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Mathematical physics.— Uniform convergence of the Lie–Dyson expansion with respect
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ABSTRACT. — We prove that the Lie–Dyson expansion for the Heisenberg observables has a nonzero
convergence radius in the variableεt which does not depend on the Planck constanth̄. Here the quantum
evolution Uh̄,ε(t) is generated by the Schrödinger operator defined by the maximal action inL2(Rn) of
−h̄2∆+Q+ εV ;Q is a positive definite quadratic form onRn; the observables andV belong to a suitable class
of pseudodifferential operators with analytic symbols. It is furthermore proved that, up to an error of orderε,
the time required for an exchange of energy between the unperturbed oscillator modes is exponentially long
independently of̄h.

KEY WORDS: Lie–Dyson expansion; uniformity in the Planck constant; quantum FPU.

MATHEMATICS SUBJECTCLASSIFICATION (2000): 81Q15, 81Q20.

1. INTRODUCTION AND STATEMENT OF RESULTS

Consider inL2(Rn) the Schr̈odinger operator family

H(ε) = H0 + εV, H0 = −
h̄2

2m
∆+Q.

HereQ is the maximal multiplication operator by a non-negative quadratic formQ(x) :
Rn → R, V is a (semiclassical) pseudodifferential operator of order 0 andε ∈ R. Denote
byH 2(Rn) the usual Sobolev space, and byĤ 2(Rn) its conjugate by the Fourier transform

f̂ (s) = h−n/2
∫

Rn
f (x)e−i〈x,s〉/h̄ dx,

that is,

Ĥ 2(Rn) :=

{
f̂

∣∣∣∣ ∫
Rn
(1 + |s|2)2|f̂ (s)|2 ds < ∞

}
.

Under the above conditionsH0, defined on the domainH 2(Rn)∩ Ĥ 2(Rn), is a self-adjoint

operator. Hence the unitary groupU0(t) := eih̄
−1H0t , t ∈ R, exists. Moreover,V is

relatively bounded with respect toH0; therefore the operator familyH(ε), ε ∈ R, defined

onD(H0) is also self-adjoint so that the corresponding unitary groupUε(t) := eih̄
−1Hε t ,

t ∈ R, exists. Given a continuous quantum observable, represented by a continuous self-
adjoint operatorG onL2(Rn), consider the corresponding Heisenberg observables under
the free and full evolution, respectively:

G0(t) := U0(t)GU0(−t), Gε(t) := Uε(t)GUε(−t).
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Perturbation theory yields a formal recurrent procedure to construct the full Heisenberg
evolution Gε(t) in terms of the free evolutionG0(t). The result, known as Dyson’s
expansion, can be briefly obtained as follows: consider the Heisenberg equation

(1.1) Ġε(t) = i[Hε,Gε(t)]/h̄ = i[H0,Gε(t)]/h̄+ iε[V,Gε(t)]/h̄

and look for a solution in the form

(1.2) Gε(t) = G0(t)+ εG1(t)+ ε2G2(t)+ · · · , G0(0) = G.

Inserting this in (1.1) and equating the coefficients of the same powers ofε on both sides
we obtain the recurrent equations

Ġk(t) = i[H0,Gk(t)]/h̄+ i[V,Gk−1(t)]/h̄, k = 1,2, . . . .

Hence

Gk(t) =
i

h̄

∫ t

0
U0(t − s)[V,Gk−1(s)]U0(s − t) ds

=

(
i

h̄

)k∫ t

0

∫ t1

0
. . .

∫ tk−1

0
U(t1, . . . , tk)[V, . . . [V,G0(tk)] . . .]U(−t1, . . . ,−tk) dtk · · · dt1,

U(t1, . . . , tk) := U0(t − t1) · · ·U0(tk−1 − tk).

SinceU is unitary, ifV andG are bounded operators we immediately get

‖Gk(t)‖ ≤

(
2‖V ‖

h̄

)k
‖G‖

∫ t

0

∫ t1

0
. . .

