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1. Introduction

In this paper we are interested in continuous dependence on the data and unique-
ness of weak solutions to the Dirichlet problem

�divðaðx;‘uÞÞ þ Bðx;‘uÞ ¼ f in W;

u ¼ 0 on qW

�
ð1:1Þ

where W is a bounded open set in RN (Nb 2),

a : ðx; xÞ a W� RN ! aðx; xÞ ¼ ðaiðx; xÞÞ a RN

and

B : ðx; xÞ a W� RN ! Bðx; xÞ a R

are Carathéodory functions, f belongs to the dual space W�1;p 0 ðWÞ of W 1;p
0 ðWÞ,

for some p a �1;þl½.
Standard assumptions which assure the existence of a weak solution to prob-

lem (1.1) are the ellipticity of the operator

aðx; xÞ � xb ljxjp; l > 0;ð1:2Þ



the growth conditions on a and B

jaðx; xÞja c½jxjp�1 þ a0ðxÞ�; c > 0; a0 a Lp 0 ðWÞ;ð1:3Þ

jBðx; xÞjaBjxjp�1; B > 0;ð1:4Þ

and the monotonicity of a

ðaðx; xÞ � aðx; x 0ÞÞ � ðx� x 0Þ > 0; xA x 0;ð1:5Þ

for a.e. x a W, for all x; x 0 a RN .
Under these assumptions a weak solution to problem (1.1) exists (cf. [8], [9],

[12]), that is a function u a W
1;p
0 ðWÞ exists such thatZ

W

aðx;‘uÞ � ‘j dxþ
Z
W

Bðx;‘uÞj dx ¼ 3 f ; j4; Ej a W
1;p
0 ðWÞ:ð1:6Þ

As far as uniqueness is concerned, more restricitive assumptions on the structure
of the operator are required such as a monotonicity condition on a stronger then
(1.5)

ðaðx; xÞ � aðx; x 0ÞÞ � ðx� x 0Þb aðeþ jxj þ jx 0jÞp�2jx� x 0j2; x; x 0 a RN ;ð1:7Þ

where a > 0, e > 0 if pb 2 or e ¼ 0 if p < 2, and a local Lipschitz continuity
condition on B

jBðx; xÞ � Bðx; x 0Þja bðhþ jxj þ jx 0jÞp�2jx� x 0j; x; x 0 a RN ;ð1:8Þ

where b > 0 and h ¼ 0 if pb 2 or h > 0 if p < 2.
Uniqueness results for weak solutions to (1.1) are proved under similar as-

sumptions in [4], [6], [7], [11] and also in [1], [16] where they are obtained as a
consequence of a comparison principle.

The aim of this paper is to prove the continuous dependence on the data and
to deduce the uniqueness of a weak solution to (1.1) under the structural assump-
tions (1.7) and (1.8). Our approach is based on the classical symmetrization meth-
ods (cf. [13], [18]) which make use of isoperimetric inequalities and properties of
rearrangements (see also [2], [5], [10]).

We point out that condition (1.7) is guaranteed if aðx; 0Þ ¼ 0 and the follow-
ing ellipticity condition holds

Xn

ij¼1

qai

qzj
ðx; zÞxixj b ðeþ jzjÞp�2jxj2; x a RN :

Roughly speaking this means that the operator a can be reduced to a linear de-
generate elliptic operator whose degenerancy is linked to the first order terms of
problem (1.1). The model we have in mind is aðx; xÞ ¼ ðeþ j‘uj2Þðp�2Þ=2‘u,
which yields the so-called p-Laplace operator when pa 2 by our assumptions
on e. This linearization process suggests to require that the datum f belongs to
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a weighted dual space H�1ðW;mÞ for a suitable weight m linked to the degener-
ancy of the operator (cf. [15]). Actually, at least when p > 2, we assume that data
of (1.1) belong to the smaller dual space H�1ðWÞ. Such an hypothesy seems to be
necessary in order to prove the continuous dependence on the data. No further
restrictions are required when pa 2: under this assumption we prove the contin-
uous dependence of weak solutions on data belonging to W�1;p 0 ðWÞ.

