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1. INTRODUCTION

The Hodge theory of a compact strictly pseudoconvex CR manifold, hereafter a CR
manifold for short, has been successfully developed: the subellipticity of the Kohn–Rossi
laplacian, Kohn’s de-Rham–Hodge–Kodaira theorem [17], and a vanishing theorem [31].
In particular, harmonic forms are one of the main objects of interest in the theory.

On the other hand, there are important non-compact CR manifolds: the Heisenberg
group, which plays a role in CR geometry similar to that of Euclidean space in Riemannian
geometry [6], Sasakian space forms, spherical orbits, etc. (see Section 6).

In this paper, we are interested in the vanishing and a conservative principle for
harmonic forms on a non-compact CR manifold M . We always assume that M is smooth,
connected, strictly pseudoconvex, and of hypersurface type.

We define the domain D(∂b) of the tangential Cauchy–Riemann operator ∂b to be the
set of measurable forms α such that both α and ∂bα are square-integrable. Similarly, we
define the domainD(δ) of the co-derivative δ to be the set of measurable forms α such that
both α and δα are square-integrable. We then define the Kohn–Rossi laplacian �G

b with
domain D(�G

b ) given by

{α ∈ D(∂b) ∩D(δ) ∩ A
q(M) : ∂bα ∈ D(δ) and δα ∈ D(∂b)},

where Aq(M) is the set of smooth q-forms on M .
We assume that M has negligible boundary, which makes �G

b into a symmetric
operator (see Definition 1 in Section 2). This class of manifolds is so large that it includes
every complete manifold [22], in the sense that M is complete as a distance space with
respect to the intrinsic distance, associated to M’s canonical sub-Riemannian structure
[22], [31], including all of the examples cited above.

The main result of this paper is the following.
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MAIN RESULT. Let M be a (2n + 1)-dimensional strictly pseudoconvex CR manifold
of hypersurface type with negligible boundary. Then the sublaplacian ∆E on functions
L2(M), and the Kohn–Rossi laplacian �G

b on L2(Aq) with 0 < q < n, are essentially
self-adjoint. Moreover, the Sobolev spaces S0 and S (defined in Section 2) coincide, and
the closure of �G

b coincides with the Friedrichs extension �F
b of the minimal Kohn–Rossi

laplacian.
Vanishing of cohomology: If the Ricci operator Ric is non-negative on L2(Aq), then

every L2-harmonic q-form α is parallel for the Tanaka–Webster connection, the norm |α|
is constant, and the bottom of the spectrum λ

q

min on L2(Aq) is estimated as

λ
q

min ≥
n− q

n
inf{〈Ric(α), α〉 : α ∈ Aq0 , ‖α‖ = 1}.

If, additionally, either Ric is positive, orM has infinite volume, then α is identically 0, and
the L2-reduced cohomology group of degree q is trivial.

Conservative principle: Let r be the radius function from an arbitrary but fixed
reference point in M . If

(1) e−ar ∈ L1(M) for every a > 0,

then for any bounded harmonic q-form α, there exist αε ∈ D(∂b) ∩ D(δ) for ε > 0 such
that ‖αε‖∞ ≤ ‖α‖∞ for every ε > 0, and

lim
ε→0

αε = α strongly,

lim
ε→0

Ttαε = α weakly for every t > 0,

where Tt is the semigroup generated by �F
b .

Therefore, the self-adjointness, the vanishing theorem, and the spectrum estimate for
the Kohn–Rossi laplacian on a compact CR manifold hold true on a CR manifold with
negligible boundary. Let us point out that the self-adjointness, which is the foundation for
the Main Result, does not necessarily hold if the manifold is incomplete; for example,
if the Cauchy boundary ∂CM , that is, the difference M \ M between the completion M
and M , has positive capacity, then the Kohn–Rossi laplacian is not essentially self-adjoint
(see Proposition 3 in Section 2).

Comparing to the Riemannian or Kählerian case ([34] and [9]), the most significant
difference is the constant (n − q)/n in the spectrum estimate. This appears already in the
Weitzenböck formula (Theorem 3 in Section 4), and is a manifestation of the fact that the
Tanaka–Webster connection is not torsion free.

In the technical contribution relating to the vanishing theorem, we consider the
following. The standard proof of the vanishing theorems for a complete non-compact
Riemannian and Kählerian manifold is to combine the Bochner method and Liouville
property (e.g. [34]). The naive generalization of this method to CR manifolds does not
work because the Weitzenböck formula for ∆E |α|2, where ∆E is the sublaplacian, which
is the real of the double of �b restricted to functions, involves an extra torsion term. To
overcome this difficulty, we first work with the Bochner method on the compact case;
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decompose the Kohn–Rossi laplacian into the sum of the connection laplacians ∇0,1∗
∇

0,1,
∇

1,0∗
∇

1,0, and the Ricci operator (Weitzenböck formula: Theorem 3), so that if

(2) ∇
0,1∗
∇

0,1 and ∇1,0∗
∇

1,0 are non-negative,

then α is parallel for ∇, provided the Ricci operator is non-negative. Due to the standard
divergence theorem, (2) holds true if α has compact support. Next, in order to extend (2)
to an arbitrary L2-harmonic form α, we approximate it by a form with compact support αl .
We do this by constructing a sequence {αl} that converges to α in the Dirichlet norm, thus
proving the essential self-adjointness of �G

b (Theorem 2 in Section 3). The assumption that
M has negligible boundary is required for the self-adjointness.

Another issue related to harmonic forms which we study is the conservative principle.
The concept of conservative principle for differential forms has been introduced by
Vesentini [32], who proved it for complete Riemannian and Kähler manifolds under the
volume growth condition (1) (see also [23]). In the present paper, we will study a similar
type of conservativeness, which coincides with Vesentini’s for a complete Riemannian
manifold under certain curvature conditions (see Remark 6 in Section 5), and is rather
similar to that of a Dirichlet form [7]: the canonical Dirichlet form on a CR manifold is
conservative if there exist uε ∈ D(∇E) with 0 ≤ uε ≤ 1 such that

lim
ε→0

uε = u strongly,

lim
ε→0

Ttuε = u weakly for every t > 0,

where ∇E is the subgradient and Tt is the semigroup generated by the sublaplacian ∆E

(see Section 2). If the Dirichlet form is conservative, then M is said to be conservative or
stochastically complete.

Let us briefly discuss the conservativeness of M and that of forms. We note that if
Cap(∂CM) = 0 and M satisfies (1), then M is conservative (see Remark 7 in Section 5).
If M has negligible boundary and satisfies (1), then Cap(∂CM) = 0, and hence such a
manifold is conservative (Corollary 3 in Section 3). This discussion is based on the fact
that any function in D(∇E) has the truncation property. Obviously, differential forms do
not have the corresponding property, but the assumption that α is bounded partially plays
the role of it, which enables us to study the conservative principle for forms.

