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Partial differential equations. — Positive solutions of the Robin problem for semi-

linear elliptic equations on annuli, by YU-XIA FU and QIU-YI DAI, communicated
on 14 March 2008.

ABSTRACT. — Letn > 3 and 25 = {x € R"; R < |x| < 1}. We consider the following Robin
problem:

—Au = f(u), x € S2g,

u >0, x € 2R,

ou

v
where f is a positive parameter and v is the unit outward vector normal to d$2g.

Under the assumptions (F1)—(F5) in the introduction, we prove that the above problem has at

most one solution when B is small enough. In addition to (F1)—(F5), if (A1) in the introduction is
satisfied, then the above problem has at least k nonradial solutions when 8 is large enough.

+Bu=0, xedp,
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1. INTRODUCTION

Letn > 3and 2 = 2r = {x € R*; R < |x| < 1}. We consider the following
problem:

—Au = f(u), x € Qg,
(1.1 u >0, x € 2R,

ou

4+ Bu =0, x €082,
av

where B is a nonnegative parameter, v is the unit outward vector normal to d£2g, and
f € C'(R) is a nonnegative function.

The investigation of the structure of solution sets is one of the main topics in the
study of elliptic partial differential equations. For problems like (1.1), there is vast
literature on two special cases: § = 0 and § = oo.

When B = 0, problem (1.1) is called the Neumann problem. Under our
assumptions, it is trivial, since by integration by parts, we can easily prove that (1.1)
has no solution when g = 0.

When § = oo, problem (1.1) is called the Dirichlet problem. There are many
interesting results on the Dirichlet problem (1.1), especially for the case of f(u) = u?
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and 1 < p < (n+2)/(n —2). For example, the compactness of the solution set
was obtained in [6]. Uniqueness and nonuniqueness of radial solutions were discussed
in [12, [13]. The existence of nonradial solutions was proven in [4]. Later on, a
multiplicity result for nonradial solutions for the inner radius R very close to 1 was
given in [10} [11] (to mention but a few results). For more results on the Dirichlet
problem (1.1) on general domains, we refer to [2,[13L[14,/19] and the references therein.

In the present note, we focus on the case § € (0, 0o). In this case, (1.1) is called
the Robin problem. Compared with the Dirichlet and Neumann problems, there are
few results on the Robin problem (see, however, [8| [15]). The reason seems to be
the general belief that results for the Robin problem should be similar to those for
the Dirichlet problem and the methods used may be similar. However, recent research
implies that this is not the case even for f(u) = Au. When f(u) = Au, it is well
known that problem (1.1) has a positive solution only for A = A(£2), where A{(£2)
is the first eigenvalue of the Laplacian with the corresponding boundary condition. In
the Dirichlet case, we know that A;(£2) is monotone with respect to the domain §2,
ie. A1(821) = A1(827) for 21 C $2,. However, this is false for the Robin problem.
A Faber—Krahn type inequality is valid for both the first eigenvalue of the Dirichlet
problem and of the Robin problem (see [[7]), but the proofs are very different: the Robin
case is more difficult, since the usual symmetrization method ceases to be applicable
(see [13 15, [7]]).

This note will give a new example which shows that the Robin problem is
essentially different from the Dirichlet problem. For this purpose, we assume that

(F1) f(s) >0fors > 0,

(F2) sf'(s) > (1+o0o)f(s)forsome 1l <o <4/(n—2),
(F3) limg—00 f(8)/s?P =C >0, 1 <p<m+2)/(n—2),
(F4) f(s)/s is monotone on (0, 00),

(F5) lims_o f'(s) = 0.

A typical example of f(s) which satisfies (F1)-(F5) is f(s) = s” with 1 < p <
(n+2)/(n — 2). For a fixed integer k > 1, we denote by L the least common multiple

of 1, ..., k, and by w, the area of the unit sphere in R". Let
Cn) = ni n and D(n, L) = LiL+tn-2) )
n+2 wy, oC(n)
Then our assumption on the inner radius R of the annulus §2p is
D(n, L) \'"
(Al) R | ——— .
14+ D(n, L)

By calculus of variation methods, one can easily prove that problem (1.1) has at
least one solution under the assumptions (F1)—(F5). So we will ignore the question of
pure existence for problem (1.1), and will be concerned with the uniqueness, symmetry
and symmetry breaking of solutions. Our main results can be stated as follows.

