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1. Introduction

The semiclassical version of the Fe¤erman–Phong inequality for a system of
second order partial di¤erential operators can be stated as follows: given an
N �N second order system of PDEs

pðx; x; hÞ ¼
Xn

j;k¼1

AjkðxÞxjxk þ
Xn
j¼1

xjBjðx; hÞ þ Cðx; hÞ ¼ pðx; x; hÞ� b 0;

ðx; xÞ a Rn � Rn, h a ð0; 1� (the semiclassical parameter), there exists h0 a ð0; 1�
and an absolute constant C > 0 (independent of h) such that

ðpwðx; hD; hÞu; uÞb�Ch2jjujj20 ; ou a SðRn;CNÞ; oh a ð0; h0�:ð1:1Þ

Here pwðx; hD; hÞ denotes the semiclassical Weyl-quantization of the symbol
pðx; x; hÞ (see, for instance, Dimassi and Sjöstrand [1]), ð�; �Þ stands for the
L2ðRn;CNÞ inner product, and jj � jj0 for the corresponding norm. The proof of
the Fe¤erman–Phong inequality for systems of PDEs given in Parmeggiani [3]
(see also Parmeggiani [4]; see also Sung [6] for a proof in the case n ¼ 1) carries
over, as mentioned in the final remark of that paper, to the semiclassical case.
In this paper, besides making that remark more precise in Section 2 (see Theo-
rem 2.1 below), I shall consider in Section 3 (see Theorem 3.1 below) the validity



of inequality (1.1), and its sharpness, in the case of certain systems of PDEs that
seem to be natural (e.g. systems related to Dirac operators). In the final Section 4
I shall test the result of Section 3 in the case of ‘‘Dirac-squared-type’’ systems (see
(4.4) below), for which the constant appearing in (1.1) may be computed
explicitly.

Remark that, in contrast to the scalar case, the Fe¤erman–Phong inequality
may be false for Hermitian nonnegative systems (see Parmeggiani [2] and the ref-
erence to Brummelhuis’ work therein), and therefore the problem of finding nec-
essary and/or su‰cient conditions in order that the Fe¤erman–Phong inequality
for systems hold, both in the semiclassical and usual (h ¼ 1) case, is a non-trivial
and basic problem.

The method used in Sections 3 and 4 for obtaining the inequality is a natural
‘‘completion-of-squares procedure’’, that is, I will write

pwðx; hD; hÞ ¼
Xn
j¼1

Lw
j ðx; hD; hÞ2 þ C0ðx; hÞ;

for suitable first-order systems Lw
j ðx; hD; hÞ ¼ Lw

j ðx; hD; hÞ�, so that one gets

ðpwðx; hD; hÞu; uÞ ¼
Xn
j¼1

jjLw
j ðx; hD; hÞujj20 þ ðC0ðx; hÞu; uÞ;

and the point is to control from below the term ðC0u; uÞ, ‘‘throwing away’’ the
nonnegative contribution of the terms jjLw

j ðx; hD; hÞujj20 . I will show that such
a ‘‘wasteful’’ procedure is in fact in some cases optimal (for small h), by showing
examples in which

P
j jjLw

j ðx; hD; hÞuhjj20 ¼ Oðh3Þ, while ðC0ðx; hÞuh; uhÞb�Ch2,
for suitable Schwartz functions uh with jjuhjj0 ¼ 1.

It is also important to notice that in the completion-of-squares procedure, the
resulting term C0ðx; hÞ is obviously nonnegative when N ¼ 1 (i.e. in the scalar
case), whereas in the genuinely matrix-valued case (Nb 2) this might no longer
be the case. This observation provides an example (see Remark 4.3) of a second
order system for which the semiclassical Fe¤erman–Phong inequality cannot hold.

In the sequel MN will denote the set of N �N complex matrices (possibly
dependent on the parameter h), and S2ðRn � Rn;MNÞ :¼ S2ðRn � RnÞnMN

will denote the set of matrix-valued usual S2
1;0 class of second order symbols.

Finally, given a; br 0, I will write aP b when C�1ba aaCb for some absolute
constant C > 0 (independent of the main parameters).

2. A first semiclassical Fefferman–Phong inequality

Following [3] and [4], I consider the N �N system of second order PDEs in Rn

given by

pðx; x; hÞ ¼ AðxÞjxj2 þ
Xn
j¼1

xjBjðx; hÞ þ Cðx; hÞ ¼ pðx; x; hÞ� b�c0h
2IN ;ð2:1Þ
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with c0 > 0, for all ðx; xÞ a Rn � Rn and all h a ð0; 1�, where

A; Bjð�; hÞ; Cð�; hÞ a ClðRn;MNÞ; 1a ja n; oh a ð0; 1�;ð2:2Þ

and where for any given a a Zn
þ (with Zþ ¼ f0; 1; . . .g) there exists Ca > 0 such

that

jjqaxAjjLlðRn;MN Þ þ h�1
Xn
j¼1

jjqaxBjð�; hÞjjLlðRn;MN Þð2:3Þ

þ h�2jjqaxCð�; hÞjjLlðRn;MN Þ aCa; oh a ð0; 1�:

In other words, conditions (2.1) and (2.3), respectively, are rephrased as

h�2pðx; hx; hÞb�c0IN ; oðx; xÞ a Rn � Rn; oh a ð0; 1�;ð2:4Þ

h�2pðx; hx; hÞ a S2ðRn � Rn;MNÞ; uniformly in h a ð0; 1�;ð2:5Þ

respectively.
One has the following theorem (which makes precise the final remark in [3]

and [4]).