Finally, let us point out that our results extend to any holomorphic vector bundle valued
forms over a weighted CR manifold (see e.g. [15]).

The paper is organized in the following manner.
In Section 2, we review some notions relating to CR manifolds, like CR structure,

sublaplacian, intrinsic distance, Tanaka–Webster connection, tangential Cauchy–Riemann
complex, and Kohn–Rossi laplacian.

In Section 3, we study the self-adjointness of the Kohn–Rossi laplacians �G
b and �M

b

which have different domains. The self-adjointness of �G
b was proved in [22], but here

we present an alternative, more direct proof. In Section 4, we prove the vanishing of L2-
harmonic forms and obtain an estimate of the bottom of the spectrum of �G

b . We establish
the Weitzenböck formulae for �b, and together with the essential self-adjointness, we
obtain the vanishing theorem.
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In Section 5, we show the conservative principle for bounded harmonic forms.
In Section 6, we collect important examples of CR manifolds with negligible boundary.

In the Appendix, we present a proof of the following L2-Kohn–Hodge decomposition for
a CR manifold with negligible boundary:

Hq ' (ker(∂b) ∩ L2(Aq))/range(∂b)
L2

for 0 < q < n,

where Hq is the space of L2-harmonic q-forms and the bar with L2 indicates the L2-
closure.

2. PRELIMINARIES

In this section, we recall some notions relating to CR manifolds. For further differential
geometric study of CR manifolds, we refer the readers to [5] and [31]. As we will see, a
CR manifold is sub-Riemannian and we shall employ some notions from sub-Riemannian
geometry. For further study in that direction, we refer the readers to [30] and the references
therein.

Let M be an oriented connected (2n + 1)-dimensional smooth real manifold without
boundary. We assume n > 0. A CR structure on M is a distinguished complex subbundle
T 1,0(M) of the complex tangential bundle CT (M) satisfying

T 1,0(M) ∩ T 0,1(M) = {0}, [T 1,0(M), T 1,0(M)] ⊂ T 1,0(M),

where T 0,1(M) = T 1,0(M) and the bar indicates complex conjugate. A CR manifold is
said to be of hypersurface type if rankC T 1,0(M) = n. Set

E = Re(T 1,0(M)⊕ T 0,1(M)),

and let θ be its annihilator. As T 1,0(M) is integrable,

(3) [X, Y ]− [JX, JY ] ∈ Γ (E) for X, Y ∈ Γ (E),

where J is the almost complex structure of E, that is, the unique homomorphism J :
E→ E such that

J 2
= −1.

We have

T 1,0
= {X −

√
−1 JX : X ∈ E}, T 0,1

= {X +
√
−1 JX : X ∈ E}.

Due to (3), the bilinear form

gE(X, Y ) = −dθ(JX, Y ) for X, Y ∈ Γ (E)

is symmetric. We assume that gE is positive-definite on E. The CR structure with gE

positive-definite is called strictly pseudoconvex. In this case E satisfies the Hörmander
condition and θ defines a contact structure on M . We assume M to be a strictly
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pseudoconvex CR manifold of hypersurface type without boundary (hereafter, a CR
manifold). Note that M = (M,E, gE) is sub-Riemannian in the sense of [30].

The gradient of a CR manifold is the horizontal gradient

∇
E : C∞(M)→ Γ (E)

where C∞(M) is the set of smooth functions on M , defined by

gE(∇Eu,X) = Xu,

where u ∈ C∞(M) and X ∈ Γ (E), or locally,

∇
Eu =

∑
1≤i≤n

{(Xiu)Xi + (JXiu)JXi},

where {Xi, JXi}1≤i≤n is an orthogonal Hörmander system of E with respect to gE . Let
ω be the volume form associated to θ defined by ω = (dθ)n ∧ θ . Then we have the
integration-by-parts formula∫

M

u(divX)ω = −
∫
M

gE(∇Eu,X)ω,

where div is the divergence associated to ω, provided one of u ∈ C∞(M) or X ∈ Γ (E)
has compact support. The sublaplacian ∆E is defined by

∆E := − div∇E,

or locally,

(4) ∆E = −
∑

1≤i≤n

{X2
i + JX

2
i }.

The expression (4) shows, by the Hörmander theorem [13], that ∆E is subelliptic of order
1/2, and hence hypoelliptic [19], that is, whenever the distribution ∆Eu is smooth, then u
is smooth.

Another important notion linked to the sub-Riemannian structure of a CR manifold is
the intrinsic distance dist (e.g. [2]): for every x, y ∈ M ,

dist(x, y) = sup{ψ(x)− ψ(y) : ψ ∈ C∞(M) and sup
x∈M

|∇
Eψ(x)| ≤ 1}.

Since E satisfies the Hörmander condition, by the Chow theorem [4] (see also [16], [30],
and [22]) we have

PROPOSITION 1. dist is non-degenerate, and generates the original topology.

We say that M is complete if the distance space (M, dist) is complete.
Let ξ ∈ Γ (T (M)) be the characteristic direction defined by{

θ(ξ)(x) = 1 for every x ∈ M,
θ([ξ,X])(x) = 0 for every x ∈ M and X ∈ Γ (E).

A CR manifold carries a natural affine connection:
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LEMMA 1 (Tanaka–Webster connection [31], [33]). There is a unique affine connection

∇ : Γ (T (M))→ Γ (T (M)⊗ T (M)∗)

on M satisfying the following conditions:

(i) the subbundle E is parallel to ∇,
(ii) ξ , J , and the exterior differential of θ are parallel to ∇,

(iii) the torsion T of ∇ satisfies

T (X, Y ) = −θ([X, Y ])ξ, T (ξ, Y ) = JT (ξ, JY )

for X, Y ∈ Γ (E).

Note that condition (ii) in Lemma 1 implies ∇gE = 0. We extend ∇ to a differential
operator

Γ (CT (M))→ Γ (CT (M)⊗ CT (M)∗)

in the canonical way, and call it the Tanaka–Webster connection.
Let Zi , i = 1, 2, . . . , be elements of T 1,0

x (M). Since ∇J = 0 implies

∇ : Γ (T 0,1(M))→ Γ (T 0,1(M)⊗ CT (M)∗),

and ∇ is torsion free on Γ (T 0,1(M)), the tangential Cauchy–Riemann operator

∂b : Aq(M)→ Aq+1(M),

where Aq(M) = Γ (
∧q

T 0,1(M)∗), is defined by

∂bα(Z1, . . . , Zq+1) :=
∑

1≤i≤q+1

(−1)i+1Zi(α(Z1, . . . ,
ˆZi, . . . , Zq+1))

+

∑
1≤i<j≤q+1

(−1)i+jα([Zi, Zj ], Z1, . . . ,
ˆZi, . . . ,

ˆZj , · · · , Zq+1)

=

∑
1≤i≤q+1

(−1)i+1(∇Ziα)(Z1, . . . ,
ˆZi, . . . , Zq+1),

where a hat indicates suppression of the term. Set

A
q

0(M) = {α ∈ A
q(M) : α has compact support},

A(M) =
⊕
q

Aq , A0(M) =
⊕
q

A
q

0 .

