk+2 =
(2,1,...,1) a (connected/labeled) monotone factorization of type (g', u', u?) if it
satisfies the following additional property:

(6) the transpositions 0; = (s;¢;) with s; < t; satisfy
t; <tixq fori =3,...,k+ 1.

We then define the monotone Hurwitz number A2 (1", u?) as the product of ol
and the number of monotone factorisations of type (g’, u!, u?) and similarly define
connected/labeled monotone double Hurwitz numbers. We define strictly monotone
double Hurwitz numbers, also called Grothendieck dessins d’enfant Hurwitz numbers,
by changing the monotonicity condition to a strict one:

(6') the transpositions g; = (s;t;) with s; < t; satisfy
t; <tixq1 fori=3,...,k+ 1.
We denote the strictly monotone double Hurwitz number by /2 g,(ul 12).

We note that Definition 3.1 generalizes (strictly) monotone Hurwitz numbers to
target surfaces of higher genera. Further, we note that strictly monotone Hurwitz num-
bers are also called Grothendieck dessins d’enfants Hurwitz numbers, as they are
equivalent to an enumeration of Grothendieck dessins d’enfants as proved in [1, Sec-
tion 4.3.2].

2.2. Quantum curves

In [33], the connected single base g Hurwitz numbers were studied with a view
towards topological recursion. The main results are summarized in Theorem 2.7.
Denote by Z  the set of positive integers and an element v € Z'} by

v=(vi,...,Vp).
Define the discrete Laplace transform of the single base g Hurwitz numbers by
n
F;,(xl, e Xp) = Z Hg,(vl, C V) l_[ e iV (x; = e M),
veZ’ i=1

which is usually referred to as the free energy. We further define the so-called partition
function by

Z8(x,h) = exp( i i %hzg/_H”Fg,(x, . ..,x)).

g’=1n=1 "
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Theorem 2.7 ([33, Theorem 1.1]). The free energies sz, (X1,...,%p), for2g —2 +
L(w) > 0, satisfy a cut-and-join type partial differential equation.

The single base g Hurwitz partition function satisfies a quantum curve-like infinite
order differential equation

hxj—x[l — hl_Xxehx% (j—xx)l_x]Zg(x,h) =0,

where y = 2 — 2g (which is the Euler characteristic of the base curve of the Hurwitz
problem). If we introduce

d
= hx—
Y xdx

and regard it as a commuting variable, then the total symbol of the above operator
produces the following equation

x =y e,
which is commonly referred to as a Lambert curve.

Remark 2.8. A cut-and-join type partial differential equation is a certain kind of
partial differential equation, which reflects the combinatorics of multiplying elements
in the symmetric group. In the case of simple Hurwitz numbers, these combinatorics
entail the fact that left-multiplication by a transposition either joins two cycles to one
or cuts a single cycle into two.

2.3. Stirling numbers
We now define Stirling numbers of the first and second kind.

Definition 2.9. For n, k € N, we define Stirling numbers of the first kind by the

recurrence relation
n—+1 n n
[ K ]_n[k]+|:k—1j| fork >0

0 n 0
[O]_l and |:Oj|_|:n]_0 forn > 0,

and Stirling numbers of the second kind by the recurrence relation

P =i o) e
lof =1 e {5} ={u} =0 oo

and

and
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Remark 2.10. Recall the generating functions of Stirling numbers

> 1]

k=0

k

Zn_k n—1 00 n . 1
— n—K __
= rl_ll(l—rz) and Z;{{k}x =1] — 2.1)
_ e

r=1

2.4. Shifted symmetric functions and quasimodular forms

2.4.1. Central characters. Let Z, be the center of the group algebra C[S,] of the
symmetric group. Given a partition A, denote by |A| the integer where A is a partition
of and by C, the sum of all elements in S; of cycle type A. Let (p;, V) be the
irreducible representation of S|, corresponding to A. Note that a basis of Z, is given
by C, for all partitions A of n. Every element z € Z, defines by Schur’s lemma a
constant, called the central character w”(z), by which py (z) acts on Vj. For example,
the central character of the conjugacy class sums C, is given by
()
dimA’

where (by abuse of notation) |C,,| denotes the size of the conjugacy class of elements

fA) = 0t(C) = |Gy (2.2)

of cycle type v in S}, x* denotes the character of p; and dim A the dimension of p; .
We extend equation (2.2) to the case when |v| # |A| by

A
£ = ('”)|cv|x )

[v] dimA’

Observe that if v is a partition without parts equal to 1 the quantity (l‘ﬁ“)|C,,| equals

the size of the conjugacy class of cycle type v in S|, instead of in Sj,,|. For a tuple of
partitions j = (u',..., ") let f,, =[]/—; f,i. Hurwitz numbers can be expressed in
terms of central characters, for example classical Hurwitz numbers of torus coverings
satisfy

Ry (w) =" fu). (2.3)

[Al=d

with d — as in the definition of Hurwitz numbers — implicitly given by the size of
the partitions where p consists of. In Proposition 4.1 we generalise this expression to
triply mixed Hurwitz numbers.

Let Eg = (J1,J2,...,J4,0,0,...) be the sequence of Jucys—Murphy elements
givenby J = Zf:ll (i k). Although the Jucys—Murphy elements do not belong to Z,,
symmetric polynomials in E,; are elements of Z,. More precisely, every element
of Z, can be written as a symmetric polynomial in &4, see [28, 34]. Remarkably, the
central character of a symmetric polynomial f evaluated at E ; simply equals

o*(f(Eq)) = f(conty),

where cont) denotes the sequence of all contents of A.
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The commutator sum & = ), pes, B, a] also is an element of Z,. Its central
character equals

o} (R) = (difn!x)z'

2.4.2. Central characters as shifted symmetric polynomials. Central characters
of z € Z, are examples of shifted symmetric polynomials, introduced by Okounkov
and Olshanski [37]. A rational polynomial in m variables x1, .. ., X, is called shifted

o (i) (or, more symmetrically, x; — i = X)) — 0(7)). Denote by A*(m) the space of
shifted symmetric polynomials in m variables, which is filtered by the degree of the
polynomials. We have forgetful maps A*(m) — A*(m — 1) given by x,, > 0, so that
we can define the space of shifted symmetric polynomials A* as

lim A*(m

i (m)

in the category of filtered algebras. As w”(z) is a shifted symmetric polynomial, it
can be expressed as a symmetric polynomial in A1 — 1,1, — 2, . ... For example,

fo) =1,
Sy =1 =D (A —i)+1i),
i=1

foy) = %i((k —i+ %)2— (—i + %)2)

i=1

More precisely, considered as a vector space, the algebra of shifted symmetric func-
tions A* has a basis f,, where v ranges over all partitions.

2.4.3. The Bloch—-Okounkov theorem. A distinguished generating set for A™* is
given by the renormalized shifted symmetric power sums

Qo(A) =1,
(IR R G R

i=1

with ¢ defined by

1
c@) 251nh(z/2) chz : (2.4)

Define a weight grading on A* by assigning to Qj weight k.
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This weight grading corresponds to the weight of quasimodular forms under the
Bloch—Okounkov theorem, as follows. The graded algebra of quasimodular forms
(for SL»(Z)) is given by M = Q[P, O, R], where P = —24G,, Q = 240G4, R =
—504G¢ are Ramanujan’s notation for the Eisenstein series

B oo o0 )
Gir(7) = _2_;(( + Z Z m*=1¢™"  (By = kth Bernoulli number and ¢ = ¢%7%)

r=1m=1
of weight k. Given a function f on partitions, introduce the g-bracket of f, given by

_ Yiew SWg
rer a7

The denominator ) _; . g equals ¢/?*n(t) ™! with 5(t) the Dedekind eta function.
Then, by the celebrated Bloch—-Okounkov theorem the g-bracket { /), of a shifted
symmetric polynomial f is the g-expansion of a quasimodular form [4, Theorem 0.5].

{(fa € C[[q]l.

Moreover, if f has weight k as defined above, then ( /'), is quasimodular of the same
weight k.

2.4.4. Weights of central characters. We give the (mixed) weight of the central
characters defined in Section 2.4.1 in terms of the weight grading on A*. Define
completion coefficients g, with k > 2 and v a partition by

Qk = ZQk,va-

The Gromov—Witten/Hurwitz correspondence provides the following formula for
these coefficients:

Proposition 2.11 ([36, Proposition 3.2]). The completion coefficients gy, satisfy

£(v)

[e.e]

§ qk+1,vzk = ﬁ(@z/z —e_z/2)|V|—1 l_[(eUiZ/Z _e—viz/Z).
V.

k=1 i=1

In particular, gx , = 0 if [v| + £(v) > k. Correspondingly, the function f, is of
(mixed) weight at most |v| + £(v), which was proved in [31, Theorem 5].

For the weights of symmetric polynomials evaluated at the contents of a partition
we have the following result. Let /,, and e, be the complete homogeneous symmetric
polynomial respectively elementary symmetric polynomial of degree n.

Proposition 2.12. Let d > 1. The top-weight part of hg(conty) and egz(conty) is
given by 57— Q3(A)%.
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Proof. Let
e =x(x—=1)---(x—k+1).

Then, for the symmetric polynomial

n

Pe(xt. . xn) o= ) ()i

i=1

it is known that [31, Theorem 4]
o0
kpr—i(cont) =Y (A —i+ D — (=i + i (k=1 (2.5)
i=1

where the right-hand side is a shifted symmetric polynomial of mixed degree < k + 1.

Given a symmetric polynomial g of degree d and with constant term equal to
zero, one can write g as a polynomial in the py for k > 1. Assign to py weightk + 2
in accordance with equation (2.5), i.e., pg(conty) is a shifted symmetric polynomial
of mixed weight k + 2. Observe that the monomial pf is the unique monomial of
degree d and weight at least (precisely) 3d. Hence, the central character »* (f(Ea))
of g is a shifted symmetric function of weight at most 3d with top-degree part up
to a multiplicative constant equal to Q3(1)%. Specializing g to hg and e, the result
follows by observing that in this case the coefficient of gii equals 2d+1. ]

2.5. Gromov-Witten invariants with target P!

In this section, we introduce the basic notions of Gromov—Witten theory needed for
this work. For a more concise introduction in the context of tropical geometry, see
e.g., [7]. For a more general introduction to the topic, we recommend [40].

We denote by M. en(P 1. d) the moduli space of stable maps with n marked points,
which is a Deligne-Mumford stack of virtual dimension 2g — 2 + 2d + n. It con-
sists of tuples (X, x1,...,Xn, f), such that X is a connected, projective curve of
genus g with at worst nodal singularities, x, ..., X, are non-singular points on X
and f: X — P! is a function with fi([X]) = d[P!]. Moreover, f may only have a
finite automorphism group (respecting markings and singularities). In order to define
enumerative invariants, we introduce

*  The i-th evaluation morphism is the map ev;: My , (P!, d) — P! by mapping the
tuple (X, x1,..., X, f) to x;.

