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Di¤erential Geometry — A Stampacchia-type inequality for a fourth-order elliptic
operator on Kähler manifolds and applications, by Luca Lussardi.

Abstract. — In this paper we will prove an integral inequality of Stampacchia-type for a fourth-

order elliptic operator on complete and connected Kähler manifolds. Our inequality implies a
Hodge-Kodaira orthogonal decomposition for the Sobolev-type space Wp; qðXÞ. In particular we

will able to prove, under suitable topological conditions on the manifold X , the existence of an iso-
morphism between the Aeppli groups Lp; qðX Þ and the groups Hp; qðX Þ of all global harmonic forms

of bidegree ðp; qÞ.
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1. Introduction

Let X be a complex manifold, and let p; qb 1 integers. The Aeppli groups, even
called qq-cohomology groups, defined for the first time by Aeppli in [1] and stud-
ied, principally, by Bigolin in [10] and in [11], were introduced in order to study
cycles of algebraic manifolds (see [8]). More recently the Aeppli groups are under
consideration in order to investigate integral transformations (see [17]), properties
of balanced manifolds (see [2], [5], [6]) and properties of 1-convex manifolds (see
[3], [7], [4]). The Aeppli groups were originally defined in [1] by

Lp;qðXÞ ¼ KerfAp;qðX Þ !d Apþ1;qðX ÞaAp;qþ1ðX Þg
qqAp�1;q�1ðX Þ

Vp;qðX Þ ¼ KerfAp;qðXÞ !qq Apþ1;qþ1ðXÞg
qAp�1;qðX Þ þ qAp;q�1ðXÞ

where Ap;qðX Þ denotes the space af all ðp; qÞ-di¤erential forms with coe‰cients in
ClðXÞ and with complex values. If X is a Stein manifolds then Aeppli, in [1],
proves that the Aeppli groups are isomorphic to the complex De Rham coho-
mology: more precisely Lp;qðX Þ and Vp;qðX Þ are isomorphic, respectively, to the
spaces HpþqðX Þ and Hpþqþ1ðX Þ, where HrðX Þ denotes the space of all global
harmonic r-forms. The result of Aeppli gives a characterization of the De Rham
cohomology for Stein manifolds. If the manifold X is Kähler and compact then
Bigolin, in [10], proves, as a consequence of a orthogonal decomposition for the
space of all qq-closed forms, that both V p;qðX Þ and Lp;qðX Þ are isomorphic to



Hp;qðX Þ, where Hp;qðX Þ denotes the space of all forms in HpþqðX Þ of bidegree
ðp; qÞ; moreover in the same paper some results proved by Aeppli in [1] for Stein
manifolds are recovered. If we remove the compactness assumption on the man-
ifold X then, at the moment, it is unknown the relation between Aeppli groups
and Hp;qðX Þ. In this paper we study the non-compact case. We will able to prove,
under a technical topological condition on X (see assumption (5.1)), that the
Aeppli groups Lp;qðXÞ are isomorphic to Hp;qðX Þ whenever X is a connected
and complete Kähler manifold. The main tool for the proof of our result is a suit-
able Hodge-Kodaira orthogonal decomposition. More precisely denoting by
Dp;qðX Þ the space of all forms in Ap;qðXÞ with compact support in X , we can
consider, on Dp;qðX Þ, the standard complex scalar product ð� ; �ÞX of L2-type
and the complex scalar product

ðu; vÞ1;X :¼ ðu; vÞX þ ðqu; qvÞX þ ðQu; QvÞX

where q and q are the classical complex di¤erential operators and Q and Q are
their adjoints, respectively. Then if we denote by Wp;qðXÞ the completion of
Dp;qðX Þ with respect to the scalar product ð� ; �Þ1;X , in §4 we will able to prove
that on Kähler manifolds the following Hodge-Kodaira decomposition holds:

Wp;qðXÞ ¼ ½qqDp�1;q�1ðX Þ�1 a? ½QDp;qþ1ðX Þ þ QDpþ1;qðXÞ�1ð1:1Þ
a? KerrBWp;qðXÞ

where the square brackets with subscript 1 stands for the closure in Wp;qðX Þ and
a? says that the direct sum is orthogonal in the sense of the scalar product
ð� ; �Þ1;X . The proof of (1.1), in the absence of compactness, requires an integral
inequality of ‘‘Stampacchia-type’’ for a suitable elliptic operator, and such a in-
equality is the crucial point. Let us briefly recall the history of Stampacchia-type
inequalities.

