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1. INTRODUCTION AND RESULTS

In this paper we deal with mountain-pass solutions for a system of Schrodinger—
Poisson equations of the form
0 {—Au—l—V(x)u—{—qﬁu = K@uP, xeRV,

—A¢ = u>.

Precisely, we will find solutions having the following properties:

() wue H®RY), u>0, lim u=0.

|x|—o00

Here and hereafter N € {3,4,5} (see Section 3), 1 < p < (N +2)/(N —2) and
V,K : RN - R are radial and smooth. For , existence, non-existence [12] and
multiplicity results [4] have been found in the case V = K = 1. On the other hand,
we do not know any results on (I) in the presence of external potentials. V, K in (1)
are assumed to satisfy the same conditions introduced in [1] in the frame of Nonlinear
Schrédinger Equations (NLS). Precisely:

a
3) Trpr=/w=A

for some « € (0,2],a, A > 0, and

4 -
*) 0<KW =g
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for some B, b > 0. The purpose of this paper is to extend these existence results to (IJ).
It is convenient to introduce the following quantities:

N+2 48 .
- if0< B <a,
5 oc=c(N,a,B) =3 N=-2 «a(N-2)
1 otherwise,
and
2(N —1D(N -2
© ol 2N =DV = 2)

3N +2

DEFINITION 1. Saying that (u, ¢) is a non-trivial positive solution of (I) we mean
that both u and ¢ are non-trivial, positive and radial. Furthermore, u satisfies (2)).

In order to find positive solutions of (I), we will distinguish between 2 < p < 3
and p € [3,2* — 1). In the latter case we have the following

THEOREM 1. Leta < a*and p € (0,2* —1)N[3,2* — 1). If V and K are radial,
smooth, and satisfy (3) and (@), then (1) has a non-trivial positive classical mountain-
pass solution (u, ) € H'RY) x DL2(RN).

Moreover, we also have existence of positive classical solutions for p in the interval
(2, 3) if we assume that V and K satisfy:

x, VV) <PV and ¢ € (0,2),

0 1) 1)
(x,VK) > ¢’ K(x) and cp’ € [2,00),

where (-, -) denotes the scalar product in RY. We assume that K is such that the
following condition holds:

(8) 3¢ = 0, g > 1such that (x, VK) € L1(RM) withg' (p+1—¢) € 2+a/y,2%],

where

1 1
—+—=1 forgeR, 4¢':=1 forg=00
q9 4

and
. 2(IN—-1)—«

4

is a parameter related to inclusions of weighted Sobolev spaces and L? spaces.
Furthermore, assuming V' is such that the following condition holds:

(9) 3¢ >0,r > 1suchthat (x,VV) e L'(RY) and r'(2 — &) € 2+ a/y, 2],

where r’ is defined as for ¢’, we can state the following
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THEOREM 2. Leta < o*and p € (0,2*—1)N(2, 3). If V and K are radial, smooth,
and satisfy (3), @), (1)-QO), then (1) has a non-trivial positive classical solution
(u, ¢) € H'(RY) x DI2(RY).

If instead of , we assume

X, VV) = cPVx) and ¢ >0,

(10)
(x, VK) < PK(x) and ¢ €(0,2),

then, dealing with the case p € (2,3), we can state another existence result.
Introducing

(11) 5:=2+cP)2,
we have

THEOREM 3. Leta < o® and p € (0,2 — 1) N (8,3). If V and K are radial,
smooth, and satisfy (3), @), @®)-(10), then has a non-trivial positive classical
solution (u, ) € H'(RN) x DL2RN).

REMARK 1. We observe that the decaying property in (2)) is due to the radiality of the
solutions found, while the property u € H'(R") is proven in Lemma@ by adapting
an argument from [1].