∫ tk−1

0
dtk · · · dt1 = ‖G‖

(
2
‖V ‖

h̄

)k
|t |k

k!
.

Hence the series (1.2) converges for allt , but not uniformly with respect to the Planck
constant̄h. The uniformity is interesting because forh̄ = 0 the classical evolution of the
observables is formally recovered.

Assume indeed, as usual,G to be the (Weyl) quantization of the classical observable
G(x, ξ) ∈ S(R2n

; R):

(1.3) (Gu)(x) =
1

hn

∫
Rn×Rn

G
(
x + y

2
, ξ

)
ei〈(x−y),ξ〉/h̄u(y) dy dξ, u ∈ S(Rn),

or, equivalently, thatG admits the following distribution kernel:

KG(x, y; h̄) =
1

hn

∫
Rn
G
(
x + y

2
, ξ

)
ei〈(x−y),ξ〉/h̄ dξ.

Formula (1.3) definesG as a (semiclassical) pseudodifferential operator of symbolG(x, ξ).
In particular, the semiclassical symbol ofHε is the classical Hamiltonian functionHε :
R2n

→ R defined as

Hε(x, ξ) := H0(x, ξ)+ εV(x, ξ), H0(x, ξ) :=
1

2
ξ2

+Q(x),

whereV(x, ξ) is the Weyl symbol ofV . In general we denote byσA(x, ξ ; h̄) the Weyl
symbol of a continuous observableA. Recall now that under our assumptions the following
well known results hold (see e.g. [Ro]):
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(1) Let σ̂A ∈ L2(R2n). ThenA is a continuous operator inL2(Rn) and

(1.4) ‖A‖ := ‖A‖L2→L2 ≤ ‖σ̂A‖L1.

(2) Let Gε(h̄, t) := Gε(x, ξ ; h̄, t) be the symbol ofGε(t). Then Gε(h̄, t) admits the
semiclassical expansion

Gε(x, ξ ; h̄, t) = Gε(x, ξ ; t)+ h̄G(1)ε (x, ξ ; h̄, t)+ h̄2G(2)ε (x, ξ ; h̄, t)+ · · ·

where (semiclassical Egorov theorem; see e.g. [Ro, IV.3])

(1.5) Gε(x, ξ ; t) = G ◦Φ tε(x, ξ)

and(x, ξ) 7→ Φ tε(x, ξ) is the classical Hamiltonian flow generated byHε(x, ξ).
(3) If two continuous observablesF andG have (Weyl) symbolsF andG then

σW (FG) = F #G, σW (i[F,G]/h̄) = {F,G}M .

Here {F,G}M := F#G − G#F is the Moyal bracket ofF andG, andF#G is the
composition of the symbolsF andG. Explicitly, in Fourier space (see e.g. [Fo, §3.4]),

F̂#G(s) =
1

h̄

∫
R2n

F̂(s1)Ĝ(s − s1)eπih̄(s−s
1)∧s1/2 ds1,

(1.6) {F,G}
∧

M(s) =
2

h̄

∫
R2n

F̂(s1)Ĝ(s − s1) sin [h̄(s − s1) ∧ s1/2] ds1,

where, given two vectorss = (u, v) ands1
= (u1, v1), s ∧ s1 := 〈u, v1〉 − 〈v, u1〉.

(4) If eitherF or G is quadratic, then{F,G}M = {F,G}.

Then the Heisenberg equation (1.1), written in terms of symbols, becomes

Ġε(t, h̄) = {H,Gε(t, h̄)}M = {H0,Gε(t, h̄)} + ε{V,Gε(t, h̄)}M

becauseH0 is a quadratic form in(x, ξ). Hence we can immediately write the recurrent
equations for the symbolsGk(x, ξ ; h̄, t) of Gk(t):

Ġk(·; h̄, t) = {H0,Gk(·; h̄, t)} + {V,Gk−1(·; h̄, t)}M .