Our main results are the following

Theorem 1.1. Let u, v be weak solutions to problem (1.1) with data
f ; g a H�1ðWÞ respectively. Assume (1.2), (1.3), (1.4), (1.7), (1.8) and

2a p <
2N

N � 2
;

if Nb 3 and 2a p < þl, if N ¼ 2. Then the following inequality holds true

jj j‘u� ‘vj jjpLp aCjj f � gjj2H�1 ;ð1:9Þ

where C is a positive constant which depends on N, jWj, p, a, b, e, jj f jjH�1 and
jjgjjH�1; however it is bounded when f and g belong to bounded subset of H�1ðWÞ.

Theorem 1.2. Let u, v be weak solutions to problem (1.1) with data
f ; g a W�1;p 0 ðWÞ respectively. Assume (1.2), (1.3), (1.4), (1.7), (1.8) and

2N

N þ 2
< p < 2:

Then the following inequality holds true

jj j‘u� ‘vj jjLp aCjj f � gjjW�1; p 0 ;ð1:10Þ

where C is a positive constant which depends on N, jWj, p, a, b, h, jj f jjW�1; p 0 and
jjgjjW�1; p 0 ; however it is bounded when f and g belong to bounded subset of

W�1;p 0 ðWÞ.

Obviously Theorems 1.1 and 1.2 imply in turn uniqueness of weak solutions to
(1.1). They improve, at least when p < 2, well-known results contained in [6],
[11] and [16], since we find a larger range of the values of p for which uniqueness
holds.

2. Pointwise estimates

The proofs of Theorems 1.1 and 1.2 are based on a pointwise estimate for the
decreasing rearrangement of u� v, di¤erence of two weak solutions u, v to (1.1)
corresponding to the data f , g respectively.
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We recall that the decreasing rearrangement of a measurable function w de-
fined in W is the function

w�ðsÞ ¼ supftb 0 : mðtÞ > sg; s a ½0; jWj�;

where m denotes its distribution function

mðtÞ ¼ jfx a W : jwðxÞj > tgj; tb 0:

The estimate of the decreasing rearrangement of u� v is proved by adapting clas-
sical symmetrization methods introduced in [13], [18] and extended to degenerate
elliptic operators in [3].

Lemma 2.1. Let u, v be weak solutions to problem (1.1) with data f ; g a H�1ðWÞ
respectively. Assume (1.2), (1.3), (1.4), (1.7), (1.8) and

2a p <
2N

N � 2
;

with Nb 3. Then we have

ðu� vÞ�ðsÞaCjj f � gjjH�1 s
�ðN�2Þ=2N ; s a ð0; jWjÞ;ð2:1Þ

where C is a positive constant which depends on N, jWj, p, a, b, e, jj f jjH�1 and
jjgjjH�1 ; however it is bounded when f and g belong to bounded subset of H�1ðWÞ.

Lemma 2.2. Let u, v be weak solutions to problem (1.1) with data f ; g a
W�1;p 0 ðWÞ respectively. Assume (1.2), (1.3), (1.4), (1.7), (1.8) and

2N

N þ 2
< p < 2:

Then we have

ðu� vÞ�ðsÞaCjj f � gjjW�1; p 0 s
�ðN�pÞ=Np; s a ð0; jWjÞ;ð2:2Þ

where C is a positive constant which depends on N, jWj, p, a, b, h, jj f jjW�1; p 0

and jjgjjW�1; p 0 ; however it is bounded when f and g belong to bounded subset of

W�1;p 0 ðWÞ.