In the case p € (1, 2], the previous theorems are completed by some non-existence
results in Section 4. In spite of those results, we can also have existence for p € (1, 2)
if we consider the Poisson term as a small perturbation. Indeed, as in [12]], we can state
the following

PROPOSITION 1. Fora < a*, p € (0,2* — 1) N (1,2) and & > 0 small enough,

under the assumptions (3) and (4) the problem

— - p N
(12) { Au+ V(xX)u + Apu = K(x)u?, x eRY,

—Ap =u?

has at least two different non-trivial positive classical solutions (u, ¢), one of which
is a mountain-pass solution.

Before proving the existence results we focus on giving the variational formulation
of (I). So the next two sections deal with some functional preliminaries.

2. NOTATION AND FUNCTIONAL SETTING

Our aim is to use critical point theory, so let us introduce some functional spaces. We
denote respectively by DL2(RN), H'(RV) and Hy (R") the Hilbert spaces defined
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as the closure of C° (RN) with respect to the following norms:
2 . 2
”¢”D],2(RN) L \/RN |V¢| d-x’
2 . 2 2
Il e = [, V3 + 1)

2 R 2 2
el v, = /RNuw + V(@) dx.

In particular, we will work with the closed subspace H C Hy defined as its restriction
to radial functions:

lullfy = Sy /0 (@' () + V(e N~ dr,

where ¢(|x]) = u(x), V(le) = V(x), and Sy is the Lebesgue surface measure of the
unit sphere S¥~! in R Denoting by LI;{Jrl (RY) the weighted LP*! space with norm

1 p+1 = K p+1
(13) Il = [ KGO d,

we have

LEMMA 1. The space Hy(RYN) is embedded (resp. compactly embedded) in
L RY) ifo < p < (N +2)/(N =2) (resp. if 6 < p < (N +2)/(N —2)).

(For the proof see e.g. [[11]].) Due to the radiality, we can find that H is compactly
embedded in L7(RY) under suitable conditions on ¢. More precisely, we have the
following extension of the Strauss compactness theorem (see [13l]) that we give
together with its proof for the sake of completness. See also [14] for a more general
case.

LEMMA 2. Let y := (2(N — 1) — «)/4. The space H is compactly embedded in
LY@RN) for any g such that 2+ a/y < g < 2N/(N —2).

PROOF. If N > 2 and u € H, then there exist two positive constants C, R such that
fora.e. |x| > R,

(14) lu@)| < Clx|™ flulla-

By density we can test the inequality on C§S, 4 (RM). Define ¢ by ¢(|x|) = u(x). An
integration by parts gives

o(r)? = -2 / @' (s)p(s)ds

o 1+ s@ a
< 2 —(N—l) / N—ld
< / s [ @elsY T ds

21112
<Cr 7 uly
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for some C > 0 and r large enough, where in the last step we have used

a

100 < @' ()2 + p(s)>
1+ 5% - 14+ 5%

and s~ V=D /T 5@ . 0 as s — 00, because we are focusing on o € (0, 2].
Let
u, —~0 in H.

Since on spheres we control the H' norm by the H norm, and the Rellich—Kondrashov
theorem holds, it is enough to show that, passing to a subsequence, and for R large,

the integral
/ lun|? dx
|x|>R

can be smaller than an a priori fixed ¢ > 0 uniformly for n > ng for some ng > 0. In
the following, cy, ..., cs are suitable positive constants. Taking into account that

1, ()92 < x| 779D uy 472 < cplx| V@D

and |x|*77@=2) \_ 0, we have

-2 a 2
/ lun|?dx < 63[ |t 777X ) ————un|" dx
x|>R Ix|>R 1+ |x]

< AR uy Iy < esRTTTITI N0
as R /" oco. O
REMARK 2. It is worth pointing out that the space H is embedded in L9 for any
qg €2+ a/y,2"] (see e.g. [14]).
3. VARIATIONAL FORMULATION OF THE PROBLEM

Solutions of (I) are the critical points of the functional

1 1 1
I(u) = -/ (Vul®> + V(x)u?) dx + —/ duu’dx — —— K () |ulPt dx
2 JrW 4 Jpn p+1JrN

(which turns out to be well defined, C 1 (H, R) and weakly lower semicontinuous, see
below).

