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ABSTRACT. — In the first part of the paper we give a short review of our recent results concerning
the relationship between conditional and unconditional stability properties of time dependent sets,
under smooth differential systems in R”. More precisely, let M be an “s-compact” invariant set in
R x R” and let ® be a smooth invariant set in R x R” containing M. It is assumed that M is uni-
formly asymptotically stable with respect to the perturbations lying on ®. The unconditional stabil-
ity properties of M depend on the stability properties of ® “near M. This dependence has been
analyzed in general, and, in the periodic case, complete characterizations are obtained. In the second
part, the above results have been applied to bifurcation problems for periodic differential systems.
Some our previous statements on the matter are revisited and enriched.
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1. INTRODUCTION

Let M be a time dependent set in R x R". M is said to be s-compact if for any
t € R the section M(¢) is nonempty, compact, and contained in a fixed set Q
in R"”. Let S be a smooth differential system in R”, x = f(¢,x), and let M be
an s-compact set, invariant under S, and contained in a suitable invariant set
®. The first part of the present paper is a review of some our recent results
[11] concerning the unconditional stability properties of M when M is uniformly
asymptotically stable on ® (that is with respect to the initial perturbations
(lo, XO) € (D)

The stability problem of M involves the stability of ® “near M” in the sense
recalled in Sec. 2. The connection betweeen the stability properties of ® near M
and the (unconditional) stability properties of M is analyzed in Sec. 3. One finds
that M is stable (asymptotically stable) if @ is stable (asymptotically stable) near
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M. These statements are not completely invertible. Precisely we need that the
stability or the asymptotic stability of M is uniform in order to obtain the same
property of @ near M.

In the case that f, M are both periodic in ¢ for the same constant w > 0
(in particular f or M, or both z-independent), the stability and the asymptotic
stability of M, ®, when occurring, are uniform. Then we obtain in this case a
complete characterization of the above stability properties of M, that is M is
stable (asymptotically stable) if and only if @ is stable (asymptotically stable)
near M (Sec. 4).

It is useful to compare these latter results with some classical results (Liapu-
nov [5], Pliss [9], Kelley [4]). In [4] M =R x C, where C is an equilibrium, or
the orbit of a periodic solution, or a periodic surface. Moreover S is autonomous
and (by a suitable modification near C) admits in R” an invariant center manifold
Y containing C and exponentially asymptotically stable near C. It was found that
the unconditional stability properties of C are completely determined by the
stability properties of C on W: if C is stable (asymptotically stable, unstable)
on W, then C is stable (asymptotically stable, unstable). If C is asymptotically
stable on ¥, the unconditional asymptotic stability of C follows immediately
from our results with ® = R x ¥ and M = R x C. Similarly it may be treated
the known result (see for instance Chow and Hale [3]) concerning the asymptotic
stability problem of a w-periodic solution x() to a w-periodic differential system.
In this case ® and M are w-periodic subsets of R x R” and M = {(,x) : t € R,
x = x(#)}. It has to be noticed that the exponential character in [4] of the asymp-
totic stability of W near C does not play any role. This has been the motivation
to analyze in general the influence that the stability properties of ® near M have
on the corresponding unconditional stability properties of M. We do not have
discussed the extendibility to our general setup of the result in [4] relative to the
case that M is nonasymptotically stable on ¥. We only remark that for this
extension the assumption that the asymptotic stability of @ is exponential cannot
be in general avoided.

The second part of the paper is devoted to revisit and enrich the results in [12]
on the bifurcation problems for a smooth periodic differential system (S,) de-
pending on a scalar parameter i« > 0. The following conditions are satisfied: (i)
there exists £ € R" such that E is an equilibrium for any x > 0; (i) (S,) admits
a suitable invariant manifold ®, containing My, = R x {E} and asymptotically
stable near M,; (iif) M is asymptotically stable on @, for u = 0 and completely
unstable on @, for x> 0 small.

Preliminarily we have treated the case that @, = R x R” for any x > 0. In the
case that each @, is a proper manifold of R x R”, by a change of the spatial
variables depending on ¢, u, any system (S,) is transformed into a new system
(Z.) and any @, is transformed in a unique set ® containing M,. The change
of variables is such that for each x4 > 0 small all the properties of stability and
invariance are not modified and the bifurcation problem is the same unless a ho-
meomorphism of the bifurcating sets. One finds that 4 = 0 is a bifurcation value
on the right and that the bifurcating sets are s-compact subsets of ®, invariant,
and asymptotically stable. Moreover each bifurcating set is the largest invariant
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compact set disjoint from M| contained in a fixed compact s-neighborhood of M
in R x R".

The proofs are obtained by an application of the results in Sec. 4 and by using
for any initial time #y and any small x4 > 0, an appropriate autonomous discrete
dynamical system associated to (S,) or (X,) respectively.

2. PRELIMINARIES

Denote by | - | the Euclidean norm in R” and by p the induced distance. Denote

by #(x) the class of functions f: R x R" — R", (t,x) — f(¢,x), which are

locally Lipschitzian in x. Moreover, we will write f € %,(x) if f satisfies the

condition that for every compact set K = R” there exists a constant L(K) > 0

such that | f(¢,x) — f(¢, ¥)] < L(K)|x — y| for all x, y in K and 7 in R, and write

f € Zu(x) if in addition for every compact K = R” the function f is bounded.
Consider the system of differential equations

(2.1) x=f{tx), ()=—

where f € C(R x R",R") and f € ¥ (x). For any (#), xo) € R x R" let us denote
by x(1, 1, xo) the solution through (7, xy) and by j(zy,xo) its maximal interval
of existence. Moreover we denote by j*(z,xo), j (t,xo) the intersections of
Jj(to, x0) with [t9,+00) and (—o0, 1] respectively. The sets {(¢,x) : t € j(t,X0),
x =x(t,t0,x0)} and {x = x(¢,2,x0) : € j(to,x0)} will be called the trajectory
and the orbit of x(¢, 7, xo) respectively.

We first wish to recall a resut concerning the case that: (i) f(¢,0) =0 and f is
periodic in ¢ for some constant w > 0; (ii) (2.1) admits a first integral F e
C(R x R",R"), with F(z,0) = 0 and such that the origin is uniformly asymptoti-
cally stable with respect to the initial perturbations (¢, xo) € ker F. The following
theorem holds.