The solution is

(1.7) Gk(x, ξ ; h̄, t) =

∫ t

0
{V,Gk−1(·; t)}M ◦Φ t−s0 (x, ξ) ds

=

∫ t

0

∫ t1

0
. . .

∫ tk−1

0
{V, . . . {V,G0(·; tk)}M ◦Φ

tk−tk−1
0 (x, ξ) . . .}M ◦Φ

t−t1
0 (x, ξ) dtk · · · dt1,

G0(x, ξ ; h̄, t) = G0(x, ξ ; t) := G ◦Φ t0(x, ξ),

whose solution isGε(x, ξ ; t) defined by (1.5) above. Hence forh̄ = 0 we recover the Lie
expansion around the flowΦ t0(x, ξ) ofH0. We set

Gε(x, ξ ; t) = G0(x, ξ ; t)+ εG1(x, ξ ; t)+ ε2G2(x, ξ ; t)+ · · · ,
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whereG0(x, ξ ; t) := G ◦Φ t0(x, ξ). The recurrent equations now read

Ġk(·; t) = {H0,Gk(·; t)} + {V,Gk−1(·; t)}, k = 1,2, . . . ,

and formula (1.7) then yields

Gk(·; t) =

∫ t

0
{V,Gk−1(·; t)} ◦Φ t−s0 (x, ξ) ds

=

∫ t

0

∫ t1

0
. . .

∫ tk−1

0
{V, . . . {V,G0(·; tk)} ◦Φ

tk−tk−1
0 (x, ξ)} . . .} ◦Φ

t−t1
0 (x, ξ) dtk · · · dt1.

We are now in a position to formulate our uniform convergence statement.

THEOREM 1.1. Let:Aσ := {f ∈ L2(R2n) | ‖f̂ ‖σ < ∞}, ‖f̂ ‖σ :=
∫
R2n |f̂ (s)|eσ |s| ds

< ∞}. LetG,V ∈ Aσ for someσ > 0. Then there existsΓ (σ) > 0 independent of̄h such
that

(1.8) ‖Gk(h̄; t)‖σ/2 ≤ Γ (σ)k|t |k.

REMARKS.

(1) Note that the norm‖f̂ ‖σ is equivalent to the norm

‖f̂ ‖
H0
σ :=

∫
R2n

|f̂ (s)|eσ
√
H0(s) ds.

(2) By (1.4), the estimate (1.8) shows that the Lie–Dyson expansion converges (in
B(L2(Rn)) uniformly with respect tōh for |εt | < Γ (σ)−1.

(3) It is well known that, givenε > 0, the Lie expansion yields a good approximation to
the perturbed dynamics only up to a timet such thatεt is small. The above statement
shows that this assertion holds uniformly with respect toh̄.

For the energy of the individual oscillator modes the quantum normal form constructed
in [BGP1] under diophantine conditions on the frequencies allows us to obtain a stability
result valid for a time scale exponentially long in the perturbation strengthε, uniformly
with respect tōh, up to an error of orderε also independent of̄h. Assume without loss of
generality

Φ t0(x, ξ) :=

xk(t) = xk cosωkt +
ξk

ωk
sinωkt,

ξk(t) = −ωkxk sinωkt + ξk cosωkt,
k = 1, . . . , n,

and write

z := (x, ξ), Φθ0(z) := {Φ t0(x, ξ) | ωkt = θk, k = 1, . . . , n}.

Giveng ∈ L1(R2n), set

g̃k(z) :=
1

(2π)n

∫
Tn
g(Φθ0(z))e

−i〈k,θ〉 dθ, k ∈ Zn.
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Hence, ifg ∈ C1
∩ L1, one has pointwise

g(Φθ0(z)) =

∑
k∈Zn

g̃k(z)e
i〈k,θ〉,

whence, forθ = 0,

(1.9) g(z) =

∑
k∈Zn

g̃k(z).

