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ABSTRACT. — In this paper we consider the PDE describing the fluid flow in a porous medium,
focusing on the solution’s dependence upon the choice of the saturation curve and the hydraulic con-
ductivity. Basically, we consider two different saturation curves (say 0; and 6,) and two different hy-
draulic conductivities (#7 and .#3) which are both “close” in the L{5 -norm. Then we find estimates
to prove a constitutive stability for the solutions of the corresponding problems with the same
boundary and initial conditions.
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1. INTRODUCTION

Let us consider the well-known equation describing a 1-D Darcyan flow of a fluid
through an homogeneous rigid porous medium (see [1]—[2]), i.e.

where

e x € [0, 1] is the dimensionless vertical coordinate pointing upwards.
W is the fluid pressure head (see [1] for more details),

with p fluid pressure, p liquid density and g gravity acceleration.
0 is the moisture content. In particular,

Oﬁgggmax

where 0.« coincides with the porosity of the medium.
e . is the hydraulic conductivity of the medium.

The model is completed:
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e by prescribing how #" depends on 6, i.e. giving the so-called hydraulic conduc-
tivity curve (see e.g. [3]),

(1.2) A= H(0).

e By assuming a constitutive relationship linking 6 and , namely the so-called
saturation (or retention) curve (see [4])!,

(1.3) 0=00)).

In particular, both (1.2) and (1.3) are obtained by experimental measurements. It
has to be noted, however, that accurate measurements of the unsaturated conduc-
tivity and water retention curve is generally cumbersome, costly and very time—
consuming. Indeed, in many practical situations experimental data assessing the
“precise” shape of the hydraulic functions are not available.

The aim of this paper is to show that ““small variations’ in the shape of both
the saturation curve and the hydraulic conductivity function produce ‘‘small vari-
ations” of the solutions, i.e. to determine how much changes in the shape of the
soil water retention curve and/or conductivity curve affect the prediction of the
soil water content.

We note (see Remark 2.1) that two classes of retention curves are used in the
literature: one in which 0'(y) is continuous (we will refer to it as a degenerate case
for a reason that will be selfexplained later on) and one in which 0'(y) is discon-
tinuous at Yy = 0 (non-degenerate case). The two cases exhibit relevant mathemat-
ical differences; on the other hand it is extremely difficult (if not impossible) to
discriminate experimentally between the two cases. Therefore, our result of con-
stitutive stability of equation (1.1) seems particularly relevant.

Similar results were found in [6], where the author gives an estimate for a de-
generate problem without gravity term and in case of a completely unsaturated
domain.

In [7] constitutive stability results are proved (using an homotopy argument)
in the particular case of non-degenerate problems.

In [8] the following degenerate diffusion problem is considered

m—1

ut = (u ux)x,
=0,

1
(")
m- /x|=0,1

u|l=0 = HO(X),

with 0 < m < 1, and the author proves an estimate in the Z?-norm for the con-
tinuous dependence of the solution u on the parameter m . The proof cannot be
extended to the problem we are considering, since it corresponds to a particular
choice of the saturation curve # and moreover the gravity term does not appear.

! Prescribing (1.3) means that the equilibrium between pressure and water content is reached
instantaneously. A different approach (see [5] for instance) includes dynamical effects expressed by
a differential equation linking 6 and .
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We conclude this section quoting the stability result found in [9] for problems
in which the degeneration belongs to a completely different type.
2. ASSUMPTIONS AND BASIC EQUATIONS
We consider the following assumptions
(H.1) #°(0) € C'(]0, Omax]),

sup A (0) = Kgy < 00,
00, Omas]

and
(2.1) A (0) — 0" asf — 0.
(H.2) #'(0) = 0 and

sup A'(0) = Ly < 0.
0¢€ [0, Omax]

(H.3) #'(0) is uniformly Lipschitz continuous with Lipschitz constant %, .
We assume

(H.4) 0 € C(R) and it is a strictly increasing function for y < 0 and 0 = O,y for
Y > 0.

(H.5) 0(y) is uniformly Lipscl;itg/ (continuous with Lipschitz constant %j.

(H.6) supse[_MmO]{ L2 (0(s))] WX))} < oo, for any fixed My > 0 (see also Re-
mark 2.2 below).

REMARK 2.1. For yy = 0 we shall consider two situations, i.e.

(1) 0'(07) = 0'(0") = 0 (which means that 0 € C'(R)).
(2) 0'(07) > 0 while 0'(0") = 0.

Once the saturation curve is given, equation (1.1) takes the following form

(2.2) [0W)], = [KW) (W + 1],

(usually known as the -form of the Richards’ equation), where

K@) = A (0())-

REMARK 2.2. In terms of K(r) assumption (H.6) reads as

[K' ()]
SEF‘EZ,O]{K@W’@)} =
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for any My > 0. Even if it seems to be very restrictive, actually the permeability
and retention curves commonly used in hydrology fulfill such condition. In particu-
lar, the well-known vanGenuchten and Mualem curves satisfy (H.6) (see [3] and [4]).

