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Mathematical physics.— Uniform convergence of the Lie—Dyson expansion with respect
to the Planck constanpty DARIO BAMBUSI, MIRKO DEGLI EspPosTiand S\NDRO
GRAFFI, communicated by S. Graffi on 10 November 2006.

ABSTRACT. — We prove that the Lie—Dyson expansion for the Heisenberg observables has a nonzero
convergence radius in the variabde which does not depend on the Planck constanHere the quantum
evolution Uy ((¢) is generated by the Sdbdinger operator defined by the maximal action ZiR(R") of
—h2A+ Q+€V; Qis a positive definite quadratic form @&f; the observables arid belong to a suitable class

of pseudodifferential operators with analytic symbols. It is furthermore proved that, up to an error o€ order
the time required for an exchange of energy between the unperturbed oscillator modes is exponentially long
independently ofi.
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1. INTRODUCTION AND STATEMENT OF RESULTS

Consider inL?(R") the Schidinger operator family

],-l2
H(e) = Ho+ €V, Ho=—%A+Q.

Here Q is the maximal multiplication operator by a non-negative quadratic f@m) :
R" — R, V is a (semiclassical) pseudodifferential operator of order OcaadR. Denote
by H2(R") the usual Sobolev space, andB¥(R") its conjugate by the Fourier transform

f(s) :h*"/z/ Fx)e st gy
Rn

that is,
H2R") = {f‘/ A+ 15192 f()%ds < oo}.
Rn

Under the above conditiondy, defined on the domaiff2(R") N H2(R"), is a self-adjoint
operator. Hence the unitary groufp(¢) = e"’rlHO’, t € R, exists. Moreovery is
relatively bounded with respect tdy; therefore the operator familf (¢), € € R, defined

on D(Hp) is also self-adjoint so that the corresponding unitary groug) := e He!|

t € R, exists. Given a continuous quantum observable, represented by a continuous self-
adjoint operatoiG on L?(R"), consider the corresponding Heisenberg observables under
the free and full evolution, respectively:

Go(1) := Uo()GUo(=1),  Ge(1) := Ue()GUe(—1).
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Perturbation theory yields a formal recurrent procedure to construct the full Heisenberg
evolution G.(¢) in terms of the free evolutiorGo(r). The result, known as Dyson’s
expansion, can be briefly obtained as follows: consider the Heisenberg equation

1.1 Ge(t) = i[He, Ge(D)]/h = i[Ho, Ge(D)]/h + i€[V, Ge(D]/h
and look for a solution in the form
(1.2) Gc(t) = Go(t) + €G1(t) + €2Goa(t) + -+, Go(0) =G.

Inserting this in[(1.]l) and equating the coefficients of the same powerswboth sides
we obtain the recurrent equations

Gi(t) = i[Ho, Gx(O]/h +i[V, G_1(D]/h,  k=1,2,....

Hence

.ot
Gri = fo Uo(t — )V, Gra()]Uo(s — 1) ds

i k et opng fk—1
:<E> // / Ui, ...,t00)[V,...[V,Go®)].. JU(—11, ..., —tx) dty - - - dt1,
0Jo 0
Uy, ..., 1) == Ut —t1) - - Uo(tk—1 — ).

SinceU is unitary, if V andG are bounded operators we immediately get

21V ton VI *
IGr)] < [ =— ||G||/f / diy - dip = |G| (2= ) .
h o Jo 0 h k!

Hence the serie$ (1.2) converges forzalbut not uniformly with respect to the Planck
constanti. The uniformity is interesting because flor= 0 the classical evolution of the
observables is formally recovered.

