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ABSTRACT. — We discuss uniqueness and nondegeneracy of extremals for some weighted Sobolev
inequalities and give some applications to Grushin and scalar curvature type equations. The main
theme is hyperbolic symmetry.
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1. INTRODUCTION

In this note we announce some results (see [3] and [11]] for details) concerning positive
extremals for optimal Hardy—Sobolev—Maz’ya inequalities (see [[12])

|u|p 1/p 5 u2 1/2
(1.1) ,/S#(/ —tdydz> < (/ |:|Vu| — —2} dydz) ,
RExRE Y] RK xRh [yl

where (y, z) € REX R k,h e NN = k + h, p>2and p < 2N/(N —2)if
N > 3,1t = N — (N —2)p/2. Inequality holds for all u < ((k —2)/2)? and
u e Cgo((]Rk \ {0}) x R™). If k = 1, we mean R instead of R.

Existence of minimizers for has been established in [2] in the special case
=0, k > 2 and subsequently in [14] and [[15]] in other cases.

In case k > 2 and u = 0, cylindrical symmetry, regularity and decay
properties of (positive) extremals have been established in [5]. Actually, in case
p = 2(N —1)/(N — 2) extremals have been completely identified therein: they are
given, up to dilation and translation in z, by

(N —=2)(k —1) ]“HW

1.2 | =7 7
(-2 ven o [(1+|y|)2+|z|2

Cylindrical symmetry has been established in case 0 < u < ((k — 2)/ 2)2 in [8].
We address here uniqueness and nondegeneracy of positive extremals. We work
out this problem by studying the Euler—Lagrange equation for (L.T):

u lu|P~2u

(1.3) —Au=p—s +
|yI? Iyl

inRY  (inRt xR"ifk = 1).
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The starting point, to be discussed in Section 2, where a symmetry result is also
presented, is the connection we discovered between (1.3) and the following equation
on H", the n = h + 1-dimensional hyperbolic space:

(1.4) Ay 4+ Av + 0P =0,

where Apn is the Laplace—Beltrami operator in H". In Sections 3-4, we present
uniqueness results for (I.4), which apply to and to critical Grushin equations
as well and then we prove nondegeneracy in some cases.

In Section 4 we apply these results to scalar curvature type equations.

2. HYPERBOLIC SYMMETRY

We deal with symmetric entire solutions of , i.e. solutions u € D,, the closure,
with respect to the norm given by the rh.s. in (I.I), of the space of cylindrically
symmetric Cgo((]Rk \ {0}) x R") functions. Actually, D,, is the class where solutions
of have been found (see [14]], [8]], [13]], [T11]).
If u < ((k —2)/2)* and k # 2 then D, = D'(R"). However, D _,) 22 is larger
than D'(RM). In fact, u € D4 _3) /202 i fpi, i [YIZFIVIYI®2 202 dy dz < +o0.
So, let u € Dy, be a positive solution of (1.3). Set

u=u(yl,2), Hw(, 2 =rN22u@ ).
The crucial observation is the following. Let n := & + 1. Then Hu solves
2.1 —Amnv = —(r2Av —(m=2rv)=rv+v”" inRt x R”,

where A = u + ((n — D2 = (k—2)? /4 and Apge denotes the Laplace—Beltrami
operator on (the half-space model for) H". In addition, the map H is energy preserving,
in the sense we are going to specify. First, recall that in the half-space model for H"
the Sobolev norm of v € H'(H") is

drdz
vl :=/H [ Vi v[* + v*1d Ve =/R+ Rh[r2|Vv|2+v21 prEn
n X

Now, given v € CJ°(R* x R"), let
() (v, 2) i= IyI" V" 220(lyl,2),  ye R, zeR™L

Then

(2.2) a)k/ [|Virmv|* — Av?] d Vi =/
H” R

k <R
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where A = pu + ((n — 1)? — (k — 2)2)/4. From 1) and li we get the (sharp)
Poincaré and Sobolev inequalities

— 12
(2.3) / | Vi v|? d Vi > %/ v dVin Vv e H'(HY),

5 2/p (n _ 1)2
(24) Sn,p(/ v? dVHn) < / |:|VHnU|2 — Tvz] dVHn,
Hf’l n

where, in Z4),2 < p <2n/(n —2)ifn >3 and p > 2ifn = 2.

