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Duality and bicrystals on infinite binary matrices
Thomas Gerber and Cédric Lecouvey

Abstract. The set of finite binary matrices of a given size is known to carry a finite type A
bicrystal structure. We first review this classical construction, explain how it yields a short proof
of the equality between Kostka polynomials and one-dimensional sums together with a natural
generalisation of the 2M — X Pitman transform. Next, we show that, once the relevant formal-
ism on families of infinite binary matrices is introduced, this is a particular case of a much more
general phenomenon. Each such family of matrices is proved to be endowed with Kac—Moody
bicrystal and tricrystal structures defined from the classical root systems. Moreover, we give an
explicit decomposition of these multicrystals, reminiscent of the decomposition of characters
yielding the Cauchy identities.
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1. Introduction

Crystals are oriented graphs which can be interpreted as the combinatorial skeletons
of certain modules for complex Lie algebras and their infinite-dimensional analogues:
the Kac—Moody algebras. Crystal bases were introduced by Lusztig (for any finite
root system) and Kashiwara (for classical root systems) in 1990. The graph structure
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arises from the action of the so-called Kashiwara operators, a certain renormalisa-
tion of the Chevalley operators. In Kashiwara’s approach, crystals are obtained via
“crystallisation” at ¢ = 0 of representations of the corresponding quantum group,
a g-deformation of the Kac—Moody algebra introduced by Jimbo. Later, it was proved
that crystals coincide with Littelmann’s graphs defined by using his path model. Since
its introduction, crystal theory has revealed numerous fruitful interactions with mod-
ern particle physics theory and integrable systems. We refer the reader to [3] and the
references therein for a recent exposition.

The present paper is concerned with generalisations of crystals where multimod-
ule structures are considered rather than just ordinary module structures. This means
that we consider analogues of crystals for complex vector spaces endowed with com-
muting actions of several Lie algebras (or Kac—Moody algebras). It turns out that
most of the combinatorial structures (crystals, Fock spaces, one-dimensional sums,
Pitman transforms) that we shall consider in the sequel were defined to solve prob-
lems connected to theoretical physics. We expect similar interactions with the results
we establish here.

The prototypical example of an interesting bicrystal is obtained by starting from
the (gl,, x gl,)-module C" ® C* and considering the associated symmetric and anti-
symmetric (g[,, x gl;)-modules S(C” ® C%) and A(C" ® C*). Using two sets of
indeterminates {x1,...,x,} and {y1,..., ¢}, one can check that their characters are
given by the formulas

and char A(C" @ C%) = 1_[ (1 + xiyj).
1<i<n
1<j<t 1<j=<t
The classical Cauchy identities then gives the decomposition of each character in
terms of the Schur functions. More precisely, recall that the irreducible finite-dimen-
sional gl,,-modules are parametrised by partitions of length n (that is, nonincreasing

sequences A = (A1,..., A,) of nonnegative integers) and the character of the irre-
ducible module parametrised by A is the Schur symmetric polynomial s, (x) in the
variables x1, ..., x,. We then have
1
char S(C" @ C*) = 1_[ — = Z sa(x)sa (),
1<i<n I=x; Yi A partition of
1<j<t length min(n,£)
charAC"®CYH = J[ A+xy)= D sx@su(y).
1<i<n A contained in the
1<j<t rectangle nx{

where A' is the transpose of the partition A. Both identities, which can be seen as
a combinatorial version of Howe duality, admit an elegant combinatorial proof based
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on the Robinson—Schensted—Knuth (RSK) correspondence, see [7]. The idea is first

l_[ b Z l_[ (xiy;)™i-d |

y<izn L TXiYi (m; ;)eEN 1<i<n
. i.J ==
1<j=<t 1<j=<t

to observe that

where N is the set of n x £ matrices with nonnegative integer entries. Next, the RSK
correspondence yields a bijection between N and the set of pairs of semistandard
tableaux with the same partition shape. The identity then follows from the fact that s
is the generating function of the set of semistandard tableaux with shape A for the
evaluation map on tableaux. Similarly, one has

[T O+xvp= > T[] Gy,

1<i<n (m; j)eM 1<i<n

1<j<t 1<j=<t
where M is the set of binary n x £ matrices, and the second Cauchy identity comes
from an adapted version of the RSK correspondence. This construction admits numer-
ous extensions, notably based on generalisations of the previous Cauchy identities due
to Littlewood, and involving the characters of simple modules corresponding to the
orthogonal or symplectic Lie algebras. We refer the reader to [6] and the references
therein for a more detailed presentation, and for a generalisation to the Demazure
characters.

We now turn out to the main topic of this article. One can define two commut-
ing families of crystal operators (one for gl, and another for gl,) directly on the
set of matrices N and M yielding the structure of a (gl, x gl,)-crystal, or type
(An—1 x Ag—1)-crystal. This approach, explained in detail in [47], see also [15, Chap-
ter 11], permits to overcome the RSK construction. One gets the decomposition

N= @ BM®BX) and M= H BRLHBQLY.
A partition of A contained in the
length min(7,{) rectangle nx{

where B(1) (resp. B()) is the crystal of the gl,,-module (resp. gl,-module) paramet-
rised by A. This immediately implies the Cauchy identities. In the following sections,
we shall present different extensions of this construction of multicrystal structures
on sets of binary matrices (possibly infinite). They arise naturally from the notion of
combinatorial Fock spaces F(s), where s is a integer. The A,—; and Ay_; crystal
structures of F'(s) correspond to the gl,, and gl, modules

P AC)®---®A(C") and P rCcHe--®AMChH.
S1+tsp=s $1+-+Sn=s
A similar phenomenon has been studied in the case where gl,, is replaced by a Lie
superalgebra of type A [26]. Note also that the notion of Fock space arises in differ-
ent mathematical physics contexts. For instance, the corner transfer matrix method,
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used in the study of the Yang—Baxter equations, gives rise to the combinatorics of
weighted paths. These, in turn, provide a realisation of the crystal base of the quantum
group of g/I\n This approach has been extensively studied by the Kyoto group in
the late 1980’s and early 1990’s, see in particular [21]. More recently, the study of
weighted paths has yielded (generalisations of) the Rogers—Ramanujan identities in
enumerative combinatorics [5]. In another direction, in affine type A, there is a sim-
ilar construction due to Uglov [46] where the ordinary wedge products are replaced
by their thermodynamical limits. It plays a central role in the representation theory of
Cherednik algebras, see [43], and in the construction of some representations of the
Virasoro algebra [21]. We get the structure of an (;I; X JH X ;\Ig)-module where H
is a Heisenberg algebra, and therefore a tricrystal structure on the affine Fock space.
This structure has been made completely explicit in [13].

A key tool in our approach is to exploit a combinatorial duality which permits to
easily switch between the different combinatorial actions defined on F(s). In finite
type A, this coincides with the transposition of binary matrices, and enables us to
bypass the RSK correspondence. This is particularly convenient because the inser-
tion algorithm (on which the RSK correspondence is based) in other types is more
complicated and less well-understood. This point of view enables us to unify and
extend the existing constructions in affine type, by considering a block transposition
on appropriate infinite matrices. Through the previous duality, each combinatorial
object or Dynkin diagram automorphism for one structure admits a natural counter-
part for the other one. For example, the cyclage operation introduced by Lascoux and
Schiitzenberger on the semistandard tableaux of type A,—; will correspond to the pro-
motion operator on the A¢_1-highest weight vertex in F(s). This permits us to give
a short proof of the equality between Kostka polynomials and one-dimensional sums
established by Nakayashiki and Yamada in [40]. Note that one-dimensional sums
appear in mathematical physics in the context of solvable lattice models and the corner
transfer matrix method. Using the combinatorics of crystal bases and rigged config-
urations, one can show that they coincide with the fermionic formula via the Bethe
ansatz, thereby giving a proof of the X = M conjecture in some cases, see [42].

This observation also provides an algebraic interpretation of the Pitman transform
M —2X introduced in [4 1] to obtain the law of a Brownian motion conditioned to stay
positive. Historically, Brownian motions have strong connections with thermodynam-
ics and molecular motions. This is achieved in the spirit of [2], where the dual version
of the Pitman transform is shown to map each Littelmann path on its associated
highest path. It is also worth mentioning that the previous combinatorial constructions
have interesting applications in problems related to percolation models [1]. Further,
by considering subsets of the combinatorial Fock spaces F'(s) invariant under Dynkin
diagram automorphisms of type A (affine or not), we get various bicrystal (or tricrys-
tal) structures of classical types on sets of binary matrices. In a connected direction,
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based on the results of [33], we also establish that it is also possible to define a com-
binatorial Fock space with an (X x A¢—1)-structure (with X of type B, C or D) on
some infinite binary matrices similar to the finite type A construction. We expect that
this bicrystal to be related to the charge statistics defined for type C in [30], once the
appropriate duality relating both crystal structures is discovered. Note that Howe-type
dualities and a bicrystal structure involving type C constructions have been recently
studied in [16] and [36], respectively. It would be interesting to link these results with
that of the present paper.

Finally, as already mentioned, the combinatorial Fock spaces that we shall study
can be defined in terms of (infinite) binary matrices (this corresponds to the second
Cauchy identity). This is indeed the natural context corresponding to the existing
mathematical material (such as Kashiwara—Nakashima columns tableaux and Uglov’s
Fock space), but it would be interesting to get analogous results for infinite matrices
with nonnegative integer coefficients.

In the present paper, we have chosen to illustrate our results by numerous exam-
ples. Quite often, they can be established by adapting proofs existing in the literature
to the unified formalism that we propose. We then give precise references rather than
complete proofs. The next sections are organised as follows. Section 2 is devoted
to a re-exposition of the type (A4,—1 X Ag—1)-crystal structure on M. This serves as
a basis for the various generalisations of the subsequent sections. In particular, we
quickly reach a simple proof that the two crystals commute in Theorem 2.21, recov-
ering the results of [15,47]. Also, thanks to the connection between the cyclage and
the promotion operator, we are able to give a short proof of the relation between the
charge and the energy function originally proved in [40]. In Section 3, the classical
(A,—1 X Ag—q)-crystal structure on M is made compatible with an affine similar con-
struction given in [10]. The highest weight vertices for the different possible (simple,
double and triple) actions are described. Also, a new combinatorial interpretation of
the (e, s)-cores introduced in [20] for describing the blocks of cyclotomic Hecke
algebras is proposed. Section 4 describes a type Xoo X Ay—; analogue to the pre-
vious bicrystal. This means that we define a type Ay_q-crystal structure on products
of Xso-columns. This is done directly in terms of sliding (Jeu de Taquin) operations.
Nevertheless, due to the lack of a straightforward duality, the results of Section 2 are
needed to prove that this indeed yields the desired A,_;-crystal structure. The results
of Section 5 focus on the vertices of the combinatorial type A (of both finite and affine
type) Fock spaces fixed under the action of Dynkin diagram automorphisms. By using
results of Naito and Sagaki [39], they are proved to have various bicrystal (or tricrys-
tal) structures of classical types. Finally, in Section 6, we relate Pitman’s 2M — X
transform on the line to its dual version (the X — 2M transform) and the promotion
operator on tensor products of type A(ll) Kirillov—Reshetikhin crystals. This permits
notably to show that iterations of this transform on any trajectory will eventually tend
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to the trivial one (that is, with all steps equal to 1). Using this time A?)—crystals,
a higher-dimensional generalisation of the 2M — X transform which shares the same
convergence behavior is defined. Its probabilistic properties will be studied elsewhere.

2. Finite type A duality

In the rest of the paper, fix n,{ € Z>5.

2.1. Products of type A columns

Let P be the weight lattice for the Lie algebra sl,, with basis {wy, ..., w,—1}, where
w1, ...,wy—1 are the fundamental weights for sl,,. Each partition A = (Aq,...,A,) €
7", shall be identified with the A,_;-dominant weight 1 = 27;11 a;w; where for
an_y i =1,...,n—1 the integer a; is the number of columns of height i in the Young
diagram of the partition A. Observe that the contribution of the columns of height » is
thus equal to zero and we have a one-to-one correspondence between the type A,—;-
dominant weights and the partitions with at most n — 1 parts. In what follows, it thus
makes sense to use the symbol A as a partition with at most n parts or a dominant
weight of type A,—;.

Example 2.1. Letn = 3 and A = 3w; + w». Then the corresponding partition is

4,1,0) =| |
A column of type A,—_; is a subset ¢ of {1,...,n} such that |c| < nr, which we
identify with the semistandard Young tableau of shape w|.| = (1, ..., 1) containing
the elements of c.
Example 2.2. The set
{1,3,4} =

is a column of type A3.
Definition 2.3. Letcy,...,c¢ be columns of type A,—;. The symbolb =c; ® --- ® ¢
is called

(1) atableau if the top-aligned juxtaposition c; - - - ¢¢ yields a semistandard Young
tableau;

(2) an antitableau if the bottom-aligned juxtaposition c; - - - ¢y yields a semistand-
ard skew Young tableau.
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The shape of a tableau (resp. of an antitableau) is the partition (|c1], ..., |c¢|)" (resp.

(leel... . lerD™.
Example 2.4. Let{ =3 andn = 2.
(1) The product

1]
!@I@i

is a tableau which we identify with

1]1]2]
3

3lel2]®[2]

is an antitableau which we identify with

(2) The product

11
2]2]3].

3]®|[2]

is both a tableau and an antitableau, which we identify in with

(3) The product

11

(4) The products

®® and [2|®[1]®|2]
are neither tableaux nor antitableaux.

For the next definition, define first the word w(b) of a productb =c; ® --- Q@ ¢ to
be the concatenation of the elements of ¢, (in increasing order), then cy_1, and so on.

Definition 2.5. The element b is called Yamanouchi' if every prefix of w(b) contains
at least as many letters i asi + 1, foralli = 1,...,n — 1.

'Note that the usual convention is to use suffixes instead of prefixes. In fact, our definition
coincides with the notion of lattice word in the literature.
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Example 2.6. Let £ = 4 and n = 3, and take

b:®®®.

Then w(b) = 12132, and the different prefixes are 1, 12, 121, 1213, 12132 and we
see that b is Yamanouchi.