Theorem 2.1. In the above hypotheses the semiclassical Fe¤erman–Phong in-
equality holds for p: there exists a constant C > 0 such that

ðpwðx; hD; hÞu; uÞb�Ch2jjujj20 ; ou a SðRn;CNÞ; oh a ð0; 1�:

Proof. The proof follows immediately from the proof given in [3], upon noting
that the semiclassical Weyl-quantization pwðx; hD; hÞ is nothing but the usual
(h ¼ 1) Weyl-quantization of pðx; hx; hÞ, that condition (2.5) ensures that the
Fe¤erman–Phong metric introduced in [3] (see also [4])

gx;x ¼ HðxÞ2jdxj2 þ jdxj2

M 2
; jxjPM;

HðxÞ�1 :¼ max
1

M
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
TrAðxÞ

p� �
;

is independent of h a ð0; 1�, and that all the seminorms considered are bounded
uniformly in h. Thus one may work in the usual (h ¼ 1) Weyl–Hörmander calcu-
lus and Theorem 3.1 of [3] yields the existence of an absolute constant C > 0 such
that

h�2ðpwðx; hD; hÞu; uÞb�Cjjujj20 ; ou a SðRn;CNÞ;

for all h a ð0; 1�, which concludes the proof. r
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Remark 2.2. Notice that, therefore, the proof of Theorem 2.1 is not semiclassi-
cal, for it is a reduction to the usual Weyl-quantization of a di¤erential symbol
whose seminorms of all orders are bounded uniformly in h.

Notice that if one considers Uh:SðRn;CNÞ�!SðRn;CNÞ, the isometry of
L2ðRn;CNÞ (also automorphism of S0ðRn;CNÞ) such that

ðUhuÞðxÞ ¼ h�n=4uðh�1=2xÞ;

then

U�1
h pwðx; hD; hÞUh ¼ pwðh1=2x; h1=2D; hÞ;

whence, since

ðpwðx; hD; hÞu; uÞ ¼ ðpwðh1=2x; h1=2D; hÞU�1
h u;U�1

h uÞ;

Theorem 2.1 gives a semiclassical Fe¤erman–Phong inequality for systems of
PDEs belonging to pseudodi¤erential classes whose associated Hörmander met-
ric (and weights) depend on the semiclassical parameter.

As an example of system for which Theorem 2.1 applies, one may take

pðx; x; hÞ ¼ AðxÞjxj2 þ h
Xn
j¼1

xjB̂BjðxÞ þ h2ĈCðxÞ ¼ pðx; x; hÞ� b�c0h
2IN ;

for all ðx; xÞ a Rn � Rn and all h a ð0; 1�, for a constant c0 > 0 and smooth
matrices A; B̂Bj (1a ja n) and ĈC such that for any given a a Zn

þ there exists
Ca > 0 for which

jjqaxAjjLlðRn;MN Þ þ
Xn
j¼1

jjqaxB̂BjjjLlðRn;MN Þ þ jjqaxĈCjjLlðRn;MN Þ aCa:

Of course, one would like to consider also other classes of systems of PDEs
for which the semiclassical version of the Fe¤erman–Phong inequality holds. In
the next section I will show that when AðxÞ is uniformly elliptic the semiclassical
Fe¤erman–Phong inequality holds true for classes of second order systems of
PDEs for which h�1jjBjð�; hÞjjLl and h�2jjCð�; hÞjjLl are not necessarily bounded.

3. The inequality in case the matrix-coefficient A is elliptic

Let us consider the N �N system of second order PDEs

pðx; x; hÞ ¼ AðxÞjxj2 þ
Xn
j¼1

xjBjðx; hÞ þ Cðx; hÞ ¼ pðx; x; hÞ� b 0;ð3:1Þ

for all ðx; xÞ a Rn � Rn and all h a ð0; 1�, where
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A;Bjð�; hÞ;Cð�; hÞ a ClðRn;MNÞ; j ¼ 1; . . . ; n; oh a ð0; 1�;ð3:2Þ

and for any given a a Zn
þ there exists Ca > 0 such that

jjqaxAjjLlðRn;MN Þ þ
Xn
j¼1

jjqaxBjð�; hÞjjLlðRn;MN Þ þ jjqaxCð�; hÞjjLlðRn;MN Þ aCa;ð3:3Þ

for all h a ð0; 1�. Suppose furthermore that the matrix-coe‰cient A satisfies the
uniform-ellipticity condition: there exists c > 0 such that

c�1IN aAðxÞa cIN ; ox a Rn:ð3:4Þ

It is readily seen (see, for instance [3]) that (3.1) yields that all the matrices A,
Bj and C are Hermitian, and that A;Cb 0.

Remark that hypotheses (3.3) and (3.4) yield that the positive square root

AðxÞ1=2 :¼ 1

2pi

Z
g

l1=2ðl� AðxÞÞ�1
dl;ð3:5Þ

gH fl a C; Re l > 0g being a counterclockwise-oriented path encircling the
interval ½c�1; c�, is smooth and bounded along with its derivatives of all orders
(with bounds depending only on c and the Ca).

One has the following result.

Theorem 3.1. Let p be as in (3.1) and satisfy hypotheses (3.2)–(3.4). Define
for j ¼ 1; . . . ; n the smooth (in x) Hermitian matrices

BA; jðx; hÞ :¼ AðxÞ�1=2
Bjðx; hÞAðxÞ�1=2;ð3:6Þ

and

Ljðx; hÞ :¼
N

4
BA; jðx; hÞ2 �

TrðBA; jðx; hÞÞ
2

BA; jðx; hÞ þ
TrðBA; jðx; hÞ2Þ

4
IN :ð3:7Þ

Suppose further that there exists c1 > 0 such that (in the sense of Hermitian
matrices)

Xn
j¼1

Ljðx; hÞa c1h
2IN ; ox a Rn; oh a ð0; 1�:ð3:8Þ

(Of course, when N ¼ 1 the condition is trivially satisfied, for Ljðx; hÞ ¼ 0 for all x,
h, and j ¼ 1; . . . ; n.) Then there exists C > 0, depending only on N, on a finite
number of seminorms of A1=2, A, the Bj and C, and on the constant c1 of (3.8),
such that