In particular, (fg.[|Vunv]? — Av*1dVer)!'/? is a norm on C{P(H") if A <
(n—1)2 /4. We let 'H; be the closure of Cgo (H"™) with respect to this norm. From
(2.2) we see that T extends to an isometry between H; and D,,.

THEOREM 2.1. Letp >2ifn=2,and2 < p <2n/(n —2) ifn > 3. Let v € 'H,
be a positive solution of 2.1)). Then v has hyperbolic symmetry, i.e., for some xo € H,
v(x) depends only on the distance between xo and x in H".

The proof of Theorem [2.1] is based on a hyperbolic version of the moving plane
method (cf. [1]]) in connection with (Z.4).

3. HYPERBOLIC SYMMETRY AND UNIQUENESS

THEOREM 3.1. Let A < 2p/(p+2)?ifn =2, and » < (n — 1)?/4 ifn > 3. Then
2:1) has at most one positive solution in H,.

COROLLARY 3.2. Positive symmetric extremals of (I.1) are unique if p <
(k — 2)2/4 andh > 2,k > 1. If h = 1, we have to assume pu < (k — 2)2/4— %(i—;g)z.

To prove Theorem [3.1] we can assume, by Theorem 2.T] and in the ball model for
H", that v € 'H,, is a positive radial solution in {§ € R" : |§] < 1} of

—_1£1272 _1e12
(3.1) [1 |§|]Av—|—(n—2)[1 5] }(Vv,é)—l—)»v—l—vplzo.

2 2
In hyperbolic polar coordinates ¢t = log ij—gi, w(t) := v(tanh %), (-1 reads
(3.2) w” + (n — D(cothH)w’ + rAw +wP~1 =0, w'(0)=0.

By means of an auxiliary energy, inspired by Kwong’s work (see [9]), and Sturm
comparison arguments we first prove

PROPOSITION 3.3. Let A < (n — 1)2/4 and p < 2%ifn > 3. If n = 2 assume
L < 2p/(p + 2)2. Then the Dirichlet problem

¥+ (n— )(coth)y' + Ay + P~ =0,

(3.3) /
Y0 =0, Y(T)=0, %) >0 Viel0,T),

has at most one solution, and no solution ifn > 3, p =2*, A =n(n — 2) /4.
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The next step is to establish precise asymptotic decay.

LEMMA 3.4. Letn>2,p>2, A < (n— 1)2/4. Let v € H; be a positive radial
solution of (3.1)) and w(t) := v(tanh §). Then

1 2 1 2
im 2% = gim 22— [~ 14V — D2 — 4A].

t——4o0 t t——+0o0 t

Using Proposition |3.3|and Lemma [3.4| we can prove Theorem [3.1
We now derive from Theorem [3.1) uniqueness of cylindrically symmetric positive
extremals of the weighted Sobolev inequality (see [[13])

G4l = /R AVl o+ D2y P Vo) dy dz

> S(/ u?2/972 dy dz
RN

where N ;= k+h, k,h > 1, (y,z) € R x R", & > 0, Q :=k+ h(l 4+ «a). The
associated Euler-Lagrange equation is the critical Grushin-type equation

(0-2)/0
) Vu € CRY),

(3.5) —Ayu — (@ + D2y A = |u|* @Dy, ueD*RY),

where D*(RN) is the closure of cye (RN) with respect to ||u||, (see [13] and [7])). A
cylindrically symmetric positive solution u of (3.5) gives, via the change of variables

v(r, 7)== (o + 1)—(Q—2)/2r(Q—Z)/2(1+Ot)u(r1/(1+Ot)’ 2),

a solution of

2
Ao — 2o (F22) L 2 e,
4 a+1

In addition, a direct computation gives for every u € Cgo((Rk \ {0 x R"), u =
u(lyl,z) andn =h + 1,

h? —o- (k — 2)? u?
wk(a+1)/ [Wﬂnmz——vz]de = (a+1)7© 2>[||u||3— / —2}
H" 4 4 Jrv |yl

This gives a Hardy inequality (see also [4]]), which in turn implies, when k > 3, that
v e HYMH") iff ||lullq < 0o ( can be similarly derived from ).