Givenρ, σ > 0, define the norm

‖g‖ρ,σ :=
∑
k∈Zn

eρ|k|
‖g̃k(s)‖σ .

Remark that

(1.10) ‖g‖σ ≤ ‖g‖ρ,σ

and define
Aρ,σ := {g : R2n

→ C | ‖g‖ρ,σ < ∞}.

The following result is proven in [BGP1, Proposition 3.1].

PROPOSITION1.1. Let the frequenciesω := ωk, k = 1, . . . , n, satisfy the diophantine
condition

|〈ω, ν〉| ≥ γ |ν|−τ , ∀ν ∈ Zn \ {0},

for someτ > n− 1 and someγ > 0. LetV ∈ Aρ,σ for someρ, σ > 0. Then there exists
ε∗ > 0 and, for|ε| < ε∗, a familyT (ε) of unitary maps inL2 such that

(1.11) S(ε) := T (ε)HεT (ε)
∗

= H0 + εZ(ε)+ R(ε).

Here the following properties hold:

(1) LetJk, k = 1, . . . , n, be the energy of thek-oscillator mode:

Jk :=
1

2
(ξ2
k + ω2

kx
2
k ), H0(x, ξ) =

n∑
k=1

Jk(x, ξ),

andJk be the correspondingk-th quantized oscillator mode

Jk = −
h̄2

2

d2

dx2
k

+ ω2
kx

2
k ; H0 =

n∑
k=1

Jk

ThenZ depends only on(J1, . . . , Jn) and h̄ or, equivalently,Z depends only on
(J1, . . . ,Jn) andh̄, so that[H0, Z(ε)] = 0.

(2) S(ε), T (ε), Z(ε) and R(ε) are semiclassical pseudodifferential operators inL2.
In terms of their symbolsΣε(x, ξ ; h̄), Tε(x, ξ ; h̄), Zε(x, ξ ; h̄), Rε(x, ξ ; h̄), (1.11)
becomes

Σε(x, ξ ; h̄) = H0(x, ξ)+ εZε(x, ξ ; h̄)+Rε(x, ξ ; h̄), {H0,Zε}M = 0.
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(3) There areC1(ρ, σ, τ, ε
∗) > 0 andC2(ρ, σ, τ, ε

∗) independent of̄h such that

(1.12) ‖Z(ε)‖ ≤ ‖Z‖ρ/2,σ/2 ≤ C1, ‖R(ε)‖ ≤ ‖R‖ρ/2,σ/2 ≤ C1 exp [−C2ε
−1/(τ+2)].

REMARK . Formula (1.11) represents the quantum normal form ofHε with a remainder
of order exp [−C2ε

−1/(τ+2)] uniform with respect toh̄. For h̄ = 0 it reduces to the
corresponding classical Birkhoff normal form with remainder. Then we have:

THEOREM 1.2. LetV ∈ Aρ,σ for someρ, σ > 0. LetJ denote any one of the operators
Jk, k = 1, . . . , n. Then there areD1(ρ, σ, τ, ε

∗) > 0 andD2(ρ, σ, τ, ε
∗) > 0 independent

of h̄ such that, for any0< d < ρ/2,

‖[Jε(t)−J ]‖ ≤ ‖[Jε(t)−J ]‖ρ/2−d,σ/2 ≤ D1 exp [−C2ε
−1/(τ+2)]|t |+D2|ε|, |ε| < ε∗.

REMARK . Letψν(h̄), ν ∈ Zn, be the eigenvector corresponding to the simple eigenvalue
Eν(h̄) :=

∑n
k=1ωk(νk + 1/2)h̄. Then Theorem 1.2 entails

(1.13) |〈ψν(h̄), Jε(t)ψν(h̄)〉 − (ων + 1/2)h̄|

≤ D1 exp [−C2ε
−1/(τ+2)]|t | +D2|ε|, |ε| < ε∗.

