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ABSTRACT. — Many operator ideals .# can be naturally associated to polynomial ideals 2. In this
paper we initiate a research program whose aim is to relate those holomorphic mappings f that
admit factorizations f = wu o g, where u € .# and ¢ is holomorphic, with those f whose derivative
belongs to the associated composition polynomial ideal 2 = .# o 2.
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INTRODUCTION

The basic motivation for this work arises from the following example (see, e.g.,
[4]). Let f : E — F be a holomorphic (complex analytic) mapping between com-
plex Banach spaces E and F. Then f is locally compact if and only if for every n,
the n-homogeneous Taylor polynomial d”f(0) : E — F takes the unit ball of E to
a relatively compact subset of F. The cogent fact here is that the non-linear be-
havior of f is reflected by the behavior of its associated set of Taylor “coeffi-
cients,” and conversely. It is this type of situation that will be the focus of this
article.

The study of holomorphic mappings associated to special classes of homoge-
neous polynomials goes back to Nachbin [24]. (See Section 1 for precise defini-
tions of the term ‘“‘associated” and related concepts.) The notion of ideals of
homogeneous polynomials originated with Pietsch [28]. In recent years, several
ideals of polynomials have proved to be suitable environments for the study of
associated holomorphic mappings (see [6, 19, 20, 25, 26]), so a systematic investi-
gation of holomorphic mappings associated to ideals of polynomials is in order.

All mappings considered will be between Banach spaces. We let .# denote an
operator ideal and 2 the class of continuous homogeneous polynomials. In this
paper, we initiate the study of holomorphic mappings associated to the composi-
tion polynomial ideal .# o 2 (see Definitions 1.2 and 1.3). The main question is
whether or not a holomorphic function f is associated to .# o 2 if and only if it
admits a factorization f = u o g where ¢ is holomorphic and u belongs to .#. The
aim is to provide a number of results showing that advances in this direction are
possible. We study the general problem, focusing first on entire mappings since
this seems to be more accessible. We finish the paper doing some incursions for
holomorphic (non necessarily entire) mappings.
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In Proposition 2.1 we see that classical results of the first author and Schotten-
loher [4] and Ryan [29, 30] can be viewed as positive solutions to the above ques-
tion for entire mappings and the ideals of compact and weakly compact opera-
tors. With these in mind, we get a positive answer for any closed surjective ideal
#. Concerning non-surjective closed ideals, some slight advances are also shown.

We also consider this question in the context of bounded holomorphic
mappings. According to Mujica [22], every bounded holomorphic mapping
f: U< E— F admits a factorization f =uog where g: E — G*(U) is a
bounded holomorphic mapping, G*(U) is a Banach space depending only on
the open set U, and u : G*(U) — F is a continuous linear operator. The question
of whether or not a bounded holomorphic mapping f is associated to .# o 2 if
and only if it admits a factorization f = u o g with g bounded and u € .# arises
naturally. By using the linearization of bounded holomorphic mappings we get
a negative answer. That is, one cannot assure in general that the function g
through which f factors is also bounded.

The paper is organized as follows. In Section 2 we show that if either f is a
polynomial or .# is a closed surjective ideal, then an entire mapping f is factoriz-
able if and only if it is locally factorizable, if and only if it is associated to .# o 2.
We also examine some of the most important non-surjective closed ideals. Specif-
ically, we obtain conditions that allow us to reduce the case of spaces of entire
mappings associated to the ideals of approximable, completely continuous, or
strictly singular operators to the compact case. Section 3 deals with bounded
holomorphic mappings. We prove that a bounded holomorphic mapping f fac-
tors as f = u o g with g bounded and holomorphic and u € .# if and only if its
linearization belongs to .#. By using this result we get an example in the setting
of compact operators that solves the aforementioned bounded problem in the
negative. Section 4 is devoted to the study of the factorization of holomorphic,
non necessarily entire, mappings associated to .# o 2, where .# is the ideal of
compact operators. We get that in this particular case any holomorphic mapping
defined on a separable Banach space or an absolutely convex open set of an arbi-
trary Banach space, is factorizable. If we remove the above conditions and con-
sider general domains (that is, arbitrary open sets in arbitrary Banach spaces)
then we get that any holomorphic mapping of bounded type associated to .# o 2,
where .7 is the ideal of compact or weakly compact operators, is factorizable.

