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On the moments of the moments
of the characteristic polynomials
of Haar distributed symplectic and orthogonal matrices

Theodoros Assiotis, Emma C. Bailey, and Jonathan P. Keating

Abstract. We establish formulae for the moments of the moments of the characteristic poly-
nomials of random orthogonal and symplectic matrices in terms of certain lattice point count
problems. This allows us to establish asymptotic formulae when the matrix-size tends to infinity
in terms of the volumes of certain regions involving continuous Gelfand—Tsetlin patterns with
constraints. The results we find differ from those in the unitary case considered previously.

1. Introduction

1.1. Context

Let
PGy (0: g) = det(I — ge™™)

denote the characteristic polynomial on the unit circle (where i := +~/—1) of a mat-
rix g € G(N), for G(N) € {Sp(2N), SO(2N)}. Here, Sp(2N) denotes the group
of 2N x 2N symplectic unitary matrices, and SO(2/N) denotes the group of 2N x
2N orthogonal matrices and with determinant 4-1. We note that the eigenvalues of
matrices from Sp(2/N) and SO(2N) lie on the unit circle and come in complex con-
jugate pairs, namely they are of the form /%1, e7i91 ¢i#2 =02 o=i0N i¢N Ip
particular, we have that

Pony(0:8) = Povy(—0: g). (D

Endowing the groups Sp(2/N ) and SO(2N ) with the normalized Haar measure, we
denote by Egcg(y) the mathematical expectation with respect to the corresponding
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measure on G(N). We are interested in the following quantities, which we call the
moments of the moments of the characteristic polynomial:

27
1 k
Moo (k. B) = Egeoon | (55 [ 1Pem @ 0PPd8) | @
0

Our focus will be on the asymptotics of MoMg ) (k, B) in the limit as N — oo when
k and B are fixed integers.

When G(N) is the unitary group U(N ), there has recently been a good deal of
interest in the moments of the moments. General conjectures were made concerning
the large- N asymptotics in this case by Fyodorov, Hiary, and Keating in [12] and, in
more detail, by Fyodorov and Keating in [14]. These conjectures were explored in
numerical computations and further generalized in [13]. One reason for studying the
moments of the moments is that the conjectured asymptotics can be used to motivate
conjectures for the extreme value statistics of the characteristic polynomials [12, 14].

In the case of the unitary group, the conjectured asymptotics for MoMg ) (k, B)
was proved when k = 2 by Claeys and Krasovsky using a Riemann—Hilbert ana-
lysis [9], and for all non-negative integer values of k and § by Bailey and Keating [5]
using an approach based on exact formulae for finite N. An alternative approach when
k and B are non-negative integers was developed by Assiotis and Keating [3], using a
connection with representation theory and constrained Gelfand—Tsetlin patterns and
thus establishing a connection with combinatorics. This yields the same results as
found in [5], but leads to an alternative explicit formula for the coefficient appearing
in the leading-order contribution to the asymptotics in terms of the volume of the asso-
ciated Gelfand-Tsetlin polytopes; i.e., it provides a geometrical interpretation for this
constant. Recently, Fahs has extended the approach developed in [9] to give a proof of
the asymptotic formula for MoMg ) (k, B) for non-negative integer values of k and
general non-negative real 8, but without an explicit expression for the coefficient of
the leading order term. There is considerable interest in removing the assumption that
k is a non-negative integer though this is likely to require new ideas. Finally, there
has also been a good deal of progress in proving the associated conjectures for the
extreme value statistics of the characteristic polynomials; see, for example, [1,8,22].

Our purpose here is to extend the approach developed in [3] to give formulae for
MoMg ) (k, B), when k and B are non-negative integers and when G(N) is either
of the groups Sp(2/N) and SO(2N), in terms of the associated constrained Gelfand—
Tsetlin patterns (which are different to those that appear in the unitary case). We then
establish asymptotic formulae in which the volumes of the related Gelfand—Tsetlin
polytopes appear. Importantly, we find that the leading order asymptotic dependence
on N depends on the group in question.



Moments of moments of symplectic and orthogonal characteristic polynomials 569

We now have a well-developed understanding of how to use results for random
matrices to make conjectures about the corresponding questions in number theory. For
example, formulae for the moments of the moments of the characteristic polynomials
of random unitary matrices, and for the extreme value statistics of the characteristic
polynomials, can be used to motivate conjectures for the moments of the moments
and for the extreme value statistics of the Riemann zeta-function on short intervals of
its critical line [12, 14]. There has recently been progress in proving these conjectures;
see, for example, [2, 16, 17,20]. Our results here provide a similar basis for conjec-
turing formulae for the moments of the moments of L-functions from orthogonal
and symplectic families, for example L-functions associated with quadratic twists of
elliptic curves and quadratic Dirichlet L-functions, where the two averages are, first,
over a short section of the critical line (e.g., a section of length 277) centered on the
symmetry point of the functional equation, and, second, over members of the family
(i.e., in the two examples given, over twists). This application will be explored further
in a subsequent paper.

It would be interesting to extend the approach developed in [9, 11] to the ortho-
gonal and symplectic groups. This would require uniform asymptotics for determ-
inants of the form Toeplitz + Hankel as the singularities merge; as far as we are
aware this theory remains to be developed. It would also be interesting to explore
the implications of our results for orthogonal and symplectic analogues of Gaussian
Multiplicative Chaos, along the lines of the corresponding theory in the unitary case
(see, for example, [21,25]).

1.2. Main results

Theorem 1.1. Let G(N) = Sp(2N). Let k, B € N. Then, MoMgpan) (K, B) is a poly-
nomial function in N. Moreover,

MOMSp(ZN) (k,IB) — Csp(k,ﬂ)Nkﬁ(Zkﬁ+l)_k + O(Nkﬂ(Zkﬂ-i-l)—k—l)’ (3)

where the leading order term coefficient csy(k, B) is the volume of a convex region
defined in Section 4.2 and is strictly positive.

Theorem 1.2. Let G(N) = SO(2N). Let k, B € N. Then, MoMsoan)(k, B) is a
polynomial function in N. Moreover,

MOMso(zN)(l, 1) = 2(N + 1) (4)
otherwise,

MoMso(w) (k. f) = cso(k, PN PCF=DE L o(NIPCRI=DE 0 (5)
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where the leading order term coefficient cso(k, B) is given as a sum of volumes of
convex regions described in Section 5.2 and is strictly positive.

We remark that in the case of the unitary group, the power of N appearing in the
corresponding asymptotic formula is k282 —k + 1.

1.3. Strategy of proof

In order to prove our main results we combine the approaches that were developed
in [3,5] (see also [18]) for treating the simpler case of the unitary group. We first adapt
an argument presented in [5] to prove that MoMgn)(k, B) is a polynomial in N.
Then, in order to obtain the leading order term and an expression for its coefficient,
we develop the combinatorial approach of [3] to this setting.

The outline of the proof is as follows. We first obtain an expression for
MoMg ) (k, B) in terms of certain combinatorial objects, namely Gelfand-Tsetlin
patterns, satisfying some (quite involved) constraints. We do this by making use of
formulae due to Bump and Gamburd [7] that express averages of products of charac-
teristic polynomials over the classical compact groups in terms of certain associated
characters. The next step can be seen as taking a discrete to continuous limit, which
gives the leading order coefficient as the volume of an explicit polytope, see Sec-
tions 2.3, 4.2, and 5.2 for more precise statements.

There are certain important, not entirely technical, differences to the unitary group
setting. In particular, the combinatorial objects we work with, namely the symplectic
and orthogonal Gelfand—Tsetlin patterns, are more complicated than their unitary
counterparts. For example, in order to apply the results required for the discrete to
continuous limit in the orthogonal case, we first need to perform a decomposition of
the corresponding patterns. The most significant difference however is the complexity
of the constraints involved in the orthogonal and symplectic settings. For the case of
the unitary group, the constraints only depend on a single level of the pattern, whereas
for the cases considered in this paper they involve several levels.

This complication has the following consequences. Firstly, from the discrete to
continuous limit argument it is not immediately clear that the leading order coeffi-
cient is actually strictly positive (which is straightforward in the unitary case). We
manage to overcome this problem by a careful analysis of the different types of con-
straints. This is one of the more challenging parts of the paper, and the argument is
supplemented by a number of diagrams. Secondly, the intricacies of the constraints
prevents us, at least at present, from obtaining a more explicit expression for the lead-
ing order coefficient as was done in [3] (such an expression has been used to connect
this coefficient to Painlevé equations for k = 2, see [6, 18]). However we do not
believe that this is an intrinsic limitation of our approach, since, as we show in Sec-
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tion 4.3 for example, whenever such a leading order coefficient in an allied problem
has been computed explicitly by different methods, it can fact also be reproduced by
calculating volumes of Gelfand—Tsetlin polytopes.

2. Preliminaries

2.1. Symplectic and orthogonal Gelfand-Tsetlin patterns and Schur
polynomials

We will now give some background on symplectic and orthogonal Schur polynomi-
als (which are in fact Laurent polynomials). These can be defined as the characters
of irreducible representations of the corresponding classical compact groups. From
this perspective, making use of the Weyl character formula, one obtains well-known
explicit expressions in terms of ratios of determinants (which we also record below).
For our purposes however, we shall need some equivalent (see [23]) combinatorial
definitions in terms of sums over objects called Gelfand—Tsetlin patterns. We mainly
follow the recent exposition in [4, Section 2].