THEOREM 2.1. Under the assumptions (i), (ii), the origin is (unconditionally) sta-
ble if and only if F is continuous at x = 0 uniformly in t on R~ = (—o0,0].

The sufficiency was proved by K. Peiffer in [8]. The proof of necessity is trivial
and was given in [10]. Theorem 2.1 has been the source of our analysis, addressed
to differential systems nonnecessarily periodic for which the origin and ker F are
replaced respectively by two appropriate invariant sets M, ® in R x R”, with ®
containing M and nonnecessarily the kernel of a first integral.

We need some preliminaries. Let C be a nonempty set in R” and for @ > 0 let
B"(C,a) ={xeR":p(x,C) < a}, B"[C,a] ={xeR":p(x,C) <a}. Consider
a set 4 in R x R”. We say that A is s-nonempty if for any ¢ in R the section
A(t) ={x e R":(t,x) € A} is nonempty. If A is s-nonempty and there exists a
compact set Q in R” such that A(z) = Q for all 7 € R, then A is said to be s-
bounded. In this case the intersection of all these sets Q will be denoted by Q*.
If A is s-bounded and each A(¢) is compact, we say that A is s-compact. A set N
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in R x R” is said to be a compact (an open) s-neighborhood of an s-nonnempy
set A, if for any ¢ € R the section N(7) is a compact (an open) neighborhood of
A(t). When the mapping ¢ — A(z) is w-periodic for some w > 0, or in particular
t-independent, we say that 4 is w-periodic or z-independent respectively.

Let 4 be an s-nonempty positively invariant set in R x R”. The stability con-
cepts of A are derived from the usual concepts concerning the stability of a single
trajectory. For instance A is said to be: (i) stable if for any ¢y in R and ¢ > 0 there
exists d =0d(19,¢) > 0 such that p(xo,A(t9)) <o implies j*(t9,x0) = [to, +0)
and p(x(t, 29, x0), A(t)) < e for all t > ty; (ii) uniformly stable if it is stable and
0 may be chosen independent of #y; (iii) attracting if for any 7y in R there
exists @ = a(fy) > 0 such that p(xp, A(19)) < o implies j* (1, x0) = [to, +o0) and
p(x(2,t0,x0), A(2)) — 0 as t — +o0; (iv) uniformly attracting if it is attracting, o
may be chosen independent of #,, and p(x(t,,x0),A(?)) — 0 as t — 400 uni-
formly in #y € R, xo € B"[A(ty),0]; (v) asymptotically stable if it is stable and
attracting. Similarly one proceeds for the concepts of the weak attractivity and
the uniform asymptotic stability of 4. When A is z-independent, A(7) = D, it is
customary to replace 4 by D and then look at the stability properties of A as
stability properties of D.

Let M be a positively invariant s-compact set in R x R” and let
F e C(R x R",R") be such that the set ® = ker F is positively invariant and con-
tains M. We need some definitions concerning properties of ® and F “‘near” M.

DEFINITION 2.1. We will say that ® has a stability or an attractivity property
near M if there exists y > 0 such that the property is satisfied with respect to the
initial perturbations (to, xo) for which ty € R and xo € B"[M (1), y].

For instance @ is said to be: (i) stable near M if there exists y > 0 such that
for any # € R and &> 0 one may find 6 =0d(%,e) >0 with the condition
that xo € B"[M(ty),y] and p(xo,®(ty)) <o imply j™(t9,x0) = [to,+o0) and
p(x(2,t0,%0), ®(1)) < ¢ for all ¢t > ty; (ii) attracting near M if there exists y > 0
such that for any 7, € R one may find u = u(ty) > 0 for which xy € B"[M (1), 7]
and p(xo, ®(10)) < p imply j*(to,x0) = [to, +00) and p(x(t, to, x0), D(1)) — 0 as
t — +o0. Similarly we may proceed for the other stability and attractivity proper-
ties near M.

REMARK 2.1. Since M is contained in @, and then p(xo, D(19)) < p(xo, M(t0))
Sor any (ty,x0) € R x R", the uniform attractivity of ® near M may be defined
as follows: there exists a constant ¢ > 0 such that ty € R and xo € B"[M (1), o]
implies that x(t, ty, xo) exists for all t > ty and satisfies p(x(t,ty, xo), ®(¢)) — 0 as
t — o0, uniformly in (to, xo).

We give now a concept of positive definitiveness of F' in terms of M and ®.
DEFINITION 2.2. The function F is said to be ®-positive definite near M if for

some y >0 and for any ty € R, o> 0 there exists § = [(ty, o) > 0 such that if
t>ty, x € B"[M(t),y], and p(x,®(t)) > o, then F(t,x) > f.



RECENT RESULTS ON THE STABILITY OF TIME DEPENDENT SETS 83

We observe that because of the continuity of F we have that if the above
P19, o) exists for a fixed ¢, it exists for any #) and for 7, > #) one may assume
Pty ) = P(tg, o). If d(¢) = M(¢) = D, this definition reduces to the usual con-
cept of positive definitiveness of F with respect to D. We also need a weaker
property which involves the solutions of (2.1). For y > 0, ¢y € R, consider the
following set

H(l‘(),j/) = {(tvx) =1, x € Bn[M<Z)ay]a lp € j’(l,x),x(zo,t,x) € Bn[M<[0)vy]}'

DEFINITION 2.3. The function F is said to be weakly ®-positive definite near M
if for some y > 0 and for any ty € R and o > 0, there exists f = p(ty, ) > 0 such
that if (¢, x) € W(to,y) and p(x,D(t)) > o, then F(t,x) > f.

The property in Definition 2.3 is connected to the stability of ® near M. A first
connection is given by the following lemma.

LEMMA 2.1. Suppose that F is a first integral. Then the stability of ® near M
implies that F is weakly ®-positive definite near M.