Let X be a complete and connected hermitian manifold. The classical Stam-
pacchia inequality is an integral inequality which involves the complex Laplace
operatorr; Andreotti and Vesentini proved it in [9] in order to obtain applica-
tions to the study of vanishing theorems by means of an extension of a Kodaira
theorem ([13]). More precisely if Lp;qðX Þ denotes the completion of Dp;qðXÞ with
respect to the scalar product ð� ; �ÞX and if Br denotes the ball of radius r and cen-
tered in a fixed point 0 a X , then for any r;R; s > 0, with r < R, it holds

ðqu; quÞBr
þ ðQu; QuÞBr

a
1

s
þ c

ðR� rÞ2

 !
ðu; uÞBR

þ sðru;ruÞBR
ð1:2Þ

for all u a Ap;qðX Þ, where c > 0 is a constant which depends only by the complex
dimension of X . In particular it descends the following characterization of the
square-summable harmonic forms on X :

KerrBLp;qðXÞ ¼ fu a Ap;qðX ÞBLp;qðX Þ : qu ¼ Qu ¼ 0g:ð1:3Þ
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A real version of inequality (1.2) was proved by Vesentini, with the same tech-
nique, in [18]: if M denotes a complete and connected riemannian manifold then
for any r;R; s > 0, with r < R, it holds

ðdu; duÞBr
þ ðdu; duÞBr

a
1

s
þ c

ðR� rÞ2

 !
ðu; uÞBR

þ sðDu;DuÞBR
ð1:4Þ

for any u a ApðMÞ, where c > 0 is a constant which depends only by the dimen-
sion of M. The Stampacchia-type inequality (1.4) implies that

KerDBLpðMÞ ¼ fu a ApðMÞBLpðMÞ : du ¼ du ¼ 0g

from which it follows the Hodge-Kodaira decomposition of LpðMÞ:

LpðMÞ ¼ ½dDp�1ðMÞ�LpðMÞ a? ½dDpþ1ðMÞ�LpðMÞ a? KerDBLpðMÞ:ð1:5Þ

In this paper we will prove a Stampacchia-type inequality like (1.2) for the
fourth-order elliptic operator D given by

D ¼ qqQQþ QQqqþ QqQqþ QqQqþ Qqþ Qq

which was first considered by Kodaira and Spencer in [15] for the study of the
stability of Kähler manifolds under small deformations (see moreover the impor-
tant book of Morrow and Kodaira [16], Ch. 4, §4). Such a operator D was also
considered by Bigolin [10] in the compact case. More precisely in §3, following
the same technique of Andreotti and Vesentini, we will prove that there exist
four positive constants c1, c2, c3, c4, eventually depending only by the complex
dimension of X , such that for any r;R; s > 0, with r < R, it holds

ðru;ruÞBr
þ ðQQu; QQuÞBr

þ ðqqu; qquÞBr
þ ðQqu; QquÞBr

þ ðQqu; QquÞBr
ð1:6Þ

þ ðqu; quÞBr
þ ðqu; quÞBr

a
c1

ðR� rÞ2
þ c2

ðR� rÞ4
þ 1

s

 !
ðu; uÞBR

þ c3

ðR� rÞ2
ððqu; quÞBR

þ ðQu; QuÞBR
Þ þ c4sðDu;DuÞBR

for any u a Ap;qðX Þ. By means of inequality (1.6) we will able to prove the de-
composition (1.1) and then, in the last section, we will apply such a decomposi-
tion in order to study a relation between the Aeppli cohomology and classical De
Rham cohomology.
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2. Riemannian and hermitian manifolds

2.1. Riemannian Manifolds

For a thorough treatment of the argument we refer the reader to [12]. Let M be
a n-dimensional orientable complete riemannian manifold. Let gab be the metric
tensor on M and let gab be the inverse of gab; we also denote by g ¼ det gab. For
any positive integer p, with pa n, we will denote by KpðMÞ the space of all
currents on M of degree p; the subspace ApðMÞ will denote the space of all p-
di¤erential forms with Cl-coe‰cients and real values. In this setting it is well de-
fined the volume form ea1...an dx

1b� � �bdxn: Given u a ApðMÞ the adjoint of u is
the form given, in local coordinates, by �ub1...bn�p

¼ ea1...apb1...bn�p
ua1...ap : The opera-

tor � : ApðMÞ ! An�pðMÞ can be extended to a unique operator � : KpðMÞ !
Kn�pðMÞ. On the subspace DpðMÞ given by all forms in ApðMÞ which have com-
pact support in M the operator � permits us to define the real scalar product
given by

