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Mathematical analysis.— Local clustering of the non-zero set of functiongiitt1(E),
by EMMANUELE DIBENEDETTO, UGO GIANAZZA and VINCENZO VESPRI

ABSTRACT. — We extend to theg = 1 case a measure-theoretic lemma previously proved by DiBenedetto and
Vespri for functions: € leP(Kp) wherek , is anN-dimensional cube of edge It states that if the set where

u is bounded away from zero occupies a sizeable portidkinfthen the set wheneis positive clusters about at
least one point oK ,,.
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1. INTRODUCTION AND STATEMENT OF THE RESULT

For p > 0, denote byK,(y) C RY a cube of edge centered ap. If y is the origin
of RY, we write K,(0) = K,. For any measurable st ¢ R", by |A| we denote its
N-dimensional Lebesgue measure. We prove the following Measure-Theoretic Lemma.

LEMMA. Letu € Wli(K),) satisfy

1.1) lullwrrg, <ve" ™t and |[u> 1] = a|K,|
for somey > Oanda € (0,1). Then for everyy € (0,1) and0 < A < 1 there exist

xo € K, andn =n(a, 8, ¥, &, N) € (0, 1) such that
(1.2) I[u > 2] N Kyp(x0)| > (1= 8)|Kyp(x0)|-

Roughly speaking, the Lemma asserts that if the set whisrbounded away from zero
occupies a sizeable portion &f,, then there exists at least one poiptand a neighborhood
K, (x0) such that: remains large in a large portion &f,,(xo). Thus the set where is
positive clusters about at least one poinkof.

The Lemma was established in [1] fore Wl’P(Kp) andp > 1. Such a limitation on
p was essential to the proof. We give a new proof which includes thecasel and is
simpler.

2. PrROOF

It suffices to establish the Lemma f@icontinuous angh = 1. Forn € N partition K into
n™ cubes, with pairwise disjoint interiors and each of edge. Divide these cubes into
two finite subcollection®™ andQ~ by
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0, €Qt = |[u>1]an|>%|Q./|,
0 eQ = |[u>1]in|s§|Qi|,

and denote by ¢Q*) the number of cubes iQ*. By the assumption,

Y olu>1nQil+ ¥ u>1nQ;l > alKil =an™|Q]
0;eQ+ 0;eQ™

where| Q| is the common measure of ti@. From the definitions of the classes",

11N Q; 11N Q;
an® < 3 M + M <#Qh) + g(nN — #Q™1)).

0;eQ+ |01 0,0 |Qil 2
Therefore
2.1) HOP) > — 2 N,

2—«

Fix 8, » € (0, 1). The integen can be chosen depending upars, A, y andN, such that
(2.2) lu>2r1NQ;|>(1-98)|Q;| forsomeQ; € Q.

This would establish the Lemma fgr= 1/n. Let Q € Q™ satisfy
(2.3) [u>2]NQOI<@-9IQl

Then there exists a constant c(«, 8, v, n, N) such that

1
(2.4) lellragg) = ele 8.y, 2 N) =

From the assumptions,

14+

[« <2]N Q| =50 and [u > T] ﬂQ‘ > %IQI.

For fixedx e [u <A]NnQandy e[u > (1+1)/2]N Q,

y—x

lx =yl

Let R(x, w) be the polar representation®® with pole atx, for the solid anglev. Integrate

the previous relation with respect foover [x > (14 1)/2] N Q. Minorize the resulting

left hand side, by using the lower bound on the measure of such a set, and majorize the
resulting integral on the right hand side by extending the integration @vé&rxpressing

such integration in polar coordinates with polerat [u < A] N Q gives

1—A R(x,w) [y—x|
u|Q| s/ / r’H/ |Du(x + tw)| dt dr dw
4 lwl=1Jo 0

< NN/2|Q|/|

w|=1

Du(z)|
= NN f NDu@l_
O] ol —xI¥1 b4

1—2x ly—x]|
— <u(y) —u(x) =/ Du(x +tw) -wdt where w=
0

R(x,w)
/ |Du(x + tw)| dt dw
0
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Integrate now with respect toover [u < A] N Q. Minorize the resulting left hand side by
using the lower bound on the measure of such a set, and majorize the resulting right hand
side by extending the integration @. This gives

as(l— )

1
< ||lu||lwz1in SU ————dx < C(N Ny 11
101 = luly (Q)ZEQp/Q v dx = CODIOM ulyasg)

for a constantC (N) depending only upow.
If (.2) does not hold for any cub@; € Q*, then [2.}) is satisfied for all suof;.
Adding over such cubes and taking into accofinf|(2.1) gives

o
-~ ac(a, 8, v, Non < |lullwrig,) < v-
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