In particular, after performing the so-called Kirchoft’s transformation I', defined
as

¥(x,1)
) =TG0) = [ KGs)ds
0
equation (2.2) reads as

(2.3) [o(w)]; = [ux + k(w)],,

where k(u) = K(I'"'(u)) and the function o(u) = 0(T ! (1)) behaves like 0.
As a consequence of assumptions (H.1)—(H.6) we have

(F.1) a(s) € C(R), a(s) is strictly increasing for s <0 and ¢ =g, for s > 0.
Moreover ¢ is uniformly Lipschitz continuous with Lipschitz constant %,.
(F.2) According to Remark 2.1 for s = 0 two options are possible, i.e.
(1) ¢’(0) =0.
(2) ¢’(0) > 0.
In case 1 Richards’ equation degenerates at u = 0, while in case 2 equation
(2.2) is uniformly parabolic.

(F.3) supse[,Mo_ro]{[k/(s)]z} < oo, for any fixed M, > 0.

a'(s)

Concerning the initial datum we consider
(2.4) a(u(x,0)) = vo(x).

with vg(x) Lipschitz continuous function. The boundary conditions may be
chosen among these:

u(0,7) = p(1),
DR
uy(0,¢) + k(u(0,1)) = F(2),
(1) {ux(l, £) + k(u(1,1)) = N(2),
)

We shall consider problems (I), (IT) and (IIT) in the domain Dy = (0,1) x (0, T).

For such problems existence and uniqueness of a solution have been proved
(see [10]—[20], for instance). In particular, we can state the existence of a solution
u such that

ue L*0,T,H*0,1))
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and the following estimates hold true

(2.5) lul . < M,
(2.6) lux],, < M,
(2.7) ”uxx”LZ(DT) < M27

where the constants depend on the initial and boundary data and coefficients.

REMARK 2.3. Such results imply, in turn, that the function o is Holder continuous
(see [15] and [20]). Moreover, we note that (2.5) holds true also if we consider prob-
lems in an n-dimension spatial domain, while (2.6)—(2.7) in general are valid only
for the 1-D case. We confine our analysis to the latter case.

REMARK 2.4. It is important to recall that estimate (2.7) does not imply, in gen-
eral, a similar regularity on u,. This is true only if the equation (2.3) is uniformly
parabolic, namely only in case 2 of condition (F.2).

REMARK 2.5. Since a priori estimates like (2.5) ensure that 0 has a positive lower
bound, condition (2.1) in assumption (H1) entails,

inf A (0) = Kuin > 0. 0
0€ 0, Omax]

Moreover, we recall the following results

(R.1) In case of problem (III), we may have u(x,#) <0 in D, for suitable
N(t) > 0. We remark, however, that boundary condition (III) should be
replaced by a unilateral boundary condition (see [10] and [13] for details).

(R.2) In case of problems (I) and (I1), a saturation region may appear. In such a
case (see [14]-[19]) the following sets could be defined

9 ={(x,t) € Dy : o(x,t) < 0} = {(x, ) € Dy : u(x,t) < 0},
P ={(x,t) € Dr: a(x,t) =0} = {(x,1) € Dy : u(x,t) > 0},

corresponding to the unsaturated and saturated region, respectively, and
the interfaces separating the regions can be proved to be Lipschitz contin-
uous.

Hereafter we give three examples concerning the water infiltration through the
subsurface that can be described by the problem (I), (II) or (III).

Example 1: vertical flow through the vadose zone (see also [10]).

In this case x = 0 represents the so-called water table and x = 1 the ground
surface. Problem (I) with p(7) = 0 and ¢(z) > 0 models water infiltration through
the unsaturated zone in case of prescribed water pressure at the ground surface.
When ¢(¢) > 0 a saturated region appears.
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Problem (III) with p(7) = 0 and N(¢) > 0 describes the same phenomenon in
case of flux condition on the ground surface.

Example 2. vadose zone and phreatic aquifer.

Such a scenario can be modeled by setting x = 0 at the impervious layer con-
fining the bottom of the aquifer, while x = 1 still represents the ground surface.
Possible boundary conditions are the ones of problem (II) with F(¢) = 0 (no flux
condition on the impervious layer) and N(¢) > 0 (rain flux condition).

Example 3: vadose zone and phreatic aquifer in case of evaporation.

Such a case has been studied in [12]. As before, x = 0 represents the imper-
vious layer confining the bottom of the aquifer and x = 1 the ground surface.
Boundary condition of type (II) are used, with F(¢) = 0 (no flux condition) and
N(t) = g = const. where ¢ < 0 is the evaporation rate. Actually, as pointed out in
[12], the evaporation rate could not be prescribed, since, in general, ¢ depends on
u(1,1) as well as other physical parameters (e.g. temperature, wind velocity, rela-
tive humidity, etc.). However, in some case, e.g. soil surface close to saturation,
we may assume a constant evaporation rate. O

3. STABILITY RESULTS

In this section we give an estimate (in the L?-norm) for the difference of satura-
tion profiles and the conductivity curves.