This is due to the fact that, given u € H, thanks to the Riesz representation
theorem, there exists a unique solution ¢, of the problem

A‘%N VoVudx = A‘M uwvdx, Vve Drlég(RN).
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1

Moreover, since u? € L1 |
loc

the following representation formula holds for ¢,,:

2
(15) $u(x) = wy f "y,

RV [x — yN—2

where wpy is the usual normalization factor of the Green function.

Now recall Remark and observe that, because of the embedding of Hy (RV) in
LIRN),ifu € H,thenu € L*N/N+2) provideda < o* < 4N/(N +2) > 2+a/y.
Actually, the strict inequality has been used in order to have the compactness property
stated in the following lemma. For the same reason the restriction on N is necessary,
because it ensures that 4N /(N + 2) < 2*,

The Holder and Sobolev inequalities imply that, given u € H, the operator

(16) L, v uvdx
RN

is continuous in D2(RN):

u?vdx
RN

Introducing the notation

2
< lu”ll oviv+2 V]l Lovyiv—2 = CW)||v]prz.

(17) M) :=/ Gu(x)u’ dx
RN
we have

LEMMA 3. Ifa < o, then M is a compact operator on H, i.e., if u, — u, then, up
to a subsequence, M (u,) — M (u).

PROOF. Summing and subtracting f]RN ¢unu2 dx, by the Holder and Sobolev
inequalities we have

(M (u,) — Mu)| = VRN[%(X)M2 — u, (X)u>]dx

) 2
< N, l poviv—2y luy; — w=llpovyve + lou, — Gull povsv-2 ||l v/ v+2)

2 2 2
= ”¢un”D1,2(RN)””n —u ||L2N/(N+2) + ||¢u,, - ¢u”’DLQ(RN)||M||L4N/(N+2)'
Since

2 212N/ (N+2) IN/(N42
oy —u ||L2N/(N+2) = fN[|un —ul luy + ull /(N+2) g
R

2N /(N+2) 2N/(N+2)
< llun — u||L4N/(N+2) lun + ”||L4N/<N+2)
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it follows that

|M (un) — M (u)]
2
< l¢u, ||Dl<,2(RN) lun —ull pansaveo lup +ull panv/vio + 1 Pu, — Pu ||D112(RN) [|u ||L4N/(N+2)'

Since

a <ot & >2—|—g,
Y

Lemma 2 implies H <>« L*N/(N+2(RN) hence, passing to a subsequence, we
obtain ||u, — ul|;4v/w+2 — 0 and therefore

M (un) — MW)| < ll¢u, ||D1,2(RN)0(1) + Cllpu, — ¢u||D1-2(]RN)~

In order to estimate ||@,, — ¢u || p1,2 we argue as follows. One has

Ly, — Lull < sup 2 — w?|| avsove 0]l p2nsv—
||U||D1,2(RN)=1

Since ||u, — ully4v/v+2) — 0O, passing to a subsequence, we have u,, — u a.e. and
|u,,|2 < g for some g € L2N/(N+2) Hence, the dominated convergence theorem
implies ||u,21 —u?|| r2v/w+2) — 0, and therefore L,, — L,. The Riesz representation
theorem implies that L, € D' > ¢, € D2 is an isometry, therefore Gy, = ¢y in
D],Z(RN). 0

Lemma 3 and the compact embedding of H in LI;(H imply the weakly lower
semicontinuity of /. It is standard to check also that [ is a C!(H, R) functional.

We conclude this section with a Pohozaev-like identity which will be useful later
on. For the proof see the Appendix.