Clearly, for all A € P4, there is a unique Yamanouchi tableau (resp. antitableau)
of shape A.

Example 2.7. The Yamanouchi tableau and antitableau of shape (4, 3, 1) are respect-
ively given by

‘ww»~
\e]
\e]
—_
—

w o]~

and 11212

2.2. Crystal structures

From now on, fix s € Zs¢. Further, fors = (sy,...,s¢) € R(n,£) ={0,... ,n}‘Z and
§=(5¢.....51) € R(,n) =1{0,....£}", denote [s| = Y _, s; and [$| = Y_7_, 5.
Finally, we denote

8() = (A=t ) s | A <0

The elements introduced in the previous section appear as vertices of certain
tensor products of crystal graphs, which we start by recalling. Forall j = 1,...,¢, the
crystal of the irreducible highest weight s[,-module of highest weight w;; (with the
convention wy = w, = 0) can be realised using columns of height s; [17, Chapter 7].
More precisely, B(ws; ) is the A,—1-crystal with vertices the columns of height s; and
arrows i from ¢ to ¢’ when ¢’ is obtained from ¢ by changing i into i 4+ 1. Observe
that the trivial crystal of highest weight O can so be realised as the graph with a unique
vertex: the empty column or the column containing all the integers 1, ..., n.

Definition 2.8. Lets = (s1,...,5¢) € R(n,{). The combinatorial Fock space associ-
ated to s is the A, —1-crystal

F(s) = B(ws,) ® --- ® B(ws,).

By classical crystal theory, the elements of F(s) can be realised as tensor products
of £ columns with entries in {1, ...,n}. Let us recall the rule for computing F(s),
following [17, Section 4.4]. Fixi € {1,...,n—1}andletb =c; @ --- ® c1 € F(8s).
consider the subword w; (b) of w(b) obtained by keeping only letters i and i + 1, and



Duality and bicrystals on infinite binary matrices 723

encode each i by a symbol + and each i + 1 by a symbol —. Deleting all factors + —
recursively yields a word called the i -signature of b.

Theorem 2.9. The action of the A, —1-crystal operators on F(s) is given by the fol-
lowing rule:

(1) The raising crystal operator e; acts on b € F(s) by changing the entry i + 1
corresponding to the rightmost — in the i -signature of b into i if it exists; and
by 0 otherwise.

(2) The lowering crystal operator f; acts on b € F(s) by changing the entry i
corresponding to the leftmost + in the i-signature into i + 1 if it exists; and
by 0 otherwise.

We define similarly the combinatorial Fock space F(8) =B (w;,) ® - @ B(w;,)
for § = (§1,...,8,) € Z", and the rule for computing F (3) is the same as for F(s),
expect that the role of n and £ have been swapped.”

Example 2.10. Let{ =4,n =3,s = (2,2,1,2),

b=[2]®3|®[1|®2|=a®c;®c®c

and choose i = 1. Then w(b) = 1213112, so that wy(b) = 121112, which gives the
encoded word + — + + + — . Thus, the i-signature of b is ++, whose leftmost +
corresponds to the entry 1 of ¢3. Therefore, we have

flb=®®®=c4®63®62®01-

In other terms, in the crystal F(s), we have an arrow

DERA
2l®3]e[1]®2] — [2]®[3]e1]|®|2].

Let us now explain how the tableaux and Yamanouchi elements naturally appear
in the context of crystals. In the following, we set

Fo)= P F6) and Fs)= P F@).

s€R(n,L)(s) SER(,n)(s)

The following results are well known, see for instance [37].

Note that the order in which the components of s and § are enumerated is reversed. Though
this seems artificial at this point, this will be crucial in Section 2.3.
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Theorem 2.11. (1) The set of tableaux in F(s) is closed under the crystal oper-
ators, and tableaux of a given shape A € 8(s) form a connected component
of F(s) denoted B(A). Moreover, for any b € F(s), there is a unique tableau
P(b) € F(s) such that the induced map b — P(b) is an A,—_y-crystal iso-
morphism.

(2) An element b € F(s) is a highest weight vertex in the crystal if and only if b
is Yamanouchi.

Remark 2.12. In fact, for all A € 8(s), B(A) is the crystal of the irreducible highest
weight module with highest weight A.

Theorem 2.11 also holds for F (s), replacing tableaux by antitableaux. We denote
similarly F(u) the connected component of F(s) consisting of all antitableaux of
shape

peS(s) ={uts|ues(s))

Example 2.13. Take n = 3, £ = 3 and s = (53, 52,51) = (2, 1, 2). Then one checks
that

b=[2|®[3]® 2]c F(s)

is Yamanouchi. We compute the connected component of F(s) containing b:

3% Hermel L1
2]e[3]e2] = [2]®[3]®[3] — [2]®[3]®][3].

This is isomorphic to the crystal B(w,), which we can compute:

1 1

3

2
3

‘wl\)»—

‘wm»—‘

‘wl\)»—

This means that

’

‘wt\)»—
[\)

P(b) =

and so on. Alternatively, we can use an isomorphic realisation of this crystal by antit-
ableaux:

—_
wl\)»—‘
—_
wlo]—]
8]
=
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In general, P(b) can be computed by carrying out one of the following pro-
cedures:

e performing Schensted’s insertion on the word w(b) [7, Section 1.1],

» performing the Jeu de Taquin on the skew Young tableau corresponding to b [7,
Section 1.2],

» applying a sequence of Knuth relations to w(b) [7, Section 2.1].

Example 2.14. Let £ =2, n = 3 and let

Let us compute P(b) by using the first two methods. The word associated to b is
w(b) = 12413, and Schensted’s insertion yields the following sequence of tableaux

2]

1
H
(. [2] [3]0 [3] =P

Now, the minimal skew Young tableau® associated to b is

w l\)‘»—‘

2

and the Jeu de Taquin corresponds to the following two sliding operations

[

1]2]
12| o
13

2

. lo—]

—> @

1] 0
o |2 212 2
12]3 3

[@ ][]
N

‘wt\)o

— P(b).

2.3. The duality

There is a duality
F(s) < F(s), b < b*

defined as follows. If b = ¢y ® --- ® ¢ is a tensor product of columns, then for each
i =1,...,n,letd(i) be the column with letters in the set

Gell.....ty]iech

Then we set b* = d(1) ® --- ® d(n) € F(s).

3This skew tableau is minimal in the sense that its skew shape is minimal (for the inclusion
of skew shapes) among all the possible shapes of the skew tableaux associated to b.
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Example 2.15. Let £ = 5 and n = 4. Take

]
2]

s
4|®[3].

d(1) ={1,2,3,5}, d(2)=1{2,5}, d@B)={1,5}, d4) ={2,3,4},

1]
=E®!®i®

Then

so that

H
® 5/®5|® 4]

Remark 2.16. As mentioned in the introduction, we can use binary matrices to rep-
resent elements in F(s) and F (s), which yields an easy description of the duality .
More precisely, encode b = ¢y ® -+ ® c; by the n x £ matrix M defined by

1 ifi e Cj,
M;,; = .
0 otherwise.

Then b* is the element of F(s) encoded by M, the transpose of M. For instance,
take b as in Example 2.15. Then b and b* are respectively encoded by the following
matrices (remember that we read the columns of b starting from the right)

1 1 1 0 1 Lo 10

01 0 0 1 Lo

M = and M"=|1 0 0 1
1 0 0 0 1

01 1 1 0 00 01

1 11 0

Therefore, we recover the crystal skew Howe duality of [15, Section 11.2], also stud-
ied in [47].

The duality * intertwines several classical notions. We already observe some
occurrences of this phenomenon now, and will give more results in the upcoming
sections. For any map ¢: F(s) — F(s) L {0}, denote ¢*: F(s) — F(s) L {0} the map
determined by the formula

p(b*) if(b*) € F(s),

*b *
(@ () {o it o(b*) = 0,
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that is, ¢ is the conjugation of ¢ by the duality *. Similarly, for any map ¥: F(s) —
F(s) U {0}, denote *y: F(s) — F(s) U {0} the map determined by the formula

(W (®B)* ify(b) € F(s).

V) = {o if Y (b) = 0.

Note that we have ¢ = ¢™* if and only if *¢ = ¢.

Proposition 2.17. The element b is a tableau (resp. Yamanouchi) if and only if b* is
Yamanouchi (resp. an antitableau).

Proof. Let b € F(s) be a tableau. Then s; > s;4 forall j =1,...,£ — 1, which
means that the number of j’s in b* is greater than or equal to the number of (j + 1)’s,
which is a necessary condition to be Yamanouchi. In fact, the first kK components of b
correspond by duality to the subtableau of b with letters less or equal to k. Since
any such subtableau is semistandard, the vertex »* has the Yamanouchi property. The
converse holds by the same observation, and the analogue statement for antitableaux
holds similarly. u

Example 2.18. (1) Let{ =2,n = 4, and

so that b is a tableau. Then

pr=2|®[1]e2]e|2].
which is Yamanouchi.
(2) Let{ =5,n =3, and

p=[1]®[1|e2]e2]®

so that b is Yamanouchi. Then

which is an antitableau.
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We have already recalled the Jeu de Taquin procedure for computing the tableau
in Theorem 2.11. Let us denote by J; the map F(s) — F(s) U {0}, where J;(b)
is obtained from b by an elementary horizontal Jeu de Taquin slide from column
J + 1to column j if possible, and J; (b) = 0 otherwise. Let us moreover recall that
there is a unique isomorphism of A,_;-crystals B(w;) ® B(wi’) = B(w;’) @ B(w;)
called the combinatorial R-matrix, which we can compute by a simple combinatorial
procedure, see [44, Section 4.8] and the references therein. It induces an isomorphism

Rj’j/l F(S) - F(S)

permuting the components B(ws;) and B(ws;,), which is the composition of R-
matrices of the form R; j 11, which we denote R; for simplicity. Finally, recall that the
Weyl group (here the symmetric group on n letters) acts on the crystal F(s) by letting
the Coxeter generators 0;,i = 1,...,n — 1 act by reversing each i -string [3, Definition
2.35], see also [44, Section 2.1].

All of the above maps have counterparts defined on F (s) (defined using antit-
ableaux instead of tableaux when needed). We now prove that the duality * intertwines
crystal operators with elementary Jeu de Taquin slides, as well as the Weyl group
action with the R-matrix.

Theorem 2.19. Forall j = 1,...,£ — 1, we have
(1) e'j’.‘ = Jj,
) 6;* = R;.

Proof. (1) Assume first that b* is a highest weight vertex. Then é;6* = 0, so we have
by definition éj’-*b = 0 = J;j(b). Note that this simply means that the Jeu de Taquin
is not authorised for b, which makes sense because b is a tableau by Theorem 2.11
and Proposition 2.17. Now, assume that b* = d; ® --- ® d, is not a highest weight
vertex, so that ¢;b* € F (s). Let i denote the index of the column containing the entry
of b* affected by ¢;, see Theorem 2.9. Then by definition of the duality *, ¢} acts on
b=c;®---® cy by sliding entry i from c¢;; to ¢;. Now, consider the Jeu de Taquin
between columns j and j + 1 of b. The procedure used to determine i ensures us
that all entries of ¢; that are smaller than or equal to i are matched to an element of
¢j+1. Therefore, the first entry that slides from c; ¢ to ¢; is i. In other terms, J; (b)
is obtained from b by sliding i from ¢; 4 to ¢;. Thus éj’-*b = J; (D).

(2) Set N = |cj+1| —|cj|, where b = ¢; ® --- ® ¢1. If N > 0, then the element
R; (b) is obtained by using N Jeu de Taquin slides between columns j and j + 1
of b. Therefore, by item (1), (R;(b))* = éJN b*. Now, by definition of the duality *,
we have N = ¢;(b*) — ¢;(b*), therefore é]Nb* = 0;(b*) and the claim is proved.
The case N < 0 is proved similarly by using the lowering operators f; instead. |
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Example 2.20. (1) Take n = 6 and £ = 4, and let

(@)

1

1]
b =4|®3 @4 01]e3]e2].

so that

Then one can check that

e1b* =

whose dual is

b =[3|®5]|®

On the other hand, the horizontal slide from column 2 to column 1 of b is
achieved as

‘m#o»—

O\.l\)»—t‘
. [o[o]=]

O'\U)l\)»—t‘

1]
2
3
6

‘Lh =0
‘U1 W=
‘U‘l‘-bb)»—t

and we see that we recover b’.

Taken = 5, ¢ = 4, and

p*=3|®4|®3|0[3]|®[2] sothath =[2]®[4]|®[5]|®|5].

Let us look at j = 2. One checks that ¢; (b*) = 3 and ¢; (b*) =1 (i.e., there
are 3 incoming and 1 outgoing arrows with color 2 at vertex b* € F (s)), so

that
sb*=[3]04]®

3le[2]el2],
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whose dual is

Now, we can compute R, (b), by doing the following two Jeu de Taquin slides
between columns 2 and 3

v 1 NI 1] 1
12| 2 2 o |2 2| e 213
°|3 13]3 3]3 3[3 3[3]  [3]e
34 o4 (4]0 4] 4 4]
5] —l5] —ls 5] —ls] —ls

from which we recover b’.

Of course, Theorem 2.19 also holds when switching F(s) and F(s) and taking
the dual versions of the different maps.

2.4. Bicrystal structure

We are ready to prove that the A,—; and Ay crystal structures commute (modulo
the duality *). This is best stated as follows.

Theorem 2.21. For all j = 1,...,4 — 1, the restriction of f]* to any connected
component of F(s) is either 0 or an A,—1-crystal isomorphism. Similarly, for all
i =1,...,n—1, the restriction of * f; to any connected component of F (s) is either O
or an Ag—1-crystal isomorphism.