Definition 2.1 (signature). A signature A of length M is a sequence of M non-
increasing integers (A; > A, > --- > Apr). We denote the set of all such signatures
by Sur. We also denote the set of the signatures with non-negative entries by S]t!. For
A=A1,...,Am) € S;ltl wedefine A” :=(Ay,...,Ap—1,—Apm).IfAy=---=Ay =n
then we also write A = (n™).

Definition 2.2 (interlacing). We say that signatures A € Sys and v € Sps41 interlace,
and write A < v, if

VI > AL 2> >0y > Ay > Vg4 (6)
Similarly, we say that A € Spr and v € Syy interlace, and still write A < v if
VI > AL >0 > >y > Ay @)

We now define the notion of a half pattern, see Figure 1 for an example. Sym-
plectic and orthogonal Gelfand—Tsetlin patterns will be half patterns with additional
properties.

Definition 2.3 (half patterns). Let n be a positive integer. A half (Gelfand—Tsetlin)
pattern of length n is given by a sequence of interlacing signatures (1¢ ))?zl such that
A=D1 @) ¢ s; and the interlacing is as follows:

A 2@ oo )

We call the first entries on the odd rows, namely Agzi_l), the odd starters.



T. Assiotis, E. C. Bailey, and J. P. Keating 572

@)
A2

3
AZ
\v
@
)\'1
7
M
A'l

Figure 1. A half pattern of length 4, (A¢ ));‘: 1
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ws,(P) = x2

(a) An example of a (4)-symplectic Gelfand-Tsetlin pat-
tern P, with its corresponding weight wg, (P) below for
some complex numbers X1, X2 as appearing in Defini-
tion 2.4.

@)
A1
7

3)
A]

with the interlacing explicitly shown.

-2 2 4

-1

wo(P) = (x1x2x3)~!

(b) An example of a (5)-orthogonal Gelfand-Tsetlin pat-
tern P, with its corresponding weight w, (P) below for
some complex numbers X1, X2, X3 as appearing in Defin-
ition 2.6.

Figure 2. Figures giving examples of symplectic and orthogonal Gelfand—Tsetlin patterns.

We arrive to the definition of a symplectic Gelfand—Tsetlin pattern, see Figure 2a

for an illustration.

Definition 2.4 (symplectic patterns). Let n be a positive integer. A (2n)-symplectic
Gelfand-Tsetlin pattern P = ()21 is a half pattern of length 2n all of whose
entries are non-negative integers. For fixed complex numbers (x1, . .., X, ) We associ-
ate to the pattern P a weight wg,(P) (dependence on xi, ..., X, is suppressed from

the notation and will be clear from context in what follows) given by

n

wsp(P) = nx

i=1

e il it i
Yimi A2 AT U I A
i )
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with A(® = 0. Forv e SL, we write SP,, for the set of all (2M)-symplectic Gelfand—
Tsetlin patterns with top row ACM) = .

We now give the combinatorial definition of the symplectic Schur polynomial as
a sum of weights over symplectic patterns.

Definition 2.5 (symplectic Schur polynomial). Letv € S]CI. We define the symplectic
Schur polynomial by

spPM) (x1.. . xa) = D wep(P). (8)
Pesp,

It can be shown (see [23]) that this combinatorial definition coincides with the
following determinantal form given by the Weyl character formula

vj+M Jj+1 x._(vj+M_j+1))M.
i
M—j+1 —(M—j+1\M
xl )11—1

det(x;
det(x;

sps>M)

(X1,...,xXxpm) =

We move on to the definition of orthogonal patterns. This is slightly more involved
than the symplectic case since some of the elements are now permitted to be negative.
We will use the notation

+1, x>0,

-1, x<0.

sgn(x) = {

Definition 2.6 (orthogonal patterns). Let n be a positive integer. A (2n — 1)-ortho-
gonal Gelfand-Tsetlin pattern P = (A(’))Z” 1is a half pattern of length 2n — 1 all of
whose entries are either all integers or all half-integers' and which moreover satisfy:

» all entries except odd starters are non-negative;

 the odd starters satisfy |)L(2’ 1)| < mln{)L(Z’ 2) )L(Z’)} fori = 2.....n—1and
moreover|k(1)| < 1(2) and M(Zn 1)| < A(Zn 2)'

For fixed complex numbers (x1,. .., X, ) we associate to the pattern P a weight w, (P)
given by
senA ' T )sen {2 TN oy AP TV 2 DT AT TP I T I
wo(P) = l_[ X; /= / I ,

i=1

with A A1 = 0. For v € Spy, we write OP,, for the set of all (2M — 1)-orthogonal
Gelfand—Tsetlin patterns with top row AGM =D =y,

Tt transpires that for our application the entries of (2n — 1)-orthogonal Gelfand—Tsetlin
patterns are always all integers.
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See Figure 2b for an example of an orthogonal Gelfand—Tsetlin pattern.
As in the symplectic case, we have the following combinatorial definition of the
orthogonal Schur polynomial as a sum of weights over orthogonal patterns.

Definition 2.7 (orthogonal Schur polynomial). Letv € S]J{,I. We define the orthogonal
Schur polynomial by

0‘(,2M)(x1, e XM) = Z wo(P). 9)

PeOP, UOP,—

Again, it can be shown (see [23]) that this combinatorial definition coincides with
the following determinantal expression given by the Weyl character formula

2det(x?)j+M_j + x; ~0j+M=i)y M

det(xM / + X —(M - ]))

),J—l

0‘(,2M)(x1,...,xM) =

i,j=1

2.2. Averages of products of characteristic polynomials as Schur polynomials

We have the following results due to Bump and Gamburd, see [7, Sections 5 and 6]
(note that [7] uses the equivalent definition of Schur polynomials in terms of determ-
inants). These relate products of characteristic polynomials averaged (with respect to
Haar measure) over the classical compact groups with Schur polynomials.

Proposition 2.1. Let M be a positive integer and x1, . .., xXp be complex numbers.
Then,
M
Egespom| [ [ det(l —x;0)] = (erxan)Y splapiy (va. - oxnn). - (10)
j=1
Proposition 2.2. Let M be a positive integer and x1, . .., Xy be complex numbers.
Then,
M
Egesoem| [[dett —x9)] = (i aan) ol (i, oon). (1)
j=1

In our applications below we will be taking particular choices of the complex
numbers X1, ..., Xy lying on the unit circle in the complex plane for some even
integer M.

2.3. Asymptotics of the number of lattice points in convex sets

We have the following theorem on the number of lattice points in convex regions of
Euclidean space, see for example [24, Section 2].
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Theorem 2.3. Assume § C RL is a convex region contained in a closed ball of
radius p. Then,

#(S NZEY) = vol (8) + O (pE™1), (12)

where the implicit constant in the error term depends only on L.

We will prove our main results on the asymptotics of the moments of the moments
by applying the theorem above with some judicious choices (different for each group)
of the convex set §.

2.4. Averages of products of characteristic polynomials as combinatorial sums

Instead of expressing the averages of products of characteristic polynomials over the
various matrix groups in terms of their Schur polynomials, one can instead view them
as combinatorial sums. These descriptions follow from work of Conrey et al. [10] and
will be used when determining the polynomial structure of the moments of moments.

Proposition 2.4. Let M be a positive integer and x1, . .., Xpr be complex numbers.
Then,
M ]—[M xEjN
X
IEgeSp(zN)[ [ ] det(z - ng)] = (1o Y —
j=1 e,e{—l,l}nlsifij(l_xi X7
Proposition 2.5. Let M be a positive integer and x1, ..., xXp be complex numbers.
Then
M 1—[M xé‘jN
X
]EgESO(ZN)[ l_[ det (I —ng)] =(x1.. .xM)N Z J J e——F
j=1 8j€{—1,1}1_[15i<j§M(1 —X X )

Once more, M will be an even integer and we will be picking the complex num-
bers xi, ..., xp in a particular way, always lying on the unit circle in the complex
plane.

3. Polynomial structure

In this section we prove the following proposition. This, together with results stated
in Sections 4 and 5 will prove Theorem 1.1 and 1.2.

Proposition 3.1. Let G(N) = Sp(2N), or G(N) = SO2N), and k, 8 € N. Then
MoMg ) (k, B) is a polynomial function of N .
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Proof. We make use of the expressions for averages through the different matrix
groups due to Conrey et al. [10] that were introduced in Section 2.4. The argument
follows that for the moments of the moments of the characteristic polynomials of
unitary matrices, presented in [5].

We begin with the symplectic case. We apply Fubini’s Theorem to obtain

m 2m 2kp
MoMsyan (k. ) = / [ sese[[] detr = 570)]at...a0
(13)
where, by recalling observation (1):
x = (e—ial . ’e—i91’ei01 . ’ei91’e—i92’ o ’e—iaz’ 192’ ) ’ei92’ .
B B B B
e_w"', . ,e_iek,eiek, ... ,eiek).
B B

Then, by Proposition 2.4, we can write the moments of moments in the following
form.

MOMSp(ZN) (k /3)
2kB

2w e; N
x
/ / > =1y —_d0,...db.
(27‘[)k 'SIXJ )

e;€{—1,1} H1<t<1<2kﬂ(1

Above, each summand appears to have a pole of finite order (when xi = x 7,
but these cancel with zeros in the numerator when the sum is considered as a whole
This is clearly the case since the average of a product of polynomials is bounded [10].
Following this calculation, one may compute the resulting function by applying
I’Hopital’s rule a finite number of times, which results in a polynomial function in

the variables €1, . ..