Let e1, . . . , en be an orthonormal frame of T 1,0(M), and θ i be the dual of ei for 1 ≤ i ≤ n.
For a q-form α, we have

α =
∑
Iq

αIq θ
Iq ,

where αIq is a function, Iq = (i1, . . . , iq), 1 ≤ i1 < · · · < iq ≤ n and θ Iq = θ i1∧· · ·∧θ iq .
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Define an inner product on Aq0(M) by

〈α, β〉 :=
∫
M

〈α, β〉(x) ω(dx),

where
〈α, β〉(x) =

∑
Iq

αIq (x)βIq (x) for every x ∈ M.

We will frequently use the following (see [28, p. 158]):

LEMMA 2. For arbitrary forms α, β ∈ A(M) we have the pointwise inequality

|α ∧ β| ≤ |α| |β|.

Define | · |(x) =
√
〈·, ·〉(x), ‖·‖ =

√
〈·, ·〉, and ‖·‖∞ = supx∈M

√
〈·, ·〉(x). Let L2(Aq)

(resp. L2(A)) be the completion of Aq0(M) (resp. A0(M)) with respect to ‖ · ‖.
The associated Sobolev space S is the completion of C∞(M)with respect to the metric

‖ ·‖1,2 = ‖·‖+‖∇
E
· ‖. The space S0 ⊂ S is the closure of the space C∞0 (M) of functions

u ∈ C∞(M) with compact support in S. Another Sobolev type space W is the set of
measurable functions u such that both u and ∇Eu are in L2. In the next section, we will
show that S = W (Proposition 4).

Define the first order differential operator δ : Aq+1(M)→ Aq(M) by

δα(Z1, . . . , Zq) := −
∑

1≤i≤n

ej c∇ej (Z1, . . . , Zq) = −
∑

1≤i≤n

(∇eiα)(ei, Z1, . . . , Zq),

where c : Aq+1(M)→ Aq(M) is the contraction operator.
The following can be proved by a direct calculation.

LEMMA 3. The tangential Cauchy–Riemann operator ∂b is the unique linear operator
that satisfies:

(i) ∂
2
b = 0,

(ii) ∂b(α ∧ β) = ∂bα ∧ β + (−1)qα ∧ ∂bβ,
(iii) ∂bu(Z) = Z(u),

for every α ∈ Aq(M), β ∈ A(M), u ∈ C∞(M), and Z ∈ Γ (T 1,0(M)).

For later purposes, we express ∂b in a suitable form:

PROPOSITION 2. We have

(5) ∂b =
∑
j

θ
j
∧ ∇ej .

PROOF. It suffices to check that the right-hand side of (5) has the properties in Lemma 3.
It is obvious that (iii) holds; (ii) may be shown by a straightforward calculation; and (i)
holds true because ∇ is torsion free on Γ (T 0,1(M)). 2
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Finally, the Kohn–Rossi laplacian �b : Aq(M)→ Aq(M) is defined by

�b := ∂b · δ + δ · ∂b.

Noting

〈∂bα, β〉 = 〈α, δβ〉 +

∫
M

(divX)ω,

where X is the dual of the one-form γ given by γ (Z) = 〈α,Zcβ〉, we have

〈∂bα, β〉 = 〈α, δβ〉

provided one of the forms α, β has compact support. Hence, δ is the formal adjoint of ∂b,
and �b is symmetric on A0(M). Since �b degenerates in ξ , it is not elliptic; however, we
have:

LEMMA 4 ([18] and [19]). The Kohn–Rossi laplacian on L2(Aq) with 0 < q < n is
subelliptic of order 1/2, and hence hypoelliptic.

We say α ∈ L2(Aq) is harmonic if ∂bα = 0 and δα = 0 pointwise, and denote by Hq
the set of L2-harmonic q-forms. The Kohn–Rossi laplacian �b relates to the sublaplacian
∆E as

2 Re �bu = ∆
Eu for u ∈ C∞(M).

In fact, by Proposition 2,

�bu = δ
∑
i

(eiu)θ i = −
∑
i,j

∇ej (eiu · θ i(ej ))

= −
1
2

∑
i

{X2
i + JX

2
i +
√
−1[Xi, JXi]}u =

1
2
{∆E −

√
−1

∑
i

[Xi, JXi]}u.

Following the Riemannian terminology [8], we introduce

DEFINITION 1. We say M has negligible boundary if

〈∂bα, β〉 = 〈α, δβ〉 for every α ∈ D(∂b) and β ∈ D(δ),

where D(∂b) (respectively, D(δ)) is the completion of A(M) with respect to the norm
‖α‖ + ‖∂bα‖ (respectively, ‖α‖ + ‖δα‖). We define the Kohn–Rossi laplacian �G

b with
domain

D(�G
b ) = {α ∈ D(∂b) ∩D(δ) ∩ A

q(M) : ∂bα ∈ D(δ) and δα ∈ D(∂b)}.

LEMMA 5 ([22]). A complete CR manifold has negligible boundary.

Let us close this section by discussing briefly the relationships between almost polarity
and negligibility of the Cauchy boundary

∂CM := M \M,



VANISHING AND CONSERVATIVENESS OF FORMS 87

where M is the completion of M with respect to dist. Define the capacity Cap(∂CM) of
∂CM as

Cap(∂CM) =

{
inf∂CM⊂O∈O{Cap(O)} if O 6= ∅,
∞ otherwise,

where O is the family of open sets of M , and

Cap(O) = inf{‖u‖1,2 : u ∈ S0 such that u = 1 on M ∩O}.

We say ∂CM is almost polar if it has null capacity. Then we have

PROPOSITION 3. If 0 < Cap(∂CM) < ∞, then M does not have negligible boundary.
If M has negligible boundary and any bounded set B has finite volume µ(B), then ∂CM
is almost polar. In particular, the volume growth condition (1) yields µ(B) < ∞ for any
bounded set B.

PROOF. Since S0 6= S if and only if 0 < Cap(∂CM) < ∞ (e.g. [22]) we have, by
Theorem 1, the first assertion.