Proof. Note that by symmetry, both statements are equivalent, and it is enough to
prove that forall j = 1,...,£ — 1, the map f]* is an A,—j-crystal isomorphism. Fix
je{l,...,£—1}. Firstof all, if b € F(s) is a highest weight vertex, then b is Yaman-
ouchi by Theorem 2.11(2), and b* is an antitableau by Proposition 2.17. By The-
orem 2.11 (1), f;-b* is again an z'mtitableau, SO f}*b is Yamanouchi, i.e., a highest
weight vertex. This shows that fj* maps highest weight vertices to highest weight
vertices with the same weight. It remains to show that it commutes with the lowering
crystal operators f;. We have, foralli =1,...,n—1,

fj*fi = JJ-_lfi (by Theorem 2.19)
= f; Jj_1 (by Theorem 2.11)
= flf]* n
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This yields an (A,—1 X Ag—1)-crystal structure on F(s). For i = (i1,...,i,) €

{}, ,'n}’ (1.resp. J =0 jo) €L, ... 1), denote f; = fi, -+ f;, (resp.
Jj = Jj. -+ fi1)- The following corollary is immediate from Proposition 2.17 and
Theorem 2.21. For a given A € P, denote b, the Yamanouchi tableau of shape A.

Corollary 2.22. Each connected component of the (Ay—1 X Ag—1)-crystal F(s) has
a unique source vertex. The sources are exactly the Yamanouchi tableaux. In other
terms, we have

F&)= @ [} fiba,
A=wy +tos,
S|+ tSse=s

where the sum runs over all possible i and j.

Remark 2.23. Accordingly, the (4,—; X Ag—1)-crystal structure can be considered
on F (s). In this case, the sources are the Yamanouchi antitableaux.

Example 2.24. Take £ = 4, n = 3. The element

1e2]e2]®

is a Yamanouchi tableau, i.e., a source in the (A,—1 x A¢—y)-crystal. Its dual is the

following Yamanouchi antitableau

By Corollary 2.22, for all b € F(s), there is a unique Yamanouchi tableau b such
thatb = f* fib for some i and j. Set

P()= fib and Q(b) = f;b*.

Theorem 2.25. For all b € F(s), P(b) is a tableau and Q(b) is an antitableau of
transpose shape. Moreover, the assignment

®: b (P(b), Q(b))

vields a bijection F(s) — ®(F(s)) called the crystal RSK correspondence. In partic-
ular, we have the decomposition

F(s)~ € B ® BOY.

A€ES(s)
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Proof. By Theorem 2.21, the two crystals commute, so since b is a highest weight
vertex for the Ay_;-crystal, P(b) = f; b is also a highest weight vertex for the A_;-
crystal, i.e., P(b)* is Yamanouchi. By Proposition 2.17, P(b) is a tableau. Similarly,
we get that Q () is an antitableau. Moreover, ® is clearly injective, so that ®: F(s) —
D(F(s)) is a bijection. ]

Accordingly, for b* € F(s), we will write P(b*) = Q(b) and Q(b*) = P(b).

2.5. Crystal structure on self-dual elements

Anelementh = ¢y ® --- ® ¢y € F(s) is called self-dual if b* = ¢1 ® --- ® ¢y. In par-
ticular, self-dual elements exist only if n = £. Alternatively, if M denotes the binary
matrix associated to b, then b is self-dual if and only if M = M. We denote F(s)*

the set of self-dual elements of F(s). Now, foralli = 1,...,n — 1, set
f5 =5
The operators f;*,i = 1,...,n — 1, induce an 4,_;-crystal structure on F'(s)*. More

precisely, we get the decomposition

Fo)* ~ € BO.
A€8(s)
Ar=2

2.6. Keys and bikeys

Keys are certain tableaux introduced by Lascoux and Schiitzenberger [28] that are
used to compute Demazure crystals [3]. In this section, we generalise the notion of
keys using the bicrystal structure of Section 2.4.

Definition 2.26. Anelementb =c; ® ---® c1 € F(s) is called a key (resp. an antikey)
if b is a tableau (resp. an antitableau) and if ¢, € --- € ¢1 (resp.¢1 € -+- C ¢y).

For b € F(s),let Og,, (b) be the orbit of b under the action of the Weyl group Sj,.
The following proposition is easy to establish by induction on the length of the ele-
ments of S,,.

Proposition 2.27. The set of all keys of given shape A € 8(s) is equal to O, (b))

Therefore, we have the following characterisation of keys (which could also be
proved directly by using the definition of ).

Proposition 2.28. Let b € F(s). Then b is a key if and only if b* is a product of
Yamanouchi columns.
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Proof. We know that b} is the Yamanouchi antitableau of shape A". In particular,
b} is an antikey. Now by Theorem 2.19 (2) and Proposition 2.27, b is a key if and
only if b* is obtained from b} by applying a sequence of R;’s, which simply permute
the columns since each column of b} is included in the next. |

Example 2.29. Take n = 3, £ = 2. Then the crystal of highest weight A = w1 + w;
is realised by tableaux as follows:

1]1]
2
/ \
1]2] 1]1]
: K /3
1]3] 1]2]
2] >21<3
2]2] 1]3]
3] 3
N,
2[3]
El

The keys of shape A are obtained by keeping all vertices at the extremity of each
i-string (for i = 1,2), namely

L] [if2) ] [1]3] [2]2] [2]3
2 . 2] 13 . 3], 3] . 3] .

whose respective dual are the following products of Yamanouchi columns

2e2]le0, [2]®2]e00. [2]00c[2],
®@®, io2®2], 0[2]2]

We are ready to introduce the generalised notion of key.

Definition 2.30. Anelementd =c; ® --- ® ¢y € F(s) is called a bikey if there exists
w € S such that ¢y(1) € -++ € ey

Write K for the set of bikeys in F(s). Observe that for bikeys, the distinction
between tableaux and antitableaux disappears. More precisely, when b is a bikey,
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for any j =1,...,£ — 1 we have the inclusion ¢; C ¢;4; or ¢j4+1 C ¢;. It thus
follows from Theorem 2.19 (2) that w*(b) = cyy1) ® -+ @ Ci(r)- Moreover, w* (b)
is a tableau (and an antitableau), thus for a bikey b we must have P(b) = w™*(b). For
all A € 8(s), write

JH (L) ={b € K | P(b) has shape A}.
The next result justifies the terminology of the previous definition.
Proposition 2.31. For all A € 8(s), we have K (1) = Og,xs,(by).

Proof. We have already observed that w™* () is a tableau. Since cyy(1) € -+ C Cipr)»
it is a key of shape A. Thus, there exists w € S, such that ww*(b) = b, which
proves that K (1) € Os,xs,(by). Now for any w € S, and w € S, the vertex b =
ww*(by) = w*w(by) is a bikey since w(by) is a key on which the action of w*
(which is a combination of R-matrices) reduces to a permutation of the columns.
Hence we get K (1) = Og, xs,(by). ]

Finally, we prove that the duality * maps bikeys to bikeys. For this, consider the
set X of bikeys in F(s), and for u I s let

K () = {b € X | P(b) has shape u}.
Proposition 2.32. We have b € X (A) if and only if b* € K (A").

Proof. It suffices to observe that for any b € K, there exists a partition A and (w, W) €
Sn X S¢ such that b = ww*(by). Then b* = *wir (b¥) = *wir(byr) belongsto K. m

Let K be the set of binary matrices corresponding to the bikeys in K. For any
A € 8(s), recall that the binary matrix M} corresponding to b, is the n x £ matrix
whose entries equal to 1 form a pattern corresponding to the Young diagram of A.
Also, we have a right Sy-action (resp. a left S, -action) on the set of n x £ matrices
where the action of w € Sy (resp. of w € S,) is given by the right (resp. left) multi-
plication by the permutation matrix Py, (resp. Py, ) associated to uw (resp. w). Since
permuting the columns of b (resp. of »*) is equivalent to permuting the columns
(resp. the rows) of the corresponding binary matrix, we get the following corollary.

Corollary 2.33. We have

XK= || PuMiP,

(w,w)eS; xSy

ST Giypymis = 0 ma@mas(y).

(m; j)EX 1<i<n A€8(s)
' 1<j<t

and
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2.7. Cyclage and promotion

In this section, we show that the duality * intertwines two important maps, namely
the cyclage and the promotion operators. This will be used in Section 2.8 to study the
relationship between charge and energy.

Definition 2.34. (1) Letb =c; ® --- ® ¢1 € F(s). The cyclage of b is the ele-
ment of F(s) defined by

é(b) = C¢—1 ®"'®C1 ®C¢.

() Leth* =d; ® --- ® dy, € F(s). The promotion of b* is the element of F (s)
defined by pr(b*) = pr(di) ® - -+ ® pr(dy), where foralli = 1,...,n

pr(d;) ={k + 1 mod¥; k € d;}.

Remark 2.35. The promotion operator permits to endow F (s) with the structure of
an affine type Aél_)l-crystal that we shall denote by F (5)™". This structure is obtained
by considering the additional crystal operators fo =pr! fl oprand éy = pr!é; opr.
The crystal F (5)™" splits into affine connected components. Each such component is
isomorphic to a tensor product of n column Kirillov—Reshetikhin crystals. Observe
that these components are not highest weight crystals.

The following proposition is immediate from the definitions.

Proposition 2.36. (1) Forall b € F(s), we have £(b)* = pr(b™*).
(2) Forall b* € F(s), we have proR(b*) = R o pr(b*).

Example 2.37. Take the same values as in Example 2.15. Then we have

Sal3lolslal)
5el5|e5]® 4]

AR
4el4lelslals]elz I®I I®I-

In order for the cyclage to be relevant for the description of the Kostka polynomi-

1
2

als, we need to restrict to some cases, which we call authorised.
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Definition 2.38. Letb =c; ® --- ® c1 € F(s).
(1) We say that the cyclage is authorised for b if either

(a) b is of dominant evaluation, i.e., b has no more k + 1 than k for all
k=1,...,n—1,and 1 ¢ ¢,.

(b) bisatableau and thereisnok € {1,...,n} appearing in every column c;.

(2) Suppose that there exists k € {1,...,n} suchthatk € ¢; forall j =1,...,L.
In particular, b is not authorised. Let k¢ be minimal with this property. The
reduction of b is the element red(b) obtained by deleting all occurrences of kg
in b, and replacing each k > ko by k — 1.

Remark 2.39. In particular, if b verifies (2), there exists m such that the cyclage is
authorised for the tableau red” (b). We denote &: b > & (red™ (b)).

Example 2.40. Take £ = 2,n = 3 and
b=[3|® 3]

red(h) = 2|®[2].

It can be read off the dual if the cyclage is authorised, and how reduction acts.

We have kg = 2 and

Proposition 2.41. (1) Let b € F(s) and write b* = dy ® --- ® dy. The cyclage
is authorised for b if and only if either
(a) |di| == |dy|and € ¢ dy, or
(b) b* is Yamanouchi and foralli = 1,...,n,d; # {1,...,L}.
(2) red(b)* is obtained from red(b) be deleting the leftmost column {1, ..., L}

inb*

Proof. For (1), one checks from the definition that an element b is of dominant eval-
uation if and only if its dual b* has columns of nonincreasing size, and (a) follows.
Item (b) is a direct consequence of Proposition 2.17. Item (2) is clear from the defini-
tion of *. ]

2.8. Charge and energy

Charge and energy are two classic statistics defined on F(s) and F(s). The goal of
this section is to establish that the duality * intertwines these two notions.
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Lemma 2.42. For all tableau b € F(s), there exists m > 1 such that P (€™ (b)) is
a column.
Definition 2.43. The charge is defined as follows. Letb = ¢; ® --- ® ¢1 € F(s).
(1) If b is a column, set ch(b) = 0.
(2) If b is a tableau, define ch(b) by induction by setting

ch(b) = ch(§(b)) + |c¢| and ch(red(b)) = ch(b)

and using Lemma 2.42.
(3) In general, set ch(b) = ch(P(b)).

We have seen in Section 2.2 how one can associate to any product b* = dy Q d» €
F () of two columns a unique skew tableau 7' of minimal shape. Write leg(h*) for the
number of boxes in the left column of 7" having no box to their right. The following
definition of the local energy H is slightly different but equivalent to the original one
(see [40] and also [44] for an equivalent definition in the case of rows and affine
crystals).

Definition 2.44. Let £ = 2 and b* = d; @ d» € F(s).

leg(b* if |[d1]| = |da|,
H(b") = g(b™) | ldi| = |d>|
H(R((b")) if |dy| < |da].
Example 2.45. The minimal skew tableau corresponding to
1
3
4
16
7]
b*=6|® 8] is [8] .

therefore we get H(b™) = 2.
Letb* =di ®---®d, € F(s). Forall 1 <i < j < n, denote by
4@ ®d®d) e 8dy
the element obtained from b* by applying successively the R-matrices R;_i, ...,
Riy1.

Definition 2.46. The energy D is defined as follows. For b* = dy ® --- @ dy, € F(s),
we set

D% = Y H(d®dl).

1<i<j=<n
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Remark 2.47. If §; = --- = s, then the R-matrices act as the identity, thus
Dp*) = Y (1—)H(d ®dity).
1<i<n-—1

Lemma2.48. Letb*=d; Q- Qd, € F(s) be Yamanouchi such thatd; ={1,...,£}
forsomei =1,...,n. ThenD(b*) =D(b*), where b> is the element obtained from b*
by deleting its leftmost column {1, . .., L}.

Proof. Since D is invariant under the action of the combinatorial R-matrices, we can
assume that d; = {1,...,£}. Then

n—1

D(b*) = D(*) + ) (n i) H(d1 ® diy1).

i=1
But by definition of H, we have H(dy ® dj+1) =0 foranyi =1,...,n— 1. ]
We are now going to prove the following proposition.

Proposition 2.49. Let b* = dy ® --- ® d, € F(s) be Yamanouchi such that d; #
{1,...,L}foralli =1,...,n. Then D(pr(b*)) = D(b*) — N, where N is the number
of L in b*.

To do this, let us set forany b* = d; ® --- ® d,, € F(s),
An(b¥) = D(b¥) — D(pr(b™)).
When n = 2, one can use Definition 2.44 to compute A,. This immediately gives:
Lemma 2.50. Assume b* = d; ® dy with h(dy) > h(d>). Then
—1 ifledyand?l ¢ d,,
Ar(d1 @ dy) = 1 ifl¢dyandl € d;,

0 otherwise.