ðu; vÞM :¼
Z
M

ub�v:

We will denote by LpðMÞ the completion of the space DpðMÞ with respect to
the scalar product ð� ; �ÞM . It turns out that LpðMÞ is an Hilbert space. Let
d : KpðMÞ ! Kpþ1ðMÞ be the exterior di¤erential and let d : KpðMÞ !
Kp�1ðMÞ its formal adjoint, i.e. d ¼ ð�1Þnpþnþ1 � d�; it is well known that
d 2 ¼ d2 ¼ 0. The laplacian of a current T a KpðMÞ is given by DT ¼
ddT þ d dT ; the currents belong to KerD are called harmonic currents, and the
forms belong to KerD are called harmonic forms. By ellipticity it turns out that
if T a KerD then actually T a ApðMÞ.

2.2. Hermitian Manifolds

For a thorough treatment of the subject we refer the reader to [16] and [19]. Let
X be a complete hermitian manifold of complex dimension n, let gab be the her-
mitian metric on X , and let gab be its inverse; as in the real case we denote by
g ¼ det gab. For any positive integers p, q, with p; qa n, we will denote by
Kp;qðX Þ the space of all currents on X of bidegree ðp; qÞ; the subspace Ap;qðXÞ
will denote the space of all ðp; qÞ-di¤erential forms with Cl-coe‰cients and
complex values. Associated to an hermitian metric we have the fundamental
real form o ¼ igab dz

a dzb; X is a Kähler manifold if do ¼ 0. Let, in local coor-
dinates, ea1...anb1...bn dz

a1b� � �bdzanbdzb1b� � �bdzbn be the volume form on X .
Given u a Ap;qðXÞ the adjoint of u is the form given, in local coordinates, by
�um1...mn�qn1...nn�p

¼ em1...mn�qa1...aqn1...nn�pb1...bpu
a1...aqb1...bp : The operator � : Ap;qðX Þ !

An�q;n�pðXÞ can be extended to a unique operator � : Kp;qðX Þ ! Kn�q;n�pðXÞ.
As in the riemannian case on the subspace Dp;qðX Þ given by all forms in
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Ap;qðX Þ which have compact support in X the operator � permits us to define a
complex scalar product given by

ðu; vÞX :¼
Z
X

ub�v:

We will denote by Lp;qðX Þ the completion of Dp;qðX Þ with respect to the scalar
product ð� ; �ÞX . It turns out that Lp;qðX Þ is an Hilbert space. Let q : Kp;qðXÞ !
Kpþ1;qðX Þ and q : Kp;qðX Þ ! Kp;qþ1ðX Þ be the classical complex di¤erential
operators. It is well known that q2 ¼ q2 ¼ 0 and d ¼ qþ q. The operators
Q : Kp;qðX Þ ! Kp;q�1ðXÞ and Q : Kp;qðX Þ ! Kp�1;qðXÞ can be defined by set-
ting Q ¼ � � q� and Q ¼ � � q�, and we get Q2 ¼ Q

2 ¼ 0. Let us now recall the
following useful formulas: If at least one form between u and v belong to
Dp;qðX Þ then

ðqu; vÞX ¼ ðu; QvÞX and ðqu; vÞX ¼ ðu; QvÞX ;ð2:1Þ

moreover it holds qq ¼ �qq and QQ ¼ �QQ. If X is a Kähler manifold then it is
well known that

qQþ Qq ¼ 0; qQþ Qq ¼ 0; qQþ Qq ¼ qQþ Qq:ð2:2Þ

We recall that the complex laplacian r : Kp;qðXÞ ! Kp;qðX Þ is defined by
r¼ qQþ Qq; the currents belong to Kerr are called harmonic currents, and
the forms belong to Kerr are called harmonic forms. On Kähler manifolds by
(2.2) it descends

r¼r :¼ qQþ Qq:

By ellipticity it turns out that if T a Kerr then actually T a Ap;qðX Þ. On Kähler
manifolds it holdsr¼ 1

2D. Finally we will denote by Wp;qðX Þ the Sobolev-type
space given by the completion of Dp;qðX Þ with respect to the scalar product

ðu; uÞ1;X :¼ ðu; uÞX þ ðqu; quÞX þ ðQu; QuÞX :

It turns out that Wp;qðX Þ is an Hilbert space.