1. BACKGROUND AND NOTATION

Throughout this paper E, F, G will stand for complex Banach spaces and n will
be a positive integer. By 2("E; F) we denote the Banach spaces of all continuous
n-homogeneous polynomials from E to F with the usual sup norm, and by
A (U, F) the linear space of all holomorphic mappings from an open subset U
of E to F. For technical reasons we define Q(OE; F)=F.1If F=C we simply
write 2("E) and #(U). By P we mean the unique continuous symmetric n-linear
mapping associated to the continuous n-homogeneous polynomial P. A mapping
P: E — Fis a polynomial if P= Py+ Py + --- + P, where each Py € @(kE; F).
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For f e #(U;F),ae U and k € N, ka'(a) is the k-th differential polynomial
of f at a. For the general theory of homogeneous polynomials and holomorphic
mappings we refer to S. Dineen [11] and J. Mujica [21].

By ®” *E we mean the n-fold completed projective symmetric tensor product
of E and by o, the canonical n-homogeneous polynomial from E to ®” SE
(o4(x) = ®,x). Given P € 2("E; F), P, denotes the linearization of P, that is
Py ®7’Z”E — F is the bounded linear operator satisfying P = Py o g,.

DEFINITION 1.1 (Polynomial ideals). An ideal of homogeneous polynomials (or
polynomial ideal) 2 is a subclass of the class of all continuous homogeneous poly-
nomials between Banach spaces such that for all » e N and Banach spaces E
and F, the components 2("E, F) = ?("E, F) n 2 satisfy the following two condi-
tions:

(i) 2("E,F) is a linear subspace of 2("E, F) which contains the n-homogeneous
polynomials of finite type.

(ii) (The ideal property): Ifu e #(G,E), P e 2("E,F) and t € #(F, H), then the
composition 7o Pouisin 2("G, H).
Suppose that | - |, : 2 — R" satisfies the following three properties:

(i) (2("E;F),]|],) is a normed (Banach) space for all Banach spaces E and F

and all n,

(ii’) |P"|, =1, where P" : K — [ is given by P"(x) = x" for all n,

(iii") If ue L(G,E), Pe 2("E,F) and te Z(F, ) then |toPou|, <
[ 1Pl o "

Then (2, -],) is called a normed (Banach) polynomial ideal.
It is understood that 2("E; F) = F.

The case n = 1 recovers the classical theory of operator ideals, for which the
reader is referred to [10]. An operator ideal .7 is surjective if for every surjective
operator u € £(G; E) the following holds: if v € ¥ (E;F) and vou € J(G;F),
then v € 4(E; F). Besides compact and weakly compact operators, the most
usual examples of surjective closed operator ideals are those formed by operators
T : X — Y that are Rosenthal (any sequence in 7(By) has a weakly Cauchy sub-
sequence), Banach-Saks (every bounded sequence in X has a subsequence (x;),
such that the sequence (7'(x; + - - - + x,,)/n), converges), separable (7'(X) is sep-
arable) strictly cosingular ([27, 1.10.2]), limited (for each weak*-null sequence
(x;) in Y*, one has lim, SUP, e 7(By) y 1%, (a)| = 0), Grothendieck (7(y,)), = X~
is weak null whenever (y;), is a weak™ null sequence) or Asplund (7" factors
through an Asplund space). Lists of surjective operator ideals with references
can be found in [10] and [16]. Some abstract procedures to generate polynomial
ideals from operator ideals have been developed. Next we describe one of these
procedures, which is a particular case of the technique known as composition
ideals (see [14, 7.3]) and was investigated in [7]:
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DEFINITION 1.2 (Composition polynomial ideals). Given a Banach operator
ideal .7, the composition ideal of polynomials .# o £ consists of all homogeneous
polynomials P between Banach spaces that can be factored as P = u o Q where Q
is an homogeneous polynomial and u is linear operator belonging to 4. . o &
becomes a Banach polynomial ideal (see [7]) with the usual composition norm

|- 1,0, given by
|P|op :=inf{[u] ,|O] : P=ucQ,0e 2("E;G),uc #(G;F)}.