Proof of Proposition 2.49. Since the combinatorial R-matrices preserve the energy,
we can assume that h(dy) > --- > h(dy). For any Yamanouchi vertex b* = d; ®
-+~ ®dy, € F(s), we have

n—1

An(b)k) =Ap(d1 ® - ®dy) = Ap—1(d1 @+ Q@ dy—1) + Z Ax(d; ® di(—ril—)l)

i=1

because the promotion operator commutes with the R-matrices. Since »* is Yamanou-
chi, the vertex d; ® - - - ® d,,—1 is also Yamanouchi. By induction on 2, we can assume
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that A,_1(d1 ® --- ® dy—1) is equal to the number of letters £ in d; ® -+ ® dy—1.
This shows that the proposition is in fact equivalent to the assertion

Sa(b*) =" Ao(d; @ dY)) =

=1 0 otherwise

n-l {1 if¢ e d,,

for any Yamanouchi vertex b* = d; ® --- ® d,, € F(s). Here again, we proceed by
induction on n. When n = 2, this follows from Lemma 2.50. Note that we cannot have
£ € d; in this case because we have assumed that d; # {1,...,£}. Whenn > 3, set

Prn—1)=d & ®dyr®d™,.
Then 6*(n — 1) is Yamanouchi and
Sn(b*) = Sn—l(b*(n - 1)) + AZ(dn—l ® dn)

Assume first £ ¢ d,, and £ ¢ d,,—1. Then, we have £ ¢ d,f"_)l and by the induction hypo-
thesis, S,—1(b*(n — 1)) = 0. Also, Az(dp—1 ® dp) = 0 and we thus get S, (h*) =0
as desired. The arguments are similar for the three remaining cases: £ € d, and

t¢dy_1,0¢dyandl edy_y,l edy,andl € dy—;. n

Combining Definition 2.43, the combinatorial description of the duality *, Lem-
ma 2.48 and Proposition 2.49, we get the expected following theorem.

Theorem 2.51. For all b € F(s), we have ch(b) = D(b*).

3. Affine type A duality

The study of the combinatorics of highest weight representations for the quantum
groups of affine type A has been initiated in [21] in the context of solvable lattice
models. There, the affine Fock space plays a crucial role. It has been subsequently
considered in various settings, ranging from mathematical physics to symmetric func-
tions or finite group representation theory, see [29] for a good review. In this section,
we examine the crystal combinatorics of the affine Fock space, and show that the
results of Section 2 generalise to this setting.

3.1. Infinite columns

In this affine setting, columns are semi-infinite, i.e., of the form

c={x1,...,.x,tU{x €Z | x < x1}
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and represented as

E
¢ = |x

for some k € Z>; and some x; <--- < x; € Z. Note that this expression is not unique.
For instance, the valuesk =2, x; =1, x, =3andk =3, x; =0, xo = 1, x3 = 3 both
yield the semi-infinite column {...,—2,—1,0, 1, 3}. If we impose that x; is minimal
in Z with the condition that x; 4+ 1 ¢ c, then this expression becomes unique: we call
it the standard form of c. Finally, we set

s(c)y=x1+k—1.

3.2. Affine combinatorial Fock space

Following [8, Chapter 6], highest weight crystals of type Aﬁll_)l and level £ can be
realised by using the combinatorics of symbols (or equivalently of abaci). By analogy
with type A, we identify symbols with tensor products of columns (and abaci with
semi-infinite binary matrices as in Remark 2.16).

Definition 3.1. Let s = (51, ...,s¢) € Z%. The affine combinatorial Fock space of
type Afll_)l and level £ associated to s is

F)={h=c,®--®cy|s(c;)=s;forall j =1,..., £}
Forallh € F (s), the tuple s is called the shape of b.*

We say that b € F (s) is in standard form if all columns have the same smallest
entry and (at least) one of them is in standard form. For convenience, we represent
negative entries —x by x.

Example 3.2. The representation

:

1/e[2]®]3]

is the standard form of the element b = ¢3 ® ¢» ® c1, where cz ={...,—2,—1,0, 1},
ca=4{...,-2,-1,2},c1 ={...,—-2,—-1,0, 3}.

4The element s is usually called the (multi)charge in the literature, see [21]. We choose this
alternative terminology for two reasons: by analogy with the finite case (Section 2.1), since s
plays a similar role to the partition A (in fact, s can itself be represented by a partition as in the
original approach [21, Definition 3.1]); and because “charge” has already been introduced with
a different meaning in Section 2.8.
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We now define affine analogues of tableaux in a natural way, by requesting semi-
standardness on a cylinder. We use the following notation:

X1

x1+n-—1

X1+n

if ¢ = is a column, set ¢t = | xx +n

Definition 3.3. Anelementb = ¢, ® --- ® ¢y € F (s) is called
(1) cylindric if the top-aligned juxtaposition cjcl -+ ¢y 1s a semistandard Young
tableau (with entries in 7).
(2) anticylindric if the bottom-aligned juxtaposition ¢y - - -Cgch is a semistandard
skew Young tableau (with entries in Z).
Example 3.4. Take { = 3,n = 2.

(1) The element

1111
_ olof1]1
0| 124
®4|® is cylindric because | 3 |
is a semistandard Young tableau.
(2) The element
2]
21
212[1/0
1/0/0]1
01|12
is anticylindric because |2 |3|3 |4

is a semistandard skew Young tableau.

Remark 3.5. Note that the elements of F (s) can alternatively be described as charged
multipartitions: they form the standard basis of the (algebraic) Fock space, see [8,
Chapter 6], [46]. More precisely, tensor products of columns are the representation
of charged multipartitions by their S-sets, also known as Lusztig’s symbols [8, Chap-
ter 5]. In turn, tensor products that are cylindric correspond to cylindric multiparti-
tions, which are important objects in algebraic combinatorics. They were first intro-
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duced by Gessel and Krattenthaler [14], and have since then been used in combinat-
orics, representation theory, and mathematical physics, see [5, 11] for more details.

Further, we give an affine analogue of the Yamanouchi property. For this, given an
elementh =c; ®---®c; € F (s), we define the first n-period of b to be the sequence
Py =(x,x—1,...,x —n + 1) of entries of b such that x is maximal in » and such
thatforalli =0,...,n—1,x —i € cg,;, where kg < --- < k,—1 with k; maximal. One
then defines the r-th n-period of b by induction, by setting P, to be the first period of
the element "~V obtained from b by removing P, ..., P,_; if they all exist.

Definition 3.6. An element b € F (s) is called rotally n-periodic if the r-th n-period
of b exists forall r € Z>.

Example 3.7. Take n = 3 and £ = 4. Then the following element is totally periodic:

0]

0]

3
3@ 1|®4|0(4

where we have highlighted the first period in blue, the second in purple and the third
in yellow (and the periods P, for r > 3 then obviously exist).

3.3. Affine crystal structures
In the following, for s = (s¢,..., 1) € 7% and § = ($1,...,8,) € Z", denote
by=ls(|® - ®[s1] and by=[51]® - @ [5a].
Moreover, define analogues of the sets S(s) and $(s) of Section 2 by considering
D(s) = {(s¢.....51) € Z'(s) | s¢ < -+ <51 < s5¢ +n},
D(s) = {G1. .-, 5n) € Z() | 51

IA

< < Sp < 8§51+ 4,

and set . .
D=| D) and D=| |D(s).
SEZ SEZ

As in Section 2.2, the combinatorial Fock space F (s) can be endowed with the struc-
ture of an A,(ll_)1 -crystal, where the action of the lowering crystal operators f; is given
by changing a certain entry x such that x modn =i to x + 1, see for instance [8,
Chapter 6]. Also, the connected component containing b is isomorphic to the crystal
B (s) of the irreducible highest weight module of highest weight ws = w;, + - - - + wy,
where wy, . . ., w,—; are the fundamental weights of type Afll_)l. Let us recall the crys-
tal structure on F (s), due to [4,21,46]. We construct the word w; (b) as in Section 2.2,
by the following procedure:
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(1) Forall k € Z, let wl(k) (b) be the word obtained by reading the entries i + kn
and i 4+ kn + 1 in b from left to right (that is, going through the columns
Cgy...,C1).

(2) Set w;(b) to be the concatenation of the words wgk) ordered by decreasing
values of k.

Remark 3.8. Because of the semi-infinite form of each column, it is enough to con-

sider only the integers k such thati + kn appears in the standard form of b. That way,
we construct w; (b) from finitely many subwords wl(k).

Example 3.9. Forn =4,i = 3,{ = 3 and

4
b=13|®|7|®|7T|=c38c®ci,

where we highlighted the entries with relevant residues with boldface, we have that
wi(b) = 77 and w'? (b) = 3344, therefore w3(h) = 773344.

As in type A, this induces a word in the symbols 4 and — by encoding each i + kn
by + and each i + kn + 1 by —. Deleting all factors + — recursively yields a word
called the i-signature of b. With these conventions, one checks that the following
result is equivalent to [8, Theorem 6.2.12].

Theorem 3.10. The set F (s) is endowed with an A,(ll_)1 -crystal structure, where

(1) The lowering crystal operators f; act on b € F (s) by changing the entry x
corresponding to the leftmost + in the i-signature of b into x + 1 if it exists;
and by 0 otherwise.

(2) The raising crystal operators f; acton b € F (s) by changing the entry x + 1
corresponding to the rightmost — in the i -signature of b into x if it exists, and
by 0 otherwise.

Example 3.11. In the previous example, we first get the sequence + + + + — —,
and the signature is ++. The leftmost + corresponds to the 7 in ¢, and therefore f3
acts on b by changing that 7 into an 8, i.e.,
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Example 3.12. Take £ = 3,n = 2,8 = (53, 52,51) = (7,4, 6) and

(][ ]]e]

b=c3®c2Q®c1 =

One checks that
eob = elb = ezb = O,

i.e., b is a highest weight vertex, and that the beginning of the connected component
of the Afll_)l-crystal containing b is equal to

EIENEIESEIS

INSEIENEIENEIN

[o]a]un]&[w]w]~]

[[or]en]w]ro]—]
(o] o] ]ro] -]
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Remark 3.13. If n is sufficiently large, any column (in standard form) has at most
one entry with residue i or i 4 1, and therefore one recovers the finite type A crystal
rule (forgetting the arrows indexed by 0).

In fact, we have F(s) ~ ﬁ((se)) ® - ® F((s1)).

Remark 3.14. Note that the rule used to compute the affine crystal above is not the
tensor product rule, which means that the above isomorphism is not an equality in
general. However, we recover the tensor product rule (and hence the equality) if the
differences s;41 — s; are sufficiently large.

Similarly, for any n-tuple of integers § = (51, ..., $y), there is a level n AEI_)I—
crystal structure on the set of tensor products of n columns

FG) =la=d\ ®--®dy, | s(di) = § forall i}.

In order for these crystals structures to commute (see Section 3.6), we need to use
a slightly different rule for computing the Aél_)l-crystal. More precisely, we construct
a word w; (a) by the following procedure:

(1) Forall k € Z, let v'vj(.k) (a) be the word obtained by reading the entries j + k£
and j + k£ + 1 in a from left to right (that is, going through the columns
di,....dy).

(2) Set wj(a) to be the concatenation of the words v'vj(.k) ordered by increasing
values of k.

Now, we compute the j-signature by the exact same procedure as for the A,(ll_)l—
crystal, and the action of the crystal operators f, and é; is given by the same rule
as in Theorem 3.10. We obtain again

Fs) ~ F((1) ® -+ ® F((5n)).

Example 3.15. For{ =3, j = 0,n = 4 and

[n[a]w]w][o]—

®|2]

where we highlighted the entries with relevant residues with boldface, we have that
W (a) = 0101001 and w" (a) = 3434, therefore v (a) = 01010013434, This yields
the sequence + — + — + + — + — + —, so the O-signature is +, in which the leftmost

=d| ®dy,®ds® dys,
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+ corresponds to the 0 in d3. Therefore, fo acts on a by changing that O into a 1, i.e.,

[ ][]~

[n[&]w]w][o]~
[ &]w]w]=]~

Let us set

Foy= @ Fs) ad Fiy= P F&.

s€ZL(s) SEZ"(s)
We can now state an analogue of Theorem 2.11.

Theorem 3.16. (1) The set of cylindric elements of F (s) is stable under the crys-
tal operators f;, ej, i =0,...,n — 1. Moreover, for any b € ﬁ(s), there is a
cylindric element P(b) € F (s) such that P(b) and b appear at the same place
in two isomorphic connected components of F (s).

(2) Anelementb € F (s) is a highest weight vertex in the /1,(11_)1 -crystal if and only
if b is totally periodic.

Proof. One checks that Definition 3.3 is equivalent to the definition of cylindricity
used in [9,45]. Therefore, the first statement of (1) translates to [45, Section 3], see
also [9, Proposition 4.10]. A constructive proof of the second statement of (1) can be
derived from [9, Section 4.3]. Item (2) was obtained in [19, Theorem 5.9]. ]

Remark 3.17. Note that P(b) is not unique, unlike the tableau P (b) of Theorem 2.11.
There is uniqueness by putting some extra constraints on P(b), see [9] for more
details.
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3.4. Uglov’s duality

There is a duality )
F(s) > F(s), b<b*

defined by Uglov [46, Remark 4.2], see also [48, Section 1.1.5]. It is best explained
in terms of binary matrices. We first encode b = ¢; ® --- ® ¢1 € ﬁ(s) by the oo x £
matrix M defined by
{1 ifi €cj,
Mi,j =

0 otherwise.

Now, for all k € Z, consider the submatrices M ¥) of size n x £ of M defined by, for
alll <i <n,
k
Mi(’j) = Mk—1)n+i,j-

Set N® = pM®" Then for all Jj €Z,say (k —1){ + 1< j <kl the oo x n mat-
rix N defined by N;; = Nj.(f)(k_l) ¢; decodes to an element b* of F(s).