Proor. For some fixed y >0 and for any # € R, o >0, there exists
n=n(ty,o) >0 such that if xy is in B"[M(t),y] and p(xo,D(#))) <# then
J (20, x0) = [to, +00) and p(x(t, 9, x0), ®(2)) < o for all ¢ > 1y. For fixed #, let
us consider the function F(f,-). One has F(#y,xo) > 0 for any xo ¢ ®(#) and
F(ty,x0) = 0 for xo € ®(#). By setting

ﬁ(t()v OC) = min{F(t(),Xo) CXo € Bn{M(ZOL y],p(X(),cD(t())) = ;7([07 OC)},
we easily obtain

(2.2)
X € Bn[M(ZO),y], F(lo,)(?o) < ﬁ(lo,a) imply p(x(t, l(),X()),(D(Z)) <a Vt=t.

Given any (z,x) € I1(#y,7), let xo = x(t9,t,x). By definition xy € B"[M (1), 7).
Hence from (2.2) it follows

px,®(1)) =0 = F(ty,x(to,1,x)) = P(to, ).

In conclusion, since F is a first integral and then F(z,x) = F(ty, x(t, t,x)), we
have

(t,x) € (tp,y) and p(x,D(¢)) >« imply F(t,x) > f(t9, ).

The proof is complete. O

3. CONDITIONAL AND UNCONDITIONAL STABILITY PROPERTIES

Consider again system (2.1). Let M be an invariant s-compact set in R x R". We
assume from now on the existence of an invariant set ® in R x R” containing M
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which is the kernel of a function F € C(R x R”,R") and satisfies the condition
that

(/%) M is uniformly asymptotically stable for perturbations (7, xy) € ©.

We will denote by (%), the set of such functions. Moreover we will write F € (H ),
if F e (h)g and F is a first integral. The present section is devoted to the analysis
of the unconditional stability properties of M under further requirements. Pre-
cisely we suppose that one of the following additional conditions is satisfied:

(u) f e Z,(x) (instead of f € £(x)) and the set (H ), is nonempty;

(v) f e Lup(x) and ® =R x kerp, where pe C'(R",RY), 1 <¢q<n, and
rank[0p/0x] = q for any x € ker ¢;

(w) feZLp(x) and  ®={(1,y2):z2=9(t,y)},  where (yz)=x,
ge C'(RxR" R"™), ge £} (»). Here by g € #),(y) we want to mean
that g belongs to .%,,( ) together with its partial derivatives.

THEOREM 3.1. Assume (/%) and (u) or (v) or (w). Then M is stable if ® is
stable near M.

Proor (Outline). Case (u). Because of the condition (7%, for any ¢ > 0 there
exists 0 = d(¢) € (0,¢) such that if 7y € R, yy € ®(¢y), and p(yo, M (1y)) < 9, then
J (20, y0) = [to, +0) and p(x(t, 1, yo), M(2)) < ¢ for all ¢ > ty. Moreover, given
any y > 0 there exists o € (0,0(y)) satisfying the condition that for each v > 0 one
can find a number 7 = T'(v) > 0 such that if yy € ®(ty) and p(yo, M (%)) < o,
then p(x(¢,t, yo), M(2)) <vforallt>1t + T.

Let now F € (H)g. Since @ is stable near M, by virtue of Lemma 2.1, F
is weakly ®-positive definite near M. Choose the above number y as in Defi-
nition 2.3. Moreover let ¢ € (0,0), 0; =d,(¢e) = (1/2)d(¢e/2), t = T((1/2)0;) and
0 = (1/2)51 exp(—kt) where k = L(B"[Q*(M),y]). By Definition 2.3 there exists
B = B(t,0) such that for any #) € R one has

(3.1) (t,x) e (ty,y) and F(t,x) <p imply p(x,D(1)) <o.

Fix 7y and assume x € B"(M(ty),01), F(ty,x0) < f. Since d; < y and then trivi-
ally (1o, x0) € I(t9,7), from (3.1) it follows p(xo, ®(#y)) < J. Hence there exists
Yo € D(ty) with |xo — yo| < 0. Comparing the solutions through (#,x) and
(%0, yo) in the interval [z, tp + 7], by Gronwall’s lemma we obtain

o

10, t0,30) = (0, 10, 70)] <

It easily follows:

(3.2) p(x(t,t0,x0), M (1)) <& Vteto, to+ 1],
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and
(33) p(x(t0+f, Zo,Xo),M(lo—i-T)) < 01.

Setting now #; = 7y + 7 and x; = x(#1, #, Xo), and taking into account that F is a
first integral, we then recognize that x; € B"(M(t1),01) and F(#;,x1) < . Since
clearly (#1,x1) € I1(#, y), by virtue of (3.1) we still have p(x;,®(#;)) < 0. There-
fore the result expressed by (3.2), (3.3) holds with (7, xo) replaced by (7, x;), and
so on. In other words for any ¢ € (0,0) and 7y € R there exist two positive num-
bers 01 and f such that if xy € B"(M (1),0;) and F(ty,x) < f3, then

(3.4) p(x(t, t0, x0), M(2)) < &, V> 1.

Let now (7, ¢) be a number in the interval (0,0;) such that F(#y, x) < f for any
x € B"(M(ty), ). Then (3.4) holds for each x, in B"(M(t)),A) and this proves
that M is stable.

Case (v). Let %, %' be two bounded open sets in R” with ¢/% <= %' and
Q*(M) < #. Consider the system

(3.5) x = f(t,x)a(x),

where « € C*(R”,[0,1]) is such that a(x) = 1 for x € # and a(x) = 0 for x ¢ 4’
Because of the local character of our stability problems near s-compact sets,
system (3.5) may replace the original system (2.1). For any (7, xo) we denote by
X(3.5)(% t0, Xo) the solution of (3.5) through (79, xo). These solutions clearly exists
for all ¢ € R. The proof is divided into two steps.