DEFINITION 1.3 (A4ssociated holomorphic mappings). A holomorphic mapping
/ from an open subset U of a Banach space E to a Banach space F is said to be
associated to .# o P, written f € #yo»(U; F), if its derivatives d*f(a) belong to
S o2 forall ke N and all ¢ € U, and for every a € U there are C,c > 0 such
that | 1 d"f(a)] < C-ctforallkeN.

REMARK 1.4. The above definition rests heavily on the concept of holomorphy
type of Nachbin [24], as generalized in [6].

2. FACTORIZATION THEOREMS

By " and #" we mean the ideals of compact and weakly compact linear opera-
tors, respectively. The following particular case of our forthcoming main theorem
shows that classical results of [4, 29, 30] can be rewritten as factorizations of
functions in #y.»(E; F) and #.»(E;F). Recall that a mapping f: U — F,
U < E, is compact (weakly compact) if every ¢ € U admits a neighborhood ¥,
such that (V) is relatively compact (relatively weakly compact) in F.

PrROPOSITION 2.1. Let f € #(E;F).

(@) f € Hyop(E;F) if and only if f=uog, where G is a Banach space,
ge H(E;G) andu e #(G;F).

(b) f € Hyonp(E;F) if and only if f=uog, where G is a Banach space,
g€ H(E;G)andu e W (G;F).

PROOF. f € #yop(E;F)
1)

—

d'f(a) e # o P("E;F) foranyae Eandn=0,1,2,...
a?”f(a) is compact foranya € Eand n=0,1,2,...

AKX (X

f is compact
f =uog, where G is a Banach space, g € #(E; G) and u € 4 (G; F).

—_
=
N

These equivalences are explained by the following facts:

(1) Since " is a closed operator ideal, | - | ., coincides with the usual sup norm
(see [7, Corollary 2.8]).
(2) [29, Lemma 4.1] (see also [5, Proposition 37(b)] and [22, Proposition 3.4(a)]).
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(3) [4, Proposition 3.4].
(4) [4, Proposition 3.5].

The proof for the weakly compact case is analogous using [30, Theorems 3.2
and 3.7]. O

We are concerned with possible extensions of the above Proposition to arbi-
trary operator ideals as well as with the relationship between global and local
factorizations.

THEOREM 2.2. Let ¥ be a closed and surjective Banach operator ideal and
f € H(E;F). Then the following conditions are equivalent:

(@) f =uog, where G is a Banach space, g € #(E; G) andu € J(G; F).

(b) Every a € E admits an open neighborhood V, such that f1, = u,o g., where
G, is a Banach space, g, € #(Vy; G,) and u, € I(G,; F).

(c) There is an open neighborhood V of 0 such that f|, =uog, where G is a
Banach space, g € #(V;G) and u € J(G; F).

(d) f € #yor(E;F).

PRrOOF. (a) = (b) is obvious. Let us prove (b) = (d): Given a € E, let V, be an
open neighborhood of a such that f1, = u, o g,, where G, is a Banach space,
ga € H (V4 G,) and u, € I(G,; F). Since f and g, are holomorphic, there is
r > 0 such that

)= ) = ) = () = S o ()=

=0 n=0

uniformly on B(a;r). By [24, Proposition 4.2] it follows that d"f(a)=
u, o d"g,(a) for every n. So, d"f(a) € .# o P("E; F) for every n. Let C, ¢ be such
that H%d”ga(a) H < Cc" for every n. Thus,

1
n!

|
for every n.
(d) = (a) Let .# be a closed surjective operator ideal. Let f € #;.»(E; F) and
n e N. By definition, d"f(0) € .# o 2("E; F). Of course we can write drf(0) =
u, o Q, with Q, e/( E;G,), uy, eJ(G,,;F) and |0,| =1. So d"f(0)(Bg) =
uy(Qn(BE)) < uy(Bg,)- By [16, Proposition 5], to each x € E corresponds a neigh-

d"f(a) < fual s |~ d ga(@)|| < ua] 4 Cc"

JoP
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borhood Vy such that f(Vy) e {4 < E: A < u(Bz) for some Banach space Z
and some operator u € #(Z; E)}. Now (a) follows from [16, Theorem 6].

