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Calculus of Variations — Multiplicity of global minima for parametrized func-
tions, by BIAGIO RICCERI.

Dedicated to the memory of Renato Caccioppoli

ABSTRACT. — Let X be a topological space, I a real interval and ¥ a real-valued function on
X x I. In this paper, we prove that if ¥ is lower semicontinuous and inf-compact in X, quasi-
concave and continuous in / and satisfies sup; infy ¥ < infy sup; ¥, then there exists A* € I such
that W(-,1") has at least two global minima. An application involving the integral functional of
the calculus of variations is also presented.
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1. INTRODUCTION

If we wished to summarize with a few words the object of this paper, we could
say that it deals with eigenvalues for global minima.

To explain this, let us introduce the notion of an eigenvalue in the most gen-
eral setting.

So, let X, Y, A be three non-empty sets, ya pointof Y,and G: X x A — Y a
function such that, for each 4 € A, the equation

G(x,A)=y

has at least one solution in X.
We then call eigenvalue for this equation any 1* € A for which the equation

G(X, j'*) =)

has at least two solutions in X.
Clearly, the most classical particular case of this general scheme is when X, Y
are two vector spaces, A = C (or A =R), y =0 and

G(X, i) =T (X) + /sz(x),

where T, T, are two linear operators. The general theory coming out in that case
is one of the milestones in both linear algebra and analysis.
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In recent years, much work has also been done in the nonlinear case. In this
connection, an account can be found, for instance, in [1]. However, it seems that,
among the various research directions, the one followed in the present paper has
not been explored yet.

Actually, our aim is to give a contribution to the study of the above eigenvalue
problem in the case where Y = R, y =0, A is a real interval and

G(x,4) =¥(x,4) — ing‘P(u,A),
ue

fora given ¥ : X x A — R.

Our main result is Theorem 1. It ensures the existence of an eigenvalue pro-
vided that ¥ is lower semicontinuous and inf-compact in X, quasi-concave and
continuous in A and satisfies sup, infy ¥ < infy sup, ¥. We then reformulate
Theorem 1 in the case where W is affine in 41 and A = ]0, +o0[, so obtaining The-
orem 2. Finally, we present two applications of Theorem 2 the last of which deals
with the integral functional of the calculus of variations.

2. RESULTS

For a generic function f : X — R, the sets of the type f~!(]—o0,p]) (p € R) are
called sub-level sets. If X is a convex set in a vector space, f is said to be quasi-
concave if f~!([p, +oo|) is convex for all p € R.

For reader’s convenience, we now recall a result from [4] that will be used
later.

For a generic set S = X x I, for each (x,1) € X x I, we set

Sy=A{uel:(xueS}

and

S*={ueX:(ul)eS}.

THEOREM A ([4], Theorem 2.3). Let X be a topological space, I = R a compact

interval and S, T = X x I. Assume that S is connected and S* # O for all J. € I,

while T\ is non-empty and connected for all x € X, and T* is open for all ). € I.
Then, one has ST # 0.

Our main result reads as follows:

THEOREM 1. Let X be a topological space, T =R an open interval and
WY : X x I — R a function satisfying the following conditions:

(a) for each x € X, the function Y (x, ) is quasi-concave and continuous;
(b) for each A € I, the function Y (-, A) has compact and closed sub-level sets;
(¢) one has
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sup inf W(x, 4) < inf sup ¥(x,1).

lel YEX xeX ;o1

Under such hypotheses, there exists A" € I such that the function Y (-, ") has at
least two global minima.

Proor. Fix r satisfying

(1) sup inf W(x, 1) < r < inf sup¥(x, 1).

jel XX xeX e

Arguing by contradiction, assume that, for each 4 € I, the function W(-, 1) has a
unique global minimum, say X,. Let us show that the map 1 — x; is continuous.
To this end, it is clearly enough to show that if {4,} is a sequence in / converging
to A € I, then %; is a cluster point of {X;, }. Fix a compact interval [, b] = I such
that 4, € [a,b] for all n € N. From («) it easily follows that

(2) U (rex:¥(x,1) <r}
Aela,b)

={xeX :¥Y(xa <rfu{xeX:¥(xb) <r}.