(a) Let us prove that @ is invariant even for (3.5). The derivative of ¢ along the
solutions of (3.5),

satisfies the condition
(3.6) %(Z, x)=0 V(t,x) e ®d,

because O is invariant under (2.1). To complete the proof, let

(3.7) u = ¢p(x)

and consider any xo € kerp. Equation (3.7) is satisfied for x = xp and u = 0.
Moreover the determinant of at least one, say s, of the ¢ X ¢ matrices contained
in the ¢ x n matrix [0p/0x](xg) is different from zero. Suppose for instance that
s is that contained in the first ¢ columns of [0p/0x](xp) and set x = (y,z),
X0 = (yo,20), with y = (x1,x2,...,%xy), 2z = (Xg41,Xg12,.-.,%,). Then (3.7)
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defines in a neighborhood .4~ of z = zyp, u = 0 an implicit function y = y(z,u),
¥(20,0) = yo. Hence the restriction of equation (3.5) to .4 in terms of z, u may
be written as

z=2Z7Z(t,z,u)

(3:8) u=U(t,z,u),

where U(t,z,0) = 0 by virtue of (3.6), (3.7). For any #y in R, let (z(¢), u(¢)) be the
solution of (3.8) such that z(#)) = zo, u(ty) = 0. As long as this solution exists in
A7, one has u(f) =0, that is (z(7),u(t)) € ker ¢. Indeed (3.8), is satisfied by as-
suming u(¢) =0, while (3.8); for u = 0 admits one and only one solution such
that z(#) = zo. Hence, since (7, xo) is any point of ® = R X ker ¢, the invariance
of ® under (3.5) is now proved.

(b) Since any solution of (3.5) exists for all 7 in R, we may define a function
G € C(R x R",R") by assuming

G(t,x) = (x50, £, X))

Let us prove that ker G = ®@. Indeed (z,x) € ker G implies (0,xy) € ®, with
Xo = X(3.5)(0, 7, x). The invariance of ® under (3.5) then implies (#,x) € ®. Simi-
larly one can prove that (¢, x) € ® implies (¢, x) € ker G. Since G is a first integral
for (3.5), for this equation we have G € (H)g. Moreover ® is stable near M even
for (3.5). Finally we observe that since f € %,;(x) and « is z-independent, one has
that the r.h.s. of (3.5) belongs to %, (x). Hence from the statement in case (u), it
follows that M is stable for (3.5) and then stable for the original equation (2.1).
The proof is complete.

Case (w). Letting u = z — g(¢, y), system (2.1) in terms of the variables y, u be-
comes

(39) y — Y<[) y)u)
u=U(t,y,u),
where Y, U are continuous functions such that Y,U e Z,(y,u) and
U(t, y,0) = 0, while ® becomes the set ® = {(z, y,u) : u =0} and M becomes a
set M. It is easy to see that since g belongs to %, (y, u), the stability problems of
M and @ near M for (2.1) are respectively equivalent to the stability problems of
M and @ near M for (3.9). Setting ¢(y,u) = u we have ® = R x ker ¢ and clearly
¢ satisfies for (3.9) the conditions in the case (v) with ¢ = n — m. Since ® is stable
near M, the result follows from the statement relative to the case (v). The proof is
complete. O

Theorem 3.1 does not appear in general invertible. However it may be proven
that the uniform stability of M implies the stability of @ near M. This implica-
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tion does not require any of the restrictions on @ in (u), (v), (w). Precisely the fol-
lowing theorem holds.

THEOREM 3.2. Assume (A€). If f € L,(x) and M is uniformly stable, then ® is
uniformly stable near M.

PROOF. For any ¢ > 0 let d(¢) > 0 be the number associated with ¢ in the defini-
tion of the uniform stability of M. Let o > 0 be such that p(x(t, 7y, yo), M(t)) — 0
as t— +oo, uniformly in {(%, yo) : 1o € R, yo € ®(ty) N B"[M(ty),0]}. Thus
if 7o € R and yy € ®(#)) n B"[M(ty),0(0)] we have: (i) p(x(t,t, o), M (1)) <o
for all ¢>1#; (ii) for any v >0, there exists 7 = T(v) >0 such that
p(x(t, t, yo),M(t)) <v for all t>1t+T. Let ye (0,6(c)/2). Fixing now
¢ € (0,y) and v € (0,d(¢)), choose a number # = #(¢) > 0 with the condition

o) —v

oxp(kT)’ k = L(B"[Q"(M),a]).

0<ny<

Let #) € R. Assume xy € B"[M(ty),7] and yo € D(#) such that p(xo, D(19)) <7
and |xo — yo| < #. Since

(3.10)  |x(z, 20, x0) — x(2,t0, yo)| < mexp(kT) < d(e) —v<e Vteto,to+ T,

and @ is an invariant set, one has

(3.11) p(x(t,t0,%0), (1)) <& Vtelto,to+ T).

We also have

P(yo, M(t0)) < |x0 — yol + p(xo0, M(t9)) <1+ 7 <2y <d(0)

from which it follows by virtue of (if)

(3.12) p(x(t,to, yo), M(1)) <v VYe=ty+T.

Consequently by virtue of (3.10), (3.12), it easily follows (for details see [11])
p(x(t,t0,x0), M(t)) <e Vt>ty+T.

Hence, since M (7) < ®(t) for every ¢, the inequality (3.11) is satisfied even
for ¢t >ty + T. In conclusion for each ¢ € (0,y) there exists # > 0 such that if
(f0,x0) € R x B"[M(t9),7] and p(xo, ®(19)) < 7 then

p(X(Z, [07x0)7¢)(t)) <e¢ Vix lo.
The proof is complete. O

Analogous theorems are obtained for asymptotic stability. The proofs are similar
and they will be completely omitted (for details see [11]). Precisely the following
theorems hold.
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THEOREM 3.3. Assume (A/€) and (u) or (v) or (w). Then M is asymptotically
stable if ® is asymptotically stable near M.

THEOREM 3.4. Assume (L%€). If [ € Z,(x) and M is uniformly asymptotically
stable, then ® is uniformly asymptotically stable near M.

4. THE PERIODIC CASE

The case in which f and M are both w-periodic in ¢ for the same constant
w > 0 will be specified as the periodic case. In this case the properties f € % (x),
f e Zux), f e Zup(x)are equivalent. Moreover in the periodic case, the stability
and the asymptotic stability of M when occurring are uniform. This is obtained
by the same arguments as those used in [13] (Theorems 7.3 and 7.4) to prove the
statements when M = R x {E} and E is an equilibrium. Under the conditions (u)
or (v) or (w) (which are now only reduced to restrictions on @) even the stability
and the asymptotic stability of ® near M when occurring are uniform. Indeed if
® is stable near M, M is (uniformly) stable by virtue of Theorem 3.1 and then ®
is uniformly stable near M by virtue of Theorem 3.2. Similarly one may proceed
for asymptotic stability by the aid of Theorems 3.3, 3.4. Then in the periodic case
Theorems 3.1 and 3.3 are invertible. In other words the following theorem holds.