 The i-th cotangent line bundle L; — M ¢.n (P, d) is obtained by identifying the
fiber of each point with the cotangent space T, (X). The first Chern class of i -th
cotangent line bundle is called a ¥ -class, which we denote by ¥; = c1(L;).

This yields the following definition.
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Definition 2.13. Fix g,n,d and let kq,. .., k, be non-negative integers, such that
ki+-+ky,=2g+2d—2.

Then, the stationary Gromov—Witten invariant is defined by

(T, (PY) -~ T, (PV) g / [Teviovvs

(Mg n (P
where pt denotes a point on P!,

Remark 2.14. Analogously, we can define Gromov—Witten invariants for more gen-
eral target curves Y

(T, (PY) -+~ The, (PO)Y -

The following identity, which should be compared with equation (2.3) in the previous
discussion on shifted symmetric functions, was proved in [36] for elliptic curves E:

o= H O +2(A).

IAl=d i=1

(i, (V) -+ T, (PV)) £

Similarly, we consider the moduli space of relative stable maps Mg, (P!, v, i1, d)
relative to two partitions i, v of d and define the relative Gromov—Witten invariants
by

1 * ki
Ol @@ i = [ [eieo.
[Mg.n(P,v,u,d)]vir

We note that in the following, we add subscripts “o”” and “e”, which correspond
to connected or not necessarily connected (for simplicity also called disconnected
Gromov—Witten invariants), which in turn correspond to considering connected or
disconnected stable maps.

2.6. Tropical covers and monotone/Grothendieck dessins d’enfants Hurwitz
numbers

A detailed introduction to tropical covers can be found in [2]. We note that all graphs
considered may contain half-edges.

Definition 2.15. An abstract tropical curve is a connected metric graph I', together
with a function associating a genus g(v) to each vertex v. Let V(I") be the set of its
vertices. Let £ (I") be the set of its internal edges, which we require to be bounded and
let E’(T) its set of all edges, respectively. The set of half-edges, which we call ends is
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therefore E’(T") \ E(T), and all ends are considered to have infinite length. The genus
of an abstract tropical curve I'is g(I") := h'(T") + ZUGV(F) g(v), where h!(T") is the
first Betti number of the underlying graph. An isomorphism of a tropical curve is an
automorphism of the underlying graph that respects edges’ lengths and vertices’ gen-
era. The combinatorial type of a tropical curve is the graph obtained by disregarding
its metric structure.

Remark 2.16. An important tropical curve for this work is defined as R with finitely
many decorated points. These points are the vertices, the intervals between the vertices
(and from the extremal vertices to +00) are the edges and the length of the edges is
the lengths of the intervals. For any choice of points, we denote the resulting abstract

tropical curve by IP’;OP to highlight it as an analogue of the tropical projective line.

We now define tropical covers. For an illustration, see, e.g., [7, Figure 1].

Definition 2.17. A tropical cover is a surjective harmonic map : I'; — I'; between
abstract tropical curves as in [2, Section 2], i.e., it satisfies the following conditions.

@ V() CV(I2).

(i) 7 '(E'(T2) C E'(I').

(iii) Foreachedge e € E’(T;), denote by /(e) its length. Interpreting e € E'(T'y),
7(e) € E'(T'2) as intervals [0, /(e)] and [0, I (7 (e))], we require 7 restricted
to e to be a linear map of slope w, € Z s, thatis : [0,/(e)] — [0, [((e))]

is given by 7(¢) = w, - t. We call w, the weight of e. If w(e) is a vertex, we
have w, = 0.

(iv) Foravertex v € T'y, let v/ = 7 (v). We choose an edge ¢’ adjacent to v’. We
define the local degree at v as

We require dy, to be independent of the choice of edge ¢’ adjacent to v’. We
call this fact the balancing or harmonicity condition.

We furthermore introduce the following notions.

(i)  The degree of a tropical cover x is the sum over all local degrees of preim-
ages of any point in I';. Due to the harmonicity condition, this number is
independent of the point in I';.

(i) For any end e € I';, we define p, as the partition of weights of the ends
of I'y mapping to e. We call u, the ramification profile above e.
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We call two tropical covers 7: T'y — I'; and 7": '} — T'5 isomorphic if there exists
an isomorphism of graph f: Ty — I'] respecting labels and weights, such that 7= =
7’ o f. We denote the automorphism group of a tropical cover & by Aut(rw).

Theorem 2.18 ([25]). Let g be a non-negative integer, and |1, v partitions of the same
size d > 0. We have

I
=2 2 |Aut(7r)|€(k)' [Tmo[ e

AMb el (Plp.g;m.v,4 veV(T) ecE(T)
1
<, 1+val(v)
i = 2 2 | Aut()] z(x)v [1en my [ e
AEb nGF(]P’llop,g;p,,v A) eV(T) ecE)

where F(IP’&OP, g: 1, v, A) is the set of tropical covers

T —P! =R

trop
with b = 2g —2 + £(u) + £(v) points p1, ..., pp fixed on the codomain }P’tmp, such
that the following conditions are satisfied.

(1)  The unbounded left (resp. right) pointing ends of I' have weights given by
the partition [ (resp. v).

(i1) The graph T hasl := £(L) vertices. Let V(I') = {v1,...,v;} be the set of its
vertices. Then w(v;) = p;. Moreover, let w; = val(v;) be the corresponding
valences (degrees).

(iii) We assign an integer g(v;) as the genus to v; and the following condition
holds true:

)
R+ gvi) =g.
i=1

(iv) We have A; = val(v;) + 2g(v;) — 2.

(v)  For each vertex v;, let X (resp. X~ ) be the tuple of weights of those edges
adjacent to v;, which map to the right-hand (resp. left-hand) of p;. The
multiplicity m,,, of v; is defined to be

my, =i — D! Aut(x™)|| Aut(x )|

]P’l,o + ) _
‘ Z (T2gg2(PV) i X Dot oty e (PD- XD s
giter=g ;)

Remark 2.19. The involved Gromov—Witten invariants can be computed using the
functions ¢(z) = 2sinh(z/2) = e?/2 —¢™?/2 and §(z) = %
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* Recall the definition of the constants ¢; determined by ¢(z) in (2.4). It is well
known that

(Tzl—z(Pt))]lP:io = Cj.

* It was proved in [36] that

~\Plo
(xF, Tagaex by 4o (PO, X )
i T S6ED) Ty $(x72)
= T Autx )| Autx)| $(2)

3. Triply mixed Hurwitz numbers

We now introduce triply mixed Hurwitz numbers by the conditions (1)—(3) of the
definition of Hurwitz numbers, together with a refined version of both conditions (6)
and (6') of (strictly) monotone Hurwitz numbers.

Call two compositions/partitions  and ' equivalent when they only differ by
1-entries. Further, for a fixed positive integer d, a fixed partition u and o € Sy
write € (o) = u if the cycle type of o is equivalent to .

Definition 3.1. Let g/, ¢ > 0 be non-negative integers, d a positive integer and p =
(u',..., ") atuple of ordered partitions (not necessarily of the same integers). Fur-
thermore, let

b=b(g.g ) =2¢-2-d-2g-2)+ ) (L) —Iu'l).  G.D

4

For non-negative integers k, [, m, such that k 4+ [ + m = b, we define a triply mixed
Sactorisation of type

(8.d.p. k.1, m)
to be tuple
(01, s 0On T1y oo Thy 001, B, - ., g, Be)s
such that
(1) oi, 7., Bi € Sq.,
(2) o1+ 0onT1 T = [01, 1] - [ag, Bels
(3) €(0;) = ' and the 7, are transpositions,
(6) for t; = (s;1;) with s; < t;, we have
e ti<tiygzfori=k+1,...,k+1—1,
e fi<tipgfori=k+I1+1,...,k+1+m—1.
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If in addition, we have
@4 (01,...,04,71,...,7p,, B) acts transitively on {1, ..., d},

we call the factorisation connected. We denote by M*(g, d, u, k, [, m) the set of
triply mixed factorisations of type (g,d, u,k,l,m) and by M°(g.d, u, k,l, m) the
set of connected triply mixed factorisations of type (g, d, i, k, [, m). Then we define
the triply mixed Hurwitz number and the connected triply mixed Hurwitz numbers
respectively by

: 1
,d;e .
HE S () = E|M (g.d., . k,1,m)|,

and |
d o
HG 1 (1) = EIM (g.d, .k, 1, m)|.

Remark 3.2. Triply mixed Hurwitz numbers are interpolations between classical,
monotone and strictly monotone Hurwitz numbers. Namely, taking / = m = 0 yields
classical Hurwitz numbers, k = m = 0 yields monotone Hurwitz numbers and k =
[ = 0 yields strictly monotone Hurwitz numbers.

As mentioned before, we study several specifications of triply mixed Hurwitz
numbers, for example only in Section 4 we allow k, [ and m to be arbitrary. In
the rest of the work we specialise to (strictly) monotone Hurwitz numbers by let-
tingk = m = 0 and k = [ = 0 respectively. For convenience, we introduce additional
notation distinguishing those cases.

(a) In Section 4, we study triply mixed Hurwitz numbers for target surfaces of
genus 1. We abbreviate H;,’i 1.m (1) by Hg,,k 1 (1)

(b) In Section 5, we study triply mixed Hurwitz numbers with target surfaces of
genus 1 with u = () in the following cases:

* in the monotone case we denote Hg’g = Hg-o b(g.0.0H):

* in the strictly monotone case we denote

d d
HZ ¢ = Hg0,0.6(5.0 W)

(c) In Section 6, we study two cases of triply mixed Hurwitz numbers for target
surfaces of arbitrary genus and u = ((41,..., 4n)), i.e., one arbitrary, but
fixed ramification profile:

¢ in the monotone case we denote

7850 78.d;e .
Hég,g/(lil’ ceesMn) = Hég/;o’b(g’u)’o(ﬂ)’

* In the strictly monotone case we denote

7850 r78,d;e
Hf,g/(ﬂlv cesMn) = Hg/;(),o,b(g#)(ﬂl
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(d) In Section 8, we again study two cases of triply mixed Hurwitz numbers
for target surfaces of genus 0 and u = (u!, u?), i.e., two arbitrary but fixed
ramification profiles for two cases:

e in the monotone case we denote
</, 1 2y _ pg0.d .
hg (n'.p) = Hg;O,b(g,u),O(M)’
* in the strictly monotone case we denote

1 2\ 0,d;e
h;(# NSRS Hg;O,O,b(g,M)(M)'

4. Quasimodularity of triply mixed Hurwitz numbers

Fix g’ > 2. The generating series

d;e d
Z Hy/g 0.0(M)4
d>1

of ordinary Hurwitz numbers with g = 1 is known to be a quasimodular form (recall
g = e*™'7). This was observed by Dijkgraaf in the simplest case (u = ( )), rigor-
ously proved by Kaneko and Zagier and follows in full generality from the Bloch—
Okounkov theorem as noted by Eskin and Okounkov [9, 17,29]. In this section we
extend this result to the generating series of triply mixed Hurwitz numbers with g = 1.
We begin by expressing triply mixed Hurwitz numbers in terms of shifted symmetric
functions.