LEMMA 4. Assume that V and K satisfy , , and @b Ifu € Hy@RY) N
HI%C (RN) is a radial solution of the problem (1), then u satisfies the following identity:

N-2 N
—/ |Vu|2dx+—[ V(x)u®dx
2 RN 2 RN

1 N+2
+-/ (x,VV(x))uzdx+—+/ buu? dx
2 RN 4 RN

N 1
- K(x)|u|p+1dx—|——/ (x, VK (xX)|ulPt dx.
p+1Jrn p+1Jry

4. PROOFS

Because we will use the mountain-pass theorem (see [3]], [2]), we will need the
following

LEMMA 5. [ has the mountain-pass geometry for p > 2.
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PROOF. The continuous embedding of H in L[IgH gives

1
(18) I(u) = Ellull%q +o(lulz), u—0,

which shows that I has a strict local minimum at the origin. Furthermore, let us show
that 7 attains negative values on the curves u, (x) := t*u(t"x) for a suitable choice of
u € H, positive A, u and large values of #. The case 3 < p < 2* — 1 is standard and it
can be checked taking any # € H \ {0} and putting u = 0, A = 1. The case p € (2, 3]
can be treated as follows. Fix u € H N L?> N LP*!. Because of the integrability of
u and the boundedness of V and K, the dominated convergence theorem yields the
following asymptotics for t — oo:

(19) lugllzy = PHH07N | Tul g, 4 17N / V() dx & 20 H0-nN,
RN
(20) f K()C)|u,|p+1 dx — t}»(erl)MN/ K(tiﬂx)|u|p+1 dx ~ PHp+D—uN
RN RN

Moreover, since

fHN=2)

2N =2)—uN “
|t“x _t'ule_z y =1 ¢u(t X),

Pu, (x) =w1v/ rut (et y)
RN
we have

@1 / Buy (O)uy ()% dox = HEn =720 / Gu()u(x)? dx 2 (HTIEER),
RN RN

Summing up (I9)-C1) we get

I(u;) ~ (2AFW=N 4 H—u(N+2) _ (p+D=pN

With the choice 2 = 2u we get (I9) ~ (1)), and for p > 2, we have (20) > (21)), so
I(u;) - —ooast — 00, hence the functional has the mountain-pass geometry. O

PROOF OF THEOREM 1.

STEP 1: For p > 3, I satisfies the Palais—Smale condition. Take a sequence such that
T, <C, I'(uy) = 0.

We write

p—1
2

p—1 2
z— lun gy

(p+ DI(uy) — (I/(ui’l)v Up) =

p—3
llunll3; + — /R i bu, (U2
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iff p > 3. This shows that u,, is bounded in H. Hence, passing to a subsequence, we
have
u, ~u€H and u, - u inL’I’(H, peE(o,2*=1).

So we write

22)  o(1) = (I'(un), (un — u)) = llunll3y — lull + o(1)

+f ¢un(x)un(”n _”)dx+f K(x)|un|p(un —u)dx.
RN RN
For the Poisson term we have

2
< Nu, |l prallupu — wy | p2nyav+2) .

/ Gu, (X1 (uy — u) dx
RN

Now notice that, because of Lemma 3, ¢, is bounded in D12, Moreover, because of
the compact embedding in L*N/(N+2) passing to a subsequence we have u,, — u a.e.
and |uyu — u2| < u/g +g € L*/WV+2 for some g € L>N/(N+2) Now, using the
dominated convergence theorem we infer that ||u,u — u,zl | 25/v+2) — 0, and thus

— 0.

'/ Du, (X un(uy —u)dx
]RN

In the same fashion, using Lemma I} we see that the p-term tends to zero. From this
and (22), it follows that ||lu, ||z — |lullz — 0 and hence u, — u strongly in H.