, eigk, and whose coefficients are themselves polynomials in N.
Finally, after performing the integration over the 6y, ..., 6k, only the constant term
of said polynomial survives, which as noted is a polynomial in N. This concludes the
proof of Proposition 3.1. The argument for the orthogonal case is completely analog-

ous via Proposition 2.5. ]

4. Results for the symplectic group Sp(2N)

We give the proof of the leading order behaviour and coefficient of MoMg, o) (k. B)
as described in Theorem 1.1. The argument is split in to stages. Firstly, we give an
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expression for the moments of moments using symplectic Gelfand—Tsetlin patterns
with constraints. Secondly, we observe that part of the pattern is determined, and
hence only the “free” part plays a role. Finally, by essentially passing from a discrete
to a continuous setting and using the results presented in Section 2.3, we arrive at the
result.

4.1. A combinatorial representation
We begin with a combinatorial representation for MoMgp2 ) (K, B).

Proposition 4.1. Let k, B € N. Then, MoMgyon)(k, B) is equal to the number of

(4kpB)-symplectic Gelfand-Tsetlin patterns P = ()L(’))4kﬂ with top row AWk —
(N2%BY swhich moreover satisfy the following k constraints fori = 1,... k:
@i-1p J

Z [Zk(zn 22)&(2; Ol 21(2; 2)]

j=Qi—-2)+1 I=1
2iB

_ Z [Zk(zn 22)&(2] D4 21(2] 2)] (14)

j=Qi-1B+1 I=1
We denote the set of such patterns by GTsp(N; k; B).

Proof. As in Proposition 3.1, by an application of Fubini’s Theorem we have

2 2kB
MoMsyan (k. ) = / [ Egesoom| ] ] det(l —x,2)] a1 ... d6y.
=1
(15)
with (using (1))
)_c=(e_w‘,...,e_iel,ew‘,...,eiel,e_wz,...,e_iez,eiez, el
B B B B
e_iek,...,e_iek,eiek,...,eiek).
B B

Now, we make use of Proposition 2.1 along with Definition 2.5 to rewrite the
integrand in (15) as follows, where the signature determining the set SP,, is

v = (N?*By ¢ S;Lkﬁ
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We get

2kpB
]EgGSp(ZN)[ [ ] detr - xjg)]
Jj=1
A : J 25) J 2/-1 J—14,(2j-2)
= Z He_191[21=1)‘1 22X o1 A ]
PGSP<N21\»5>]=1
28 . . . vl 1 i
x [[ el 222 2 24222
j=B+1
36 i 2j i 2j—1) i—1 52/ —2)
X 1_[3_192[2;=1 A; “‘221]:1 A; / +le=1 A; ’ ]
j=2B+1
48 . . . vl 1 i
X l_[ei92[2;=1 A; j)_22;=1 A; / )+le=1 A; / )] X
j=3B+1
(@k-1B i 2j j 2j—1 i—1 5 (2j—2
x [ e tOia A 2T AP TR )
j=2k-2)p+1
2kB . 0 . vt i
x ] im0 2 X A2 TP A,
j=Ck—1)B+1

Finally, by making use of the fact that

2

1 .
— / 0d0 = 8.,
2

0

the statement of the proposition readily follows. ]

We now make the simple observation that the form of the top signature (N 2kB )
essentially fixes the top right triangle of a pattern in GTs,(N; k; B), see Figure 3. In
order to formalize the argument, it is convenient to have the following definition.

Definition 4.1. Consider the following set of integer arrays (y¢ ))?i‘? 1 e ZkPQKp+D)
which we denote by 3s,(N; k; B), and which additionally satisfy the following con-
ditions:
1. forall 1 <i <2kB, y®, y@kB=i ¢ s[m | ;
=
2. both (y(i))l.zi/i and (y“kP _i))izi/i form (2kB)-symplectic Gelfand—-Tsetlin pat-
terns;

3.0< y](.i) < N for any valid i, j;
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2kp
N N N
* N N N
* N
* *
N
2kpB * *

odd starters

Figure 3. Figure depicting the fixed region of a (4kf)-symplectic Gelfand-Tsetlin pattern P €
SPn2ksy. The shaded area represents the fixed region, whilst the unshaded region shows which
elements have some freedom in the values that they can take.

4. the rows (y(’))Mc‘6 ! fulfil the following constraints. In the case k is even, let
i=1,..., ’; (with y(© y#kB) = () Then

@i-Dp J

Z [Zy(zj) 223’(2] 1) +§y1(2j_2)]
I=1

j=@Qi-2)B+1 I=1
2iB

J Jj—1
_ Z [Zy(zj) Zzyl(zj_l)+zyl(2j_2):|’ (16)
=1 =1

j=Qi-1B+1 =1
and

Qi-1)p J

Z [Zy(4kﬂ 25) 2Zy(4kﬂ 2]+1)+Z (4kB— 2]+2)]

j=Qi—-2)+1 I=1
2iB

J j—1
_ Z [Z (4kB—2j) _zzyl(4kﬂ—2]+1) n Zyl(4kﬂ—2]+2)i|'
=1 =1

j=Qi-1B+1 I=1
(17)
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While, when & is odd, we have the same constraints as above fori =1,.. ., k-1

2
along with

Z [Zy(zf) 223’1(2] 1)+Zy(2; 2)]

Jj=(k— 1),B+1 =1

_ Z [Z (4kB—27) 22 (4kB— 2]+1)+Z (4kﬂ—2j+2)i|.

=(k-1)B+1 I=1
(18)

Observe that for both & odd and even there are a total of k constraints.

We claim that there is a natural bijection, essentially a relabeling of the coordin-
ates, between GTs,(N; k; ) and 3s,(N: k: B):

Bsp: GTsp (N k: B) — 3sp(Nk; B). (19)

This can be seen as follows, and for additional clarity see Figure 4. Let ()L(’))M“6
GTs,(N;k; B). Observe that, by the interlacing A 4k8=1 < (N2kB) = 1 (4kB) we have
a single free coordinate

(4kﬂ—1) (4kp—1) (4kB—-1)
A sAgpgy =N 0=y T =N

We thus relabel y(4kﬁ > )tg]‘c]:f ~D _Secondly, again due to the interlacing A #*8-2) <
A@kB=1) we have

(4kﬂ—2) (4kB—2) _
Ay Azkﬂ , =N

and moreover,

(4kB—1) _ 4 (4kB—-1) (4kp—2)
1 = Azkﬂ = AZkﬂ—l =N
We write y(4kﬂ D = )Lg;c];ﬂ__lz). We continue relabeling in this fashion up to (and

including) A@kB+1) (after which no coordinates are necessarily fixed to equal N)
and finally, we put (y(’))Zkﬁ ()L(’))Zkﬁ Clearly, the map Bs;, described above is
invertible. Thus, by making use of Proposition 4.1 we obtain the following:

Proposition 4.2. Let k, 8 € N. Then,

MOMSp(ZN)(kv B) = #sSp(N;k;,B)'
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N N N
(4kB—1) (4kp—1)
Azkﬁ N N N A
(4kB—2) X . (4kB—2)
)‘Zkﬂ—] . . N i
(4kB—3) (4kB—3) . 5 (4kB—3) (4kB—3)
A2kp—1 Aokp—2 0 - he) Y1
N Bsp
>
(2kB) (2kB) : (2kB) [(2kB)
A A e Y2 N
)‘(lzwfn yfzkb‘—l)
@) ()
A N1
1) (1)
A RS

Figure 4. Representation of the relabeling of the coordinates given by the bijection
Bsp: GTsp(N; k; B) — Isp(Nsk; B).

4.2. Asymptotics and the leading order coefficient

To conclude the proof, we require some final definitions and notation, which will
also be useful for the orthogonal case in Section 5. We consider the continuous Weyl
chamber

Wy ={x = (x1,...,xXN) ERN:xl >..->xpn},

and also let W;\r, =Wy nN Rﬁ. We say that y € Wy and x € Wy 4 interlace if
the inequalities (6) (from the discrete setting) are satisfied and we also write y < x
(similarly for y € Wy and x € Wy ). The definitions of continuous half-patterns and
continuous symplectic and orthogonal Gelfand—Tsetlin patterns are completely ana-
logous to the discrete setting (we simply replace S; by W;).

We consider the following index set, which encodes a subset of the elements in
the patterns in Ssp(NV; k; B) resulting from applying the relabeling,

n+1
S(S/f,ﬂ) = {(””7’1)11 =m= L J and 1 <n < 2kf;

4k —n + 1
2

n# 48,86, 4k — D)

U{(m,4n,3): l<m<2nf—1landl <n < L%J

orlfme Jande,B+1§n<4kﬁ—1;

or1gmgz(k—n)ﬂ—mnng+15n<k}.
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fixed

|
|
W
|
|
|

Figure 5. Visual representations of how the index sets § (S ,E £)’ and hence the diagram given by
V(S 15, 3> for general integer B and k = 6 are constructed. A pair (i, j) in § (S ,E’ ) Tepresents any
non-fixed element i in row j of the continuous pattern 'V(S kp 8) above, except for the elements
depicted by e. These are not included in § (S /5 p)» since these are chosen to be fixed by the linear
equations. The overlap in the pattern shows the 5 rows x4#) ..., x298) where the constraints
overlap.