Let &, and e, be the complete homogeneous symmetric polynomial respectively
elementary symmetric polynomial of degree n.

Proposition 4.1. Let g, g’ > 0, let | be a tuple of partitions and take k,l,m > 0
withk +1 +m = b, where b = b(g, g’, 1) is given by equation (3.1). Then,
d:e dim A\ 2-2¢
HESS 0 = 2 (55) fu@) Sy hi(eonti)em(conty). — (@4.1)
Ad ’

where the sum is over all partitions of size d.

Proof. First, we rewrite the triply mixed Hurwitz number in terms of the center of the
group algebra Z;, see Section 2.4.1 for the notation in this proof. Observe that

h(Ba)= Y, (i) (sklx)

2<t) <<ty =d
§; <t;
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and
ex(Ba) = Y. (sit1)--(slk).
2<t) <<ty <d
§; <tj
Hence,

HES () = ![ce]ﬁgcm +++ Cun Clyh1(Eg)em(Eq).

Observe that ¥*(C,) = y*(e)w?(Cy) forall o € S4. Hence, the Schur orthogonality
relation can be written in the unusual form 3, x*(e)?0*(Cy) = 8o0|Sq|. We find

dim A\ 2
,k,m( )—Z( I )wx(gzgcﬂl...cunc(’;)h,(sd)em(ad))
Ad ’

A
_ Z(dlm ) fu(k)f(z)(k)khl(contx)em(contx). n

Ad

Definition 4.2. Let?, =[],
by

il sl be a formal variable. Define the Hurwitz potential

uk 1 d
= X 00w,

where the sum is over all k, [, m, d, yu for which H:,;;;C’ 1.m (1) is defined. Analogously
define the connected Hurwitz potential $.

Remark 4.3. By a standard argument the Hurwitz potential and the connected Hur-
witz potential are related by

expH =1+ H°.
Theorem 4.4. Let g’ > 2. Then
oo
Y HE gm0 4.2)
d=1

is a quasimodular form of mixed weight < 6g' — 6 + Y, (4(u*) — 2|u*|). Moreover,
for fixed b = k + | + m the top weight parts of

o0
I4+m+-8; 0+68m.0—2 d; d
IR0y T H 1 (1)
d=1
ranging over all k,l,m > 0 are equal.

Proof. Observe that f,, (1) f(2) (L)% h; (conty e, (conty) is a shifted symmetric poly-
nomial of mixed weight at most

D W+ £Gu)) + 3(k + 1 +m)
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by the results in Section 2.4.4. By equation (3.1) this weight equals

68 — 6+ Y (40(u') —2|p']). (4.3)

4

Observe that evaluating f,, /#;(cont) or e, (cont) at the empty partition yields O
unless u is empty respectively / = 0 or m = 0. In other words, using equation (4.1) to
define Hurwitz numbers for d = 0, one obtains H;,;k’l’m (w)=1lifu=()andk =
[ = m = 0 and 0 else. Hence, Proposition 4.1 and Remark 4.3 imply that

k
— u m
$ :log(q1/24n(f) ! E (fufé)hl(cont)em(cont))qtuﬁvlw )

By the Bloch—Okounkov theorem,

(fu f(g)h 1(cont)e,, (cont)),

is a quasimodular form of weight at most given by Equation (4.3). Taking a formal
Taylor expansion, quasimodularity of the generating series in equation (4.2) follows.
The second part of the statement follows directly from Proposition 2.12. ]

Remark 4.5. In case g’ = 1 the series in equation (4.2) equals — log(g~'/2*n(7)).
This is not a quasimodular form, but it is a primitive of a quasimodular form. Namely,
its derivative equals up to a constant the Eisenstein series of weight 2.

5. Refined quasimodularity and tropical covers

We continue the study of the series
He, = ZHiqu and H., = ZHiqu

by expressing them as a finite sum of quasimodular forms, with each summand cor-
responding to a combinatorial type of the source curve of tropical covers.

5.1. Tropical monotone and Grothendieck dessins d’enfants elliptic covers

In this section we express the numbers H g,g (n) and H ig (u) in terms of tropical
covers of the tropical elliptic curve Ejp,, which is a circle with a point pg. As for the
tropical projective line, we may add additional 2-valent vertices to Eyp.

Definition 5.1. We fix g > 0, an orientation on Ep, and points p1,. .., pag—2 of Eyqp,
such that pg, p1,..., pag—2 is ordered according to the orientation. Let 7: I' — Eyrp
be a tropical cover of genus g and degree d, such that 7~!(pgy) does not contain



M. A. Hahn, J.-W. M. van Ittersum, and F. Leid 260

any vertices and where I' has at most 2g — 2 vertices vy, ..., V,, 1 < 2g — 2. We
require v; € w1 (p;) fori € [n]. We set A; = val(v;) + 2g(v;) — 2 and obtain a com-
position A(7) = (A1,...,A,). If |A| = 2g — 2, we call & a monotone elliptic tropical
cover of type (g, d) and denote by I'(Eop, g, d) the set of all monotone elliptic trop-
ical covers of type (g, d).

We further associate two multiplicities to each cover m € I'(Eyop, g, d), one cor-
responding to the monotone case and one to the strictly monotone case:

1 1
mult< () = T AutGr)] £G(m)! l_[mvl_[we,

veV(T') eecE(T)

1 1
mult< () = (=)', We:
<) = ) z(x(n))!vﬂm :ﬂm e

where for each vertex v;, let x* (resp. x™) be the right-hand (resp. left-hand) side
weights with respect to the orientation on Eip. The multiplicity m,, of v; is defined
to be

o, =(h = DI Aut(x )| Aut(x )|

: Plo+ ¢, ~\Plo
Z (TZgé—Z(w))gé <X ,ngi_2+e(x+)+£(x_)(a)),x )gi

gi+gh=g(v;)

Remark 5.2. We note that the multiplicity of the vertex is defined in a similar manner
as in Theorem 2.18. This is due to our construction below, which glues tropical covers
of P!

wop (O tropical covers of Eop.

This yields the following correspondence theorem, which we prove (below) in
Section 5.2.

Theorem 5.3. Fix g > 0 and d > 0. Then, we have the following identities:

Hg’g = Z mult< (), Hig = Z mult< (7).
7'fel—‘(Etrop§gad) 7'fel—‘(Etrop§gad)

5.2. Proof of Theorem 5.3

In this section we prove Theorem 5.3. We only work out the details for the monotone
case as the strictly monotone case is completely parallel. Before starting with the
proof, we make the following remark.

Remark 5.4. A similar statement was proved in [5, Theorem 2.13]. More precisely,
a correspondence theorem expressing simple covers of elliptic curves (i.e., no (strict)
monotonicity conditions and only simple ramification) in terms of tropical covers. We
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point out that while the idea of our proof of Theorem 5.3 is similar to the idea of the
proof of [5, Theorem 2.13], the proof itself is still very different in nature. This is due
to an important technical subtlety: in [5], it was possible to construct a tropical elliptic
cover directly from a factorisation in the symmetric group and vice versa; in our set-
ting, this is no longer possible due to the nature of Theorem 2.18 as it is derived using
the bosonic Fock space. However, we will show that the relation between factorisa-
tions and tropical covers is still close enough to derive our correspondence theorem
in Theorem 5.3.

First, we recall the definition of H g g We count tuples of certain permutations

(TI’ LI ] ng—Zsay ﬂ)y

such that
Tog—2°'+T1 = 0[,30[_1,3_1.
However, this is equivalent to
Tag—n TP = aﬂoz_l.

Thus, letting 07 = B and 05 = afa™!, we see that Hg,g is equal to % times the
number of tuples (o1, 71, . . ., Tag—2, 02, @), such that

(1) 01,02,a,7; € S4,

2) €(r)) = (2,1,...,1),€(01) = €E(02),

(3) T2g—2---T101 = 03,

(4) aoja~! = o, (we note that thus € (o) = €(02)),

(5) 1; satisfy the monotonicity condition,

(6) the group (o1, 71, .. ., Tag—2, 02, @) acts transitively on {1, ..., d}.

Observe that we count tuples very similar to the monotone double Hurwitz numbers
framework for ;& = v. We note that in the above description the group (o1, 11, ...,
Trg—2.02), i.e., without the generator o, might have several orbits actingon {1,...,d}.
By capturing this data, we can make the full transition to monotone double Hurwitz
numbers. We now make this more precise.

For a monotone base 0 factorisation (o7, 1, ..., Ty, 02), we consider the orbits
of the action of the group (o1, 71,...,7p,02) on {1, ... ,‘d }. The orbits then natur-
ally yield connected monotone base O factorisations (01('), Ti(1)s - - - » Ti(ly)» 02(’)) of
type (gi, n', nb) fori = 1,...,n (for some arbitrary n), where aj(’) have pairwise
disjoint orbits with [To" = o for j = 1,2, such that

O Uny =Un =€(01) =€(02);

(i) thesets{i(1),...,i(Ix)} are pairwise disjoint and | J{i (1),...,i(lx)} = [b];

(i) Y gi=g+n-—1
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We call these condition (i)—(iii) the orbit conditions. Now, fix an unordered tuple A =
((gi, 1}, b)) satisfying these conditions (i) and (iii). We then define /14 (14, A) to be %
times the number of monotone base 0 factorisations whose orbits yield the data A.
Our strategy now is as follows. To each monotone base 0 factorisation (o1, 71, . . .,
Tp, 02), We want to associate o € Sy, such that woa~! = 0, and enumerate those «.
This number only depends on the data A and is actually encoded in the tropical pic-

tures.

Cutting elliptic covers. We fix a monotone elliptic tropical cover 7: I' — Ep of
type (g, d). We consider 7~ 1(po) and collect the weights in the preimage of pg in
the partition A.

We cut the elliptic curve Eyqp, at po open and cut the source curve in the preimage.
This way, we obtain a tropical cover 7: " — P/l in T'(P;,,, &; A, A, A()) for some
non-negative integer g, which we call the cut-cover associated to w. This cover may
be disconnected. The connected components yield tropical covers in F(IF’&OP, gis Aj,

A7, A1), such that
i Ua =Ual =A;
(i) Ur =2
(iii) the generasatisfy Y g, =g +n — 1.