Next, assume thatM has negligible boundary, ∂CM 6= ∅ and that any finite set B ⊂ M
has finite volume. If Cap(∂CM) > 0, then there exists a ball B = B(R) ⊂ M of radius
R > 0 such that Cap(∂CM ∩ B) > 0. Set

u(x) =


1 if x ∈ B,
1− rB/R if x ∈ B(2R) \ B,
0 otherwise,

where rB is the radius function from B. Since µ(B(2R)) <∞, u ∈ S, but u /∈ S0 because
0 < Cap(∂CM ∩B), which contradicts the fact thatM has negligible boundary. In fact, on
such a manifold S0 = S by Theorem 1 proved in the next section. 2

REMARK 1. Other related results of almost polarity and negligibility of the Cauchy
boundary for an algebraic variety M ⊂ CPn with Bergman metric and with the singular
set Σ removed are as follows:

• ∂CM = Σ . If the real codimension of Σ is greater than 1, then Σ is almost polar ([20],
[35], and [21]),
• there exists M such that ∂CM is almost polar but M does not have negligible boundary

[11] (see also [3] and [24]),
• if M is Kähler and ∂CM is almost polar, then M has negligible boundary [10], [26].

The last item follows from an estimate of the cut-off function’s gradient near the Cauchy
boundary, which could be proved by applying the Kähler identity. Let us point out that
Osawa and Sibony proved a Kähler identity on a Levi flat CR manifold [25].

3. SELF-ADJOINTNESS OF KOHN–ROSSI LAPLACIANS

Since the classical Kohn–Rossi laplacian which is defined on smooth functions is never
self-adjoint, we extend it to a self-adjoint operator and apply the functional-analytic
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techniques. Here the natural question arises if the extension is unique. In general, if a
symmetric operator defined on a Hilbert space has a unique self-adjoint extension, it is
called essentially self-adjoint.

In this section, we discuss the essential self-adjointness of the sublaplacian∆E and the
Kohn–Rossi laplacians �G

b and �M
b . First we show the essential self-adjointness of∆E and

�G
b on a CR manifold with negligible boundary. Next we show the self-adjointness of �M

b

on a complete CR manifold. Recall that a complete CR manifold has negligible boundary,
and the self-adjointness of �M

b implies the essential self-adjointness of �G
b [22].

We define the domain D(∇E) of ∇E to be S. Similarly, the domain D(div) of div is
the set of vector fields X ∈ Γ (E) such that both X and divX are square-integrable. Then
the domain D(∆E) of ∆E is

D(∆E) = {u ∈ D(∇E) ∩ C∞(M) : ∇Eu ∈ D(div)}.

The minimal Kohn–Rossi laplacian �M
b is the closure of �b defined on A0(M). Denote

by �F
b the Friedrichs extension of �M

b . The following result was proved in [22]. Here we
present a more direct alternative proof.

THEOREM 1. Assume that M has negligible boundary. Then the sublaplacian ∆E on
L2(M) functions, and the Kohn–Rossi laplacian �G

b on L2(Aq) with 0 < q < n, are
essentially self-adjoint. Moreover, S0 = S and the closure of �G

b coincides with �F
b .

PROOF. First we show that

(6) 〈∇
Eu,X〉 = 〈u,− divX〉 for every u ∈ D(∇E) and X ∈ D(div),

because this is equivalent to the essential self-adjointness of ∆E and to the coincidence of
S0 and S [22]. Since

|∂bu|
2
=

∑
|eiu|

2
=

1
2
|∇
Eu|2, |δβ|2 =

1
2
|divX|2

for u ∈ D(∇E) and X ∈ D(div), where X =
∑
f iXi and β =

√
−1

∑
f iθ

i , it follows
that u ∈ D(∂b) and β ∈ D(δ). Comparing the real and imaginary parts of

〈∂bu, β〉 = 〈u, δβ〉,

which holds true because M has negligible boundary, we have (6).
Next, consider �N

b = ∂
∗

b∂b + δ
∗δ, where the domains of ∂b and δ are given in

Definition 1. By the von Neumann theorem, �N
b is self-adjoint. Set

�̃N
b = �N

b |A(M).

Let α ∈ D(�N
b ) ∩ L

2(Aq) with 0 < q < n. By Lemma 4,

e−t�
N
b α ∈ D(�̃N

b ) for every t > 0.
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Therefore, since

e−t�
N
b α→ α as t → 0 in the graph norm of �N

b ,

�̃N
b is essentially self-adjoint. This implies the essential self-adjointness of �G

b because
�̃N
b ⊂ �G

b and �G
b is symmetric.

By comparing the domains of �F
b and �G

b , we see that �G
b ⊂ �F

b . Since �G
b is

essentially self-adjoint and �F
b is self-adjoint, the closure of �G

b coincides with �F
b . 2

Next, we study the same problem for �M
b on a complete CR manifold. For that purpose

we prepare some lemmae.

LEMMA 6 (Theorem X.26 of [27]). Let A be a strictly positive symmetric operator. Then
A is essentially self-adjoint if and only if ker(A∗) = {0}.

Let α ∈ ker((�M
b +λ)

∗) with λ > 0. In order to cut off α at infinity, we need a suitable
cut-off function:

LEMMA 7 ([2] and [22]). Denote by B(r) ⊂ M the geodesic ball of radius r > 0 centered
at some fixed point. For every r > 0 there exists a non-negative function χr ∈ W such that
‖χr‖∞ ≤ 1, ‖∇Eχr‖∞ ≤ r−1, and

χr(x) =

{
1 if x ∈ B(r),
0 if x /∈ B(2r).

The cut-off function χr is in S because of

PROPOSITION 4. We have
S = W.

PROOF. As S ⊂ W is clear, we only check W ⊂ S. For an arbitrary u ∈ W , consider
e−t∆

E
u ∈ L2

∩ C∞(M). Since e−t∆
E

commutes with ∇E , it follows that ∇Ee−t∆
E
u =

e−t∆
E
∇
Eu ∈ L2 and e−t∆

E
u converges to u in S as t → 0. By completeness of S,

u ∈ S. 2

LEMMA 8. If M is complete, then χ2
r α ∈ D(∂b) ∩D(δ) for every r > 0.

PROOF. To see this, we fix r > 0 and show that there exists a sequence βk ∈ A0(M)

which

• is a Cauchy sequence with respect to the (∂b + δ)-graph norm,
• converges to χ2

r α in L2(A) as k→∞.

If such a sequence exists, then χ2
r α = limk→∞ βk ∈ D(∂b) ∩ D(δ). Let χrk ∈ C

∞

0 (M)

be a sequence which converges to χr in S0 as k → ∞. Let η ∈ C∞0 (M) be equal to 1
on B(2r). Since ηχrk converges to χr in S0 as k →∞, we may assume that supp(χrk ) ⊂
K := supp(η) for every k > 0.



90 J. MASAMUNE

Because �b is hypoelliptic, α ∈ A(M), and therefore βk := χ2
rk
α ∈ A0(M). By the

Lebesgue theorem, βk → χ2
r α in L2(A) as k→∞.