Thus, the pair (m,n) appears in S(S,f p) if and only if y,gf) € Jsp(N:k: B), except for

some particular choices of pairs (m, n), which we remove. The k missing pairs are
precisely the encodings of y%ﬂ), yﬁ,ﬂ), ey yf;(k_z)ﬂ), yg;(k_l)ﬂ, and y§4kﬂ_1); see
Figure 5 for a visual representation.

Observe that §°7 ., has exactly k8(2kpB + 1) — k elements. Now, define

(k.B8)
V(s,f’ﬂ) = {(x™ e R: (m,n) e S(S,f’ﬂ),O <x®™ <1} c RFPCkATD—K (20)

alongside elements defined as follows:

x) forn:4,3,8ﬁ,...,4L§Jﬂ, 1)
k
)
oforn=4(|2 ]+ 1)B,... 4tk — 1B, 22
xun forn=4(| 5] +1)B... 4Gk 1P 22)
kB 23)

which are determined by the linear equations (16)—(18) (we simply solve for the rel-
evant term) so that

e 0<x™ <1, forall x described by (20)—(23),
o xm y@kB—n) ¢ it ,forallm =1,...,2k8,

[
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* both ()c("))ik:ﬂ1 and (x(“k‘g_"))ikzﬂ1 form continuous (2kB)-symplectic Gelfand—
Tsetlin patterns.

We call the index set corresponding to the “determined” elements

Torgy = {m.n): y € S5 (N:k: HYNSP 4.

Observe that 'V 5 8) is convex as an intersection of hyperplanes. Moreover,
'V(]f 8) is contained i 1n the cube [0, 1]k#@kB+1)—k and hence in a closed ball of radius

VKBQKB + 1) —

Proof of Theorem 1.1. The proof of the aspect of the theorem pertaining to the poly-
nomial structure of the moments of moments was given in Proposition 3.1. For the

leading order coefficient term we observe that

#35p(N: k; ) = #(ZPCHEIDF 0 (N VP ),

where for a set 4, we write NA = {Nx:x € 4} for is its dilate by a factor of N.
Thus, from Proposition 4.2 and Theorem 2.3 with § = N "V(,f py> We obtain

MoMsyany (k, B) = #35,(N; k; B) = #(ZFFCKB+D—k (N “V(k )

kBQkB+1)—k—1
_vol(Nv(kﬂ))+ O p(NFBCRBFD—k=1)

Since

VOI(N VL ) = NKECKETD kol (veP )
we have csp(k, B) = vol('V(k ﬁ)) It then suffices to prove that vol('V(k ﬁ)) > 0 which
is the content of Lemma 4.3 below. ]

Proving the strict positivity of the constant cgsp(k, 8) is important, because other-
wise we simply have a bound for MoMg, 2 3) (K, B). This task is also one of the more
complicated parts of this paper. A crucial role is played by a number of figures which
elucidate the argument.

Lemma 4.3. Let k, B € N. Then
csp(k, B) = vol(V(k ﬂ)) > 0. (24)

Sp
Proof. We consider the following subset 'V(k s C "V(k 8) defined as for 'V(k B)’ but

(n)

additional we require both that 0 < x,,” < 1 and the interlacing is strict

N O N )
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the above holding also for xm) for (m,n) € 73 (k 8 as given in (21)-(23). Now, we
claim that if there exists at least one element in V(k ) then vol(V(k ﬂ)) > 0 since

:‘3(315 8) contains a small cube around this element (this clearly implies the statement
of the lemma). This can easily be seen as follows. Take a continuous pattern P =
€ V(s,f ) and let d be the minimal distance between any two ele-
() )

(n)
(Z )(m n)ES(A 8)
ments Z,(n) of P, or between z;,” and O or 1 (including those z,
the points descnbed in eqgs. (21)—(23)). We observe that if we change each of the

coordinates (zm

corresponding to

) (mm)es by at most some positive €, then there exists some con-

stant Cy g such that the extra values given by zm) for (m,n) € 7 (k 5y change by at
most Cy g x €. Thus, if € = €(d) is small enough we get that (zm))( mes® T
*.8)

[—e, €]kﬂ(Zka—l) —k -~ 'VSPﬂ)

It suffices to exhibit such an element. We observe that the constraints described
in (16)—(18) essentially fall in to four distinct categories, hereafter types 1, 2, 3, and 4.
These can be visualized as in Figures 6a, 6b, 7a, and 7b. In each diagram, the shaded
triangular region shows the part of the pattern P € GTs, (/N ; k; ) which was fixed to
be N, and the numbers shown to the left of the pattern are the “row coefficient.” One
can reconstruct the particular constraint described in each figure by first multiplying
each row sum by its row coefficient, and the summing the resulting expressions for
the top half of the pattern, and equating it with the sum for the bottom half of the
pattern (the “symmetry line” is given by the row with row coefficient 0). For example,
Figure 6a shows the following constraint, (k = 1, 8 = 3 in (18)),

i[iy(zj) 2Zy(21 1)+Zy(21 2)]
j=1 [=1
3

J j—1
—2j 13-2; 14—2j
:E[ yETED g3 (13720 | 36 2”],
=1 =1

j=1 I=1

or, equivalently,
5 11
2 Z(_l)jr(j) =2 Z(_l)jr(j)’
j=1 j=7

where r/) is the sum of the elements in row j.

We will first show that it is possible to exhibit an element with strict interlacing
and positive distances from 0 and 1 for each of the four types of constraints. We will
then argue that these constructions are compatible and yield an element of V(k )’
this fact is not entirely trivial since two consecutive constraints (e.g.,i = 1,2 in (16))
overlap in a single row, see Figures 11 and 12, and clearly interlacing still plays a role.
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-2

(a) Example of constraint type 1. This occurs exclusively
for k = 1, and is drawn for k = 1, B = 3. The circled
coordinates are those which feature in the “overlap” of the
constraint (18). The grey shaded area shows which ele-
ments are fixed to be N. The numbers on the left show the
coefficient that appears against any given row sum in (18).

(b) Example of constraint type 2. This occurs for k > 1,
k odd, and is drawn for k = 3, B = 2. The circled
coordinates are those which feature in the “overlap” of
constraint (18) (i.e., those in row 2k). The grey shaded
area shows the lower part of the section which is fixed to
be N, and the number on the left show the coefficient that

appears against any given row sum in (18).

Figure 6. Figures showing constraints of type 1 and 2 for the symplectic case.

The first two types of constraints, types 1 and 2 are shown in Figures 6a and 6b.
Type 1 only occurs for k = 1 and Figure 6a shows an example fork = 1 and § = 3.1In
this case, only (18) is relevant. The row sum for the (2k8)th row appears on both sides
of (18), and so this contribution is canceled out. All the remaining row sums have a
coefficient of either +2 or —2 in (18), and precisely which coefficient corresponds to
which row can be seen on the left in Figure 6a. Similarly, type 2 is the generalisation of
type 1 but for k > 1, odd. For these larger values of odd k, the shape of the constraint
changes from triangular to pentagonal, but always occurs in the center portion of
the overall pattern. Figure 6b shows the type 2 for kK = 3 and 8 = 2. For both said
constraints, it is easy to exhibit such an element by symmetry: simply pick the lower
half-pattern to have strict interlacing and coordinates a positive distance away from 0
and 1 and reflect in the symmetry line (cf. the row with factor 0 in either figure).

Constraints of types 3 and 4 are shown in Figures 7a and 7b. Type 3 occurs for
k > 2 and corresponds to eqs. (16) and (17) for i = 1 — henceforth we say that a
“lower” type 3 pattern comes from setting i = 1 in (16); whereas an “upper” type 3
pattern is the analogous object using (17). The shape of type 3 is always triangular
and covers the lowermost and uppermost portion of the overall pattern (cf. the top and
bottom patterned triangles in Figure 5). Figure 7a shows type 3 for k = 2, 8 = 2, and
in particular the lower version, corresponding to i = 1 in (16). Note now that all rows
have coefficients that are either £2, except for the top (resp. for the upper version,
bottom) row which gets a coefficient of 1. Type 4 occurs for k > 4 and represents i > 1
in egs. (16) and (17); the terms “lower” and “upper” are used just as for type 3. Type 4
constraints are trapezoidal, and an example of the lower type is drawn in Figure 7b



T. Assiotis, E. C. Bailey, and J. P. Keating 586

(a) Example of constraint type 3. This occurs for k > 2,
and is partly drawn for k = 2, 8 = 2. The figure depicts
the first constraint (i.e., i = 1 in (16)) and the boxed ele-
ments are those which appear in the “overlap” of said
constraint. Note that by reflecting this diagram in the x-
plane, one gets a figure for the last constraint, i.e., i = 1
in (17). The numbers on the left are the coefficients that
appear against the relevant row in (16), with i = 1.

(b) Example of constraint type 4. This occurs for k > 4
and is drawn for k = 4, B = 2 and depicts the (lower)
constraint for i = 2 in (16). The boxed elements are those
which feature in the “overlap” of the described constraint,
and the numbers on the left give the coefficient of a given
row sum in (16). Note that the shape and row coefficients
of the upper constraint can be seen by reflecting the dia-
gram in the x-plane.