Proof of Lemma 2.1. Denote w ¼ u� v, h ¼ f � g and H a ðL2ðWÞÞN the
vector field such that

h ¼ �divðHÞ:ð2:3Þ
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For any fixed t a �0; ess supw½ and k > 0 we consider the function

j ¼
k signw if jwj > tþ k;

w� t signw if t < jwja tþ k;

0 otherwise;

8<
:

as test function in (1.6) with datum f , g respectively. Then we subtract the equa-
tions and we divide by k,

1

k

Z
t<jwjatþk

½aðx;‘uÞ � aðx;‘vÞ� � ‘wdx

¼
Z
jwj>tþk

½Bðx;‘uÞ � Bðx;‘vÞ� signwdx

þ 1

k

Z
t<jwjatþk

½Bðx;‘uÞ � Bðx;‘vÞ�ðw� t signwÞ dx

þ 1

k

Z
t<jwjatþk

H � ‘wdx:

By assumptions (1.7) and (1.8), using Hölder inequality and letting k goes to zero,
we obtain

� d

dt

Z
jwj>t

ðeþ j‘uj þ j‘vjÞp�2j‘wj2 dxð2:4Þ

a
b

a

Z
jwj>t

ðj‘uj þ j‘vjÞp�2j‘wj dxþ 1

aeðp�2Þ=2

�
� d

dt

Z
jwj>t

jHj2 dx
�1=2

�
�
� d

dt

Z
jwj>t

ðeþ j‘uj þ j‘vjÞp�2j‘wj2 dx
�1=2

:

On the other hand by Schwarz and isoperimetric inequalities, it follows

No
1=N
N mðtÞ1�1=Nð2:5Þ

a� d

dt

Z
jwj>t

j‘wj dx

a
ð�m 0ðtÞÞ1=2

eðp�2Þ=2

�
� d

dt

Z
jwj>t

ðeþ j‘uj þ j‘vjÞp�2j‘wj2 dx
�1=2

;

where oN denotes the measure of the unit ball of RN .
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Therefore by (2.4) and (2.5), we get

�
� d

dt

Z
jwj>t

ðeþ j‘uj þ j‘vjÞp�2j‘wj2 dx
�1=2

ð2:6Þ

a
b ð�m 0ðtÞÞ1=2

aNo
1=N
N eðp�2Þ=2mðtÞ1�1=N

Z
jwj>t

ðeþ j‘uj þ j‘vjÞp�2j‘wj dx

þ 1

aeðp�2Þ=2

�
� d

dt

Z
jwj>t

jHj2 dx
�1=2

:

Now we evaluate the first integral in the right-hand side of (2.6). By Schwarz
inequality and coarea formula, we getZ

jwj>t

ðeþ j‘uj þ j‘vjÞp�2j‘wj dxð2:7Þ

¼
Z þl

t

�
� d

dt

Z
jwj>t

ðeþ j‘uj þ j‘vjÞp�2j‘wj dx
�
dt

a

Z þl

t

�
� d

dt

Z
jwj>t

ðeþ j‘uj þ j‘vjÞp�2j‘wj2 dx
�1=2

�
�
� d

dt

Z
jwj>t

ðeþ j‘uj þ j‘vjÞp�2
dx

�1=2
dt:

Denote by K ;H : ½0; jWjÞ ! R the functions which satisfy the following equal-
ities

KðmðtÞÞð�m 0ðtÞÞ ¼ � d

dt

Z
jwj>t

ðeþ j‘uj þ j‘vjÞp�2
dx;ð2:8Þ

HðmðtÞÞð�m 0ðtÞÞ ¼ � d

dt

Z
jwj>t

jHj2 dx:ð2:9Þ

Properties of such functions have been studied in [3], [17] (see also [14]).
Collecting (2.6), (2.7), (2.8) and (2.9), we get