ðpwðx; hD; hÞu; uÞb�Ch2jjujj20 ; ou a SðRn;CNÞ; oh a ð0; 1�:ð3:9Þ
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Proof. I start by writing

pðx; x; hÞ ¼ AðxÞ1=2pAðx; x; hÞAðxÞ1=2;ð3:10Þ

where

pAðx; x; hÞ :¼ jxj2IN þ
Xn
j¼1

xjBA; jðx; hÞ þ CAðx; hÞ;

with CAðx; hÞ :¼ AðxÞ�1=2
Cðx; hÞAðxÞ�1=2. It follows from (3.2)–(3.4) that the

matrices BA; j and CA are all smooth (in x) and bounded, along with their x-
derivatives to all orders, uniformly in x and h. Remark also, as is clear, that

pAðx; x; hÞ ¼ pAðx; x; hÞ� b 0; oðx; xÞ a Rn � Rn; oh a ð0; 1�:

I now ‘‘complete the squares’’ in pA and write

pAðx; x; hÞ ¼
Xn
j¼1

Ljðx; x; hÞ2 þ
�
CAðx; hÞ �

1

4

Xn
j¼1

BA; jðx; hÞ2
�
b 0;ð3:11Þ

where

Ljðx; x; hÞ :¼ xjIN þ 1

2
BA; jðx; hÞ ¼ Ljðx; x; hÞ�; j ¼ 1; . . . ; n:

Hence, in particular, Lw
j ðx; hD; hÞ ¼ Lw

j ðx; hD; hÞ�, j ¼ 1; . . . ; n. Writing a]hb for
the composition-law of the semiclassical Weyl–Hörmander calculus of symbols
a and b, one has in the first place that, since

qLj

qxk
¼ djkIN ; 1a j; ka n;ð3:12Þ

Lj]hLj ¼ L2
j �

i

2
hfLj;Ljg ¼ L2

j �
i

2
h
Xn
k¼1

qLj

qxk
;
qLj

qxk

� �
¼ L2

j ; 1a ja n:ð3:13Þ

I next compute

A1=2]hpA]hA
1=2 ¼ A1=2pAA

1=2 � i

2
hðfA1=2; pAgA1=2 þ fA1=2pA;A

1=2gÞ þ h2r0;

where (by virtue of the fact that pA is a second-order di¤erential system)
r0 ¼ r0ðx; hÞ is smooth in x and for all a a Zn

þ

sup
h a ð0;1�

jjqaxr0ð�; hÞjjLlðRn;MN Þ < þl;ð3:14Þ

with bounds depending only on the constants appearing in (3.3) and (3.4). One
now has
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fA1=2pA;A
1=2g ¼

Xn
k¼1

�
q

qxk
ðA1=2pAÞ

qA1=2

qxk
� q

qxk
ðA1=2pAÞ

qA1=2

qxk

	

¼
Xn
k¼1

A1=2 qpA

qxk

qA1=2

qxk
¼

Xn
k¼1

A1=2
Xn
j¼1

�
qLj

qxk
Lj þ Lj

qLj

qxk

	
qA1=2

qxk

¼ 2
Xn
k¼1

A1=2Lk

qA1=2

qxk
;

and, by the same token,

fA1=2; pAg ¼ �2
Xn
k¼1

qA1=2

qxk
Lk:

Hence

A1=2]hpA]hA
1=2 ¼ p� ih

Xn
k¼1

�
A1=2Lk

qA1=2

qxk
� qA1=2

qxk
LkA

1=2
�
þ h2r0

¼ p� ih
Xn
k¼1

�
A1=2]hLk]h

qA1=2

qxk
� qA1=2

qxk
]hLk]hA

1=2
�
þ h2r1;

where r1 ¼ r1ðx; hÞ satisfies the same properties of r0. We therefore get, for any
given u a SðRn;CNÞ,

ðpwðx; hD; hÞu; uÞ ¼ ðpw
A ðx; hD; hÞA1=2u;A1=2uÞ

þ 2h Im
Xn
j¼1

�
Lw
j ðx; hD; hÞA1=2u;

qA1=2

qxj
u

	
þ h2Oðjjujj20Þ

(in view of (3.11))

¼
Xn
j¼1

jjLw
j ðx; hD; hÞA1=2ujj20 þ

�
ðCAðx; hÞ �

1

4

Xn
j¼1

BA; jðx; hÞ2ÞA1=2u;A1=2u
�

þ 2h Im
Xn
j¼1

�
Lw
j ðx; hD; hÞA1=2u;

qA1=2

qxj
u

	
þ h2Oðjjujj20Þ

(by using the Cauchy–Schwarz inequality in the second-to-last term)

b
1

2

Xn
j¼1

jjLw
j ðx; hD; hÞA1=2ujj20 � 2h2

Xn
j¼1

qA1=2

qxj
u






















2

0

þ ðC0ðx; hÞA1=2u;A1=2uÞ þ h2Oðjjujj20Þ

b�2h2
Xn
j¼1

qA1=2

qxj






















2

Ll

jjujj20 þ h2Oðjjujj20Þ þ ðC0ðx; hÞA1=2u;A1=2uÞ;
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where I have put C0ðx; hÞ :¼ CAðx; hÞ �
1

4

Xn
j¼1

BA; jðx; hÞ2. The problem is now to

control from below this latter term, and it is here that we use hypotheses (3.1) and
(3.8) as follows.

Lemma 3.2. Hypothesis (3.1) yields

C0ðx; hÞb� 1

N

Xn
j¼1

Ljðx; hÞ; ox a Rn; oh a ð0; 1�;ð3:15Þ

as Hermitian matrices.

Proof of the lemma. Fixed any x a Rn and h a ð0; 1�, I write (with repeti-
tions according to multiplicity)

SpecðBA; jðx; hÞÞ :¼ flð jÞk ðx; hÞ; k ¼ 1; . . . ;NgHR; j ¼ 1; . . . ; n:

I consider next for k ¼ 1; . . . ;N

xðkÞ ¼ xðkÞðx; hÞ :¼
�
� 1

2
l
ð1Þ
k ðx; hÞ;� 1

2
l
ð2Þ
k ðx; hÞ; . . . ;� 1

2
l
ðnÞ
k ðx; hÞ

�
;

and

pAðx; xðkÞ; hÞ ¼
Xn
j¼1

� 1
2
BA; jðx; hÞ �

1

2
l
ð jÞ
k ðx; hÞIN

�2 þ C0ðx; hÞ; k ¼ 1; . . . ; n;

which is nonegative by hypothesis (3.1), that is, in the sense of Hermitian
matrices,