THEOREM 1. If (F1)—(F5) are satisfied, then there exists a positive number B, such
that problem (1.1) has at most one solution for any € (0, By).
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REMARK 2. By the symmetry of the operator and the domain, we conclude from
Theorem 1 that the solution of problem (1.1) is unique and radially symmetric when
B € (0, Bx). This contrasts with the Dirichlet case, where many nonradial solutions
can be obtained provided that (A1) is satisfied (see [10]).

THEOREM 3. If(F1)—(F5) and (A1) are satisfied, then there exists a positive number
B* such that problem (1.1) has at least k nonradial positive solutions for any B €
(B, +00).

REMARK 4. Theorem 3 implies that the symmetry and uniqueness results for solutions
of problem (1.1) fail to hold when g is large enough.

The paper is organized as follows. In Section 2, we study the uniqueness of
solutions of problem (1.1). Section 3 is devoted to looking for nonradial solutions.

2. THE PROOF OF THEOREM 1

To prove Theorem 1, we need the following lemmas.
LEMMA 2.1. Ifu is a nonnegative solution of the equation
—Au=uf, xeR"
withl < p<m+2)/(n—2), thenu = 0.
Lemma 2.1 is proved in [6].

LEMMA 2.2. For B small enough, there exists a number M > 0 independent of B
such that any solution u = ug of problem (1.1) satisfies

”u”LOO((}R) <M.

PROOF. Suppose that the conclusion is not true. Then there exists a sequence g; — 0
as j — 0o, a corresponding sequence of solutions u; = ug, of problem (1.1) with

B = Bj, and a sequence of points x; in Qg such that
M; = ||uj||Loo(S_2R) =uj(xj) > 00 asj— oo.
Consider the auxiliary function

_ 1-p)/2
vi(y) = Mj luj()Cj +Mj( P/ y)

defined on Qj = M;p_l)/z(fZR — xj). Then it is easy to verify that v;(y) satisfies the
following problem:

f(MjUj)
—Ay; =P € 2,
A Ve
@.1) v; (0) = 1,
v;

(1=p)/2
E-ﬁ-Mj P Bivi =0, ye€as;.



178 Y. FU - Q. DAI

If we denote by D either the whole space R" or the half-space R’ , then £2; — D as
j — oo.

Since |vj(y)| < 1, by standard elliptic estimates there exists a positive constant C;
independent of j such that for any compact domain K C D, we have

lvillczy k) = Ci

for j large enough. Hence, up to a subsequence, we may assume that {v;} converges
uniformly on any compact domain of D to a function v. Furthermore, by (2.1) and the
assumption (F3), v should satisfy

—Av=CvP, yeD,

2.2) v(0) =1,
| o 9D (D =R"
8_1) - ’ y € ( - J,-)’
If D = R", then 7 = CY P~y satisfies
— AV =77, y e R,
(2.3) {TJ(O) — /-1

This contradicts Lemma 2.1.
If D = R’} then the function v defined by

~ CY/P=Du(yr, .., yn) if y e R,

PO ) = {cl/<P-“v<y1, ety iy €RE
satisfies (2.3). This also contradicts Lemma 2.1.
PROOF OF THEOREM 1. We argue by contradiction. Suppose that the conclusion
of Theorem 1 is false. Then there exists a sequence B; — 0" as j — oo such that
problem (1.1) with 8 = B; has two different solutions u}(.l), u](.z). ‘We shall deduce that,
up to a subsequence,

lim " =0 uniformly on 2g fori = 1,2.
Jj—>00

Indeed, by Lemma 2.2 and the standard elliptic estimate, there exists a positive
constant C independent of j such that

1 2y gy < € fori =1,2.