Figure 7. Figures showing constraints of type 3 and 4 for the symplectic case.

for k = 4, B = 2. Here (as for the general case) the row coefficients are once again
symmetrical around the “overlap” row. For type 3 and type 4 constraints, exhibiting
an element is more complicated than type 1 and 2, and we proceed as follows.

In case of a constraint of type 3, we split the configuration as in Figure 8. This
results in a type 1 constraint and a new constraint, hereafter referred to as type 5. In
Figure 8, the top diagram gives an example of this splitting for a general form of a
lower type 3, and the particular form of the resulting type 5 constraint is shown in
the bottom diagram. For the constraint of type 1 resulting from the splitting, we will
again use symmetry. However, the constraint of type 5 requires a separate argument.

Take € > 0 to be very small according to k and 8. We pick the lower half-pattern of
constraint type 1, see Figure 8, so that the distances between any two nearest coordin-
ates, and between the closest coordinate to 0 (and respectively 1), is strictly positive
and at most €. We then use reflection through the middle row (the row with O as
its row coefficient) for the upper half-pattern. We then proceed to the constraint of
type 5. We again pick the coordinates, except the largest one (see circled element in
Figure 8) to be at a strictly positive distance of at most € to its neighbor coordinates,
and to the edge of the upper half-pattern of the constraint of type 1. Then, the total
sum corresponding to constraint type 5 excluding the largest coordinate, which we
have yet to pick, is negative and at most ¢ g X € in absolute value, for some constant
ck,p depending only on k and 8. We can then pick the largest coordinate so that this
weighted sum over all coordinates is zero as long as cx g x € < 1.

In order to deal with a constraint of type 4 we split it into a constraint of type 2
and type 5, see Figure 10. There, the general “lower” type 4 constraint is shown, along
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with the method of splitting. One may use exactly the same method described above
for type 3 constraints.

Splitting of Type 3

28

® 1
) o 2
Type 5
2 B 2
) . -2
Type 1 0
YP! ) r;
-2
2
-2
Type 5
2f
1 . . ®y(2/5)
P N
28 .
I . SC)
e Ce)
2 M

Figure 8. Figures giving the construction of a type 5 constraint, which comes from splitting
a type 3 constraint (see Figure 7a). This occurs for k£ > 2, and the version for a lower type 3
constraint (i.e., i = 1 in (16)) is drawn in the upper figure to show the situation for general §,
and k > 2. The type 3 constraint is split in to one of type 1 (the unshaded region) and one of
a new type, type 5 (the shaded region). The bottom figure shows explicitly the constraint of
type 5, which forms a Gelfand-Tsetlin pattern (y(i))?il, where y@ e W;" and y@ < y@+D,
In both diagrams, the circled top right element is the largest, and the numbers on either side
show the row sum weightings for i = 1 in (16). The equivalent form for the upper version (i.e.,
i = 11in (17)) can be seen by reflecting the top diagram in the x-plane.

Finally, we need to argue that using the procedures above is compatible with put-
ting constraints together. For example, type 3 and type 4 constraints overlap, see Fig-
ures 9 and 11, and two type 4 constraints also may overlap, see Figures 12 and 13.
With a mixture of type 3 and type 4 (the case for a mixture of two type 4s is ana-
logous), if we use the algorithm above to satisfy the constraint of type 3, then the
interlacing forces the coordinates at the edges of the next constraint of type 4 to be
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Figure 9. Example of combining a split type 3 and a split type 4. The dashed horizontal lines
represent the lines of reflection, and the solid diagonal lines show where the splitting of the
respective types occurs. The circled elements are the largest element for each section, and the
arrows show the location of elements that, due to the interlacing, are forced the be “large,” and
also direction of growth.

1 . . . . . . ©® ¢ 1

_2 . . . ° /144,'3_” _2
Type 5
) . . . . 22Qi—DB+1) -2
Type 2 0 . . . 22Qi=DB)

2 . . . peEi—DB-1
_2 . e e o )QI-2)B+D)

1 . . . AQI-2)8)

Figure 10. Figure showing splitting a type 4 constraint (see Figure 7b) in to a type 2 and type

5. This occurs for k > 4, and the lower constraint for some 1 <i < L%J in (16) is drawn in

the top figure for general k > 4, 8, involving rows A for n = 2(2i —2)B, ..., 4ip. The type
4 constraint is split in to one of type 2 (the unshaded region) and one of type 5 (the shaded
region), see Figure 8. The circled top right element is the largest, and the numbers on the far left
and the far right give the row sum weightings as appearing in (16). The equivalent form for the

upper version (i.e., 1 <i < L%J in (17)) can be seen by reflecting the diagram in the x-plane.

“large,” of the order of ¢y g X € for the constant cg g described above. This then
forces the largest coordinate of the constraint of type 5 coming from the splitting of
the constraint of type 4 to be ¢x g x € for some (possibly much) larger constant ¢ g.
However, we note that this does not present any real problems since we only need
to apply this procedure a finite number of times and thus as long as we pick € small
enough so that c,’; px€<l for some finite and fixed constant c,’; Py the result is as
claimed. ]
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1 < 4 1
Type 3 -2 :

-2

Figure 11. Example of a mixture of type 3 and type 4. This example shows k = 4, 8 = 1, and
the interplay between i = 1 and i = 2 in (16) is demonstrated through the overlap between the
two patterns. The corresponding diagram fori = 1 and i = 2 in (17) is simply the reflection of
this diagram in the x-plane.

Figure 12. Example of a mixture of constraints of type 4. This figure is drawn for k = 6,8 = 1
and depicts the mixture of constraints for i = 2 in (16) and (17).

\ overlap
Typed { = - ===== mitror

Figure 13. Example of combining two split type 4 constraints. The dashed horizontal lines
represent the lines of reflection, and the solid diagonal lines show where the splitting of the
respective types occurs. The circled elements are the largest element for each section, and the
arrows show the location of elements that, due to the interlacing, are forced the be “large,” and
also direction of growth.

4.3. Asymptotics at the symmetry point

In this section we show how the method illustrated above can also be used to recover
results of Keating and Snaith on the asymptotics of moments of the characteristic
polynomial at the symmetry point, see [19]. The original proof involved the Selberg
integral and asymptotics for the Barnes G-function. More precisely, we show that, for
seN,

sGs+1) sGs+1)
Msp(s) = Egespomldet(/ — g) ] = csp($)N™ 2 + Os(N~ 2 1), (25
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2s

(a) Figure showing a (2s)-symplectic Gelfand-Tsetlin (b) Figure showing the two continuous half patterns in
pattern with top row (and hence top right triangle) fixed [0, 1] joined at the top row which give Vs (s).
to be (N25).

Figure 14. Figures showing both the general structure of the (discrete) symplectic half pattern,
and the two continuous half patterns formed by the free coordinates joined at the top row.

where the leading order coefficient is explicit:

1
CSP(S) = nj=1(2j — 1)”

By applying Proposition 2.1 with x; = 1 and inserting this into the combinatorial
representation of Definition 2.5, we obtain the following proposition.

Proposition 4.4. Let s € N. Mg, (s) is equal to the cardinality of the set SP(ys),
namely the number of (2s)-symplectic Gelfand-Tsetlin patterns with top row (N*).

As before, the form of the top row fixes the top right triangle of the pattern, see
Figure 14a. An analogous argument to that given in Proposition 4.2 yields the follow-
ing.

Proposition 4.5. Let s € N. Then,

s(s+1) s(s+1)
Msp(s) = N~ 2 vol(Vsy(s)) + Os(N~ 2 1)

G+1) . L .
where the set Vsp(s) C [0, 1] T2 consists of joining two continuous half patterns of

length s at the top row, as in the Figure 14b.

Thus, it suffices to show that the volume of Vg, (s) can be computed explicitly and
equals csp(s). We require the following lemma (which is certainly well known, but
we have not located this exact form in the literature).

Lemma 4.6. Let s € N. The volume of a continuous half pattern of length s with
non-negative coordinates and top row (xq, ..., xLH_]J) € WJ[H—lJ’ that we denote
Tz -
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by volg(x1, x2, .. XL%J) is given by

+1
VOIS(-X],XZ?.- XLY+1J) l_[ ( 1)” ZL(sJ+11J)j__:(S even))l|_] IJ.

Proof. Direct computation by induction on s, using multi-linearity of the determinant.
]

We finally have:

Proposition 4.7. Let s € N. Then,
1
[Ti=12/ =D

Proof. Recall that Vg, (s) is obtained by joining at the top row two continuous half
patterns with coordinates in [0, 1]. We then calculate using Lemma 4.6 and Andreief’s
identity (see Figure 14b):

vol(Vsy(s)) =

vol(Vsp(s)) = / volg(x1, X2, .. "XL%J)ZCZXI .. 'de%J

1=x; EXzz---zxLS 1 J =0

s 1 2 : _ ) L
— (— det x2(l—1)+2(j—1)+21(s even)dx
[1 (G — DN .
Jj=1 0

i,j=1

) de
| 1 \2 1 155
= H(— ) det( — )
j=1 (j—D! 2(i +j — 5 + 1(s even))/i,j=1

In order to evaluate this further one uses the Cauchy determinant formula:

)n T T2 (i = x) (0 — i)

1
det =
(Xi —Yj/ =1 [Ti- 1]_[ =1 (xi = yj)

Applying this with,
.3 .3
x; =2i — 3 +1(seven), y; =-2j+ 37 1(s even)

and after some elementary manipulations we readily obtain the statement of the pro-
position. |

Remark. Similar arguments apply in the setting of SO(2/N), see [19] for the original
proof.
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5. Results for the special orthogonal group SO(2N)

We now give the proof of the asymptotic growth of the moments of the moments
for SO(2N). The key difference between the argument presented here and that of
Section 4 is that the leading elements in the odd rows of the half-patterns, the “odd-
starters,” are now allowed to be positive or negative. This introduces an additional
level of complexity due to the fact that now the constraints are not linear (they involve
absolute values and signs).