Applying Proposition 3 and Lemma 2 gives

‖∂b(βk − βl)‖ ≤ ‖(∂b(χ
2
rk
− χ2

r1
)) ∧ α‖ + ‖(χ2

rk
− χ2

r1
)∂bα‖

≤ ‖∂b(χ
2
rk
− χ2

r1
)‖∞‖α‖ + ‖χ

2
rk
− χ2

r1
‖ · ‖∂bα‖L∞(K),

where the last line tends to 0 as k, l→∞ because
√

2|∂bχrk | = |∇
Eχrk | and by Lemma 7.

Thus, βk is a Cauchy sequence with respect to the ∂b-graph norm.
Next, since

|(δ(βk − βl))Iq−1 | ≤ |(χ
2
rk
− χ2

rk
)(δβ)Iq−1 | + |〈∂b(χ

2
rk
− χ2

rk
), βcIq−1〉|

≤ |χ2
rk
− χ2

rk
||(δβ)Iq−1 | + |〈∂b(χ

2
rk
− χ2

rk
)| |β|,

we deduce that δ(βk − βl) tends to 0 in L2(Aq−1) as k, l→∞.
Therefore, βk is a Cauchy sequence with respect to the (∂b+δ)-graph norm, and hence,

as explained at the beginning of the proof, χ2
r α ∈ D(∂b). 2

LEMMA 9.
〈δ(χ2

r α), δα〉 = ‖χrδα‖
2
− 2〈χrα, ∂bχr ∧ δα〉.

PROOF. Indeed, we have pointwise

〈δ(χ2
r α), δα〉 =

∑
Iq−1

(δ(χ2
r α))Iq−1(δα)Iq−1

=

∑
Iq−1

|χr(δα)Iq−1 |
2
− 2

∑
Iq−1

〈χr∂bχr , αcIq−1〉(δα)Iq−1

= |χrδα|
2
− 2χr

∑
Iq

αIq

∑
ij

(∂bχr)ij (−1)j−1(δα)
i1...îj ...iq

= |χrδα|
2
− 2χr

∑
Iq

αIq (∂bχr ∧ δα)Iq = |χrδα|
2
− 2〈χrα, ∂bχr ∧ δα〉. 2

We are in a position to prove

THEOREM 2. If M is complete, then the minimal Kohn–Rossi laplacian �M
b is self-

adjoint on L2(Aq) with 0 < q < n.

PROOF. In view of Lemma 6, we prove the statement by showing α ≡ 0. Let βk ∈ A0(M)

be the form which appeared in the proof of Lemma 8. Then

(7) −λ〈βk, α〉 = 〈�bβk, α〉 = 〈∂bβk, ∂bα〉 + 〈δβk, δα〉.

By letting k tend to∞, and applying Lemmae 7, 8 and 9, we obtain

−λ〈χ2
r α, α〉 = 〈∂b(χ

2
r α), ∂bα〉 + 〈δ(χ

2
r α), δα〉

= ‖χr∂bα‖
2
+ 2〈χr(∂bχr) ∧ α, ∂bα〉 + ‖χr∂bα‖2 − 2〈χrα, (∂bχr) ∧ δα〉

≥ ‖χr∂bα‖
2
+ ‖χr∂bα‖

2
− 2{‖χr∂bα‖ + ‖χrδα‖} · ‖∂bχr‖L∞‖α‖

≥ ‖χr∂bα‖
2
+ ‖χr∂bα‖

2
−
√

2{‖∂bα‖ + ‖δα‖} ·
‖α‖

r
,
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hence, letting r →∞, we have

−λ‖α‖2 ≥ ‖∂bα‖
2
+ ‖δα‖2.

Since λ > 0 we deduce that α ≡ 0. 2

REMARK 2. Strichartz [29] proved the self-adjointness of the minimal Laplace–Beltrami
operator of a complete Riemannian manifold in a similar way.

The following is a consequence of Theorems 1 and 2:

COROLLARY 1. Assume that M has negligible boundary. Then, for any α ∈ D(�G
b ) ∩

L2(Aq) with 0 < q < n, there exists αl ∈ A
q

0 such that

(8) ‖∂b(α − αl)‖ + ‖δ(α − αl)‖ → 0 as l→∞.

Moreover, α is L2-harmonic if and only if α ∈ D(�G
b ) and �G

b α = 0.
If M is complete, then �G

b = �M
b and (8) becomes

(9) ‖α − αl‖ + ‖∂b(α − αl)‖ + ‖δ(α − αl)‖ + ‖�
G
b (α − αl)‖ → 0 as l→∞.

PROOF. For every α ∈ D(�G
b ) ∩ L

2(Aq), there exists αl ∈ A
q

0 that satisfies (8) by the
definition of D(�F

b ) and Theorem 1. If α is harmonic, then by the definition of �G
b , we

have α ∈ D(�G
b ) and �G

b α = 0. Conversely, if α ∈ D(�G
b ) and �G

b α = 0, then

‖∂bα‖
2
+ ‖δα‖2 = 〈�G

b α, α〉 = 0,

so α is harmonic.
Next, assume that M is complete. Since both �M

b and �G
b are self-adjoint and �M

b ⊂

�G
b , it follows that �M

b = �G
b . As �b with domain Aq0 is essentially self-adjoint, there

exists αl ∈ A
q

0 such that

(10) ‖α − αl‖ + ‖�b(α − αl)‖ → 0 as l→∞.

Since the right-hand side of

‖∂b(α − αl)‖ + ‖δ(α − αl)‖ = 〈�b(α − αl), α − αl〉 ≤ ‖�b(α − αl)‖ ‖α − αl‖

tends to 0 as l→∞, by (10) we have (9). 2

REMARK 3. The second part of the corollary was proved for complete Riemannian
manifolds by Andreotti and Vesentini [1].

4. VANISHING THEOREM AND SPECTRUM ESTIMATE

In this section, we establish a vanishing theorem and an estimate of the bottom of
the Kohn–Rossi laplacian’s spectrum of a CR manifold with negligible boundary. For
that purpose, we first study the Weitzenböck formulae for �b. Together with the self-
adjointness, which was obtained in the previous section, we show the vanishing theorem
and the spectrum estimate.
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Let us start from

DEFINITION 2. Define the connection laplacians ∇0,1∗
∇

0,1 and ∇1,0∗
∇

1,0 on A(M) by

∇
0,1∗
∇

0,1 : = −
∑
i

∇
2
ei ,ei

(= −
∑
i

{∇ei∇ei −∇∇ei ei
}),

∇
1,0∗
∇

1,0 : = −
∑
i

∇
2
ei ,ei

,

where ∇2 is the second invariant covariant, associated to the Tanaka–Webster connection.

PROPOSITION 5. Both connection laplacians are non-negative on A0(M).