Hence, up to a subsequence, we may assume that u}i) (i = 1,2) converges uniformly
on 2z to a function u® (i = 1,2) as j — oo, and uD (j = 1,2) is a solution of the
following problem:

—Au = f(u), x € 82,

2.4) bg(X) >0, X € §2p,
Mo, X € 02g.
ov

Now, u) =0 (i = 1,2) follows from f(u) > 0 and integration by parts.
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Set
u () — 1P (x)

w;(x) = ||u(l) - u(2)|| —
J j TL*(82R)

We can verify that w; (x) satisfies

—Aw; = f'(E)w;, x € 2,

2.5) lwill oo () = 1
ow;
W+,3jw]‘=0, xeB.QR,

where £;(x) is between u](.l)(x) and u](.z) (x). Accordingly, &j(x) — 0Oas j — oo.
Noticing that |w;| < 1, by a standard elliptic estimate, and up to a subsequence, we
may assume that w;(x) converges uniformly on §2¢ to a function w(x) as j — oo.
Furthermore, since &;(x) — 0, by (F5) and (2.5), we know that w(x) satisfies

—Aw =0, X € 2pg,
(2.6) 'gw”Lw(:‘zR) =1,

Moo, X €92k,

ov

This implies that w(x) = =1 on 2g. Thus, there exists an integer N such that
uj(.l)(x) - u}(g) (x) has a fixed sign on £2g for any j > N. Consequently, it follows

from the assumption (F4) that f (uj(.l)) / uj(.l) - f (uj(.z)) / uj(.z) has a fixed sign on 2 for
any j > N.
On the other hand, by Green’s formula, we have

f[ﬂ@%@”—ﬂ@%@%za
2R
M

which implies that f (uj(.l)) Ju i f (uj(.z)) / uﬁ.z) should change sign on £2p for any j.
This contradiction completes the proof of Theorem 1.

3. THE PROOF OF THEOREM 3

This section is devoted to proving Theorem 3. To this end, we introduce some notations
and definitions. Let O (n) be the set of all n x n orthogonal matrices.

DEFINITION 3.1. Let G be a subgroup of O (n). The action of an element g in G
on a function u : 2r — R is defined by

gu(x) =u(gx) Vx e 2.
A function u is said to be invariant under G or G-symmetric if
gu(x) =u(x) forallg e G, x € 2g;

in this case, we write u € Inv G.
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DEFINITION 3.2.  Two functions u and v on §2g are said to be equivalent if there
exists a g € O(n) such that v(x) = gu(x) forall x € 2g.

It is easy to check that if # and v are equivalent, then u is a solution of problem
(1.1) if and only if v is.
Let G; be a rotation subgroup of O(2) defined by
27l . 2wl . 27l 2711)

Gj .= {g € 0(2); g(x1,x2) = (xlcos—,—i—xgsm—,,—xl sin — +xp cos —
J J J J

(x1,x2) € R?, I is any integer}.

We will solve problem (1.1) by finding positive critical points of the functional

J(u)=%/9 |Vu|2+%/m ﬁuz—/g F(ub),

where F(u) = [i' f(t)dt and u™ = max{u, 0}.
Instead of looking for positive critical points of J («) on H L(£2r), we look for them
on the Nehari submanifold M, where

M ={ue H (2r); I(u) =0and u # 0}

I(u):/ |Vul? + ﬁuz—/ ut fuh.
Q2r 082 2R

Vo={ueM; ueclvOm)},
Vi={ueM; uelnwv(Gj x O(n—2))} forj=1,...,L.

It is obvious that Vo C V; for j=1, ..., L. We first prove that Vo #¢ and V; — Vo # ¢
for j = 1,..., L. The former follows from the mountain pass lemma (see [1]) and
the symmetric criticality principle (see Theorem 1.28, pp. 18 in [[16]]). Indeed, if J (1)
is viewed as a functional on Hr1 (2r) = {u € H'(2g); u € Inv O(n)}, then it is
easy to verify that J(u) is C ! and has a mountain pass structure. Moreover, J (u)
satisfies the P-S condition due to (F2), (F3) and the compactness of the imbedding
Hr1 (2r) — LPH(25). Consequently, we can obtain a nontrivial radial solution of
problem (1.1) by making use of the mountain pass lemma and the symmetric criticality
principle. Hence, Vjy # (.
To prove V; — Vg # @, the following lemmas are needed.

and

Let

LEMMA 3.3. There exists a constant C > 0 independent of v such that for any
v e M, we have

||U||1-11(_QR) > C.