�
� d

dt

Z
jwj>t

ðeþ j‘uj þ j‘vjÞp�2j‘wj2 dx
�1=2

a
b ð�m 0ðtÞÞ1=2

aNo
1=N
N eðp�2Þ=2mðtÞ1�1=N

Z þl

t

�
� d

dt

Z
jwj>t

ðeþ j‘uj þ j‘vjÞp�2j‘wj2 dx
�1=2

� ðKðmðtÞÞ1=2ð�m 0ðtÞÞ1=2 dtþ 1

aeðp�2Þ=2 ðHðmðtÞÞ1=2ð�m 0ðtÞÞ1=2:
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By Gronwall Lemma, we deduce

�
� d

dt

Z
jwj>t

ðeþ j‘uj þ j‘vjÞp�2j‘wj2 dx
�1=2

ð2:10Þ

a
ðHðmðtÞÞ1=2ð�m 0ðtÞÞ1=2

aeðp�2Þ=2 þ b ð�m 0ðtÞÞ1=2

a2No
1=N
N ep�2mðtÞ1�1=N

�
Z þl

t

ðHðmðtÞÞKðmðtÞÞÞ1=2ð�m 0ðtÞÞ

� exp
� b

aNo
1=N
N eðp�2Þ=2

Z t

t

ðKðmðsÞÞÞ1=2

mðsÞ1�1=N
ð�m 0ðsÞÞ ds

�
dt:

Taking into account (2.5), we obtain

1a
ðHðmðtÞÞÞ1=2ð�m 0ðtÞÞ
aNo

1=N
N ep�2mðtÞ1�1=N

þ b ð�m 0ðtÞÞ
a2N 2o

2=N
N eð3=2Þðp�2ÞmðtÞ2�2=N

�
Z þl

t

ðHðmðtÞÞKðmðtÞÞÞ1=2ð�m 0ðtÞÞ

� exp
� b

aNo
1=N
N eðp�2Þ=2

Z t

t

ðKðmðsÞÞÞ1=2

mðsÞ1�1=N
ð�m 0ðsÞÞ ds

�
dt;

from which in a standard way we get

� dw�

dr
ðrÞa HðrÞ1=2

aNo
1=N
N ep�2

r�1þ1=Nð2:11Þ

þ b

a2N 2o
2=N
N eð3=2Þðp�2Þ

r�2þ2=N

Z r

0

ðHðsÞKðsÞÞ1=2

� exp
� b

aNo
1=N
N eðp�2Þ=2

Z r

s

ðKðzÞÞ1=2

z1�1=N
dz
�
ds:

for r a ð0; jWjÞ.
Now we evaluate the integral in the right-hand side of (2.11). To this aim

we recall that the functions K , H are weak limit of functions having the same
rearrangement as ðeþ j‘uj þ j‘vjÞp�2 and jHj2 respectively. Therefore the Leb-
esgue norms of K and H can be estimated from above by the same norm
of ðeþ j‘uj þ j‘vjÞp�2 and jHj2 respectively. This implies that K belongs to
Lp=ðp�2Þð0; jWjÞ and H to L1ð0; jWjÞ respectively. Therefore, using Hölder in-
equality, since p < 2N

N�2
, we have
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Z jWj

0

ðKðzÞÞ1=2

z1�1=N
dza

�Z
W

ðeþ j‘uj þ j‘vjÞp dx
�ðp�2Þ=2p

ð2:12Þ

�
�Z jWj

0

1

zððN�1Þ=NÞð2p=ðpþ2ÞÞ dz
�ðpþ2Þ=2p

< þl;

and Z r

0

ðHðsÞKðsÞÞ1=2 dsð2:13Þ

a

�Z
W

jHj2 dx
�1=2�Z

W

ðeþ j‘uj þ j‘vjÞp dx
�ðp�2Þ=2p

r1=p:

Denote by C a positive constant which depends only on the data and which can
vary from line to line.