(b) = (c) is clear. (c) = (a) Assume that there is an open neighborhood V" of 0
such that f|,, = u o g, where G is a Banach space, g € #(V;G) and u € #(G; F).
Then, by the uniqueness of the Taylor polynomials and the Identity Theorem

d"f(0) = uod"g(0).

We can assume that |d"g(0)| = 1. Then d"f(0)(Bg) = uod"g(0)(Bg) = u(Bg)
and the conclusion follows as in (d) = (a). O

REMARK 2.3. The condition of .# being closed and surjective is only needed in
the proof of (d) = (a) and (c) = (a). Therefore (a) = (b) = (d) are true for any
arbitrary Banach operator ideal .7.

THEOREM 2.4. Let .9 be a Banach operator ideal and P : E — F a continuous
polynomial. Then the following conditions are equivalent:

(a) P=wuo Q, where G is a Banach space, Q : E — G is a continuous polynomial
andu € J(G; F).
(b) Pe nyop)(E; F)

PrROOF. Only (b)=(a) requires proof. Let P=Py+ P+ -+ P,
P;e Z('E;F), j=0,1,...,n. Since we are assuming that P € #y.»(E;F),
P =4d*P(0) € 4o P("E;F) for k=0,1,...,n. So, there are Banach spaces
Gy, Gy, ..., G,, homogeneous polynomials Qj € ?/(kE; Gy) and operators u; €
J(Gg; F) such that Py = up o Qk for k=0,1,...,n. Define G= Gy x -+ x G,
Q:F—Gandu:G— Fby

Q(.X) = (Q()(X), ety Qn(.X)), u(yo, LR yn) = uO(.VO) + un(yn)-

It is immediate that P=wuo Q. In order to see that u belongs to .#, use
that each u; belongs to .# and observe that u = uyomy+ -+ u, o xw,, where
(Y0, .y ¥n) = Y. For k=0,1,...,n, define R; € ﬂ’(kE; G) by Ri(x)=
0,...,0, Qk(x),0,...,0). It follows that Q = Ry + R; + - -- + Ry, so Q is a poly-
nomial. O

We do not know if the conditions of Theorem 2.2 are equivalent for arbitrary
Banach operator ideals. Let us examine holomorphic mappings associated to the
compositions ideals of polynomials generated by three of the most usual closed
non-surjective ideals.

By .o/ we mean the ideal of approximable operators (sup-norm limits of finite
rank operators), by ¥% the ideal of completely continuous operators (weakly
convergent sequences are sent to norm convergent sequences) and by ¥ the
ideal of strictly singular operators (restrictions to infinite-dimensional subspaces
are never isomorphisms). We let 7, denote the Nachbin ported topology on
A (E) [24]. A Banach space E is polynomially reflexive if 2("E) is reflexive for
every n € N.
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PROPOSITION 2.5. Let E and F be Banach spaces.

(1) If either (H (E), ) or F has the approximation property, then #yo»(E; F) =
Hyor(E; F).

(2) If E is polynomially reflexive, then Hygon(E;F) = Hyop(E;F) for every
Banach space F.

(3) Hagor(t1; 1) = Hyor(tr; (1).

ProOF. (1) Let f € #yop(E;F), ne N and a € E be given. By definition,
d"f(a) e # o P("E;F), so d"f(a) =u,o Q, where Q, € ?("E;G,) and u, €
H'(Gp; F). Assume that F has the approximation property. Since every compact
F-valued operator is approximable, we have u, € o/(G,; F). We get d"f(a) €
o/ o P("E; F). Suppose now that (/#(E),t,) has the approximation property.
By virtue of [4, Proposition 4.2] we find that (®™E)" = 2("E) has the approxi-
mation property. The linear operator (d"f(a)), is_compact by [7, Proposition
2.2(b)], so it is approximable. The factorization d"f(a) = (d"f(a)), o o, gives
d"f(a) € of o Z("E; F) in this case as well. The conclusion f € #./.»(E; F) fol-
lows because .o/ is closed, s0 #yon(E; F) S #.yo»(E; F). The converse inclusion
is obvious as .o/ < .