C0ðx; hÞb�
Xn
j¼1

� 1
4
BA; jðx; hÞ2 �

1

2
l
ð jÞ
k ðx; hÞBA; jðx; hÞ þ

1

4
l
ð jÞ
k ðx; hÞ2IN

�
:

Hence averaging over k ¼ 1; . . . ;N gives, recalling the definition of the Hermi-
tian matrices Ljðx; hÞ given in (3.7),

C0ðx; hÞb� 1

N

Xn
j¼1

Ljðx; hÞ;

which concludes the proof of the lemma. r

From the lemma and hypothesis (3.8) it therefore follows that

ðpwðx; hD; hÞu; uÞb�2h2
Xn
j¼1

qA1=2

qxj






















2

Ll

jjujj20 þ h2Oðjjujj20Þ �
c1

N
h2jjA1=2jj2Ll jjujj20 ;
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for all u a SðRn;CNÞ and all h a ð0; 1�, which concludes the proof of the
theorem. r

Remark 3.3. It is interesting to note that the matrices Lj , 1a ja n, have eigen-
values given by XN

kAk 0; k¼1

�
l
ð jÞ
k 0 � l

ð jÞ
k

2

	2
; k 0 ¼ 1; . . . ;N:

Hence hypothesis (3.8) may be thought of as requiring that the extent to which the
matrices BA; j fail to be scalar multiples of the identity IN be OðhÞ. In particular,
BA; j may be given in the form

BA; jðx; hÞ ¼ bjðxÞIN þ h ~BBA; jðx; hÞ;

for some smooth real (bounded, along with all the derivatives) functions bj
and some smooth Hermitian matrices ~BBA; jð�; hÞ ð j ¼ 1; . . . ; nÞ such that
jjqax ~BBA; jð�; hÞjjLl < þl for all h and all a a Zn

þ.
Notice that when bj ¼ 0 for all j ¼ 1; . . . ; n, then BA; j ¼ OðhÞ, and the conclu-

sion of the theorem follows at once, for in this case the condition pAðx; x; hÞb 0
immediately yields CAðx; hÞb 0, so that (in the sense of Hermitian matrices)

CAðx; hÞ �
1

4

Xn
j¼1

BA; jðx; hÞ2 b� 1

4

Xn
j¼1

BA; jðx; hÞ2 b�ch2IN ;

for all x a Rn and all h a ð0; 1�, for some absolute constant c > 0.

The method of proof of Theorem 3.1 gives the following slightly more general
result.

Theorem 3.4. Consider the N �N systems of second order PDEs

pðx; x; hÞ ¼
Xn
j¼1

ðx2j AjðxÞ þ xjBjðx; hÞÞ þ Cðx; hÞ ¼ pðx; x; hÞ� b 0;ð3:16Þ

for all ðx; xÞ a Rn � Rn and all h a ð0; 1�, where

Aj;Bjð�; hÞ;Cð�; hÞ a ClðRn;MNÞ; j ¼ 1; . . . ; n; oh a ð0; 1�;ð3:17Þ

and for any given a a Zn
þ there exists Ca > 0 such that

Xn
j¼1

ðjjqaxAjjjLl þ jjqaxBjð�; hÞjjLlÞ þ jjqaxCð�; hÞjjLl aCa; oh a ð0; 1�:ð3:18Þ

Suppose furthermore that the matrix-coe‰cients Aj satisfy the uniform-ellipticity
condition: there exists c > 0 such that

c�1IN aAjðxÞa cIN ; ox a Rn; j ¼ 1; . . . ; n:ð3:19Þ
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Let (as in (3.5)) A
1=2
j be the smooth positive square root of Aj. Define as in

Theorem 3.1 the matrices BAj ; j :¼ A
�1=2
j BjA

�1=2
j and Lj (see (3.6) and (3.7)), and

suppose that there exists c1 > 0 such that

Xn
j¼1

AjðxÞ1=2Ljðx; hÞAjðxÞ1=2 a c1h
2IN ; ox a Rn; oh a ð0; 1�:ð3:20Þ

Then there exists C > 0, depending only on N, on a finite number of seminorms of
the A

1=2
j , Aj;Bj and C, and on the constant c1 of (3.20), such that

ðpwðx; hD; hÞu; uÞb�Ch2jjujj20 ; ou a SðRn;CNÞ; oh a ð0; 1�:ð3:21Þ

Proof. The proof follows the same lines of that of Theorem 3.1. I write in the
first place

pðx; x; hÞ ¼
Xn
j¼1

AjðxÞ1=2Ljðx; x; hÞ2AjðxÞ1=2

þ Cðx; hÞ � 1

4

Xn
j¼1

AjðxÞ1=2BAj ; jðx; hÞ
2
AjðxÞ1=2;

where

Ljðx; x; hÞ :¼ xjIN þ 1

2
BAj ; jðx; hÞ ¼ Ljðx; x; hÞ�; 1a ja n:

Then, as before,

Lj]hLj ¼ L2
j ; 1a ja n;

fA1=2
j L2

j ;A
1=2
j g ¼ 2A

1=2
j Lj

qA
1=2
j

qxj
;

and

fA1=2
j ;L2

j g ¼ �2
qA

1=2
j

qxj
Lj:

Therefore

Xn
j¼1

A
1=2
j ]hL

2
j ]hA

1=2
j ¼

Xn
j¼1

A
1=2
j L2

j A
1=2
j

� ih
Xn
j¼1

�
A

1=2
j ]hLj]

qA
1=2
j

qxj
�
qA

1=2
j

qxj
]hLj]hA

1=2
j

	
þ h2r;
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where r ¼ rðx; hÞ is smooth in x and for all a a Zn
þ

sup
h a ð0;1�

jjqaxrð�; hÞjjLlðRn;MN Þ < þl;

with bounds depending only on the constants appearing in (3.18) and (3.19).
Therefore, for any given u a SðRn;CNÞ

ðpwðx; hD; hÞu; uÞ ¼
Xn
j¼1

jjLw
j ðx; hD; hÞA1=2

j ujj20

þ 2h Im
Xn
j¼1

�
Lw
j ðx; hD; hÞA1=2

j u;
qA

1=2
j

qxj
u

	