Analogously to the symplectic case outlined in Section 4, we break the proof down
in to steps. Firstly, we prove a proposition connecting the moments of moments to a
count of restricted orthogonal Gelfand—Tsetlin patterns. Secondly, we note that the
constraints on the patterns fix a triangular region, thus the count simplifies down to
considering a subregion of the array. This induces a natural bijection between these
constrained patterns and certain integer arrays. Finally, by considering the number of
fixed parameters and moving to a continuous setting, we may apply Theorem 2.3 to
achieve Theorem 1.2.

5.1. A combinatorial representation

The relevant combinatorial representation for the orthogonal group SO(2N) is the
following.

Proposition 5.1. Let k, B € N. Then MoMgo@n)(k, B) is equal to the number of
(4kpB — 1)-orthogonal Gelfand—Tsetlin patterns P = ()k("))?iq_l with top row either
AGKB=1) — (N2KBY op A KB=1) — (N2kB\= \yhich moreover satisfy each of the fol-
lowing k constraints fori = 1,...,k:

Qi—1)B J
Z sgn()t(] 1)) Sgn()k(zj 3))[ZM(2] 1)| ZZM(Z] 2)|

2iB J

= Z Sgn(k(2] 1)) SgH(A(ZJ 3))|:Z|A(2] 1)| 2Z|A(2] 2)|

Jj=Qi-1)B+1 =1 =1

j—1
+ I, (26)
)

=1

where L@ 1D =, GTso(N; k; B) denotes the set of such patterns. Further, we
write GT;'O(N 1k B) for the set of such constrained (4kf — 1)-orthogonal patterns
with top row (N**8), and GTgo(N: k: B) for the equivalent (but disjoint) set with top
row (N 2kBy=
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P € GT{(N; 1;1) 0 € GTgo(N: 1: 1)
N N —-N N
N N
1 1
A A

Figure 15. Cases for determining MoMgo2n) (1, 1). The relevant constraint is Agl) = Agl) .
sgn(£N).

Proof. The proof of Proposition 5.1 follows entirely the same method as described in
the proof of Proposition 4.1. ]

The case for k = B = 1 is separate from the general case. This is essentially due
to the fact that in this particular situation, the limited number of non-fixed elements
in the pattern means that the constraints (26) behave differently compared to the case
for higher k, 8 (note that in the case of GT;FO(N ; 1; 1) the corresponding constraint
does not fix any coordinate, as we see in the proof below). We handle this special case
here.

Proposition 5.2. We have that

MoMso@n)(1, 1) = 2(N + 1).

Proof. By Proposition 5.1,
MoMso@n) (1. 1) = [GTo (N 1: D] + [GTso (N 1: 1),

where here GTso(N; 1; 1) is the set of all (3)-orthogonal Gelfand—Tsetlin patterns P
with top row either (N, N) or (N, —N), corresponding to the sets GT;O(N ;1;1) and
GTgo(V; 1; 1) respectively, satisfying the constraint:

sgn(kgl))lgl) = sgn(lg’)) sgn(lgl))k(l), 27)

see Figure 15. The fact that there is only one “free” parameter, namely A1, here is the
key difference between this special case, and the situation for general k, 8. Hence,
|GT§FO(N; 1;1)] = 2N + 1 since all values of 0 < |)t(11)| < N are valid. However, the

only option satisfying constraint (27) in the second case is )L(ll) = (. Thus,

MoMgoen)(1,1) = 2(N +1). -
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24P

2kp—1 : * *
odd starters ’

Figure 16. Figure depicting the fixed region of a (4kf — 1)-orthogonal Gelfand—-Tsetlin pattern
with top row (N2K8)._ The shaded area represents the fixed region, whilst the unshaded region
shows which elements have some freedom in the values that they can take.

Henceforth, we assume that we are in the general case (i.e., we exclude the case
k = B = 1). Then, we note that by requiring the top row of the pattern P to be either
(N2kBY or (N2%B)= the top right triangle of GTso(N; k, B) is also determined, as
shown in Figure 16. We now introduce notation which captures the sign of the odd
starters for a given pattern P € GTso(N; k; B). Note that the ability of the odd starters
to be positive or negative is one of the key differences between the orthogonal and the
symplectic case.

We consider the following decomposition of GTso (N ; k; B) into the disjoint union:

GTso(N:k; B) = | JGT5o(N:k: B),
se{£1)2k8

where GT‘EO(N; k; B) is the subset of GTso(N; k; B) where the sign of )Ll(Zi_l) for
1 <i < 2kB is required to be equal to ;. We decompose in this way due to the
requirement of convexity in Theorem 2.3. One then sees that, for instance,

GTdo(N:k: ) = | JGTEo(N:k: ).
se{£1}2kB:
e2kp=1

Further examples of the definition are given by Figure 17.
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e=(-1,1,—-1,-1) g=(-1,—-1,1,1)

P € GT5,(8;2; 1) 0 € GT5,(5;2: 1)
-8 8 8 8 5 5 5 5
8 8 8 5 5 5
-2 8 8 2 5 5
5 8 3 5
0 6 -3 4
2 2
—1 -3

Figure 17. Examples of patterns P, Q in GTgO (N;k;B) fork =2, 8 = 1, and different, given
values of N and &.

+N o o N N N E2kB
N N N
v SR v v S
ML
)‘(z‘;;,;f—_zs) A(ziﬁfﬁ__gﬂ eappryy KBTS KA
N Bso
AGKB=D kB : YERB=D CkA=D)
A(lzkﬂ—Z) . y{zkﬁ—Z}
AP »e
A'(ll) &1 ‘§ 1)

Figure 18. Pictorial representation of the relabeling of the coordinates given by the bijection
%goz GTgﬂO (N; k;B)— Ss§o (N;k; B). Above on the right-hand side (the image of the bijection),

g = sgn(kﬁzj_l)) forj =1,...,2kB — 1 and exxg = sgn()ug}ckﬁﬁ_l)) = sgn(xN).

As in Section 4, for ease we now concentrate on the undetermined elements. The
following definition formally defines a relabeling of said parts, and Figure 18 demon-
strates the bijection between a given pattern P € GT‘EO(N 1 k; B) and the renaming.
In spirit, this process is the same as that described in Definition 4.1, though with the
added complexity of the signs of the odd starters.
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Definition 5.1. We consider the decomposition of 3so(NV; k; §) into the union of
multisets
Sso(N:k: B) = | 350 (N:k: B).
se{£1}2k8

4kB—3
i=1 €

where for a fixed ¢ € {+1}2%8, 3580 (N:k; B) is the set of integer arrays (y @)
ZKB2kB=1) qatisfying the following additional requirements.

1. y® y@kB=2-1) ¢ SJ[mJ forl <i <2kf —1.
2
2. Both (y@)2E=1 and (y @kB=2-0)2KB=1 10 (2k — 1)-orthogonal Gelfand—
Tsetlin patterns.

)

3.0 y](-i) < N for any valid i, j unless y}i is an odd-starter with its associated

£@+1)/2 = —1,1in which case 0 < y](.i) < N.

4. The rows ( y(i))fi€_3 fulfil the following constraints. In the case k is even, let
i=1,....% (with yD, y©@ y@kB=2) ,(4kE=1 = 0, and g9 = 1). Then,

i-1)B J ( ) Jj—1 @j—2) Jj—1 @j—3)
i1 - o
Y e[ a2 T Yy
j=Qi—2)B+1 =1 =1 =1
2iB J Jj—1 Jj—1
i—1 2j—2 2j-3
= > e[ V2> P Y] o)
j=@Qi—1)B+1 I=1 I=1 =1
and
e 4 4kB—2j—1) = 4kB—2))
Z 82kﬂ—j+182kﬂ—j[2)’1 / —223’1 ’
J=Qi-2)B+1 =1 =1
j—1
4kB—2j+1
+Zyl( B ;+)]
=1
2if J Jj—1
4kB—2j—1 4kB—2j
= Z 82kﬂ—j+182kﬂ—j[2)’1( P2 )_223’1( p=2)
J=Qi-1)B+1 =1 =1

j—1
n Zyl(4kﬂ—2]+l):|' (29)
=1
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While, when k is odd we have the same constraints as above fori =1, .. ., k%l
along with
kB i j-1 -t
Z sjsj—l[z yl(ZJ_l) - ZZ yl(2]_2) + Z yl(ZJ_S)]
j=(k—1DB+1 I=1 =1 I=1
kB J , j1 .
_ Z E2kB—j+162kB—s [ Z yl(4kﬂ—21—1) _9 Z yl(4kﬂ—21)
j=(k-1)B+1 I=1 1=1
j-1
n Zyl(4kﬂ—2j+1):|' (30)

=1

Observe that, as in the symplectic case, for both k odd and even there are a total of k
constraints.

