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ABSTRACT. — The classical Ostrowski inequality for functions on intervals is extended to functions on general
domains in Euclidean space. For radial functions on balls the inequality is sharp.
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1. INTRODUCTION

The classical Ostrowski inequality (of 1938) [6] is
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for f € C([a, b)), x € [a, b],

and it is sharp. It was extended from intervals to rectangl&inN > 1 (seell2, p. 507]).
For other recent results related to Ostrowski's inequality,[Se€e [3], [4]land [7].18], [9].

The extension to general domainsRA has remained an open problem. Our purpose
here is to solve this problem. We deduce Ostrowski type inequalities on general bounded
domains inR”", and the inequalities are shown to be sharp on balls.

2. MAIN RESULTS

Let N > 1, B(0, R) := {x € RV: |x| < R} be the ball inR" centered at the origin and
of radiusk > 0. LetS¥—1:= {x € RV : |x| = 1} be the unit sphere iR".

Let dw be the element of surface measure $h1 and letwy = fSN,l do =
27N/2/(N/2). Forx € RYN — {0} we can writex = rw, wherer = |x| > 0 and
w=x/r € SN"1. Note thatfp o ) 4y = on R" /N is the Lebesgue measure of the ball.

For f € C(B(0, R)) let

dy = ————— d
][B o O = G o SO
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and

][ Froydo = — / Fro)do
SN—l (,()N SNfl

be the averages of over the ball and the sphere, respectively. Hgrean be real or
complex valued.
Let

fo) = ][ fro)dw
SN-1
be the average of (x) asx ranges ovefy € RV : |y| =r}. Then

(2.1) N = sup [fx)—FOI=If = floo

x€B(O,R)

measures how faf is from being a radial function. More precisely; is a seminorm on
C(B(0, R)), andN (/) = Oif and only if f is a radial function, i.ef (x) = g(r) for some
functiong € C([0, R)).

We view how closef is to being radial by computing/(f): the closery is to being
radial, the smalleNV'(f) is, and conversely.

Let £2 be a domain ilRY and let

(22) Lip2)={feCE@): |f(x)— fM| < Klx -yl
forsomeK > 0 and allx, y € £2}.

The Lipschitz constant of € Lip(£2) is
Il flip =inf{K: K asin(2.2)}.
ThenX := Lip(£2) is a Banach space under the norm

J = 1 fllee + 1 flILip =2 1f 1l x-

Equivalently,X is the Sobolev spac# 1> (£2) (cf. [5]).
Ouir first main result is the following:

THEOREM2.1. Letf € Lip(B(0, R)) = WL>°(B(0, R)). Then forx = rw as above,

(233) ‘f(x) - ][

f» dy’
B(O,R)

N 2|x|N+l N R |x|
<N+ R—annoo[m LR (N—+1 _ W)}

The constants i(2.3) are best possible, and equality can be attained for nontrivial radial
functions at any € [0, R].
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PROOF Let f € Lip(B(0, R)). Then

(2.4) ‘f(X) - { f(y)dy‘
B(O,R)
~ N R
< |f(x)— f)+ ‘][ fro)do' — 7 / / f(sao)sNtdsdo'
SN-1 C()NR sv-1 Jo
=

N R
N+ —N][ [/ |fro)) — f(sa)')lsN_ldsi| do
R SN-1 0
N Rla
< N(f)-i——N][ f —f(w/) Is —risVNtdsdo
RY JsnaJo lor "l L=o(o.r))
) N (R
—f —N(/ |s—r|sN_lds)
or || po(o,r)) R 0
AT = C)
of
ar
In particular, a stronger form of (2.3) actually holds in all cases, Witlf || replaced by

10f/0r]lo. Letr € [0, R] and g*(z) = |z — r|. We can viewg* as a radial function on
B(0, R). Then

IA

N(f) +

N+

Then (2.3) follows since
< IV flloo-

o0

1, r=20,

signz—r), z#r, O<r <R,
g¥(2) =
-1 r =R.