þ
�
ðCðx; hÞ � 1

4

Xn
j¼1

AjðxÞ1=2BAj ; jðx; hÞ
2
AjðxÞ1=2Þu; u

	

þ h2Oðjjujj20Þ

(by the Cauchy–Schwarz inequality)

b
1

2

Xn
j¼1

jjLw
j ðx; hD; hÞA1=2

j ujj20

� 2h2
Xn
j¼1

qA
1=2
j

qxj
u


























2

0

þðC0ðx; hÞu; uÞ þ h2Oðjjujj20Þ;

where this time I have put

C0ðx; hÞ :¼ Cðx; hÞ � 1

4

Xn
j¼1

AjðxÞ1=2BAj ; jðx; hÞ
2
AjðxÞ1=2:

Now, proceeding in a way similar to that of the proof of Lemma 3.2, let

SpecðBAj ; jðx; hÞÞ :¼ flð jÞk ðx; hÞ; k ¼ 1; . . . ;NgHR; 1a ja n;

and let for k ¼ 1; . . . ;N,

xðkÞ :¼ xðkÞðx; hÞ :¼
�
� 1

2
l
ð1Þ
k ðx; hÞ;� 1

2
l
ð2Þ
k ðx; hÞ; . . . ;� 1

2
l
ðnÞ
k ðx; hÞ

�
:

Then by (3.16) one has

pðx; xðkÞ; hÞ ¼
Xn
j¼1

AjðxÞ1=2
� 1
2
BAj ; jðx; hÞ �

1

2
l
ð jÞ
k ðx; hÞIN

�2
AjðxÞ1=2 þ C0ðx; hÞb 0;
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that is

C0 b�
Xn
j¼1

A
1=2
j

� 1
4
B2
Aj ; j

� 1

2
l
ð jÞ
k BAj ; j þ

1

4
l
ð jÞ
k

2
IN

�
A

1=2
j ;

whence averaging over k ¼ 1; . . . ;N gives, as before,

C0ðx; hÞb� 1

N

Xn
j¼1

AjðxÞ1=2Ljðx; hÞAjðxÞ1=2:

It thus follows from hypothesis (3.20) that

ðpwðx; hD; hÞu; uÞb�2h2
Xn
j¼1

qA
1=2
j

qxj


























2

Ll

jjujj20 þ h2Oðjjujj20Þ �
c1

N
h2jjujj20 ;

for all u a SðRn;CNÞ and all h a ð0; 1�, which concludes the proof of the
theorem. r

Of course, a lot of information has been thrown away when disregarding
the ‘‘sum-of-squares’’ term appearing in (3.11) in bounding from below the L2-
quadratic form of pw

A ðx; hD; hÞ. In this respect, Theorem 3.1 (and Theorem 3.4)
is not yet satisfactory. This will be seen even more clearly in the next section,
where I shall test Theorems 2.1 and 3.1 on a Dirac-squared-type system.

However, there are instances in which the result of Theorem 3.1 is sharp
for all h a ð0; h0�, for some h0 a ð0; 1� su‰ciently small, as the following lemma
shows.

Lemma 3.5. Suppose that

Bjðx; hÞ ¼ B0; jðhÞ þ hnjB1; jðx; hÞ ¼ Bjðx; hÞ�; j ¼ 1; . . . ; n;ð3:22Þ

where nj b 3=2, 1a ja n, the B0; jðhÞ are matrices that are constant in x, and the
B1; jð�; hÞ a ClðRn;MNÞ are such that for all a a Zn

þ there is Ca > 0 with

Xn
j¼1

jjqaxB1; jð�; hÞjjLl aCa; oh a ð0; 1�:

Suppose further that there exists c > 0 such that for any given h a ð0; 1� there are
x0j ðhÞ a R, j ¼ 1; . . . ; n, and a non-zero vh a CN such that

�
x0j ðhÞIN þ 1

2
B0; jðhÞ

�
vh











CN

a ch3=2jvhjCN ; 1a ja n:ð3:23Þ
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For each h a ð0; 1� let uh a SðRn;CNÞ be the function

uhðxÞ :¼ c0h
n=2eih

�13x;x0ðhÞ4�h2jxj2=2vh=jvhjCN ; x a Rn;ð3:24Þ

where x0ðhÞ ¼ ðx01ðhÞ; . . . ; x0nðhÞÞ, and c�2
0 :¼

Z
Rn

e�jtj2dt: Consider the first-order

symbols Ljðx; x; hÞ ¼ xjIN þ 1

2
Bjðx; hÞ, 1a ja n. Then

jjLw
j ðx; hD; hÞuhjj20 a 10h3

�
c2 þ C2

0

4
þ c20
c21

	
; oh a ð0; 1�; 1a ja n;ð3:25Þ

where c�2
1 :¼

Z
Rn

t21e
�jtj2 dt.

Proof. I may suppose that jvhjCN ¼ 1 for all h a ð0; 1�. It is immediate to check
that

jjuhjj0 ¼ 1; oh a ð0; 1�;

and that

hDxjuhðxÞ ¼
h

i
qxj uhðxÞ ¼ x0j ðhÞuhðxÞ þ ih3xjuhðxÞ; 1a ja n:

Now,

jjh3xjuhjj20 ¼ c20h
nþ6

Z
Rn

x2
j e

�h2jxj2dx ¼ c20
c21

h4; oh a ð0; 1�;

and, by hypothesis (3.23),

�
x0j ðhÞIN þ 1

2
B0; jðhÞ

�
uh






















2

0

a c2h3; oh a ð0; 1�:

Since

Lw
j ðx; hD; hÞuh ¼

�
x0j ðhÞIN þ 1

2
B0; jðhÞ

�
uh þ hnj

1

2
B1; jðx; hÞuh þ ih3xjuh;

I therefore get

jjLw
j ðx; hD; hÞuhjj20 a 10h3

�
c2 þ C2

0

4
þ c20
c21

	
;

for all h a ð0; 1�, which concludes the proof. r
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Remark 3.6. It is easy to give examples for which the hypotheses of the above
lemma are fulfilled, as the following two cases show:

ðiÞ Suppose there is C > 0 and j0 a f1; . . . ; ng such that

jB0; jðhÞ � B0; j0ðhÞjMN
aCh3=2; oh a ð0; 1�; j ¼ 1; . . . ; n;

ðiiÞ Suppose that

½B0; jðhÞ;B0; j 0 ðhÞ� ¼ 0; oh a ð0; 1�; j; j 0 ¼ 1; . . . ; n:

In case ðiÞ one just takes for each h a ð0; 1�

x01ðhÞ a Spec
�
� 1

2
B0;1ðhÞ

�
;

a vector

0A vh a Ker
� 1
2
B0;1ðhÞ þ x01ðhÞIN

�
;

and x0ðhÞ ¼ ðx01ðhÞ; x01ðhÞ; . . . ; x01ðhÞÞ.