Let us take two pairs of constitutive functions characterising the medium, i.e.
{01(Y); #71(0)} and {0,(); #>(0)}, and assume

161 — 92||LgC(R) <g,
|47 = A2 12 0,0

max

D<8

where ¢ > 0 is a constant.
The corresponding {oy; k| } and {o,; k,} satisfy

(3.1) lor = o2l e (ot may) < Cots
and
(32) Ikt = kall o (-na, ) < e

where %, and %), are constant depending on K, % and L.
We introduce also the following additional assumption

(F.4) There exists a constant Ny > 0 such that forallw € [-M, M|, v e [-M,0),
we have

sup
(ve[-M,0);we[—M,M])

loale) = n(o)|. Ww—uv
{|01(w) —a'l(v)|| } < N,.
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REMARK 3.1. Even if condition (F.4) may seem too artificial, such a requirement
is physically reasonable. In particular, it is always fulfilled in case o) does not de-
generate at 0. In general, (F.4) holds true provided that slight assumptions on the
mutual relationship between o1 and o, are satisfied. Details on this point are given
in Appendix A. O

Now, if u; and u, are the corresponding solutions to problem (I), or (II) or
(III), with the same initial condition and boundary data, we want to estimate
HO’] (u1) — 0'2(1/12)||L2 in terms of &.

First we recall a result corresponding to Lemma 1 of [21].

LemMma 3.1. If assumptions (H.1)—(H.6) and (F.1)—(F.3) are fulfilled, then there
exists a constant Fy > 0 such that

(3.3) [ki(s1) = ki(2)]* < Foloi(s1) = ai(s2)](s1 = 52),
for any s1,s, € R and withi =1 or 2. O
The main result in the paper is the following

THEOREM 3.1. If assumptions (H.1)—(H.6) and (F.1)—(F.4) are fulfilled then

(3.4) (/OT/01|(71(u1(x, 1)) — o2 (uz(x, Z))|2dxdl)l/2 < Ce.

with C constant depending on Ly, €, €, M, and T.
PROOF. The proof is based on the approach used in [6].
We prove the assertion in case a Dirichlet problem (I) is considered. Slight

changes of the proof are necessary to deal with other cases (see Remark 3.2).
The weak form of equation (2.3) reads as

1
(3.5) / [ (ot~ i+ kg e = / #(x,0)00(x) dx,

A different form of the expression (3.5) is the following

1
66 ] (o, ud kg drdi= [ glx0lx) v
Dr 0
V¢ e C'(Dr) 0 L*(0, T; Hi (0, 1)),
which is obtained from (3.5) by noting that u.¢, = (u¢,). — ué,.. and (u¢,) =0,

for x = 0, 1. Now, considering two solutions u1, u» and subtracting the equations
corresponding to (3.6), we get

1) ] tlor(w) = o2 + i = el = o) — alo)} ) = 0
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Moreover, adding and subtracting o} (u2)¢, and k; (u2)¢, in (3.7), we have

(3.8) / [ {lo1) = o110+ i = e = o) = ()l ) el
= /D {lo2(u2) — 01 (w2)] ¢, + [k1(u2) — ka(u2)]g, } dx dt

Let us define

{01 (u1(x, 1)) — a1 (u2(x, 1))
A(x,t) =

U — ) if M](X, t) 7 MQ(X, t)v

0, otherwise.

and

if t t
Ul — i , 1 ul(x7 )7éu2(x7 )7

{kl (1 (x, 1)) — ki (ua(x, 7))
B(x,1) =

0, otherwise.

which, in general, are non continuous functions. Although, thanks to properties
(H.1) and (F.1) we have,

0<A(x,t) <%, 0<B(x,t) <%, V(x,t)e€Dr.

Now, we rewrite (3.8) as

(3.9) //D (g — w)[A(x, ), + ¢ — B(x,1),| dx dt
— //DT[Jz(uz) —o1(u2)|¢, dxdt + //Dr (k1 (u2) — ko ()] dx dt

Let us consider sequences of functions {4,} € C*(Dy), {B,} € C*(Dy), such
that

. 1

0< A,,(x, l) < gg’, ”An _A||L2(DT) < I_Z asn — oo
. . 1

0< B,,(x, l) < gk, "Bn _B”Lz(Dr) < E asn — oo

and set
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so that

(3.10) 0<Au(x,0) <L+ 1, |Ay—Alp2p,) — 0asn— oo,
A

(3.11) — is bounded,
Anll Loy

(3.12) 0<Bu(x,0) < L+ 1, |[By—B|2p,) — 0asn— oo,
B2(x,1

(3.13) By(x0) is bounded (because of Lemma 3.1).
|An(x7 t)|

Moreover, consider a sequence {z,} € C*(Dr) such that
(3.14) Izl 20y = v — 2] p2p,y) asn— co.