(2) The proof here is similar to that of part (1). For any n, ®*E is reflexive
as (®E) = 2("E) is reflexive by assumption. Let f € #qon(E;F), ne N
and a € E be given. By definition, d"f(a) € €% o Z("E;F), so [7, Proposition
2.2(b)] and [17, Proposition 17.1.10] give that (d"f(a)), is a completely con-
tinuous, hence compact, operator on the reflexive space ®7’[”SE . The factorization
d"f(a) = (d"f(a)), o 6, implies that d"f(a) € # o 2("E;F). The conclusion
f € #yop(E; F) follows because 4 is closed, so Hy4on(E;F) S Hyon(E; F).
The converse inclusion is obvious as %" < 4%.
~ (3) Repeat the same reasoning using % < &% [27, Proposition 1.11.9],
RN =41 and A (L 4) = LS (0 4) [18, p. 62]. O

One example of a polynomially reflexive space is Tsirelson’s original space
T* [2]. The reader is referred to [2, 3, 5, 13] for further information about poly-
nomially reflexive spaces. The approximation property on spaces of holomor-
phic functions has been widely studied (see, e.g., [4, 8, 9, 12]). For instance,
(A (4),70) [4, Proposition 5.1], (#(cy),7w) ([4, Proposition 4.2] and [29, Corol-
lary 5.1]) and (#(T*),7,) ([4, Proposition 4.2] and [1, Theorem 8]) have the
approximation property, while (#(/),1,) does not have the approximation
property (otherwise its complemented subspace 9’(2/2) = % (t5;4,) would have
the approximation property [11, p. 467], [31]).

COROLLARY 2.6. Let E and F be Banach spaces and f € #(E; F).

(1) If F has the approximation property, then the conditions of Theorem 2.2 are
equivalent for the ideal <f .

(2) If E is polynomially reflexive, then the conditions (a), (b) and (d) of Theorem
2.2 are equivalent for the ideal €.
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(3) If E = F = £, then the conditions (a), (b) and (d) of Theorem 2.2 are equiva-
lent for the ideal < .

ProOOF. (1) By Theorem 2.2 we know that the four conditions are equivalent
for #". Since F has the approximation property, # (G; F) can be replaced by
/(G F) and #yop(E; F) by #.yo(E; F) [Proposition 2.5(1)].

(2) Suppose f € Hygor(E; F). By Proposition 2.5(2), f € #yor(E;F), so
applying Theorem 2.2 for # we obtain f=uog with g e #(E;G) and
u e A (G; F). The proof is complete as 4 < €%.

(3) Repeat the reasoning of (2) using Proposition 2.5(3) and 4" = 7. O

OPEN PROBLEM. We conjecture that the conditions of Theorem 2.2 are not
equivalent for arbitrary Banach operator ideals.

3. BOUNDED HOLOMORPHIC MAPPINGS

Holomorphic mappings f € #(U; F) have canonical linearizations (through a
space depending only on U) of the form f = u o g, where ¢ is holomorphic and
u is a continuous linear operator. However this universal space is not a Banach
space. More precisely, let G(U) be the inductive predual of #(U) endowed
with the usual 75 topology and oy € #(U; G(U)) be the evaluation map (see
[11, p. 183, 184]). According to [11, Proposition 3.27], to every f € #(U; F) cor-
responds a unique operator 7y € £ (G(U); F) such that f = Ty ody. Unfortu-
nately G(U) is not a Banach space, but only a complete locally convex space.
Thanks to the following result due to J. Mujica, bounded holomorphic mappings
factor canonically through Banach spaces. Let #“(U; F) denote the space of
bounded holomorphic mappings from U to F.

THEOREM 3.1 [22, Theorem 2.1]. Let U be an open subset of E. There exists a
Banach space G* (U) and a bounded holomorphic mapping 6y € #*(U; G*(U))
with the following property: to every f € # % (U;F) corresponds a unique linear
operator Ty € £ (G (U); F) such that f = Ty o dy.

Once we know that bounded holomorphic mappings f admit a canonical fac-
torization through a Banach space, of the form f = u o g with u continuous and
linear and g bounded and holomorphic, it is natural to wonder if a ““bounded ver-
sion”” of Theorem 2.2 holds. More precisely: given f € #“(U; F) and an opera-
tor ideal .#, consider the conditions (a’) f = u o g, where G is a Banach space,
ge #*(U;G)andu e 4(G;F), (d) f € #yo(U; F).

Does (a’) = (d) for every .#? Does (d) = (a’) whenever .7 is closed and surjec-
tive?