STEP 2: Conclusion. Now set I' := {y € C([0, 1], H) : y(0) =0, I(y(1)) < 0}.
The previous steps and Lemma [5| show that the hypotheses of the mountain-pass
theorem are satisfied, hence

c:= inf max I(y(t
yel tel0,1] ()/( ))

is a critical level of I corresponding to a non-trivial weak solution in H. The bootstrap
process can be performed (see the lemma below) and by a maximum principle
argument it can be shown that we can actually get a positive classical solution. O

Because we will use Lemmafd] we need to show that H-solutions actually belong

to Hl%)c. More precisely, we state the following

LEMMA 6. Let u be a weak solution in H of the problem . Then u € H2 (RV).

loc
Moreover, u € L*(RV), i.e. u € H'(RV).

PROOF. For convenience we write the first equation in as —Au = a(x)u, with
a(x) = Kx)uP~ ' = V) —¢kx). By standard elliptic regularity theory it is enough
to show that a(x)u € leoc’ We now claim that u € quoc forany 2 < g < oo. In order

1

to prove that, we use the Brezis-Kato result (see e.g. [9} p. 48]), since a_u € L, .
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and a, € L"/?. Observe that the former claim is trivial, while dealing with the latter
simply observe that (p — 1)N/2 < 2* & p < 2* — 1. As a consequence, ¢ € Wli’cq
and by the Morrey embedding theorem, ¢ € Cloo‘f. Thanks to the local boundedness of
V, K and ¢, the leoc regularity of a(x)u follows, hence the conclusion.

Now we prove that, actually, u € H I In order to do that, first observe that ¢ is a
positive continuous radial function vanishing at infinity. This is a consequence of the

fact that ¢ € coe plus the following decay estimate (see [} p. 340]):

loc
(23) B0 < Calx|® N2 gl pragny, x| > 1.

This observation allows us to define the auxiliary potential V,,(x) = V(x) + ¢, (x),
satisfying the condition

(24) < Vu(x) < A,

14 x| —

which is identical to (3). Observe now that u is a solution of the equation
—Au+ V,(x)u = K(x)u?,

which is formally the same as the one studied in [1]]. More precisely, it can be shown
that

(25) / Vi(@)u?dx ~ exp(—cR'™%?), R>1, ¢ >0,
RN\B(0)

where B, (y) := {x € RV : |x — y| < r}. Now observe that as a consequence of
we have

(26) / urdx < cllylo‘/ V() u® dx.
Bi(y) Bi(y)

By repeating the same argument in [I proof of Theorem 16], the equations (25)) and
yield the existence of a partition { B, (yx)}x>1 of RN \ B2(0) such that

/ u’dx < Z/ w?dx < c2 ) |yel* exp(=Clyel' %) < oo,
RN\ B, (0) kY Br (k) k

completing the proof. O

PROOF OF THEOREM 2. We point out that, for p € (2, 3), the PS condition is not
known for I, even in the case V = K = 1, although the mountain-pass geometry
holds. This is due to the difficulty in proving the boundedness for Palais—Smale
sequences. In order to overcome this obstacle, we use a method introduced by Struwe
(see e.g. [15] and also [4]], [8]])-
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Let us consider a perturbation of /:
1
(27) 1,(u) == —/ (|Vul® + V(x)u?) dx
2 RN
+lf un’dx — — [ Kot dx
4 Jan p+1Jry

for u € [1/2, 1].
Following [4, Proposition 2.3], it is possible to define min-max levels for /,,, which
we denote by c,,, such that the following properties are satisfied:

(i) @ +— ¢, is non-increasing (hence differentiable a.e. in [1/2, 1]) and left-
continuous.
(ii) Denote by 7 the set of u for which ¢, is differentiable; then for each i € 7 there
exists a Palais—Smale seqence for I, at the level ;.
(iii) For almost every u € [1/2, 1], ¢, is a critical level for I,,.

We remark that thanks to Lemma [5] 7 has the mountain-pass geometry and we are
allowed to use this argument.