Thus||g¥ |« = 1. Therefore

N [R No1 N [R Vo1
LH.S(23) = |g(z) — — (5)sN L ds| = |1z — r| — N1y
(2.3) = (g7(2) RN/O 8" (s)s s |z — 7| RN/O |s —rl|s s
P D G
= — 1| — - .
¢ RN | NN+ 1) N+1 N
Also

N 2rV+1 R r
RHS.(23)= — |- +RrRV(—— — 2|
(2.3)= RN[N(N+1) * <N+1 N)}

Hence equality holds in (2.3) at=r.

Note that the functio*(z) = |z — r| is in C1([0, R]) only for » = 0 andr = R;
for0 < r < R, g* € Lip([0, R]) — C%([0, R]). Of course for 0< r < R, g* can be
approximated by’! functions, namely, (z) = |z — r|**Y7. O

REMARK 1. A key step in the proof is the fact that we can evaluate exactly

R
Q(r) =/; |s —rlp(s)ds
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for 0 < r < R, wherep is a nonnegative continuous function satisfyih@ p(s)ds = 1.
In the Ostrowski caséN = 1), p(s) = 1/R, while in our N-dimensional casep(s) =
NsN=1/RN,

This works for many other cases including: linear combinatipGy = Z}":l ajs¥,
wherea; > 0, g; > 0 (not necessarily an integer) and

m qu+l
aj = 1]
9 +1

j=1

p(s) = ;Elajekﬂ, wherea; > 0,1; € R — {0},
my A.jR -1
Ya(5) =
=1 Aj

aj sin(b;s + ¢;) + dj cosejs + f;),

and sum(s) of the form

where the coefficients are such thak) > 0 andfOR p(s)ds = 1.

The space Lip2) N Co(£2) consists of all Lipschitz continuous functions oh
vanishing on the boundais? of §2. Note that

Lip(£2) N Co(2) = {f € WE®(2)NC(2): f =00na}
(cf. [5]).
Next comes our more general result where we consider functions over general domains.

THEOREM2.2. Letf e Lip(£2) N Co(£2), wheres? is a bounded domain iR". Extend
f by zero toF on B(0, R), the smallest ball centered at the origin and containfagThen
forall x € £2,

Vol (£2)
(2.5) ‘f(x) - ][Q FOYdy| < N(F) + (1— m) ]{Q f(y)dy’
N 2/x|N+1 v( R x|
e et |
PROOF LetR :=inf{Rg > 0: 2 C B(0, Rp)}. Then
| f@, xe,
F@x) '_{0, xeB0O,R) — £,

satisfies
F € Lip(B(0, R)) N Co(B(0, R)).

Then forx € §2,

=

‘f(x) - ][ FO) dy
2

Flx) - ][ F(y)dy‘ + ’][ F(y)dy — ][ f(y)dy'
B(O,R) B(O,R) o
=71+ D,



OSTROWSKI TYPE INEQUALITIES OVER EUCLIDEAN DOMAINS 309

where

’

Jii= ‘F(x) - ][ F(y)dy
B(O,R)

" 1 1
Jo = ‘(VOI(B(O, R)) Vol(fz))/gf(y) dy‘,

By Theorem 2.1,

N 2|x|N+1 v( R x|
J SJ\/'(F)"'R_N”Vf”oo[m-i-R (N—-i-l - W)i|

and

7l Vol (£2) 4
2_[ _VOI<B<0,R>>]‘]€2f(y) y"

This completes the proof of Theorem 2.2. O

REMARK 2. Note that\/'(F) appearsin (2.5). In this context( /) does not make sense.
Also, NV (F) need not be small (of course, it is smallfifis approximately spherically
symmetric).

Here is a simple example to illustrate thei ) can be large. Letg € £2 and choose
¢ > 0 small enough so tha&(xg, &) C £2. Let f € C*°(£2) have support inB(xp, &)
and satisfyf(y) = g(p) wherep = |y — xg| for 0 < p < e. Assume further thag is
nonincreasing angd(0) = f(xg) = M > 0. Fix M. Then

0 < fxo) — qu(y)dyﬁM=||f||oo ase — 0+.
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