PROOF. Since ∇gE = 0, for every x ∈ M we have

〈∇
0,1∗
∇

0,1α, β〉(x) =
∑
i

〈∇eiα,∇eiβ〉(x)

+

∑
i

{〈∇∇ei ei
α, β〉(x)− ei〈∇eiα, β〉(x)}.

By the standard divergence theorem, the integral of the second line vanishes, provided one
of the forms α, β has compact support. In the same way, one may show that ∇1,0∗

∇
1,0 is

non-negative on A0(M). 2

DEFINITION 3. The Ricci operator Ric : A(M)→ A(M) is defined by

Ric(α) =
∑
i,j

θ
i
∧ (ej cR(ej , ei)α),

where R is the curvature tensor associated to the Tanaka–Webster connection.

In order to use the Ricci identity, we need

LEMMA 10.

(11) Ric = −
∑
i

Ric(ei, ei).

PROOF. Note that
R(Z1, Z2)Z3 = R(Z1, Z3)Z2

for any Zi ∈ Γ (T 1,0(M)). Thus,

Ric(α)(Z1, . . . , Zq)

= −
1

(q − 1)!

∑
i,j,σ

sgn(σ )α(ei, Zσ(2), . . . , R(ej , Zσ(1))Zσ(i), . . . , Zσ(q))

−
1

(q − 1)!

∑
j,σ

sgn(σ )α(R(ej , ej )Zσ(1), . . . ),

where the second line vanishes, and the third line equals the right-hand side of (11) with
the variables (Z1, . . . , Zq). This proves the lemma. 2



VANISHING AND CONSERVATIVENESS OF FORMS 93

The following is the Weitzenböck formula:

THEOREM 3. We have

�b = ∇
0,1∗
∇

0,1
+ Ric− q

√
−1∇ξ(12)

= ∇
1,0∗
∇

1,0
+ (n− q)

√
−1∇ξ(13)

=
n− q

n
∇

0,1∗
∇

0,1
+
q

n
∇

1,0∗
∇

1,0
+
n− q

n
Ric(14)

on Aq(M) for 0 ≤ q ≤ n.

PROOF. Let α ∈ Aq(M). Fix x ∈ M and assume that ∇ei(x) = 0 for 1 ≤ i ≤ n. By
applying Proposition 2 and the Leibniz rule for the contraction operator, a direct calculation
yields

�bα = (∂bδ + δ∂b)α =
∑
i

θ
i
∧ (∇ei (δα))−

∑
j

ej c(∇ej (∂bα))

= −

∑
i,j

θ
i
∧ (ej c∇ei∇ejα)−

∑
i,j

ej c(θ
i
∧ ∇ej∇eiα)

= −

∑
i,j

θ
i
∧ (ej c∇ei∇ejα)−

∑
i

∇
2
ei ,ei

α +
∑
i,j

θ
i
∧ (ej c∇ej∇eiα)

= ∇
0,1∗
∇

0,1α +
∑
i,j

θ
i
∧ (ej c(R(ej , ei)−∇T (ej ,ei ))α)

= ∇
0,1∗
∇

0,1α +
∑
i,j

θ
i
∧ (ej c(R(ej , ei)α)− q

√
−1∇ξα;

in the last passage we have used the fact that T (ei, ej ) = δij
√
−1ξ . Therefore, by the Ricci

identity,

(15) �b = ∇
1,0∗
∇

1,0
+ (n− q)

√
−1∇ξ on Aq(M).

Combining (12) and (15) completes the proof of Theorem 3. 2

A consequence is the following vanishing theorem for compact CR manifolds:

COROLLARY 2 (Tanaka’s vanishing theorem [31]). If Ric is non-negative on Aq(M),
then every harmonic q-form with compact support is parallel for the Tanaka–Webster
connection.

PROOF. Assume that Ric is non-negative onAq(M). By Proposition 5 and Theorem 3, for
α ∈ Hq ∩ A0(M) we have

∇Zα = ∇Zα = ∇ξα = 0 for every Z ∈ Γ (T 1,0(M)).

Since T (M) = Re{T 1,0(M)⊕ T 0,1(M)} ⊕ Rξ , it follows that ∇α = 0. 2
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REMARK 4. Tanaka [31] obtained Theorem 3 and Corollary 2 in terms of the operator
R∗ : Aq(M)→ Aq(M):

(R∗α)(Z1, . . . , Zq) =
∑
i

α(Z1, . . . , R∗Zi, . . . , Zq),

where R∗X = −
√
−1

∑
i R(ei, ei)JX.

We extend Corollary 2 to

THEOREM 4. LetM be a CR manifold with negligible boundary. Assume that 0 < q < n.
If Ric is non-negative on Aq(M), then every L2-harmonic q-form α is parallel for the
Tanaka–Webster connection, the norm |α| is constant, and the bottom of the spectrum λ

q

min
in L2(Aq) is estimated as

λ
q

min ≥
n− q

n
inf{〈Ric(α), α〉 : α ∈ Aq0(M) and ‖α‖ = 1}.

Additionally, if Ric is positive, or M has infinite volume, then the L2-reduced cohomology
of degree q is trivial.

PROOF. Let α be an L2-harmonic q-form. By Corollary 1, there exists a sequence
αl ∈ A

q

0(M) which converges to α as l → ∞ in the Dirichlet norm. By the Weitzenböck
formula, for every αl we have

n〈�bαl, αl〉 = (n− q)〈∇
0,1∗
∇

0,1αl, αl〉 + q〈∇
1,0∗
∇

1,0αl, αl〉 + (n− q)〈Ric(αl), αl〉.

Because the left-hand side tends to 0 as l → ∞ and Ric is non-negative, the first and
second terms of the right-hand side tend to 0 as l → ∞, since they are non-negative by
Proposition 5. Therefore,

∇α = lim
l→∞
∇αl = 0 on T 1,0(M)⊕ T 0,1(M),

which implies also ∇α = 0. Because ∇ is a metric connection,

(16) ∇|α|2 = 0.

Moreover, since E satisfies the Hörmander condition, ξ |α|2 = 0, and hence, together with
(16), we deduce that |α| ≡ const.

In addition, if M has infinite volume, then |α| must be 0 because α ∈ L2(Aq). On the
other hand, Ric(α) = 0 by (14), and thus, if Ric is positive, then α ≡ 0.

The spectrum estimate is almost evident. Indeed, by Corollary 1 and the fact that Ric
is symmetric,

λ
q

min = inf{〈�bα, α〉 : α ∈ D(�G
b ) such that ‖α‖ = 1}.