Assume indeed, as usudl, to be the (Weyl) quantization of the classical observable
G(x,§) € SR™; R):

1.3)  (Gu)(x) = hi /R i g(%,s>e"<<’f—”f>/"u<y>dyds, u e SR,

or, equivalently, thaG admits the following distribution kernel:

1 .
Kg(x, y; h) = —n/ g(x + y’ g)eﬂ(X—y),é)/h dt.
h Rn

2

Formula[1.B) define€ as a (semiclassical) pseudodifferential operator of syribol ).
In particular, the semiclassical symbol Bt is the classical Hamiltonian functioH, :
R?" — R defined as

1
He(x, €)= Ho(x, £) + €V(x, ), Ho(x,&) = 552 + Q(x),

whereV(x, &) is the Weyl symbol ofV. In general we denote by, (x, &; /i) the Weyl
symbol of a continuous observabie Recall now that under our assumptions the following
well known results hold (see e.¢. [Ro]):
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(1) LetG, € L3(R?"). ThenA is a continuous operator ib?(R") and
(1.4) ANl == lAll L2 12 < IGall 1.

(2) Let Gc(h, 1) = Ge(x,&; h,t) be the symbol ofG.(r). Then G (%, t) admits the
semiclassical expansion

Ge(x, &1, 1) = Ge(x, &: 1) + WGP (x, & h, 1) + hPGP (x, & h, 1) + - -
where (semiclassical Egorov theorem; see £.d. [Ro, IV.3])
(1.5) Ge(x,6:1) =G o ®D(x,§)

and(x, &) — ®L(x, &) is the classical Hamiltonian flow generatedBy(x, &).
(3) If two continuous observablds andG have (Weyl) symbolss andg then

cV(FG)=F#G, oV([F,G]/h) ={F,Glu.

Here {F, G}y = F#G — G#F is the Moyal bracket ofF and G, and F#G is the
composition of the symbol& andg. Explicitly, in Fourier space (see e.g.[Fo,.4B,

ﬁg(s) — }f j_—‘(sl)é‘(s . Sl)enih(s—sl)Asl/Z dsl,
h RZII
(1.6) (F. Gy (s) = %/R% FHG(s — sYsin[r(s — sb) A s1/2]dst,

where, given two vectors = (u, v) ands® = (!, v1), s A st = (u, v1) — (v, up).
(4) If either F or G is quadratic, thef.F, G}y = {F, GJ.

Then the Heisenberg equati¢n (1.1), written in terms of symbols, becomes
Ge(t.h) = {H, Ge(t, M}ty = {Ho. Ge(t. 1)} + €{V, Ge (¢, W)}

becauséy is a quadratic form inx, £). Hence we can immediately write the recurrent
equations for the symbolg, (x, &; A, 1) of G (¢):

Gr(3 b, 1) = {Ho, G (5 B, 0} + (V, Geo1( B, D)y

The solution is
t
(1.7) gk(x,%“;h,l)=/o{V, Gr1(: D} 0 @y *(x, &) ds
t e Tk—1
:/ / / WV, .V, Gols )o@y *H(x, ) .. Jyo®y M(x, &) dty - - dn,
0 Jo 0
Go(x, & h, 1) = Go(x, &; 1) '= G o P (x, £),

whose solution i/ (x, &; r) defined by[(1.6) above. Hence fbr= 0 we recover the Lie
expansion around the flowj(x, &) of Ho. We set

Ge(x,&:1) = Go(x, £; 1) 4 €Ga(x, £; 1) + €2Ga(x, E;1) + - - -,
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whereGo(x, &;1) ;=G o qﬁg(x, &). The recurrent equations now read

Gi(5 1) = (Ho. G D} + (V. Gea(s D), k=12,
and formula[(L]7) then yields

t
Gl r) = /o V. Ghor(5 1)) 0 D5 (x, £) ds

toprnn Tk—1
=/ / / VoV, Go(s 1)y o g 1w, €))Ly o By H(x, £) diy - - diy.
0 JO 0

We are now in a position to formulate our uniform convergence statement.

THEOREM1.1. Let A, = {f € L2R?) | || flle < 00}, I flle := [gan | f(s)]e? B ds
< oo}. LetG, V € A, for somes > 0. Then there existf (o) > 0independent of such
that

(1.8) Gk (5 Dlloj2 < T'(@)*t|F.

REMARKS.