THEOREM 4.1. Suppose that f and M are both w-periodic in t for the same con-
stant @ > 0. Then, under condition (/%) and the restrictions on ® in (u) or (v) or
(w), M is stable (asymptotically stable) if and only if ® is stable (asymptotically
stable) near M.

In the periodic case, under condition (.«/%), Lemma 2.1 is invertible. Indeed as-
sume F € (H)q and F is weakly ®-positive definite near M. From the proof of
Theorem 3.1, in case (u), it follows that M is stable. Hence, by virtue of Theorem
4.1, @ is stable near M.

Moreover, from Theorem 4.1 we derive a statement which is equivalent to
Theorem 2.1. Precisely the following corollary holds.

COROLLARY 4.1. Under the conditions (i), (ii) of Theorem 2.1, the origin is
stable if and only if ker F is stable near R x {0}.

Thus, if the conditions (i), (if) are satisfied, the property in Theorem 2.1 that F
is continuous at x = 0 uniformly on R™, is equivalent to the property that
® = ker F is stable near R x {0} (or also to the property that F is weakly ®-
positive definite near R x {0}).

The asymptotic stability problems considered in [4] may be obtained by using
Theorem 4.1. For simplicity we consider the case that the origin 0 is an equilib-
rium and M = R x {0}. Consider the autonomous system

y=Ay+u(y,z),

(“.1) z=Bz+v(y,z),
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yeR™ zeR"™. Here 4 and B are square matrices, the eigenvalues of 4 have
zero real parts and the eigenvalues of B have negative real parts. Finally # and v
are C? functions which vanish together with their derivatives at the origin. It
is known (see for instance [2], [3]) the existence of a differential system ¥ as-
sociated to (4.1) having the same regularity of (4.1) and such that: (1) % co-
incides with (4.1) for |y| < d, 6 > 0 small; (2) . admits an invariant manifold
in RxR", ®={(t,y,z):teR,yeR" z=g(y)} g € C?, g(0) = 0. Moreover
® is exponentially asymptotically stable for & near M =R x {0}. The set
O ={(t,y,z): teR,|y| <d,z=g(y)} is locally invariant for (4.1). Clearly
the unconditional stability properties of M and the stability properties of M on
®* are preserved when the original system (4.1) is replaced by % and ®* is
replaced by ®. Thus the result in [4] relative to the asymptotic stability of equilib-
rium (expressed in terms of @* and system (4.1)) may be stated in terms of the
invariant manifold ® and system %, by saying that for . the asymptotic stability
of M on ® implies the asymptotic stability of M. Therefore the result is an imme-
diate consequence of Theorem 4.1.

Similarly it may be treated the asymptotic stability problem of a w-periodic
solution x(¢) of a w-periodic differential equation. In this case ® and M are w-
periodic subsets of R x R” and M = {(z,x) : t € R, x = x(1)}.

In Section 3 and in the present one, condition (/%) has always been assumed.
It is natural to consider the problem of weaken condition (.«/%). For example for
system (4.1) if M = R x {0} is stable on @, then M is unconditionally stable [4].
This is due to the pecularity of system (4.1), in particular to the property that the
asymptotic stability of ® near M is of exponential type. This last property cannot
be in general avoided. Indeed consider the system:

y =y
3

9

(4.2)

z=—z

with y,z € R. The set ® = {(¢,y,z): z=0} is invariant and asymptotically
stable. With respect to the solutions lying on @ the origin (0, 0) is nonasymptoti-
cally stable. In contrast, (0,0) is unstable. Indeed (4.2); by means of (4.2), may
be written as
o

14 223(1 — 19)
from which one has

(1 10, y0,20) = yo[1 + 225 (1 — )],
Hence our assert follows.

In a forthcoming paper, still in progress, we are analyzing in the periodic case
the possibility to transfer the total stability properties from an invariant manifold
@ to the whole space, provided that ® is asymptotically stable near M.
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5. BIFURCATION RESULTS FOR PERIODIC DIFFERENTIAL EQUATIONS

Up to now we have considered the problem of stability of s-compact sets by its
reduction to the problem of stability on an invariant manifold. Since the bifurca-
tion phenomena are normally connected to drastic changes of the stability prop-
erties under perturbations, it appears clearly the possibility to use the stability
results in Sections 3.4 in order to reduce even problems of existence and stability
of bifurcating sets to analogous problems on spaces with a smaller number of
dimensions. In the present section we restrict the analysis to cases in which the
unperturbed system as well as the perturbed one are all periodic with the same

period.
We need some preliminaries. Consider the differential system
(51) x:f(tvx)a

with f € C(R x R",R"), f € #(x), and periodic in ¢ for some constant «» > 0.
Without any loss of generality in the treatment of our local problems we may
and do assume the existence of the solutions for every ¢ in R (see the proof of
Theorem 3.1 in the case (v)).

Let Z be the set of all integers. For any fixed 7y € R consider the map
I, : Z x R" — R" defined by I, (i, x) = x(t + iw, to, x). Clearly IT, (0, x) = x
and IT, (i + ir, x) = I, (i1, 1, (i, x)) for any i1,i» € Z and x € R". Hence II,,
defines an autonomous discrete dynamical system.

These maps may be fruitfully used in the analysis of invariance, attractivity
and stability properties of w-periodic sets. In this line we give here some lemmas
which are preliminary to our treatment of the bifurcation problem for periodic
differential systems from an equilibrium {E£}. These lemmas do not appear in
[12]. Besides the interest in themselves, they are here employed in order to make
more clear the proofs of the bifurcations theorems in [12] and, mainly, to obtain
for the perturbed differential systems an additional statement on the asymptotic
behavior of all the trajectories starting from a fixed s-neighborhood of R x {E}.
From now on, if P is any property which occurs with respect to I1,,, the property
will be denoted by I1,, — P.

Let M be an s-compact w-periodic set in in R x R” and let N be an s-compact,
w-periodic, positively invariant s-neighborhood of M.

LEMMA 5.1. The set M is the largest invariant set contained in N if and only if for
every ty € R the section M(ty) is the largest 11, -invariant set contained in N(ty).