A priori estimates for the gradients of weak solutions to (1.1) are well-known
(cf. Lemma 3.1 in [8] or [9]), that is

jj j‘uj jjLp aCjj f jjp
0=p

W�1; p 0 :ð2:14Þ

Moreover, since pb 2,

jj f jjW�1; p 0 aCjj f jjH�1 :ð2:15Þ

Combining (2.11), (2.12), (2.13), (2.14) and (2.15), we have the following di¤eren-
tial inequality

� dw�

dr
ðrÞaC½HðrÞ�1=2r1=N�1 þ Cjj jHj jjL2r

�2þ2=Nþ1=p; r a ð0; jWjÞ:ð2:16Þ

Finally we integrate such an inequality between s and jWj and, by Hölder inequal-
ity and the property of H stated above, we get

w�ðsÞaCjj jHj jjL2

Z jWj

s

r�2þ2=Nþ1=p drþ
�Z jWj

s

r2=N�2 dr
�1=2" #

:

This yields (2.1). r

Remark 2.1. The previous proof can be easily adapted to the case when N ¼ 2.
Indeed the integration of di¤erential inequality (2.16) yields the following point-
wise estimate of ðu� vÞ�, which replaces (2.1),

ðu� vÞ�ðsÞaCjj f � gjjH�1 jWj1=p þ
�
log

jWj
s

�1=2� �
; s a ð0; jWjÞ:

The proof of Lemma 2.2 is analogous to the proof of Lemma 2.1.
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Proof of Lemma 2.2. Denote w ¼ u� v, h ¼ f � g and H a ðLp 0 ðWÞÞN the
vector field such that (2.3) holds. As for (2.4), we get

� d

dt

Z
jwj>t

j‘wj2

ðj‘uj þ j‘vjÞ2�p
dxa

b

a

Z
jwj>t

j‘wj
ðhþ j‘uj þ j‘vjÞ2�p

dx

þ 1

a

�
� d

dt

Z
jwj>t

ðj‘uj þ j‘vjÞ2�pjHj2 dx
�1=2

�
�
� d

dt

Z
jwj>t

j‘wj2

ðj‘uj þ j‘vjÞ2�p
dx

�1=2
:

On the other hand by Schwarz and isoperimetric inequalities, it follows

No
1=N
N mðtÞ1�1=N

a

�
� d

dt

Z
jwj>t

j‘wj2

ðj‘uj þ j‘vjÞ2�p
dx

�1=2
ð2:17Þ

�
�
� d

dt

Z
jwj>t

ðj‘uj þ j‘vjÞ2�p
dx

�1=2
:

Hence we have

�
� d

dt

Z
jwj>t

j‘wj2

ðj‘uj þ j‘vjÞ2�p
dx

�1=2
ð2:18Þ

a
b

aNo
1=N
N mðtÞ1�1=N

�
� d

dt

Z
jwj>t

ðj‘uj þ j‘vjÞ2�p
dx

�1=2

�
Z
jwj>t

j‘wj
ðhþ j‘uj þ j‘vjÞ2�p

dx

þ 1

a

�
� d

dt

Z
jwj>t

ðj‘uj þ j‘vjÞ2�pjHj2 dx
�1=2

:

By Schwarz inequality and coarea formula, since h > 0, we have

Z
jwj>t

j‘wj
ðhþ j‘uj þ j‘vjÞ2�p

dxð2:19Þ

a
1

hð2�pÞ=2

Z þl

t

�
� d

dt

Z
jwj>t

j‘wj2

ðj‘uj þ j‘vjÞ2�p
dx

�1=2
ð�m 0ðtÞÞ1=2 dt:
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We denote by K ;H : ½0; jWjÞ ! R the functions which satisfy the following
equalities