3. A Stampacchia-type inequality for the operator D

In the rest of the paper X will denote a complete and connected Kähler manifold
of complex dimension n. Let p; qa n be positive integers. Consider the fourth-
order operator D : Kp;qðX Þ ! Kp;qðX Þ given by

D ¼ QqQqþ qQqQþ Qqþ Qqð3:1Þ
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Remark 3.1. An easy application of formulas (2.2) shows that

r2 ¼ QqQqþ qQqQð3:2Þ

and

QqQqþ qQqQ ¼ qqQQþ QQqqþ QqQqþ QqQq:ð3:3Þ

In [15] Kodaira and Spencer show that D (they used, for the principal part of D,
the form given by the right-hand side of (3.3)) is an elliptic operator, since its
principal part is given by

X
abgd

gbagdg q4

qzaqzbqzgqzd

in any local coordinates system. For any u a Ap;qðX Þ let

ðu; uÞ2;X :¼ ðQQu; QQÞX þ ðqqu; qquÞX þ ðQqu; QquÞX þ ðQqu; QquÞX :

Let 0 a X be a fixed point; for any r > 0 we will denote by Br the ball centered in
0 with radius r. For the sake of simplicity we will use the notation ð� ; �Þr and
ð� ; �Þ2; r respectively for the quantities ð� ; �ÞBr

and ð� ; �Þ2;Br
. Notice that the com-

pleteness of X ensures that the generic ball Br is relatively compact in X , by
Hopf-Rinow theorem; in particular all quantities ðu; uÞr and ðu; uÞ2; r are finite.
The fundamental result of this section is an integral inequality of Stampacchia-
type for the operator D.

Theorem 3.2 (Stampacchia-type inequality). For every R; r; s > 0 with r < R
it holds

ðru;ruÞr þ ðu; uÞ2; r þ ðqu; quÞr þ ðqu; quÞrð3:4Þ

a
c1

ðR� rÞ4
þ c2

ðR� rÞ2
þ 1

s

 !
ðu; uÞR

þ c3

ðR� rÞ2
ððqu; quÞR þ ðQu; QuÞRÞ þ c4sðDu;DuÞR

for any u a Ap;qðX Þ, with c1, c2, c3, c4 positive constants eventually depending only
by the complex dimension n.

Proof. Using the same argument of Lemma 6 in [9] we can construct a function
j : X ! ½0; 1� with j ¼ 1 on Br, j ¼ 0 on XnBR such that there exist two positive
constants M1 and M2, depending only by n, with
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ðLjbu;LjbuÞR a
M1

ðR� rÞ2
ðu; uÞR;ð3:5Þ

ðNjbu;NjbuÞR a
M2

ðR� rÞ4
ðu; uÞR

for any u a Ap;qðX Þ, whenever L a fq; q; Q; Qg and N a fqq; QQ; Qq; Qqg. Let
u a Ap;qðXÞ; then jmu has support in BR for any positive integer m. Now we di-
vide the proof in two steps; first we collect some useful estimates for the first and
the second order terms that appears in D, and then we will prove (3.4).

Step 1. Let us consider the first order terms. We have

qðj4uÞ ¼ 4j3qjbuþ j4qu

and then

ðqu; qðj4uÞÞR ¼ ðj2qu; 4jqjbuþ j2quÞR ¼ 4ðj2qu; jqjbuÞR þ ðj2qu; j2quÞR:

Taking into account formulas (2.1) we deduce that

ðj2qu; j2quÞR ¼ ðQqu; j4uÞR � 4ðj2qu; jqjbuÞR:ð3:6Þ

By applying the same argument we get

ðj2qu; j2quÞR ¼ ðQqu; j4uÞR � 4ðj2qu; jqjbuÞR:ð3:7Þ

Let us now consider the second order terms. We easily have

Qqðj4uÞ ¼ Qð2j3qjbuþ j2qðj2uÞÞ
¼ 6j2Qjbqjbuþ 2j3Qqjbuþ ð�1Þpþq2j3qjbQu

þ 2jQjbqðj2uÞ þ j2Qqðj2uÞ
¼ 10j2Qjbqjbuþ 2j3Qqjbuþ ð�1Þpþq2j3qjbQu

þ 2j3Qjbquþ j2Qqðj2uÞ

from which we obtain

ðQqu; Qqðj4uÞÞR ¼ ðj2Qqu; 10Qjbqjbuþ 2jQqjbuþ ð�1Þpþq2jqjbQu

þ 2jQjbquþ Qqðj2uÞÞR
¼ ðQqðj2uÞ � 2Qjbqjbu� 2jQqjbu� ð�1Þpþq2jqjbQu

� 2jQjbqu; 10Qjbqjbuþ 2jQqjbuþ ð�1Þpþq2jqjbQu

þ 2jQjbquþ Qqðj2uÞÞR:
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Then taking into account (2.1) we get