Then, analogously to how Bg, was defined in Section 4 (see (19)), one may also
define

Bs0: GTso(N:k: B) — 3so(N:k: B). (31)

The bijection is depicted by Figure 18, and can be constructed as follows. Take
P € GTso(N;k;B)so P = (A(i))?iq_l. In particular, there exists & € {£1}%*# such
that P € GTg,(N;k; B). Due to the interlacing A 4Kf=3) < (N2kB—1) = ) (4kB=2) 4|
but one element of A(+¥8=3) is fixed:

A(l4kﬂ_3) A(4kﬁ_3) =N 0< M(4kﬂ_3)| < N.

vrro ok TN 2kB—1
We now set y§4kﬂ o |)Lg,‘€]l§ﬂ_ _13)| and exxg—1 = sgn()tg;(l;}ﬁ__f)). Repeating the

same logic, we consider the next pair of interlaced rows A@kB—4) o ) (4kB—3) \which
once more fixes all but one coordinate:

A G = N

2kp-3 = %
(4kB—3) _ |4 (4kB—3) (4kB—4)
1 = Mzkﬂ—l | < Azkﬂ—z <N.
Thus, set y§4kﬂ 4 = )Lg}clgﬁ__;). This process can be repeated up to and including

2 (2kB )_, after which there are no more coordinates fixed by the interlacing. Thereafter
set y(l) = |AJ(-1)|, and throughout use the fact that ¢; = sgn(kj(.ZJ _1)). It is apparent
that this entire process is invertible, hence the map given by this construction, Bgg is

a bijection. We may then employ Proposition 5.1 to achieve the following statement.
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Proposition 5.3. Let k, 8 € N. Then
MoMso@n) (k. B) = #GTso(N:k, f) = Y #GTgo(N:k: )
se{1}%kB

=) #355(N:k: B) = #350(N: k. B).

se{£1}2kB

5.2. Asymptotics and the leading order coefficient

Recall, from Section 4.2, that we defined continuous half-patterns and continuous
orthogonal Gelfand—Tsetlin patterns using the continuous Weyl chamber,

Wy = {x = (x1,...,xXN) eRV:x > ..o > xn}

There we defined the index set § (S,f p)- here we give the equivalent definition for
the orthogonal case. For more explanation of the construction of this set, see the Sec-
tion 4.2:

n—+1

4kB —n

1
0r1§i§L Jandeﬂ§n<4kﬂ—3;

n#4/3—1,8,3—1,...,4(k—1),3—1}
U{(m,4n,8—1):1§m§2n,8—1and1 <n< L%J
or1gmgz(k—n)ﬂ—mnng+15n<k}}.

Note that the size of the set § (s]? 4) i kB(2kp — 1) — k. The set corresponding to
the indices “missing” from § (sko 8) is the following

T30, = {m.n): Y& € Sso(N:k: BINS ).

Now, deﬁne the following set V(k b C R*BEkB=1)=k "which is the continuous ver-
sion of 3 JSO (N;k; B), except that a partlcula.r choice of k of the coordinates from
JSO(N k; B) are determined by the linear equations (28)—(30). Then, V(k B:e) COM-
prlses the following elements. Firstly, we take coordinates x(")

§30 *.5) which moreover satisfy

indexed by (m,n) €

Ofx,(,:’) <1 for(m,n)e S(kﬂ),

unless (m, n) denotes the position of an odd-starter with corresponding &, 41)/2 =
—1,in which case 0 < x,, ") < N'; and we take ¢ just as in the definition of ISO(N k,B),
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i.e., a fixed set of signs for the odd-starters. Additionally, V(Sk Bie) contains the fol-
lowing k elements, determined by the linear equations (28)—(30) in the definition of

350(N:k: B),
(n) _ k
XL"JEIJ forn =48 -1,88—1,....4[5]8 -1,

x™ forn = 4(|X] + DB —1,....4(k — 1) —1,4kB — 3,

L41\5 n—1 J
Thus,

e 0<x™ <1, forall x e 'V(Sko 4.¢) unless (m. n) denotes the position of an odd-
starter with corresponding £, 41)/2 = —1, in which case 0 < xm) <1,

o x() y@kB—n) ¢ wL+,,+1 Jforalln =1,...,2kp —1;

* Dboth (x(”))i];ﬂ 1_1 and (x(“kﬂ_”))ilfl ' form continuous (2kB — 1)-orthogonal
Gelfand-Tsetlin patterns.

Observe that, just as in the symplectic case, "V(k Bie) is convex as an intersection of
hyperplanes. Moreover, 'V(k 4.6 1S contained in the cube [0, 1]kBCkB—1)—k

in a closed ball of radius \/kB(2kB — 1) —

and hence

Proof of Theorem 1.2. The fact that the moments of moments are polynomials in N
was proven in Proposition 3.1, and the case of kK = § = 1 was handled above in
Proposition 5.2.

What remains to be shown is the statement concerning the leading order for gen-
eral k, B. Firstly, note that, for a given ¢ € {:I:l}Zkﬂ s

#35 (N1 k: ) = #(ZMCHP=D"K 0 (NVEDL ),

where for a set 4, we write N A = {Nx: x € A} for its dilate by a factor of N. Making
use of Theorem 2.3 with§ = N 'V(Skoﬂ,a) we get

#350 (N1 k; B) = vol(NV0p.,) + Op g(NFFCHE=D=EL,
_ NKkBEKB—1)- kVOI(v(kﬂs)) n Ok’ﬂ(Nkﬂ(zkﬂ—l)—k—l)'
Thus, by Proposition 5.3 we obtain
MoMso@an) (k. B) = Y #350(N:k: B)

se{+1}2kB

_ Z[Nkﬂ(zkﬂ - kvol(V(kﬂ )+ Ocg (NFBCRB=D—k=1))
se{£1}?k8

= cso(k, )NPCHFDE 1 O g (NHPEHEDZET),



T. Assiotis, E. C. Bailey, and J. P. Keating 600

where

csolk. B) = Y _vol(Vis.,)- (32)
se{£1}2kB

Once more, it suffices to prove that cso(k, ) > 0, which is the content of Lemma 5.4
below. ]

Lemma 5.4. Let k, B € N. Then,
cso(k, B) > 0. (33)

Proof. Recall that
cso(k, B) = ZVOI(VEk?ﬁ;§))'

se{£1)2kB

Thus, the proof of the strict positivity of the leading order coefficient cso(k, f) can
be deduced from showing that, for at least one choice of ¢ € {#1}2*# the volume

vol(V(SkO ﬂ'e)) is strictly positive. Henceforth, we choose ¢ = (1, 1, ..., 1). Then, the
argument is near identical to the one given in the symplectic case, see the proof of
Lemma 4.3, aside from trivial differences in the shapes considered. [

6. Examples

We give various explicit examples of the polynomials MoMg ) (k, B) for G(N) €
{Sp(2N),SO(2N)} and small, integer values of k, 8. These examples were calcu-
lated using expressions for averages over Sp(2/N ), SO(2N ) using Toeplitz and Hankel
determinants, see for example [15]. For small k, 8 this is a computationally feasible
task, but the complexity grows swiftly with k, .

6.1. Symplectic case

We have

1
MoMg, o) (1. 1) = E(N + (N +2),

MoMg,2n)(1,2) = 181440(N + D(N +2)(N +3)(N+4) (2N +5)

x (23N* +230N3 + 905N2 + 1650N + 1512),
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1
~ 405483668029440000
x (N + 5)(N + 6)
x (10253349N % 4 502414101 N '3 + 11401640999N '2
+ 158831139621 N + 1517607151837 N 1°
+ 10524657547803N° + 54662663279397N 8
+ 216189375784263N 7 + 655178814761674N 6
+ 1517469287314596 N> + 2654161159219304N*
+ 3424171976788416N 3 4 3125457664755840N >
+ 1856618315596800N + 563171761152000),

MoMg,2n)(1,3) (N+DWN+2)(N+3)(N+4

1

X (3N* + 30N> + 127N2 4+ 260N + 420),

1
N+ 1D(N +2)(N+3)(N+4
133382785536000( T DIV +2)(N +3)(N +4)

x (N 4 5)(N + 6)

x (5810N 12 + 244020N ! 4 4746259N 1% 4+ 56513415N°
+ 459233580N 8 + 2688408450N 7 + 11665223647N°©
+ 38004428175N°> 4 93222284960N *
+ 171600705780N ® 4 236485094544 N >
4 239758263360N + 185253868800).

MoMg,2n) (3. 1) =

6.2. Orthogonal case
We have

MoMgoen)(1,1) = 2(N + 1),
1
MoMsoan)(1,2) = @(N + 1)(N 4+ 2)(2N + 3)(13N? + 39N + 20),

x (677127N1° + 16928175N° + 188303800 8
+ 1226849750N 7 + 5186281891 N6
+ 14881334615N° + 29392642150N* + 39443286500 N 3
+ 34230199032N2 + 17098220160 + 3632428800),
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1
MoMsoen)(2,1) = E(N + 1N +2)%,

1
MoMson) (3, 1) = m(N + 1)(N +2)>(N +3)%(N + 4)

X (N? 45N 4+ 9)(3IN* 4+ 310N> + 1163N?
+ 1940N + 2100).

Acknowledgements. We would like to thank Benjamin Fahs for a useful discussion
on the results of his paper [11].