PROOF. Forany v € M, we have v £ 0 and

/ |Vv|2+ ﬂv2=/ v+f(v+).
2r 082 2r
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By (F3), we conclude that there exists a constant Cq such that
f) < CovH)P.

Hence,

/ |Vv|2+/ B2 <Cy | @HPFL
2r 2R 2r

By the Sobolev inequality, we have

2 2 + P+l + P+l
3.1) /QR|VU| +/39R,3v = Collv™ 1 gy = Collv 1 g

If we denote by A’f (£2R) the first eigenvalue of

—Ap = Ap, X € 2p,

(3.2) a
—(p-l-ﬂgo:O, X € 082R,
av
then
/ |Vv|2 + ﬂv2 > Af(QR)/ v?  for any v € Hl(.QR).
2r 082 £r
Accordingly,

3.3) |3 :/ |Vv|2+/ 2
e = [, 2

1
s/ G /|W|2+ L / o2
o P2 Jan B (2r) Jas

< (1+ ! )(/ |Vv|2+/ ,BUZ)
< 3 .
A (2r) ) \J g 02k

Combining (3.1) and (3.3), we obtain

W (2r)

1
— Collvllhy
L+ 27 (2p)

2
”U”HI(QR) S H](.QR)'

This implies that

ol _ [ W 2g) ]1/<p—1>
H@p Z | = . 38 -
7 Lo + 28 @2z

and the proof of Lemma 3.3 is complete.

Let
bo = inf{J (u); u € Vp}.

181
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Then, as Vo — LPH1(2g) is compact, there exists ug € Vj such that J(ug) = by.
Moreover, by Lemma 3.3 and the symmetric criticality principle, we have ug > 0,
and ug is a solution of problem (1.1). In the following paragraphs, unless specially
declared, we always use u( to denote a minimizer of J (u) in Vy, that s, ug is a function
such that
J(ug) = by = inf{J (u); u € Vp}.

To continue our proof of V; — Vi # I, we consider the following linearized

eigenvalue problem of problem (1.1) at ug:

—Aw — f'(up)w = pw, x € Qg,

34 b
G4 YWy gw=o, X € 92k
av
In spherical coordinates, problem (3.4) is equivalent to
1 n—1 / / q;j
=@ (r) = ——¢'(r) =1 (o) — 5 1@(r) = wjer), re(R,1),
(3.5) " d

o' (1) + Be(1) =0,

—¢'(R) + Bo(R) =0,
where j = j(j+n—2),j=0,1,...,and/ = 1,2, .... Note that the «; are the
eigenvalues of —A on §”~!, the unit sphere. If Y; denote the eigenfunctions of —A on
§"=1 corresponding to « i, and @;; are the eigenfunctions corresponding to w; ;(uo),
then the associated eigenfunctions w;; of problem (3.4) are given by w;; = @; ;Y.
In particular, for / = 1, if we denote ¢; 1 by ¢;, then w; = wj,1 = @;¥;. Itis easy to
check that wy is radially symmetric.

To obtain a useful property of the eigenvalues of problem (3.5), we need the

following lemma.

LEMMA 3.4. Let A?(.QR) be the first eigenvalue of

—Ap = Ap, x € §2g,
=0, x € 082R.

b I 2 i 4/n
M (2R) > [(n+2)<1—R">1/"] [w] '

PROOF. By Theorem 5.1, pp. 121 in [18] (or see [9]), we have

1
|2g 12/

(3.6) i

Then

dnw? |,
AP(2gr) > pne TUCA /n

Since w
|2r| = 7”(1 —R"),

2 4/n
00 ] [2]

we have

(n+2)(1 _Rn)l/n Wy
This completes the proof of Lemma 3.4.
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With the aid of Lemma 3.4, we can prove a useful property of the eigenvalues of
problem (3.5).