It is easy to check that (a) = (b) = (d) of Theorem 2.2 holds for holomorphic
mappings on open subsets of a Banach space. So, (a’) = (d) for every .#. To
answer the second question we need the following characterization of condition

(a”).
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THEOREM 3.2. Let f e #*(U;F) and let 9 be an operator ideal. Then
f =uog, where G is a Banach space, g € #*(U;G) and u e ¥(G;F) if and
only if Ty € #(G*(U); F).

PROOF. Assume that f = uo g, where G is a Banach space, g € #“(U; G) and
u € J(G; F). Considering the linearizations 7y and T, from Theorem 3.1,

Ty(0u(x)) = f(x) = ulg(x)) = u(Ty(0u(x))) = uo Ty(du(x)),

for every x e U. Since Ty, T, and u are linear and continuous and the set
{0u(x) : x € U} generates a dense subspace of G*(U) [22, p. 870], it follows
that Ty = uo T,. Hence Ty € .#(G*(U); F). The converse is obvious. O

The next example shows that there is no ““bounded version” of Theorem 2.2.
ExaMPLE 3.3. Let A denote the open unit disk in C and consider

A=y f(A)= ("),

It is plain that f € #“(A;¢() is compact and that it fails to have a relatively com-
pact range. As in the proof of Proposition 2.1 it follows that /" € #.»(A; ¢). On
the other hand, T} fails to be compact by [22, Proposition 3.4]. So by Proposi-
tion 3.2 f does not admit a factorization f = u o g, where G is a Banach space,
ge A" (A;G) and u € A (G cp).

4. HOLOMORPHIC MAPPINGS ON OPEN SETS

An obvious question concerns the extension of the previous results to holomor-
phic mappings on open subsets of a Banach space. In this section we obtain fac-
torization theorems for mappings f € #,o»(U; F) where .4 = 4 and J = W'
The results we obtain generalize Proposition 2.1 to some classes of non-entire
holomorphic mappings. A bounded subset 4 of an open set U < E is said to
be U-bounded if the distance from A to the boundary of U is strictly positive
(E-bounded sets are just the ordinary bounded subsets of E). By #;(U; F) we
mean the space of holomorphic mappings of bounded type from U to F, that is
holomorphic mappings that are bounded on U-bounded sets.

PRrOPOSITION 4.1. Let U be an open subset of E and f € #,(U; F). Then the
conditions (a), (b) and (d) of Theorem 2.2 are equivalent for the ideals A and W .

ProOF. The proof of (a)= (b) = (d) in Theorem 2.2 works for holomor-
phic mappings on open sets, so we just have to prove (c) = (a). Suppose that
f € #yor(U; F). Reasoning as in the proof of Proposition 2.1 and using that
[4, Proposition 3.4 (b) = (a)] holds for holomorphic mappings on open sets, we
find that f is compact. Since f is of bounded type, according to [23, Proposition
7.2] there are a complete locally convex space G,(U), a holomorphic mapping
ouy € #»(U; Gp(U)) and a (unique) linear operator Ty € £ (G,(U); F) such that
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f =Ty ody. By [15, Theorem 5.2] we conclude that 7 is compact. Calling on
the Factorization Lemma [11, Lemma 1.13], we know that there is a continuous
seminorm o on Gy(U) and a bounded linear operator Ty : G,(U), := (G»(U), )/
o 1(0) — F such that Ty o n, = Ty, where 7, : Gp(U) — (Gp(U), )/ 1(0) is the
quotient map.

T,

Gy(U) —— Gy(V)

o

Since T is compact, 7, is surjective and 7y = T o m,, it follows that T is com-
pact. Still calling 77 its extension to the completion of the normed space Gj(U),,
the factorization f = Ty o (m, 0 dy) gives (a).

The proof for f € #y.»(U;F) is analogous, using [30, Theorem 3.2
(iii) = (i)]. O

We are able to extend the above proposition to all holomorphic mappings
from U to F, but only with an additional restriction on either the set U or the
space E.

PROPOSITION 4.2. Let U be an open subset of E and f € #(U; F). If either E is
separable or U is absolutely convex, then the conditions (a), (b) and (d) of Theorem
2.2 are equivalent for the ideal .