We denote by C the set of values of u for which ¢, is a critical level for 1,,. Now
take a sequence i, /' 1in C and a sequence u, € H of critical points for 7,,,. It is
easy to see that, if this sequence is bounded, then Theorem 2 follows. Actually, we can
now repeat the same argument carried out in Step 1 above: up to a subsequence, we
have u,, — u in H and

u, — u in LZ+1, p € (0,2"—=1);

hence, from I’ (u,) (1, —u) = ||un||12q — ||M||%_I 4+ o(1) and wu,, /' 1, we find again that
u, — uin H and thus I'(x) = 0.

To prove that the sequence u, is bounded we use Lemma 4. First we define the
following quantities:

mW=/|wm, mw=/‘%%i
RN RN

X3,n ::/ (punu%a X4.n ‘= Mn/ K(x)|”n|p+1’
RN RN

§vn 3=/ x, VV )y, Egn = Mn/ (x, VK (X)) |un |PT.
RN RN

Notice that u, are solutions of the problem (1),,, obtained by replacing K with
un K in (1). Now we can use Lemma 4, having already checked the Hlf)c regularity
in Lemmal6] to obtain

N +2 N 1 1

X3.n — mm,n = mfl(,n - EgV,n-

-2 N
Xin+ =Xon+

28) 2 2 4
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By definition, we have

1

1 1 1
(29) EXI’n + EXZ,n + ZX3,n - ﬁm,n =cCy,-

Eliminating 3, in the system (28)—(29) we obtain
1 1
(30) 2X1,n + xXon — Esv,n =(N+ 2)Cu,, + ﬁ(z)ﬂ,n - SK,n)-

Using (7), (30) implies
)]

—C 1
31) 201+ = xan < (N +2)cp, + Pwic M xan.

Since 2 — c%,l) >0,2 - cg(l) <0, and ¢, is bounded, now implies that x , and
X2.n are bounded, so that ||u, ||z < C, hence the conclusion. O

PROOF OF THEOREM 3. The proof is the same as the previous one, being reduced to
checking the boundedness of u,,. Multiplying the first equation of the problem (1),,,
by u and integrating by parts, we find that

(32) Xin+ X200+ X350 — Xan = 0.

Let us solve the system (29)-(32) with respect to the quantities x3 , and x4,. If D =
(3 — p)/[4(p + 1)] denotes the determinant of the system (since we are considering
p € (2,3), D is positive), we obtain

1 ‘ p— 1 ( ) :|
X3n= =| 7 Xl,n X2.n Cu, |»

111
Xdn = B[Z(Xl,n + x2.0) — Cun]-
Using (10) in (28), we have

2) ?2)
N -2 N ¢ N+2 N c
(34) X+ (— + L)XZ,n + X3 — <— + K >X4,n <0.

2 2 2 4 p+1 p+1
Substituting (33)) into (34) we get
N-2 N+2 p-1 L(N '
2 4D 2(p+1) 4D\pt1 " p1) K

N N+c(vz)+N+2 p—1 1 ( N +c§§)
272 T4 20+ 1) aD\p+1  pa1)|Fn

N+2 1/ N '
<|l—-=(—+ Cu,-
4D D\p+1 p+1
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Itis easy to check that, since p > § := 2+c§(2) /2, the coefficient of x; , is positive. For

the same reason the coefficient of x2 , is also positive. Furthermore, it can be verified
that the coefficient of ¢, is positive for p > (4c§(2) + 3N —2)/(N + 2), which is less
than §. Hence we get the boundedness of u,, as above. O

PROOF OF PROPOSITION[I]  The proof is based on the mountain-pass theorem and
the Ekeland variational principle and it is almost the same as for Theorem 4.3 and
Corollary 4.4 in [[12]]. Precisely, it can be shown that:

1) I > —o0,
(i1) [ satisfies the Palais—Smale condition.