PROOF. The necessity is trivial. In order to prove the sufficiency, we only need to

prove that, given any fixed ¢* in R and any #y > t*, M(ty) is the image of M (¢*)
under (5.1). Assume for instance t* = 0. Letting G = x(#y, 0, M(0)), we have

I, (i, G)

x(to + i, 1o, G) = x(ty + iw, 1o, x(10,0, M (0)))
x(ty + i, iw, x(iw,0, M(0))) = x(t9 + i, iw, M (iw))
x(t0,0, M (iw)) = x(2,0, M(0)) = G.
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Thus G is IT, -positively invariant and G = N(t;). Therefore G = M(t)). Con-
sider the set W = x(0, ty, M(ty)) and replace IT,, by I1;. We obtain

HO(ia W) = x(ia), 0, W) = x(ia), 0, X(O, lo, M(IO)))
= x(iw, ty + iw, x(ty + iw, ty, M (1)) = x(iw, ty + iw, M(ty + i®))

X(O7 lo, M(ZO)) =Ww.

Hence W < M(0) = N(0). Since x(t,0, W)= M(ty), it follows M (1) = G.

Hence G = M (ty) and the proof is complete. O

Even the attractivity or stability properties of M for system (5.1) may be reduced
to the same properties for each section M (z) under IT,,.

LEMMA 5.2. Suppose that M is invariant. Let (ty,xo) € N, be such that
p(I1,, (i, x0), M(ty)) — 0 as i — +co. Then

p(x(t,t9,x0), M(2)) = 0 ast— +o0.

PROOF. 1t is easy to see that given any ff > 0 we can find 6(f) € (0, ) such that
p(xo0, M(1y)) < o(f) implies p(x(t,19,x0), M(t)) < p for any #, and for any
t € [to,to + w]. This follows from the s-compactness and invariance of M,
and the uniform Lipschitz condition on f. Let k =k(f) >0 be such that
p(I,, (7, x0), M(ty)) < o(f) for any i > k. Consider x(¢, ty, xo) for ¢ >ty + kw. In
particular for 7 € [ty + kw, t) + (k + 1)w] we have:

x(zv l07x0) = x<tv to + kw7x(t0 + kw7 t07x0)) = x(t - kwa tOv'X*)?
X" = x(ty + kw, to, xo) = I, (k, x0),

with ¢ — kw € [ty, to + w] and x* € B"[M(ty),6(f)]. Hence
p(x(t,t0,x0), M(2)) < p Vte [ty +kw,t)+ (k+ 1)w].
Moreover x(f + (k+ 1)w, ty, xo) = I, (k + 1,x0) € B"[M(t)),0(f)]. Then we

may proceed as before in any interval [ty + i, ty + (ik + 1)w], i > k. In conclu-
sion we obtain

p(x(t,t0,x0), M(2)) < Vt=>ty+ ko.
Since f > 0 is arbitrary, then p(x(¢,t,x0), M(t)) — 0 as t — +o0. O

LEMMA 5.3. Suppose that M is invariant. Then M is asymptotically stable under
(5.1) if and only if for every ty the section M(ty) is I,,-asymptotically stable.

PROOF. The necessity is trivial because the application ¢ — M (¢) is w-periodic.
Prove the sufficiency. As in the proof of Lemma 5.2 we may associate with each
S > 0 a number J(f) € (0, ) such that

(5.2)  p(x,M(ty)) <o(p) implies p(x(t,19,x), M(1)) < Vi€ [ty, 1t + v].
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Fix 7 and let o =0(ty) denote any positive number such that the set
{x:p(x,M(t)) <o} is contained in N(#). Since the section M (t) is a II,-
uniform attractor we have that relatively to J(f) there exists an integer
h(ty, ) > 0 such that p(xo, M (ty)) < o implies p(x(ty + jw, to,xo), M (1)) < p for
all f e (0,0), and any integer j > h(t,[). Consequently by virtue of (5.2) it
follows

(5.3)  p(xo, M(ty)) <o implies p(x(t,19,x), M(2)) <Vt = h(ty,p).

Since f > 0 is arbitrary, then p(x(¢, ty, x), M(t)) — 0 as t — +oo. Therefore M is
attractive. Moreover there exists a number 0*(f) € (0,0(f)) such that

p(xo, M(10)) < 67(p) implies p(x(z, 20, x), M(1)) < Vit € [to, h(to, B)]

By virtue of (5.3) we conclude that M is even stable and then asymptotically
stable. The proof is complete. O

Consider now the family . of differential systems, {(S,) : u > 0}, defined by

(Sﬂ) x:f([>x7ﬂ),

with f e C!(R x R" x RT,R") and periodic in ¢ for some constant @ > 0. We
assume f(z,0,4) =0 so that (S,) admits the null solution for every u > 0. As
for equation (5.1) we assume the existence of the solutions for every ¢ in R. Sys-
tem (S,) will be specified as the unperturbed system if x = 0 and as a perturbed
one if u > 0. We denote by M, the so-called null set, My =R x {0}, and by
x(t,t, x0, 1) the solution through (#y,xp). The case that we examine concerns
the bifurcation from M, into invariant, w-periodic, s-compact sets in R x R”,
through the value © = 0 of the parameter. Exactly the following definition will
be assumed.

DEFINITION 5.1. We say that i = 0 is a bifurcation value (on the right) for the
SJamily & at x =0 if there exist u* >0 and a family {M,}, pe€ (0,u*), of s-
compact and w-periodic subsets of (R x R") — My having the following properties:

(a) for each u e (0,u*), M, is invariant under (S,);
(b) My(t) — {0} as . — 0 uniformly in t.

Firstly we prove the following theorem.