ðQqðj2uÞ; Qqðj2uÞÞRð3:8Þ

¼ ðQqQqu; j4uÞR � 10ðQqðj2uÞ; QjbqjbuÞR
þ 20ðQjbqjbu; QjbqjbuÞR þ 20ðjQqjbu; QjbqjbuÞR
þ 20ð�1ÞpþqðjqjbQu; QjbqjbuÞR þ 20ðjQjbqu; QjbqjbuÞR
� 2ðQqðj2uÞ; jQqjbuÞR þ 4ðQjbqjbu; jQqjbuÞR
þ 4ðjQqjbu; jQqjbuÞR þ 2ð�1ÞpþqðjqjbQu; jQqjbuÞR
þ 4ðjQjbqu; jQqjbuÞR � 2ð�1ÞpþqðQqðj2uÞ; jqjbQuÞR
þ 4ð�1ÞpþqðQjbqjbu; jqjbQuÞR
þ 4ð�1ÞpþqðjQqjbu; jqjbQuÞR þ 4ðjqjbQu; jqjbQuÞR
þ 4ð�1ÞpþqðjQjbqu; jqjbQuÞR � 2ðQqðj2uÞ; jQjbquÞR
þ 4ðQjbqjbu; jQjbquÞR þ 4ðjQqjbu; jQjbquÞR
þ 4ð�1ÞpþqðjqjbQu; jQjbquÞR þ 4ðjQjbqu; jQjbquÞR
þ 2ðQjbqjbu; Qqðj2uÞÞR þ 2ðjQqjbu; Qqðj2uÞÞR
þ 2ð�1ÞpþqðjqjbQu; Qqðj2uÞÞR þ 2ðjQjbqu; Qqðj2uÞÞR:

After the same computation we can obtain a similar identity for the term
ðqQðj2uÞ; qQðj2uÞÞR.

Step 2. Now we will prove (3.4). By taking the sum of (3.6), (3.7), (3.8) and the
similar identity for the term ðqQðj2uÞ; qQðj2uÞÞR, taking into account the very
definition of D, Young inequality and (3.5) we easily obtain

ðQqðj2uÞ; Qqðj2uÞÞR þ ðqQðj2uÞ; qQðj2uÞÞRð3:9Þ

þ ðj2qu; j2quÞR þ ðj2qu; j2quÞR

a jðDu; j4uÞRj þ
1

2
½ðQqðj2uÞ; Qqðj2uÞR þ ðqQðj2uÞ; qQðj2uÞÞR

þ ðj2qu; j2quÞR þ ðj2qu; j2quÞR� þ
a

ðR� rÞ2
þ b

ðR� rÞ4

 !
ðu; uÞR

þ g

ðR� rÞ2
ððqu; quÞR þ ðQu; QuÞRÞ

for some positive constants a, b, g depending only on the complex dimension n.
Then
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ðQqðj2uÞ; Qqðj2uÞÞR þ ðqQðj2uÞ; qQðj2uÞÞR þ ðj2qu; j2quÞR þ ðj2qu; j2quÞR

a 2jðDu; j4uÞRj þ
2a

ðR� rÞ2
þ 2b

ðR� rÞ4

 !
ðu; uÞR

þ 2g

ðR� rÞ2
ððqu; quÞR þ ðQu; QuÞRÞ:

Now observe that

ðQqðj2uÞ; Qqðj2uÞÞR þ ðqQðj2uÞ; qQðj2uÞÞR ¼ ðrðj2uÞ;rðj2uÞÞR

and, at the same time, applying (3.3),

ðQqðj2uÞ; Qqðj2uÞÞR þ ðqQðj2uÞ; qQðj2uÞÞR ¼ ðj2u; j2uÞ2;R:

Thus, since j ¼ 1 on Br, we deduce that

ðru;ruÞr þ ðu; uÞ2; r þ ðqu; quÞr þ ðqu; quÞr

a
4a

ðR� rÞ2
þ 4b

ðR� rÞ4

 !
ðu; uÞR

þ 4g

ðR� rÞ2
ððqu; quÞR þ ðQu; QuÞRÞ þ 4jðDu; j4uÞRj:

Finally, applying again Young inequality, we obtain, for any h > 0,

ðru;ruÞr þ ðu; uÞ2; r þ ðqu; quÞr þ ðqu; quÞr

a
4a

ðR� rÞ2
þ 4b

ðR� rÞ4
þ 4

h

 !
ðu; uÞR

þ 4g

ðR� rÞ2
ððqu; quÞR þ ðQu; QuÞRÞ þ 4hjðDu;DuÞRj

which is, up to constants, inequality (3.4). r

4. A Hodge-Kodaira decomposition for the space Wp;qðXÞ

This section is devoted to the proof of a Hodge-Kodaira orthogonal decompos-
tion for the space Wp;qðX Þ.
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Proposition 4.1. It holds

KerrBWp;qðXÞ ¼ KerDBWp;qðXÞð4:1Þ
¼ fu a Ap;qðX ÞBWp;qðXÞ : QQu ¼ qu ¼ qu ¼ 0g:

Proof. Let u a Wp;qðX Þ with Du ¼ 0. Then inequality (3.4) implies that

ðQQu; QQuÞr þ ðqu; quÞr þ ðqu; quÞr a
c1

ðR� rÞ4
þ c2

ðR� rÞ2
þ 1

s

 !
ðu; uÞX

þ c3

ðR� rÞ2
ððqu; quÞX þ ðQu; QuÞX Þ

for any R; r; s > 0 with r < R. Observe that since X is connected we get

ðQQu; QQuÞr þ ðqu; quÞr þ ðqu; quÞr ! ðQQu; QQuÞX þ ðqu; quÞX þ ðqu; quÞX

as r ! þl. Choosing r ¼ R=2 and by taking the lim sup as R; s ! þl we
deduce that ðQQu; QQuÞX ¼ ðqu; quÞX ¼ ðqu; quÞX ¼ 0: Then QQu ¼ qu ¼ qu ¼ 0.
Conversely if u a Ap;qðX Þ and if QQu ¼ qu ¼ qu ¼ 0 then recalling (3.3) we im-
mediately have Du ¼ 0. Then

KerDBWp;qðX Þ ¼ fu a Ap;qðXÞBWp;qðX Þ : QQu ¼ qu ¼ qu ¼ 0g:

Now if u a Ap;qðX ÞBWp;qðXÞ andru ¼ 0 then applying (1.2) and the same for
r we get qu ¼ qu ¼ Qu ¼ Qu ¼ 0, and thus Du ¼ 0. Conversely if u a Ap;qðXÞB
Wp;qðX Þ and Du ¼ 0 then by (3.4) we have

ðru;ruÞra
c1

ðR� rÞ4
þ c2

ðR� rÞ2
þ 1

s

 !
ðu; uÞX

þ c3

ðR� rÞ2
ððqu; quÞX þ ðQu; QuÞX Þ:

Reasoning as before we conclude. r

Lemma 4.2. If at least one form between u and v belong to Dp;qðXÞ then

ðqu; vÞ1;X ¼ ðu; QvÞ1;X and ðqu; vÞ1;X ¼ ðu; QvÞ1;X :ð4:2Þ

Proof. By direct computation we have, since (2.1) and (2.2) hold,

ðqu; vÞ1;X ¼ ðqu; vÞX þ ðqqu; qvÞX þ ðQqu; QvÞX
¼ ðu; QvÞX þ ðQqqu; vÞX þ ðqQqu; vÞX
¼ ðu; QvÞX þ ððQqþ qQÞqu; vÞX ¼ ðu; QvÞX þ ððqQþ QqÞqu; vÞX
¼ ðu; QvÞX þ ðqQqu; vÞX ¼ ðu; QvÞX þ ðQqu; QvÞX
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and

ðu; QvÞ1;X ¼ ðu; QvÞX þ ðqu; qQvÞX þ ðQu; QQvÞX
¼ ðu; QvÞX þ ðQqu; QvÞX þ ðqQu; QvÞX ¼ ðu; QvÞX þ ðQquþ qu; QvÞX
¼ ðu; QvÞX þ ðqQuþ Qqu; QvÞX ¼ ðu; QvÞX þ ðQqu; QvÞX :

The other one is similar. r

Theorem 4.3 (Hodge-Kodaira decomposition). The following Hodge-Kodaira
orthogonal decomposition holds:

Wp;qðX Þ ¼ ½qqDp�1;q�1ðX Þ�1 a? ½QDp;qþ1ðXÞ þ QDpþ1;qðX Þ�1ð4:3Þ
a? KerrBWp;qðX Þ:

Proof. Taking into account (4.1) it is su‰cient to show that

Wp;qðX Þ ¼ ½qqDp�1;q�1ðX Þ�1 a? ½QDp;qþ1ðXÞ þ QDpþ1;qðX Þ�1
a? fu a Ap;qðX ÞBWp;qðXÞ : QQu ¼ qu ¼ qu ¼ 0g:

Step 1. First we prove that the subspaces

½qqDp�1;q�1ðX Þ�1 and ½QDp;qþ1ðX Þ þ QDpþ1;qðXÞ�1

are orthogonal in the space Wp;qðX Þ. Let u ¼ qq~uu for some ~uu a Dp�1;q�1ðX Þ and
let v ¼ Q~vv1 þ Q~vv2 for some ~vv1 a Dp;qþ1ðX Þ and ~vv2 a Dpþ1;qðXÞ. Then taking into
account (4.2) we get

ðu; vÞ1;X ¼ ðqq~uu; Q~vv1Þ1;X þ ðqq~uu; Q~vv2Þ1;X ¼ �ðqq~uu; Q~vv1Þ1;X þ ðqq~uu; Q~vv2Þ1;X
¼ �ðq~uu; Q2~vv1Þ1;X þ ðq~uu; Q2

~vv2Þ1;X ¼ 0:

Passing to the closures in Wp;qðXÞ we conclude.

Step 2. Taking into account Step 1 and applying the projection theorem in an
Hilbert space we obtain the orthogonal decomposition

Wp;qðXÞ ¼ ½qqDp�1;q�1ðX Þ�1 a? ½QDp;qþ1ðXÞ þ QDpþ1;qðXÞ�1
a? ½qqDp�1;q�1ðXÞ�?1 B ½QDp;qþ1ðX Þ þ QDpþ1;qðX Þ�?1 :

Using the same argument as before we easily get

fu a Ap;qðX ÞBWp;qðXÞ : QQu ¼ qu ¼ qu ¼ 0g
J ½qqDp�1;q�1ðXÞ�?1 B ½QDp;qþ1ðX Þ þ QDpþ1;qðX Þ�?1 :

Now if u a ½qqDp�1;q�1ðXÞ�?1 B ½QDp;qþ1ðXÞ þ QDpþ1;qðX Þ�?1 then for each v a
Dp�1;q�1ðXÞ, w a Dp;qþ1ðX Þ and z a Dpþ1;qðX Þ we have
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ðqqv; uÞ1;X ¼ ðQwþ Qz; uÞ1;X ¼ 0:ð4:4Þ

Let u a Dp;qðX Þ; then considering (3.3) we have

ðDu; uÞ1;X ¼ ðqqo1; uÞ1;X þ ðQo2 þ Qo3; uÞ1;X

where

o1 ¼ QQu a Dp�1;q�1ðXÞ; o2 ¼ qQqu a Dp;qþ1ðXÞ;
o3 ¼ Qqquþ qQqu a Dpþ1;qðX Þ

and thus from (4.4) we deduce that ðDu; uÞX ¼ 0. Then u is a weak solution of
the equation Du ¼ 0; since D is an elliptic operator we get u a Ap;qðX Þ. By (4.2)
we finally obtain

ðv; QQuÞ1;X ¼ ðw; quÞ1;X ¼ ðz; quÞ1;X ¼ 0

for all v a Dp�1;q�1ðXÞ, w a Dp;qþ1ðX Þ and z a Dpþ1;qðX Þ. Therefore QQu ¼
qu ¼ qu ¼ 0, and this concludes the proof of (4.3). r

5. Applications to the study of Aeppli groups

Let p; qb 1 integers. As recalled in the Introduction, the Aeppli groups Lp;q

were originally defined by

Lp;q ¼ KerfAp;qðX Þ !d Apþ1;qðX ÞaAp;qþ1ðX Þg
qqAp�1;q�1ðX Þ

:

Bigolin, in [11], proves, using certain resolutions of the sheaf of germs of qq-
closed functions, that there exists an algebraic isomorphism between Lp;q and

~LLp;q :¼ KerfKp;qðX Þ !d Kpþ1;qðX ÞaKp;qþ1ðXÞg
qqKp�1;q�1ðXÞ

:

First we prove the following lemma.