Here and in the sequel C;, (j = 1,2,...), denotes any constant not dependent on
n.
Now, we look at the following (backward) parabolic problem

(315) An¢n,t + ¢n,xx - Bn¢n,x = AnZn,
(3.16) §u(x.T) =0,
(3.17) $,(0,1) =0 =¢,(1,1).

Problem (3.15)—(3.17) has a unique solution ¢, € C>'(Dr) (see [22], for instance).

REMARK 3.2. Since we are considering a Dirichlet problem, we impose conditions
(3.17) so that ¢, may be used later on as test function in the weak form of the
equation. Due to the regularity of $,, such conditions imply that ¢, (1,t) =0 =
$.1(0,1) so that

(3'18) ¢n,t(1) t)¢n,x(1v t) =0= ¢n.,t(07 t)¢n,x(07 t)v

which is a property used in the proof (see below). Although, condition (3.18) is sat-
isfied also in case problem (1) or (II1) are considered. As a matter of fact, in
such cases instead of (3.17) one should set ¢, (0,t) =0=¢, (1,1) or ¢,(0,1) =
0 = ¢, (1,1), respectively. In any case property (3.18) is still fulfilled and thus the
remaining part of the proof can be applied also to problems (11) and (111). |

Let us consider ¢ € [0, 7) and multiply by ¢, , both sides of (3.15). Integrating
the resulting equation over D, 7 = (0, 1) x (#;, T') taking into account conditions
(3.16)—(3.17), we obtain

1
// A,,¢,3,dxdz+1/ ¢,§x(x,zl)dx// Bud, ., dxdi
Dy, 1 1 2 Jo b Dy 1 -
—// zyAnd, dxdt,
Dy r ’
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and so,

1
(3.19) // A,,qﬁﬁtdxdt—kl/ g2 (x, 1) dx
Dy 1 ’ 2/
=< // | B,| |¢n,x| ¢n_,|dxdl+// ZnAnfy, , dx di
' ’ Dy, r ’
Bn

= // | 1/|2 rll/2|¢n,x||¢n7r|dth+//D Z"An¢n,tdxal[

< dxdl+5// nxl dxdt
= // i Wk
+—// An¢ntdxdt+(5// Ay|z,|? dxdt,

45 D’I~T ’ DII.T

where the Cauchy’s inequality has been used and ¢ is a positive constant, to be
specified later.
Then, recalling (3.13) and choosing

(3.20) 0 =~ [l +sup(B?/4,)],

l\)l'—‘

from (3.19) we get Vr; € [0, T),

1 1 /!
(3.21) 5// Angﬁildxdﬂri/ ¢ix(x, 1) dx
Dy 1 0

<5 / 92 ddi+ 01415 s
D,1

In particular, considering the continuous function

1
F(n) = / #2 (v, 1) dx

T
(322)  Vne[0,T), f(n) <20 / F(t)di+26] 412,
141

we have

Now, we apply a Gronwall type argument (see Appendix B), obtaining
(3.23) Vi e [0,7), f(t) < 20|14} 2172, exp(20T),
where 0 given by (3.20). We can exploit (3.23) to get the following estimate

2 2
(324) "¢n,x"L2(DT) < Cl "Ali/zzn ||L2(D7-)'
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Now, since expression (3.21) holds true for any #; € [0, 7), we can consider it
with #; = 0 and use estimate (3.24), obtaining

2 2
(3.25) 1452, 7200,y < Col AN 20l

Let us consider ¢, as test function in expression (3.8). Adding and substracting
the appropriate terms, we obtain

(3.26) // Uy — tp) Apzy dx dt = // o2(ua) — o1(12)] @, , dx dt
D/ Dl

" //DT (k1 (u2) — ka(u2)] by,  dx dlt

// up — )| Alp, ,dxdt
Dr

—I—dxdl// (w1 — w2)[B — Byl¢, dxdt
Dr
= f]_n +f2,n +=f3,n +J4,n

Before to estimate .7} ,, we note that in the region {(x,?) € Dy : us(x, 1) > 0} we
have .#; , = 0, so that we can confine ourselves to the region

Dr = {(x,t) € D : up(x,1) < 0}.

Then, to estimate .#; , we use Cauchy’s inequality along with conditions (3.1),
(F.4), (3.11) and estimate (3.25), i.