PRrROOF. As before, we just have to prove (d) = (a). The one and only thing
that prevents our argument following the lines of the proof of Proposition 2.1
is the fact that we do not know if for every compact holomorphic mapping
f:U— F there is a compact, convex, balanced set L = F with f(U) < Fy,
where F; = (spanL,|.|,), and f : U — F; holomorphic (see [4, Proposition 3.5
(a) = (b)]). So it suffices to show that [4, Proposition 3.5 (a) = (b)] holds for
holomorphic mappings on either an arbitrary open subset of a separable Banach
space or an absolutely convex open subset of an arbitrary Banach space. To ac-
complish this, suppose that f € #(U; F) is a compact holomorphic mapping on
U, where either (i) U is an absolutely convex open set in an arbitrary Banach
space, or (ii) U is an arbitrary open subset of a separable Banach space E.

(1) U is an absolutely convex open set. Let us see that the proof of [4, Propo-
sition 3.5 (a) = (b)] can be refined to cover this case. For m,k € N and x € U,
define

1 1
A i(x) = {},y iy e B(x,a),i eC, A <1 +E}'

Consider the set

1
Um,k = U{B(x,a) : ”X” < maAm,k(x) c U, ||f|Am_k(x) = m}
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Let us prove that U = Um7 « Un k. Given xy € U, the subset Cii) ={ixo: |4 <
1+1 /k} of E is contained in U for all sufficiently large k. Since f is a compact
mapping and Cyk is a compact set, f/ is bounded in some neighborhood of C¥
It follows that there is m so that xo € Uy, k. Thus, U < Um « Unm i and the other
inclusion follows as each U, x is contained in U. Since | f Iy, , <m <+, we
can define

) FUnt)
K—{O}U’ngNWHJ’HUM'

Since f is compact, by [4, Proposition 3.4] each dnf(o (0) is a compact n-
homogeneous polynomial. From this it follows that each f(U,, ) is relatively
compact in F, and therefore K is compact. It is easy to see that f(U) < span K.
Let L be the closed absolutely convex hull of K and set F; := span L, normed by
the Minkowski functional of L. Then L is compact and absolutely convex. All
that is left to prove is that f : U — Fy is holomorphic. For x € U, define

Ci={aeE:x+iaeUfor|i <1}
and take m, k so that x € U, x. We have that B(x,1/m) = U and B(0,1/m) < Ci.

The argument in [4, Proposition 3.4 (a) = (b)] yields that {d"f(x)(a): |a| <
1/m} =co(f(B(x,1/m))) for every n. So, for |a| < 1/m, we have

d"f(x)(a) € o (f (B(x,1/m))) = & (f (Un.)) < mk|f]y,

S (U i)
()

Putting M x = mk|f|,, , we find that {d"f (x)(a) : |a| < 1/m} < m, kL.
For a| < 1/m, f(x+a) =" Od"f( x)(a) converges in F. In particular, for
|la| < 1/2m and j € N we have

frta) =S d @ = 3 df)@ =27 Y 2 (x)(2a),
n=j+1

n=0 n=j+1

so f(x+a)— 15:0 d"f(x)(a) € 277 M, i L since L is absolutely convex and com-
pact. Denoting by | - |, the norm on F;, given by the Minkowski functional of L
we get

/ﬁxd“

¥)(a@)| <27M,u =0

3 M_\A
8,

Hf(x+a)
-0

L

uniformly for a € B(0,1/2m), proving that f : U — F, is holomorphic.

(i1) U is an open subset of a separable Banach space E. U has a countable base
of open sets Z = {V,, : n € N}. For each x € U there is a neighborhood U, of x
such that f(Uy) is relatively compact in F. Pick N, € N so that x € Vy, < U,.
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Therefore each f(Vy,) is relatively compact in F. For each subset 4 of U we
define [ /], := sup{|/(»)] : » € 4}. Let

K={0}u | Sw)

XGUnA"f”V

It is clear that this is a countable union, so it follows that K is compact. The
argument proceeds as above. |

OPEN PROBLEM. We conjecture that Proposition 4.2 is not valid for holomor-
phic mappings on arbitrary open subsets of arbitrary Banach spaces.

OPEN PROBLEM. Is Proposition 4.2 valid when considering the ideal of weakly
compact operators? And for any closed and surjective ideal of operators?
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