THEOREM 5.1. Suppose that the origin x = 0 is asymptotically stable for u =0
and completely unstable (i.e. asymptotically stable in the past) for > 0. Then
w1 = 0 is a bifurcation value on the right. Precisely there exist u* > 0 and a compact
s-neighborhood H of My such that for each u € (0, u*) the largest s-compact invari-
ant set of (S,) contained in H — My, say M, is nonempty, w-periodic, and the fam-
ily { M} satisfies (b) in Definition 5.1. Moreover each M, is asymptotically stable.
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PROOF. (i) Since the origin is asymptotically stable for u =0, there exist a
number y > 0 and a function ¥ € C!'(R x R",R), w-periodic in ¢, such that

(5.4) a(|x]) < V{1, x) < b(|x]),
(5.5) Visy (1, x) < —c(lx]),

for all # € R and x € B"(y) [6, 7]. Here a, b, ¢ are continuous strictly increasing
functions from R* into R with a(0) = b(0) = ¢(0) = 0, and the left hand side
of (5.5) is the derivative of 7 along the solutions of the unperturbed system.
Choose 4 € (0,a(y)). From (5.5) by using continuity arguments it follows the
existence of x* > 0 such that for any u € (0, ") the derivative of 7 along the
solutions of the perturbed system (.S,) satisfies the condition

c(b~'(4))

5 Vie R, Vxe B"(y)—B"(b"1(1)).

(56) V(SM)(Z, x) < -

By (5.4), (5.5), (5.6), we easily see that the set
H=A{(t,x): |x| <7, V(t,x) <7}

has the following properties: (1) each section H () is a compact neighborhood of
x = 0 and is contained in the open ball B"(y); (2) for any u € (0, u*) H is under
(S,) asymptotically stable and invariant only in the future; (3) the region of
attraction of H contains a fixed s-neighborhood H* of H and we will choose
H* ={(t,x) : |x| <y, V(t,x) < A"}, for some 1" > /; (4) H is w-periodic, that
is H(t) = H(t + w).

(ii) For any fixed 7p e R and u e (0,u*) consider the above autonomous
discrete dynamical system II, =II,,:Z x R" — R" defined by II, (i, x) =

x(to + i, 1o, x, ). Let Al (x) = A, (x), A, (x) = A, ,(x) be the the positive and

the negative limit sets of x under I1,,. Precisely:

A} (x) = {& e R" : there exists a sequence (i), iy — +00,
with IT;, (i, x) — &},

A, (x) = {¢ € R" : there exists a sequence {i,}, i, — —c0,
such that IT, (i,, x) — &}.

Moreover let J;' (x) = J (x), J, (x) = J, ,(x) be the positive and the negative

tou to
prolongational limit set of x under I1,,. Precisely:

Jo(x) = {& e R" : there exist two sequences {i,}, i, — +00, {X,}, %, — X,
such that 7(i,, x,) — £},
J,, (x) = {¢ € R" : there exist two sequences {iy}, i, — —00, {Xu}, Xy — X,

such that 7(i,, x,) — &}.
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The I1,,-attractivity and the I1, -uniform attractivity for compact sets in R” may
be characterized by conditions on the above limit and prolongational limit sets,
see [1]. In [1] the proofs are given for ordinary autonomous dynamical systems,
but all the statements we employ here are valid even for autonomous discrete
dynamical systems and are obtained by the same arguments. The set H(#) is
a IT;,-uniform attractor and its region of uniform attraction contains H *(f).
Therefore x € H*(ty) implies J'(x) # 0 and J(x) = H(t). Let ¢, = ¢,, be
the largest Il -invariant subset of H(#). Since J;(x) is Il,-invariant, then
Ju (x) < ¢,,- Moreover ¢, contains the region 4, (0) = 4, (0) of negative attrac-
tion of the origin of R” under IT,,. Indeed even 4, (0) is I, -invariant and is con-
tained in H (#). Clearly the set M,,(t9) := ¢, — A, (0) is the largest I1, -invariant
compact set contained in H(ty) — {0}. We prove that M, (1) is a I, -uniform
attractor and the region of uniform attractivity contains H*(#) — {0}. Assume
x € H*(ty) — {0}. Since J;/ (x) < ¢,, it remains only to show that y € J;/(x) im-
plies y ¢ 4, (0). We have x € J, (). Therefore if y € 4, (0), then J (y) = {0}
and consequently x = 0. This is a contradiction and the assert is proved. Since
H(ty) = H(t) + ») and II,, remains unchanged when ¢ is replaced by # + w,
we have M, (1)) = M,(t) + o).

For each x € (0, 1) define now the set M, with the condition that its section
atany time 7y € Ris M, (t)) = ¢, — A4, (0). Then M, is a c-periodic setin R x R".
It is immediate to recognize that M, is s-compact and that M, () — {0} as 4 — 0
uniformly in z.

(iii) Since for any ty in R, M,(t) is the largest Il -invariant set, contained in
H(ty) — {0}, by virtue of Lemma 5.1 it follows that M, is the largest s-compact
invariant set under (S,) contained in H — M,. Finally, since for any 7, in R,
M, (1) is a IT,-uniform attractor, and then I, -asymptotically stable, by Lemma
5.3 we recognize that M, is asymptotically stable. Thus M, satisfies all the con-
ditions in Definition 5.1. The proof is complete. |

In the autonomous case the sets M, are t-independent. Precisely one has:

PROPOSITION 5.1. Let us assume that (S,) is autonomous for each y > 0. Then
the bifurcating sets M, are t-independent, that is M, = R x C,, where C, is the
largest compact invariant subset of R" disjoint from the origin and contained in a
fixed positively invariant neighborhood of the origin.

Clearly, since in Proposition 5.1 M, (t) = C, for any ¢, as observed before, we
may consider all the properties associated with M, as properties of the sets C,
of R". Precisely we may say that the sets C,, are asymptotically stable and that
C,— {0} asu—0.

We treat now the case that the bifurcating sets lie on an invariant manifold.
Consider again the above family of differential systems and assume in addition
that each (S,) admits a v-dimentional invariant manifold (0 < v < n)

q)ﬂ:{(lvyaz) : ZGR,yERv,Z:g([,y,‘U)},
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where g € C!(R x R” x R*R"™"), g is w-periodic in ¢, its partial derivatives are
locally Lipschitzian in y, and ¢(z,0, ) = 0. We notice that the above conditions
ensure g € %) (y). Let u=z—g(¢,y,u). In terms of y, u each (S,) may be
written as

y=Y(t,y,u ),

z
( Iu) I:l:U(l7y7u7ﬂ)7

where Y, U are continuous and locally Lipschitzian in (y,u), Y(2,0,0,u) =0,
U(t, y,0,u) = 0. Moreover in the (¢, y,u)-space the manifolds ®, coincide all
with the manifold ® = R x ¥ with

(5.7) Y ={(y,u):u=0}

The bifurcating sets of the family X = {(X,), # > 0} are homeomorphic to those
of the original family & while the stability properties involved are clearly the
same. Letting now My =R x {(0,0)} and considering the differential system of
the solutions of (X,) lying on @,

(Zyﬂ) y = Y(t7 yaowu)
we are at last in position to state the main theorem of the section.