Example 3.18. Take £ = 2, n = 3, and

Then we have

11 .
—4 11| M&D .
-3 |11 S (DL o - v
S M1 2 |111
. L i
0o |01 0 [101
M= 1 (01 andget N= 1 (010 MOF — N
2 10| M® 2 (101
3 101 r 7
L _ 3 0 0 O M(2)tr — N(Z)
4 100 4 (000
5 lo0| M@ - -
6 |00 :
- - 1 23
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where we indicated the rows and column indices. This gives

Remark 3.19. Assume that each column ¢ = {x1,..., X} of b written in standard
form verifies 0 < x1 < --- < x < n.

(1) Then b is determined by M M and the duality = is just transposing this single
matrix. We recover precisely the duality *, see Remark 2.16. For instance, for

{=4,n=23and
0 0
o] |0
b=[3]®3|®1|®[3]

The corresponding matrix and its transpose are

1 100 1 g (1)

0 0 0 1 and ,

1 01 1 001
01 1

respectively, so we get

0]
0]
b*=2|®4|®|4].
(2) Moreover, the orders < and < used to compute the crystals coincide, in ana-
logy with the finite case again.

The first result concerning the duality * is an analogue of Proposition 2.17. The
following result can be checked purely combinatorially. We omit its proof because it
is essentially equivalent to [11, Theorem 3.3] in the convention of the present paper.

Proposition 3.20. Letb € F (8). Then b is totally periodic if and only if b* is anticyl-
indric.

Remark 3.21. Similarly, there is a notion of antiperiods that yield a characterisation
of highest weight vertices in F'(§). We get that b is cylindric if and only if 5* is totally
antiperiodic, completing the previous proposition
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Now, we would like to establish an analogue of Theorem 2.19. Let S, be the affine
symmetric group on 7 elements, which is the Weyl group of type AELI_)l. We denote
by o;,i =0,...,n — 1 the involutions generating 3; subject to the usual braid rela-
tions modulo n. The group 3; acts on the crystal F (s) as in finite type. Similarly,
we denote by g;, j =0, ... ,£ — 1 the generators of S\(. First of all, we focus on
the maps é; and o; but only in the case j = 1,...,£ — 1. The case j = 0 will be
treated in upcoming Section 3.5 using the promotion operator. As in Section 2.3, for
Jj=1,....£—1,wedenote by J; the elementary Jeu de Taquin map on F (s) between
columns j and j + 1, and by R; the combinatorial R-matrix on F (s) realising the
isomorphism of crystals

F((Sl,---,Sj,Sj+1,.u,S£)) o F((Sl,u.,SjH,Sj,---,Sz))-
Theorem 3.22. Forall j = 1,...,£ — 1, we have
(1) & = J;,
) dj* = R;.

Proof. The proof is analogous to that of Theorem 2.19. In particular, (1) is immediate.
For (2), an explicit formula for R; was given in [18, Proposition 5.2.2]. This formula
coincides with the formula for the R-matrix in finite type which can be found in [44,
Example 4.10]. Therefore, we conclude using Theorem 2.19. |

3.5. Affine cyclage and promotion

We now show that the results of Section 2.7 generalise to the affine case. Consider the
affine cyclage map

§: ﬁ(s)—>F(s+n),

R @11 ® Q1 ®cy

where CZ— at the beginning of 3.2. By [18, Proposition 5.2.1], gis an isomorphism of
AW _crystal i i
»_1-crystals. Now, consider the promotion map

pr: Ié(s) — Ié(5+”)’
d1 ®--Qd, — pr(dy) ® --- ® pr(d,),

where pr(d;) ={k + 1; k € d;} foralli = 1, ..., n. Exactly as in Proposition 2.36,
we have the following result, which is immediate by definition of *.

Proposition 3.23. Forall b € F(s),

E(b)* = pr(b*).
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As a direct consequence, we get a description of the action of the maps éy and g
directly on F(s). This completes the statement of Theorem 3.22.

Corollary 3.24. The following holds:
() ég=E"od0k
() Go* =& ' o Ry ok

By analogy with Theorem 3.22, we denote Ry = 6. If ¢; is a column, denote
by ¢; the column such that (¢;)* = ¢;. Since § (¢, ® - ®c1) =¢7' @y ®
.-+ ® co, we have

Ro(ce® - ®c1) =¢] ®cm1 ® Q2 ®c.

3.6. Triple crystal structure

The affine duality x is more complex than its finite type counterpart *, and this is
related to the existence of a third crystal structure on F (s) [10]. This arises from the
action of a Heisenberg algebra #, and the resulting crystal is of type Aoo. More pre-
cisely, each b € F(s) writes uniquely on the form b = a,(b) for some partition k
and some highest weight vertex b for the J-structure. Here a, is the so-called Heis-
enberg crystal operator corresponding to the partition «. The explicit action of a, is
described in [12] in terms of translating (generalised) n-periods. By writing x (b) = «,
the map b — «(b) yields a bijection between the connected component containing b
and the Young lattice ¥. Now, the Young lattice carries a crystal structure correspond-
ing to the basic representation of type A,. More precisely, there is an arrow A LA uw
in Y with k € Z if and only if 1/ has only one box of content k. This endows F (s)
with the structure of an Aso-crystal. The following result is [ 10, Theorem 6.17].

Theorem 3.25. The three crystals commute,” i.e., foralli =1,...,n —1, for all
j =1,...,£ —1and for any partition k, we have

ﬁ]?*=]?*ﬁ, acfi = fiax, and f;*a,c=a,cf;~*.

Recall that we have introduced the sets D(s), D(s) and the notation b, b; fora €
D(s), § € D(s) in Section 3.3. Write respectively @y, . . . , @¢_; and § the fundamental
weights and the null root for the root system of type A?_)l . The definition of * implies
the following important property.

SNote that in [10], the commutation was proved for a twisted version of this duality. This is
accounted for here by enumerating columns in the reverse order in F (s), and using the different
ordering.
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Lemma 3.26. Letb € ﬁ(s) We have b = bg for some s € D(s) if and only if b* = by
for some s* € D(s). Moreover, the Ay_)l-dominant weight corresponding to bgx has

the form
{—1

(n —s1 + sg)wo + Z(Sj —Sji+1)w; + k3,
j=1

where k is an integer.

Example 3.27. Take{ = 4,n =3 ands = (—2,—1,—1,1) € D(-3). Then

b=[2]|®[1]®[2]e[1], i.e.,bs:®®®_

The corresponding matrix is

0)tr
MO M©

- which gives M* =

O O O = = = e

M(l) M(l)lr

OO = = =
C o0 O = M
coco o= —
oo o oo~

O OO OO ===
SO OO OO O -

therefore,

®[3]= b withs* = (1,—1,-3) € D(-3).

Remark 3.28. We see that the map s — s* is an analogue of the transposition of
partitions used in Section 2.

The commutation of the three crystals in Theorem 3.25 induces an (A,(tl_)1 X Ao X
A?_)l)—crystal structure on F (s), and as in Athe finite case (see Corollary 2.22), each
connected component of the tricrystal of F(s) has a unique source vertex. The fol-
lowing corollary is the translation of [10, Theorem 6.19] in our terminology.



T. Gerber and C. Lecouvey 752

Corollary 3.29. Leth € F (s). Then b is a highest weight vertex in the (Afll_)1 X Ao X
Aél_)l)—crystal if and only if b = b for some s € D(s).

To be complete, we give a characterisation of the highest weight vertices in the
different bicrystals. In order to do this, we consider the vertices of E(s), the connec-
ted component of the A,(ll_)l—crystal containing bs, where s € D(s). These are called
n-FLOTW elements, and the have an explicit combinatorial description, see [8, Defin-
ition 5.7.8].% In particular, FLOTW elements are cylindric, which is immediate from
Theorem 3.16 because by is.

Theorem 3.30. (1) b is a highest weight vertex in the (Afll_)1 X Aél_)l)-crystal if
and only if b is cylindric and totally periodic.
(2) b is a highest weight vertex in the (Afll_)1 X Aego)-crystal if and only if b* is
L-FLOTW.

Proof. Assertion (1) follows from the characterisation of the highest weight vertices
in the Afll_)l-crystal and the Aﬁl_)l-crystal given in Theorem 3.16 (2) and Proposi-
tion 3.20. Assertion (2) is proved in [10]. ]

Remark 3.31. Note that it is more challenging to give a simple description of the
(Afll_)1 X Aoo)-highest weight vertices. Nevertheless, a characterisation of the Ao-
highest weight vertices has been given in [13, Theorem 5.1], but this does not yield to
an analogue of the previous theorem.

By Theorem 3.25 and Corollary 3.29, for each b € F (s), there is a unique s € D(s)
such that b = fay fibs for some i, j and some partition k. Set

P(b) = fibs, k() =K. and Q(b) = f;b].

Note that the elements & (b) and @(b) are FLOTW by definition. Therefore, we get
an analogue of Theorem 2.25, yielding an affine crystal version of the RSK corres-
pondence.

Theorem 3.32. The assignment
®: b > (P(b).k(b). Qb))
vyields a bijection F (s) — 6(1’7\ (5)). In particular, we have the decomposition

Foy~ @@ Bo)®Y e B(s").
s€D(s)

®Note that FLOTW elements are originally defined for a more constrained condition on s,
but it is easy to see that our condition induces the same combinatorial characterisation.
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Remark 3.33. Another way to express the affine crystal RSK correspondence is to
consider the bijection

b < (P(b),Q(D)),
where @ (b) is defined as before, and P(b) = a, f; bs (in particular P(b) is cylindric).
In a symmetric fashion, one can establish a bijection

b < (£ (b),9(D)),

where Q(b) is anticylindric. It would be interesting to compare this with the results
of [27].

3.7. Bicrystal structure on self-dual elements

As in Section 2.5, let us consider the set of self-dual elements F (s)*, that is, the set
of all
b=c1® - Q®cqe Fl(s)
such that
b* =y ®...®Cl_

Again, self-dual elements exist only if n = £. Moreover, by [10, Proposition 5.2], for
all b € F(s), we have k(b*) = k(b)", therefore if b € F(s)*, we have

k(b) = k(b)".

Now, by [23], self-transpose partitions realise the crystal graph Y of the basic repres-
entation of type B, by setting

k YR . k —k .
k —«k'inY ifandonlyif k —«”" — «'in¥.
If one prefers, one can also consider the vertices of Y as shifted Young diagrams
since self-conjugate partitions are in bijection with strict partitions. Further, for all
i =1,...,n—1,setagain

5= 1

Therefore, the operators f;* fori =1,...,n — 1 and a, fork = k" induce an (Afll_)1 X
Bo)-crystal structure on F (s)*. More precisely, we get the decomposition

Fs)'~ P Bs)® Y.
seD(s)
s*=s

Other multicrystal structures on fixed points sets will be studied in Section 5.
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3.8. Affine keys and bikeys
We now construct affine analogues of keys and bikeys as defined in Section 2.6.

Definition 3.34. Anelementh =c, ®---® ¢ € ﬁ(s) is called an affine key if b is

+

cylindricand¢g € --- Cc¢; C¢; .

Remark 3.35. Note that [20] uses the terminology (7, s)-cores instead of affine bi-
keys. Indeed, it is observed that if b = ¢; ® -+ ® ¢y is an affine key, then each ¢; is
in particular the beta-set of a partition which is an n-core.

In particular, if b € F (s) is an affine key, b is cylindric and therefore s(b) € D(s).
Now, for an element b € F (s), denote O s (b) the orbit of b under the action of S,
The following result is an analogue of Proposition 2.27 and is a reformulation of [20,
Proposition 5.14].

Proposition 3.36. Lets € D(s). The set of all affine keys in F (s) is equal to O & (bs).
Example 3.37. Take { = n = 2 and s = (r1,72) = (1, 0), so that

0
bs=@®

Let us compute the beginning of the connected component of F (s) containing bs.

_
0
/@1\

=[]
=[=l~
o[-
o[-

— ®
2 ®

N

[»[=]-
x
o[-
([~
o[- -

+[o]-

=[=]~
==l
= —_ /
2 [e]=

=
~ ®
< [S[e[

—_

- (=[]
~
®

—
[}
e
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Note that b is cylindric, and therefore all vertices appearing are cylindric. In the

picture, only
_ _ _
0 0 0
by=0|®[1, [1|®|1]| and ®|2]

are in @ & (bs). One checks that these are affine keys in the sense of Definition 2.27,
and that the others are not, which illustrates Proposition 3.36.

We can now give a characterisation of the dual of an affine key, in the spirit of
Proposition 2.28. It will be convenient to consider the action of S, on Z" determined
by the formulas

w(zi, ..., Zn) = (Zw@) -+ Zwm) forw e S,
and

oo(z1,....zn) =(z1— 4,22, ...,Zn—1,2n + £).
Observe that the set D(s) is a fundamental domain for this action.

Proposition 3.38. Ler b € F (s). Then b is an affine key if and only if b* = bs for
some $§ € 7" (s).

Proof. It suffices to observe that by = b; for some § € D(s). The rest of the proof is
analogous to that of Proposition 2.28. The maps R;,i = 1,...,n — 1, simply permute
the columns of b;, and by Corollary 3.24

(70( R R ): ®®.® ® ’
ie., *00(55) = l;(,o(é). Thus, for all w € §;, we have *W(l;é) = l;w(s). Now, we have

b is an affine key < b € O &~ (bs) for some s € D(s)
& b*el¢ (bs) for some § € D(s)
& there exists w € S, such that b* = *w(lié)

& there exists w € S, such that b* = Bw(é) ) [

Lets € D(s). By analogy with Proposition 2.31, we say that b € F(s) is an affine
bikey of shape s if b in is the orbit of bs under the action of 3; x S We denote X (s)
the set of bikeys of shape s. Similarly, given § € D(s), let X $)c F ($) be the set of
bikeys of shape §. By Lemma 3.26, for all s € D(s) there exists § € @(s) such that
by = b;. Therefore, b € K (s) if and only if b* € K ($), which gives an analogue to
Proposition 2.32.
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Finally, we can describe affine bikeys directly, in a slightly less explicit way than
in finite type. First, as in Section 2.6 the maps R; for j = 1, ..., £ act on affine keys
by permuting their columns. Therefore, the elements of K (s) are obtained from affine
keys by combining permutations of their columns and applications of Ry.