Note that, by (1), the sequence {xX;, } lies in the set on the left-hand side of (2)
which, by (b), is compact. As a consequence, this sequence admits a cluster point
y € X. Thus, (3, 4) is a cluster point in X x I for the sequence {(x;,,4,)}. Now,
observe that, by (a), (b) and Lemma 4 of [6], the function W turns out to be lower
semicontinuous in X x /. We claim that

(3) ¥(5,4) < limsup¥(X;,, 4,).

n—o0

Assume the contrary. Fix # satisfying

limsup¥(x,,, An) <7 < ¥(3,4).

n— oo

~

Then, there are a neighbourhood U of (y,4) and v € N such that
(4) W(x,,, ) <n <¥(x,A)

for all » > v and all (x,1) € U. But, since (,4) is a cluster point of {(%,,,/n)},
there is n; > v such that (%;, ,4,,) € U, against (4). Now, fix x € X. Taking (3)
into account, we have

¥ (p,4) < limsupW(x;,, 4,) < lim W(x, 4,) = ¥(x, 1).

n— o0 n—oo

That is, y is a global minimum of ¥(-, 1), and so we have y = X;. Thus, X; is a
cluster point of {x,, }, as desired. Now, let {/,} be an increasing sequence of com-
pact intervals such that 7 = (J, _y 1,- We claim that there is n € N such that
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(5) sup inf W(x, 1) < 1nf sup W(x, 4).
Jel, ¥€X X jer,

Assume the contrary, that is

sup inf W(x, 4) = 1nf sup ¥(x, 1)
Jel, X€X X er,

for all n € N. For each n € N, put

C, = {x e X :sup¥(x, 1) < r}.

rel,

Note that C, # 0. Indeed, otherwise, we would have

r< 1nf sup ¥ (x, 4) = sup inf ‘I’( ,A) < sup inf ¥(x, 1),

X jer, Jel, X€X sel X€X

B. RICCERI

against (1). Consequently, {C,} is a non-increasing sequence of non-empty
compact and closed subsets of X. Therefore, one has (),.n Ci #0. Let x* €

ﬂneN Cn~ Then, one has

supWP(x*, 1) =supsup¥(x", 1) <r
rel neN iel,

and so

inf supW(x,1) <r,

xeX sel

against (1). So, fix n € N for which (5) holds and fix also p so that

(6) sup inf ‘P(x A)<p< 1nf sup W(x, 4).
Jel, ¥eX X el

Set
S={(x,4):4el,}
and

T={(x,A) e X x1I,:¥(x,2) > p}.

Since the map 1 — X, is continuous, the set S is connected. By (6), we also have
W(x;,4) <pforall eI, and so SN T = 0. By (a), (b) and (6) again, it follows
that T, is non-empty and connected for all x € X, while 7% is open for all 1 € I,.
Thus, S and T satisfy the assumptions of Theorem A, and hence it should be

S N T # 0. This contradiction ends the proof.

|
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REMARK 1. Essentially the same proof as the one above shows that Theorem 1
is still true if; in (c), we replace “compact and closed” with “sequentially compact
and sequentially closed™.

REMARK 2. We also notice that the number A* in the conclusion of Theorem 1
can be unique. In this connection, the simplest example is as follows.
Let X = {xo,x;}. Consider the function ¥ : X x R — R defined by

—A if (x,4) e {xo} xR
2 otherwise.

Y(x, 1) = {
Clearly, (a), (b) hold. Concerning (c), note that

sup inf W(x,1) =0,
jeRYEX

while

inf sup ¥(x, 1) = +o0.
XEX).ER

So, the assumptions of Theorem 1 are satisfied. Finally, observe that, for any
A # 0, the function ¥(-, 1) has a unique global minimum (precisely, xq if 4 > 0
and x; if 1 <0).

When the function ¥ is affine in 2 and 7 = |0, 4oo[, Theorem 1 assumes the
following form.

THEOREM 2. Let X be a topological space and J,® : X — R two functions satis-
fying the following conditions:

(a1) for each ). > 0, the function J + AD has compact and closed sub-level sets;
(by1) there exist p € |infxy @, supy @ and uy,u, € X such that

D(uy) < p < D(u2)
and

p—D(ur) p—O(ur)

Under such hypotheses, there exists 1* > 0 such that the function J + A" ® has at
least two global minima.

v

PROOF. Observe that, in view of Theorem 1 of [2], condition (b;) is equivalent to
the inequality

sup inf (J(x) + A(®@(x) — p)) < inf sup(J(x) + A(D(x) — p)).