In case ðiiÞ one takes for each h a ð0; 1�

x0ðhÞ ¼ ðx01ðhÞ; x02ðhÞ; . . . ; x0nðhÞÞ;

where x0j ðhÞ a Spec
�
� 1

2
B0; jðhÞ

�
for 1a ja n, and the x0j ðhÞ are chosen in such a

way that 0A vh is a common eigenvector, i.e.

0A vh a
\n
j¼1

Ker
� 1
2
B0; jðhÞ þ x0j ðhÞIN

�
:

Hence Lemma 3.5 yields that when A ¼ IN and the matrices BA; j ¼ Bj in
Theorem 3.1 satisfy in addition the assumptions of the lemma, then there exists
h0 a ð0; 1� such that inequality (3.9) is sharp for all h a ð0; h0�, in the sense that
no better contribution from the terms ðLw

j ðx; hD; hÞ2u; uÞ may be obtained.

4. Semiclassical Dirac-squared-type systems

In this section I test Theorem 3.1 on certain systems that I shall call Dirac-
squared-type systems.

Following Salo and Tzou [5], one defines a generalized Dirac-type operator as
follows. Let ‘jk a Cn and consider the constant-coe‰cient N �N system (Nb 2)
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P0ðxÞ :¼ ð‘jk � xÞ1a j;kaN ; x a Rnð4:1Þ

(where v � w ¼
P

k vkwk, for v;w complex vectors), such that

P0ðxÞ ¼ P0ðxÞ�; and P0ðxÞ2 ¼ jxj2IN :ð4:2Þ

Then it follows that

P0ðzÞP0ðz0Þ þ P0ðz0ÞP0ðzÞ ¼ ðz � z0ÞIN ; z; z0 a Cn:ð4:3Þ

When considering certain problems that involve Carleman estimates (see for
instance [5]), one is willing to consider the system given by the principal part, in
the semiclassical calculus, of P0ðhDþ i‘jÞ�P0ðhDþ i‘jÞ, that is

pðx; x; hÞ :¼ P0ðxÞ2 þ P0ð‘jðx; hÞÞ2 þ i½P0ðxÞ;P0ð‘jðx; hÞÞ�;ð4:4Þ

ðx; xÞ a Rn � Rn, h a ð0; 1�, where j ¼ jðx; hÞ is smooth in x and real-valued, and
‘ denotes the gradient with respect the variable x. Since

3pðx; x; hÞv; v4CN ¼ jP0ðxÞvj2CN þ jP0ð‘jÞvj2CN þ 2 Im3P0ðxÞv;P0ð‘jÞv4CN ;

v a CN , by the Cauchy–Schwarz inequality we clearly have that

pðx; x; hÞ ¼ pðx; x; hÞ� b 0:

I shall call system (4.4), a Dirac-squared-type system.
We have the following result, which is a consequence of Theorem 3.1 (it is of

course also a consequence of Theorem 2.1 and the final part of Remark 3.3).

Proposition 4.1. Suppose that jðx; hÞ ¼ cj þ hcðx; hÞ, for a real constant cj
and a smooth, real-valued c such that jjqaxcð�; hÞjjLlðRnÞ < þl for all h a ð0; 1�
and all a a Zn

þ with jajb 1. Then there exists C ¼ CðnÞ > 0 such that

ðpwðx; hD; hÞu; uÞb�Ch2jj‘cð�; hÞjj2Ll jjujj20 ; ou a SðRn;CNÞ;ð4:5Þ

for all h a ð0; 1�. One has from Theorem 3.1 that C ¼ 2ðn� 1Þ, whereas from its
method of proof one has C ¼ ðn� 2Þ.

Proof. I write

P0ðxÞ ¼
Xn
j¼1

xjQj:

Then from (4.2) one has
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Qj ¼ Q�
j ; 1a ja n;

and from (4.1) and (4.3)

P0ðejÞ2 ¼ IN ¼)Q2
j ¼ IN ; 1a ja n;

and

P0ðejÞP0ðej 0 Þ þ P0ðej 0 ÞP0ðejÞ ¼ QjQj 0 þQj 0Qj ¼ 0; 1a j; j 0 a n; jA j 0:ð4:6Þ

By (4.4) I may therefore write

pðx; x; hÞ ¼ jxj2IN þ
Xn
j¼1

xjBjðx; hÞ þ Cðx; hÞ;

where

Bjðx; hÞ :¼ i½Qj;P0ð‘jðx; hÞÞ� ¼ i
Xn
k¼1

½Qj;Qk�
qj

qxk
ðx; hÞð4:7Þ

¼ ih
Xn
k¼1

½Qj;Qk�
qc

qxk
ðx; hÞ;

and

Cðx; hÞ ¼ j‘jðx; hÞj2IN ¼ h2j‘cðx; hÞj2IN :ð4:8Þ

One may also write, by (4.6),

Bjðx; hÞ ¼ 2i
Xn

kAj; k¼1

QjQk

qj

qxk
ðx; hÞ ¼ 2i

�
QjP0ð‘jðx; hÞÞ �

qj

qxj
ðx; hÞIN

�
:ð4:9Þ

Notice that by (4.7) and (4.8), the final part of Remark 3.3 yields the existence
of C 0 > 0 such that

ðpwðx; hD; hÞu; uÞb�C 0h2jjujj20 ; ou a SðRn;CNÞ; oh a ð0; 1�:ð4:10Þ

Notice also that, again by virtue of (4.7) and (4.8), p satisfies (2.4) and (2.5),
whence Theorem 2.1 too gives the existence of C 0 > 0 such that (4.10) holds.