(327) Sin< // 02(2) — ”2)]A1/2|¢n,z|dxdf

<5// |”2”2 71 (12)] ddt+—// Ang? dxdi
Dy n DT

- A
<5(ggg// |0'2 M2 0'1 M2)| d dZ-I- “AI/Z n”L2 (Or)
DT 46

< C358+ 15 ”AI/ZZ,,"LZ (Dr)»

where d is a positive constant to be defined later. For what S5, 1s concerned, re-
calling assumption (3.2) and estimate (3.24), we apply again Cauchy’s inequality
with the constant 0 and get

(3.28) f;ns//D k2 (u2) — ki (u2)| |, | dx dt

sé// \kz(uz)—kl(uznzdxdmi// |6, | dxdt
Dy 46 JJpr

< Cybe? +—|A}22,)7,
45|| "L (D7)
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Then, using again property (3.11), estimate (3.22) along with property (2.5) on

|ui(x,2)|, (i =1,2), we apply Cauchy’s and Holder’s inequality to obtain the fol-
lowing estimate

A, — A
(329) Sau< //D |y — u2||71/2|14$/2¢n7rdxa7

2
< M25 // Vl"LZ(DT)
Dr ”l

A
- =
A

n

< M3*%

G 2
o )||An —Alpp,y + 18 14,20l 120
T

s G 2
< Cso|An — Al 12p,) + 15 ”A;i/ZZﬂ”LZ(DT)'

Finally,

(3.30) ﬁ,,,gé// |u1—u2|2|B,,—B|1/2dxdl+IA// |6, | dxdt
Dr 46 JJp;

S Cﬁé“B,, - B”LZ(DT

(DT)

Let us exploit estimates (3.27)—(3.30) into expression (3.26), i.e

(3.31) //Dr(ul —up)A,zy

2
n' Zn "LZ(D

+ Cyoe? —|—4 ||A1/22,,||Lz
Cz

+ Cs6| A, — A||L2(DT "Al/2 VIHL2 (D7)

+ Ce| By — Bl 12 p, + n' Zn HLZ(D

so that, choosing 5= (C) + C;) we have

(3.32) / / (uy — uz) Ayzy dx dt < C30e + Cade® + Cs0ll Ay — Al 12
Dr
o 1 2
+ Ced| By — Bl 12(p,) + 3 14, Zal 72,
1
< Cre+ Q(n) + 514, 2l 10,
where

Q(n) = S[CSSHAn - A"LZ(DT) + C6||Bn - BHLZ(DT)] — 0 asn— oo.
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Finally, passing to the limit in (3.32) with n — co we obtain

(3.33) / /D (11 — ) (o1 (1) — o1 (w2)] dx it < Ce.

We note that, because of the monotonicity of oy,

lo1(11) — o1 (u2)] (1 — uz) > 0.

and, recalling assumption (F.1), also the following inequality holds true

3%//,3 |01(u1)—a1(u2)|2dxdt§//D () — w2)[o1 (uy) — o1 (ua)] dox dt.

Exploiting these facts into (3.33), we find

(3.34) // lo1 (1) — o1 (u2)|* dx dt < Coe.
Dr

The desired estimate easly follows from (3.34). As a matter of fact, it is sufficient
to note that

|a1(u1) — o2(u2)| < |01 (1) — o1 (u2)| + |o2(u2) — 01 (2)]

and use Cauchy’s inequality to get

//D |61 (1) — 02 (u)|* dx dt
< 2{//1) o1 (u1) — o (un)|* dx dt + //D o2 (1) — o (u2)|2dxdt}.

Finally, to the r.h.s. we apply estimate (3.33) along with assumption (3.1) and the
proof is complete. O

REMARK 3.3. Notice that for problems such that a saturation region never ap-
pears (i.e. when it is possible to prove u;(x,t) < 0 in Dr), estimate (3.33) entails
an L? estimate for (uy — up), since in such cases the curve oy is invertible in the
whole domain Dr.

REMARK 3.4. In case of no gravity, proving Theorem 3.1 becomes simpler. We
report the proof of this particular case in Appendix C. O

COROLLARY 3.1. If assumptions (H.1)—(H.6) and (F.1)—(F.4) are fulfilled then

(3.35) //D et (1 (x, £)) — Kea(aua (v, )| et < Ny,

with Ny constant depending on ¥,, 6, 61, Fo, M, M| and T.



14 1. BORSI ET AL.
PrROOF. As above, it is sufficient to note that
k1 (ur) — ko (u2)| < [k () — ki (u2)] + k1 (u2) — ko (u2)],

and use Cauchy’s inequality to obtain

//D et (ur) — ko (un) | dx dit
£2//D |k1(u1)—k1(u2)2dxdt+2//D s (12 — ko 02) |2 e

To the first integral on the r.h.s. we apply Lemma 3.1 along with estimate (3.33).
To treat the second integral we simply use assumption (3.2). |

REMARK 3.5. The results found so far apply also to the original variables 6 and s,
which are the physical ones. As a matter of fact, let us consider a generalized solu-
tionu e L*(0,T; H*(0,1)) of equation (2.3) and define y(x, t) in the following way,