Lemma 5.1. The natural map

½KerfDp;qðX Þ !d Dpþ1;qðX ÞaDp;qþ1ðXÞg�1
½qqDp�1;q�1ðXÞ�1

! ½KerfDpþqðXÞ !d Dpþqþ1ðX Þg�Lpþq

½dDpþq�1ðX Þ�L pþq

:

is injective.
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Proof. Using the same argument of the proof of theorem 4.3 it is possible to
show that

½KerfDp;qðXÞ !d Dpþ1;qðX ÞaDp;qþ1ðXÞg�1 ¼ ½QDp;qþ1ðX Þ þ QDpþ1;qðX Þ�?1 :

Taking into account the Hodge-Kodaira decomposition (4.3) we deduce that

½KerfDp;qðX Þ !d Dpþ1;qðX ÞaDp;qþ1ðXÞg�1
½qqDp�1;q�1ðX Þ�1

and KerrBWp;qðX Þ

are isomorphic. Now KerrBWp;qðX ÞJKerDBLpþqðX Þ. Since

½KerfDpþqðXÞ !d Dpþqþ1ðX Þg�LpþqðXÞ ¼ ½dDpþ1ðX Þ�?LpðXÞ

then, by the classical Hodge-Kodaira decomposition (1.5),

KerDBLpþqðX Þ and
½KerfDpþqðX Þ !d Dpþqþ1ðX Þg�LpþqðXÞ

½dDpþq�1ðXÞ�L pþqðX Þ

are isomorphic, and this concludes the proof. r

In order to prove the main theorem of this section, i.e. a characterization of the
Aeppli groups Lp;qðX Þ, we have to assume a technical topological condition on
the manifold X . More precisely we will assume that

qqKp�1;q�1ðXÞ is weakly closed in Kp;qðX Þð5:1Þ

where the weak topology on Kp;qðXÞ is the usual weak topology of distributions
(recall that Kp;qðX Þ is the dual space of Dp;qðX Þ). It is well known that compact
manifolds and Stein manifolds are examples of manifolds satisfying condition
(5.1), so that our result extends the results contained in [1] and [10]. Moreover
we point out that condition (5.1) is a necessary condition in order to prove only
the next theorem: all the rest of the paper holds independently from this assump-
tion; in particular the Stampacchia-type inequality (3.4) and the Hodge-Kodaira
decomposition (4.3) hold for any connected and complete Kähler manifold.

Theorem 5.2. Let us assume (5.1). Then the Aeppli group Lp;qðXÞ is isomorphic
to the group Hp;qðX Þ, where we recall that Hp;qðXÞ denotes the space of all global
harmonic ðpþ qÞ-forms of bidegree ðp; qÞ.

Proof. Since

HpþqðXÞU KerfKpþqðXÞ !d Kpþqþ1ðX Þg
dKpþq�1ðX Þ

and since the image of the natural map
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i :
KerfKp;qðX Þ !d Kpþ1;qðXÞaKp;qþ1ðX Þg

qqKp�1;q�1ðXÞ
! KerfKpþqðXÞ !d Kpþqþ1ðX Þg

dKpþq�1ðX Þ

is exactly Hp;qðXÞ, then it is su‰cient to show that i is injective. Let T a Kp;qðXÞ
with T ¼ dS for some S a Kpþq�1ðX Þ. Then we have to show that there exists
R a Kp�1;q�1ðXÞ such that T ¼ qqR. Since Dpþq�1ðXÞ is dense in Kpþq�1ðXÞ
then there exists a sequence ðShÞh ANJDpþq�1ðX Þ with Sh ! S as h ! þl.
Then dSh ! T and we can suppose, without loss of generality, that dSh a
Dp;qðX Þ. Let Th ¼ dSh. Taking into account lemma 5.1 we get

Th a ½qqDp�1;q�1ðX Þ�1

so that

Th ¼ lim
k!þl

T k
h

with T k
h ¼ qqUk

h for some Uk
h a Dp�1;q�1ðX Þ: Since we are assuming

qqKp�1;q�1ðXÞ weakly closed in Kp;qðXÞ then

Th ¼ qqRh

for some Rh a Kp�1;q�1ðXÞ, and then T ¼ qqR for some R a Kp�1;q�1ðXÞ, which
ends the proof. r

Remark 5.3. One can repeat all the considerations on the operator

D� ¼ QqQqþ qQqQþ qQþ qQ

and in particular we get the Hodge-Kodaira orthogonal decomposition

Wp;qðXÞ ¼ ½QQDpþ1;qþ1ðXÞ�1 a? ½qDp�1;qðXÞ þ qDp;q�1ðXÞ�1
a? KerrBWp;qðXÞ

which permits to study the Aeppli groups Vp;qðXÞ reasoning as in lemma 5.1 and in
theorem 5.2.
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