So, as another application of Theorem [3.1] we get the following improvement (in
case k > 2) of a uniqueness result in [13]:

PROPOSITION 3.5. Letk #2and h > 1, ork = 2 and h > 2. Then there is at most
one cylindrically symmetric positive entire solution of (3.5).
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4. HYPERBOLIC SYMMETRY AND NONDEGENERACY

We now show how to prove nondegeneracy of positive solutions for

WN/(N=2) .
y

Positive solutions of lb are given by Uy (v, z) 1= )L(Nfz)/zU()»y, Az4+C), A >0,
¢ € R", U as in (I.2). Taking derivatives in A and ¢, we see that

1=y = |z]?
4.2 Yy = and Y; =
2 T A+ D2 F 2PN /

g
[(1+ [y + z21V/?

for j = 1,..., h are solutions for the linearization of (#.I)) at U:
Nk —1
(4.3) —uwz——ij—L3, v € D'(RM).
(T+1[yD=+ |zl

Nondegeneracy is the content of the following:

THEOREM 4.1. Let ¥ be a solution of (&.3) and ¥; be as in @.2)). Then
h
Hco,...,ChGRZ qf:ZleI/j.
=0

Qualitative properties of solutions of (4.3)) are first required.

PROPOSITION 4.2. Let W be a solution of @3)). Then ¥ is smooth in {y # 0} and
Holder continuous up to {y = 0}. Furthermore,

Q) ¥ @) <c/(+ |x|VN72) for some ¢ > 0,
(1) Y is radially symmetric in y.

Thanks to (ii), we can rewrite (4.3)) as an equation for the hyperbolic laplacian
on the ball model. Let M denote the Mobius map (the standard hyperbolic isometry
between the half-space and the ball model)

M(r y_(l—ﬂ—RV 2z )
N2+ 1 A+ 2+ 122)
Then & () := (H¥)(ME), & € R, || < 1, isin H'(H") and solves
_ [1 - |a5|2]2 [1 - |s|2]
(4.4) A ® = — 5 AD — (n—2) 3 (Vo, §)
2 _7\2 _
k2, NE Da—@ﬁa

4 4
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In particular, (4.4) has the solutions

1 — |%-|2 (N=2)/2
@j(S):( 1 ) &, j=0,...,h

Now the proof of Theorem {.1|ends in two steps. If @ solves (4.3)), then

STEP 1. Hcg, ..., cn € Rsuchthat @ := @ — 27:0 ¢jP; is radial.
STEP 2. (#3) has no nontrivial radial solution in H ' (H").

We sketch the proof of Step 2. Let z(p) := @"(/p)(*52)~" V=272 for p € (0, 1).
Proposition [.2{ii) implies z is bounded in (0, 1), while, easily,

h+1 (h+2k—3 k—1
(4.5) p(l—p)z“r[ —( +1>p}z’+ 5—2=0

2 2

in (0, 1). Now, @.5) is Gauss’s hypergeometric equation. Its solutions are given
explicitly by hypergeometric functions and one can deduce that z # O implies z
unbounded on (0, 1). Thus z = 0.

5. SCALAR CURVATURE TYPE EQUATIONS

The Webster scalar curvature problem on the unit sphere in C", a CR analogue of the
Nirenberg problem, is to find positive solutions of

(5.1) —Agnu(g) = REu() 922 in gn,

where Q := 2n+2, H" = R?" xR is the Heisenberg group and A g is the Heisenberg
sublaplacian.

