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Mathematical analysis.— Local clustering of the non-zero set of functions inW1,1(E),
by EMMANUELE DIBENEDETTO, UGO GIANAZZA and VINCENZO VESPRI.

ABSTRACT. — We extend to thep = 1 case a measure-theoretic lemma previously proved by DiBenedetto and
Vespri for functionsu ∈ W1,p(Kρ ) whereKρ is anN -dimensional cube of edgeρ. It states that if the set where
u is bounded away from zero occupies a sizeable portion ofKρ , then the set whereu is positive clusters about at
least one point ofKρ .
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1. INTRODUCTION AND STATEMENT OF THE RESULT

For ρ > 0, denote byKρ(y) ⊂ RN a cube of edgeρ centered aty. If y is the origin
of RN , we writeKρ(0) = Kρ . For any measurable setA ⊂ RN , by |A| we denote its
N -dimensional Lebesgue measure. We prove the following Measure-Theoretic Lemma.

LEMMA . Letu ∈ W1,1(Kρ) satisfy

(1.1) ‖u‖W1,1(Kρ ) ≤ γρN−1 and |[u > 1]| ≥ α|Kρ |

for someγ > 0 and α ∈ (0, 1). Then for everyδ ∈ (0, 1) and 0 < λ < 1 there exist
x0 ∈ Kρ andη = η(α, δ, γ, λ,N) ∈ (0, 1) such that

(1.2) |[u > λ] ∩ Kηρ(x0)| > (1 − δ)|Kηρ(x0)|.

Roughly speaking, the Lemma asserts that if the set whereu is bounded away from zero
occupies a sizeable portion ofKρ , then there exists at least one pointx0 and a neighborhood
Kηρ(x0) such thatu remains large in a large portion ofKηρ(x0). Thus the set whereu is
positive clusters about at least one point ofKρ .

The Lemma was established in [1] foru ∈ W1,p(Kρ) andp > 1. Such a limitation on
p was essential to the proof. We give a new proof which includes the casep = 1 and is
simpler.

2. PROOF

It suffices to establish the Lemma foru continuous andρ = 1. Forn ∈ N partitionK1 into
nN cubes, with pairwise disjoint interiors and each of edge 1/n. Divide these cubes into
two finite subcollectionsQ+ andQ− by
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Qj ∈ Q+
⇒ |[u > 1] ∩ Qj | >

α

2
|Qj |,

Qi ∈ Q−
⇒ |[u > 1] ∩ Qi | ≤

α

2
|Qi |,

and denote by #(Q+) the number of cubes inQ+. By the assumption,∑
Qj ∈Q+

|[u > 1] ∩ Qj | +
∑

Qi∈Q−

|[u > 1] ∩ Qi | > α|K1| = αnN
|Q|

where|Q| is the common measure of theQ`. From the definitions of the classesQ±,

αnN <
∑

Qj ∈Q+

|[u > 1] ∩ Qj |

|Qj |
+

∑
Qi∈Q−

|[u > 1] ∩ Qi |

|Qi |
< #(Q+) +

α

2
(nN

− #(Q+)).

Therefore

(2.1) #(Q+) >
α

2 − α
nN .

Fix δ, λ ∈ (0, 1). The integern can be chosen depending uponα, δ, λ, γ andN , such that

(2.2) |[u > λ] ∩ Qj | ≥ (1 − δ)|Qj | for someQj ∈ Q+.

This would establish the Lemma forη = 1/n. Let Q ∈ Q+ satisfy

(2.3) |[u > λ] ∩ Q| < (1 − δ)|Q|.

Then there exists a constantc = c(α, δ, γ, η, N) such that

(2.4) ‖u‖W1,1(Q) ≥ c(α, δ, γ, λ, N)
1

nN−1
.

From the assumptions,

|[u ≤ λ] ∩ Q| ≥ δ|Q| and

∣∣∣∣[u >
1 + λ

2

]
∩ Q

∣∣∣∣ >
α

2
|Q|.

For fixedx ∈ [u ≤ λ] ∩ Q andy ∈ [u > (1 + λ)/2] ∩ Q,

1 − λ

2
≤ u(y) − u(x) =

∫
|y−x|

0
Du(x + tω) · ω dt where ω =

y − x

|x − y|
.

LetR(x, ω) be the polar representation of∂Q with pole atx, for the solid angleω. Integrate
the previous relation with respect toy over [u > (1 + λ)/2] ∩ Q. Minorize the resulting
left hand side, by using the lower bound on the measure of such a set, and majorize the
resulting integral on the right hand side by extending the integration overQ. Expressing
such integration in polar coordinates with pole atx ∈ [u ≤ λ] ∩ Q gives

α(1 − λ)

4
|Q| ≤

∫
|ω|=1

∫ R(x,ω)

0
rN−1

∫
|y−x|

0
|Du(x + tω)| dt dr dω

≤ NN/2
|Q|

∫
|ω|=1

∫ R(x,ω)

0
|Du(x + tω)| dt dω

= NN/2
|Q|

∫
Q

|Du(z)|

|z − x|N−1
dz.
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Integrate now with respect tox over [u ≤ λ] ∩ Q. Minorize the resulting left hand side by
using the lower bound on the measure of such a set, and majorize the resulting right hand
side by extending the integration toQ. This gives

αδ(1 − λ)

4NN/2
|Q| ≤ ‖u‖W1,1(Q) sup

z∈Q

∫
Q

1

|z − x|N−1
dx ≤ C(N)|Q|

1/N
‖u‖W1,1(Q)

for a constantC(N) depending only uponN .
If (2.2) does not hold for any cubeQj ∈ Q+, then (2.4) is satisfied for all suchQj .

Adding over such cubes and taking into account (2.1) gives

α

2 − α
c(α, δ, γ, N)n ≤ ‖u‖W1,1(K1)

≤ γ.

REFERENCES

[1] E. DIBENEDETTO - V. V ESPRI, On the singular equationβ(u)t = ∆u. Arch. Rat. Mech. Anal.
132 (1995), 247–309.

Received 15 September 2005,
and in revised form 20 September 2005.

E. DiBenedetto
Department of Mathematics

Vanderbilt University
1326 Stevenson Center

NASHVILLE , TN 37240, USA
em.diben@vanderbilt.edu

U. Gianazza
Dipartimento di Matematica “F. Casorati”

Universit̀a degli Studi di Pavia
Via Ferrata 1

27100 PAVIA , Italy
gianazza@imati.cnr.it

V. Vespri
Dipartimento di Matematica “U. Dini”

Universit̀a degli Studi di Firenze
Viale Morgagni 67/a

50134 FIRENZE, Italy
vespri@math.unifi.it


	Introduction and statement of the result
	Proof