THEOREM 5.2. Suppose that: (1) the solution y =0 of (X,,) is asymptotically
stable if =0 and completely unstable if >0 small; (2) ® is asymptotically
stable near My for all u > 0 small. Then y =0 is a bifurcation value on the right
for the family X. Precisely there exist u* > 0 and a compact s-neighborhood H of
My such that for each u € (0,u*) the largest s-compact invariant set of (X,) con-
tained in H — My, say M, is nonempty, lies on @, is w-periodic, asymptotically
stable, and the family {M,} satisfies (b) in Definition 5.1.

PRrROOF. Assumption (1) for the part relative to u = 0 is equivalent to say that
the null set M is for 4 = 0 asymptotically stable on ®. Taking into account as-
sumption (2), we recognize then by virtue of Theorem 4.1 that M is for u =0
(unconditionally) asymptotically stable. Hence, as we have seen in the proof of
Theorem 5.1, if y > 0 and x«* > 0 are small, there exists for any u € (0, x*) a com-
pact s-neighborhood H of M, which is w-periodic and asymptotically stable.
Moreover each section H () is contained in B”(y). In the following we choose y
smaller than the number ¢ in Remark 2.1.

By virtue of Theorem 5.1 applied to the restriction of system (X,) to ® (that
is to the subspace u = 0), we recognize that if x* > 0 is sufficiently small then
for each u € (0, 1*) there exists for system (Z,) a set M, which has the following
properties: (i) M, is the largest s-compact invariant subset of ® contained in
[H N ®] — My; (ii) M, is w-periodic, asymptotically stable with respect to the
initial perturbations lying on ®; (iii) M,(t) — {(0,0)} as u — 0 uniformly in 7.
Moreover, since for every ¢ in R the section H(¢) and then the section M,(¢)
are contained in B"(y), we see that for our choice of y the manifold @ is
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asymptotically stable near each M,. By virtue of Theorem 4.1 it follows that the
sets M, are all unconditionally asymptotically stable.

In order to complete the proof, it only remains to prove that for any
we (0,u"), M, is the largest invariant s-compact subset of H — M,. Let ¢, be
any trajectory of (X,) entirely contained in H and let #y, xo, xo = (o, uo), be
any point of c,. Clearly by virtue of the above condition (i) it is sufficient to
prove that xo € . For this consider as in the proof of Theorem 5.1 the autono-
mous discrete dynamical system I, = I1,, : Z x R" — R”" relative now to sys-
tem (X,). Because of the w-periodicity of H, it follows that the orbit of xo under
IT,, is entirely contained in H (). Suppose then xq ¢ V. The negative limit set of
xo under IT,,, A, (xo), is nonempty, contained in H (%), I1;-invariant, and com-
pact. One has A~ (xo) N [¥ n H(ty)] = 0, otherwise x, would be for (X,) weakly
attracted to ' in the past and then ® could not be stable near M. Let 0 > 0 be
the distance between the two compact sets A, (xo) and ¥ n H(#), and let ¢ be
any point in A, (xo). Because of the I, -invariance of A, (xo), we have

(5.8) p(IL;, (i, &), Y N H(ty)) >0 for every integer i > 0.

On the other hand & is attracted to ¥ under I1,, and then A?;(f) c¥nH().
Thus we get a contradiction and the proof is complete. |

We conclude by the statement announced before which completes, under the
assumptions of Theorem 5.2, the analysis, only partially carried out in [12],
of the asymptotic behavior in the future of the solutions x(z, 7y, xg,x), with
xo = (yo,uo), (to,x0) € H and x > 0 small. Incidentally we notice that this fur-
ther result has allowed us to recognize and correct an overview in the proof of
Theorem 3.2 in [12].

THEOREM 5.3. Let (ty,x0) € H, that is ty € R and xy € H(ty). Assume that, for a
given € (0, 1), p(x(t, to, X0, 1), My(t)) + 0 as t — 400, then |x(t,ty, xo, 1) — 0
as t — +o0.

ProOF. Let I'={(t,x):te R,x € H(t) — A(M,(t)) n H(t)}, where A(M,(1))
is the region of attraction of M, (¢) under I1,. We observe that 4(M,(t)) is open
and IT-invariant. Hence I is s-compact and IT,-positively invariant, and {(0,0)}
is the largest IT;,-invariant set contained in I'(¢). From our assumptions and by
virtue of Lemma 5.2, then it follows that p(I1,, (i, x0), M,(t))) + 0 as t — +o0.
Thus xo ¢ A(M,(t9)) and then xq € I'(#). It follows that x, is attracted to the
origin (0,0) under IT;,. Indeed A, (xo) is nonempty. Moreover it is I, -invariant
and then it is contained in the largest I, -invariant subset of I'(7)), that is it
coincides with {(0,0)}. By virtue again of Lemma 5.2, now applied to the null
set My and for N =T, we have p(x(z, ty, xo, 1), Mo(t)) — 0 as t — +o0. Since
My(t) = {(0,0)}, the proof is complete. O

More detailed information on the structure of the bifurcating sets M, may be
found in the cases v =1 and v = 2 [12]. In the first case, for any z, ®(z) is homeo-
morphic to a straigthline {(y,u) : u = 0} passing through the origin. Each section
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M,(t) is homeomorphic to the union of two segments located in the regions y > 0
and y < 0 respectively. The end points are fixed with respect to the discrete dy-
namical system induced on @, while their motion with respect to the differential
system is periodic with the same period w of the system. If v = 2, in the autono-
mous case we find results already known in the usual treatment of Hopf bifurca-
tion although now the asymptotic stability of ® near the origin is not necessarily
exponential. In the general periodic case instead, under some additional assump-
tion we find that the sections M,(¢) are homeomorphic to Jordan curves and then
the sets M, are homeomorphic to tori by interpreting ¢ as an angular variable.
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