We call these conditions the component conditions. Observe that the component con-
ditions (i) and (iii) coincide with orbit conditions (i) and (iii) above for monotone
factorisations.

We now fix an unordered tuple A = ((g;, A;, A")) satisfying conditions (i) and (iii)
and denote by I' (IP’&OP, g2:A, A, L; A) the set of all tropical coversin ['(P!, g; A, A, 1),
such that their connected components yield the data A.

By the inclusion-exclusion principle, we obtain the following lemma, which states
that the data of connected components of monotone factorisations are captured by
connected components in the tropical covers of Theorem 2.18:

Lemma 5.5. Let g be a non-negative integer, b = 2g — 2 + 24(u), and A a partition
of some positive integer. Further fix an unordered tuple A = ((g;, ', nb)) satisfying
the component conditions (1) and (iii). Then we obtain

he(AA) =) > mult(r).

AFb wel(PL,.g:A,AA;A)

trop»

Regluing elliptic covers. The role of monotone elliptic covers is essentially to encode
ways to find permutations « for monotone base 0 factorisations, which enrich them to
be a factorisation contributing to H g’ ¢- We now make this more precise.

Let (01, 71, ..., Tp, 02) be a monotone base 0 factorisation of type (g, i, ). We

fix a permutation o, such that «ojo~! = 0,. We observe that conjugation by o maps
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the cycles of o; bijectively to the cycles of 05. In other words, when we choose a
labelling of the cycles of 07 and 0, by 1,. .., £(u), then « induces a bijection

TIo: {1, .. 0wy — {1,... . L(w)},

such that for j € {1,...,£(u)} the length of the cycle of o; labeled j coincides with
the length of cycle of o, labeled /,(j). This corresponds to a gluing process in the
tropical setting.

Let 7": T/ — IP’&OP in ['(P', g; . 1, A) for some A = b. We label the left ends
of IV by 1,...,£(u) and the right ends of T'” as well. We fix a bijection

I{L, ()Y — {1, ... (),

such that the weight of the left weight labeled j is the same as the weight of right

end labeled 7(j). We now glue the ends of IP’;OP together to obtain E,, where py is

gluing point. We also glue the source curve I'" according to I, i.e., we glue the left

end labeled j to the right end labeled /(). This way, we obtain a monotone elliptic

- _ b+
tropical cover of type (g’, d) for g’ = >3=.

Definition 5.6. Let 7: " — Ey,, a monotone elliptic tropical cover of type (g, d)

/8 al4 1
and 7": " — Py

some g’ and A - b. We fix a monotone base 0 factorisation (o1, 71, ..., Tp, 02) of

be the associated cut-cover, where 7’ € T'(P1, g’; i, ., A; A) for

type (g, i, ). We label the left ends of IV by o7 and the right ends by 6>. We denote

1

by ny s the number of o € Sz, where oo™ = 07 and such that the associated

gluing of 7’ induced by « yields 7.
This situation was analysed in [5].

Proposition 5.7 ([5]). For an elliptic cover w with tuple A = (my, ..., m;) over the
base point py and its cut-cover ', we have

| Aut(x’)|
= mml

w7’ r-
Moreover, we have the following lemma. Recall that a monotone elliptic tropical
cover is always a connected cover by definition.

Lemma 5.8. Let w be a monotone elliptic tropical cover and i’ be the associated cut-
cover. Furthermore, let (01,11, ..., Tp, 02) be a monotone factorisation, whose orbits
vield the same data A as the cut-cover '. Let o be a permutation as in Definition 5.6,
then

(01,T1,...,Tp,00,0%)

is a transitive subgroup of S;.
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Proof. This follows immediately from the fact that 7 is a connected cover and « joins
the connected components. ]

We are now ready to prove Theorem 5.3.

Proof of Theorem 5.3. In the beginning of this section, we have seen that, for fixed g, d
. 1 .

and b = 2g — 2, we have Hg,g is equal to —y times (01, 711,...,Tp,02,®), such that

l=0,and (01,11,...,7p,02,0)

is a transitive subgroup of S;. We associated to each monotone factorisation k =

(01,71, ..,Tp,02) the number n (k) of permutations «, such that (oy, 71, . .., 7p,02,0)

contributes to H g’ P Thus, we obtain

1
Hg,g = E ZU(K),

where we sum over all monotone factorisations with b transpositions in S;. We have

(01,71,...,Tp,02) is a monotone factorisation, xoyo ™~

also seen that several monotone factorisations yield the same number n(k), i.e., those
satisfying the same orbit conditions A. We thus denote by n(A) the number (k)
for all monotone factorisations whose orbits yield the data A. We now group those
together, i.e., we obtain

HE g =) hg(u. ) n(A).

where we sum over all non-negative integer g’ < g, partitions u of d and tuples A
satisfying the orbit conditions (i) and (iii). We now analyse each summand

he' (. A) - n(A).

In fact, we want to prove that

he (. A) - n(A) =Y "> " mult(r’) - 1y .

AFb m W

where the second summand is over all cover 7’ € F(IP’&OP, g, i, A; A) and the
second summand over all monotone elliptic tropical covers 7, such that 7’ is their
cut-cover.

By Lemma 5.5,

he (. A)-n(A) =) > mult(z’) - n(A)

AFb 7/ €T (Pyops&sibsths A A)

= Z Z (mult(rr") - n(A)).

AFb 7/ €T (Pyop,&sibsths A3 A)
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We now observe that each o, which contributes to n(A) for a given monotone fac-
torisation, whose orbits yield A contributes to a gluing of 7’ to an monotone elliptic
tropical cover. Thus, we have by Lemma 5.8

n(A) = Z Ngn’s
P

where we sum over all monotone elliptic tropical covers & whose cut-cover is 7’
Thus, by Proposition 5.7 we have

he (. A)-n(A) =" 3 (mult(n’) > n,,,,,,)

AFD 7/ €T (Blop-&tts A A)

= Z Z Zmult(n’) Py

ARb 7 €T (Pops&3ibsitsAsA) T

as desired. We further see that

) s M m I o “ﬁ) | Aut()|
= TR POt S L PNTET]
= mult(7x)
and obtain
Hdg = Zhg/(ﬂ, A) n(A) = Zzzzmuh(”,) N,/
A A AFb 7/ W
= ZZZZmult(n).
A AFb 7/ W

As " and A are determined by 7, we can omit those summands and just sum over all
monotone elliptic tropical covers r. This yields

= Z Z mult(7),

Ab

where we sum over all monotone elliptic tropical covers 7 of type (g, d) as desired.
]

5.3. Refined quasimodularity

Definition 5.9. We fix a combinatorial type G of a tropical curve I' with

=V =2¢(T) -2
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Moreover, we fix an orientation on Ey,, and a linear ordering €2 on the vertices
of G. We denote by v; the i-th vertex according to 2. We further choose points
D1, - .-, P2g—2 on Eyp, such that they are linearly ordered along the orientation we
chose on Eyp,. We further fix a series of integers g’ = (g1,...,8n)-

We denote by T'(G, : g, g’) the set of all covers 7 € I'(Eiop, g- d) for some
d € N, such that N

(1) for m:T" — Eyyp the combinatorial type of I' is G;

(2) 7(vi) = pis
(3) g(vi) = gi-
Moreover, we associate two generating series to each combinatorial type G:
IﬁG’ﬁ = Z mult (77)g %),
- 7el(G,Q:g.87)
Igf, = Z mult (77 )ge.

7el(G,R28,8")

Remark 5.10. We observe that by the correspondence theorem

Zl and H<g—21<g_,, (5.1

(G.Q.g") (G.Q.8)

where we sum over all combinatorial types G on at mostn < 2g — 2 vertices, orders 2
on G and tuples g’ = (g1,...,&n)-

Theorem 5.11. For g’ > 2, the series I A2 o and IG o are quasimodular forms of
mixed weight less or equal 2(} 7 _, gi + |E(G)|).

Proof. This follows from [19, Theorem 6.1 and Corollary 8.4], where it is proved that
the generating series associated to a tropical cover with target curve of fixed com-
binatorial type, order and fixed ramification profile is a quasimodular form whenever
the multiplicity of the cover is a polynomial in the edge weights. The only thing to
check in our case is that the local vertex multiplicities are polynomial, which is true
as proved in [19, Theorem 4.1]. [ ]

Combining equation (5.1) and Theorem 5.11, we obtain the following corollary
(which is a special case of Theorem 4.4):

Corollary 5.12. The generating series

ZH< gq and ZH< gq

d>1 d>1

are quasimodular forms of mixed weight < 6g — 6.
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Proof. The only thing left to prove is the weight part of the corollary. In order to
see this, we consider 2(3>_7_; g + |E(G)|) and observe 2|E(G)| = Y 7_, val(v;),
where we sum over all vertices of G. Moreover, by definition, we have val(v;) =
Ai —2gi + 2. We obtain

2(2g,~ + |E(G)|> =2> gi+ > (hi—28 +2)

i=1 i=1 i=1
n
= ZA, +2n
i=1
=2g—-2+2n<2g—-2+2(2g—-2)=06g—06,

where we used Y 7_; A; =2g —2and n < 2g — 2. This yields the weight as desired.
]

6. Quantum curve for (strictly) monotone base g Hurwitz numbers

Motivated by the successful study of base g Hurwitz numbers in [33] and monotone
Hurwitz numbers [21] with a view towards topological recursion, we connect these
ideas by enumerating base g Hurwitz numbers with monotonicity conditions. In par-
ticular, this section is devoted to deriving a quantum curve for this new enumerative
problem.

Recall the connected labeled monotone base g Hurwitz numbers H i g,(ul, cees
Un) from Section 2.1.

Definition 6.1. We define
Fig/(xl, e Xp) = Z Hé‘"g,(ul, e u,,)xi” cooxhn
MeZi
and analogously we define the generating series for the strictly monotone case
Ff’g/(xl, cees Xn).
Definition 6.2. We define the partition function of the base g monotone Hurwitz
numbers, as the formal series in variables x, %, given by

O X 22g’—24n
z8 =Z8(x.h) = exp[z Z

g’'=0n=1

_exp[zz ZHg(;Ll,...,/Ln)X‘Ml],

g’'=0n=1 ! WEZ"

Fs’g(x,x,...,x)]

n!

h2g —2+n
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and analogously the partition function Z% = Z%(x, %) of the base g strictly monotone
Hurwitz numbers.

Proposition 6.3. For the partition functions for the monotone and strictly monotone
case, we have

Zi =14+ Z Z {d +b— }(d!)l—)(xdhb-i-d(l—x)

d—1 1

=1 nN1—x,d#d(1—x)
+dX::d) x?h nl—]h

and

oo d—1
ZE=1+> Y [ }(d!)l—xxdh“d“—x)

d=1b=0
=1+ Z(d')l Kyd pl=x ]‘[(1—Jh)
j=1
where y = 2 — 2g and the equalities are understood in the sense of formal power

series.