KðmðtÞÞð�m 0ðtÞÞ ¼ � d

dt

Z
jwj>t

ðj‘uj þ j‘vjÞ2�p
dx;ð2:20Þ

HðmðtÞÞð�m 0ðtÞÞ ¼ � d

dt

Z
jwj>t

ðj‘uj þ j‘vjÞ2�pjHj2 dx:ð2:21Þ

Collecting (2.18), (2.19), (2.20) and (2.21), we get

�
� d

dt

Z
jwj>t

j‘wj2

ðj‘uj þ j‘vjÞ2�p
dx

�1=2

a
bðKðmðtÞÞÞ1=2ð�m 0ðtÞÞ1=2

ahð2�pÞ=2No
1=N
N mðtÞ1�1=N

Z þl

t

�
� d

dt

Z
jwj>t

j‘wj2

ðj‘uj þ j‘vjÞ2�p
dx

�1=2

� ð�m 0ðtÞÞ1=2 dtþ 1

a
ðHðmðtÞÞÞ1=2ð�m 0ðtÞÞ1=2:

Now we apply Gronwall lemma and use (2.17) again. Therefore, as in the proof
of Lemma 2.1, we obtain

� dw�

dr
ðrÞa bKðrÞr�2þ2=N

a2hð2�pÞ=2N 2o
2=N
N

Z r

0

ðHðsÞÞ1=2ð2:22Þ

� exp
� b

aNo
1=N
N hðp�2Þ=2

Z r

s

ðKðzÞÞ1=2

z1�1=N
dz
�
ds

þ 1

aNo
1=N
N

ðKðrÞÞ1=2ðHðrÞÞ1=2r�1þ1=N ;

for r a ð0; jWjÞ. Let us evaluate the integral in the right-hand side of (2.22). By
the property of H and K stated above, K belongs to Lp=ð2�pÞð0; jWjÞ and H to
L1ð0; jWjÞ. Therefore, using Hölder inequality, since p > 2N

Nþ2
, we have

Z jWj

0

ðKðzÞÞ1=2

z1�1=N
dza

�Z
W

ðj‘uj þ j‘vjÞp dx
�ð2�pÞ=2p

ð2:23Þ

�
�Z jWj

0

1

zððN�1Þ=NÞð2p=ð3p�2ÞÞ dz
�ð3p�2Þ=2p

< þl

and Z r

0

ðHðsÞÞ1=2 dsa
�Z

W

ðj‘uj þ j‘vjÞ2�pjHj2 dx
�1=2

r1=2:ð2:24Þ
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Taking into account (2.22), (2.23), (2.24) and the a priori estimates (2.14), we get

� dw�

dr
ðrÞaC

��Z
W

ðj‘uj þ j‘vjÞ2�pjHj2 dx
�1=2

KðrÞr�2þ2=Nþ1=2ð2:25Þ

þ ðKðrÞÞ1=2ðHðrÞÞ1=2r1=N�1

�
;

for r a ð0; jWjÞ. Now we integrate such an inequality between s and jWj and then
we use Hölder inequality and the a priori estimates (2.14). Therefore we get

w�ðsÞaC
�Z

W

ðj‘uj þ j‘vjÞ2�pjHj2 dx
�1=2

jjK jj1=2
Lp=ð2�pÞð2:26Þ

�
�
jjK jj1=2

Lp=ð2�pÞ

�Z jWj

s

rð�3=2þ2=NÞðp=2ðp�1ÞÞ dr
�2ðp�1Þ=p

þ
�Z jWj

s

rð1=N�1Þðp=ðp�1ÞÞ dr
�ðp�1Þ=p

�
:

Since H a Lp 0 ðWÞ, using Hölder inequality, we getZ
W

ðj‘uj þ j‘vjÞ2�pjHj2 dxa jj j‘uj þ j‘vj jj2�p
Lp jjHjj2Lp 0 :

Combining this inequality, (2.26) and the a priori estimates (2.14), we get (2.2).
r

3. Continuous dependence on the data

The pointwise estimates proved in the previous section imply estimates in
Lebesgue spaces of u� v in terms of the norms in dual space of the data. Indeed
under the assumptions of Lemma 2.1 (see also Remark 2.1), we have the follow-
ing estimate of Lp-norm of u� v

jju� vjjLp aCjj f � gjjH�1 ;ð3:1Þ

while under the assumptions of Lemma 2.2,

jju� vjjL2 aCjj f � gjjW�1; p 0 :ð3:2Þ

These estimates play an important role in the proof of the continuous dependence
of the weak solutions to (1.1) on the data.