At the classical limitνk → ∞, h̄ → 0, νkh̄ → Ak, Ak the action of thek-th mode, we
have (see [DEGH])〈ψν(h̄), Jε(t)ψν(h̄)〉 → Jk ◦ Φ tε(x, ξ), (ωνk + 1/2)h̄ → Jk(x, ξ).
Therefore (1.13) entails that the absence of energy exchange between the different energy
modes for an exponentially long time (see e.g. [BGG], [BGP2], [BP]) is stable under the
process of quantization, up to an error of orderε independent of time.

2. PROOF OF THE STATEMENTS

To prove the estimate (1.8) we work in the Fourier representation. First we prove the
invariance ofAσ under the action of the flowΦ t0(x, ξ):

LEMMA 2.1. LetG(x, ξ) ∈ Aσ . ThenG ◦Φ t0(x, ξ) ∈ Aσ for all t ∈ R.

PROOF. Let z := (x, ξ) ∈ R2n. SinceH0(x, ξ) is a positive-definite quadratic form we
can assume without loss of generality that the mapz 7→ Φ t0(z) : R2n

↔ R2n leaves the

‖f̂ ‖
H0
σ invariant for allt ∈ R. Now,

(G ◦Φ t0)
∧(s) =

∫
R2n
(G ◦Φ t0)(z)e

−i〈s,z〉 dz =

∫
R2n

G(z)e−i〈s,Φ
−t
0 (z)〉 dz = Ĝ(Φ t0(s)).

Therefore‖Ĝ(Φ t0(s))‖
H0
σ = ‖Ĝ(s)‖H0

σ for all t ∈ R. Since ‖f̂ ‖σ and ‖f̂ ‖
H0
σ are

equivalent, this proves the lemma.

Our second preliminary result is an estimate of the Moyal brackets worked out in
[BGP1], and reproduced here for the convenience of the reader.
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LEMMA 2.2. Letg, g′
∈ Aσ . Then

(2.14) ‖{g, g′
}M‖σ−δ−η ≤

1

e2η(δ + η)
‖g‖σ‖g′

‖σ−δ, 0< η < σ − δ.

PROOF. Since(s − s1) ∧ s1
= s ∧ s1 and|s ∧ s1

| ≤ |s| · |s1
|, by definition ofAσ -norm

and (1.6) we get

‖{g, g′
}M‖σ−δ =

2

h̄

∫
R2n

e(σ−δ)|s| ds

∫
R2n

|ĝ(s1)ĝ′(s − s1) sin(h̄(s − s1) ∧ s1)/2| ds1

≤
2

h̄

∫
R2n

ds

∫
R2n

e(σ−δ)(|s|+|s1|)
|ĝ(s)ĝ′(s1) sinh̄(s ∧ s1)/2| ds1

≤

∫
R2n

e(σ−δ)|s|
|ĝ(s)| ds

∫
R2n

e(σ−δ)|s1|
|ĝ′(s1)s ∧ s1

| ds1

≤

∫
R2n

e(σ−δ)|s|
|ĝ(s)| |s| ds

∫
R2n

e(σ−δ)|s1|
|ĝ′(s1)s| |s1

| ds1,

whence the assertion follows becausexe−δx ≤ 1/eδ for all x, δ > 0.

COROLLARY 2.1. Under the above assumptions ong andg′,

‖{g, g′
}M ◦Φ t0(x, ξ)‖σ−δ−η ≤

1

e2η(δ + η)
‖g‖σ‖g′

‖σ−δ, 0< η < σ − δ, ∀t ∈ R.

PROOF. By Lemma 2.1 bothg ◦ Φ t0(x, ξ) andg′
◦ Φ t0(x, ξ) belong toAσ for all t ∈ R

wheneverg andg′ do. Then the assertion follows from (2.14).

Iteratingk times exactly the same arguments we get:

COROLLARY 2.2. Letg,V ∈ Aσ , 0< kη < σ − δ. Then

‖{V, {. . . , {V, g}M ◦Φ t0(x, ξ) . . . , }M ◦Φ t0(x, ξ)‖σ−δ−kη

≤
1

e2ηk(δ + η)k
‖V‖

k
σ ‖g‖σ−δ, ∀t ∈ R.