In order to do that, since we work on H, (14) and Lemma must be used instead of
the Strauss inequality and the Strauss embedding theorem. The restriction on « is also
needed in order to use the continuity property stated in Lemma 3] O

For XA large enough, Proposition 1| does not hold anymore. Indeed, we have the
following

PROPOSITION 2. Assume o € (1,2], p € [0, 2], @« < a* and suppose V and K are
radial, smooth and satisfy (3) and (@). Then:

(1) For p = 2: if K(x) < 1, then has no non-trivial positive solution (u, ¢) €
H x DV2(RV).
(ii) For p € [o,2):if
V(x) = (CpK (x)/C7P),

where Cp, = (p — Hr-ta - p)z_”, then has no non-trivial positive solution
(u, ) € H x DV2RN).

PROOF. Here we follow [10] and [12]]. By the assumptions on p and «, H is
continuously embedded in LI;(H and L*N/(N+2) 'hence all the following integrals are

well defined. Now observe that, by the trivial inequality ab < a® + b?/4, it follows
that

1
(35) /‘Lﬁdxzi/ V¢Vudx§i/ OVMF+~4V¢F>dx
RN RN RN 4

Now we argue by contradiction, assuming that (u, ¢) € H x DV2(R") is a non-trivial
positive solution. Then we have

0= ("), u) = f (IVul® +/ (Vo + puu® dx — K (x)|ulP+) dx
RN RN

z/aQﬁ—lwwﬂdmﬁ/(wmf+%ﬁ—KumM“m»
RN 4 RN
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Since [pv pu* dx = [pn |V|* dx we infer that

(36) 0 z/ w dx +/ (§|v¢|2+ V(u® — K<x>|u|P+1> dx
RN RN 4
bt / W+ Vxu? — K(x)uPtydx
RN
= / w?(u+ V(x) — K(x)uP~dx.
RN

Now define f(u) := u + V(x) — K(x)uP~L. If p = 2, then since K(x) < 1,
the function f is strictly increasing, hence strictly positive for u > 0. Therefore, (36))
implies that u = 0 and this is a contradiction. Now consider the case p € (1, 2).
Observe that f has an absolute minimum point u,, = (K(x)(p — 1)1/@=P) Now
defining C, = (p — nHr=1@ - p)z_p and observing that

F) > flum) = V(x) — (C,Kx)EP >0
we get a contradiction as above. O

REMARK 3. We remark that the condition V (x) > (C,K (x))!/@~P) is compatible
with the case o € (1, 2]. Therefore, under this condition, we have non-existence
although we also have compactness.

As a final remark we also consider

37) —Au+ V(@)u + rpu = K@x)uP, xeRV,
—A¢ = u?.

For A > 1/4, by repeating the same proof, it is easy to see that Proposition[2|holds true,

extending the result of Theorem 4.1 in [12] to the case of NLSP with radial potentials

vanishing at infinity.

5. APPENDIX

PROOF OF LEMMA 4. The proof of this identity follows the standard method in the
literature, therefore we only sketch the main steps. Consider {n°*(x)},.o C Cr‘;’i(RN )
with the following properties:

C I, x € B(0,s/2),
0<n'(x) <1, V' < -, f(x) =
Sr@ =L V@IS0 m =000 RNy B, ).

where B(0, s) := {x € RV : |x| < s}, for some positive constant C. Multiply the first
equation in by x;0;u(x)n’(x), integrate on B(0, s) and sum up over i. Observe
that, since supp n® is contained in {x : |x| < s}, we have |Vn®*(x)| < C/s < C/|x].
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By the dominated convergence theorem there exists a sequence s, — oo (we simply
write s — 00) (see e.g. [S]-[7]], [9, Section 3]) such that

2—-N
(38) - Z/ Aux; )y dx = —— IVul? dx + o(1).
—~ JB(0.5) 2 JBo.s)

In order to perform the calculation for the K-term, integrating by parts, observe that