Proof of Theorem 1.1. Denote h ¼ f � g and H a ðL2ðWÞÞN the vector field
defined by (2.3). We consider w ¼ u� v as test function in (1.1) with data f and g
respectively. Then we subtract the two equations and, using (1.7) and (1.8), we
get
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a

Z
W

ðeþ j‘uj þ j‘vjÞp�2j‘wj2 dx

a b

Z
W

ðj‘uj þ j‘vjÞp�2j‘wj jwj dxþ
Z
W

jHj j‘wj dx:

By Hölder inequality we have

a

Z
W

ðeþ j‘uj þ j‘vjÞp�2j‘wj2 dxð3:3Þ

a b
�Z

W

ðeþ j‘uj þ j‘vjÞp�2j‘wj2 dx
�1=2

�
�Z

W

ðj‘uj þ j‘vjÞp dx
�ðp�2Þ=2p�Z

W

jwjp dx
�1=p

þ 1

eðp�2Þ=2

�Z
W

jHj2 dx
�1=2�Z

W

ðeþ j‘uj þ j‘vjÞp�2j‘wj2 dx
�1=2

:

On the other hand, since pb 2,Z
W

j‘u� ‘vjp dxa
Z
W

ðeþ j‘uj þ j‘vjÞp�2j‘wj2 dx:

Therefore combining (3.1), (3.3) and (2.14), we get (1.9). r

The proof of Theorem 1.2 is similar to the previous proof.

Proof of Theorem 1.2. As in the proof of Theorem 1.1, we consider
w ¼ u� v as test function, then we subtract the two equations and we use (1.7)
and (1.8)

a

Z
W

j‘wj2

ðj‘uj þ j‘vjÞ2�p
dxa b

Z
W

j‘wj jwj
ðhþ j‘uj þ j‘vjÞ2�p

dxþ
Z
W

jHj j‘wj dx;

where H a ðLp 0 ðWÞÞN is the vector field defined by (2.3) holds.
By Schwarz inequality we have

a

Z
W

j‘wj2

ðj‘uj þ j‘vjÞ2�p
dxð3:4Þ

a
b

hð2�pÞ=2

�Z
W

j‘wj2

ðj‘uj þ j‘vjÞ2�p
dx

�1=2�Z
W

jwj2 dx
�1=2

þ
�Z

W

ðj‘uj þ j‘vjÞ2�pjHj2 dx
�1=2�Z

W

j‘wj2

ðj‘uj þ j‘vjÞ2�p
dx

�1=2
:
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On the other hand by Hölder inequality

Z
W

ðj‘uj þ j‘vjÞ2�pjHj2 dxa jj j‘uj þ j‘vj jj2�p
Lp jjHjj2Lp 0 :ð3:5Þ

Finally, since p < 2,

Z
W

j‘wjp dxa
�Z

W

j‘wj2

ðj‘uj þ j‘vjÞ2�p
dx

�p=2�Z
W

ðj‘uj þ j‘vjÞp dx
�ð2�pÞ=2

:ð3:6Þ

Combining (3.2), (3.4), (3.5), (3.6) and the a priori estimates (2.14), we get
(1.10). r
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Università degli Studi di Napoli ‘‘Federico II’’

Complesso Monte S. Angelo, via Cintia

80126 Napoli, Italy

mercaldo@unina.it

14 m. f. betta and a. mercaldo


	mk1
	mk10
	mk11
	mk12
	mk13
	mk14
	mk15
	mk2
	mk3
	mk4
	mk5
	mk6
	mk7
	mk8
	mk9
	mk16
	mk17
	mk18
	mkEnd-page