PROOF OFTHEOREM 1.1. Consider formula (1.7). By Corollary 2.2 above we have

‖{V, . . . {V,G0(·; tk)}M ◦Φ
tk−tk−1
0 (x, ξ) . . .}M ◦Φ

t−t1
0 (x, ξ)‖σ−δ−kη

≤
1

e2ηk(δ + η)k
‖V‖

k
σ ‖G0‖σ−δ, ∀t ∈ R.

Now fix 0< δ < σ/2 and setη = δ/2k. Then

‖{V, . . . {V,G0(·; tk)}M ◦Φ
tk−tk−1
0 (x, ξ) . . .}M ◦Φ

t−t1
0 (x, ξ)‖σ−2δ

≤ e−22kδ2k
(

1 +
1

2k

)k
kk‖V‖

k
σ ‖G0‖σ−δ ≤ HΓ (σ)kk!,
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H :=
1

e2
√

2π
‖G0‖σ−δ, Γ (σ ) := 3eσ 2

‖V‖σ .

Here we have used the inequalitiesδ < σ , 1+ 1/2k < 3/2, k = 1,2, . . . , and the Stirling
formula. Hence, again by (1.7),

‖Gk(x, ξ ; h̄, t)‖σ−2δ ≤ HΓ (σ)kk!
∫ t

0

∫ t1

0
. . .

∫ tk−1

0
dtk · · · dt1

≤ HΓ (σ)k|t |k, k = 1,2, . . .

The assertion of the theorem is now proved if we chooseδ < σ/4.

Let us now turn to Theorem 1.2. We first prove an auxiliary result.

LEMMA 2.3. Let B ∈ Aρ,σ for someρ, σ > 0, andB the corresponding operator in
L2(Rn) defined by its Weyl quantization. Then there isK > 0 independent of̄h such that,
for any0< d < ρ,

‖[B, J ]/h̄‖ ≤ ‖{B, J }‖ρ−d,σ ≤
K

d
‖B‖ρ,σ .

PROOF. We have
1

h̄
‖[B, J ]‖ ≤ ‖{B,J }M‖ρ,σ = ‖{B,J }‖ρ,σ

becauseJ (x1, ξ1) is quadratic. Here we have set, without loss,

J = J (x1, ξ1) =
1

2
(ξ2

1 + ω2
1x

2
1).

Explicitly,
{B,J } = ∇ξ1B · ω1x1 − ∇x1B · ξ1,

whence, in Fourier space,

{B,J }
∧(s) =

∫
R2n
(s2ω1∂s1 − s1∂s2)B̂(s) ds.

To estimate‖{B,J }‖ρ,σ we apply the arguments of [BGP1, Lemma 3.3]. Denote by
φθ0(z) := {φt0(z) : ω1t = θ} the flow of J . Hereφt0(z) = Φ t0(x1, ξ1). Then we can
write, on account of (1.9),

{B,J }(z) =
d

dt

∣∣∣∣
t=0
B(φt0(z)) =

∑
k∈Zn

ω1k1B̃k(z).

Therefore
‖{B,J }(z)‖ρ,σ ≤

∑
k∈Zn

|ω1k1|e
|ρk1|‖B̃k‖σ .

Hence, as in Lemma 3.8 of [BGP1],

‖{B,J }(z)‖ρ/2−d,σ/2 =

∑
k∈Zn

|ω1k1|e
|(|ρ|/2−d)k1|‖B̃k‖σ/2

≤ ‖B‖ρ/2,σ/2 sup
k1

|k1|e
−d|k1| =

ω1‖B‖ρ/2,σ/2

d
, 0< d < ρ.