Proof. Since

B S B e
g'=0n=1 MEZ”

counts transitive (connected) monotone base g factorisations, we can use the expo-
nential formula and find the generating series for the not necessarily transitive factor-
isations

h2g —2+n

o0
ZE=1+ Z Z Z H;’f’;,,(ul,...,un)xlm.

g’=0n=1 1 seeesibn=1

Collecting all factorizations for given d = |u|, we get

__1+ZZ

g’'=0n=1

h2g —24n X

a2 (X Az )
d=0

lul=d
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Recall that
b =b(hn,|u) =2¢"—-2+n—|ulg—-1),
SO we write

hzg —2+n

SIS (S A o)

g'=0n=1 ' d=0 |u|=d

i Z‘/ﬂ:d Hﬁ’,i/ (/’L) hb(thg—l)d

n!

I
Mg
Mg

1d

OQ\
I

(=}
S
I

I
Nk
Mg

i lp|= dnf'l<g( )hb( Kl- X)d

Il
=
S
Il

g/

Since H i g,(u) is non-zero if b > 0, we can rearrange the series by collecting all
possible g’, n for a given b and d. Viewing the partition function Z i as a series
in Q[A, xA'~X], we find that the coefficient of x?#2+4(1=X) ig precisely the number
of monotone base g factorizations of length b in Sy, i.e.,

[thb+d(l_X)]Z§
7; monotone transpositions,

—#4(t1,..., 0,1, B, .. ag, Bg) |0, a1, Br .. .ag, Be € Sa,

ot1...7p = [a1, Bi] ... [ag, Bel

dl

Since the «;, §; run over all elements in S; and using [10, Lemma 17], we obtain

[x9hb+40-0]178 = (d1)26~#{(1y, ..., 1) | T monotone transpositions}
_|d+b—-1
= (d)'~*
d" { J—1 }

For the last equality, we find

g _ 1 dib+d(1—y)
ZZ =1 E E { I 1 }(d') Xx%h X

d=1b=0

- Z(d')l e 1~ x>z{d+b‘1}

—1+Z(d')‘ X xd pd (1= X>]_[

l—jh

where we used the well-known identity in equation (2.1).
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In the case of the strictly monotone Hurwitz numbers, we do a similar calculation
and view Z£ as an element of Q[[#, xA!~]. We find

[x9 1400178 = (d)'"#{(1,..., 1) | T strictly monotone transpositions}

and in particular
[xpb+40-01Z8 =0 forb > d.

These tuples can be expressed by evaluating the elementary symmetric polynomials
in the Jucys—Murphy elements (defined in Section 2.4.1). This also yields an enu-
meration by evaluating the same polynomials in the number of summands of the i -th
Jucys—Murphy element, which yields (see e.g., [32, eq. (4)])

#{(t1,...,1p) | T; strictly monotone transpositions } = [ d d b]

for b < d. Hence, we have the assertion

oo d—1
Zi =14 Z Z |: i|(d!)l—Xxdhb+d(1—X)

d=1b=0

o] d—1
_ l—x ody1— d |.4
_1+§_:(d!) X XE_:[d_bh

=1+ Z(d')l Xxdpl=x ]‘[(1 — jh),

j=1
where the last equality follows by equation (2.1). |
Theorem 6.4. The partition function Z i satisfies the differential equation
[£72 + 7 + (G2)*]2E =0,

- 6 — 0
where X = x and y = —hy.

Proof. The recursion formula for the Stirling numbers of the second kind yields

d+b—1 d+b-2\  [d+b-2
PR R PR R Py

We multiply this equation by ((j )f;’ dpb+d(1=X) and sum over d > 1,b > 0. For
reasons of clarity, we first do the computations term by term before conflating them.
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For the term on the left-hand side we have

i d+b—1) (d!)* dpb+d—x)
d—1 [(d=1)

— Z {d ;f; l}d(d!)l—)(xdhb-i-d(l—x)

0 3 {d +b- 1}(d!)1—xxdhb+d(l—x)

8 d"‘b—l 1— dib _
— nl-x +d(1—x)
—xax(l—i—g { d—1 }(d.) x%h

where we used the fact that the derivative of the constant 1 vanishes. For the first
expression on the right-hand side we get

- d+b—-2| @Y% 4 praa-
-1 x
d;(d ){ d—1 }(d—l)!Xh

b=0

=Y d(d- 1){d +b- 2}(d!)1_xxdhb+d(1_)‘)

ot d—1
b=0
P X (d+b-2
— th—z { }(d!)l_xxdhb_l+d(l_){).
ax = d—1

b=0
Now, note that for b = 0 we have {‘Zij = 0. Hence,

F E— {d+b—2

(d !)1_Xxdhb_1+d(1_)()
)

2 A (d+b-2
d—1

}(d !)1_Xxdhb_1+d(1_X)

PR — {d+b—1

(d!)l—)(xdhb+d(l—)()
i
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where we performed the shift 5’ = b — 1 in the second equality. For the last term we

obtain
i {d +b— 2} (d !)zg_xdhb+d(1—x)
ot d—2 J(d-1
b=0
— Z ng{d +b— 2}((d 1)!)1—)(xdhb+d(l—x)
d-2
d=1
b=0
d\2% i x fd+b—2 1—x . .d—13b—(d—1)(1—
S n1-x d-D1-x)
(xax) xh d;{ P }((d DI xxd=1p
b=0

N — [d +b— 1 1=% o d pp+d(1—x)
= (o) e n (10 0 ot

d

b
x, 0 28 o [d +b—1 1~ .d 3 b+d(1—)
= — — ] X X
h(haxx) (1+§ { e }(d.) x4

Putting things together and multiplying by % we get

[ =g+ () Je =

Substituting X = x and y = —h% we obtain the claim
[5%+ 9 + ()28 =0. n
For the strictly monotone Hurwitz number we have a similar result.

Theorem 6.5. The partition function Z% satisfies the differential equation
[V + 1 -39 ()*]2% = 0,
where X = x and y = —h%.

Proof. The proof is in the same spirit as in Theorem 6.4 but uses the Stirling numbers
of the first kind instead. ]

Remark 6.6. Note, that for g = 0, we recover the quantum curve for the usual mono-
tone (strictly monotone) Hurwitz numbers of [10] (resp. [13]).
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7. A mysterious topological recursion

In this section we consider the quantum curve of the strictly monotone Hurwitz num-
bers derived in Theorem 6.5. We focus on the case with elliptic base curve, i.e., on
g = 1. Computing the semi-classical limit, we obtain the spectral curve

Y+ (1 =xy)(xy)* =0

with parametrization

N2
xo =20 O =

Surprisingly, running topological recursion for this input data yields the monotone
single Hurwitz numbers with up to a combinatorial prefactor. More precisely, we
obtain the cumulants of the Weingarten function. This points towards an unknown
relationship between the combinatorics of strictly monotone Hurwitz numbers with
elliptic base curve and monotone Hurwitz numbers with rational base curve.

As already noted in the introduction, topological recursion for monotone single
Hurwitz numbers with rational base curves and a different normalisation was proved
in [10], however for a different spectral curve and the exclusion of the (0, 2)-case. In
our normalisation, the (0, 2)-case still encodes the relevant invariants. We begin by
defining the correct normalisation of monotone single Hurwitz numbers for our pur-
pose, which coincide with the cumulants of the Weingarten function. The latter was
motivated by discussions with James Mingo on problems of higher order freeness in
free probability [8]. In particular, using the following normalizations, the numbers
coincide with certain values of the Mobius function on the set of partitioned per-
mutations, this observation is still not perfectly understood and will be investigated in
future work.

Definition 7.1. Let g be a non-negative integer, d, n be a positive integers and u a
partition d of length /. We denote by m , (1) the number of connected labeled mono-
tone factorizations of a fixed (but arbitrary) permutation o with C (o) = u. Moreover,
we put

Con(p) = (=1)262F 4 My () = (1) T Wmg (1)

and denote by Wg ,(x1, ..., x,) the corresponding generating series, i.e.,

o0
Wonler, o x) = 5 Senllin o)
g,n 1sc--9An) — leJ"l xl‘“"‘H .
flsemtn=1 X1 - Xn
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Remark 7.2. (1) The numbers Cg , (1) agree with the monotone Hurwitz numbers
up to the combinatorial factor (—1)" 1 TTE_, ;.

(2) When we drop the connectivity condition in the definition of m , (1), obtain
the disconnected analogs of Cy ,, (1t). These numbers are the coefficients of the asymp-
totic expansion of the Weingarten function [21].

(3) In [20], the numbers m , (1) are put into a generating series via

o0

wi—1 -1
Mg,n(,)’la---y,)’n): Z mg,n(ﬂly---sﬂn)yll "'y,’f” .
M1seees MUn=1
Thus their generating series relates to Wy ,(x1, ..., x,) as follows:

Mg (=, .. =L

&N\ x,° X

Wg,n(xlw--,xn)z 21 2 =

xl .-.xn

Note also that this amounts to a change of variable y; = ;—ll if we phrase things in the
language of differential forms, i.e.,

Mgn(y1,....yn)dy1--dyn = W n(x1,...,x5)dx1 - dXxp.
The following is the main theorem of this section, which we prove in Section 7.1.

Theorem 7.3. The numbers Cg , (1) satisfy topological recursion with the spectral
curve given by

_(z=1? oz
X = T Y = o
i.e., the differentials
o0
_ Cg,n(//vlq---q//«n)
en(re . m) = ), T dx () - dx ()
M1seees mn=1
for (g,n) # (0,2), and
[e.e]
Co,2(p1, 2) dx(z1)dx(z2)
= : d d
®2= D SCymri gy SV XE)  TETTE

satisfy the recursion
wg,n(zlv ceesZn)

= Res;—+1 K(z1,2) [a)g—l,n+1(2, 0(2),z2....,2n)
/

+ Z wgl,IIH-l(ZaZl)a)gz,\J\—H(U(Z)’ZJ):I (7.1)

g1+82=¢
TUJ=N\{1}
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on2g —2+4n >0, where

1 z

2 C()(Zl,') —1 3d 1
K(zy.7) = —220G) _ z(z—=1)’dz; o) =1
@0.1(2) —w01(0(2) 20z + D(z1 —2)(z1z — 1) z
and with the initial data given by
dzydz
wo,1(z) = ydx, and wop(z1,22) = B(z1,22) = 1722
(z1 — 22)

Remark 7.4. Note that d x(z) = Zzzgl has the zeroes z = +1 and since y(z) has
a pole of order bigger than 1 at z = 1, the spectral curve (x, y) is irregular in the
sense of [14, Section 2.1, item 2(b)]. Hence, the invariants wy , agree with the invari-
ants obtained from the local spectral curve obtained by removing the point z = 1. In
particular, the residue at z = 1 in equation 7.1 does not contribute and it suffices to
compute the residue at z = —1.