This implies the desired estimate. 2
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REMARK 5. If M is complete, then the fact that |α| is constant could be proved in the
following way. Since

∆E |α|2 = −2 Re
∑
i

eiei |α|
2

= −2 Re
∑
i

{〈∇ei∇eiα, α〉 + |∇eiα|
2
+ |∇eiα|

2
+ 〈α,∇ei∇eiα〉} = 0,

and ∆E |α|2 = 2{|∇E |α| |2 + |α|∆E |α|}, |α| is subharmonic. As ∆E is hypoelliptic, we
may apply the argument in the proof of Theorem 2 to deduce that

0 ≥ 〈∆E |α|, χ2
r |α|〉 = 〈∇

E
|α|,∇E(χ2

r |α|)〉 = 2〈∇E |α|, χr |α|∇Eχr 〉 + ‖χr∇E |α| ‖2,

where the first term on the right-hand side tends to 0 as r → ∞. Hence, ∇E |α| = 0. The
latter part is the Liouville property for a sub-Riemannian manifold.

The proof of the Liouville property of a sublaplacian is essentially due to Yau [34],
who proved it for the Laplace–Beltrami operator on a complete Riemannian manifold. By
combining the Liouville property and the Weitzenböck formula, he obtained the vanishing
theorem for a complete Riemannian manifold. We first tried to follow his method, however,
if we apply our Weitzenböck formula to ∆E |α|2, then an extra term

〈(n− 2q)
√
−1∇ξα, α〉

appears, which prevents us from deducing that ∆E |α|2 = 0 even if Ric ≥ 0. This is the
reason why we previously proved ∇α = 0.

5. CONSERVATIVE PRINCIPLE FOR DIFFERERNTIAL FORMS

In this section, we will establish the conservative principle for differential forms, namely

THEOREM 5. Assume that M has negligible boundary and satisfies the volume growth
condition: e−ar ∈ L1 for every a > 0. Then for any bounded harmonic form α, there exist
αε ∈ D(∂b) ∩D(δ) such that ‖αε‖∞ ≤ ‖α‖ for every ε > 0, αε → α as ε → 0, and

(17) lim
ε→0

Ttαε = α weakly for every t > 0.

The following is the key estimate, which was proved for a complete Riemannian
manifold by Vesentini [32].

LEMMA 11. For a CR manifold with negligible boundary, and every 0 ≤ b ≤ 2
√

2,

(18) ‖ebr/2ψ‖ ≤ eb
√

2t
‖ebr/2ψ0‖ for every ψ0 ∈ A

q

0 and t ≥ 0,

where ψ = e−t�
G
b ψ0.

PROOF. Let us first show

(19) −〈∂bψ, ∂b(e
brψ)〉 ≤

b

2
√

2
‖ebr/2ψ‖2.
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By Lemma 2,

−〈∂bψ, ∂b(e
brψ)〉 ≤ |〈∂bψ, ∂be

br
∧ ψ)〉| − 〈∂bψ, e

br∂bψ〉

≤
b

2
√

2
(‖ebr/2∂bψ‖

2
+ ‖ebr/2ψ‖2)− | |ebr/2∂bψ‖

2

≤

(
b

2
√

2
− 1

)
‖ebr/2∂bψ‖

2
+

b

2
√

2
‖ebr/2ψ‖2 ≤

b

2
√

2
‖ebr/2ψ‖2,

provided 0 ≤ b ≤ 2
√

2.
Next, we show

(20) −〈δψ, δ(ebrψ)〉 ≤
b

2
√

2
‖ebr/2ψ‖2.

By Lemma 9 and the assumption 0 ≤ b ≤ 2
√

2,

−〈δψ, δ(ebrψ)〉 = − ‖ebr/2δψ‖2 + 〈ψ, ∂be
br
∧ δψ〉

≤ − ‖ebr/2δψ‖2 +
b
√

2

∫
|ebr/2ψ ||ebr/2δψ |

≤ − ‖ebr/2δψ‖2 +
b

2
√

2
(‖ebr/2ψ‖2 + ‖ebr/2δψ‖2)

=

(
b

2
√

2
− 1

)
‖ebr/2δψ‖2 +

b

2
√

2
‖ebr/2ψ‖2 ≤

b

2
√

2
‖ebr/2ψ‖2.

Since M has negligible boundary, (19) and (20) yield

(21)
∂

∂t

1
2
‖ebr/2ψ‖2 = 〈ψ̇, ebrψ〉 = −〈�G

b ψ, e
brψ〉 ≤

b
√

2
‖ebr/2ψ‖2.

Thus, we have
‖ebr/2ψ‖ ≤ eb

√
2t
‖ebr/2ψ0‖. 2

Now, set
αε = e

−εrα for ε > 0.

In order to prove Theorem 5, we need

LEMMA 12. Assume that e−ar is integrable for every a > 0. Then αε ∈ D(∂b) ∩ D(δ)
for every bounded harmonic form α and ε > 0.

PROOF. By Definition 1, we only need to prove that both ∂bαε and δαε are square-
integrable. However, this can be seen from

|∂bαε | = |ae
−εr(∂br) ∧ α| ≤ ε

√
q + 1

2
e−εr‖α‖∞ ∈ L

2,(22)

|(δαε)Iq−1 | ≤
ε
√

2
e−εr‖α‖∞ ∈ L

2. 2(23)
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PROOF OF THEOREM 5. By Lemma 12 and Theorem 1,

(24) −
∂

∂t
〈ψ, αε〉 = 〈∂bψ, ∂bαε〉 + 〈δψ, δαε〉.

Integrating both sides of (24) from 0 to T yields

(25) −〈ψ, αε〉|
T
0 =

∫ T

0
[〈∂bψ, ∂bαε〉 + 〈δψ, δαε〉] dt.

We would like to show that the right-hand side of (25) tends to 0 as ε → 0, because this
together with the facts that e−εr converges to 1 as ε → 0 and that Tt is symmetric on
L2(A) will imply (17). As Tt commutes with ∂b, by applying (22) and (18), we obtain∣∣∣∣∫ T

0
〈∂bψ, ∂bαε〉 dt

∣∣∣∣ ≤ ‖e−r/2∂bαε‖ ∫ T

0
‖er/2Tt (∂bψ0)‖ dt

≤
ε
√

2
‖e−(1/2+ε)r‖ · ‖α‖∞

∫ T

0
‖er/2Tt (∂bψ0)‖ dt

≤
ε
√

2
‖e−(1/2+ε)r‖ · ‖α‖∞

√
T

∫ T

0
‖er/2Tt (∂bψ0)‖2 dt

≤
ε
√

2
‖e−(1/2+ε)r‖ · ‖α‖∞

√
T

∫ T

0
e
√

2t‖er/2∂bψ0‖2 dt,

where the last line tends to 0 as ε → 0 because ψ0 has compact support.
In the same way, by noting that δ commutes with Tt , it can be proved that

lim
ε→0

∫ T

0
〈δψ, δαε〉 dt = 0.