(1) Note that the nornj f || is equivalent to the norm
/155 = f |f(5)1eV 00 g,
R2n

(2) By ), the estimate[ (1.8) shows that the Lie—Dyson expansion converges (in
B(L4(R™)) uniformly with respect ta: for |ez| < o)™t

(3) Itis well known that, givere > 0, the Lie expansion yields a good approximation to
the perturbed dynamics only up to a timsuch thak is small. The above statement
shows that this assertion holds uniformly with respedt.to

For the energy of the individual oscillator modes the quantum normal form constructed
in [BGP1] under diophantine conditions on the frequencies allows us to obtain a stability
result valid for a time scale exponentially long in the perturbation streagtimiformly

with respect tdi, up to an error of ordes also independent gf. Assume without loss of
generality

&
Xi(t) = x; COSwit + — SINwyt,
PH(x, &) 1= K0 = T o k k=1,...,n,
& (1) = —wpxy Sinwyt + & COSwit,
and write
2= (x,8),  B§) = {DH(x.8) | okt =6, k=1,...,n}

Giveng € LY(R?"), set

3 1 By
8k(z) = W/T g(@§ (e % qo, ke
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Hence, ifg € C1 N L1, one has pointwise

g(Bh() =Y &0,

keZn
whence, fod = 0,
(1.9) g =) &).
keZn

Givenp, o > 0, define the norm

lgllp.o =D e Igc®)llo.

keZ
Remark that
(1.10) Igllo < l1gllp.o
and define

Apo i=1{g :R¥ > Clllgllpo < 00},
The following result is proven in [BGP1, Proposition 3.1].

PrRoOPOSITION1.1. Let the frequencie® = wy, k = 1, ..., n, satisfy the diophantine
condition
{w, v)| = yIv|™",  VYveZ"\ {0},

for somer > n — 1and some/ > 0. LetV € A, , for somep, o > 0. Then there exists
e* > 0and, forle| < €*, a familyT (¢) of unitary maps in.2 such that
(1.12) S(€) :=T(e)H.T(e)* = Hp+ €Z(€) + R(e¢).

Here the following properties hold:

(1) LetJi, k =1, ..., n, be the energy of the-oscillator mode:
1 n
T = 5 €8+ ofxd),  Holx, €) =;Jk<x,s),

and J;, be the corresponding-th quantized oscillator mode

Jy=———twxi; Ho= Ji
2 k" k
2 dxj k=1

Then Z depends only oriJy, ..., J,) and i or, equivalently,Z depends only on
(J1, ..., Jy) andh, so that Hy, Z(¢)] = 0.
(2) S(e), T(e), Z(e) and R(e) are semiclassical pseudodifferential operators fiR.

In terms of their symbolsZ, (x, &; i), T (x, &; h), Ze(x,&; h), Re(x, &; 1), (TIT)
becomes

Ye(x,86:h) =Ho(x,§) +€Ze(x, & 1) +Re(x, 5 1),  {Ho, Zelu = 0.
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(3) There areC1(p, o, 7, €*) > 0andCz(p, o, 7, €*) independent of such that
(1.12) 1Z@OI < 1Zllp/2.02 < C1,  IRE)| < IRlp/2.0/2 < C1EXP [~Coe YT+,

REMARK. Formula ) represents the quantum normal forniofvith a remainder
of order exp [-Coe =Y ™F2] uniform with respect tor. For z = 0 it reduces to the
corresponding classical Birkhoff normal form with remainder. Then we have:

THEOREM1.2. LetV € A, , for somep, o > 0. LetJ denote any one of the operators
Jo,k=1,...,n. Thenthere ard1(p, 0, 7, €*) > 0and D2 (p, o, 7, €*) > Oindependent
of i such that, forany < d < p/2,

I Je(®) = I < NJe(@) = Il pj2-d.0/2 < D1€Xp[~C2e Y2 t| £ Dyle|,  |e| < €*.

REMARK. Lety, (), v € Z", be the eigenvector corresponding to the simple eigenvalue
E,(h) =Y "}_q ox(vr + 1/2)h. Then Theorem 1.2 entails

(1.13) (Yo (), Je(®) v (R)) — (wv + 1/2)|
< D1exp[=Coe /T 2Njt| 4+ Dolel,  |e| < €*.
At the classical limityy, — oo, B — 0, vihi — Ay, Ay the action of the-th mode, we
have (see[[DEGHI Y, (1), Je ()Y, (1)) — Tk 0 PL(x, &), (0vr + 1/ — Ti(x, §).
Therefore[(1.13) entails that the absence of energy exchange between the different energy

modes for an exponentially long time (see €.0. [BGG], [BGR2]/ [BP]) is stable under the
process of quantization, up to an error of ordéndependent of time.