Moreover, we note that while

w2 # Wo2dx(z1)dx(z2),

we have

Res  x(z1)"'x(22)"2wo2(z1,22) = Co (1, H2)
Z1,22—>00

since their difference is holomorphic by definition.

The starting point of our proof is the following recursion, which is a direct con-
sequence of [20, Theorem 2.1].

Proposition 7.5. Let g be a non-negative integer, n € N and t = (1, ..., Un) @
partition of a positive integer. Then we have the recursion

n
~Cen() =Y 1 Con1(pr + . ixviny) + Y Cotmpr(e B, w1y
j a+B=p

Jj=2
+ Z Z Corat11(a, p1r)Coy 14101(Bs 1),

at+B=u; 8&11+82=¢
IuJ=N\{1}

where pur = (Wi, ..., i) for I ={ir,....ix}, N ={2,...,n} and the initial value
Co1(1) =1.

The following proposition reformulates the cut-and-join equation Proposition 7.5
as a differential equation for generating series.
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Proposition 7.6. It holds that

- g,n(xly---’xn)
n

0 xj X1 Wen—1(Xq1,onp\yy) — X Wen—1(Xq,nn(1y)
= E)xj X1 X1 — Xj

+ X1 Wt n+1(x1, X(1,...n})

1
+ x1 Z ng,\ll-i-l(xlaXI)Wgz,\J\-‘rl(xlyXJ)_;fgg,ogn,l-
81+82=8
TuJ=N\{1}
Proof. We multiply the cut-and-join equation from Proposition 7.5 by

_ 1 _
x] (1+1) S, (n+1)

and sum over (1, iUz ..., iy > 1. We start by dealing with the first term on the right-
hand side. First observe the following. For fixed j we have

o0
Z Cen—1(1 + [y, La\{,})
j -
wr+1_pj+l
w1ty =1 X1 X
a1 3 Cen—1(p1 + 1) KN \{;})
N P x2 u1—1_Hj
ax] 1 m1=1,u;>0 X1 Xj
o0
_ 0 LZ Z Cg,n—l(v"i_l’l'LN\{Mj})
- Ox: x2 K K '
J xl V:()MIJ,-MJ-:]) xl x]
H1,mj=0
‘We note that
1 1
1 x;}+1 XVl
J
—_— = XX ——
Z n1 My J X1 — X;
M1t =v X1 Xy 1 7

and hence we find

)1 — Con—1(v + 1, un\(pi;})

S D DD T

T v=0 py+pj=v 1 %)

wi,m;=0

00 g,n—l(‘)+ lsMN\{Mj})(ﬁ_%
J

X1 — Xj
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Further, we can put this in the summation over all uq, ..., i, and we obtain
i i Cen—1(1 + s KN\, })

Mm1+1 n+1
X ooxn"

M1 pin=1
_ 0 xxaWen1 (X, oY) = X Wen—1(X1,np\i1y)
0x; x1 X1 —Xj

We proceed analogously for the second term and observe that

> Co—tnt1(a, B, un\i1y)
2. X i
coxh

H1seesitin=1a+B=p] X1

o0
B Z Co1n+1(a, B, unr\(1y)
- a+p+1 n+1
H2serti @, B=1 X1 -+ Xn

= X1 We—1n+1(x1, X1, x,})-

Finally, for the third term we obtain

Z Z Z Cer1+111(t, ur)Coy 14171 (By 1)
n1+1 n+1
X .o Xn

Uisesn=1la+B=u; &1+&2=
Il_lJ—N\{l}

o0
—x Y Z Cer,1+111( ji1) 3 Coy a+11)(B, t1)
- oH—l i +1 B+1 wit1
g1+8g2= ap,,—l 1_[161 ' o,ui=1 X1 nzeJx '
II_IJ N\{l} iel ieJ
= X1 Z Wera1+1(x1, XD) We, 17141 (x1, X7).

g1+82=¢
TuJ=N\{1}

Putting everything together yields the desired equation. ]

In the perspective of CEO topological recursion it is handy to rewrite the cut-and-
join equation in way that W, ,(x) does not appear on the right-hand side.

Corollary 7.7. It holds

— (I +2x1Wo,1(x1)We n(x1, ..., Xn)

n

_Z 0 xj X1 Wen—1(Xq,..mp\(j) = X Wen1(Xg1,np1y)
7 0xj X3 X1 —Xj

+ X1 Wt n+1(x1, X(1,...n})

/
1
+x ) Wer 14100 XD Wea 1141 (%1, X7) = =5 8g.00n.1.

g1+82=¢
TuJ=N\{1}

where Y means that the cases (g1, 1) = (0,0) or (g2, J) = (0, 0) are excluded.



M. A. Hahn, J.-W. M. van Ittersum, and F. Leid 278

We now compute some special cases of Wy ,,, which require special treatment in
the CEO topological recursion. We have the following result for the first few values

of (g,n).
Corollary 7.8 ([20, Theorem 1.1] and [22, Theorem 6.2]). We have that

Cou(1) = (—1)“—11(2’“‘ - 2),

p\p—1
Coo(jt1, pp) = (—1)H1tuz 2202 21t (2M1 1) (ZM2 Bl 1),
’ n1 + U2 431 H2
_ 2u1 — 1 2us — 1 21z — 1
Co3(11, o, u3) = (—1)F1TH2tHs 18/“( ;) )MZ( " )M3( ’ )
431 H“2 U3

A straightforward calculation shows the following lemma.

Lemma 7.9. The following identities hold

Wor(x(2) = =y
7272
Wo.2(x(21), x(22)) = -2 -1 -2120)%

8
xx2x3(1+ 4) 2(1 + 4) 2(1 + 4)2

Wo,3(x1, x2,Xx3) =

1
_H 2(1+4)2 l_[<z+1)2 x'(zi)

The next lemma is a key step towards the topological recursion for the num-
bers Cq (1), as determining the difference between the Bergman kernel and the (0, 2)
free energy is important for the input data of the topological recursion.

Lemma 7.10. We have

dz; d dz; d d d

and in particular

Woa(x(1). ¥(z2)dr Gr)dx(z2) = ~B(-.22).

. 2-1 .
Proof. From the last proposition and x'(z;) = lez we obtain

z? z3 1 1 1 1

Worlx(@).x(2) = o G T an? ~ v v (= nm?
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from which the first equality follows immediately. For the second one, a straightfor-
ward calculation yields

(x(z1) — x(22))%* = (Z% 1 gt 1)2

Z1 V)

_ (1= z122)*(z1 — 22)?

ziz5 ’

which yields
1 xX'(z0)x'(z2) 1 (z2-1)(z5-1)
(z1—22)2  (x(z1) —x(22))?2 (21 —22)2 (1 —z2122)%(21 — 22)?
1

T -z -

7.1. Proof of Theorem 7.3

Our proof of Theorem 7.3 is inspired by the approachin [10]. We begin by considering
the case (g,n) = (0, 3), which requires an independent discussion.

Lemma 7.11. The multidifferential wg 3 satisfies the recursion in equation (7.1).

Proof. Recall that, by Lemma 7.9,

8
xpagxg(1+ 4) 2(1+ 4) 2(1+ 4)2

Wo.3(x1,x2,x3) =

We find

2zi2(zi —1)3
(zi = D*zi +1)°

3
D (220 + £55)2
3
[1

3
2 z;
e

3 2 1
_n( +1)2x'(z)
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The recursion from topological recursion reads
wo,3(21, 22, 23)
1 1
= Res K(zl,Z)[wo,z(z,Zz)wo,z(—,23> + wo,z(z,23)wo,z(—,22)]
z—>—1 z z
R z(z—1)3dz, [ dzdz, d%d23
= Res
>=12(z 4+ D(z1 —2)(z1z — 1) dz Lz — 22)? (1 - z3)2
dzdz; dldz ]
(z—23)2 (L — )2
—(z—1)3dz 1
Res [
z>—1z4+12z(zy —z)(z1z = 1)dz Ll (z — 2,)2 % —z3)2
1

(z = 23)2(3 — 22)?

]dZdZ] dedZ_a,,

which is of the form

f(z,21,22,23)dz
(z+1)

d21 dedZ_o,

where f is holomorphic in z around z = —1. Hence, we get

0,3(21,22.23) = f(1,21,22,23)dz1dz2d 23
_ 8dzydzydzs
(21 + D2z 4 D2(z3 + 1D

which concludes the proof. ]
Recall the polynomiality result for monotone Hurwitz numbers.

Theorem 7.12 ([22]). There are symmetric rational functions ﬁg,h such that

1

n
- 205\ =
Hg,n(llvls---y//«n):H(:l)Pg,n(MlyMZa---y/Ln)-

i=1

Moreover, if (g, n) # q(0,1), (0, 2), then ﬁg,n is a polynomial with rational coeffi-
cients of degree 3g — 3 + n.

Since Cy ;, agrees with H ¢,k up to the factor (-1 [Ti=, wi, we immediately get

n
20\ =
Cg,n = (_l)b Hﬂi(lﬁl)Pg,n(MhﬂZ’ s ).

i=1 !
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Thus, for the polynomial

finite

ﬁg,n(ﬂl’ cees n) = Z Bg n(a) nﬂ?i
a=0

with coefficients By , (@), we can write our generating function as

finite
Wen(X1,...,x5) = ZBgn(a)l_[ Z a; +1(2M,)(x

i=1pu;=1

1>M1+1
l

finite

= Z Bgn(a) 1‘[ Jay (x2)

with
falx) = Z“ ( )(xl)/H—l'

A careful analysis of the functions f, will give us the analytic properties of W, ,.

Lemma 7.13. Let (g,n) # (0, 1), (0,2); then the functions Wy ,(z1, . .., z,) satisfy

1
Wen(zi,....zn) = —We u(o(z1),22,...,2n) = —Wg,n(z—,zz, .. Z,,)
1

Moreover, they are rational functions in each z; having poles at z; = 1 and at z; = —1.