Now we have completed the proof of Theorem 5. 2

REMARK 6. Let α be a bounded harmonic form. Vesentini [32] proved that a complete
Riemannian manifold with volume growth condition (1) satisfies

(26) 〈Ttψ, α〉 = 〈ψ, α〉 for every ψ ∈ Aq0 and t > 0,

where Tt = e−t∆. In order to make sense of the left-hand side of (26), Ttψ should be
integrable, which is not clear on a CR manifold. This leads us to consider an additional
condition (C): For an arbitrary bounded harmonic form α, there exist αε ∈ D(∂b) ∩D(δ)
such that ‖αε‖∞ ≤ ‖α‖∞ for every ε > 0, αε → α as ε → 0, and

(27) lim
ε→0
〈ψ, Ttαε〉 = 〈ψ, α〉 for every ψ ∈ Aq0 and t > 0.

Let us point out that (C) holds true if α is in L2(Aq), for example, if M has finite volume.
The conditions (26) and (C) relate as follows:
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PROPOSITION 6. LetM be either a CR or Riemannian manifold. If TtA
q

0 ⊂ L
1(Aq), then

(C) implies (26). Additionally, ifM has almost polar Cauchy boundary, then (26) and (C)
are equivalent.

PROOF. Assume that TtA
q

0 ∈ L1(A) and (C) holds on M . Since Tt is symmetric on
L2(A),

〈Ttψ, α〉 = lim
ε→0
〈Ttψ, αε〉 = lim

ε→0
〈ψ, Ttαε〉 = 〈ψ, α〉,

which is (26).
Conversely, assume that (26) holds and ∂CM is almost polar. Let χr be the cut-off

function considered in Lemma 7 of Section 3. Since ∂CM is almost polar, there exists
an open set O ⊂ M which contains ∂CM and has finite capacity. Let B ⊂ M be an
arbitrary bounded set. Since B = (B ∩O)∪ (B ∩Oc), B has finite volume. Therefore, by
Lemma 8, χrα ∈ D(d) ∩D(δ) for every r > 0. Due to the property of χr , (C) holds with
αε = χ1/εα. 2

REMARK 7. Let us recall a result of Grigor’yan [12]: A complete Riemannian manifold
is conservative if

(28)
∫
∞ r dr

log vol(B(r))
= ∞.

This was generalized to incomplete Riemannian manifolds in [21], and in essentially the
same way, it can also be generalized to incomplete CR manifolds. It would be interesting to
know if (1) could be replaced by (28). Indeed, on a complete Riemannian manifold which
satisfies (28) we have the uniqueness of bounded solutions α to the Cauchy problem for
the heat equation [23]. Recall that this is equivalent to the conservativeness when p = 0.

6. EXAMPLES

In this section we introduce some examples of CR manifolds with negligible boundary.
We say that M is Riemannian complete if it is complete with respect to the Riemannian
metric g = gE + θ ⊗ θ . Since the corresponding Riemannian distance is not greater than
the intrinsic distance and they generate the same topology on M , we have

LEMMA 13. If M is Riemannian complete, then it is complete.

Therefore, by combining Lemmae 13 and 5, if M is Riemannian complete, it has
negligible boundary. All of the following examples are Riemannian complete (see [15]
for details).

EXAMPLE 1 (Heisenberg group). The Heisenberg groupH2n+1 is the space R×Cn with
contact form

θ = dt + 2
∑

(xidyi − yidxi),

where t ∈ R and xi +
√
−1yi ∈ C for 1 ≤ i ≤ n.
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EXAMPLE 2 (Sasakian space forms). There are exactly three Riemannian complete con-
nected Sasakian space forms: S2n+1, R2n+1, and Ω × R, where Ω ⊂ C is a simply
connected bounded domain with the canonical Kähler form dω. The last two spaces are
obviously non-compact, and carry the contact forms dt−

∑
yidxi and ω+dt , respectively.

EXAMPLE 3 (Spherical orbits). LetM be an n-dimensional non-homogeneous hyperbolic
manifold with automorphism group of dimension n2. The orbit O(x), x ∈ M , is called
spherical if each point of O(x) has a neighborhood which is CR-equivalent to an open
set of S2n−1. A spherical orbit is CR-equivalent to one of the following hypersurfaces (see
e.g. [14]):

(1) a lens space S2n−1/Zm,
(2) σ = {(w, z) ∈ Cn−1

× C : Re z = ‖w‖2};
(3) σ ′ = {(w, z) ∈ Cn−1

× C : |z| = exp(‖w‖2)};
(4) ω = {(w, z) ∈ Cn−1

× C : ‖w‖2 + exp(Re z) = 1};
(5) ωα = {(w, z) ∈ Cn−1

× C : ‖w‖2 + |z|α = 1, z 6= 0} for some α > 0.

Then σ and σ ′ are non-compact and Riemannian complete [15].

7. APPENDIX

On a compact CR manifold, the Hodge decomposition holds for A(M) [18], [6]. In this
section, we study its generalization to CR manifolds with negligible boundary.

THEOREM 6. For a CR manifold with negligible boundary,

L2(Aq) = Hq ⊕ range(∂
q−1
b )

L2

⊕ range(δq+1)
L2

for 0 < q < n,

where the domains of ∂b and δ are as in Definition 1.

PROOF. Since M has negligible boundary, α is an L2-harmonic q-form if and only if

α ∈ D(�G
b ) and �G

b α = 0.

Thus, by a standard argument in Hilbert space theory,

L2(Aq) = Hq ⊕ range(�G
b )
L2

∩ L2(Aq) ⊂ Hq ⊕ range(∂b)
L2

⊕ range(δ)
L2
∩ L2(Aq).

Hence, we only need to show thatHq is perpendicular to both range(∂b)
L2

and range(δ)
L2
.

For ω ∈ range(∂b)
L2

, let γl ∈ D(∂b) be such that ωl := ∂bγl → ω as l→∞ in L2. Since

〈α, ωl〉 = 〈δα, γl〉 = 0 for every l > 0 and α ∈ Hq ,

by letting l → ∞, we have 〈α, ω〉 = 0. The same holds true if we change δ to ∂b,
completing the proof. 2
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The following is a consequence:

COROLLARY 3. For a CR manifold with negligible boundary,

Hq ' ker(∂
q

b)/range(∂
q−1
b )

L2

for 0 < q < n.

PROOF. By Corollary 1,

H⊕ range(∂b)
L2

⊂ ker(∂b).

In view of Theorem 6, in order to complete the proof, we only need to show that ker(∂b)

is perpendicular to range(δ)
L2

. This could be done in the same way as in the proof of
Theorem 6. 2

REMARK 8. If Ric is positive, then

range(∂b) = range(∂b)
L2

and range(δ) = range(δ)
L2
.
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