Example 3.39. Take £ = n =2 and s = (ry,2) = (1,0) as in Example 3.37. The
orbit of bg under the action of Sy consists of the following elements

0]

0]
0]
bs=@®, 1elo]. [1]®[2]. [2]e[1]. [2]®

The same procedure applied to each affine key in F (s) yields K (s).

[ =[]~

[~ [o]=[w]

®[2], ...

4. Bicrystal structures involving infinite rank classical root systems

In this section, we denote by X any infinite Dynkin diagram of type A+ o0, Boo» Coo
or Ds. We refer to [33] and the references therein for the notations and definition
used in this section. In particular, the nodes of the Dynkin diagrams of types B, Coo
or Do, are parametrised by the integers of Z>¢ so that one gets a Dynkin diagram
of type A4 oo by removing the 0-node. Our aim in this section is to explain how the
Ap—1 X Ag—1 bicrystal structure described in Section 2.4 can be generalised to obtain
Xoo X Ay—_1 bicrystal structures.

4.1. Recollection on extremal crystals of type X

By [33], one can associate to each partition A an extremal weight crystal’ By, (1) of
type Xoo Which can be regarded as the direct limit of the finite type X, -crystal B, (1)
associated to the dominant weight A when n tends to infinity. To be more precise, we
introduce the infinite alphabets

{Il<---<n<---} for X = A,

Ay = {-<i<--<l<0<l<---<n<---} forX =B,
°° (<< oo<I<l<eo<n<-} for X = C,
{--<n<--<2<1,1<2<---<n<---} forX =D.

"The crystal Boo(2) is not a highest weight crystal in types Coo, Boo, Doo-
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The crystal Boo(4) admits a convenient realisation in terms of Kashiwara—Nakashima
tableaux of type X, defined exactly as their finite rank counterpart by relaxing the
admissibility condition of the columns. The general picture is identical to the finite
type A. First, the crystals By (1) for each type Ao, Boo, Coo and D, are, respect-
ively,

=[] S h= = ]S

N e |- ) LN BN N
N ) N Py

N e [ SUNEN L ) BN o LN Y
SN ) i Py

/\
—>.0 1.—> —>n—1>—>
\ /

Next, one introduces for any k > 1, column tableaux ¢ of height k as the vertices
of the crystal Boo(1)®* with extremal vertex the column c(k) = 1 ® --- ® k. Finally,
for any partition A with £-columns of heights k; > --- > k; the tableaux of shape A
are identified with the vertices b = ¢; ® -+ ® ¢ in the connected component of the
crystal Boo (1¥¢) @ - -+ ® Boo(1¥1) with extremal vertex c(k¢) ® --- @ c(ky).

In type Coo, One can show that a tableau 7 = c; - - - ¢; of shape A is a filling of the
Young diagram A by letters of #4c,, so that the filling of each column ¢; of A is strictly
increasing from top to bottom and the split form of 7 is semistandard. The split form

of T is obtained by splitting each column c¢; according to the following procedure.
Given a column c, its split form is the pair (Ic, rc) of columns containing no pair of
letters (z,z) with z unbarred defined as follows. Let I = {z; < --- < z,} the set of
unbarred letters z such that the pair (z,Z) occurs in c. Define the set J = {t; <--- <t,}
of unbarred letters such that:

e 11 is the lowest unbarred letter satisfying: £, > z1,f; ¢ c and 7] ¢ c,

o fori =2,...,r,t; is the lowest unbarred letter satisfying: ; > min(¢t;_1,z;),t ¢ ¢
andt; ¢ c.
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Then write:

 rc for the column obtained by changing in ¢, Z; into #; for each letter z; € I and
by reordering if necessary,

* lc for the column obtained by changing in ¢, z; into #; for each letter z; € I and
by reordering if necessary.

Now T is a tableau of type Co, When its split form spl(T') = lcjreq - - - 1cyrey is
semistandard. Observe this implies that 7" itself is semistandard but a semistandard
tableau on Ac,, is not always of type Co. Also, the tableaux of type Ao which
are the semistandard tableaux on the alphabet 44, coincide with the tableaux of
type Coo With no barred letter.

Example 4.1. For

2[1]2 312[1]1]2]2]
12 111212
T=\23 one gets spl(T) =|2[3(3|3 ,
therefore 7 is a tableau of type Co, but
2[2]2] 3(2]4]2]2]2]
12 11|22
T'=[2|3 with spl(T') =|2 /3|3 |4

is not, although it is semistandard on Ac_,.

The tableaux of types Bo, and Dy, can be described in a similar way, through a
splitting operation on their columns. Nevertheless, in type B, (resp. Do), blocks of
the form [o] (resp. E) can appear in the same column. This slightly modifies the pro-
cedure for computing the splitting form of the tableaux. A juxtaposition 7 = ¢y -+ ¢y
of columns with decreasing heights will be a tableau of type Bso (resp. Deo) if its
split form spl(7") = leyrey - - - lejre; is semistandard (resp. is semistandard and each
two columns tableau rc;lc; 41 avoids a particular pattern wp). We refer the reader
to [32] for a complete description.

There exists a convenient notion of weight on the crystals Boo(1)®™, m > 0 (and
thus also on any tensor product Beo (1¥¢) @ - -+ ® Boo(1¥1)). Forany b = x; ® -+ ®
Xm in B(1)®™, the weight wt(b) is the sequence (y;)o<; Where for any 0 < i the
integer y; is equal to the number of letters i in » minus its number of letters i.

Given A and p two partitions, it was proved in [33] that the crystal Boo(A) ®
Boo (1) decomposes as the disjoint union of extremal weight crystals and this decom-
position is independent of the type considered.
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Theorem 4.2. For the type X o extremal crystals Boo(A) and Beo (1) we have
Boo(A) ® Boo (1) = @ Boo(v)“hr,
v

where cK " is the usual Littlewood—Richardson coefficients associated to A, y and v.

Remark 4.3. (1) The theorem extends to the tensor products
Boo(A)) ® Boo(A?) ® -+ ® B (1Y)

associated to any sequence (A!, ..., AY) of partitions. This tensor product
contains a unique component isomorphic to Boo(A' + -+ + A¢) that we will
refer as the principal component (here A' + --- 4 A% is the partition whose
k-th part is the sum of the k-th parts of each A%, a = 1,...,%).

(2) For any m > 0, any connected component B of B(1)®™ contains a unique
distinguished extremal vertex, namely a vertex beye = X1 ® -+ - ® X5, such that
X1, ..., X;, are unbarred letters and x; --- x,, is a Yamanouchi word. When
bexy = by, is the tableau of shape A whose i-th row contains only letters i,
B(b)) coincides with the set of tableaux of shape A. In the general case, we
get that wt(b) = A is a partition and there is a unique crystal isomorphism
from B(bex) = B to B(b)) sending by, on by,

4.2. Jeu de Taquin on two columns and A ;-crystal structure

For any integer u > 0, write B (w,,) for the type Xoo-crystal extremal associated to
the partition 1%. It contains exactly the column tableaux of type Xoo, and shape 1*.
More generally, we identify the partition A with a, columns of height u with the
formal weight A = ), ayw,. By Theorem 4.2, we get for any integers u, v > 1

min(u,v)

Boo(@y) ® Boo(wy) =~ @ Boo(wr + ®y4v—t)
t=0

= Boo(®Wy+v) ® Boo(®1 + 0ytp—1) -+
& Boo (a)min(u,v) + C()max(u,v))'

When u < v, the principal component Boo (@, + ®y) of Boo (@) @ Boo(wy) contains
exactly the tableaux of type X and shape w, + w,. When u > v, the vertices of the
principal component By (wy + wy) of Boo(wy) ® Boo(wy) are called antitableaux
of type Xoo. As in Section 2.4, they can be easily described by using the splitting
operation given in Section 4.1.

Consider a vertex ¢; ® ¢1 in Boo(wy) ® Beo(wy,) wWhich is not a tableau. This
means we have either u > v, or u < v and the connected component Boo(c2 ® ¢1)



T. Gerber and C. Lecouvey 760

containing ¢; ® c; is isomorphic to a crystal Boo(ws + wy4y—r) With ¢ < u — 1.
In both cases the above crystal decomposition implies that Beo(@y—1) ® Boo(®y+1)
contains a unique component isomorphic to Boo(c2 ® ¢1). Write é(ca ® ¢1) for the
vertex in Boo(wy—1) ® Boo(wy+1) matched with ¢; ® ¢q by this isomorphism. When
¢y ® 1 is a tableau, we set é(c, ® ¢1) = 0.

Similarly, for any vertex ¢; ® ¢1 in Boo(wy) ® Boo(wy) which is not an antit-
ableau, there exists a unique vertex f (c2 ® ¢1) in Boo(Wy+1) ® Boo(wy—1) such that
the components By (c2 ® ¢1) and Boo( f (c2 ® c1)) are isomorphic and f (c2 ® c1)
is matched with ¢, ® c¢; by this isomorphism. When ¢, ® c¢; is an antitableau, we set
flez®cr) =0. _

For any ¢, ® ¢1 in Boo(wy) ® Boo(wy), Write Boo(c2 ® c1) for the set obtained by
applying operators é and f to ¢ ® c1. We get immediately the following proposition.

Proposition 4.4. The set Boo(cz ® c1) has the structure of a highest weight A;-
crystal.

The previous proposition can be regarded as an analogue of the Jeu de Taquin
procedure on skew tableaux of type A with two columns. In fact, such a notion of
skew tableaux also exists in type Boo, Coo and Do. A skew tableau of type X is
defined as the filling of a skew Young diagram by letters of Ax_, whose duplicated
form is semistandard (and avoid the pattern wp in type D). To any skew tableau
¢y + -+ cg, one associates the tensor product of columns ¢y ® - -+ ® c1. Conversely, any
tensor product ¢, ® c¢; of two columns can be regarded as a minimal skew tableau
as in Example 2.14. The operators é and f can then be interpreted as horizontal
sliding operations on this skew tableau. In type A, one so recovers the usual Jeu
de Taquin procedure, see Example 2.14, in types Boo and C this corresponds to the
sliding operations described in [32].

Example 4.5. In type Co, the corresponding minimal skew tableau for

‘m w o] &1
(G A1) »—‘IMI‘

By using the sliding procedure in type C, or the previous crystal isomorphisms, one
gets

2 42 2 2]
41 1)1 411 1
el2]2]=1]5] and 7| 2]2]|=[4%]2].
3|5 13 3|5 203
2] el =l 513




Duality and bicrystals on infinite binary matrices 761

4.3. Bicrystal structure on product of columns of type X

Consider n,{ € Zs», 8 = (51,...,5) € Zio and s € Zso. With the notation of the
previous paragraph, write Bso(s) = Boo(a;sl) ® -+ ® Boo(ws,) and set By (s) =
D|s|=s Boo(s). By definition By (s) is a type Xoo-crystal. We are going to show
that it admits in fact the structure of a type (Xoo X Ay—p)-crystal. First, for any
J =1,...,£ —1 define the operators é; and f] on each By (s) as the action of é

and f onits j and (j + 1)-th components, that is for any ¢; ® -+ ® ¢y € Boo(s)

e =c1® - ®é(c; ®cjt1) ¢y,
fj =1 ®---®f(0j ®Cjt1) ® - cy.

By definition, the operators é and f commute with the action of the Xoo-crystal oper-
ators, therefore é; and f; also commute with the operators e; and f; withi € Xo.

Proposition 4.6. Foranyb =c1 ® --- ® ¢y € Boo(s), the colored and oriented graph
B(b) defined by applying the operators é i and fj to b has the structure of a type Ay,
crystal.

Proof. Assume first that b only contains unbarred letters. Then the result follows
from Theorem 2.21. In the general case, there exists a path in B (s) from b to the
distinguished extremal vertex by defined in Remark 4.3. This path corresponds to
a composition of operators e; and f;, i € Xoo Which commute with the operators é;
and f] j €{l,...,£}. Therefore, the graphs B(b) and B(bey) are isomorphic and
we are done because bey; only contains unbarred letters. ]

Denote by 7 j any finite composition of operators fj with j € {l,...,£} and by k;
any finite composition of operators e;, f; with i > 0.

Theorem 4.7. (1) The crystal Boo(s) has the structure of an (Xoo X Ag_1)-crys-
tal. This bicrystal is extremal for the X o-structure and of highest weight for
the Ay_1-structure.

(2) The tableaux by associated to the partitions of rank s are the unique vertices
in Boo(s) both distinguished extremal for X o and of highest weight for Ay_;.

(3) We have the decomposition

Boo(s) = €P fikjba.

[Al=s

where the sum runs over all the possible i and j. In particular,

Boo(s) > €P Boo(X) ® B(A").

|Al=s
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Proof. Assertion (1) is just a reformulation of the previous proposition. To prove
assertion (2), observe first that the vertices b, are clearly both distinguished extremal
for X, and of highest weight for A¢_;. Consider now b = ¢; ® --- ® ¢1 with this
property. Since b only contains unbarred letters, we can apply Corollary 2.22 and
conclude that b = b, for A | s. Assertion (3) easily follows from (1) and (2). [

Corollary 4.8. The Ay_1-highest weight vertices in Boo(s) are exactly the tableaux
of type Xoo.

Proof. Let b be an Ay_;-highest weight vertex in Bso(s). Then, by assertion (3) of
the previous theorem, there should exist a partition A of rank s and sequence k; such
that b = k;b,. This means that b is a tableau of type Xo,. Conversely, any tableau b
can be written as b = k;jb) and for j =1,...,£ — 1, we have é;(b) = é;(k;by) =
kié;j(b,) = 0 since both crystal structures commute. [

We conclude this section with some important remarks.

Remark 4.9. (1) In another direction, Kwon established and studied in [25] a bi-
crystal structure arising from a duality between extremal A -crystals and
generalised Verma Ao-crystals.

(2) Contrary to Section 2.4, we did not introduce a duality b — b* from which
the A;_q-crystal structure on B (s) can easily be made explicit. Although
the A¢_1-highest vertices of B () correspond to Kashiwara—Nakashima tab-
leaux of type X, we cannot use the same duality as in type A;—;. Indeed, in
types Boo and D, these tableaux are not semistandard on +y__ in general.
Moreover, even in type Coo, the action of a crystal operator é; and fJ does not
coincide with a horizontal sliding of the ordinary Jeu de Taquin of type A. This
problem, also related to the cyclage operation on tableaux defined in [30,31]
will be considered elsewhere.