In case R(€) = 1+ sK(§), has been studied in [10], and in case R(§) =
R(Z|,1), &€ = (Z,1) € R x R, it has been studied in [6]. In this regard, we recall
(see [13]) that the Heisenberg sublaplacian acts on cylindrically symmetric functions
as the Grushin operator:

if w(Z,t)=u(Z|,t) then Agru= Azu+4|Z%uy,

where Ay is the laplacian in R?*. More general critical Grushin equations appear in
[[7], related to the Yamabe problem in groups of Heisenberg type:

5.2) —Ayu — 4|)’|2Az” — ,(@+2/(2-2)
for (y,z) € R* x R" and i > 1. Here Q = 2n + 2h. So, 1| belongs to the class
(5.3) —Ayu —4y2Au = K (y, 2)u@P/(©C-2),

Under symmetry assumptions, (3.3) is related to equation (4.1, in the following sense.
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Let N =n 4+ 1 + h and consider the equation

N/(N-2)
(5.4) —Au =¢(%Z)T, (v, 2) ER”+1 XRh.

LEMMA 5.1. Let K(y,z) = K(|yl|, 2). Set ¢ (y, 1) := lK(«/Iyl, 7) and assume u =
u(lyl, z) solves (5.4). Then v(y, t) := u(|y|?, t) solves (5.3).

On the base of Sections 3—4, several results can be proved for @]) We present
some of them, somehow global in nature, applied to (3.1).

THEOREM 5.1. Let R = R(|Z|, t), with R = R(c0) = 1 on {Z = 0}. Suppose that
either inf R(£) > 2727V or R(Z,t) = 1 + p(Z, t) where p € C. (H" \ {Z = 0}).
Then (5.1)) has a solution.

We solve (5.4) by global variational methods. For u € D'(RN), let

1 N =2 |M|2(N_1)/(N_2)
(5.5) T) = —/ IVul? dx — —/ b x
2 Jrw 2(N —=1) Jrn |yl

A blow-up analysis can be carried out for Palais—Smale sequences of J. Thanks to
the uniqueness result for (4.I)), precise information on how blow-up can occur can be
obtained assuming ¢ (0, z) = ¢(oc0) = 1. Denoting by S = S? the best constant in
(1.1) with u = 0 and t = 1, we can prove in this case

LEMMA 5.2. Either J has a positive critical point, or Palais—Smale sequences at
levels B € (SN=1/2(N — 1), SN~ /(N — 1)) cannot blow up.

The nature of blow-up implies low sublevels are disconnected and this leads to a
min-max level 8 > SN¥=1/2(N — 1) while the assumptions in Theorems allow
proving that 8 < S¥=1/(N — 1), a rather surprising result under the second one.

Finally, nondegeneracy of the critical points of J established in Section 4 allows
one to perform a finite-dimensional reduction, in the spirit of [[10]. Let

N=>4, ¢=1+ep, Y@ =007z, zecR
X

(%)
the limits 1im ¢ —— ) and Tim V,¢[ —— ) # 0 exist.
x—0 |)C|2

x—0 |)C|2

THEOREM 5.2. Assume (). Let W (z) have a finite number of nondegenerate critical
points i, j =1,...,m, of index mj = m(y; {;) such that

A¥(g) = (k— DAy(0,¢) + Qk +h —3)A,0(0,¢) #0  Vj.
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Then (5.4) has a solution for |&| small provided

=DM AL

{j: 4%(5j)>0}
As for (5.1), let I = K(|Z], 1) be smooth, such that lim 7 2, o, K exists and

K

—0,)=0 Vi=1,....,4, 3c#0: 2K(0,1) —> c.

art [t]— o0
COROLLARY 5.3. Let R := 1+ ¢k, K as above and such that K(0, t) has only a
finite number of, nondegenerate, critical points. Then (5.1)) has a solution for & small,
provided K(0, t) has at least two minima.
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