The point here is therefore to have a better control on the constant C 0, and
this is provided by Theorem 3.1 and its proof. This is what I am going to show
next. (However, Theorem 2.1 holds for more general matrix-coe‰cients A which
are in fact allowed to be only b 0, i.e. allowed to have a non-trivial kernel; it
hence holds, for instance, for the system A1ðxÞ�pðx; x; hÞA1ðxÞ, where p is given
by (4.4) and the kernel of A1ðxÞ is non-trivial for some x.)
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One has from (4.7) that TrðBjðx; hÞÞ ¼ 0, for all x, h, and j ¼ 1; . . . ; n. On the
other hand (using (4.6))

B2
j ¼

�
ih
Xn
k¼1

½Qj;Qk�
qc

qxk

	2
¼ �h2

Xn
k¼1

½Qj ;Qk�
qc

qxk

Xn
k 0¼1

½Qj;Qk 0 � qc
qxk 0

¼ �h2
X
k;k 0Aj

qc

qxk

qc

qxk 0
ðQjQkQjQk 0 �QkQ

2
j Qk 0 �QjQkQk 0Qj þQkQjQk 0QjÞ

¼ �h2
X
k;k 0Aj

qc

qxk

qc

qxk 0
ð�QkQ

2
j Qk 0 �QkQ

2
j Qk 0 �QkQ

2
j Qk 0 �QkQ

2
j Qk 0 Þ

¼ 4h2
X
k;k 0Aj

qc

qxk

qc

qxk 0
QkQk 0 ¼ 4h2

X
k¼k 0Aj

qc

qxk

qc

qxk 0
QkQk 0

þ 4h2
X

k<k 0; k;k 0Aj

qc

qxk

qc

qxk 0
QkQk 0 þ 4h2

X
k 0<k; k;k 0Aj

qc

qxk

qc

qxk 0
QkQk 0

¼ 4h2
�X

kAj

�
qc

qxk

	2	
IN þ 4h2

X
k<k 0; k;k 0Aj

qc

qxk

qc

qxk 0
ðQkQk 0 þQk 0QkÞ

¼ 4h2j‘ð jÞcðx; hÞj2IN ;

where I have put ‘ð jÞc ¼ ðqc=qxkÞkAj. Hence

Bjðx; hÞ2 ¼ 4h2j‘ð jÞcðx; hÞj2IN ; TrðBjðx; hÞ2Þ ¼ 4Nh2j‘ð jÞcðx; hÞj2:

It follows that

Ljðx; hÞ ¼ 2Nh2j‘ð jÞcðx; hÞj2IN ;

Xn
j¼1

Ljðx; hÞ ¼ 2Nh2
Xn
j¼1

j‘ð jÞcðx; hÞj2IN ¼ 2Nðn� 1Þh2j‘cðx; hÞj2IN ;

and that

C0ðx; hÞ ¼ h2j‘cðx; hÞj2IN � 1

4

Xn
j¼1

4h2j‘ð jÞcðx; hÞj2INð4:11Þ

¼ �ðn� 2Þh2j‘cðx; hÞj2IN b (by (3.15))b� 1

N

Xn
j¼1

Ljðx; hÞ

¼ �2ðn� 1Þh2j‘cðx; hÞj2IN ;

which concludes the proof. r
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I next give an example (which is, in fact a consequence of Lemma 3.5) of
Dirac-squared-type system for which the procedure of completing the square is
sharp for obtaining the semiclassical Fe¤erman–Phong inequality.

Lemma 4.2. Let nb 2, and for some nb 3=2 let

jðx; hÞ ¼ b1ðhÞx1 þ b2ðhÞx2 þ hnf1ðx; hÞ; x a Rn; h a ð0; 1�;ð4:12Þ

with 0A b1ðhÞ; b2ðhÞ a R, where f1ð�; hÞ a ClðRn;RÞ and for all a a Zn
þ with

jajb 1 there exists Ca > 0 such that

jjqaxf1ð�; hÞjjLl aCa; oh a ð0; 1�:

For each h a ð0; 1� let uh a SðRn;CNÞ be the function

uhðxÞ ¼ c0h
n=2eih

�1l0ðb2ðhÞx1�b1ðhÞx2Þ�h2jxj2=2v=jvjCN ; x a Rn;

where the real number l0 a Specð�iQ1Q2Þ and 0A v a KerðiQ1Q2 þ l0Þ, and

where (again) c�2
0 ¼

Z
Rn

e�jtj2dt. As before, consider the first-order symbols

Ljðx; x; hÞ :¼ xjIN þ 1
2Bjðx; hÞ, 1a ja n. Then there exists a constant C > 0

such that

jjLw
j ðx; hD; hÞuhjj20 aCh3; oh a ð0; 1�; j ¼ 1; . . . ; n:

Proof. Recalling formula (4.9) and using

qj

qxk
¼ hn

qf1
qxk

; kb 3;

I write

Bjðx; hÞ ¼ B0; jðhÞ þ hnB1; jðx; hÞ; j ¼ 1; . . . ; n;

where

B0;1ðhÞ ¼ 2ib2ðhÞQ1Q2; B0;2ðhÞ ¼ 2ib1ðhÞQ2Q1; B0; jðhÞ ¼ 0; jb 3;

and

B1; jðx; hÞ ¼ 2ihn
Xn

kAj; k¼1

QjQk

qf1
qxk

ðx; hÞ; 1a ja n:

Therefore (by (4.6))

½B0; jðhÞ;B0; j 0 ðhÞ� ¼ 0; oh a ð0; 1�; oj; j 0 ¼ 1; . . . ; n;

hDx1uh þ
1

2
B0;1ðhÞuh ¼ b2ðhÞ ðl0 þ iQ1Q2Þuh|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}

¼0

þih3x1uh;
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and

hDx2uh þ
1

2
B0;2ðhÞuh ¼ �b1ðhÞ ðl0 � iQ2Q1Þuh|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}

¼0

þih3x2uh;

so that the proof follows as in Lemma 3.5. r

Lemma 4.2 therefore shows that when, say, b1ðhÞ ¼ b2ðhÞ ¼ hb0ðhÞ, where
b0ðhÞ is real and uniformly bounded for all h a ð0; 1�, one has the existence of
an h0 a ð0; 1� such that Proposition 4.1 holds and is sharp for all h a ð0; h0�, again
in the sense that the terms ðLw

j ðx; hD; hÞ2u; uÞ do not give a better contribution.