LEMMA 3.5. Assume that (F1), (F2), and (A1) are satisfied. Then there exists a
positive number B* such that juj 1 (up) < 0 forany0 < j <L, and B > B*.

PROOF. By the Rayleigh—Ritz formula for the first eigenvalue, we have
Q)

f,; pn—1y2

) _ b n—1 0V ln—l / o\ o
Q,(v)——/R a—r(r aT»)”‘er (f(uo)—r—2>v.

Since ug is a solution of problem (1.1), we have

(3.7) / |Vuol* + / pug = / uo f (o).
2r 082R 2r
By (F2) and (3.7), we get

(B8)  w.Qj(uo) = / Bug + / [Vuol* — f £ (wo)ud + / 4
Yol 2r 2 2r T

o
—a( ﬂu§+/ IVMOI2) +R—’2/ g,
2R 2r g

where w, is the area of §"~ .
Let )Jf (£2g) be the first eigenvalue of the eigenvalue problem (3.2). Then

2 1 2 2
ol < — pud+ | 1Vuol?).
2R )\,](QR) 082g 2R

From (3.8), we get

. L B 2 2
Q) = —( -0 +—— Bug + | 1Vuol?).
wn R2A (2g) ) Voo 2r

If j = 0, we have obviously Qo(up) < 0 and 10,1 (uo) < O.
If j > 1, we conclude that there exists a positive number 8* such that for any
B € (B*, 00), we have

2nmw 2 n 4/n

B n\—2/n

AT (82 — 1—R s
1( R)> <71+2) <a)n) ( )

i1 = inf: TV E Hl(QR), vis radial},

where

IA

due to Lemma 3.4 and limg_, A’f (£2gr) = )»f) (£2R). Consequently,
q;j Q;j

+——<-0+ .
R (2p) R2(EH (o) *m(1 — Rm) =2/




184 Y. FU - Q. DAI

2nm \2/ n \¥"
- (22 (2)”

Then the right hand side of the above inequality becomes

Let

@
Ot RO Ry iCm)
Since o
ot A= R = °
means

R" 2/n a;
>
1—R» ~ Cn)o’

it follows from the hypothesis (A1) that Q;(uo) < 0. Hence, u;j 1(up) < 0 for 1 <
Jj < L, and the proof of Lemma 3.5 is complete.

LEMMA 3.6. Let (p,0) be the polar coordinates in R>. For n > 2, let Y =
p/cos jO (j = 1) be the eigenfunction of —A on S~ corresponding to aj. Then
wj = (pjwj € InV(Gj X O(n — 2))

PROOF. Since ¢; is an eigenfunction of problem (3.5), ¢; is radial and ¢; €
Inv O(n) C Inv(G; x O(n — 2)). Moreover, by definition, the action of G; on ¥;
is equivalent to rotating it through 271/j, so we have

g¥; = p’cos j(0 +2rnl/j) =v;, VgeG;.
Hence, w; = ¢;y; € Inv(G; x O(n — 2)).

Now, the conclusion V; — Vjy # ¢ follows immediately from the following lemma.

LEMMA 3.7. Let wy and w; € Inv(G; x O(n — 2)) be eigenfunctions of problem
(3.1) associated to o1 and wjy (1 < j < L) respectively, such that f-QR w% =

fQR wlz = 1. Then there exist ¢ > 0 and a smooth function § : (—&, &) — R with
8(0) = 8’(0) = 0 such that

(3.9 I(up +8(Hwo +tw;) =0
and
(3.10) J(uo +8(M)wo + twj) < J(uo)

for t small enough.
PROOF. Define a function H : R?> — R by

H(, 1) = I(up + dwo + twj).
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Obviously, H(0, 0) = 0, since ug is a solution of problem (1.1). A simple calculation
implies that

H(,0) = 5/9 {f (o) — f'(uo)uoywo + 0(8?).