(3.36) V(x,t) € Dy, W(x,t) is such that
Y(x, 1) =T Nu(x, 1) @ ulx,t) = T(W(x, 1) = /l//(x’t) K(s)ds
0

where the Kirchoff transformation U defined in Section 2 has been used.
By (3.36) the function (x,t) is uniquely defined (almost everywhere) in Dr,
thanks to the properties of K. Moreover, let use define

0(x,1) = 0 (x,1) = 0T (u(x, 1)) = o(u(x, 1),
K(x,1) = K((x, 1) = K(T™ (u(x, 1)) = k(u(x, 1)),

It is easy to check that (x, t) satisfies

ean [ wow T KO+ D) v = [ 0o ()5, 0) d.

for any test function ¢ € C'(Dr)L*(0,T; H*(0,1)) with ¢(0,2) =0 = ¢(1,1)
and ¢(x, T) = 0. Expression (3.37) is the weak form of a Dirichlet problem for
equation (2.2) with initial datum 0(x,0) = vo(x).

Moreover, if u; (i = 1,2) are the generalized solutions corresponding to the pair

{ai; ki}, we have

o1 (u1(x, 1)) — o2z (x, 1)) | = |01 (Ty " (1 (x, 1)) — O2(T5 " (ua(x, 1))
= [01((x, 1)) — O (P (x, 1))

and therefore from Theorem 3.1 we get for O(\y) an estimate of the same type. Simi-
lary, Corollary 3.1 entails an estimate for K(i). |
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An interesting application of the technique used in Theorem 3.1 lies in the context
of unsteady flows exhibiting a variable viscosity. Such type of problems arise from
models in which the fluid viscosity is affected by physical properties of the me-
dium (such as temperature) or by concentration of chemical species.

We give more details on this topic in Appendix D.

A. REMARKS ON CONDITIONS (F.4)

As stated in Remark 3.1, here we list some sufficient conditions which guarantee
that property (F.4) is satisfied.

Casg A. First of all, we note that if w € [0, M] then g;(w) = 7,(0) = g,. More-
over, for any v € [-M,0) we have

lo2(v) — 01 (v)| < a5 — a1(v),
so that
M\U—M <|v—w| <2M,
as — a1(v)

namely (F.4) is satisfied.

CAsE B. Let us confine ourselves to the case w € [—M, 0). If in addition | does
not degenerate, namely ¢{(0~) > 0, then (F.4) holds true. Indeed, we know that
there exists u* € (w,v) (or, alternatevely u* € (v, w) if v < w), such that

o1 (w) = (@)] _

m— =oy(u") > y= min o > 0.

[7M7 0)
Hence,

|a2(v) — a1 (v)]

lw— 0| < |oz2(v) — a1 (0)|y ! <2047
o1 (W) — a1(v)]

Of course, the same argument remains valid if the non-degenerate curve is o;. In
such a case we exchange the roles of g; and o, in the proof of Theorem 3.1 so
that we require that condition (F.4) is fulfilled by ¢, and we proceed as above.

CASE C. In general, the following result holds true,

ProproSITION A.l. If we [-M,0) and there exist two constants p >0 and
Ny > 0 such that Yv € [—u,0) the following properties are satisfied

a1(v)
(A.1) @ =0
(A.Z) (72(1)) > 0g1(v),

then o fulfills property (F.4).
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PROOEF. Let us introduce again u* € [—M,0) such that

o1(8) — 1 (0)]

If u* < —p < 0 then,

and we can proceed as in the non-degenerate case (see Case A).
On the other hand, if u* € (—u,0) then assumption (A.1) is valid and so

(A.3) o1 (u*) = Na[os — a1 (u")].

Let us assume that w < v = u* < v. Hence, o;(u*) < g1(v) and [o; — o1 (u*)] >
[os — a1(v)], so that (A.3) yields

o) > [os — o1 (v)].
Therefore,

oo0) =) |
|

|05 = a1(v)[ + |os — o2 (v)] _ 1 {
|1 (w) = a1 (v)

oy —aa(v)|]] 2
No[os — 01(0)] i ] <

o, —a1(v) | Ny’

where last inequality holds true because of —u < u* < v and so a2(v) > a1(v) due
to assumption (A.2).
Finally, if v < w, then u* € (v,w) and o (u*) < a;(w), so that (A.3) implies

o5 — a1(u”)] > [o5 — a1(w)] = o] (u*) > Na[os — a1(w)].