2. PROOF OF THE STATEMENTS

To prove the estimaté (3.8) we work in the Fourier representation. First we prove the
invariance of4, under the action of the flov%(x, &):

LEMMA 2.1. LetG(x,§) € A,. ThenG o ®((x, &) € A, forall r e R.

PROOF Letz := (x,&) € R%. SinceHo(x, &) is a positive-definite quadratic form we
can assume without loss of generality that the map ®{(z) : R?" <> R?" leaves the

Il 112 invariant for allr € R. Now,
(G o ®p)"(s) = f (G oY) ()e™ " dz = / G(2)e™ %" dz = G(df(s)).
R R

Therefore [G(@4(s) 15 = 1G5 for all + € R. Since || fll, and || /11 are
equivalent, this proves the lemma.

Our second preliminary result is an estimate of the Moyal brackets worked out in
[BGP1], and reproduced here for the convenience of the reader.
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LEMMA 2.2. Letg, g’ € A,. Then

(2.14) I{g, g mllo—s—n < lgllollg'llo—s, O<n<o—34.

1
e2n(s +n)

PROOF Since(s — s1) A st =5 Astand|s A s| < |s| - |s1], by definition of.A,-norm
and [1.6) we get

2 . . .
g, &' bllo—s =+ / eIl g / 1818 (s — sV sin(i(s — s1) A s1) /2 dst
R2n R2n

2 .

< —/ ds/ @O 5.(5) 5 (1) sina(s A s1) /2] dst
h Jren R2

5[ e“’—‘”‘sug(s)ms[ @01 3 (shys A 51| dst
R R2»

_ ~ —8&)Isi A
< [, e g stds [ o st st as,
R R

whence the assertion follows because® < 1/¢68 for all x, § > O.

COROLLARY 2.1. Under the above assumptions grandg’,

(g, &' m 0 Po(x, E)llo—5—n < Igllolig’llo—s, O<n<o—8, VreR.

1
e?n(8 +n)

PROOF. By Lemmg 2.]L bottg o @{(x, &) andg’ o ®{(x, ) belong toA, forall 7 € R
wheneverg andg’ do. Then the assertion follows frofn (2]14).

Iteratingk times exactly the same arguments we get:

COROLLARY 2.2. Letg,V e A,;,0<kn <o — 6. Then

||{V’ { MR {V’ g}M o ¢6(x’ S) cer }M © ¢6(x7 S)”O‘*(S*kr)
< —5————IVI% llglo- vt e R.
= g o Vle Igla—s. Ve
ProOF OFTHEOREM[I.T]. Consider formulg (1.7). By Corolldry 2.2 above we have
V.. AV, Gols t)hm o @ " Hx, £) w0 By~ (x, E)llo -5y
< k o vVt € R.
= 2056+ )k IVlls 19ollo—s. €
Now fix 0 < § < 0/2 and set) = §/2k. Then

1V, . IV, Go(s t)hm 0 P 1w, &) .. haw 0 D " (x, &)l o—25

1 k
< e 225 (1+ i) KEIVIE 1Gollo—s < HI (0)*k!,
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1

H=——

e2./2m

Here we have used the inequalities: o, 1+ 1/2k < 3/2,k =1, 2, ..., and the Stirling
formula. Hence, again by (1.7),

IGollo—s,  T'(c) :=3ea?| V.

o fr—1
1Gk (e, 5 1 D)l 25 < HF(o)kk!/ f / diy - diy
0 JO 0

<HIC @@ ik, k=12,...
The assertion of the theorem is now proved if we chdoseo /4.
Let us now turn to Theorem 1.2. We first prove an auxiliary result.