Hence, by (F2), we have

0H ,
5(0, 0) = / {f (uo) — f (wo)uotwo < 0.
2R

Consequently, by the implicit function theorem we conclude that there exists a number
& > 0 and a smooth function § = §(¢) : (—¢, ¢) — R with §(0) = 0 such that (3.9)
holds.

Next, we show that §'(0) = 0. To this end, we first note that

HO,1) =1 /Q {f (o) — f(mo)ugw;j + O(t?)

for ¢ small enough. Accordingly, %(O, 0) = 0 due to fS”*I ¥i(01,...,0,1) = 0.
Now, 8’(0) = 0 follows immediately from the identity
(3.11) 8H(3(t) t)d(S + 8H(t?(t) 1)=0

' a8 ldt ot B

Finally, a direct calculation implies that

1 1
T (g + 8w + 1wj) = J (o) + 56201 + 5171 +0(1?)
for t small enough. Hence, by Lemma 3.5, we know that J (uo+6 (1) wo+tw;) < J(uo)
for ¢ small enough, and this completes the proof of Lemma 3.7.

To prove Theorem 3, we let
bj =inf{J(u); ueV;} forj=1,...L.

Since V; # () and the imbeddings V; — LP+1(2p) are compact, we conclude that for
any 1 < j < L there exists u; € V; such that J(u;) = b;. Furthermore, by Lemma 3.3
and the symmetric criticality principle, the u; are solutions of problem (1.1). Hence,
to complete the proof of Theorem 3, we have to prove the following two properties of
ujwithl < j <k:

(i) u; is nonradial.
(i) u; #Fujfori # jand1 <i,j <k

Obviously, (i) follows immediately from Lemma 3.7, since b; < bg by that lemma. To
prove (ii), we need the following lemma.

LEMMA 3.8. Forany j = 1,2,... and m = 2,3, ..., the inequality b;.,, < bo
implies bj < bj.p.



186 Y. FU - Q. DAI
PROOF. Suppose that b;.,, is achieved at u;.,,, that is,

bj-m = J(uj.m), Uj.m € Vj-m’ Uj.m # 0.

For convenience, we set u = uj.,;. According to the regularity theory of elliptic
equations, u is in fact a positive C? function.
Let (p, #) be the polar coordinates of R? and y = (x3, x4, ..., X,) € R"72. We

write u(x) as u(p, 8, |y|). Let D denote the domain 2 N R"~2. Then

2 1
1
/ |Vu|2dx1dx2dy=// /(u§+—2u§+|vyu|2>pdpd9dy,
Q2r D Jo R Y

2 2w 1
ﬁu2:/ Bu’ do dy, / F(u+):// / Fwhpdpdody.
082R D JO 2r D JO R

Define v € V; \ {0} by

0

Then
(p, 0,1y o |yl
1) s U, =Uu s T 9
p O y o\ P ” y
1 0
ve(p, 0, |y)) = —ug| p, —. Iyl ],
m m
0
vyv(p’e’ |y|)=Vyu IO’Z’D]' .
Therefore,

2w 1
1
f |Vv|2dx1dx2dy=// /<M%+ﬁu§+|vyu|2)pdpd9dy.
Q2r D Jo R p=m

Similarly,

Bv? = Bu?, / F(v+)=/ F(u™).
2R 902R 2r 2R

Since u does not belong to Vp, we have

2w 1 1 )
——ugpdpdbdy > 0.
N

Thus, by the definition of J,

bj <JWw) <Ju) = b,m
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PROOF OF (ii). Let1 <i < j <k, and L be the least common multiple of 1, ..., k.
If j =i -m for some m > 2, then by Lemma 3.8 we have
bi < bj = bj.m,

since b;., = bj < by. Hence, u; # u;.
If j #i -mforanym > 2,then j < L,and V; N V; =V, . lfu; =u;=u eV,
we have
by < J(u) = b; < by.

On the other hand, it follows from Lemma 3.8 that b; < by, because L = i - m, for
some m > 2; this is a contradiction.
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