Thus we have

or(e) o) o) el
(A e e
1 (oy—ax(w) |oa(w) —ar(w)]
E{as—al(w)+ as — ar(w) }+2M
1 (oy— ax(w) 2
< E{mﬂ}JrzMs N, M

where in last inequality we have used assumption (A.2) for a;(w), being —u <
U< w.
Therefore, in any case we are able to bound the quantity

|02(U) — 0'1(1))| |W _ U|
o1 (w) — a1 (v)] 7

namely (F.4) is satisfied. O
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REMARK A.l. From a physical point of view, assumptions (A.1), (A.2) are rea-
sonable. As a matter of fact, basically (A.1) requires that as v — 0~ the first deriv-
ative of oy vanishes less rapidly than [, — a1(v)]. For instance, such a property is
satisfied for any function of the type a(v) = a; — v? (p > 0), which is a good ap-
proximation near to 0~ for any function representing a saturation curve.

Also condition (A.2) is a nonrestrictive assumption. Indeed, one can suppose that
both a1 and o, degenerate at v = 0 (otherwise Case B can be applied) so that these
Sunctions have to satisfy both properties: 71(0) = g, = 02(0) and a{(0) =0 =
d5(0). Therefore it is reasonable to assume that (at least in a left neighborhood of
0) they are ordered, namely condition (A.2).

B. PROOF OF ESTIMATE (3.23)

Here we prove assertion (3.23).
In particular, let f(z) a continuous function defined on the interval [0, 7], with
f(T) = 0 and satisfying the integral inequality

T
Vie[0,T), 0</(1)<c / f(@)dr+ o,
t
where ¢; > 0 and ¢, > 0 are given constants. Then,
Viel0,T), f(t)<crexp(eiT).

PRrOOF. Define s = (T — ¢) and

(B.1) g(s) = /O AT — ) dn.
We have
(B.2) g'(s) = £(T —5) = £(1).

moreover, performing the change of variable 7 = (7' — 7) into the integral of
(B.1), we easly obtain the following expression

T-s T T
(B.3) g(s) = — (r)dr = f(r)dr = / f(r)dr.
T—s t

T

Therefore, (B.3) and (B.2) together with the assumption on f(¢) imply that
(B.4) g'(s) < c1g(s) + ca.

Now, applying the same argument used in the well-known proof of Gronwall’s
lemma (differential form), we get

g(s) < 2[exp(cl T)—1].
C1
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so that
f(t) <cig(s) + e < crexp(e T),

giving the desired estimate on f(). O

C. PROBLEMS WITHOUT THE GRAVITY TERM

Let us confine ourselves to the simpler case of equations without gravity term, i.e.
flows described by

(Cl) [U(M)L = Uyxy,
instead of (2.3).

ProvrosiTiON C.1. If all the assumptions listed above are fulfilled, then there ex-
ists a positive constant A such that

T 1
(C.2) /0 /0 lo:(uy (x, 1)) — oi(ur(x, 0))|* dx dr < Ae.

where i =1,2.

PrOOF. We prove the assertion for i = 1. The weak form of equation (C.1) is

//DT [o(u)¢, — ux| dxdr =0

for any test function? ¢. So considering o; and o>,
(€3) | tlor(m) = o2(uig, ~ fin ~ .o} vt =0

In particular, following the technique used in [19], we can take an arbitrary
t1 € (0, T'] and select the following test function

(C4) b(x, 1) /ttl [ui(x,s) — us(x,s)]ds, if 0<t<,

0 ifn<t<T.

Then expression (C.3) reads as

(CS) //D [O‘](H]) — Jz(uz)](ul — le) dx dt

_ /OT/Ol [(ul _ uz)x/ttl [u1(x,5) — un(x,5)], ds| dxdt = 0.

2The properties to be satisfied by ¢ depend on the type of boundary condition we are dealing
with.
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We note that

(€6) sl [ - s )

=—Wrﬁmwﬁh[[WrWﬁWQh®

2

and so, if in (C.5) we replace the term in the square brackets with (C.6) and inte-
grate in time between 0 an 7', we obtain

//DT[UI(UI) — o2 (u2)](uy — uz)afxdth%/Ol{/tt1 [(uy — u2)(x,5)], d5}2 dx = 0

which implies
T 1
/0 / (o1 (101) — 2 (1a)] (11 — wn) et < 0.
0
Next, adding and subtracting the term o (1) within the integral, we have
T 1
(C.7) / / [o1(u1) — o1 (u2)] (1 — ua) dx dt
o Jo
T
< / / [0'1 (uz) — 02(“2)](142 — ul) dxdt.
0o Jo
Now, because of the monotonicity of g;, we have that

01 (1) — 01 (w2)] (1 — u2) =0,

for any pair u;, u. This implies that the previous expression can be written also
as

T 1
(C.g) / / |(71(u1) — O'1(Ll2)| |u1 — u2| dx dt
0o Jo
T 1
< / / [0'1 (Mz) — O'z(l/lz)](ug — ul) dxdt.
0o Jo
Exploiting (F.1), we have also
1 T 1 5
(C9) ” / / (01(11) — 01 (1))} dx e
aJ0 0
T 1
< / / lo1(u1) — a1 (u2)] |y — ua| dx dt,
0o Jo
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hence, recalling (C.7),

1
?//D [ol(ul) — O'I(le)]zdxdt < \/T"O'] — 0'2||L2(DT)||M1 - u2||oo.