Proof. Note that the functions f, satisfy the recursion

a+1 (21 wtt 0
falx) = ,,; H(u)(x) = = fat (3), (7.2)
i.e.,
fal) = (—20x) fot)
and
ad 1 2
= L)) =
In the variable z we get
2
Jo(z) = =

(z—D(z+1)3
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and
1 24 272
fO(U(Z)) = fO(;) = (% — 1)(% + 1)3 = _(Z — 1)(2 + 1)3 = _fO(Z).
We find by induction
d
Ja(2) + fa(o(2)) = ax(fa—l(z) + fa-1(0(2))) =0
and hence

Wen(z1,22, ... 2n) + Wen(o(21), 22, ..., Zp)
finite n

= > Ben(@fay ) + far @[ ] fa (i) = 0,
2

a=0 i=
Moreover, note that equation (7.2) reads

—z2 i(z— 1)2
z2—-10z =z

Ja(z) = fa-1(2)
( )

in the variable z. It follows by induction that f; is rational and has a pole of order 1
at z = 1 and a pole of order 2a + 3 of z = —1. ]

The last result can be reformulated in terms of the forms wg .

Corollary 7.14. For (g,n) # (0, 1), (0,2), the forms wg »(z1, ..., z,) are antisym-
metric with respect to o, i.e.,

Wgn(Z1,...,2n) = —wg n(0(21),22,...,2n)
1
= —a)g,n(z,zz,...,zn).

They only have poles at z = %1, where the pole at z = 1 has at most order 1.
Proof. The assertions follow from the Lemma 7.13. ]
Now, we are ready to prove Theorem 7.3.

Proof of Theorem 7.3. The initial data is given by (g,n) = (0, 1), (0, 2) and the case
of (g,n) = (0, 3) was proved in Lemma 7.11. Thus, in the following we assume that

(g.n) #(0.1).(0.2).(0.3).

The idea is to add the recursions for
Wen(z1,22,....2p) and Wg n(o(z1),22,...,25)

and proceed with a careful combinatorial analysis after substituting the identity in
Lemma 7.13.
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Firstly we note that the left-hand side yields the following:

— (1 +2x1Wo,1(21))Wg n(21,22, ..., Zn)
— (1 +2x1Wo,1(0 (z)) We (o (z1), 22, - .., Zn)
= —(1+2x1Wo,1(z1))We n(21,22, ..., 2Zn)
+ (14 2x1Wo,1(0(21)) We n(z1, 22, .. ., Zn)
= —2x1[Wo,1(z1) — Wo,1(0 (z1))]We n(21, 22, - . -, Zn).

The first term on the right-hand side we treat is

n

ZiﬁXIWg,n—l(Z{l,...,n}\{j})_ijg,n—l(Z{l,...,n}\{l})
= Xj X1 X1 — Xj

and its counterpart where z; is replaced by o(z;). First we note that, we can
rewrite the derivatives by

3 2 9
ox  z2—-10z
Now, we want to focus on what happens when we replace z; by o(z1), using

x(0(z1)) = x(z1)

we get terms of the form
2
Zi 9 x(z)

z7 = 19z; x(z1)

X1 —Xj
By our observations the latter is equivalent to

70 X)) =1 Wen 1 (Zgonid) = X Wen1 (Zgonnin)

27 — 10z x(z1) X1 — X

Thus x1 Wy n—1(Z{1,...n3\(j}) cancels in the sum and we end up with the term

.....

"z 9 x(z)2 W (Z )
) o j g,n—1 {1,...,n}\{1} )

J
2 —109z; x(z1) X1 — X;

The second term on the right-hand side is

xl(Wg—l,n-‘rl(Zh Z1.22,....2Zn) + Wg—l,n+1(0(zl)7 o(z1),z2.. .-, Zn))

= 2x1We_1nt1(21,0(21), 22, .. ., Zn).
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¢ The third term is

xl[ > Werin+1G1 ZDWey js141(21. Z)

g1+82=¢
TUJ=N\{1}

+ Y W10z, ZD) Wy g111(0(21). Z))

g1+82=¢
TUJ=N\{1}

n
+2 Z(WO,Z(ZL Zi)Wen—1(21, Z1,...n0\(G})
j=2

+ Wor(0(1), ) Wen-1(0 (1), Zs, i) |

By Lemma 7.10 and Corollary 7.14 this yields

—2xl[ > Wen1 G ZD Wey s141(0(21). Z)

g1t+g2=¢
TUJ=N\{1}

B(o(z1), zj
We n— . Z )
+Z(dx(21)dx(z]) gn—1(21, Z{1.n\(jY)

B(z1,zj)
dx(o(z1))dx(z)) Wen-1(0(z1), Z{l,...,n}\{j}))]-

As (g,n) # (0,1),(0,2), (0,3) we have (g,n — 1) # (0, 1), (0, 2). Thus

Wen—1dx(z1) -+ dx(zn-1)
satisfies Corollary 7.14. Therefore, putting things together, dividing by
—2x1[Wo,1(x(21)) — Wo,1(x (0 (21)))]
and multiplying with d x; .. .d x,, we obtain

wgn(Z1,...,2n)
1

(Wo,1(x(z1)) — Wo,1(x(0(21))) dxq

n 2
deldxl Zj 0 L,wgn-1(22,...,2n)
2 2210z, X1 —X;
1 j J 1 J

j=2
+ wg—1,n+1(21,0(21), 22, - - ., Zn)
o

+ Y w11 ZDwg, 15141(0(21). Z1)

g1+82=¢
TUJ=N\{1}
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+ Y @02(0(21). 2)@gn1(21. Zi1,.onp\ ()
j=2

+ 0021, 2)0gn-1(0 (1), Zit, )]

2
N 1 [i depdxr 5 9 ,0gn-1(22,-- 0. %0)
wo,1(21) — wo,1(0(z1)) L5 xi zp—1l0z X1 —Xj
+ wg—1n+1(21,0(21), 22, ..., Zn)

/
+ Z wgl,\1|+1(21,Zl)wg2,|1|+1(0(21),21)]-

81+82=g
TuJ=N\{1}
The d x; in the denominator originates from the trivial expansion g%:. The next step

is to apply Cauchy’s formula and use the fact that the wg , are rational forms (in
particular in z;) having only poles at 1. We have

Wgn(2,22,...,2p)d 2
wg’”(zl"'wzn):zlie;] ) ’z’—Zl’
le
= Res Cl)g,n(Z,Zz,...,Zn)

z—>*121 —Z

1

dZ] 1
= Res a)g,n(—,z%...,zn>
z—>=+1 zZ1 — z z

=— Res ————wgn(z,22,....25),

the second equality is due to the fact that wg , are rational differentials in each z;,
hence the sum over all residue must vanish, i.e.,

Wen(z,22,...,2p)dzy
0= Res 22 r727'' 0
z—2z1 zZ—21
wen(z,22,...,2p)dz;
+ Res g ) ) £
z—>+1 zZ—1I1

where Res;_,+1 denotes the sum of the residues at 1 and —1. Thus we get

dz; dz;
z1—z z1—0(2)

wgn(z1,....2n) = Res —[ j|a)g,n(z,zz,...,zn)

z
1
= Res |:5 / w0,2(21,~)]a)g,n(z,zz,...,Z,,).
a(z)
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Now, we want to invoke the recursion for the wg , which we established before. We
get

wg,n(Zl,...,Zn)
_ Res % (,Z(Z)wo,z(zl,') [Xn: dxdx ng 0 xzwg,n_l(zz,...,zn)
2531 w1(2) — wo1(0(2)) = x2 22 —10z J X —Xj
+ wg_1,0+1(2,0(2), 22, ..., 25)
+ Z a)gl,”‘-‘rl(zvZl)a)gz,‘.]‘-‘rl(o—(z)a ZJ)]
g1+82=¢
TuJ=N\{1}

First we need to argue that the residue at z = 1 does not contribute. But this is since

K _ @@ 2z D7
12 = ) —ao10 (@)~ 2+ D@ = o)z —1dz’

i.e., K has a zero of order 3 at z = 1 which cancels the poles (of order 1) of
wg n(2,22,...,2,). Hence, last two terms on the right-hand side vanish. For the first
one, note that

dxdx (z+1)%dzdz
X2 (z—1)2z2

has pole of order 2, so the zero of K(zy, z) cancels this as well. Lastly, we show that
the first term on the right-hand side vanishes if we take the residue at z = —1. But
by the last equation we see that the pole of order 1 of K is removed by the zero of
order 2. Thus we finally arrive at

wgn(Z1,...,2n)
% UZ(Z) 0)0,2(21, )
= Res

z——1 wg,1(2) — wo,1(0(2))

[a)g—l,n+l(z7 O—(Z)’ 2250 un, Zn)

+ > wg1,|1\+1(2,Zl)wg2,|1|+1(0(2),ZJ)]-
81+82=¢
TUJ=N\{1}

8. Recursions for coverings of an arbitrary base curve

In this section, we derive a recursion for monotone and Grothendieck dessins d’enfants
coverings of arbitrary base curves. For m € N, we denote [m] := {1, ..., m}. Further-
more, for a partition p, we denote the partition obtained by removing the entries in
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position iy, ..., i, (for some n < £(u) andi; € [€(n)]) by plis, ..., in]. We introduce
the following notation.

Notation 8.1. For g > 0 and v be a partition of a positive integer d of length n, we
define

Ag(v) = {1, Br..... 0. Bg) € S;g:C([al,ﬂl]---[ag,ﬂg]) = v}|.
For each partition v, we fix a permutation
n—1
o, = (1...\)1)(]}1 + 1...\)1 + UZ)"'(Zvi + 1...d)’
i=1
where for k € [n] the cycle (Z,_l v +1- Zf-;l v;) is labeled k.

We now observe

B "(1v) A (v) B "1 v) A (v)
<) = Z|Aut<v>| T Z|Aut<v>| )l

for the usual (strictly) monotone double Hurwitz number hf,," (i, v) (resp. h;;' (i, v)).
Thus, by finding a recursive method for computing the (strictly) monotone double
Hurwitz numbers in genus 0, we obtain a recursive method for all genera.

For the rest of this section, we derive a recursive structure for (strictly) mono-
tone double Hurwitz numbers. We note that the disconnected and connected (strictly)
monotone double Hurwitz numbers are equivalent by the usual inclusion-exclusion
principle. We can therefore focus on the connected numbers, which yield more com-
pact formulas.

While monotone single Hurwitz numbers satisfy a recursive formula, a recursive
formula for monotone Hurwitz numbers with an additional non-trivial ramification
remains an open problem. However, one approach to this problem was introduced
in [11] in the case of monotone orbifold Hurwitz numbers. More precisely, instead
of considering monotone orbifold Hurwitz numbers, one considers a combinatorial
refinement, which determines the former numbers and satisfy a recursion. In this sec-
tion, we follow this philosophy and introduce a combinatorial refinement of (strictly)
monotone double Hurwitz numbers and derive a recursion.