J>0xeX xeX ;>0
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On the other hand, since the function 1 — infc y (J(x) + A(®(x) — p)) is concave
(and real-valued) in ]0, +oco], it is lower semicontinuous in [0, +c0[ and so

sup inf (J(x) + A(®(x) — p)) = sup inf (J(x) + A(D(x) — p)).

i>0XeX >0 Y€
Consequently, condition (b;) is equivalent to the inequality

sup inf (J(x) + A(®(x) — p)) < inf sup(J(x) + A(D(x) — p)).
i>0 YeX XeX )50

Now, we can apply Theorem 1 taking 7 = |0, +oo[ and
Y(x,4) =J(x) + A(D(x) — p),
and the conclusion follows. m|

A suitable application of Theorem 2 gives the following result:

THEOREM 3. Let S be a topological space and F,® : S — R two lower semi-
continuous functions satisfying the following conditions:

(az) the function ® has compact sub-level sets;
(by) for some a > 0, one has

~

(x)

inf — L = —00.
xed ! (ja,+o0]) P(x)

Under such hypotheses, for each p large enough, there exists /l; > 0 such that
the restriction of the function F + 7, ® to @ (]—0,p]) has at least two global
minima.

PROOF. Fix py > infy @, xg € @' (]—o0, py[) and / satisfying

i > F(XO> - inf@il(]*%,l)o]) F
po — P(x0)
Hence, one has
(7) F(xo) + 2®(xp) < Apy+ inf  F.
(I)_1<]73o_’/;0])

Since @ !'(]—o0,p,]) is compact, by lower semicontinuity, there is X e
®~'(]— 0, py]) such that

8) F()+00) = inf - (F()+20(3).
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We claim that ®(x) < p,. Arguing by contradiction, assume that ®(x) > p,.
Then, in view of (7), we would have

F(xo) + 2®(x0) < F(x) + AD(x)
against (8). By (1), there is a sequence {u,} in ®~!(]a, +oo[) such that

. F(uy)
I
w8 © ()

Now, set

y = miny{ 0, inf (F(x) + AD(x))
xe® ' (J=o0,py))
and fix 7 € N so that

F(uq)
D (uz)

< —/1+Z.
[4)

We then have

F(up) + AD(up) < gd)(uﬁ) <.

Hence, if we put
p* = @(uz),
we have

inf (F(x) +1®(x)) < inf (F(x) + AD(x)).
xe®!(J-o0,p"]) xe® ! (]=o0,pol)

At this point, for each p > p*, we realize that it is possible to apply Theorem 2
taking X = @' (]— o0, p]) and J = F + J®. Indeed, with these choices and taking
uy = X, up = uy, the left-hand side of the last inequality in (b;) is zero, while the
right-hand side is positive. Consequently, there exists 4, > 0 such that the restric-
tion of the function F + A® + 4,® to ® ' (]— o, p)) has at least two global min-
ima. So, the conclusion follows taking A”; =+ 4. O

It is worth noticing the following consequence of Theorem 3.

THEOREM 4. Let S be a cone in a real vector space equipped with a (not necessar-
ily vector) topology and let F,® : S — R be two lower semicontinuous functions
satisfying the following conditions:
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(a3) the function @ is positively homogeneous of degree o and has compact sub-
level sets;

(b3) the function F is positively homogeneous of degree f > o and there is X € S
such that F(X) < 0 < ®(X).

Under such hypotheses, there exists p* > infg ®© such that the restriction of the
function F + ® to ® ' (]—c0, p*]) has at least two global minima.

ProOOE. Clearly, we have
F(x)

_F(AR) 5
1 = 1 _ }\, * = — .
I D(IF) it D(X) *

So, the hypotheses of Theorem 3 are satisfied and hence there exist p > infg @
and . > 0 such that the restriction of the function F + A® to ® '(]—0, p]) has
at least two global minima, say vy, v,. Now, observe that

WIEP (R (x) 4 20(x)) = F(A P x) + @2 Px)

for all x e S. From this, it easily follows that the points APy and
WNEPy, are two global minima of the restriction of the function F + @ to
@ ! (]—o0, 2 Pp]), that is the conclusion. O

REMARK 3. Of course, due to Remark 1, Theorems 2, 3 and 4 are still valid if
instead of ““closed”, “‘compact”, “lower semicontinuous’ one assumes ‘‘sequen-
2 13

tially closed”, ““sequentially compact”™, “sequentially lower semicontinuous’ re-
spectively.