In the following remark I give an elementary example of second order system
(of Dirac-squared-type) for which the semiclassical Fe¤erman–Phong inequality
cannot hold.

Remark 4.3. Recall from the proof of Proposition 4.1 that when writing
pðx; x; hÞ ¼

Pn
j¼1 Ljðx; x; hÞ2 þ C0ðx; hÞ, one has (see (4.11)) that

C0ðx; hÞ ¼ �ðn� 2Þj‘jðx; hÞj2IN :

Take thus nb 3 and j and f1 as in (4.12), where (say)

b1ðhÞ ¼ b2ðhÞ ¼ h1=2b0; b0 A 0:

Then, for h0 a ð0; 1� su‰ciently small,

j‘jðx; hÞj2 P h; oh a ð0; h0�; ox a Rn;

and by Lemma 4.2 one has

ðpwðx; hD; hÞuh; uhÞPOðh3Þ � h; oh a ð0; h0�;

whence (by possibly shrinking h0) the semiclassical Fe¤erman–Phong inequality
cannot hold.

Of course, one may even give ‘‘worse’’ and simpler examples. The simplest one is
given just by taking jðx; hÞ ¼ x1. In this case, again by Lemma 4.2 (with b1ðhÞ ¼ 1
and b2ðhÞ ¼ 0), one has

ðpwðx; hD; hÞuh; uhÞPOðh3Þ � 1; oh a ð0; h0�;

which shows again (by possibly shrinking h0) the failure of the semiclassical
Fe¤erman–Phong inequality.

It is finally interesting to notice in Lemma 4.2 that the function
b1ðhÞx1 þ b2ðhÞx2 is a harmonic conjugate of b2ðhÞx1 � b1ðhÞx2. This leads to
the following observation (a localized version of the semiclassical Fe¤erman–
Phong inequality).
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Lemma 4.4. Let nb 3 and nb 3=2. For each h a ð0; 1�, let f0 ¼ f0ðx1; x2; hÞ be a
harmonic polynomial. Consider the Dirac-squared-type system (4.4), with

jðx; hÞ ¼ f0ðx1; x2; hÞ þ hnf1ðx; hÞ; x a Rn; h a ð0; 1�;

where f1ð�; hÞ is real and smooth for all h a ð0; 1�, and such that for any given
compact K HRn and any given a a Zn

þ with 1a jaja 2 there exists CK;a > 0 for
which

jjqaxf1ð�; hÞjjLlðKÞ aCK;a; oh a ð0; 1�:

Then for any given compact KHRn one has

ðpwðx; hD; hÞu; uÞb�ðn� 2Þjj‘jð�; hÞjj2LlðKÞjjujj
2
0 ; ou a Cl

0 ðK ;CNÞ;

for all h a ð0; 1�.
Furthermore, one may find a constant C > 0 and for each h a ð0; 1� a function

uh a SðRn;CNÞ (see (4.14) below) such that

jjLw
j ðx; hD; hÞuhjj20 aCh3; oh a ð0; 1�; j ¼ 1; . . . ; n:

Proof. I need only prove the second part of the statement. For this pur-
pose I adapt the proof of Lemma 4.2 as follows. Let l0 a Specð�iQ1Q2Þ and
0A v a KerðiQ1Q2 þ l0Þ. Then I write

Bjðx; hÞ ¼ B0; jðx; hÞ þ hnB1; jðx; hÞ; j ¼ 1; . . . ; n;

where

B0;1ðx; hÞ ¼ 2i
qf0
qx2

ðx; hÞQ1Q2; B0;2ðx; hÞ ¼ 2i
qf0
qx1

ðx; hÞQ2Q1;

B0; jðx; hÞ ¼ 0; j ¼ 3; . . . ; n;

and

B1; jðx; hÞ ¼ 2ihn
Xn

kAj; k¼1

QjQk

qf1
qxk

ðx; hÞ; 1a ja n:

Let c0ðx1; x2; hÞ be a harmonic function such that c0 þ if0 is holomorphic, that
is, f0 is a harmonic conjugate of c0. Then c0ð�; hÞ is a polynomial and

qc0

qx1
¼ qf0

qx2
;

qc0

qx2
¼ � qf0

qx1
; oðx1; x2Þ a R2; oh a ð0; 1�:ð4:13Þ

Consider then, for each h a ð0; 1�, the Schwartz function

uhðxÞ ¼ c0h
n=2eih

�1l0c0ðx1;x2;hÞ�h2jxj2=2v=jvjCN ; x a Rn;ð4:14Þ

358 a. parmeggiani



where c�2
0 :¼

Z
Rn

e�jtj2dt: Now, by (4.14) and (4.6) one has

hDx1uh þ
1

2
B0;1ðx; hÞuh ¼

�
l0

qc0

qx1
þ qf0
qx2

iQ1Q2

�
uh þ ih3x1uh

¼ qc0

qx1
ðl0 þ iQ1Q2Þuh|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}

¼0

þih3x1uh;

and

hDx2uh þ
1

2
B0;2ðx; hÞuh ¼

�
l0

qc0

qx2
þ qf0
qx1

iQ2Q1

�
uh þ ih3x2uh

¼
�
l0

qc0

qx2
� qf0
qx1

iQ1Q2

�
uh þ ih3x2uh

¼ qc0

qx2
ðl0 þ iQ1Q2Þuh|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}

¼0

þih3x2uh:

Hence the proof follows as in Lemma 3.5. r
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