Definition 8.2. Let u, v be ordered partitions of d, leti € [{(p)] and I € [vy(,)]. We
define Ngs;l" (wi | mfi], v) to be the number of all tuples (o1, 71, . . ., Tp, 02), such that
(1) o1 = oy, (with 0y, and its labelling as defined above),
(2) c(o1) =v,c(o2) =

(3) the cycles of 03, 0, are labeled,
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4) 1101 = 02,

(5) (01, 711,...,7p,02) is a transitive subgroup,

(6) for t; = (s;¢;) ,where s; < t;, we have t; < t;41,

(7) we have tp = (sptp), where t, = Zf(zv)l_l v;j + [ forsome !/ € [£(v)],
(8) fp is contained in the i-th cycle of o5.

‘We also define the numbers

N i | alilov) = 30 NG G | i) v)

=1

and
£()

NE(u,v) = Y N i | pli]v).

i=1
Similarly, we define the notions for the strictly monotone case and denote the respect-
ive numbers by N~ (u; | wlil, v), Ny (i | li]. v) and N (. v).

Remark 8.3. Before we state our recursion for
NEY (i | plilv) and - NV (i | pli].v).

we make the following remarks.

*  We note that we can compute the monotone Hurwitz numbers };; (v, u) by consid-
ering all tuples (o1, 71, ..., Tp, 02) satisfying conditions (2)—(6) in Definition 8.2
as changing the order of the cycle types in the factorisations does not alter the
enumeration. We use this convention in the proof of Theorem 8.4.

e We see that
IC | ©

T NS (| i)

i=1

hE(v.p) =

and
- C,
0o = S N o,

i=1

* As we are concerned with (strictly) monotone factorisations in Definition 8.2, the
numbers 5,1, + 1,15 + 2, ..., |v| actually appear consecutively in the i -th cycle
of o, (see [11,23]), i.e., this cycle is of the form

(. .tptp + 1t +2...|v]).

* The above definition of Ngf’l(ui | w[i], v) is motivated by the notions in [11,23].
While of technical nature, they are more natural when considered in terms of
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monodromy graphs, which is an approach taken in the works of Do, Karev, and
Hahn. In their language, the numbers N, gs’l(u,- | ml[i],v) counts all “monodromy
graphs, where the unique bold out-end is labeled i with counter .” We note that

these monodromy graphs are related to tropical covers but differ from the ones,
we introduced in this work.

Theorem 8.4. Let g be a non-negative integer and 1, v partitions of the same positive
integer. Moreover, let i € [£(u)] and | < v;. Then we have

NE (i | plil,v)

1
=0 +1—va =1 Y NIPIT oy | ph () — 1))
JellGolN) p=1

l
+3° Y OBNER @ | (ulil. B).v)

a+B=u; p=1

22

at+f=u; g1+82=¢ i

S Y BNERIF | (w4 1, vge)

IWUIl,=[L 1 =1 .
e A NSNS | (g, B), vr)

and

NS (g | il v)
-1

=O(i+1—va—1DY Y NPTy 4y | pH () = 1].v)
jellGolNiy p=1

-1
+Y 0 Y BN (o | (ulil. B).v)

atp=p; p=1

NP

at+B=u; §1t82=8 ;_,4

Yoo Y BNGPI | (. @) | + 1] vge)

11U12=[£(M)]\{1} p=1 Vmax(J)

Jcn—1] ( > (NgrIRIt g (uzyﬁ)’w)))v
p=1

where © is the Heavyside step function, i.e., ©(t) = 0 fort <0and ©(t) =1 fort > 0.
Furthermore, we denote /") = uli, j1U {u; + p;}

Proof. As the proofs are completely parallel, we restrict our discussion to the mono-
tone numbers. We prove this theorem by a cut-and-join analysis of transitive mono-
tone factorisations (o, 71, ..., Tp,0) of type (g, v, u). Recall that Ngs;l" (wi | pli],v)
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counts the number of all tuples (o1, 71, . . ., Tp, 02) of type (g, v, u) satisfying condi-
tions (1)—(8) of Definition 8.2, where 7; = (s;¢;) with s; < t;, such that 07 = 0, and
Sp is contained in the cycle of o, labeled i. We fix such a factorisation, define

X =151 T10y

and observe that n = (o, 71,..., Tp—1, 2) is a monotone factorisation as well. There
are three cases.

(1) The transposition 7j is a cut for X. That is, 53 and #;, are contained in the same
cycle of 2. Then left multiplication by 7, i.e., 7, X cuts the cycle of X containing sp
and 7, into two cycles. Conversely, this means s, and #, are contained in different
cycles of o and 7 joins those cycles by left multiplication 7,07 to a joint cycle in .

Thus, if 73 is a cut for X, any such transitive monotone factorisation (oy, 71, . . .,
73, 0) contributing to Ngs;l’i (wi | mli], v) yields a transitive monotone factorisation
(0, T1s ..., Tp—1, X) contributing to Ngsp’e(u)_l(ui + p; | W E(n) — 1], v) for
some j € [£(1)]\{i} and p <I. The other way round, we start with a tuple (o, 71,. . .,
P (i + | iy 71, v) for some j € [€(w)]\{i} and
p <. We analyse the number of possible transpositions t, which give a transitive

Tp—1, %) contributing to NgS

monotone factorisation (oy, 71, ..., Tp,0) with €(02) = . The number sy, is fixed to
be Z,”;ll v; + [. As mentioned before, the cycle of 0, containing s (labeled i) must
then be of shape

n n
(~-~+l‘btb+1+"'+Z‘)i—lzvi>-
k=1 k=1

Thus the length p; of the cycle must be at least v, — / + 1, in other words ®(u; +
[ — v, — 1) must not vanish. Moreover, as 73, is fixed and s, must be contained in the
same cycle of X as 1, the value of s, is fixed as well. This yields the first summand.

(2) The transposition 7j is a redundant join for X. That s, 7, and s; are contained
in two different cycles of ¥ and 7 is a transitive monotone factorisation as well. Then
left multiplication by 1p, i.e., 75 X joins the cycles of ¥ containing sp and f; respect-
ively to one cycle. Conversely, this means s and #; are contained in the same cycle
of 0, and 7 cuts this cycle by left multiplication 7307 to two cycles of .

Thus, if 73 is a redundant join for ¥ any such tuple (0, 71, . . ., Tp,02) contributing
to Ngf;l’i (mi | mli], v) yields a tuple (oy, 71, ..., Tp—1, 2) contributing to Ngs_;’l”i (o |
(uli], B),v) for some i € [£(u)], « + B = w; (note that the genus drops by 1 since the
number of transpositions and the length of the second cycle type drop by 1) and p > /.
The other way, we start with a tuple (o, 71, ..., Tp—1, 2) contributing to N gf_;’l”i (o |
(nli], B),v) for some i € [€(p)] and o + B = p;. We analyse the number of possible
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transposition t; which yield a tuple (o, 71, ..., Tp, 02) contributing to Ngs;l’i (ui |
pli], v).

The number sy, is fixed to be Z:’;ll v; + [. By definition, #3 is contained in a cycle
of length ov. We need to choose sp, such that 1, = (spfp) joint o with another cycle
to a new cycle of length w;. Thus, we need to choose r; from a cycle of length .
Moreover, we can choose s;, arbitrarily, which yields a factor of f and we obtain the

second summand.

(3) The transposition tj is an essential join for X. That is, s, and 5 are contained
in two different cycles of ¥ and the group generated by 7 is non-transitive with two
orbits. Then left multiplication by 1, i.e., 7, X joins two cycles of ¥ containing sp
and 73 respectively to one cycle. Conversely, this means s and #; are contained in the
same cycle of 0, and 7 cuts this cycle by left multiplication 7507 to two cycles of 2.

Thus, if rb‘is an essential join for X, any such tuple (o, 71, . . ., Tp, 02) contrib-
uting to Ngf;l” (wi | pli]. v) yields two tuples (0y,, Ti(1), - - - » Ti(e)> 05) and (0
Ti(1)s - - - » Tj(d)> 0'22) such that

(1) J C[n],

2)c+d=hb,

(3) oy, is the permutation obtained as the product of all disjoint cycles of o, with
label in J and

@) 021 and 022 have disjoint orbits and o, = 021 022, where 05 recovers the labels
from o, fori =1, 2.

;s |+1

These tuples contribute to Zé):l ,BNgE1 (| (ry, o)[|I1] + 1], vge) for p <

[ and to N;Z;UZHI(,B | (15, B), vs) respectively. By the same arguments as in the
previous case, we obtain a factor of 8 and thus obtain the third summand, which
completes the proof of the theorem. ]

A. Examples

We provide some examples of the quasimodular g-expansions of ) ; H ,f }dm (n)q?,

computed using Sage [39]. See [38, Section 10] for an extensive list of quasimodular
forms corresponding to simple Hurwitz numbers (! =m = 0, u = ()):

1

,d

> H35004" = 3532 (5P° ~3PQ —2R)
d

=242 + 164> + 60g* + 1604° + 360¢° + 672¢7 + 12404°
+ 19204° + 31804 '° + 44004!'! + 6832¢'% + 0(¢'?),
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Y HysOq? = 27345(SP3 —3PQ —2R +45P2 + 180 + 90P — 153)

=24 + 13¢> + 44¢* + 109¢° + 235¢% + 422¢9" + 7604®
+ 1151¢° + 1875¢"'° 4 2555¢"" +39274'% + 0(q"?).

ZHooz()q 27345(5P3—3PQ 2R —45P%2 —18Q — 90P + 153)

=3¢% 4+ 16¢* + 51¢° + 125¢° + 250" + 480¢® + 7694°
+ 1305910 + 1845¢" 4 2905¢'% + 0(¢"?),

1

Y HPE (3)g? = W(—875P5 +1775P3Q — 10P2R — 894P 02
+40QR + 750P* — 1710P>Q + 60 PR + 9000Q?>
+135P3 —81PQ — 54R>

= 364> + 540g* 4 3606¢° + 157264° + 532984 " + 1491424®
+ 3679204¢° + 8158864 % + 16681504'! + 3202374412
+ 0(¢").

1
Y Heslo(3)g! = 2143552 (_875P5 +1775P>Q —10P?R — 894PQ?
d

23460

+40R —2625P* —630P2Q + TPR
648 5

+7Q +2835P3 + 1359PQ — 5814R

+3150P2% — 46080 + 7020P — 4131)

=27¢> + 369¢* + 2337¢° + 9795¢% + 32307¢" + 884464°
4 2145364° + 469230¢'° + 948600¢"" + 1803375¢"2
+ 0(¢").

1
Z Hyo,(3)q? = EITEErS) (—875P5 +1775P3Q — 10P?R —894PQ? + 4QR

22620 11952
+4125P* —2790P2Q + TPR ——20?
—2565P% —1521PQ + 5706R — 3150P2 + 46080
—7020P + 4131)

=9¢> + 171¢* + 1269¢° + 5931¢° + 20991¢” + 606964°
+ 153384¢° + 3466564'° + 719550¢"" + 139899942
+ O(q13).
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