Funding. Emma C. Bailey is grateful to the Heilbronn Institute for Mathematical
Research for support. Theodoros Assiotis and Jonathan P. Keating are pleased to
acknowledge support from ERC Advanced Grant 740900 (LogCorRM). Jonathan
P. Keating was also supported by a Royal Society Wolfson Research Merit Award.

References

[1] L.-P. Arguin, D. Belius, and P. Bourgade, Maximum of the characteristic polynomial of
random unitary matrices. Comm. Math. Phys. 349 (2017), no. 2, 703-751
Zbl 1371.15036 MR 3594368

[2] L.-P. Arguin, D. Belius, P. Bourgade, M. Radziwilt, and K. Soundararajan, Maximum of
the Riemann zeta function on a short interval of the critical line. Comm. Pure Appl. Math.
72 (2019), no. 3, 500-535 Zbl 1443.11161 MR 3911893

[3] T. Assiotis and J. P. Keating, Moments of moments of characteristic polynomials of ran-
dom unitary matrices and lattice point counts. Random Matrices Theory Appl. 10 (2021),
no. 2, article id. 2150019

[4] A. Ayyer and I. Fischer, Bijective proofs of skew Schur polynomial factorizations. J. Com-
bin. Theory Ser: A 174 (2020), article id. 105241 Zbl 1439.05022 MR 4080032

[5] E. C. Bailey and J. P. Keating, On the moments of the moments of the characteristic poly-
nomials of random unitary matrices. Comm. Math. Phys. 371 (2019), no. 2, 689-726
Zbl 1423.60013 MR 4019917

[6] E.Basor, F. Ge, and M. O. Rubinstein, Some multidimensional integrals in number theory
and connections with the Painlevé V equation. J. Math. Phys. 59 (2018), no. 9, article id.
091404 Zbl 1444.11198 MR 3825378

[7]1 D. Bump and A. Gamburd, On the averages of characteristic polynomials from classical
groups. Comm. Math. Phys. 265 (2006), no. 1, 227-274 7Zbl 1107.60004 MR 2217304

[8] R. Chhaibi, T. Madaule, and J. Najnudel, On the maximum of the CSE field. Duke Math.
J. 167 (2018), no. 12, 2243-2345 Zbl 1457.60008 MR 3848391

[9] T. Claeys and I. Krasovsky, Toeplitz determinants with merging singularities. Duke Math.
J. 164 (2015), no. 15, 2897-2987 Zbl 1333.15018 MR 3430454


https://zbmath.org/?q=an:1371.15036&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3594368
https://zbmath.org/?q=an:1443.11161&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3911893
https://zbmath.org/?q=an:1439.05022&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4080032
https://zbmath.org/?q=an:1423.60013&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4019917
https://zbmath.org/?q=an:1444.11198&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3825378
https://zbmath.org/?q=an:1107.60004&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2217304
https://zbmath.org/?q=an:1457.60008&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3848391
https://zbmath.org/?q=an:1333.15018&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3430454

(10]

(11]

[12]

[13]

[14]

[15]

[16]

(17]

(18]

(191

(20]

(21]

[22]

[23]

(24]

[25]

Moments of moments of symplectic and orthogonal characteristic polynomials 603

J. B. Conrey, D. W. Farmer, J. P. Keating, M. O. Rubinstein, and N. C. Snaith, Autocor-
relation of random matrix polynomials. Comm. Math. Phys. 237 (2003), no. 3, 365-395
Zbl 1090.11055 MR 1993332

B. Fahs, Uniform asymptotics of Toeplitz determinants with Fisher—Hartwig singularities.
Comm. Math. Phys. 383 (2021), no. 2, 685-730 Zbl 1469.60029 MR 4239829

Y. V. Fyodorov, G. A. Hiary, and J.P. Keating, Freezing transition, characteristic polyno-
mials of random matrices, and the Riemann zeta-function. Phys. Rev. Lett. 108 (2012),
article id. 170601

Y. V. Fyodorov, S. Gnutzmann, and J. P. Keating, Extreme values of CUE characteristic
polynomials: a numerical study. J. Phys. A 51 (2018), no. 46, article id. 464001

Zbl 1411.15026 MR 3876698

Y. V. Fyodorov and J. P. Keating, Freezing transitions and extreme values: random matrix
theory, and disordered landscapes. Philos. Trans. R. Soc. Lond. Ser. A Math. Phys. Eng.
Sci. 372 (2014), no. 2007, article id. 20120503, Zbl 1330.82028 MR 3151088

D. Garcia-Garcia and M. Tierz, Matrix models for classical groups and Toeplitz & Hankel
minors with applications to Chern—Simons theory and fermionic models. J. Phys. A 53
(2020), no. 34, article id. 345201 MR 4137531

A. J. Harper, On the partition function of the Riemann zeta function, and the Fyodorov—
Hiary—Keating conjecture. 2019, arXiv:1906.05783

A. J. Harper, The Riemann zeta function in short intervals [after Najnudel, and Arguin,
Belius, Bourgade, Radziwitt and Soundararajan]. Astérisque 422, Séminaire Bourbaki
2018/2019, Exposés 1151-1165 (2020), 391-414. Zbl 1469.11289 MR 4224641

J. P. Keating, B. Rodgers, E. Roditty-Gershon, and Z. Rudnick, Sums of divisor functions
in [Fy [t] and matrix integrals. Math. Z. 288 (2018), no. 1-2, 167-198 Zbl 1430.11137
MR 3774409

J. P. Keating and N. C. Snaith, Random matrix theory and L-functions at s = 1/2. Comm.
Math. Phys. 214 (2000), no. 1, 91-110 Zbl 1051.11047 MR 1794267

J. Najnudel, On the extreme values of the Riemann zeta function on random intervals of
the critical line. Probab. Theory Related Fields 172 (2018), no. 1-2, 387-452

Zbl 1442.11125 MR 3851835

M. Nikula, E. Saksman, and C. Webb, Multiplicative chaos and the characteristic polyno-
mial of the CUE: the Ll-phase. Trans. Amer. Math. Soc. 373 (2020), no. 6, 3905-3965
Zbl 1441.60008 MR 4105514

E. Paquette and O. Zeitouni, The maximum of the CUE field. Int. Math. Res. Not. IMRN
(2018), no. 16, 5028-5119 Zbl 1407.60010 MR 3848227

R. A. Proctor, Young tableaux, Gelfand patterns, and branching rules for classical groups.
J. Algebra 164 (1994), no. 2, 299-360 Zbl 0809.20030 MR 1271242

W. M. Schmidt, Northcott’s theorem on heights. II. The quadratic case. Acta Arith. 70
(1995), no. 4, 343-375 Zbl 0784.11055 MR 1330740

C. Webb, The characteristic polynomial of a random unitary matrix and Gaussian multi-
plicative chaos — the Lz-phase. Electron. J. Probab. 20 (2015), article id. 104,

Zbl 1328.15052 MR 3407221


https://zbmath.org/?q=an:1090.11055&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1993332
https://zbmath.org/?q=an:1469.60029&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4239829
https://zbmath.org/?q=an:1411.15026&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3876698
https://zbmath.org/?q=an:1330.82028&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3151088
https://mathscinet.ams.org/mathscinet-getitem?mr=4137531
https://arxiv.org/abs/1906.05783
https://zbmath.org/?q=an:1469.11289&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4224641
https://zbmath.org/?q=an:1430.11137&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3774409
https://zbmath.org/?q=an:1051.11047&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1794267
https://zbmath.org/?q=an:1442.11125&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3851835
https://zbmath.org/?q=an:1441.60008&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4105514
https://zbmath.org/?q=an:1407.60010&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3848227
https://zbmath.org/?q=an:0809.20030&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1271242
https://zbmath.org/?q=an:0784.11055&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1330740
https://zbmath.org/?q=an:1328.15052&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3407221

T. Assiotis, E. C. Bailey, and J. P. Keating

Communicated by Richard Kenyon

Received 28 October 2019.

Theodoros Assiotis
School of Mathematics, University of Edinburgh, James Clerk Maxwell Building,
Peter Guthrie Tait Rd, Edinburgh, EH9 3FD, United Kingdom; theo.assiotis@ed.ac.uk

Emma C. Bailey
Department of Mathematics, The Graduate Center, City University of New York,
365 5th Avenue, New York, NY 10016, USA; ebailey @gc.cuny.edu

Jonathan P. Keating
Mathematical Institute, University of Oxford, Oxford, OX2 6GG, United Kingdom;
jon.keating@maths.ox.ac.uk

604


mailto:theo.assiotis@ed.ac.uk
mailto:ebailey@gc.cuny.edu
mailto:jon.keating@maths.ox.ac.uk

	1. Introduction
	1.1. Context
	1.2. Main results
	1.3. Strategy of proof

	2. Preliminaries
	2.1. Symplectic and orthogonal Gelfand–Tsetlin patterns and Schur polynomials
	2.2. Averages of products of characteristic polynomials as Schur polynomials
	2.3. Asymptotics of the number of lattice points in convex sets
	2.4. Averages of products of characteristic polynomials as combinatorial sums

	3. Polynomial structure
	4. Results for the symplectic group Sp(2N)
	4.1. A combinatorial representation
	4.2. Asymptotics and the leading order coefficient
	4.3. Asymptotics at the symmetry point

	5. Results for the special orthogonal group SO(2N)
	5.1. A combinatorial representation
	5.2. Asymptotics and the leading order coefficient

	6. Examples
	6.1. Symplectic case
	6.2. Orthogonal case

	References