(3) Corollary 4.8 can also be obtained without referring to Section 2.4. For an
Ag—1-highest weight vertex b = ¢1 ® - - ® ¢¢ in Boo(s), the equality é; (b) =0
forany j =1,...,{ — 1 means that ¢; ® c; 4 is a tableau of two columns for
any j = 1,...,£ — 1. Therefore, b is a tableau of type X since the tableaux
are characterised locally by conditions on their pairs of consecutive columns.

(4) The results of this section can also be regarded as bicrystal structures on par-
ticular matrix sets. In type A4 or Coo, €ach vertices b = ¢; ® -+ ® ¢y of
Boo(s) can indeed be encoded in an infinite matrix M = (m; ;) with rows
indexed by Z \ {0} and columns indexed by {1,..., £}, where m; ; = 1 if ¢;
contains the letter i € Z \ {0} and m; ; = 0 otherwise. In type B, we pro-
ceed similarly, except that the integers in the rows mq, ; may be greater than 1.
Finally, in type D, the coefficient mg ; counts the number of blocks E inc;.
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5. Fixed points in bicrystals

In this section, we show that bicrystals structures of classical types can be obtained
by considering fixed points sets under involutions defined on our combinatorial Fock
spaces. We shall detail mainly the classical case, the methods and arguments being
similar in the affine situation.

5.1. Dynkin diagram involutions in finite type A

In type A,_1, let 6 be the Dynkin diagram automorphism mapping the vertex i to
n—i,foralli =1,...,n— 1. Then 6 induces a map on the set of dominant weights
of type A, that we denote by the same symbol

n—1 n—1

0: P+ — P+, Zaiwi = Za,-a)n_,-.

i=1 i=1

We can also define the map 6 on the partitions of length at most n: 6 replaces each
column of height 0 < i < n by a column of height n — i and fixes the columns of
height O or n.

For any partition A, recall that B(1) is the crystal of highest weight vertex b.
It can be realised by using semistandard tableaux of shape A, and in this case b, is the
tableau of shape A with only k’s in row k [17, Section 7.3]. The map 6 induces a map
on B(A) that we denote by the same symbol

6: B(A) — B(O(L)),

which maps by, to bg(y) and which is a 0-isomorphism of crystals, i.e., forall b € B(4),
and foralli =1,...,n—1,

0(fib) = fo)(0(D)) = fu-i(8(D)).

Example 5.1. Take n = 3 and let

A =w =D, sothat O(L) = w, =H.

We get the following crystals:

1 2 2 1
BA) =[1]—[2]-=[3] and B(OOM) =[2]=3]—[3].
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5.2. Crystal structure on fixed points sets

Denote by
Pl={ePi|0(k)=1}

the set of dominant weights fixed under 6, so that
Ae P! & 3ar,....app0 €l
such that
. 2?421—1 ai(w;j + wp—i) + apjpwp/p,  ifn —1is odd,

ZE:I)/Z ai(w; + wp—i) ifn — 1 is even.

Definition 5.2. For any weight A in P?, set
ln/2]

/ /
i=1

where o] is the i-th fundamental weight of type X\, /2|, with

X=B ifn—1lisodd and X = C ifn —11iseven.

764

For any partition A with at most n parts and such that (1) = A, there exists

a unique crystal involution on B(A) such that

O(fiy - fir (b2)) = foqyy -+ fo,)(ba)

for any sequence iy, ...,i, in{l,...,n — 1} of arbitrary length. This permits to con-

sider the set

B = {be B | 0(b) = b

In [38,39], Naito and Sagaki established the following theorem. Consider a partition A

with at most n parts and such that §(1) = A.
Theorem 5.3. Fori = 1,...,|n/2]|, define the modified crystal operators:
(D) Ifn —1is odd,
7o = fifo—i ifi=1,...,n/2—1,
' fi ifi =n/2.
2) If n — lis even,

f_GZ{fifn—i ifi=1,...,n—1)/2—-1,
CT AL i = (-2,
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Then every b € B(L)? is obtained by applying a sequence of modified crystal operat-
ors to the highest weight vertex by, of B(L). This induces a crystal structure on B(A)?.
Moreover, we have

B(A)? ~ B&2D (1),

the crystal of classical type X\, /2] with highest weight A'. In each case, the action
of the modified crystal operators is mapped to the action of the classical crystal oper-
arors.

Example 5.4. (1) Take n = 4, and A = w1 + w3 = @j, so that A € Pf. Then
we have

1] 2] 2] 3] 4]

1
2]
13

(=]~

‘-P‘b) [a—

1
13
4]

2
13
4]

B(L)? = ~ BB\

with A’ = w].

2) Taken = 5,and A = w1 + wq4 = Ej, so that A € P_f. Then we have

1] 2] 4] 2[5

BENE
BENE
BN

3]
14
2]

B! = ~ B )

with A’ = w;.

Case (1) of Theorem 5.3 is a particular occurrence of a phenomenon called “sim-
ilarity of crystal bases” by Kashiwara [23, Theorem 5.1]. In fact, in the case where
n — 1 is odd, we can also exhibit a type C, > crystal structure on a subset of B(1)? as
follows.

Assume n — 1 is odd and let A is a partition with at most n parts and with asso-
ciated weight of the form A = Z:’fl a;i(w; + wp—;). Let n: B(A) = B(A) be the
involution defined by n(b,) = b, and

1 ifip #n/2,
2 otherwise.

n(fiy e i (b)) = fold oo fin (b)) witha;, = {

for any sequence iy, ...,ir in {1,...,n — 1} of arbitrary length. Accordingly, we write
n/2
P_Z = {)L e P A= Zai(w,- + a),-+1)} C P_f,

i=1
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and for A € P, let AF = Z:’fl a,-w;r , where a)lT denotes the i -th fundamental weight
of type C,/». Let
B(A)" = {b € B(4) | n(b) = b}.

Theorem 5.5. Assume n — 1 is odd and let A be a partition with associated weight
in P_Z. Consider the modified crystal operators

£ = fifomi foralli=1,....n/2.

Then every b € B(A)" is obtained by applying a sequence of modified crystal oper-
ators f;" to the highest weight vertex by of B(A). This induces a crystal structure
on B(A)". Moreover, we have

B(A)" ~ B(Cn/2)(/'\T)’

the crystal of type Cy /o with highest weight AY, where the action of the modified
crystal operators is mapped to the action of the classical crystal operators.

Example 5.6. Taken = 4,and A = w1 + w3 = @j, so that A € P_Z. Then we have

1 2] 3] 4]

1
12
13

I
12]
4]

[2]]=

BEE

BV = ~ B ()
with A’ = w;.
Remark 5.7. For A € P, one might also consider the set

B(L)g = {b € BQL) | O(wt(b)) = wt(h)} D> B(L)°.

Nevertheless, the modified crystal operators of Theorems 5.3 and 5.5 do not endow
B(A)g with the structure of a crystal. For example, in type A3 for A = (4,3,3), B(A)g
would so have a source vertex of weight (4, 3,2, 1) whose associated connected com-
ponent is not a type B,-crystal.

5.3. Bicrystal structure on fixed points sets: the finite case

In this section, we combine the results from Sections 2.4 and 5.2 to exhibit bicrystals
structures of mixed types A x B, A x C and B x C. Recall that we have fixed s € Z>¢
and considered

F(s) = @ F(s) = @ B(ws,) ® --- ® B(ws,).

seZt(s) s€Zt(s)
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By Corollary 2.22 and Theorem 2.25, we get
Fis)= €D [} fibs,

A€S(s)

which implies

F(s)~ € B(X) ® BA".

A€ES(s)

where 8(s) is the set of partitions of s with Dynkin diagram contained in the rectangle
n x £. Now, for all b = fj*fib,x € F(s) such that (1) = A, we set

0(b) = f0(fiby),
where 0(f;ibp) = fa—i, -+ fu—iyba ifi = (i1,...,i,), and we consider
Fs) ={beF(s)|b= f']j‘fib,l with O(A) = A and 8(b) = b}.

By Theorem 5.3, we then get a bicrystal structure.
Theorem 5.8. The set F(s)? has an (X ln/2) X Ag—1)-crystal structure, where

v {B ifn — 1is odd,

C ifn—1iseven.

This yields the decomposition

Fo) ~ @  BY¥w2)Q)® BOY.
A€8(s),0(A)=A

In fact, we can consider fixed points on either side, and on both sides simultan-
eously. To see this, we need to consider the automorphism 0 of the Dynkin diagram
of type A¢—;. Similarly to 6, the map 6 induces an involution on the set of partitions
with at most £ columns flipping rows of length j and £ — j for 0 < j < £ and fix-
ing rows of length O or £. Then, for any partition A fixed by 6, we can define 6§ on
b= f Jiby € F(s) by setting

0(b) = fi(0£})*ba.
where e(fsz) = f.l*—jr ”'f..[*—jlbll if j = (j1...., jr), and also consider

F(s)? = {beF(s)| b= £} fibs with 6(2) = A and 8(b) = b}.
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Theorem 5.9. The set F(s)é has an (Ap—1 X XLZ/ZJ)-crysml structure, where

B ift—1isodd
C ifl—1iseven.

This yields the decomposition
Fo' =~ @ By ®BX w2 @m).
A€8(s), 0(A)=A

Now set

8(5)%% = (L € 8(s) | B(A) = A and O(A) = A}.

Then the set
F(s)%° = F(5)? N F(s).

is the subset of F(s) obtained from the double highest weight vertices b, with A €

8(s)?? by applying the modified crystal operators fie and f'jo.

Theorem 5.10. The set F(s)e’é has the structure of an (X|p/2) % Xug/zj)—crystal,
where

¥ _ B ifn—1isodd,
/2l C ifn—1liseven

B ifl—1isodd,

and Xg =
/2] {C if £ — 1 is even.

Moreover, we have the decomposition

F(S)99 @ B(XLn/ZJ)(/\) ®B(XLZ/2J)((/\W))
A€8(s)0-0

Remark 5.11. (1) It would be interesting to have a combinatorial description of
the set F(s5)%? as tensor products of columns or binary matrices.

(2) By applying the relevant weight functions on the previous decompositions
obtained for F(s)?, F(s)? and F(s)??, one can get analogues of Cauchy
identities in our bicrystal context. For example, for any vertex b in F(s)%?,

wt(b)' is a weight of type X|, /] whereas wt(b*)' is a weight of type XLZ/zJ-

One obtains
Z MY By Z (XLn/ZJ)( )s ((i{Lﬁ/ZJ)(y)
beF(s)0:0 r€8(s5)0-0

where for any partition v of length at most m (resp. at most p), s,(,Xm) (resp.
SSX”)) stands for the Weyl character of type X,, (resp. X ) associated to v.



Duality and bicrystals on infinite binary matrices 769

(3) The results of this paragraph have analogues when the map 6 is replaced by
the map 7 defined in Section 5.2 and P% by P".

(4) In [24], King established the interesting Cauchy-type formula

n ¢
_ — Cp C
[TTTGi +27" + v +37H = Y si@s 0.

i=1j=1 ACnxt

where [A] is the transposed of the rectangular complement of A in n x £.
Although the right-hand side looks similar to the sum appearing in our res-
ults when n — 1 and £ — 1 are even, it is not obvious to relate both.

To conclude this paragraph, let us introduce a last natural involution 6 on the
set 8(s). Here for any A € S(s), the Young diagram of 6(1) is obtained from that
of A by changing each column of height 0 <i < n in a column of height n — i. In
other words, 6(}) is the 7-rotation of the complement of A in the (n x £)-rectangle
as illustrated in Example 5.12 below. In particular, 6 and 6 coincide on the partitions
with no column of height n or 0 but this is not true in general.

[]

1 ..
Example 5.12. Take { =5,n =3 and A =[] . Then A and (1) fit in the (n x £)-
rectangle as follows:

A— ___ m-rotation of A(X) . ‘
so we have O(1) =

One may also observe that 6 (L) = A if and only if 6 (L) is obtained from A by
changing each row of length 0 < j < £ in a row of length £ — ;. In fact, we see that
6(A) = A if and only if each box of the Young diagram of A is paired with a box of
n x £ outside A.

Also, the weights of type A,—;1 and A,—; associated to the partitions in the set

$9(s) = {2 €8(s) | H() = A}

are fixed simultaneously by 6 and 6 (since columns of height n and rows of length £
do not contribute to A,—; and A;—; weights, respectively). Thus

F&)® ={b e F&)*® | b= fif{bs with §(2) = 1)

has a bicrystal structure exactly as in Theorem 5.10. Also, note that when £ and n are
both odd, the set 87 (s) is empty.
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Example 5.13. Assume n = 4 and £ = 3. Then the set Sé(s) contains exactly the
partitions (2,2,1, 1), (3,3,0,0), (3,2, 1,0). We have

’ *y B ¢ B ¢ B ¢
2 Y = sy #5530 00+ s s )

beF(s)f

5.4. Bicrystal structure on fixed points sets: the affine case

Consider the type Afll_)l Dynkin diagram automorphism 6:i + —i mod n, for all
i =0,...,n—1.Itinduces an involution on the cone of dominant weights P sending
each fundamental weight w;, i = 0,...,n — 1 on w—; medn- Let Pf be the subset
of Py of dominant weights fixed by 8. When n = 2m is even (resp. n = 2m — 1 is
odd), there is a bijection A > A’ between the sets Pi and PJ(FD k1) (resp. PJ(FAéz()m—U))
of dominant weights for the root system D,(,a_l (resp. A;Z(Zn—n
of affine Dynkin diagrams [22]).

For any A € P, similarly to the classical case, we have a crystal anti-isomorphism
also denoted by 0 from B(A) to B(6(A)) which flips the labels i and —i modn of the
arrows. Assuming that (1) = A, one gets an involution on B(A) (also denoted by 6)
and it makes sense to set BY (1) = {b € B(1) | 8(b) = b}. Let us define some modified

crystal operators by

= fitmii=1,....n—=1, f&=fo. f=tn ifn =2m,
fE = fifomaisi=1oon—=1, f§ = fo. fo = fuSmrfm ifn=2m—1.