LEMMA 2.3. LetB € A, for somep,o > 0, and B the corresponding operator in
L?(R"™) defined by its Weyl quantization. Then ther&is- 0 independent of such that,
forany0 < d < p,

K
LB J1/hl < B, JHp—d.o = —[1Bllp.o-

PrROOF We have
1
EII[B, JN < B, Timllp.o = IHB, T}Hip,o
because7 (x1, £1) is quadratic. Here we have set, without loss,
1
J =T 0, 61) = S6E + ofxp).
Explicitly,
{B,J} =V B-wix1 — Vy B &,
whence, in Fourier space,
(5710 = [ | saond, —s10)B0) ds.
R a

To estimate||{B, J}ll,. we apply the arguments of [BGP1, Lemma 3.3]. Denote by
qﬁg(z) = {¢p(z) : w1t = 6} the flow of 7. Heregj(z) = ®{(x1, £1). Then we can
write, on account of (1]9),

d
{B, J}(2) = o

B(¢h(2) = Y wikiBi(2).
=0

4 keZn

Therefore

B, TY@)p.o < Y lwrkale!” | By,
keZn
Hence, as in Lemma 3.8 af [BGP1],

B, T} lpj2-d,or2 = Z |wiky|e!1P/2=Dkly By, o
keZl
—aikal _ ©1IBllo/2.0/2

, O0<d<op.
J <d<p

= ”B”p/Z,o/Z suplkile
ky

TakingK := w1 proves the lemma.
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ProoF oF THEOREM([L.Z. Introduce the Heisenberg observable corresponding to
along the evolution generated Bye) defined by[(1.11):

J5(t) = €S/ go=is@n/n
so that
(2.15) iS5 = %eiS(e)t[S(e)’ J]e~iS©r — lgeiS(e)t[R(e)’ J]e~iS©r

becauseflo, J] = [Z(e), J] = 0. Hence, upon integration ¢f (2]15),

t
1S (6) — Tllpjo—d,o/2 < fo I{R (), THlpj2—d.o/2dt

becausd|[R(e), J1/inll = {R(€), TImllpj2-d.or2 = I{R(€), T}Hlp/2-d,0/2 SiNCET IS
quadratic. Then, on account ¢f (1}12), the above lemma yields

1I5) = Tllpj2-d.oj2 < Dexp[-Cae YNt D= Cro1/d.
We now have to estimate the difference
1Je(®) = JIl = 1T (e)[e ! /P Jee™ Het /M — J1T () 7H|
= [|e" T (e) J T () e S — T (&I T(e) Y.
By [BGP1, Proposition 3.2], we can writ(e) = ¢ ©/" whereW (¢) is, for |¢| < €*,
a bounded self-adjoint semiclassical pseudodifferential operator with sywibal, &; #)

such that
W < IWelx,&; ) lpj2,0/2 < El€|

for someE > 0 independent of. Hence, by Lemm@a 2.3 and (1]10), we get
IW(e), J1/inll = I1{We, THlos2 < IiWe, THpj2—do2 < E/d,  0<d <p/2,

and Corollary 2.2 for = 0 yields the estimate

W (), [...[W(©), J1.. 1/ | < IfWe, ... iWe, T - Iullpj2-d.of2

k
=< m”we”p/z_dﬂ/z”{wea j}llp/Z—d,c/Z—S» 0<kn<o/2-3.

As in the proof of Theorem 1.1, fix & § < o/4 and sey) := §/4k. Then
W (e, [...[W(e), J1.. 1/ || < LO©)* k!,
1

L = ,

e2\/2nd

Therefore the commutator expansion

O(c) = 5ec’Ele].

1 N [W(e), [...[W(e), J]..]
T()JT () t=J+ k; R
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has a nonzero convergence radius, uniformly with respettWe can therefore write
T(e)JT(e) L =J +eM(e)

where||M (¢)|| is bounded uniformly with respect o Hence

™S /T (€)J T (€) " Le™S!/m — T (e)J T (e) 7Y
— ”eisgt/h‘]e—ngt/h —J+ Geisgt/hM(E)e—ngt/h _ GM(E)”
< WJe(®) = TN + lel lle"S<!/ " M (€)e =S/ — M (€)||.

Setting 2 M (¢)|| = D2 now concludes the proof of Theorem 1.2.
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