1
/ K () ux; @ju)n® dx = —— K (x)(@uPtHxin® dx
B(0.s) P+ 1JBos
1 s p+1 1 +1
= - — uPT K(x)dx — —— xi (0,0 Hu? ™ K (x)dx
P+ 1JBos P+ 1Jsos
1

sp+l, g
- nuf" x;0; K (x)dx.
P+ 1JBoys o

In the last step the boundary term has been neglected since n°(d B(0, s)) = 0. Since
0<n®* <landn® — 1, |x;9;n°| < C and 9;n° — 0, by the dominated convergence
theorem the second integral in the last step tends to zero. Hence

) 1 !
(39) / KX ufx;oiun’dx = — —— n*uP K (x) dx
B(0.s) P+ 1JBo.s

1
Cp+1 7 ultx;8;K (x) dx + o(1).
B(0,s)

We now consider the last integral in . Since u is a radial function in Hy (R") the
Strauss type inequality (T4) holds:

(40) )| =< clx| ™" llullmy,

a.e.in RN \ B¢(0, s) for large s. Since 1 — n° = 0 on B(0, s) and using we get

(41) ‘/RN uPt %0, K (x)dx — /RN n*uPx;0; K (x) dx

< c/s_(N_l)S/Z/ (1= p5HuP 178 |x;8; K (x)| dx.
RN\ B(0,s)

Notice that, because of , since ¢'(p+1—¢) € [2+a/y, 2*], there exists a constant
Cp.4' ¢ such that ||u||Lq/(p+l—€)(RN) < Cpg.ellull g, wny- Therefore,as 0 < 1—n* <1,
using the Holder inequality we have

(42) / (1 = )uP ™8 1x;8; K (x)| dx < / uP ™88 K ()| dx
RN\ B(0,s) RN\ B(0,s)

= ||u||Lq’(p+lfs)(RN)”(x’ VK)”Lq(RN) = Cp,q’,é‘”u”Hv(RN)”(x7 VK)||Lq(RN) < 0.
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Observe that (41) and (42) imply that [y uP™! (x, VK) dx < oo and

(43) / nuPtx;0; K (x)dx = f uPTx:0; K (x) dx + o(1).
B(0,s) B(0,s)
Finally, from (39), (43) and summing up over i we have
N
(44) f K@) ulxi(Qju)n® dx = — —— K()uPt dx
lZ B(0,s5) o p+1Jpo.s
1

i) )(x,VK)up“dx +o(1).
B(0,s

In the same fashion as in @D, because of the assumptions on V, we can use the
dominated convergence theorem to get

(45) Z /B o V() u*x; (d;u)n® dx

N 1
=—— V(x)u®dx — —/ (x, VV)u>dx + o(1).
2 JB.s) 2 JB(0.5)

Moreover, as in (39),

(46) Z /B o puux; (d;u)n’® dx

N

1
=—— Guu’ dx — —f (x, Vou)u’n® dx + o(1).
2 JBo,s) 2 JB,s)

From the first equation in (I)) and (38), (@4), @3), (@6), we finally have, as s — oo,

2-N ,, N , 1 )
47 —— |Vul“dx — — Vx)u-dx — = (x, VV)u“dx
2 JB.s) 2 JBo,s) 2 JB.s)

N

1
- — uu’dx — - / (x, Vou)u’n® dx + o(1)
2 JB.s) 2 JB.s)

N 1
= K@ulPtdx — —— (x, VK)uP! dx.
P+ 1Jp0.s) p+1JBo.s
In the same way as above, we now multiply the second equation in (1)) by (x, V¢, )n°
and integrate on B(0, s), obtaining
2—-N

(48) — IVéul dx = / (x, Vgu)u'n® dx + o(1).

2 JBo.s) B(0.5)

Eliminating fB(o S)(x, V. u*n® dx from lb and , letting s — oo and using
Jrn 1V |2dx = Jrw $uu’ dx, we get the conclusion. O
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