TakingK := ω1 proves the lemma.
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PROOF OF THEOREM 1.2. Introduce the Heisenberg observable corresponding toJ

along the evolution generated byS(ε) defined by (1.11):

J Sε (t) = eiS(ε)t/h̄Je−iS(ε)t/h̄

so that

(2.15) J̇ Sε (t) =
i

h̄
eiS(ε)t [S(ε), J ]e−iS(ε)t =

i

h̄
eiS(ε)t [R(ε), J ]e−iS(ε)t

because [H0, J ] = [Z(ε), J ] = 0. Hence, upon integration of (2.15),

‖J Sε (t)− J‖ρ/2−d,σ/2 ≤

∫ t

0
‖{R(ε),J }(z)‖ρ/2−d,σ/2 dt

because‖[R(ε), J ]/ih̄‖ ≤ ‖{R(ε),J }M‖ρ/2−d,σ/2 ≤ ‖{R(ε),J }‖ρ/2−d,σ/2 sinceJ is
quadratic. Then, on account of (1.12), the above lemma yields

‖J Sε (t)− J‖ρ/2−d,σ/2 ≤ D exp [−C2ε
−1/(τ+2)]|t |, D := C1ω1/d.

We now have to estimate the difference

‖Jε(t)− J‖ = ‖T (ε)[eiHε t/h̄Jεe
−iHε t/h̄ − J ]T (ε)−1

‖

= ‖eiSε t/h̄T (ε)JεT (ε)
−1e−iSε t/h̄ − T (ε)JT (ε)−1

‖.

By [BGP1, Proposition 3.2], we can writeT (ε) = eiW(ε)/h̄, whereW(ε) is, for |ε| < ε∗,
a bounded self-adjoint semiclassical pseudodifferential operator with symbolWε(x, ξ ; h̄)

such that
‖W(ε)‖ ≤ ‖Wε(x, ξ ; h̄)‖ρ/2,σ/2 ≤ E|ε|

for someE > 0 independent of̄h. Hence, by Lemma 2.3 and (1.10), we get

‖[W(ε), J ]/ih̄‖ ≤ ‖{Wε,J }‖σ/2 ≤ ‖{Wε,J }‖ρ/2−d,σ/2 ≤ E/d, 0< d < ρ/2,

and Corollary 2.2 fort = 0 yields the estimate

‖[W(ε), [. . . [W(ε), J ] . . .]/(ih̄)k‖ ≤ ‖{Wε, {. . . {Wε, J }M . . .}M‖ρ/2−d,σ/2

≤
1

e2ηk(δ + η)k
‖Wε‖

k
ρ/2−d,σ/2‖{Wε,J }‖ρ/2−d,σ/2−δ, 0< kη < σ/2 − δ.

As in the proof of Theorem 1.1, fix 0< δ < σ/4 and setη := δ/4k. Then

‖[W(ε), [. . . [W(ε), J ] . . .]/(ih̄)k‖ ≤ LΘ(σ)kk!,

L :=
1

e2
√

2πd
, Θ(σ) := 5eσ 2E|ε|.

Therefore the commutator expansion

T (ε)JT (ε)−1
= J +

∞∑
k=1

[W(ε), [. . . [W(ε), J ] . . .]

(ih̄)kk!
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has a nonzero convergence radius, uniformly with respect toh̄. We can therefore write

T (ε)JT (ε)−1
= J + εM(ε)

where‖M(ε)‖ is bounded uniformly with respect tōh. Hence

‖eiSε t/h̄T (ε)JεT (ε)
−1e−iSε t/h̄ − T (ε)JT (ε)−1

‖

= ‖eiSε t/h̄Je−iSε t/h̄ − J + εeiSε t/h̄M(ε)e−iSε t/h̄ − εM(ε)‖

≤ ‖Jε(t)− J‖ + |ε| ‖eiSε t/h̄M(ε)e−iSε t/h̄ −M(ε)‖.

Setting 2‖M(ε)‖ = D2 now concludes the proof of Theorem 1.2.
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