Finally, from properties (2.5) and (2.6) we have

/T/l(ol(ul) —01(w)) dxdt < Ae. O
o Jo

D. A PARTICULAR CASE: CONTINUOUS DEPENDENCE ON VISCOSITY

We consider a viscosity dependence on time and space and look at how a solution
of Richards’ equation is affected by this phenomenon.

Moreover, since the procedure is quite similar to the one presented in Section
3, we do not show every detail of the proofs.

Let us consider in the domain Dy = (0,1) x (0, T') a slight different form of
equation (2.2), i.e.

K()
u(x, 1)

(1) 00, = |+ 1)

X

where p is the fluid viscosity and K is the relative permeability of medium?. After
the transormation G, defined as

Wix.0)
u(x,t) = G(Y(x,1)) = /0 K(s) ds,

equation (2.2) reads as

1
(D2) ot = | 3 s+ ()|
where k(u) = R(G~!(u)) and the function a(u) = 0(G~!(u)) beheaves like 0.
For 0, !, k and ¢ we stipulate all the assumptions (H.1)—(H.6) and (F.1)—(F.3)
made in Section 2. Consider now the Dirichlet problem given by (D.2) endowed
with the following conditions

(D.3) a(u(x,0)) = vo(x),
(D.4) u(0,1) = f(1),
(DS) u(la[) :g(t))

3 Actually, in general we refer as relative permeability to the quantity pgR(y), being p and g the
water density and gravity acceleration, respectevely. Here we include these constants into the func-
tion K to make the notation simpler.
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where vy(x), f(¢) and g(¢) are suitable data, and assume x satisfies the following
properties

(D.6) pe CYDr), O0<a<u(x,t)<p, VY(x1) e Dr.

We give the following

DEerFINITION D.1. We call weak solution of problem (D.2)—(D.5) a function
ue L*0,T;H(0,1)) such that

1) [ {atws - L w]ofaxa~ | ()6, 0) d.

for all $ € C'(Dr).
The following existence and uniqueness result can be proved

THEOREM D.1. If assumptions (D.6) and (H.1)-(H.6), (F.1)—(F.3) of Section 2
are fulfilled, then there exists a unique solution u of problem (D.2)—(D.5), in the
sense of Definition D.1. Moreover, the following estimates hold true

(D.8) Jul . < M,
(D.9) luxl., < M,
where the constants depend on the initial and boundary data and coefficients.

PROOF (sketch). To prove the assertion the well-known technique of parabolic
regularization can be applied. One can follow the proof given for the classical
problem (see [14], for instance) since the presence of the term (i) in the elliptic

part does not entail additional difficulties thanks to assumption (D.6). O

Now, let us assume there exist two functions, z,, u, satisfying (D.6) and that
there exists a constant ¢ > 0 such that

(D.10) Iy = ol 2oy <

Calling u; and u, the weak solution corresponding to x; and u,, respectively, we
prove the analogous of Theorem 3.1, i.e.

THEOREM D.2. [If assumptions (H.1)-(H.6) and (F.1)—(F.4) of Section 2 are ful-
filled then

T 1
(D.11) (/O /0 lo(uy (x, z))—a(uz(x,t))|2dxdl)l/2 < Cie,
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and

(D.12) (/{)T/Ol|k(u1(x, 1) — k(uy(x, t))|2dxdt>l/2 < Ge.

where Cy and C, are constant depending on o, 5, L5, €5, €k, M, and T.
PROOF (sketch). If one considers test functions
¢ € CY(Dr) N L*(0, T; HF(0,1)),

the weak form (D.7) can be rewritten as

(D.13) //D{ u)g, +— ¢m_%¢x}dxdt—/Olgb(x,O)vo(x)dx.

Subtracting the equations for u; and u, corresponding to (D.13), and adding and
subtracting the appropriate terms, we get

(D.14) //DT{ uy) —o(ua)|d, + (u1 — ). + <’uj11_ﬂzul )uzqﬁxx} dx dt

— [ { )~ i+ 2 = e} v

Introducing the function

At {O’(Hl(X, 1) —o(ua(x,1)) i) % w(x ),
0

Uy —up
, otherwise.

and

U — > ’ if up (X, t) # le(X, t)a

{k(lﬂ (x’ t)) - k(u2(xa [))
B(x,t) =

0, otherwise.

we rewrite (D.14) as
1 1
(D.15) //DT(ul —uy) [Aqﬁt + —¢xx - #—lBgﬁx} dx dt

//DT ﬂlﬂz ”2¢xx — k(up)¢,) dx dt.

Then we select as test function the solution of the regularized backward parabolic
equation and we proceed as in Theorem 3.1, getting appropriate etimates. We
omit further details of the proof. O
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