) (in Kac’s classification

In [39], it was proved that when n = 2m — 1 (resp. n = 2m) these operators stabil-
ize B(1)? and the crystal structure obtained in this way is isomorphic to B 1) )
(resp. to BU5) (1')). Write for short B (1’) the crystal obtained in both cases.

By Lemma 3.26, for any s € D(s), the image of the vertex b = b by the duality *
is lﬁs* with s* € @(s). Recall that we had denoted ws = wy, + - -+ + wy, fors € D(s)
and ws = w;, +--- + wy, fors € D(s). By mimicking the construction in Section 5.3,
one can define, for any combinatorial Fock space F (s), the crystal F (s)? as the crystal
generated from the triple highest weight vertices bs with s € D(s)?, where

D(s)’ = {s € D(s) | O(ws) = w4).

Then, F (s)? has the structure of an (X X Ag X AEI_)I)-crystal. Similarly, by consid-
ering 6 the Dynkin diagram automorphism of type A zl—)v one can define the crystal
F(s5)?, which has an (A,(11_)1 X Aoo X X )-crystal structure. Finally, write

D(5)%0 = {s € D(s) | Blws) = ws and G (g ) = e ).
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Example 5.14. Assume s = (s1, ..., 5¢) belongs to D(s) and is such that 0 < s <

§1 <+ <s¢ <nwiths; =sy_jyyforany j =1,...,£. Then we clearly have
O(s) =s.

But by Lemma 3.26, we also get f(s) = s since for any j = 1,...,£ — 1 we have

Sj+1—8j = (n—8j) = (n = Sj41) = Sg—j41— St

In particular, s € D(s)e’é.

Now define F (s)g’é as the crystal generated by the operators fie and ( fie)*
applied on the triple highest weight vertex bs with s € D(s)%?. Then F (5)0 has
the structure of an (X X Ao, x X)-crystal. The crystals F (s)?, F (s)? and F (5)9-?
can then be regarded as combinatorial Fock spaces carrying a crystal structure other
than type A.

When n = 2m is even, one can also define the subset P_Z (resp. PEF) of sz of
weights with an even a)o—coordinate (resp. with even wy and w,,-coordinates). Then,
there is a bijective map ws > a)s between P" and P(’:f;zrr)' the set of dominant weights
for the afﬁne root system A . We also have a bijective map wg > a)s between PC
and P (i) the set of domlnant weights for the affine root system Cj,, ) Let us define
some modlﬁed crystal operators by

= fifom—ini=1,...,n—1, fonzfo2 and f! = fum.
f;zzﬁfzm_i,izl,...,n—l, f0§:f02 and fm:frrzz

Write £ (s)" (resp. F(s)%) for the subcrystal of F(s) obtained by applying the oper-
ators f;" (resp. the operators f ) to vertices of the form b with s fixed by 7 (resp. £).
By the results of [23] jone gets thatF (s)" and F (s)§ are isomorphic to the crystals
F (A2m)(sT) and FCn’ )(s%) of type A(Z) and C,E,l), respectively. From any combin-
atorial Fock space F (s), one can then define the combinatorial Fock spaces F (s)7,
F(s), F ()¢ and F (s)% as previously and also get triple structures of crystal with
one structure of affine type other than A.
In general, one can define sets

D(s)H = {s € D(s) | w5 € P¥ and iy € PL),

where the symbols # and b belong to the set {6, n, C }. We can then define F (s)ﬁb
as the crystal generated by the operators f and ( f )* applied on the trlple highest
weight crystal bs with s € D(s)% > It admits the structure of an (X x Ao x X)-crystal
described by the table below.
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O.n=2m-1 O,n=2m
0.0=2p—1 A5 | xAcox AS) |\ DI\ X Aoo x A5
6,0 =2p ATy X Aso x DXL DI X Ao x DS
=2 AR xAeoxAD DR x e x A
£ =2p AT 1) X Ao x C5V DY, | x Aoo x €

n,n=2m t,n=2m
b.0=2p—1 AS) x Aco x AS) | Cr X Aoo x ASD )
6.6 =2p AD) x Aso x DY) | Cp x Ao x D |
7,4 =2p 2(22”)1 X Aoo X jf(zzlz C,(nl) X Aoo X 2(22;

& e=2p ,Z(ZZIZXAOQXC;I) C,%I)XAOOXCI(,])

In each case, F (s)‘i’b can be regarded as a combinatorial Fock space carrying
a triple crystal structure, two of them being of affine type other than A. Observe that
this gives rise to all possible classical affine crystal structures except those corres-
ponding to Dynkin diagrams containing a sub-Dynkin diagram of classical type D.

6. Promotion operator and a generalisation of Pitman’s 2M-X
transform

In this section, we first relate the Pitman transform 2M-X to the affine crystals Agl)
and show how the energy can be used to prove that the successive iterations of this
transform on trajectories on Z with steps =1 tend to the trivial trajectory, all of whose
steps are equal to 1. We next define a transformation analogue in higher dimension
and establish that it also yields a natural convergence of trajectories.

6.1. Affine type Ail)-crystal and Pitman’s 2M-X transform

In this paragraph, we shall consider tensor products B®" of the affine Kirillov—Re-
shetikhin crystal of type A(ll) where

There is a straightforward bijection between the vertices b* = ¢y ® --- ® &, € B®"
and the trajectories 7 of length n on the set Z of integers starting at 0 with steps
+1 or —1 defined by (k) = 74 (k) — n_(k) for any k = 0, ..., n, where 74 (k)
(resp. m—(k)) is the number of letters 1 (resp. of letters 2) in &1 ® -+ ® &. In the
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sequel, we shall abuse the notation and identify the vertices b* with their associated
path 7. This corresponds to the Littelmann path model for A; and it is easy to check
that b* is a Yamanouchi word if and only if 7 (k) > 0 for any k = 0, .

We now define the two Pitman transforms #p;, and $pa, on the trajectorles T E
B®”n by

Pin () (k) = (k) — 20r<nir<1k w(a) and P (w)(k) = 20maxk w(a) — (k)

for any 0 < k < n. The following properties are easy to check:

(1) The image by Ppin or P¥ of any trajectory 7 € B®" is a trajectory which
always remains nonnegative.

(2) The trajectory Puin(7) corresponds to the highest weight vertex associated
to r in B®" for the A;-structure obtained by deleting the 0-arrows.

(3) The nonnegative trajectories are fixed by the transformation Py, (since we
then have info<,<x (k) = 0 for any 0 < a < n). This is not true for the
transformation Ppax.

(4) We have Puyin() = 7 if and only if ming<,<¢ 7(a) = 0 forany 0 < k < n,
that is v remains nonnegative.
(5) We have P () = 7 if and only if maxg<,<k w(a) = (k) for any 0 <
k < n. This means that 7w (k) = k for any 0 < k < n, i.e., 7 is the trivial
trajectory o whose all steps are equal to 1.
In the particular case A(ll), the promotion operator pr acts on each trajectory
just by flipping the steps +1 and —1. Thus, the path pr(r) is obtained by reflecting
the path 7, i.e., we have pr(w)(k) = —m (k) for any 0 < k < n. This implies that

Pmax = Prin o pr.
By using the results of Section 2.7, we get the following proposition.
Proposition 6.1. (1) For any m in B®", we have D(Ppin(1)) = D(1): the Pit-

man transform Pin preserves the energy D.

(2) For any nonnegative trajectory m in B®", we have D(pr(7)) = D(n) — n_,
where w_ is equal to the number of steps —1 in ww: the promotion operator
makes decrease the energy of a trajectory as the number of its negative steps.

(3) For any trajectory 7T in B®" there exists an integer mo such that for any
m > myg, we have P max (n) = 7.

Proof. The first claim follows from the fact that #p;, (77) is the highest weight vertex
of the A;-connected component containing 7 and D is constant on classical com-
ponents. The second one is a consequence of Lemma 2.50. Finally, the sequence
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of integers D (™) is nonnegative, strictly decreasing while 7 contains at least
a step —1. It will eventually becomes equal to zero for m sufficiently large. Then
7 = 74 because 7 is the unique nonnegative trajectory such that D(mg) = 0
(or the unique fixed point by the transform Ppax). |

Example 6.2. Starting with 7 = 112121, we get

pr(m) = 221212, Proax = Panin 0 pr(w) = 111212,
PrPmax (1) = 222121, P2 (m) = 111121,
proP2, (m) = 222212, P2 (7)) = 111112,
proP3 (w)=222221,  Pp (7)=111111.

Remark 6.3. In his seminal article [41], Pitman proves that the image by the trans-
forms Ppax and Ppin of a one-dimensional Brownian motion is a 3-dimensional
Bessel process (i.e., the norm of a 3-dimensional Brownian motion). One can replace
this Brownian motion by a random walk with transitions 41 and —1 and related prob-

abilities p;, p—1, where p; + p—; = 1. Its image by Pin Or Prax yields a Markov
chain on Z . Later, it was observed by Biane, Bougerol and O’Connell [2] that Pyin
can be interpreted in Littelmann’s path theory as the transform associating to each
path its corresponding highest weight path. The previous one-dimensional results then
admit higher-dimensional generalisations (see, for example, [2,34]). As far as we are
aware, our interpretation of $p,x in terms of affine crystals is new.

6.2. Generalisation to higher dimension

The generalised Pitman transform $p;, introduced in [2] is defined for any finite root
system R with Dynkin diagram /. It associates to each Littelmann path, its highest
weight path. Here, one can first define a Pitman transform J; 1, for any node i € /
as in Section 6.1: it just computes the highest weight path for the A;-crystal corres-
ponding to the node i. Then one has Prin = Pmin,i; =+ * Puniniy» Where s, -+ 55, is
a decomposition of the longest element wq of the Weyl group of R as a product of
elementary reflections s;, i € I. In particular, $p;, does not depend on the reduced
decomposition considered.

Proposition 6.1 suggests to look for a natural higher-dimensional generalisation of
the results of Section 2.4. Let B be the A?_)l-crystal with set of vertices {1,2,...,{}
such that for any j = 0,...,¢ — 1 we have

. k+ 1mod{ ifk = jmod¥,
o=

otherwise.
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This is the simplest nontrivial Kirillov—Reshetikhin crystal of type AEI_)I associated
to the rectangle 1 x 1. For any integer n, the vertices of B',,,g = B®" coincide with
the tensor product b* = dy ® --- ® dj of n columns with height 1 on the alphabet

{1, ..., £}. With the notation of Section 2.4, the corresponding vectors b € F(n) are
the tensor products » = ¢y ® - -+ ® ¢1 of £-columns in which each letter of {1, ..., n}
appears exactly once. Set by = 18" Then b =0 Q@D R -+ ® c1,...n, Where ¢, n
is the column containing exactly the letters {1,...,n}.
One might first define a transform &, ,, as in [2] by setting
j)I;ax = j)rnax,il T E7)max,ir,
where wog = s;, ++-5;, is a reduced decomposition of wg. But then, as illustrated by

the following example, &, . would depend on the chosen reduced decomposition.

Example 6.4. Assume ¢ = 3 and n = 5. To apply Pmax,1 (1esp. Pumax,2) to a vertex b*
in B5,3, we have first to flip the letters 1 and 2 (resp. 2 and 3) and next compute
the source vertex of the 1-chain (resp. the 2-chain) corresponding to the vertex so
obtained. For the vertex b* =2 ® 1 ® 2 ® 3 ® 2 = 21232 (we omit the symbol ®
for short), we get

max 2 max 1

21232 —> 12131 — 12121 — 11212,

max 2 max 1 max 2

21232 — 21223 — 12113 — 12112.

P D D P P D
Thus max, 1< max,2 < max, 1 75 Pmax,2 P max, 1 max,2 -

In order to generalise Proposition 6.1, we rather set

J)max: Bn,( - Bn,éa
b* — pro ?min(b*)7

where P, is the generalised Pitman transform of [2], that is Py, (™) is the highest
weight vertex of the A;_;-connected component containing b*.

Theorem 6.5. (1) For any vertex b* in Bn,g, we have D(Ppin(b*)) = D(b*).

(2) Forany vertex b* in Bn,g, there exists an integer mg such that for any m > my,
we have P (b*) = bf,

Proof. Assertion (1) follows from the fact that the energy D is constant over clas-
sical components and mm(b ) is the highest weight vertex associated to b*. For
assertion (2), set b, = prliod ,51{;’2 (b*) for any m > 0. Then b} = Pnin(b*) and
thus b; is a tableau. More generally, by using the results of Section 2.7, we get that
the sequence b,,, m > 1 coincides with the sequence of tableaux £~ 1 (b;), that is with
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the cyclage sequence defined from the standard tableau b;. Since all these tableaux

are standard, this sequence is indeed well-defined and eventually ends on the column
p(mo)

c1,...,n- This means that there exists an integer 7o such that Pp.” (b*) = bf . Since
?,Sﬁ,)((b;“n) = b forany a > 0, we get P (b*) = b, for any m > my. ]

Remark 6.6. (1) By slightly generalizing the notion of an authorised cyclage
operation, it is possible to define an analogue of &« on any tensor product
of columns (not only for columns of height 1) which yields a similar conver-
gence property.

(2) In [34], random walks are defined from tensor products of crystals. In par-
ticular, one can endow the crystal Bn’g with a probability distribution com-
patible with the Ay_;-weight graduation (i.e., two vertices with the same
Ay_1-weight have the same probability). This permits to define a random walk
on the weight lattice of type A¢—; whose image by P, is a Markov chain in
the Weyl chamber. We believe that our transform #,,x also admits interesting
probabilistic properties that we aim to study later.

(3) For the other classical affine root systems, it is also possible to define an
analogue of the transformation £« by using the results of [35] which essen-
tially reduces their study (and notably the computation of the energy) to affine
type A crystals by using relevant Dynkin diagram automorphisms.

Funding. Thomas Gerber is supported by the Ambizione project PZ00P2_180120 of
the Swiss National Science Foundation.
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