REMARK 4. We also remark that the number p* in the conclusion of Theorem 4
can be unique. In this connection, a very simple example is provided by taking
S =R, ®(x) = x> and F(x) = —x>. Actually, it is seen at once that, if » > 0, the
restriction of the function x — x> — x* to [~r,] has a unique global minimum
when r # 1 and exactly two global minima when r = 1.

We conclude by presenting an application of Theorem 2 involving the integral
functional of the calculus of variations.

In the sequel, Q = R” is a bounded open set, with smooth boundary, and
p > n. Therefore, the Sobolev space W!7(Q), endowed with the norm

= ([ wueor ax+ [ ey ),

is compactly embedded in C°(Q) and hence the constant

(9) c= sup Supst|u(x)|

ue Whr(Q)\{0} Jul

is finite.
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Recall that a function f : Q x R” — ]—o00,400] is said to be a normal inte-
grand ([35]) if it is Z(Q) ® #(R™)-measurable and f'(x;, -) is lower semicontinuous
for a.e. x € Q. Here £(Q) and #(R"™) denote the Lebesgue and the Borel
o-algebras of subsets of Q and R™, respectively.

Recall that if f is a normal integrand, then, for each measurable function
u: Q — R, the composite function x — f(x,u(x)) is measurable ([5]).

If £ € R, we continue to denote by & the constant function on Q assuming the
value &.

THEOREM 5. Let f: QxR — |—00,400] and ¢: QxR xR" — [0,+00] be
two normal integrands satisfying the following conditions:

(i) there exist v > 0 such that
v([€” + ") < o(x,&m)
for all (x,&n) e QxRxR", and, for each (x,&) € Q xR, the function
p(x,¢, ) is convex in R";
(ii) for each & > 0, there exists y, € L'(Q) such that
_8|é|p + ys(x) < f(x7 é)

for all (x,&) e Q x R;
(iii) there exist &1, p € R such that

/¢(x751,0)dx<p, /f(x,fl)dx<+oo
Q Q

and

f(xaél) - |2‘Il£f(5f(x, é)

for all x € Q, where

5:(:(’3)1/”

v
and c is given in (9).

Under such hypotheses, for every sequentially weakly closed set V.= W7 (Q)
containing the constant & and a w for which

/ (ﬂ(xv w(x), VW(X)) dx < + 0
Q

and
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| rentas< [ rséar,

there exists " > 0 such that the restriction to V of the functional

u—>/Qf(x,u(x))dx—ki*/ng(x,u(x),Vu(x))dx

has at least two global minima.

PROOF. Foreach u e W?(Q), set

T = [ Flsut) d

and

D(u) —/ng(x,u(x),Vu(x))dx.

By a classical result ([3], Theorem 4.6.8), for each /4 > 0 the functional J + A® is
sequentially weakly lower semicontinuous. On the other hand, for ¢ € ]0, 1v], by
(if), we have

J(u) + 10 = (v — )l + /Q (%) d.

Consequently, by reflexivity and Eberlein-Smulyan theorem, the sub-level sets of
J + A® are weakly compact. Now, let V' = W!7(Q) be as in the conclusion. Set

X ={ueV:sup{J(u),®u)} <+wx}.
Observe that &, w € X and that
(10) {ueX : Ju)+20w) <r}={ueV:Ju)+idu) <r

for all 2> 0, r € R. Denote by J and ® the restrictions to X of J and ® respec-
tively. We want to apply Theorem 2 considering X with the relative weak topol-
ogy. Clearly, in view of (10), (a;) holds. Concerning (b;), observe that for each
ue ®'(]—o0,p]), by (i), one has

v[ul” < p

and so

1/p
sup |u| < C(B) ,
Q v
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the above inequalities being strict if ®(u) < p. Then, from this and from (ii), it
follows that

@ (]—o0,p])
and
Q&) <p
as well. Consequently, (b)) is satisfied taking u; = &, and u; = w. So, the conclu-
sion follows directly from Theorem 2. O

REMARK 5. We are not aware of known results close enough to Theorem 5 in
order to do a proper comparison.
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